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CHAPTER 2. DIFFERENTIATION S|0pe ofy = X+1latx=3is
v v
T TR+ 2
. _ _ m=lim 4% Fh=2.,
Section 2.1 Tangent Lines and Their Slopes h—0 h T +h+2
(page 100) i 4+h-4
[ VA —
heoh Nh+h+2
Slopeofy =3x-1at(l,2)is 1 =1
= lim -

m=1lim 31+h)-1-@3x1-1) lim 3h =%.
h—0 h h-0 H

Tangent lineisy - 2 = l(x -3),orx-4y=-5
The tangent lineisy =2 = 3(x - 1), ory = 3x — 1. (The 1 4

tangent to a straight line at any point on it is the same
straight line.) — atx=9is

Since y = x /2 is a straight line, its tangent at any point (a, 8. The slope ofy = vy

. . m=1lm]l v 1 -1
al2) on it is the same liney = x /2. hoh —em 3V
. 3-, Torn 3+ 9.
Slopeofy:2x2—5at(2,3)is =lim VAR "
3h +h 3+ +h
5 h-0 9 9
n o lim 22402 -5-(2(2 §-5) im .y 9°9-h
h—-0 2h h-03h 9+h@+ 9+h)
lim 8+8h+2h -8 =-.1 _=-_1
h— h 4
=Iim0(8+2h)=8 3()(6) 5
h-0

The tangent line at (9, 5)isy= 3 - .z (x-9),0r

= - 1
Tangent lineisy - 3 =8(x — 2) ory = 8x — 13. y j _54X'

2X
2 . —_
Theslopeofy =6 -x-x atx=-2is 9. Slopeofy= x+2atx 2is
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= limb=(=2 £ ) =(=2 + ) %4

h—0 2 h
=lim3h=h _ = |im3-h)=3.

h-0 h h—-0

The tangent line at (-2, 4) isy = 3x + 10.

Slopeofy=x3+8atx=—2is
m = lim (z2+h)> +8 ~(-8 + 8)
h-0 h
8+12h—6h2+h3+8—0

40

2(2+h)

m = lim -1
hoo 2+h+2

= lim h
h_.04+_2h iu
- lim h2 +h+2)

h=-0 h . -1
h@+h) 4

Tangent lineisy - 1 =

1
orx-4y=-2. 4(x-2),

40



6.

AL

lim -
h—-0 2 h
=lim 12-6h+h" =12

h-0

Tangent lineisy — 0 = 12(x + 2) ory = 12x + 24.

1
7
Theslopeofy = X +1 at(0,1)is
m=lim L —1_ -1 =lim =h_-=0
h_.oh h2+1 hﬁ0h2+1

The tangent line at (0, 1) isy = 1.

v
2
5-x atx=1is

10. The slope of y
m=1lim p5-(1+h)2-2
h—0 h o,

. 5-(1+h) -4
=lim n(+)

ooy 5-(L+h) +2
=limp —2-h =-1

h-o S5-(1+h) +2 2

The tangent line at (1,2) isy =2 - 2l(x -1),0r

y=32- lx.
2 2
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Slopeofy=x2 atx =xq is

2 2 2
(x +h) -x 2x h+h
m= im0 — — chim e -2,
h—0 h h—0 h
2

Tangent lineisy — xg =2xo (X - x0),
2

ory =2xgX-XqQ -
12. The slope of y = Iat(a, 1)is

h—0 h a+h a h-0 h(a+h)(@) a

The tangent lineat (a, 1)isy = ;—_%_ (x —a),or

a a a
y=2-X%.
a a \/___
13. Sincelimp-g  [0+h|=-0 =Ilim __ 1 does not
h h-0Th|sgn (h) ~

exist (and is not co or — ),
has no tangent at x = 0.

4/3
The slope of f(x) = (x-1) atx=1is

413
mlim 1+h-0""-0 _imptR oy
h-0 h h-0

The graph of f has a tangent line with slope 0 at x = 1. Since

f (1) = 0, the tangent has equationy = 0

3/5
The slope of f(x) = (x + 2) atx = -21is
3/5
mim  (G22hr2) 20 - jimp T2 o o)
h-0 h h—-0

The graph of f has verticgl tangentx = -2 atx = -2.

16. The slope of f(x) :JX -1latx = 1is )
m=limpog L +h) —4 1= 1 _ o l2hth |

h h—0 h
which does not exist, and isnot  —oo or c. The graph
of f hasno tangent at x = 1.

Vx__ ifx20 then

17. 1f  fx)= - -x ifx<0

lim fO+h)-f(0) lim _h=o

h-0+ — ° "h h-0+ h —

the graph of f(x) = x|

ADAMS SECTIONandESSEX:2.1CALCULUS(PAGE100)8

Ifm=-3, thenxo = - -z The tangent line with slope

m=-3at(- 3,3)isy = 2 -3(x+ " ) thatis,
2 4 4 2
3x- 48
4

a) Slopeofy=x3 atx=ais

3 3
m= lim (@+h) -a

h=0 g7 B 2 3 3

lim @& *3a h+3ah +h -a

h-0 h
2 2 2
=lim(3a +3ah+h )=3a
h-0

b) We havem = 3if3% = 3 iie, ifa = +1.

Lines of slope 3 tangenttoy = x> are
y=1+3(x-1)andy=-1+3(x+ 1), 0ry=3x
—-2andy =3x+2.

3

Theslopeofy =x -3xatx=ais

h i

mim L @+n’-s@+n)-@ -3
h-o hy

1

2 3 3

lim a3 +3a2h+3ah +h -3a-3h-a +3a

h-0 h 2 2 2
=lim[3a”+3ah+h“-3=3"-3

h-0
At points where the tangent line is parallel tg the x -axis, the
slope is zero, so such points must satisfy 3a — 3 = 0. Thus,

a = 11. Hence, the tangent line is parallel to the x -axis at
the points (1, -2) and (-1, 2).

21. The slope of the curve y = x3 -x+latx=ais

3 3
m=Ilim@a+h) -(@a+h)+1-(a -a+1)

h-0 ?

=|inq3azh 3ah2+a —h

h-0 g

= lim (3a° + 3ah + h S1=3’-1

h—-0
2

The tangent at x = a is parallel to the liney = 2x + 5 if 3a



-1 =2, thatis, if a = 1. The corresponding

points on the
lim fQ+D)-f@  |im =2
h—0- h

Thus the graph of f has a vertical tangent x = 0.

Theslopeofy =x —latx=xg is
2 2
[(x +h) =1]1-(x -1)

m=lim VA

h-0 h
2

= lim Zghth = 2y,

h—0 h

ADAMS SECTIONanc
curve are (-1, 1) and (1, 1).

The slope of the curvey = 1/xatx = ais

1 1
m=lim 2+h —2a =l|im a=(@+h) - _
h-0 h h-o ah(a+h)

The tangent at >§ = a is perpendicular to the line

y=4x-3if -1/a = -1/4,thatis, ifa = £2.

1.

2

a

The

corresponding points on the curve are (-2, —1/2) and (2,

1/2).



23.

24.

25.
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2
The slope of the curve y=X atx=ais

2 2
m lim (@a+h)=-a®=lim(2a + h) = 2a.
h-0 h h-0
The normal at X = a has slope —1/(2a), and has equa-
tion

> 1 2
y-a =- _(x-a), o x+y= _1 a.
2a 2a 2
Thisisthelinex2 +y = kif2za = 1,andso

k=(1/2) + (1/2) =3/4.
(112) + (112) =, )

Thecurves y=kx andy=Kk(x -2) intersectat (1, k).

The slope of y = kx2 atx=11is

k@+h) -k
my = lim (t+h) =lim (2 + h )k = 2k
h-0 h h -0
2

The slope of y = k(x — 2) atx=11is
2

my  imK@=Q*h)) =K _jim 2 + h)k = -2k
h

h-0 h-0

The two curves intersectzat right angles if
2k = —=1/(-2K), that is, if 4k =1, which is satisfied
ifk=x1/2. %

Horizontal tangents at (0, 0), (3

and (5, 0).
08)

-1 1 2 3 4 5 X
-20
% Fig. 2.1.25
26. Horizontal tangent at (-1, 8) and (2, —19).
vl
201
m 1
7
-2 -1 1 X
-10L
-20 @, -19)
-30

Fig. 2.1.26

27. Horizontal tangent at (-1/2, 5/4). No tangents at
(-1,1)and (1, -1).

y
ZA
1‘,
-3 2 1 \ 1 2 X
1] \/
_2“y= [x =1]-x
3
Fig. 2.1.27

28. Horizontal tangent at (a, 2) and (-a, —2) foralla>1.

No tangents at (1, 2) and (-1, -2).

y = |x+1] - x -1

Fig. 2.1.28

29. Horizontal tangent at (0, -1). he tangents at (+1, 0)
are vertical.

-3
Fig. 2.1.29

30. Horizontal tangent at (0, 1). No tangents at (-1, 0) and
(1,0).
43
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y
y=(? -5
2

The graph of the function f (x ) F x 203 (see Figure 2.1.7 in 3.
the text) has a cusp at the origin O, so does not have a .
tangent line there. However, the angle between O P and the 1 y=h (x)
positive y -axis does — 0 as P approaches 0 along the
graph. Thus the answer is NO.

Xy

The slope of P (x ) atx = ais

m lim P(a+h)-P(a) .
h

h-0

2
Since P(a+h) =ag+ath+agh +~--+anhn and
P (a) = ag, the slope is

mlim §0ﬂ1h+a7h2+--~+aqhn—an

h-0 =7 T - -

=Iima1+a2h+---+anhn =2a. y
h—-0

Thus the liney = £(x) = m (x — a) + b is tangent to
=P (x)atx=aifandonlyifm =aiand b = ao, that T
is, if and only if ; ; , X%

P(x)—lZ(x)=ag(x—a)2+a3(x—al)3+~~-+aln(x—a)n +
2 n-21 .

=(x—a)2 az+a3(x—a)+---+an(X-a) 1 y=k )
=(x-a) QK) L

where Q is a polynomial.
Section 2.2 The Derivative (page 107)

Assuming the tick marks are spaced 1 unit apart, the
y 4 function f is differentiable on the intervals (-2, -1),

y=f () (-1, 1), and (1, 2).

o0——o0 o o
Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the intervals (-2, -1), (-1,
. ; o o } e 0), (0, 1), and (1, 2).

y = f (x) has its minimum at x = 3/2 where f (x) =0

44
44
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y= f(x)=3x—x2—l

y=f'(><)

| 15\ :\ ;
x_ ~ X

Fig. 2.2.9

10. y = f (x) is constant on the intervals (-, -2), (-1,1),
and (2, o). It is not differentiable at x = +2and
X =zl

8. y = 1f(x) has horizontal tangents at the points near 1/2

and 3/2where f (x)=0 9 1
Yy, = =" -1 - k" -4 /—

X 1 /
y=f(x)=x3—3x2+2x+1 1

N

y=t(x)

Fig. 2.2.10
Fig. 2.2.8
2
y=x -3
' 2 2
y =limx+h) -3(x+h)-(x -3x)
h-0 “h

y = f (x) fails to be differentiable at x = -1, x = 0, and x = = lim&h+th =3h — oy _3
1. It has horizontal tangents at two points, one between -1 h-0 h
and 0 and the other between 0 and 1. dy=(2x-3)dx

45
45
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12. f(x)=1+4x-5x 17. F@®)= LT
2 2 Ve Ve
1+4(x+h)-5(x+h) —(1+4x-5x ) PR
£ ) = lim F (Oeim2trh)+1 -2t + 1
h-0 h h—0 h
2
=lim 4h=10xh=5h =4 -10x =lim__/2t+2h+1-2ty/-1
h-0 Th h-0 h  2(t+h)+1+ 2t+1
df(x)=(4-10x)dx = limv 2 Vv
haolz(t+n)+l+ 2t+1
3 2t +1
13, f(x)=x 1
f (x)=lim (=+h)s - x3 dF(t)=v2t 1dt
h -0 h
—gim @ hexn®end
h?O_ " Th
df(x)=3x dx v
18. f(x)=% 2=X
—aal . 3
‘ © 2-(x+h)- m 2 -X
h—0 ]
1 3 2-Xx-h-2+x
—_— = tim_ VA v
14. *“3+a h-0 4 TC Z2-X+h)+ 2 -x)
s =fimdl 1 - _1_ =- V3
dt  n-oh 3+4(t+h) 3+ 4t BZ-x
=lim _3+4t-3-4t-4h =-__4 _ df(x)=-v3 dx
h—0h (3 + 4t)[3 + (4t + h)] 3+ at) B 2-x
4
A
ds=- (3 4t) dt
1
2 -x y=X+ x —
g(x) 2 +X
2 _(x+h)- 2-x x+h+ _1 _-x-1
_ h X
. =lim 2+x+h2+x y ‘hl";)” %"‘_"
h-0 h
g(x) lim@=x=h)2+x)-(2+x+h)2=x)
h-oh (2 + x + h)(2 +x)
4
=-2+x) h—0 (X + h )x x?
4 1
dy=1- = dx
2 2
dg(x)z_ @ x) dx X
S
16.y = lX3—X z= 1l+s
N h 3 3 i
y =timl 1ex+n)” —(x+h)-(ix"-x) dz liml _s+h - _s
h-0h 3 3 ds h-0h L+s+h 1+s

2
liml x2h+xh +_1h3—h

h-0 h 3

=lim (s+h)1+s)-s(1+s+h)

46
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= lim(x 2 +xh+ ?:1 he-1) -1 h—0 h(l+s)1+s+h) =(@+s)
h-0 1
2 —
dy=(x -1)dx dz=( $) ds

46
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21. Fx)=v 1 Since f(x)=xsgnx = |x|,forx =0, f will become
Z continuous at x = 0 if we define f(0) = 0. However,
1 +x
1 a will still not be differentiable at x = 0 since |x | is not
' s 2 el 2 differentiable at x = 0.
Fx)=lim_la&eh__ TL+x ) )
h—0 h 26. Sinceg(x) =x"sgnx =x|x| = X ifx>0
- lim Y 1+%x2 7~ P T+ (X+h) -x? ifx<0®
p > > will become continuous and differentiable at x = 0 if we
h-0 h 1+(x+h) % +X ) ) define g(0) = 0.
1+X ~1-x -2hx-h 2
=lim p v y p 27. h(x) =[x + 3x + 2| fails to be differentiable where
h_.ohl+(x+h)2 T+x° 1+x2+ 1+ (x+h)'£ x2+3x+2:0,thatis,atx:—22 and x = -1. Note:
—ox T both of these are single zeros of x  + 3xn+ 2. If they
- T = - e were higher oider zeros (i.e. if (x +2) or (x +1) were
—_— a factor of x + 3x + 2 for some integer n > 2) then h
would be differentiable at the corresponding point.
dFx)=-(1 X2)3/2dX 28. y:x3—2x
2y= 5 fx) (L) fx) ()
X X [ A X —
! ) VA | AV |
y =lim 1 1 -4
heo b (x+ h)2 (2 0.9 0.71000 1.1 1.31000
2 2 0.99 0.97010 1.01 1.03010
limx=(x+h) =-2 _ 0:999 0:99700 100t 100300
2 2 3
h-0 hx (x+h)x 0.9999 0.99970 1.0001 1.00030
2
dy=-x 3dx
3 3
1 g (x 2% =lim L+h) —2(1+h) -(=1)
y=VvV1 =— dx ) h-0 h
x=1
2 .3
-V 1 = lim %
h-0
y (X):”mh—»o _.]-_,ﬂibh_.l_"’,x =liml+3h+h2=1
h-0
. VIix - VTI+x+h
= lim
hoo h 1 +X+h 1+x f(x) =1/
lim o o o -T2 ) -T2
h-0h 1+x+h 1 +x 1+x+ 1+x+h X M X M
] 1 X=-2 X=2
=lim - v A 19 | -0.26316 21| -0.23810
h-0  l+x+h 1+x 1+x+ 1+x+h 1.99| -0.25126 2.01| -0.24876
1—3/2 1.999 -0.25013 2.001 -0.24988
=- 2(1+x) 1.9999 -0.25001 2.0001 -0.24999
— 1
dy=- 201 X)¥2dx ' 2xh=2 2-(2+h)

t,-3 f (2) =lim = lim
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2
f(t) = t°+3

' 2
f t)=liml (+h) -3_ ;=3
h-0 h (t+h)2+3 1243
2 2 2 2

lim[t+h) =3]t +3)=(t -3)[(t+h) +3]

h-oh (t  +3)[(t+h )2 +3]

— i athears |
=1m __ o s ==
h-0 h(t +3)[t+h) +3] (t +3)
12t

ADAMS SECTIONandESSEX:2.2CALCULUS(PAGE107)8

=lim -

1 1

h-0 (2+h)2 4

Theslopeofy=5+4x—x2 atx =21is
2
dy —|jm 2+4@+h)-(2+h) -9
h-0 h
X
X=2
2
lim - =o.
h-0 h
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df(t) = 2137 g1

48
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Thus, the tangent line at x = 2 has the equation y = 9.

48
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v
y= x¥6Slopeat (3, 3)is

The slope ofy = x a?x =Xo0 is
vVazn -3 9+h-9 1
m=lim— o lim = dy _ :&
h—0 h h-oh  9+h+ 3 6 _ 2 Xor
1 dx x=xg
Tangentlineisy-3= 6 (x-3),0orx-6y=-15. Thus, the equation of the tangent line is
t v 1 X+ X0
N y= — + (x - x ), thatis, y=
- X0 = 0 —_—
32. Theslopeofy= t -2 att=-2andy=-1is 2 xo 2 xo
dy  —|im 41 _ﬂz___ (-1)
Ut hooh (—2+h) -2
2 45, Slopeofy = latx=ais- L =1
lim=2+h+[(=2+h) -2] = _ 3 X N x=a
2
h-oh [(=2 + h) - 2J2 2 i 2
- Normal has slope a ~, and equation y l=a (x-a),

Thus, the tangent line has the equation 2 3
ory=a x-a + 3

y=-1- ,(t+2), thatis,y=- ,t-4.
2 .
33. y=177 Slopeatt=ais
2 2 5

me fim@+h Pa@+h) - £ia 46. The intersection pointsofy = x and x + 4y = 18 satisfy

h—-0 h

2
2 2 2 4x  +x-18=0
lim2(a +a-a -2ah-h -a-h)
h—Oh[(@a+h) +a+h]@“ +a) @x+9)(x-2)=0.
— I|m —_24&=—2h -2 -
h-0 [@+h) —  +a+hl@+a) Thereforex = - g orx=2.
4a + 2 4
—2—2 . Theslopeofy:x2 ismq = dy = oy,
=-(a +a) dx
Tangent line isy = 2 _2‘Za+1[(t_a) Atx = - g,ml =-9 Atx=2,m1=4,
2 2 4 2
2
, 18 a+a (@ +a Theslopeofx+4y =18,ie. y =- ix+ & is
f (x)=-17x forx =0 ma2= -2 4 4
' 21 Thus, atx = 2, the product of these slopes is
g (t)=22t forallt (4)(- ! )=-1. So, the curve and line intersect at right
4

&y -1 23

d x = 3x forx=0 angle s at that point.

dy 1 -u3



d -225

d tt
d

39. dss119/4

dv_
40. ds s s=9
1

41. F(x) =
X

3X

forx=0

-3.25

= -2.25t

119

4 §1i5/4fors>0

42.f 8)=-2y-58

dy
43. 4t

49

fort>0

F

T 1
=V B
2 sgs=9 =6
' A
JF (x)=-»,
X
3 x=8
1 1
3/4 t=
t=4" = 4

2
Let the point of tangency be (a, a ). Slope of tangent is

dxX2 x=a= 22 2

Thzis is the slope from (a,a ) to (1, -3), so

a+3 _73 and

a-1

a2+3=2a2—2a
=-16

a2—2a—3=0
a=3o0r -1

The two tangent lines are

(fora==3): y-9=6(x-3)or6x-9

49
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v
y & ‘2_
Hencet= 28+ _4a —4b -4+ p 72T
2 "V
2 Ifb<a2,i.e. az—b>0,thent =at az—b
@a ) has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through (a, b) with equations
y=b+2 a+x a -b (x-a) Ifb=a2,thent=a
. There will be only one tangent line with slope 2a and
equationy = b + 2a(x - a).
o4 X Ifb> az , then a2 - b <0. There will be no real solution for
™~ t. Thus, there will be no tangent line.
(1.-3)
Fig. 2.2.47
48. Theslope of y = latx=ais 51. Suppose f isodd: f(-x) = —-f(x). Then
X fo(=x)=lim f(=x+h)-f(=x)
h-0 ° h
by __1 =lim- f(x-h)-f(x
— . h—0 h
dX x=a (leth = -k)
1
1 1
Therefore, the equations of the two straight lines are Thus - is even.
y= 2-2 x- andy=-2-=2 X+l Nowsupposeflseven f(x)—f(x) Then
V.2 2 f(-x+h) - f(-x)
ory=-2x * 22 f (=x)=Ilim
h—-0 h
. =lim f(x-h ) f(x)
49. Letthe point of tangency be (a, a)- h—0
. . f(x+ k) -f(x)
Slope of tangent is d * = ¢1 = lim =
dx 2 a k=0 -k
\/_ X=a '
1 a-0 - Co==1 (x)
Thus —~~ = ,s0a+2=2a,anda=2. S0 f isodd.
2 a+2
1
The required slope is 21 2
y
v —
(@ @ 52. Let f(x)=x . Then
/ V- ’
i y= X g f (x)=lim (x__ h)-n-x-n
) X h—>(i h
=lim = _ 1 1
n -
Fig. 2.2.49 h-oh 0 (x+h) n "
2 2 = lim X =(x+h
50. Ifalineistangent to y=x" at(t,t"),thenits slopeis h—-0 hx (x+h)
X=(x+h
dy = 2t. If this line also passes through (a, b), then = lim b

dx

n
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its ¢
e satisfies
slop
t2 b )
— 2t, thatist™ -2at+b=0.
t-a
51

ADAMS SECTIONandESSEX:2.2CALCULUS(PAGE107)8
n
h-ohx ((x+h)

n-1
xn_1+xn_2(x+h)+---+(x+h)
1

n-1 -(n+1)
- xNX =-nX
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13 13
f(x)=limx+h) -x

h—
0 1?3 1/3
x+h -X
= lim
h—0 h
(x +h)yg+ (X+h)yzxuz+ X3
(x +h)1/3x1/3+x2/3+h)2/3+(x
lim x+h-x
— 23 313213
1/
h-0 h[(x+h) +(x+h) x +x ]
i Ll
im__ s i3 us a3
h-0 x+h) +(x+h) x + X
_1 _1 -9
3x 2/13 =3 X

Let f(x)=x Un . Then

' 1/n 1/n n n
f(x)=limExh)l X (etx+h=a ,x=b )

h-0 h
= lim2=b
n o -m
a-bd -b 1
= lim
a—bgn-1+gn-2py+gn-3p2 + - + pn-1
=_1_ =1xwn-1,
nbn-1  n
n n
55. d xn (x h) X
—_ = lim —_———
dx h—0 h
n n-1
=lim 1 x + nXx h+n(n -1) xn-2h2
h-0 h 1 1x2
+0n =1)(n —2))_(n_3h3+...+hn_xn
1x2x3
n-1

=lim nx +h n(-1)xn-2h

h

“h(n - 1)(n-2)*

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

y="1(a) ot (a+)(x — @), (X > a), the right tangent

line to the graph of  fatx = a. Similarly, if f’(a—)

is finite, call the half-line y =f@+f @-)x-a),

(x  a), the left tangent li If f )., ( ),

< ne. (a+ = o0 or —oo0
the right tangent line is the half-line x=a,y > f (a) (or
x=a,y<f(a). If f (a-) = oo (or —o0), the right

tangent line is the half-line

y = f(a)).

The graph has a tangent line at x
(This includes the possibility that both

x=ay<f()(orx=a,

= aifand only if
f (a+)=f @)
quantities may be +co or both may be —.) In this

case the right and left tangents are two opposite halves of

the same straight line. For f(x)=x2?, ') =1

At (0,0), we have f (0+) =+ocand f (0-)= 3—00.

In this case both left and right tangents are the positive y -
axis, and the curve does not have a tangent line at the
origin.

For f(x) = |x|, we have

! n.it
f (x)=sgn(x) = if x>0
-1 ifx<0.
At(0,0), f (0+) =1,and f (0-)
the right tangentisy = x, (x > 0),

= -1. In this case
and the left tangent is

y ==X, (x<0). Thereisno tangent line.

Section 2.3 Differentiation Rules

(page 115)
2 .
1. y=3x -5x~-7, y =6x-5
y=4x1/2—_, y =2x_1/2+5x_2

X
2

3 f(x)=Ax +Bx+C, f (x)=2Ax+B.

) 2 ’ 18 _4

4ofx)= 3+ 2-2 f(X)=—X4— 3

X

' -46
b y=X45 X%y =45x44+45x
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Xn-3h2+ --- 4+ hn-1
x2x3

n xn-1

Let

f(a+) =lim L@+hl-f(
h—-0+ h
fla+h)-f(@)

ADAMS SECi;gIONaT/(}ESSEl)/(E:)Z.3CALCULUS(PAGE115)8

1.

g(t) =t +2t +3t

' 1
gt)= -23  _1-34 3 -as

3t o+ 2t +5¢
p_ 2
— 33.2-V  _9t23_9¢-32
y_ 3 t :t3—3t 2t
dy
dt :2t—l/3 + 3t -5/2
= 3ys3 dy-35
u 5X 3X
du
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f (a )lim
h-0- h

dx=x

2/3

+ X

-8/5

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8
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F(x)=(3x-2)(1 -5x)

F,(x)=3(1—5x)+(3x—2)(—5) =13 - 30x

Vv X v 1

11. y= x 5-x- 3 = 5x — X32 —3X5/2

5 3V 5

Y =3vx -3 x- gxe

1 ' 2.
12.9t)=— - 9M)=--— "7
2t -3 (2t-3)
—_ i
13. y= x2 + 5x
' 1 —2X+5
y =- 2x+5) = -
(22 BT 2, g2
4 4
14, y= e, Y
2
3- X (B-x)
T
15. f(t)= 2-=nt )
' - I _ T
f(t)=- 72 (-m)=" 2
2 nt) (2-=nt)
-2 4y
' 22
16.9(y) = 1-y2, ay)=q-y
)
1-4xo 4
f(x)= =X-3-
3
4x,-3
fi(x)=-3x"4+4x-2=
X4
uvu-3
g(u) = =y-v2-3y-2u
u _ -
gw=- 1 -32 +6u 8 =12 -y u
3
2 2u
2+ t+to V.
y= Vit= =2t-02+ t4tn
2
dy 1 3VT 3t +t-2
—:_t_3/2 + VvV o+ t= \/_

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

7=t +2tt
-1
2 2
7 = (t_=1)(2t +2) —(t, + 2t Y2t)
Z Z
t -1
—2t2+t+1 t
2_1)2
1+VT
23 s= 1-vi
v 1 v 1
a- -)_- _(1+ Sev)
ds = Zt v, 7T
dt @a- t)
vV 1V
T(IT— ty
= X34
+1
2 3
' (le)(Bx ) —(x  -4)(1)
f(x)= (x+1)2
:£‘+3x2+4
(x+1)

25 f(x)=&-Db
cx d

1

f(x)= (cx+d)a—(azx+b)c

(cx +d)
ad - bc

(cx +d)?

2 2
F(t)=t *+7t-8t -
() t+1

' (t_z—t+1)(2t+7)—(t21r‘7t—8)(2t—1)
Fot)y=" t -t+1)

_gt% 4181

- 2
-t+1)
(t
27.  f(x)=(0 +x)Q +2x)(1 +3x)(1 + 4x)

f‘(x):(1+2x)(1+3x)(1+4x)+2(1+x)(1+3x)(1+4x)
+3L +x)L+2x)L+4x)+4(1 +x)Q +2x)( + 3x)

OR

fx)=[Q +x)Q+4x)][(L+2x)1 + 3x)]
2 2
(A +5x+4x )L+5x+6x )
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x 1 i3 -2

1= X2/3—=X -X

dz 1 2 X+ 2
= (-283 4 (-5B8 =
dx 3 3 3x 5/3
3 -4x
f(x)= 3+
4x
3 4x)(4) (B 4x)4
fx) = 2y
(3 +4x)
24
2
= - (3+4x)
50

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

1+10x+25§2+1gx2(1‘+{5x)+24x4

1+ 10x +35x +50x + 24x
2 3

f (x) =10+ 70x + 150x + 96x

i

28. f(r)= Z+r 2oprlerdey
f(ry=(-2r °-3r )(r2+r3+1)
+(r_2+r_3—4)(2r+3r2)

or

f(r):—2+r_1+r_2+r_3+r—4r2—4r3

-2 -3
r

! - 2
f(r)y=- a1 ero1or

50
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) v oV
y = (x + 4)L X +2:}.§(5X T 2) X

+ 1)(5x - 2)y =2x(
Y2 213
+ Iy (x  + 4)(5x -2)

Qx_ll3(x2+4)(\/x+19

3

(x2+ 1)(x3 +2)

ﬁ_s_
30. y=(x"+2)x°+1)

5 3 .2
X

+XT +2x" +2

=x5+2x3+x2+2
' _(x_5‘+2x3+x2+2)(5x4+3x2+4x)

y = (x~ +2x" +x2.+2)2
(X5+x3+2X2+2)(5XA+6X2+2X)

2

7 6 X"+ +x +2)
X =3x =3 —6x +4x

'(x5+2.x3+x.2+2)
7 6 4 2

_2X —-3x =3x -—-6x +4x

2+ 2)2 x> +1)2
2

X 3X__+X

31. y= - 1 =ex2 4 ox+1

2Xx+ 3x 1

(6x 2 +2x + 1)(6x + 1) - (3x2 +Xx)(12x + 2)

2 2
6X 1
ox+1 OF *x+D)

(6x5 +2x+ 1)

2
( —\1/)(2—X)(1—X )
T X(3+2x)
1 2-x-2x +x3

32.F(x)

= 1-Vyx - 3+ 2x
2 3

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

35. d xzf(x) = 2xf(x)+x2fl(x)

dx X=2 x=2

=4f(2)+4f (2)=20

36 4 _fx)_
dx x'2 +2f(x)_ X=2 ,

o AN ) = FoOEx+f (X))

. Pefe)?

' x=2
_@+f@)f 2 -fQ@4+f (2) _ 18-14
(4 +f(2))2 62
2
d x-4 d 8
37. dx XT+4 [x=-2 = dx 1§ +4  y=-2
= , @)
(x +4) X=—
32 1
- 64=-2
v
d t@+ -
t)
dt 5 -4
PR
dts -t
1/12:4 312
Lo, )=+t WD
= 2
i(6-1) t=4

1)
VI
39 f(x)=x+1 1 J
6+ 1) v - x(@
—_2 X
f’ (X) = (>(+l)2
_—3—_ \/_
S o — 1
f Q=22 _ - __u
9 18 2

14x3+5x2—12x—7

(=)
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Z
. 1- vy 3 +2x)
2 2
0 L0020 X &)
| ) :
T T e 10 A
_Al@ai@) 4
2
[ )] :
O f00 XCro0 i)
= X
dx X X=2 4 X=2

51

-1

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8
[(L+t)(1+2t)(1+3t)(1 +4t)]

t=0
DA +2t)Q+3t)A+4t)+ (1 +1)(2)(Q +3t)1 +4t)+

C+t)Q+2t)B)A +4t)+ (L +t)Q +2t)1 +3t)4)

40. d
dt

t=0
1+2+3+4=10
2 -2 4
41, y= —— Y R —_—L
— v, 2
3-4 x 3 -4 2 X
8
4

Slope of tangent at (1, =2) ism = (-1)22 =

51
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4 Q-41Q) 4

= 16 =1

(o)}

52

1

=4

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

Tangent line has the equationy = -2 + 4(x — 1) or

y=4x-06

52
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Xx+1
42. Fory = x -1 we calculate

I ENAECTI RS
x-21 x- 1)
Atx =2wehavey =3andy = -2. Thus, the

equation of the tangent lineisy =3 - 2(x - 2), or

y=-2x+7. Thenormal lineisy =3 + d(x-2),0r
y= 1X+2 2
2 .
43. y=x+ 1,y =1—_zl_
X X , )
For horizontal tangent: 0 =y =1 - —21 sox =1and

x=z1 X

The tangent is horizontal at (1, 2) and at (-1, -2)
Ify = x2 4 - x2), then

y =2x(4—x2)+x2(-2x)=8x—4x3=4x(2—x2).

The slope of a horizontal line must be zero, so y
4x (2 — x ) = 0, which implies that x =

v
Atx=0,y=0andatx = £ 2'y=4.

Hence, there are two horizontal lines that are tangent to
the curve. Their equationsarey =0andy = 4.

1 . 2x + 1
45.y= o +x+ 1Y =— & Ax+”
For horizon- ’ Wil
tal tangent we want 0 =y =~ ;2 )2 Thus
2x+1=0andx=- 1
2 1 4
The tangent is horizontal onlyat - 2,3
x+ 1
Ify=x 4+ 2,then
X 2)() —(x+ 1)(1) 1
y = 2 =" 3.
(x +2) (x 2

In order to be parallel to y = 4x , the tangent line must

have slope equal to 4, i.e.,

1y

or(x+2)2 = .

(x+2_)z- 4

OQorx=% 7

2

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

Fig. 2.3.47

1

2
48. Since ¥V x=y =X = X52 =1, therefore x = 1at

. 2 .
the intersection  point. The slopeofy =x ~ atx=11s
1

2x =2. Theslopeofy = Vy atx=1is
x=1
1
dy =-1ly-3 =-.
dx x=1 2 x=1 2
The product of the slopes is (2) —Zl = -1. Hence, the

two curves intersect at right angles.

3 3 .
The tanegent tc2) y=x at(a, g ) hassequatlon
y =a +3a (x-a),ory =3a x-2a . Thisline
a 2 3
passes through (2, 8) if 8 = 6a —2a or, equivalently, if

3 2

. . 3
a -3 +4=0.Since(2,8)liesony=x ,a=2must
a

be a solution of this equation. In fact it must be a double
root; (a — 2) must be a factor ofa” -3 ~ + 4. Dividing by

this factor, we find that the other factor is a + 1, that is,

2

a3—3 +4=(a—2)2(a+1).

a

The two tangent lines to y = x 3 passing through (2, 8)
correspond to a = 2 and a = -1, so their equations are y =
12x - 16andy = 3x + 2.

The tangent to y = x 2 /(x — 1) at (a, a2 /(a - 1)) has slope
2 2
(x=12x -x (1) a_—2a
m = 1) =




Hencex+2=% landx=- 3or-35

y=-1, and at x = - sy=3
Hence, the tangent is parallel to y

2,-1 and 2,3.
3 _ 5

tangent is - _1 =0 - E . Thushb -
2

53

2

4x at the points

Let the point of tangency be (a, la ). The slope of the

CAtx = -3

2

(x- 2 x=a (a-

The equation of the tangent is
a a _—2a

A 21 - (;2— 1\2/\, A\

This line passes through (2, 0) provided

a a2 -2a

53
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Tangent has slope — =# so has equation y =b - =#x.

54

0_

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGEL15)8

a1 @1

54
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S 2
or, upon simplification, 3a~ - 4a=0.  Thus we can have

eithera =0ora = 4/3. There are two tangents through
(2,0). Their equationsarey =0andy = —-8x + 16.

v v

51. dpfxy=Ilim _fx+h)-=f0x)_

dx h-0 = h )
=lim f(x+h)-f(x)+/ 1 Vv
h—0 R f(x +h)y+ T(X)
f(x)
= v
2 f(x)
lp 2 - \/ZX X
x +1 — =\/%:
dx 2 x%+1 x +1
52. f(x)=|x 3|= K ifx>20_  Therefore f is differen-
—><3 ifx<0

tiable everywhere except possibly at x = 0, However,

im fO+D=T@  jim n%=0

h—-0+ h h—-0+

. _ 2
lim f(0+h)-f() =lim (-h )=0.

h—0- h h—0-

3x ifx>0

Feo= —3X2 ifx <0.

2 N -
n X (n/2)-1

d
Tobeproved:  xx = 2 forn=1,2,3,....

Proof: It is already known that the case n = 1 is true: the
12 -1/2
derivative of X is (1/2)x

Assume that the formula is valid for n = k for some

positive integer k:

d.ok2 k., (k2)-1
dxX 2X

Then, by the Product Rule and this hypothesis,

d xk+n2 d xu2yk2

d x dx k+1

ADAMS SECTIONandESSEX:2.4CALCULUS(PAGE120)8

54. To be proved:

1

(fuf2- )

:fv f f +f f’...f +...+f‘ Auf’
12 n 12 n 12 n

Proof: The case n = 2 is just the Product Rule. Assume

the formula holds for n = k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate
(f foff )
12 kk+1

=[(fif2---fk) k11

=(fofo--fi) fern + (Faf2 - ) st

=(frfo - fg+ff2 T+ afyfp - fk) g
e (f1f RO

' k+1,
=f1f2‘~‘fkfk*,l+ f1fo "'fkfk"l*',"‘

+f1fp - fpfer + fafo- - fkfi 4
so the formula is also true for n = k + 1. The formula is

therefore for all integers n > 2 by induction.

Section 2.4 The Chain Rule (page 120)

y=(2x+3) , y =6(2x+3) 2=12(2x + 3)

X _99
3
! X 9 1 98
y =991- -7 =-31- X
)= @ -x )0
' 29 29
(x)=10(4-x ) (-2x)=-20x(4 -x )
p B N
4. dy =d  1-a’-v -6x - _v3X
dx dx 2 l—3x2 l—3x2
3 -10

5 F(t)= 2+t

: 3-1 -3 30 3 -1

F({t)=-10 2+ =
*) t '[2 t2 2+t
312
z=(1+x2/3)
3 2
7 (1+ X2/3 )1/2 ("X —1/3) =x-13 (1 +X 2/3)1/2
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3

=1x-12xk2  +Ky12yW2)-1 X (k+1)2-1 3
2 2 2 1. y= 5-4
Thus the formula is also true for n = k + 1. Therefore it is ' 3 12
true for all positive integers n by induction. y == 5 (-4 = (5-4x 2
(5 - 4x)
For negative n = —-m (where m > 0) we have 8. y=(-2t 2 )_3/2
' 3 2.-5/2 2.-5/2
dxm=d 1 y =-2@-2t7) "7 (-4t)=6t(1-2t")
dx dxxm7fn y:|1—x2|, y':—2xsgn(1—x2):2X3_2X 5
= z1_ xm2)-1 |1-x"|
2
" ft)y=2+t°]
= - Mx-m2)-1= 0N x((2)-1, 3t2(2 + t3)
2 2 f(t) =[sgn (2 +t3)1(3t2) = T
2+t

55 55
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ADAMS SECTIONandESSEX:2.4CALCULUS(PAGE120)8

y = 4x+ |4x - 1 17.
y
y =4+ 4(sgn £4x—1)) ‘
sif X > 4~
Oifx<7y
3.1/3
y=@+ K[ y=l2+t®|
1 3,-2/3 2 S
y =732+ X[ @x | )son (x) Mo
2 3.-2/3 X 2
=x["@+x[7) — K| =xkl@ kP 18. t
-2/3 y
)
slope 8
1
13 y:# —_— y=4x+|4x-1|
Z+ 3X+4
1 3 stope© = 1
- _ VA
y = v 7 2 4 1
2+ 3x+4 ’ X
3
2 3x+42+ X+ 4 _ — f\/
19. dxx¥4 =dx x=2PVx x2 X = 4X-34
d —d 9, 1 V. X 3
r 4 20. 34 = X x = p Vv X+ v —_X-l4
dx dx —2X X 2 X 4
14f(x)= 1+ 3 d dp- 1 2 3
_ r ! 2 X3 s s Bx )= _xw2
' =x=21_3 1 dx dx 2 2 _
f(x)=41 3 2 x-2 3 d
r M 3 ft+3)=2f (2t+3)dt
2 _3 x=2
=3 x-2 1+ 3 23, a%f(Sx—x2)=(5—2X)f (5x—x2)
58 d 2 3 2 20 2 =2
z=u+y-1 24. 4y =3 f foox 2
2
dz=-3u+_1 83l- _ 1 _2f'2 2
du 3 u-1 (u—1)2 _ _
-8/3 T« L ’
_5 -1 25. APg.orp)- v 2f0)  _y F ()
=-3 l-w 1 W dx 2 3+2f(x) 3+2f(x)
u-1 v v
d ' 2
v 26. T f(3+2)=f ( 3+20),
— 3
X2_3+X6 at \/2

16, y= (4+x°)° . ” =TT f( 3+2t)
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: +

p 3X
Y ==l @rx2p xd T 45 Y ° 6 d v 1 v
@ ) _ 3+x 27, gz f@+ 2x)=v¢1(3+2x)
P e 1
5 7 6 2.2
- 3 3(4 2

on @+x ) (29 28. 41 21 31(x)

@+x )t @ex®) a0 -x*@+x%)60) dt
) 4+x ) 3 TxC =f 2f3f(x) -2f 3f(x) -3f (x)
4 6 10 1

_60x - 3x +32X  +2X

6f’(x)f'3f(x) f' 21 3f(x)

2.4 6
4+x ) 3+x

56 56
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d
29. gxf2-3f@-5t)

=f 2-3f(4 - 5t) 3f (4-5t) (-5)

15f (4-5t)f 2-3f(4-5t)

d x_ =1
30. Eﬂé KAl xe-2
x +1)v x - Pe o
X =1(2x)
T ——— _‘_—_|— -
2
(x2 +1) X=—
2 va
®) -¥3 - 3(-4 2
v
= 25 =2 3
dv__ 3 3
31, . 3t-7 = - ==
1
32. fx)=v2x 1
-1 1
f@)=- 1 - == 27
3/2
+1) x=4
33. y=(x 3 + 9)17/2
) v 4 2 17
y (x +9)l5/2 3x (12)
2 2
X=- x=-2

F(x):(1+x)§2+x)2§3+x)3§4+x)4Fl

(x)=0@2+x) @+x) (4+X)3:r 4

2(l+x)(2+x)2(3+x)2(4+x)4+

31+x)@2+x) (B3+x) (d+x) +
4L +x)2+x) B+x) (4+x)

' 2 3 4 3 4
F(0)=(2 )(32)(42) +42(1)(2)(3 )2(4 )3+

312 )EB )@ ) +41)2 )HB )@ )
2 3 4

42 -3 -4)=110,592
122 6

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

Thus, the equation of the tangent line at (2, 3) is

y=3+ 4 (x-2),0ry= 4x+ L .
3 3 3
37. Slopeofy 1 xeae
) atx=-1 is
= +

3 v

(1x 2 )2 2y 113 =- 2
2 3 x=-1
The tangent line at (-1, 2 ~ ) has equation

32 -

y=2 - 2(x + 1).

The slope of y = (ax + b)8 atx=g is

dy 7 7
=8a(ax + b = 1024ab .
T x ( )
x=b/a x=bla
The equation of the tangent line at x = ¥ and

8 a
y= (zb)8 =256b" s

8 7 _b 10 7 8 s

y = 256b +1024ab X-a ,ory= 2 ab x-3x2 b .
3/2

3 S

2 -5/2 -5/2
- (T -x+3) T (2x 1) =-30 )(-5 =
2 2 162
X=-2

A

The tangent line at (-2,  27) has equation

y= 1 +_5(x+2).
27 162
40. Giventhat f(x)=(x-a)" (x-b)" then
102

'

©=mx-a" t-b)"+nx-a" x-b)"

(x—a)m_l(x—b)n_l(mx—mb+nx—na).

Ifx=aandx="b,then f (x)=0ifandonlyif

0,

mx—mrp+nx—r}ﬁ 0

X = a+
m+n

m+n

which is equivalent to



This point lies lies
( b()atween aand b.
35. = X+ (3x -2
y 41. «x (x4 + 2X 2_ 2)I(x 2 + 1)5/2

5 -1/2 -7 4 2 7
y =-6 x+ (3x) -2 4(7x  —49x  +54)/x
1 ~ 4 857,592
1- -2 (3 )5 -2 812 53x) 3 5/8
15 4 5 _ap2 The Chain Rule does not enable you to calculate the
=61 ,(x) (x) -2 derivatives of |x |2 and |x 2 | at x = O directly as a compo-
-12 -7 sition of two functions, one of which is |x |, because |x | is
5
x X+((3x) -2 not differentiable at x = 0. However, |x |2 =X 2 and

57 57
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Vv [x 2 | =x 2 , s0 both functions are differentiable at x = 0 and
2 have derivative 0 there.
36. Theslopeofy = 1+2x" atx=2is It may happen that k = g(x + h ) - g(x ) = O for values of h
dy = +/ 4x = 4. grbitra.rily.c.lose to 0 so that the division by k in the “proof”
- 2 is not justified.



58

58
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Section 2.5 Derivatives of Trigonometric

Functions (page 125)
d d_1 €os X,
1. CSCX= — = = - 3 = -CscXxcotx
dx d x sin x sin x
2 2
d d cosx - Cos._x-sin x 2
2 gy COLX= gysinx = sin’x =-Csc X

3. y=cos3x, Yy =-3sin3x

4 y=sinX ,y = lcos X .

5 5 5

'

5 y=tanmx, |y =msec mX
y=secax, y =asecaxtanax.

' 2
7. y=cot(4-3x), y =3csc”(4-3x)

d T - X 4 e

8. dxsin~ 3 =-3cos 3

9. f(x)=-cos(s-rx), ’f (x) =rsin(s-rx)

10.dEsin(Ax+ B), Yy =Acos(Ax+B)
sin(nx2)=2nxcos(nx2)dx
d V. 1 v

VA

12. dx cos( x )= -2 x sin( x )

13.y= 1+ cos x ,y'= \/—sinx
2 1+cosx

14. (%sin(Z €OSX) = €0s(2 cosx )(- 2sinx)

-2 sin x cos(2 cos X )

f(x) = cos(x + sin x)

f (x)=-(1+cosx)sinx +sinx)
g®) =tan(6sin0)

g(e):(sin9+ecose)sec2(esin9)

3 '+ 3m 2

u=sin (mx/2), u = 2 cos(nx/2)sin (mx/2)

2

26

27.

28.

29.

30.

31.

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

2
{tanx+cotx)=sec2X—CSC xd

X

d—x (sec x — csc x ) = sec x tan X + €sC X cot X

d 2 2
d x(tanx-x)=sec X=1=tan X

-e- d
. dx tan(3x)cot(3x) =dx (1) =0
.d—(tcost—sint)=cost—tsint—cost= —-tsint

dt
d . . :
at(t5|nt+cost)=smt+tcost—smt=tcost

d __sinx  _ (1+cosx)(cosx) =sin(x)(=sinx)
T = 2 TR PO o2 .

1 cosx 2
+ (1 +cosx)
cosx + 1 1
2
= (1+cosx) = 1+cosx
d __cosx _ (L+sinx)(-sinx) —cos(x)(cosx)
dx1+sinx (1+sin><)2
= =sinx-1 = =1
.2 .
(1 +sinx) 1+sinx
a2 2
dx X c€os(3x) 2xcos(3x) 3x sin(3x)
gt) = (sint)it
g
t)y= v 1 xtcost —sint
Sin t2
—%;'
2t32  sint

2 2
v=sec(x )tan(x ) )
tcostsint

"= 2x sec(x 2%)an 2(x 2) + 2xsec 3(x 2)

sin

ol

v v v v v

{T+cos COS VX725 -6 )=sin 12

£= v (1+cos\/x)2

+ 1
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y=sec(l/x), y =-(1/x )sec(l/x)tan(1l/x)

1 ,
19. F(t)=sinatcosat(=2 Sin2at)F

(t) = acosatcosat — asinatsin at

(=acos?2at)

sin af
GO)=___
cos ho

G = acosbfcosad +bsinadsinbg .
cos2 b6 ’

d

- cos(2x ) 2cos(2x)  2sin(2x)
21. dx sin(2é<) - =

+

22. 4 (cos x- Sinzx) = lcos(2x)
dx dx

59
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v v =V v

2 X(1+cos x)2 2 x(1+cos x)
d 2

sin(cos(tant)) = —(sec t)(sin(tan t)) cos(cos(tant)) d t
1cosx
f(s) = cos(s + cos(s + cos s))
f (s) = —[sin(s + cos(s + cos s ))]
[1 - (sin(s + coss))(1 - sins)]

Differentiate both sides of sin(2xs) = 2sin x cos x and

divide by 2 to get cos(2x ) = co 2 X - sin2 X.

Differentiate both sides of cos(2x ) = cos 2 X = sin 2 x and
divide by —2 to get sin(2x ) = 2 sin X cos X .

Slope of y = sin x at (x, 0) is cos © = —1. Therefore the
tangent and normal lines to y = sin x at (x, 0) have

59
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= -2 sin(2x) = -4 sin x cos X

60

equations y = —(x

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

- m)and y =x - 7, respectively.

60
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The slope of y = tan(2x ) at (0, 0) is 2 sec2 (0) = 2. Therefore

the tangent and normal lines to y = tan(2x ) at (0, 0) have

equations y = 2x and y = —x /2, respectively.

V=
41. Th(\?/SLOpe ofy = 2cos(x /4) at (m, 1) is

-( 2/4)sin(n/4) = = _1/4. Therefore the tangent and
normal linestoy = V2 cos(x /4) at (=, 1) have equations
y=1-(x-mn)dandy=1+4(x — ), respectively.

2

The slope of y =4/cos xat (n/3, 1/4) is

- sin(2n/3) = - 3/2. Therefore the tangent and normal
lines to y = tan(2x ) at (0, 0) have equations

y = (1/4) - ( \;/2)_(x - (/3)) and

y=(U4)+ @2 3)(x — (w/3)), respectively.
43. Slopeofy = sin(x ) = sin 1’;—3 is
D X

Y = 15 C0S 1s . Atx = 45 the tangentline has

equation
1 T

— _'VL
y=v2+ 180 2(x -45).

o X7
44, Fory=sec(Xx )=sec 185 we have

QY o & oo XT g5y AT
dx 180 180 180
\/_ v

Atx =60theslopeis —Z_(2 3) = E-—3.
180 9090
v

Thus, the normal line has slope = T 3 and has equation
90

y=2-q v3(x-60).

45. Theslopeofy =tanxatx =ais 5502 a. The tan-

gent there is\/parallel to vy = 2xifsec’a =2,0r

cosa =+1/ 7. The only solutions in (-n/2, n/2)

are a = =m/4. The corresponding points on the graph are
(n/4, 1) and (-n/4, 1).
2

The slope of y = tan(2x ) at X5 a is2sec (2a). The tangent there is

normaltoy = -x/8if 2sec (2a) =8, or

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

d 2
48. ¢xtanx =sec x =0 nowhere.

o

2
cot x csc x = 0 nowhere.

X
hus neither of these functions has a horizontal tangent.

—a

49. 'y =x+ sinxhas a horizontal tangent at X = = because

dy/dx =1+ cosx = 0 there.

y = 2x + sin x has no horizontal tangents because d y

/dx =2 + cos x > 1 everywhere.

51. 'y =x+ 2sinx has horizontal tangents at x = 2n/3 and
= 4n/3 because dy /d x = 1 + 2 cos x = 0 at those

points.

52. 'y =x+ 2cos x has horizontal tangents at X = x/6 and

= 5n/6 because dy /d x = 1 — 2 sin x = 0 at those

points.
53. lim tan(2x) = |im _sin@xJ2____ =1x2=2
x-0 X x-0 2X  €0S(2x)

54. limsec(l +cosx)=sec(l -1)=sec0=1
X—=7

X
55. Iimxzcscxcotx=lim __2_ cosx=12 x1=1

X =0 x -0 SinXx
2
56. limcos I~ ZLOS X limcosn SI0X 2=cosg=-1
2
x =0 X x—0 X

2 _
57. lim % =|imﬂz(h_/2)= liml sinh/?2) -1

hoo N h—0 h h=0 2 h /2 2

f will be differentiable at x = 0 if

2sin0+3cos0 =b, and

d @2sinx+3cosx) =a
dx x=0

Thusweneedb =3 anda = 2.



47.
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cos(2a) = £1/2. The only solutions in (-n/4, n/4) are
= +7/6. The corresponding points on the graph are

v v
/6, 3)and (-n/6, -  3).

d_dx sin X = cos x = 0 at odd multiples of @/2.
d—‘i cos x = — sin x = 0 at multiples of .
d
sec X = sec X tan x = 0 at multiples of = .
G

__cscx = —cscxcotx =0 atodd multiples of /2.
d x

Thus each of these functions has horizontal tangents at
infinitely many points on its graph.

61
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There are infinitely many lines through the origin that are
tangent to y = cos x . The two with largest slope are shown

in the figure.
y A
- 7 WX
y = COS X
Fig. 2.5.59

61
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Thetangenttoy = cosxatx = a hasequation _6—2_ -2
=cos a - (sina)(x —a). This line passes through 3 y= Tx-1°" =6(x-1)
the origin if cos a = —a sin a. We use a calculator with a ’ -3
“solve” function to find solutions of this equation near a = y = -12(x - 1
—-nand a = 2z as suggested in the figure. The solutions are " —2
a ~ -2.798386 and a ~ 6.121250. The slopes of the y =36(x-1)
corresponding tangents are given by — sin a, so they are o T
0.336508 and 0.161228 to six decimal places. y =-144(x-1) s . 42
[y y =t —""a
4 y="ax+b
' a 4(ax +b
1 y =y SR
v 3 2ax b - -.—3'3 '
6l. -2n +32nr -4n+3)n y 8(ax * b)s~2
. . 1/3 -1/3
62. a) As suggested by the figure in the problem, y=x =X
the square of th2e length of chor2d APis y =1X YRR pre
(1-cos0)” +(0-sinB)", and the square of the 3
length of arc AP is 0 2 Hence y == 2x-s8 4
2 2 2 109 2%
(L+cos®) +sin 9<0 yU=__x-83  _x-1083
27 27
and, since squares cannot be negative, each termin 10 8 "

the sum on the left is less than 6 . Therefore

'

y = 9Ox8 + 112x6

"

0<|l-cosB|<|0|, O0<|sin0|<]|0]

Since limg -0 |6 | = O, the squeeze theorem implies

that

liml-cos0=0, limsin 6 = 0.

0-0 0-0
From the first of these, lime -0 cos 0 = 1.

Using the result of (a) and the addition formulas for
cosine and sine we obtain

limcos(0p + h) = lim(cos 8 cosh —sinBgsinh) = cos 6g

h-0 h-0
limsin(®0 + h) = lim(sin6ocosh + cosBosinh) = sin fo.
h-0 h-0

This says that cosine and sine are continuous at any

point g .

Section 2.6 Higher-Order Derivatives

(page 130)

y=(3-2x)

7 7
y = 10x9 + 16x y =720x +672x5

y=(x2+3) x=x_5/2+3x1/2

y = Bxs3r  3x-1
2 2

.15 3
y = léxl/z —4X—3/2
8

y " X —1/2 —X —5/2
8
x=_1 " 4
8. y= x 1 Yy =-Ten
y = ___2_‘? y"= 12
x+1) (x+1)
" 2

y=tanxy =2sec xtanx

y =sec2xy =25ec4X+4seC2xtan2x
2 3
y " = Secxtan” x + sec X

10. y=secx
' 3 3

y =secxtanx y'”:secxtan X +5sec xtanx

"

11. y:cos(xz) y :—Zsin(xz)—4x2cos(x2)
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< «
1 I

<
1l

62

"

2
_fa@ - 2x)
168(3 - 2x)°

-1680(3 - 2¢)"

AN SN UG SSEX SO LS RAGE SIS
sin X
12 y= x—

yr:cosx_sinx
X XZ 2-605-%

yw=(2—x g)sinx %
3(x - 2)sinx
X3 4
y"'=(6—x %cosx
3
X

62

Copyright © 2014 Pearson Canada Inc.
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13 f(x)=_=x 1
X
. -3
(x) =2x
m(x) = -3 4
f(4)(x)=4!x > h )
Guess: ™ (x)=(-1) nx (%)
Proof: (*)isvalid forn =1 (and 2, 3, 4).
(k) kK —(k+1)
Assume T (X) = (-1) ki for somek > 1

Then 184D 00 = (<0t —ke 1) xEODE

—((k+1)+ 1)

k+1 S
(-1) (k + 1)'x which is (*) forn =k +

1. Therefore, (*) holds forn =1, 2, 3, .. . by induction.

-2
f(x)=x=2=x

f (x)=-2x _i N

f (x)=-2(-3)x =3

f(s)(x) = =2(=3)(-4)x T
Conjecture:
™60 = (1" (0 + Dix "D torn=123,.

Proof: Evidently, the above formula holds forn =1, 2

and 3. Assume it holds for n = k,

® K ~(k+2)
ie, T (xX)=(1 (k+1)x . Then
«+1 4
x)=d xf &)
k ~(k+2)-1
(-1 k+ DHI(-D)(k + 2)Ix
0¥ s 2 TIEFD*2

Thus, the formula is also true for n = k + 1. Hence it is true

forn=1,2,3,...byinduction.

1 1
f(x)=2 __y=@-x) "f
-2

(x)=+@2-x)

() =22 -x)
-4
f o(x)=+312 -x)
Guess: f'Y (x) =ni2 -x) " (%)
Proof: (*) holds forn =1, 2, 3.

Assume £ () = ki@ -x)"® D (ie., (%) holds for

ADAMS SECTIONandESSEX:2.6CALCULUS(PAGE130)8

Proof: Evidently, the above formula holds forn = 2, 3
and 4. Assume that it holds for n = k, i.e.

1-3-5- - (2k - 3)

®(x) = (=1)k1 2 K X ~(2k-1)/2 _
Then
4
feesD) (x) = dxf (x)
k'li3 5. (k-3) (k-1
=(-1) . ~[(2k-1)/2]-1
zk 2

135 (2k 32k 1) 3]

(-1)k+D)-1 +

v —f2(k+1)-11/2 Dk+1

Thus, the formula is also true for n = k + 1. Hence, it is true
for n > 2 by induction.

-1
17. f(x)= 1 =(a+hx)
, a + bx )
f (x)=-b(a+bx)

" b _
f (x)=22(a+bx)3
-4

fm(x) =-3b 3(a +bx)
(n non =(n+1)

Guess: f (x)=(-1) nlb (a+bx) (*)

Proof: (*) holdsforn=1,2,3

Assume (*) hojlgjfjfor n=xk

106y = (= Kk @+ ox) ®D
Then
FD 0 = oM k1) @ebo) © D)

- (- k+1 k + 1)!bk+1 (a + bx )((k+1)+1)

So (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 1, 2, 3, 4, .. . by induction.

18. f(x)=x

=210

g 2 1. 43
f00 =2 -ty
=2t
3 3 3

1-4-7-- - -(3n-5)
fo(x) = 2(-1)n-1 3n X

-@3n-2)3forn > 2.
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n=

Then **D (x) =kl —(k+1)2- x)_(k+1)_1 (-1)

= (k+ 2 - x) ®EDH

Thus (*) holds for n =k + 1 if it holds for k.
Therefor\(},.(*) holds forn =1, 2, 3, ... by induction.

16. f(x)= x=x1
f(x)= %y -1
X) = 71(— Lyy-ane
x)= (= D= F)x s
T 3 r
060 =2 (<1)(= 3= Epme

Conjecture:

f(n)(x) =(_1)”'1 1:3:5:--(2n =3) y -@n-1)2 (n>2).

2n

63
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Proof: Evidently, the above formula holds for n = 2 and 3.
Assume that it holds for n = k; i.e.

1-4-7-- - -(3k-5)
W(x)=2(-1)«1 3k X

-(3k-2)/3  Then,

1D 6 = 19 o)

ST lLA T 3K-E) L ~3k-D)

X ~[(3k -2)/3]-1

3k

1472 (3 5)[ak+1)>5]

2(~1)(k+D-1 X =[3(k+1)-2)/3 .

+
(
3k 1)

63

Copyright © 2014 Pearson Canada Inc.
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Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

19. f(x) = cos(ax)

f (x)=-asin(ax)

"

f (x)=-a cosggx)
f (x)= a3 sin(ax)

f(4)(x)=a4cos(ax)=a4f(x)

4 (n-4
It follows that f(n) x)=a f(n )(x)for n >4, and

Ia" cos(ax)  ifn =4k
n
n
(n) -a sin(ax) ifn=4k+1
foX)= -a cosax) ifn=4k+2 (k =0,1,2,.))
n . .
a sin(ax) ifn=4k+3

Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.
f(x) = xcosx
f . (x) =cosx - xsinx
f (x) = -2sinx — x cos X
f Sx) = -3.c0s X + X sin x
f*7(x)=4sinx + x cos x

This suggests the formula (fork = 0, 1, 2, ...)

_nsinx + X cos X if n = 4k

NG ]
(X)= "~ ncosx-—xsinx ifn=4k+1
-nsinx-xcosx ifn=4k +2

-ncosx+ xsinx ifn=4k+3

Differentiating any of these four formulas produces the one

for the next higher value of n, so induction confirms the
overall formula.

f(x),=xsin(ax)
f, (x) =sin(ax) + ax cozs(ax)
f (x)=2acos(ax)-a xsin(ax)
2 3

f (x)=-3a sin(ax) - a xcos(ax)

4 x) = —4a3 cos(ax ) + a4 X sin(ax

! n-1 n_ .
-na cos(ax) tax sin(ax) ifn = 4k

nan-1 sin(ax) + enx X cos(ax ) ifn=4k + 1

f(n)(X) -

nan-1 cos(ax) —a xsin(ax) ifn=4k + 2

23.

ADAMS SECTIONandESSEX:2.6CALCULUS(PAGE130)8

If x = 0 we have

u_x san x0 and (san x) 2 _ 1.

Thus we can calculate successive derivatives of f using the
product rule where necessary, but will get only one

nonzero term in each case:

"

(x)=2|x |_3 (sgn x)2 =2|x

|_3 +©) (x) = =3!|x |_4 sgn X
4 -5
fo(x)=4x|

The pattern suggests that

f(n)(x) = -nljx |_(n+1)

sgn X ifnisodd

n!x -0+ if n is even
Differentiating this formula leads to the same formula
with n replaced by n + 1 so the formula is valid for all
n>1by ind\L}ction.

1/2

f(x)= 2-=3x =(1-3x)
' 1 -1/2

f(x) =5 (-3)(1 - 3x)

"

1 1 -
fe0=3 -3 (92—

"

=3 -7

-

3 -
2 (_3)3 (130 5/2

4 712

f(4) -5 (-3) (1-3x)
2

x)=1 -1 _3
()2 2 2

n Xx=3x5x---x(2n—-3

Guess: f()(X)=—' R .(___).n3
(1 - ax)-@-n2 (v

Proof: (*) isvalid forn =2, 3, 4, (butnotn = 1)

Assume (*) holds for n = k for some integer k > 2

® _-_-]_xSXSL—.. x (2k=3) «
i.e., f (X) = - 2k 3
(k+1) (1 -3x)-(k-1)2
Then f (X)=_1'><3‘><5><~-k-x(2k‘i) X
_2(k=1) (1 - 3x)- @k -1)2-1(-3)
2

1x3x85x.--2(k+1) -1

- _ 3k+1



22.
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1. n
—na"Lsinax) - a xcos(ax) ifn =4k + 3

fork =0, 1, 2, .. .. Differentiating any of these four
formulas produces the one for the next higher value of n, so

induction confirms the overall formula.

1 -1 d
f(x):lx |=|x| . Recall that"d x |x| = sgn x, so

f(x)=-Jx |_23gn X.

60

24.
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2k+1

(1 - 3x )@+ D)-1)2

Thus (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 2, 3, 4, . . . by induction.

Ify =tan(kx),theny =Kk sec2 (kx) and

" 2 2
=2k" sec (kx)t an(k x
y 3 ( 2) (kx) ) )

=2k (L+tan (kx))tan(kx)=2k yL+vy ).

60
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25. Ify=sec(kx),theny =ksec(kx)tan(kx) and

y =K (sec2 (kx)tan2 (kx) + sec” (kx))
2 2 2 2

k y(2sec (kx)-1)=k y@y -1).

To be proved: if f(x) = sin(ax + b), then

(-1 a" sinax + b

f(n)(X)= K n ifn =2k
(1) a cos(ax+b) ifn=2k+1
fork=0, 1, 2, ...Proof: The formula works for k = 0

(n=2x0=0andn=2x0+1=1):

f(O)(x) =f(x)= (—1)O aO sin(ax + b) = sin(ax + b)

(W

x)=f (x)= (—1)0 a1 cos(ax + b) = a cos(ax + b)
Now assume the formula holds for some k > 0.

Ifn=2(k + 1), then
f(n)(X) =_d fo-n(x) _d f@1(x)
dx dx

d
dx (- 1)kaZk !

cos(ax + b)

(-1 a2 gin(ax + b)

and ifn =2(k + 1) + 1 = 2k + 3, then

k+1 2k+2

d
10=d x f*ta

sin(ax + b)

(—1)k+1 a2k+3 cos(ax + b).

Thus the formula also holds for k + 1. Therefore it holds for
all positive integers k by induction.

Ify = tan x, then

y :seczx:1+tan2x:1+y2=P(y),
2

wh%re P2 is a polynomial of degree 2. Assume that
P +,(y)where P + , isapolynomial of degree

n + 1. The derivative of ahy polynomial is a polynomial
of one lower degree, so

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

2. (9@ - Tx(g)

—d 1 T ' "
dx[f g+2f g +fg]

=f(3)g+f g+2 g+2fg+fg+fg

=f(3)g+3f g+3fg +fg3

d
~tx (19"

®3)

(rg

d 0 ®grat g eara
d x[fg+3f g+3fg +

f@g+f@ g+ 3f(3)g’+3f”?'é+fif”g”
(©

3f’ g(3)+f g(3)+fg(4)

4 4
C) ©) 0@, g()_

g+4f

() ' nl
nf(n-1)g + : n-2g"
g+nf(n-1)g 2T - 2) f-2g

g+6f g +4f g
n
(19 =1

n!

+gim-ay F0-9g® +- -+ nf'go-n+fgm

n n!
~ k=0 ki(n - K)! fo-og®

Section 2.7 Using Differentials and Deriva-
tives (page 136)

1 0. 01

ly=dy=-yx 2dx=- 2 2 =-0.0025.

Ifx = 2.01, theny = 0.5 — 0.0025 = 0.4975.

dx 3
2. 1f(x)=df(x) = %‘FF =7 (0.08) =0.06

f(1.08) ~ f(1) + 0.06= 2.06.
6, Ify =1/x,thenly =dy =(-1/x )dx.
3. 9@ @Rkt y ten Jﬁ/sm( ?’&Qol/xn(iy”}oo)! 3

4 10m

§ dlteasdeby @m% kN —_1.

10z
1, mg crullﬁ sec then 1y 4 dd)g 4( 2/x )d X.
d x = (2/100)x , then 1y = (-4/100)/x = (- 4/100)y,
soy decreasei*by aboit4%. ' (2)(-0.04) = -0.04.
8. |f§ =X nOtherﬁlyhe dy = §x d >@4 If dQ%(zlloO)x
n R
= f g+2f g + fg
Ify:xz,then ly=dy=2xdx.Ifdx=(2/100)x , then
2 61
ly = (4/100)x = (4/100)y , so y increases by about 4%.

2
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yo = dp dy =Py)ryd=P ()

dx ") =P”(y)dx n n2
+

a polyneriaI of degree n  + 2. By induction,
(d/dx) tanx =P (tan x ), a polynomial of degree

n+lintanx.

"

28. (fg) =(f g+fg) =f g+f g+f g +fg

61

Copyright © 2014 Pearson Canada Inc.



SECTIONINSTRUCTOR2.7’'S(PAGESOLUTIONS136) MANUAL

then 1y = (6/100)x 3 = (6/100)y , so y increases
by about 6%.

62
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9. Ify = o thendy =dy = (172 ) dx. If
v -
1x = (2/100)x , then 1y =~ (1/100) x = (1/100)y,
S0 y increases by about 1%.
-2/3 -5/3

10. Ify =x ,thenly = dy = (-2/3)x dx. If
213

d x = (2/100)x , then 1y = (-4/300)x = (-4/300)y,

so y decreases by about 1.33%.

11. Ifv = J‘-‘nrg,thenlv =dV =4nr2dr. Ifr
increases by 2%, then dr = 2r /100 and 1V = 8n r 3 /100.

There-fore
1V /V = 6/100. The volume increases by about 6%.

If V is the volume and x is the edge length of the cube then V

=x3.ThusledV=3x21x.If

1V = —(6/100)V, then -6x %1100 ~3x%dx , S0
dx = —(2/100)x . The edge of the cube decreases by
about 2%.
Rate chaznge of Area A with respect to side s, where
A=s"is 0(|1_A = 2s. When s = 4 ft, the area is changing
S

at rate 8 ft2 /. Vv

14. 1f A =s%thens = VA andds/dA =1/(2 A )

2 L .
If A =16m", then the side is changing at rate

ds/dA=1/8 m/m2 .
Ths/iiameter D and area A of a circle are related by D =

2 A/m. The rate of change of diameter with re-spect to

v
areaisd D/d A = 1/(zm A) units per square unit.

2
Since A = D /4, the rate of change of area with re-spect

to diameter is d A/d D = = D/2 square units per unit.

d

4
Rate of change of V=3 =& 3 with respect to radius r is

_=dnr 2. When r = 2 m, this rate of change is 16n

dr
m /m.
Let A be the area of a square, s be its side length and L be its

diagonal. Then, L 2 =s 2 +s 2 =2s 2 and

2 2

dA
A=s = 1L ,s0 = L. Thus, the rate of change of
dL

1
2

the area of a square with respect to its diagonal L is L .
19. Ifthezradius of the circle is r then C = 2z r and

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

Volume intankis V (t) = 350(20 - t) L attmin.

At t = 5, water volume is changing at rate

dvVo . 700020 -t) = -10, 500.

R t=5
t=5

Water is draining out at 10,500 L/min at that time.
Att = 15, water volume is changing at rate

dv
= -3, 500.
— = -700(20 - t)

dt t=15 t =15

Water is draining out at 3,500 L/min at that time.

b) Awverage rate of change betweent =5andt = 15 is

V(15) -V(3) 380 x (25 -223) - _7 000.
15-5 10

The average rate of draining is 7,000 L/min over that
interval.

22. Flowrate F = kr4 ,S01F = 4kr3 1r. If1F = F /10,

then 4

ir~ £. K _ 002

40kr 3 40kr 3
The flow rate will increase by 10% if the radius is in-

creased t2)y about 2.5%. 3

23. F=kir impliesthatd F/dr = -2k/r . Since

d F /dr =1 pound/mi when r =4, 000 mi, we have
2k = 4, 0003 . Ifr =8, 000, we have
3

d F/dr = -(4, 000/8, 000) =-1/8. Atr =8,000

mi F decreases with respect to r at a rate of 1/8

pounds/mi.

24. Ifprice =$ p, then revenue is$ R =4,000p - 10 p 2

a) Sensitivityof Rto pisdR/dp =4,000-20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/3$,
0 $/$, and -2, 000 $/$ respectively.

The distributor should charge $200. This maximizes

the revenue.
2

Cost is $C (x ) = 8,000 + 400x — 0.5x if x units are
manufactured.
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A=nr . Marginal cost if x = 100 is
HUSC 2 2 r A:z\/ C (100) = 400 - 100 = $300.
ThusC =2n & nVA. C(101) - C(100) = 43, 299.50 - 43, 000 = $299.50
Rate of change of C with respect to A is .
dc v 1 which is approximately C (100).
= Daily profit if production is x sheets per day is $ P (x)
dA =VA= r. where
Let s be the side length and V be the volume of a cube. Then P (x) = 8x - 0.005x 2 _ 1, 000.
3oz ds 1 o ,
V=s =s=V andd V =73V - Hence, Marginal profit P (x) = 8 — 0.01x . This is positive

if x < 800 and negative if x > 800.

63
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the rate of change of the side length of a cube with re-

spect to its volume V is l3 \Y 2R .

64

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

To maximize daily profit, production should be 800
sheets/day.

64
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2
_ 80,000 i}
C= —=—n. +4n+l00
dC =- 80%00 +4+n .
dn n 50

dc _
n =100, d n = -2 Thus,the marginal cost of

production is —$2.

d c 8 .
n=300, d n=" 9=9.11 Thus, the marginal

cost of production is approximately $9.11.

2
. . X
Daily profit P = 13x - Cx = 13x — 10x - 20 - 1000
— 2y — _ X
=3x-20 <555

Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

0=4dP =3 - _2X_ sox=1500
dx 1000

Should extract 1500 tonnes of ore per day to maximize
profit.

One of the components comprising C (x ) is usually a fixed
cost, $S , for setting up the manufacturing opera-tion. On a

per item basis, this fixed cost $S /x , decreases as the

number x of items produced increases, especially when x is
small. However, for large x other components of the total
cost may increase on a per unit basis, for instance labour
costs when overtime is required or main-tenance costs for
machinery when it is over used.

C(x)

Let the average cost be A(x ) = . The minimal av-x

erage cost occurs at point where the graph of A(x ) has a
horizontal tangent:

xC (x)-C(x)
O=d_A = )

. dx X
Hence, xC (x)-C(x) =0=C (x)= C;x)_:A(X).
Thus the marginal cost C (x ) equals the average cost at
the minimizing value of x .

-r
Ify=Cp ,thenthe elasticity of y is

phdy___ p -r-1

y d p =—Cp —r(=r)Cp =r.

ADAMS SECTIONandESSEX:2.8CALCULUS(PAGE143)8

2.1 f(x)=1.and f (X) =~ _1 then

2
X X
fQ - -1 _1-— 1l-__1=f(
2
2-1 2 2 c
v
wherec = 2 lies between 1 and 2.

2

) f(x)=x3—3x+1,f(x)=3x -3,a=-2,b=2

— fh=f@=f@; ;4,_(;21
b-a
8-6+1-(-8+6+1)

4

4_
, , 4°
f (c)=3c -3
32-3=1=3"=4=c=xv _

(Both points will be in (- 2, 2).)

1

Cf £ (x) =cosx+(x2/2),then fX)=x-sinx >0

forx "> 0. Bythe MVT,ifx > 0, then

f(x)-f(0) =fc)x -0)forsomec >0, so
f(x) > f(0) 51 Thus cos x +(x2/2) >1and

cosx > 1-(x /2)forx > 0. Since both sides of

the inequality are even functions, it must hold for x < 0
as well.

. Let f(x) =tanx. If0 <x<mw/2, then by the MVT

f(x)-f(0)="f (c)(x - 0) for some cin (0, n/2).
2

Thustan x = xsec ¢ >Xx, since s ecc > 1.

. Let f(x)=(1+x)r -1-rxwherer>1.

Then f (x)=r@+x) *-r.

If -1 <x<Othen f (x)<0;ifx>0,then
Thus f(x)> f(0)=0if-1<x<0orx>0.

f (x)>0.

r
Thus (1 +x) >1+rxif-1<x<0orx>0.
r

. Let f(x)=(1+x) whereO<r<1. Thus,

f’ xX)=r(@+x )r -1 . By the Mean-Value Theorem, for
Xx>-1,andx =0,

f(x) —f(0)

(1-x)-1



=r(1+

r
Section 2.8 The Mean-VaIueC'?'heorem
(page 143)

l.f(x)=x2, f’(x)=2x
2 2

b4 aobzal _f(b)-fa)

b-a b-a
=f(c)=2c =c= b+a
2

65

-1X
r

for some ¢ betweenOand x . Thus, (1 +x) =1
+rx(1+ c)r

If-1<x<0,thenc<0and0<1+c<1 Hence

r-1 .
(1+c) ~>1 (sincer - 1<0),

rx(+C) -t <rx  (sincex<D0).

Copyright © 2014 Pearson Canada Inc.
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r
Hence, (1 +x) <1+rx.

If x >0, then
c>0

l1+c>1

1+ <1

r-1
rx(l+c) <rx.
Hence, (1 + x) <1 + rxin this case also.

Hence, (1+x)r <1+ rxforeither -1 < x<0orx>0.
If f(x) =x" —12x +1then f (x) =3(x° - 4).

The critical pointsof f arex = +2. f isincreasingon
(=00, =2) and (2, «©) where f (x)>0,and is decreas-

ingon (-2, 2) where f (x)<O0.

If f(x)=x -4,then f (x)=2x. Thecritical point of
isx = 0. fis increasing on (0, o) and decreasing on
(_oor 0)

Ify=l—x—x5,theny =—1—5x4<0f0rallx.Thusy

has no critical points and is decreasing on the whole real
line.

Ify=x3 +6x2,theny =3x2+ 12x = 3x (x + 4). The
critical points of y are x = 0 and x = —4. y is increasing on

(-0, —4) and (0, ) where y >0, and is decreasing on

(-4, 0)wherey <0.

If f(x)=x?+2x+2then f x)=2x+2=2(x+1).
Evidently, t (x)>0ifx>-1and f (x)<0ifx<-1.
Therefore, f is increasing on (-1, o) and decreasing on
(—OO, _1)

f(x)=3x2-4 )
f (x)>0if|x| __>‘/3
fo)<0ifk] 2%

=3

2 2

is increasing on (-, — v_)and ( vV ).
3 3

f lisdecreasingon (- v3 ,V3).
If f(x)=x3+4x+1,then f'(x)=3x2+4. Since
f ’ (x)>0forallreal x, hence f (x) is increasing on the

whole real line, i.e., on (- oo, ).

fx)=(x -4

2 f (x)=2x2(x

ADAMS SECTIONandESSEX:2.8CALCULUS(PAGE143)8

f(x)=x3(5—x)2

f’(x)=3x2(5—x)2+2x3(5—x)(—1)
=x2(5—x)(15—5x)

. =X 2E-x)B-x) ,
f (x)>0ifx<0,0<x<3,0rx>5f (x
)<0if3<x<5

is increasing on (- oo, 3) and (5, ). f
is decreasing on (3, 5).

18. Iff(x)=x-2sinx,thenf (x)=1-2cosx=0atx =+
/3 +2nnforn=0, 1, £2,....

is de creasing on (-n/3 + 2nw, T + 2nm ).
is increasing on (n/3 + 2nm, —7/3 + 2(n + L)n ) for
integers n.

i

19. If f(x)=x+sinx,then f (x)=1+cosx20

f (x) =0 onlyat isolated points X = +m, +3m, ....
Hence f is increasing everywhere.

20. If f(x)= x+2sinx,then f (x)= 1+2cosx>0if

cosx > -=1/2. Thus f is increasing on the intervals
(-(4n/3) + 2n§r, (47/3) + 2nz ) where n is any integer.

is increasing on (—oo, 0) and (0, o) because
>0 there. But f(xy)< f0)=0<1f(x2)

21, flx)=x
f (x)=3x

whenever x;1 <0< x2,5s0
vals containing the origin.

f is also increasing on inter-

There is no guarantee that the MV T applications for f and
g yield the same c.

CPs x = 0.535898 and x = 7.464102
CPsx = -1.366025 and x = 0.366025
CPsx = -0.518784 andx =0

CP x = 0.521350

Ifx1{ <x2<...<xy belongtol,and f(xj) =0,
i < n), then there exists yj in (xj, Xj +1 ) such that
(i)=0(1<i<n-1)byMVT. f

Forx =0,wehave f (x) =2xsin(1/x) — cos(1/x)
which has no limit as x — 0. However,

£ =lim o f(h)/h =1lim n_o hsin@h) =0

does exist even though f ' cannot be continuous at 0.

If f existson[a,b]and f (a) =f (b), let us assume,
without loss of generality, that f (a) >k > f (b). If

g(x) = f(x)-kxon[a,b], then g is continuous on
[a, b] because f, having a derivative, must be contin-



al.
(x)<0ifx<-2or

OV C Ve MPIeCO2TBX I 2 CFC VO VE . OE S B> 0B EBX—mE SE > B SO0 B CTBE e Cm ESE > 0B SO0 C € Bamm S O o >

N
S Y,
>
v
o
—
o
— \%
> x
= v
— [9\]
~— _
o 5
+ [9V]
R A
=
(9V] x
| =
<
<
1
—
<
I



gtugp%slerz] élgegn%l r>nUm value occurs

fis IncreaSIng on (_21 O) and (2l OO), we must have ¢ > a; since g’(h) < 0we must have
is decreasing on (- oo, —2) and (0, 2). ¢ <b. By Theorem 14, we must have g' (c) =0andso
f (c) =k. Thus f takes on the (arbitrary) intermediate

1 ' —=2X__ value k.
_ : f = 2, "2 ;
16. If f(x)= ,,+1 thenf (X)= « 1. Evidently, 30, f(x) = x+2x25in(l/x) itx =0

f (x)>0ifx<Oandf (x)<O0ifx>0. Therefore, f

is increasing on (— oo, 0) and decreasing on (0, ). 0 ifx=0.

66
66
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a) fI(O) =IlimiQ+h) -£(0)

S h
h—-0 )

= limh_+ 2h sm(l/h)
h—-0

= I|m (1 +2h sm(l/h ) =1,
because |2h sm(l/ h) <2h|—-0ash—-0.

b) Forx = 0, we have

(x) =1+ 4xsin(1/x) - 2 cos(1/x).

There are numbers x arbitrarily close to 0 where

f (x) = -1; namely, the numbers x = +1/(2nz ),

wheren =1,2,3,....Sincef (x) is continuous at

every x = 0, it is negative in a small interval about
every such number. Thus f cannot be increasing on any
interval containing x =

Let a, b, and c be three points in | where f vanishes; that is, f (a)
=f(b) = f(c) = 0. Suppose a < b < c. By the Mean-Value
Theorem, there exist points r in (a, b) and s in (b, c) such that f

' 1 i

(r)=f (s) = 0.Bythe Mean-Value Theorem applied to f

on [r, s], there is some point t in (r, s ) (and therefore in 1)
such that

()
Iff()

points of |, then f

exists on interval | and f vanishes at n + 1 dis-tinct

(n)

vanishes at at least one point of I .
Proof: True for n = 2 by Exercise 8.
Assume true for n = k. (Induction hypothesis)

a(uBf)cme n=Kk+1,ie,fvanishes at k + 2 points of I and f

exists.

By Exercise 7, f vanishes at k + 1 points of |

(k+1) " (K)
By the induction hypothesis, f =(f ) vanishesat

a point of | so the statement is true forn = k + 1.
Therefore the statement is true foralln > 2 by induction.

(casen = 1isjust MVT.)

33. Giventhat f(0)=f(1)=0and f(2)=1:
a) By MVT,

f@=1t@A-f0 -1
2-0 2-

for some a in (0, 2).

b) By MVT, for some r in (0, 1),

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

Then, by MVT applied to f on the interval [r, s],

forsome b in (r,s),

i 1

fF@E)-f(r) 1-0
frb)= "5 Ts-r

—t 1

s-r>?2

sinces —r<2.

Since f ”(x ) exists on [0, 2], therefore f ’ (x ) is con-

tinLPus there_. Sincef (r)=0andf (s) =1, and since 0

<’ < 1, the Intermediate-l\/alue Theorem

(c) =7 for some c between r andassuresusthatf

Section 2.9 Implicit Differentiation
(page 148)

Xy-x+2y=1
Differentiate with respect to x :

y+ Xy —1£y+2y =0

Thusy'= '-L;

x3+y3=1

2 2" ' X
3x +3y y =0,s0y =—y22.

2
X +Xy=y
Differentiate with respect to x :

2x+y+xy‘=3y2y‘

2x,y

y'=—+—3

3 Y g5X

x2y+x —25

Xy +X y +y +-05xyy

y——3x y_y*
+5xy

Xy =2x—y

2xy3+3x2y2¥ =2-y

' y
3xy

+1
x2+4(y—1)2 =

' ' X
2x+8(y-1)y =0,s0y =4(1 —y)
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' ) -1(0) 00
f(r)= 1 -0 =4_pg =0.

Also, for some s in (1, 2),

: fQ) -f@  1=0
F@E)=""%20 =2-1 =1

67

7
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— 2
XL Ky X

TX+y y

2 3 2 2 3 2 2
Thusxy -y =X +X y+Xy+y ,orx +x y+2y =0
Differentiate with respect to x :

3x2+2xy+x2y'+4yy':0

2
' N+ 2xy
y =- 2

X +4y

67
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v
8. X x4y =8-xy ) )
V¥+y+x V1 (1+y )=-y-xy
=%y = '
Ax+y)+x(+y )=-2 wey  (YHXY)
X2y +2yV Xy
=- v
X+2X X +Y¥
2 2

9. 2x +3y,6 =5

4x+6yy =0

At(L,1): 4+6y =0,y = -4

Tangent line: y—lz—g (x-1)or2x+3y=5
3
10.X2y3—x3y2=12
2><)/3+3x2y2y' _3x2y 2 —2X3yy':0
At(-1,2): -16 +12y '—12+4y' =0, so the slope is

y =12 +16 - 28
17+4° 16

Thus, the equati on of t he tangent line is

:_7.
4

y=2+1 (x+1),0r7x-4y+15=0.
X y3_o
11,y X
X +y4:2x3y
4x3+4y3y' :6x2y+2x3y'
at (-1, -1): —4—4yl :—6—2y'
2y =2,y =1

Tangent line: y+1=1(x+1)ory=x.

12. x+2y+1=

—y

1+2y = x-1)

At (2, -1) Wehave1+2y’=—2y’

Thus, the equation of the tangent is 2
y=-1- 1 (x-2),orx+2y=0.

Z

Tsin(xy) = n/2
2+ y' - 7

13. 2X+y -y

cos(xy)(y +xy ) =0

2-6y)y) =6x

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

. 2 2
xsin(xy — =x -1
(xy y2) ) , ,

sin(xy -y )+x(cos(xy-y Ny+xy —-2yy )=2x.
At(1,1):0+(Q)Q)Q -y ’) =2,50y - -1. The tangent has
equationy=1-(x - 1),ory=2 - x.

y =x% _17

Ccos

e —
| ' 2

sin 70 (xy_=x vy myy)=2xy-

X y

X v

At(3,1): - 328y =1 _5_gy

' 2V, 9 Vv

S0y = (108-  3x)/(162- 3 3m). The tangent has

equation v

T
y=1+ 108 - v ~(x-3)

162-3  3n

Xy=X+y

ytxy =l+y =y =
y ty +xy =y

Therefore, y = 2y =2(y-1
1-x  (1-x)

2x+8yy =0, 2 +8(y )2+8YV =0.

l—3x2

3x -2yy +3y y =1=y :3y2,2y

‘2 " ") 2"
6x-2(y ) -2yy +6y(y ) +3y y=0

(1 3X2)

Q-@16y’ 2v® —6x

2 - 2

3y -2y _ _ 3y -2y

2.2

(-6 )3 -3

y:

By
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At (n/4,1): 2+y -1 +(nld)y ) = 0,50

y = -4/(4 - =n). The tangent has equation
y=1l-7 o x 4 .

tan(x y 2 )= (2/n)xy
(sec® (xy Ny 2 +2xyy ) = @)y +xy ).

At(-m, 1/2): 2((/4) -my )=(Un) -2y ,s0

1 -2

y = 2 +4n(n-1) x =)

68
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. @y -2) 3looy
X —23xy+y =1 5
3x -3y-3xy +3y y =0

' ' ! ‘2 2
6x -3y -3y -3xy +6y(y) +3y vy
=0 Thus

2
Cy =X
y =,2_
y -x ‘9
=22+27y -2y (L)
y = y2-x
2 YoX V=X
2 -2xy 4xy

-z - 2.3
=y -x Y -x)T = (x-y) .

Copyright © 2014 Pearson Canada Inc.
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25.

26.

217.

SECTIONINSTRUCTOR2.9°'S(PAGESOLUTIONS148) MANUAL

2 2 2
X +y =a

' 1

2x+2yy =0sox+yy =0andy = -

X
y1+y y +yy =0s0

2
) X
L lx(y) 1+ 2
Yo —eT
2 2 2
=_y_+X =_g
3 3
y y
Ax2+By2=C

2Ax+2Byy =0=y =-"—""

AX "2
B y2A+ZB(y )" +2Byy

"

= 0. Thus,
2
1 2 _A_ B &(
v A -B(y) By__
y = B = B ’
y 7 2
_cA(By +AX) _ __AC
Bzys BZyB
Maple gives 0 for the value.
206
Maple gives the slopeas T55-
Maple gives the value —-26.

. 855, 000
Maple gives the value - 3717~ 293 .

EIIipse:x2 +2y2 =2
2><+4yy'=0
Slope of ellipse: y'E = -ZXT
Hyperbola: 2x % - 2y2 =1
4x—4yy”:0

Slope of hyperbola: y H =%
X +2y 2 =2

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

2 2
Similarly, the slope of the hyperbola  *= - ¥_ =14t
A B
(x,y) satisfies
, , )
2% -2yy =0, ory = B x,
p2 gl A2y

If the point (x , y ) is an intersection of the two curves,

then ) 9

2
X.2+.L=X—_L

- A B
2 1 1 2 1 1
X 2- "2 =Y 7+ 7
A a B b
2 2 2 2 2
X b +B "~ A a
2 = o 2 =
ThUS, 5* % ep "5 -4 7 2 2 2 2
Sincea —-b =A +B ,therefore B +b =a -A,
2 2.2
X A" a
and ,» = 8% . Thus, the product of the slope of the
two curves at (x ,y) is
2 2
Qz‘x _2‘>.< 92‘8_2 Aa
T, T g7t
ay Ay aA Bb
Therefore, the curves intersect at right angles.
29. Ifz = tan(x /2), then
2 2
c ldx 1+tan_(x/2)dx Z dx
2 <0dx =2z dll. 2 — L X
l=se " (X/2)%g;,="" % — " =3 7
2

Thusdx/dz=2/(1+z ). Also
2

- 2
cosx=2cos (x/2)- 1= seci\_(xa‘l
2

_ 2 1_1—z
= -z —i1="7
T+z 1+7z

— 2

. 2 2
sinx = 2sin(x/2) cos(x/2) = 1l+tan (x/2) = 1+z

X-y X 2 2
= +lexy-y =X +Xy+Xy+y

X +yy
x2+2y2+xy:0



28.
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Atintersection points 5,2, 2_,
3x2=350x2=1,y2= 1
, 2 2
ThUSy y'=—XX = - _X_ = -1
E'H 2yy 2y?

Therefore the curves intersect at right angles.

2
2
The slope of the ellipse XL . 1 is found from
az
' ' 2
2X 124y =0, jey =-b0X.
2 2 2
a b ay

69
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Differentiate with respect to x :

1 1

2X+4yy +y+xy =0 = y =-2X+y

4y +Xx

. 2 2
However, sincex +2y +XYy=0 can be written

1 7 » Y2 7 2
X+Xy+ 4y + 4y =0, 0or(x+2 ) +_4y =,

the only solution is x = 0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.

69
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Section 2.10 Antiderivatives and Initial-Value

Problems (page 154)
VA

5dx=5x+C
Z
x2dx=l3x3+C
Z

3. xdx= 3x C

6. (x+cosx)dx=2X +sinx+C
2

z z

tanxcosxdx =sinxdx=-cosx + C

Z1 + cosg X Z )
dx=(sec” x +cosx)dx =tanx +sinx +C

C0S X
z

9. (a2—x2)dx=a2x— 13 ¢
3
VA

10. (A+Bx+Cx%)dx=Ax +Bx2 Lx3 g

2 3
Z 1/2 1/3
11, @ +3x dx= 4yan 9sm C
3 4

Z ~4/3
12. 7 —6(x1) dx = (6X -1/3 - 6x )dx

x 413

ox 2/3 + 18x -13 +C
z 3
roox? 1y 13 1
13. 3— o2+x-1 dx= 1% - gXx +,x -x+C
z

105 (1+t2+t4+t6)dt

5,17
105(t+3lt3+5lt +77t )+ C

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

20

22

24

25.

26.

27.

28.

29.

30

. Since d4v K+l = —xL,therefore
dx 2x+1
Z —
Vv 4 _dx=8 4.1 +C.
X+1
z

2xsin(x2)dx=—cos(x2)+C

2

. Since ap x +1 =V , therefore
d X2
X 7 +1p_
A_Z% dx=2 , ;1 +cC.
X +1

z z 2

tanzxdx= (seczx—l)dx=tanx—x+c
4

. Zsinxcosxdx=  lgin@2x)dx=-1 cos(2x)+C
2 4
Z cosPxdx= Z LCHIZY gy X S0 4 C
2 - 2 7
.2 .
Zsin"xdx=2Z 1-cos@x)dx= X - sin@2x) i ¢
2 2 4
( 1 12
y =x-2=y= =x —-2x+C
2
y(@0)=3 = 3 =0 + C therefore C = 3

Thusy = 1x2 —2x + 3forall x.

2
Given that ' -2 -3
y =x "~ -X
-1) =0,
, L, Y=o
theny = (x "-x T)dx=-x "+1x +C
3
S 1) a2 (ep ¥CsC=-t
and0 =y (-1) 2 2

. 2
interval (-, 0). x X 2

V. 32
y’=3 x = Y=2X +C
y(#=1= 1=16+CsoC=-15
32
Thusy =2x = 15forx>0.

. Given that
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105t + 35t > + 21t + 15t + C y =x13
0) =5,
1 . y (0)
cos(2x)dx = 2sin2x) +C theny = X1/3dx=ix4/3+Cand5=y(O) =C.
4
z Hence,y (x) = 3x4/3+5which is valid on the whole real
o _ X , =
16. sin 2 dx=-2cos 4 +C line. 4
2 2 o
7 dx 1 Sincey = Ax "~ +Bx + Cwe have
2 _ A 3 B2
17. 7 @+x)” == 1+x +C y= 3X +%X +Cx+D. Sincey (1) = 1, therefore
« B A B
18. sec(l - x)tan(l -x)dx=-sec(l -x)+C 1 y()=3+2 +C+D. ThsD=1- 3 - ,-C,
and
Zy 1 A 3 B 2
19 2x+3dx= _](2x+3)3/2+C y= 3k =D+ 2k -1+ Cx-1)+1forallx
70 70
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32. Given that

y’=X—9/7
y(1)=_41
VA
-9/7 L =207
then y= X dx=-7% X +C.
Also, -4 =y(1) =-1 +C,s0C = -1 Hence,

2 2

y=-1x-27 - 1, which is valid in the interval (0, ).
2
y =CO0SX
33. For y (@) =2’ we have
Z
y= cosxdx=sinx+C
2=sin Z+C= 14+C H= Cc=3
6 2 2
y=sinx+ 3 (for all x).
2
y =sin(2x)

34. For y@?2)=1 ,wehave
4

y= sin(2x)dx= —51 cos(2x) + C
1=-lcosn+C=1+C H=> cC=1

2 2 2
y= 51 1 - cos(2x) (for all x).

2
35. For Yy =sec X, we have

yg))=1

2
y= seC xdx=tanx+C
1=tan0+C=C H= c=1
y=tanx+1 (for —m/2 <x <m/2).
' 2
y =sec X
36. For , We have
y(@)=1
z
2

y= sec xdx=tanx+C

ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8

thenyvz x dx=-1Xx-3+C.
3
' i ;
Since2=y (1) =-
' 3 + C, therefore C= 3,
andy =- 1x-3+ 7. Thus
3 T
Z
1 7 T -2 7
y= _ X3, dx= X + x+D,
3 3 6 3
andl1=y() =1+ 7+ D,sothatD = - 3. Hence,
6 3 2

y(X)= 1x-2 + Ix - 2 whichisvalidin the interval

5 3 2

(0, ).

"

Since Y =x3—l,therefore y'= 1 x4—x+c1.
4

Sincey (0) = 0, therefore0 = 0-0+Cq,and

Thusy = '21;x5—:' x2+Cz.

Sincey (0) =8 wehave8=0-0+Ca.

Hencey = _1)(5 ix2+8forallx.
20 2
Given that
2 -1/2
Jly,=5x -3
_y()=2
Jw-o
Z
' -1/2
we havey = 5x 2~ 3 /dx=§x3—6x1/2+c

Also,2=y (1) =5 -6+CsothatC = 19, Thus,

y‘= .5X3-6X1/2+ 4 and 3
3 3
y:zx 53—6x 1/2+1— dx = §X4—4x3/2+ 19x+D
3 3 12 3
Finally, 0=y (1) = 5 -4+ 1 +DsothatD=- 1 .

12

Hence, y (x) = CExt o3P Ly u.

4

» 3 4
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l=tanz+C=C H= C=1 Iy = cosx

y=tanx+1 (for n/2 < x < 3m/2). 41. For y(0)=0 wehave

- | 0)=1
Sincey =2, therefore y =2x+Cq. v O Z
' ' 2

Sincey (0) =5, therefore5 =0+ Cy,andy =2x+5.Thusy =x
+5x + Cz. y = cosxdx=sinx+Cq

Sincey (0) = -3, therefore -3=0+0+ Cp,and Cp = 1= szin 0+C1 H= C1=1
-3.
_Finally.y=x2+5x—3Lfora||x. y=  (inx+1)dx=-cosx+x+C2
Given that ‘ 0=-cos0+0+Cy H=> Cp=1
= =x7Y y=1+X-COSX.
71 71
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: yl(l) =2
y®)=1,

72

Copyright © 2014 Pearson Canada Inc.

ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8

72



SECTIONINSTRUCTOR2.10’S SOLUTIONS(PAGE154) MANUAL ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8

"

1y =x+sinx

B 7
) H 9: -_— = = — =
42. For 0 0)=2 we have ence g 0B=18 A 2
y =0
Thusy = - Ly12 4 1gx-12 (forx>0).
Z 2
, X2 .
_ : — 46. Consider g
y = (x+sinx)dx=2 -cosx + C1 lxy -6y=0
0=0-cos0+CqH= C1=1 y@1) 1
z 2 3 '
y = Yo _cosx+1 dx= & -sinx+x+Cp y 1)=1
2 6 r ' r- !

Lety=x ,y =rx Ly =r(r—1)xr_2.Substituting

2=0-sin0+0+Cp H= Cp=2 these expressions into the differential equation we obtain

X3 .

= __ —-sinx+x+2 _

=3 x2[r(r—1)xr 2]—6xr=0
r
B . B « 2 B [r(r-1)-6]x =0.

Lety = AX + .Fheny =A- ,apdy = . . . ]

y X y X 2 y X 3 Since this equation must hold forall x >0, we must
Thus, for all x = 0,

have
2 "+ 2B A B A B 0 rr-1-6=0
X +Xy —-y="x +AX- - AX = =0. 2
y yoYE X X X r -r-6=0
' (r-=3)(r+2)=0.
We will also havey (1) =2 andy (1) = 4 provided
A+B=2 and A-B-=4. There are two roots: r{ = -2,and rp = 3. Thus the
differential equation has solutions of the form
These equations have solution A = 3, B = -1, so the y = AX "2 x> Then y. = —2Ax 2 +3Bx 2 since
initial value problem has solutiony = 3x — (1/x). 1=y(1)=A+Bandl=y (1)=-2A + 3B, therefore
— — _ -2 3
Let rq and r 2 be distinct rational roots of the equation ar A= é and B = -35 Hence, y = éx * 9;‘ '
(r=1)+br+c=0
Lety =Ax"1 +Bx ", x>0 ) . .
Tieﬁy' = Alrl+x HX‘E +Brax r}l, ) Section 2.11 Velocity and Acceleration
andy = An ri-1x"t 2+Brarz-1x"2 2. Thus (page 160)

5 .
ax y +bxy +cy

r -2 rp -2 d x dv
ax  (Ari(r1 - 1)x + Bra(rz - 1)x 2
( ( ) ( ) Xx=t —-4t+3,v= d_t:2t—4,a: d_t:2
rp -1 ro -1 r r2
bx (Ary x +Brax ] )+c(Ax +Bx ) particle is moving: to the right for t > 2
Aarp(rp-1)+brp+cx
Blara (r - 1) + bry + ¢ x 2 to the left for t < 2

r

ox't+0x2 =0 (x>0)

' ' article is always accelerating to the right
4x2y +4xy —y=0 (%) =>a=4hb=4,c=-1 p \' g g

45. y(4)=2
y (4)=-2 never accelerating to the left
Auxilary Equation:  4r(r-1)+4r-1=0
4r 2 _ 1=0 particle is speeding up for t > 2
s 1

2
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) ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8
By#aLy = Ax Y24y 2 solves (») for x > 0. slowing down for t < 2
Nowy = Ay-12- B x-32
2 2 the acceleration is 2 at all times
Substitute the initial conditions:

average velocity over0 <t < 41is

: X(4)=x(0) __16-16+3-3 -
16 4 40 .

70 70
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x=4+5t—t2,v=5—2t,a=—2.
g’he point is moving to the right if v> 0, i.e., when t <

2,
g’he point is moving to the left if v <0, i.e., when t >

2,
The point is accelerating to the right if a > 0, but

a = -2 atall t; hence, the point never accelerates to
the right.

The point is accelerating to the left ifa <0, i.e., for all t

The particle is speeding up if v and a have the same
Lo 5

sign, i.e,, fort> 2.

The particle is S|0)§Iing down if v and a have oppo-site

sign, i.e.,, fort<p . -

Sincea = -2atallt,a= —2att=§2 when v = 0.
The average velocity over [0, 4] is

x (0)8 4x(4)

4 =4 =1
x=t3—4t+1,v=M =3t2—4,a=d—V = 6t
dt at v
a) particle\/mol/ing: to the right fort < -2/ -3 or
t>2/ 3,

v - v
to the left for -2/ 3<t<2/ 3

particle is accelerating: to the right for t >0
to the left fort <0

v
particl /e is speeding up fort>2/ 3 orfor-2/3<
t<0
v

f) particle is\?lowing down fort < -2/ s or for

0<t<2/ 3 v

g) velocity is zero at t = £2/ 3 Acceleration at these

timesis £12/ 3
h) avergge velocity on [0, 4] is

__4_&__1_ =12
4-0
2 2
g= -y Lrno-oen | it

-————a -2

t +1 t +1) t +1

2 2 2 2 2

(t +1) (=2)= @ =t Yt +D2t) -~ _2t( -3

ADAMSSECTIONandESSEX:2.11CALCULUS(PAGE160)8

d) The poi+/nt is acceleratin/g to the leftifa <0, i.e.,
fort<-3o0r0<t<3.
e) The particle is speedi/ng up if v and a have the same sign,

i.e.,\/fc_yrt<—3, or-1<t<O0or
1<t< 3.

The particle is slowingi down if v and a have oppo-

site y/sign, i.e,, for-3<t<-1,or0O<t<lort>3.

g) v=0att=+1. Att=-1,a= i(s—_Zl =1
@ 2
Att=1la= 2(=2)=-1.
) 2
h) The average velocity over [0, 4] is
4 -0 1

X@)-x©0) = 17
- 4 4 17

y =9.8t - 4.%t 2 metres (t in seconds)
LYy

velocityv= ¢ t=9.8-98t
d v
accelerationa= (¢ t=-9.8

L 2 . .
The acceleration is 9.8 m/s~ downward at all times. Ball is
at maximum height whenv =0, i.e., att = 1. Thus

maximum heightisy t =1 = 9.8 — 4.9 = 4.9 metres. Ball
strikes the ground wheny =0, (t>0), i.e.,
0=t(9.8-49t)sot=2.

Velocityatt=2is9.8 - 9.8(2) = -9.8 m/s.

Ball strikes the ground travelling at 9.8 m/s (downward).

Given thaty = 100 - 2t — 4.9t 2 , the time t at which the

ball reaches the ground is the positive root of the
equationy =0, i.e., 100 - 2t - 4.9t = 0, namely,
v

-2+ ] j
t = = F(%F.J)(1UU) ~ 4318 s

9.8

-100
The average velocity of the ball is 4,318 = -23.16 m/s.
Since -23.159 = v = -2 - 9.8t, thent =~ 2.159 s.

2 . .
D =t , D inmetres, t in seconds

velocityv= dD =2t
dt
Aircraft becomes airborne if

v =200 km/h = 200.000 =500 pys,
3600 9



SECTIONINSTRUCTOR2.11’S SOLUTIONS(PAGE160) MANUAL

a

71

Tl +1)®

The point is moving to the right if v>0, i.e.,, when 1 —
t >0,or-1<t<1l.

The point is moving to the left if v< 0, i.e.,, when t <
-lort>1.

The point is accelerating to the right ifa > 0, i.e.,
2

when/2t (t —+/3) >0, that is, when
t> 3or- 3<t<0.

ADAMSSECTIONandESSEX:2.11CALCULUS(PAGE160)8
Time for aircraft to become airborne ist = 250 s, that
9

is, about 27.8 s. 2

Distance travelled during takeoff runist ~ = 771.6 me-
tres.

Lety (t) be the height of the projectile t seconds after it is

fired upward from ground level with initial speed vq .
Then

y (t)=-98y (0)=vy,y()=0.

71
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Two antidifferentiations give
2
=-49t +vpt=t(vp-4.9t).

Since the projectile returns to the ground at t = 10 s, we

have y (10) = 0, so vg = 49 m/s. On Mars, the acceleration

of gravity is 3.72 m/s  rather than 9.8 m/s2 , S0 the height
of the projectile would be

= -1.86t 2 +vpt=1t(49 - 1.86t).

The time taken to fall back to ground level on Mars
would be t = 49/1.86 =~ 26.3 s.

The height of thg ball after t seconds is
y(t)=-(/2t +vgtmifitsinitial speed was vy m/s.

Maximum height h occurswhendy /dt = 0, thatis, att = v
/g. Hence

- = - =
h=-9 0 +vg VO =W =
2
2 9 g 29

An initial speed of 2vy means the maximum height will be 4v
/29 = 4h . To get a maximum height of 2h an initial “speed

of  2vyisrequired.

To get to 3h metres above Mars, the ball would have to be
thrown upward with speed

P —  p___

.. -2
v = 6g"h= 6g v/29)=v 3g /g.
M M M 0 0 M

Since g = 3.72 and g = 9.80, we have v \q = 1.067v(
m/s.

If the cliff is h ft high, then the height of the rock t sec-onds after it falls

2
isy =h —,/16t ft. The rock hits the ground (y = 0) at time \/t = h /16

s. Its speedy/at that time is v = =32t = -8 h = -160 ft/s. Thus h = 20,
and the cliff is h = 400 ft high.

If the cliff is h ft high, then the height of the rock t sec-onds
after it is thrown down isy = h — 32t — 16t 2 ft. The rock

hits the ground (y = 0) at time
v

ADAMSSECTIONandESSEX:2.11CALCULUS(PAGE160)8

Let x (t) be the distance travelled by the train in the
t sgcondszafter the brakfs are applied. Since
d x/dt = -1/6 m/s and since the initial speed is vo
= 60 km/h = 100/6 m/s, we have

1,2 100
X (t) 12 gt.
The speed of
the train attime tisv (t) = —(t/6) + (100/6) m/s, so

100
it takes the train 100 s_to come to.a stop. In_ that time it

travels x (100) = - /12 + 100 /6 = 100 /12 = 833
metres.

x=At2+Bt+C,v=2At+B.The
average velocity over [t 1, t2] is

_(t2)-x(t1)
t2-t1

2 2
+Bu+C-At -Bu-C

At o 1

-t
A(tz—t;)na(t -t)
= 2 1 2 1

=Altg+t1)(tp -t1)+B(ta-tg)
(t2-t1)
At +t1) +B.

The instantaneous velocity at the midpoint of [t1, t2 ] is

2 +1t1
\ 2 =2

1

+Tt1 +B=A(tp+t1)+B.

Hence, the average velocity over the interval is equal to

the instantaneous velocity at the midpoint.

1.2

t 0<t<?
s= _4t-4 ) 2<t<8

-68 + 20t - t 8<t<10

2
Note: s is continuous at 2 and 8 since 2 = 4(2) - 4 and

4(8)-4= —68+160—6(4ét if0<t<2
ds
velocity v = gt = 4 if2<t<8
-2t
20 if8<t<10
Since2t - 4ast - 2-, refore, v at 2
((v(2) =4). the is continuous

Since20 - 2t - 4ast — 8+, therefore v is continuous
at 8 (v (8) =4). Hence the velocity is continuous for
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-3 32% + 64h Iv__~

t= o =-1+ 4 16 hs.

Its speed at that time is
v

v=-32-32t=-8 16+h = -160 ft/s.

Solving this equation for h gives the height of the cliff as
384 ft.

72
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0<t<10
(2 ifo<t<2
dv
acceleration a = = 0 if2<t<8
dt -2 if8 <t<10

is discontinuousatt=2and t =8
Maximum velocity is 4 and is attained on the interval 2

<t<8.

This exercise and the next three refer to the following
figure depicting the velocity of a rocket fired from a
tower as a function of time since firing.

72
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V1 (4, 96) Review Exercises 2 (page 161)
2
t 1. y=(0Bx+1) ) )
dy  Jim _(x+3h+1) -(3x +1)
dx  h-0 ) 9 )
= lim X_+18xh+9 ~ +6x+6h+1—-(9x +6x+1)
h-0
=lim (18x + 9h + 6) = 18x + 6
. h-0
(14, -224)
2 Vv 2
Fig. 2.11.16 dp 2 p_(*l -xXFn)y - Tex
2. _ 1-x =lim
The rocket’s acceleration while its fuel lasted is the slope dx h-0 , 2 h
of the first part of the graph, namely 96/4 = 24 ft/s. = Jim &M lex ) ,
0 Tk h) + 1-x)
17. The rocket was rising until the velocity became zero, that - limp o - hv - _Vx
. . ——7 —2 — 2
is, for the first 7 seconds. h-0 1-(X+h) + 1 -x 1-X
As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from )
its maximum height to the ground is the area between the 3. f(x)=4k
velocity graph and the part of the t -axis where v < 0. 4
The area of this triangle is (1/2)(14 - 7)(224) = 784 ft. ) _—
This is the maximum height the rocket achieved. f@=tm 2+h)” =1
h-0 h
. L 2
19. The distance travelled upward by the rocket while it was  4-(@+4h+h) ) _4 _h
rising is the area between the velocity graph and the part =lim————— =lim .———, =-1
of the t -axis where v > 0, namely (1/2)(7)(96) = 336 ft. h-0  h(2+h) h-0 (2+h)
Thus the height of the tower from which the rocket was
fired is 784 — 336 = 448 ft. (-5
20. Lets (t) be the distance the car travels in thet ~ seconds 4, q(t) #;
after the brakes are applied. Thens (t) = -t and the 4+h
velocity at time t is given by -1
g@=1lim 1+ _9sh_
VA 2 h-0 hv_ _ v
)= (-tydt=- L_+cy (3+h- 9+h)B+h+ 9+h )

2 = lim
h-0 h(1+ 9+hz)(3+h+ 9+ h)

9+6h+h —(9+h)
v

where C = 20 m/s (that is, 72km/h) as determined in

= lim
Exampleé. Thus heoR(Ls OFM@E +he 9 +h)
z : 3 “him .y %*h
t t h-o(l+ 9 +h)3+h+ g+h)
s(ty= 20- 2 dt=20t- 6 +Cz e
24

where C2 = 0 because s (0) = 0. The time taken to come
distance

to a stop is given by s __ travelled is v (t)=0,s0itist =



73

40 s. The

- 5.
The
tangent
toy =
cos(m X ) —_
atx =
1/6 has
slope

3

$=20 40 - 40 2 . ga3m, dy

dx x=1/6

Copyright © 2014 Pearson Canada Inc.

=-mwsin 6 =-2.
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Its equation is

6. At x2 = nthecurve y = tan(x /4) has slope

(sec (n/4))/4 = 1/2. The normal to the curve there

has equation y=1-2(x - m).

7 .41 __ 1-cosx
dxx - sinx (x = sinx)
dl+x+x2+ys d -3 -2 1
TR R S L St
-5 -4 -3 -2
—4x - 3x - 2X - X
—4+3X+2X _+X
;2 3
d 2/5 -5/2 5 25 -7 2 -35
9. dx (4-x Yy =-2@-Xx) - 5x
X ~35 (4 — x 2/5)-712
dp_—___ -2cosxsinx  —sinxcosx
10, — 2+cos’x= A = 2
dx 2 2+ COS "X 2 +C0S~ X

d
d §(tan6 -6 sec2 0)= sec2 0- sec2 0-20 sec2 0 tan 0

v =-20 seczetane
st2 -1
12. d 1+t
t 1+ +1
|
‘/Hq_ 2
( T+t +1)vt -( 1+t =1V t
= i"‘t N A I+t
V1i+t +1)°
2t
=y Y
l+t2(1+t2+l)2
(x+h)20—x20 d_
13. lim __-___._ = _ x% =20 "

14. lim __4x+1 =3 = |im4 _9_+4h=3

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

17. 2 1@ -x) = 3 -x? Y
40, Vo V.= L(—:)Hﬁ_x

18. gx[f( ]I =2'f( x)f( X)_23< X

19, ad7f(zx> gﬁr— 2t (2x) P oy w

4 g(x/2)

d f(x)=9(kx)
20. dx f(x)+g(x)
1 . ,
=7 2 fx)+g)(f x)-g((x))
(f(x) +9(x))

' 1

- (fXx)—g(xN(f (x)+g (x)
2(f(x)ax) =f (x)a(x))

(F(x) +g0x) 2

. , :
21, A f(x+ @)%) = (L + 29008 (N (x+ (@)%

¢ w2t ed-wd)

22. - f = — 7 f
dx X X X

23. d f(sinx)g(cos x)

dx
= (cosx)f (sinx)g(cosx) = (sinx)f(sinx)g (cosx)
S
cos f (x)
dxsing(x)s
=1 _ sing(x)
2 cosf(x)

x —f '(x)sinf(x)sin a(x) —q(;()cosf(x)cosq(x)
. 2
(sing(x))

Ifx3y+2xy3:12,then3x2y+x3y’+2y3+6xy2y,:0.

At(2,1):12+8y +2+12y =0,sotheslopethereisy =
-7/10. The tangent line has equation
y=1- ZL(x-2)or7x +10y =24,

y 10
26. 3 \/?xsin(ny) +8ycos(mx)=2
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X -2 h—0 4h

X =2

=dx4 x =2v9 =3

15, lim cos(2x) =(1/2) =1im2 cos((w/3) _ 2h) cos(m/3)

X—/6 X — /6 haa 2h

2 cosx

dx
x=n/3 /
-2sin(n/3) = - 3
1 1
2 2
16. Ux™) =(1/a™)

(-a+h) = (-a)

lim =lim _

X—=-a

74

27.

28.

29.

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8
3 2sin(my) +3n V= xcos(ny)y’ + 8y’cos(nx)
-8rnysin(mx)=0 Ve
At (1/3, 1/4): 3+ ny +4y -=mn 3 =0,so0theslope

thereis y'= =__3=3.
n+4

3
Z 1+x4 z 1 ) I X
_Z_dX= —_ t+X dx =- + . +C
X X2 X 3
z z - 2
1+x -
—~ dx= -2 xW2)4x 2 X +3 x32 C
X

Z 2 3sinx Z 2

(2sec x+3secxtanx)dx

74
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=2tanx +3secx + C
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z z
(2x+1)4dx= (16x4+32x3+24x2+8x+1)dx

16 X
= _5‘5 +8x4+8x3+4x2+x+C
or, equivalently,
(2X + 1)5
(2x+1)*dx= +C
10
' 2 3 3 4

If f (x)=12x +12x ,then f(x)=4x +3x +C.

Iff(1) =0,then4 +3+C=0,s0C=-7andf(x) =

4X3+3x4—7.

If g (x) = sin(x /3) + cos(x /6), then

g(x) = -3 cos(x /3) + 6sin(x /6) + C.

If (n, 2) liesony = g(x ), then =(3/2) + 3+ C =2, 50
=1/2and g(x ) = -3 cos(x /3) + 6 sin(x /6) + (1/2).

d

X Sin X + €OS X ) = Sin X + X €OS X — Sin X = X €os x d X

d

g,x(xcosx—sinx)=cosx—xsinx—cosx=—xsinx
Xxcosxdx=xsinx+cosx+C

xsinxdx = —-xcos x + sinx + C 34,

1

Iff (x)="f(x)andg(x) =xf(x), then

g ()= T0)+xf ()= @+x)f(x)

g”(x): f(x)+(1+x)fl(x):(2+x)f(x)

g ()= T6)+@+0)f (x)=@+x)T()
Conjecture: g(n)(x) =(n+x)f(x)forn=1,2,3,...

Proof: The formula is true for n = 1, 2, and 3 as shown
above. Suppose it is true for n = k; that is, suppose g

(k)

(x)=(k+x)f(x). Then

d
oV =gx  kex)f)

=f(x)+(k+x)f,(x):((k+1)+x)f(x).

Thus the formula is also true for n = k + 1. It is therefore true
for all positive integers n by induction.

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

This line passes through (0, 1) provided

2

b a
1:p2+a s
2+a

-a
p2+2az=2+a2 2:2

2+a =4 -

v

The possibilitiesare a = + 2, and the equations of the

corrresponding tangent linesarey =1 + (x/ v 2).

37. dx sinnxsin(nx)

. n-1 . . n

=nsin xcosxsin(nx) +nsin xcos(nx)
. n-1 . .

=nsin 1 x [cos x sin(n x ) + sinx cos(nx)] =
n_

nsin xsin((n + 1)x)

y =sin n x sin(n x ) has a horizontal tangent at
=mn/(n + 1), for any integer m .

d n
38. dx sin xcos(nx)

. n-1 .noo.
=nsin 1xcosxcos(nx)—nsm xsin(n x)
n-

=nsin X [1cos x cos(n x) — sin x sin(n
n—

x)] =nsin x cos((n + 1)x)

4 n_ .
dx cos xsin(nx)
n-1 n

= -ncos
n-1

X [cos x cos(n x ) = sin x sin(n
n-1

xsinxsin(n x) + ncos xcos(n x)

=N cos

x)] = ncos

4
dx COS xcos(nx)
n

xcos((n + 1)x)

n
—-n cos xios(n X)=ncos xsin(nx)
n—

-n cos X [sin x cos(n x ) + cos x sin(n x )]
n-1_ .
—-n cos xsin((n + 1)x) _
—-1Xsin

Q=(0,1). IfP =(a,a2) opthe curvey = x 2 then . 2
the slope ofy =x~atPis Za, and the slope of P Q is (a” -

1)/a.PQisnormaltoy=x ifa=0or
- 2
[(a2 - 1)/a](2a) = -1, thatis, if\/a=0ora = 1/2. The points P

are (0, 0) and (+1/ /2, 1/2). The distances from these points to Q
are 1 and 3/2, respectively.

The distance from Q to the/curvey = x 2 is the shortest of these
distances, namely 3/2 units.



36.
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3 .
The tangenttoy = X + 2 at x = a has equation

3 2 3
y=a +2+3a (x—a),ory:%azx—Za + 2. This line

passes through the origin if 0 = —2a + 2, that is, if a = 1. The
line then has equationy = 3x.

v
2 2

They/tangenttoy =2 + x atx=ahasslopea/2 +a
and equation

LZ a
y= 2+a +vV _ 2+ta2

76
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The average profit per tonne if x tonnes are exported is P (x

)/x , that is the slope of the line joining (x, P (x)) to the
origin. This slope is maximum if the line is tangent to the

graph of P (x). In this case the slope of the line is P (X),
the marg('nal profit.

maR? jfr>R
41. F(r)= r2
m if0 r<R
kr <

(x - a).

76
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For continuity of F (r)atr =R
we require
mg=mkR,sok =g/R.

7

Copyright © 2014 Pearson Canada Inc.
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b) As rincreases from R, F changes at rate

dng2 2ng2 2mg
2 E
dr r r=R R =-R

As r decreases from R, F changes at rate

d (mkr) =-mk=- 04,
dr r=R R

Observe that this rate is half the rate at which F

decreases when r increases from R.

PV = k T . Differentiate with respect to P holding T

constant to get
dV
V+Pd p =0
Thus the isothermal compressibility of the gas is

d

<

o<

1 1.
Vv P

<k
o
o

Let the building be h m high. The height of the first ball at
time t during its motion is

y1=h+ 10t - 4.9t2 .

It reaches maximum height when d yq/d t = 10 - 9.8t = 0,
that is, at t = 10/9.8 s. The maximum height of the first ball

is

y1=h+100 - 49 x 100 = p + 100
98  (9.8)2 19.6

The height of the second ball at time t during its motion is

2
yp =20t - 4.9t .
It reaches maximum height
whendy2/dt=20-9.8t=0,thatis, att = 20/9.8s.

The maximum height of the second ball is

These two maximum heights are equal, so

h+ 00 - 400
196 196 '

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

The second ball has initial height 0 and initial velocity vg

, SO its height at time t is

y2 =v0t—4.9t2 m.

The two balls collide at a height of 30 m (at time T,

say). Thus 2
= 60- 4.9T

2= vo T -4.9T .
ThusvgT=60and T = 30/4.9. The initial upward

speed of the second ball is
r

V60 49

0 =7 =60 30 ~24.25m/s.

Attime T, the velocity of the first ball is

dy = —9.8T ~ —24.25mis.
dt t=T

At time T, the velocity of the second ball is

dy2
dt =vp - 9.8T =0 m/s.
t=T

Let the %ar’s initial speed be vg . The car decelerates at

20 ft/s starting att = 0, and travels distance s in time t,

where d 2 s/dt 2 = -20. Thus

d s
d t=vo-20t
2
=vpt-10t .

The car stops at time t = v /20. The stopping distance is s =
160 ft, so

\' \' \'

160 =20 ~ 40 =40
The car’s initial speed cannot exceed

v
Vg = 160 x 40 = 80 ft/s.

v

46. P =2n Lig =2m L v2g-12,

a) If L remains constant, then

dp _
QB o nL 12732,
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which gives h = 300/19.6 = 15.3 m as the height of the
building.

The first ball has initial height 60 m and initial velocity O,
so its height at time t is

y1 =60 -49t° m.

78
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1P —nLU2g-312 11g

P z2n|_l/2g—1/2 lg=— 2 g .

If g increases by 1%, then 1g/g = 1/100, and 1 P/
P = -1/200. Thus P decreases by 0.5%.

78
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b) If g remains constant, then

1P=~dP 1L =xml -v2g-12 1L
dL
1P cml-12g-12 g llL_

P 2nLi2g-12 2 L
If L increases by 2%, then 1L /L = 2/100, and 1 P/

P = 1/100. Thus P increases by 1%.
Challenging Problems 2 (page 162)

. 2, . .
T£1e line through (a, a ) with slope m has equationy =

a +m(x - a). ltintersectsy = x ~ at points x that
satisfy

2 2
X =a +mx-ma, Or

2 2
X —-mx+ma-a =0

In order that this quadrag‘c have only one solution x = a, the

left side must be (x — @) , so that m = 2a. The tangent has
slope 2a.

This won’t work for more general curves whose tangents
can intersect them at more than one point.

f(x)=1/kx, f(2)=9.
2 2

a) lim f(x +5)-1(9) lim f(OQ+4h+h )-f(9)

X =2 X-2 h-0 h
2 2
=lim f(9+4h+h )-f(Q) x 4h+h
h-0 4h +h h
=lim f(O+k)—f(9) xIlim@+h)
k-0 k h-0
=f(@x4= 4
v 9

b) lim_f0) =3 =1lim Y f2+h) -3

x-2 X- 2 h—-0 h

=lim 12+£h) -9 x v 1
h—0 h f2+h)+3

3. f’(4)=3,g,(4):7,g(4):4,g(x):4ifx:4.

CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

d lim f(x)-f@) =Ilim f(x)-f@4) x x-4
x-4 1 1 X 4 x=—4 (4 = x)l4x

Xx— 4 ,
=f (4) x (-16) = -48
fx)f@)

e) lim £0x) -f(4) =lim __x-4 X
x—4 g(x)-4 x-4~_g(x) a4
X

4
1™ _3
9@ 7
f) lim L@ -f(4)
X -4 x-4
=lim _f (@) =f(4) xalx)-a4)
X =4 g(x) -4 X -4

f @4)xg @=Ff @) xg@=3x7=21

4. f(x)= ny ifx=1,1/2, 13, ...,

x = otherwise

a) f is continuous except at 1/2, 1/3, 1/4, . . . . It is
continuous at x = 1 and x = 0 (and everywhere else).
Note that

2
limx =1= f(1),
X =1
limx” =limx=0= f(0)
x =0 x =0

b) Ifa=1/2and b = 1/3, then

Sk

If 1/3 < x<1/2, then f(x)=x <1/4<5/12.
Thus the statement is FALSE.

c) By (a) f cannot be differentiable atx = 1/2, 1/2,
.... ltis not differentiable at x = 0 either, since

limh-0h=1=0-= Iimﬁ‘_o.
h-0 h-0 h

f is differentiable elsewhere, including at x = 1

where its derivative is 2.
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a) lim f(x)-f@) =Ilim f&x)-f() (x-4)
x-4

x —4 X =4

=f W)A4-4)=0
b) lim L&L=f() = jim LXI-f@x __1
x—4 x -16 X ~4 X-4 X+4
=f@=x 1 =3
8 8
F) =@ _ o f6) T4
¢ lim —— 7 —_—x( X+2)
X =4 X=2 X =4 X -4
=f (4) x 4 =12
79
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Ifh =0, then

() £ _[f() _ln]
h = —= >

1

ash — 0. Therefore f (0)does not exist.
6. Giventhat f (0) =k, f(0) =0, and
f(x+y)="Ff(x)f(y), we have

£(0) = f (0+0) = (0) f (O)H=

Copyright © 2014 Pearson Canada Inc.
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f(0)=0 or f(0)=L1.
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CHALLENGINGADAMSPROBLESSEX:MSand 2

3
Ifa =0,the x -axis is another tangentto y =X that

Thus f(0) = 1.
passes through (a, 0).
foox)=Ilimf(x+h)-f(x) The number of tangentstoy =X 3 that pass through
n =0 h .
(x0 . Y0) is
= Iir%w_)‘% =f(x)f (0) =kf(x). three, if x 0= 0and %/ is between 0 and x>
.
, two, if x = 0 and either y =0ory =x";
0 0 0 0

7. Giventhatg (0) = kandg(x +y) =g(x) + g(y), then

one, otherwise.

a) 9(0) =9(0 +0) =g(0) +g(0). Thus g(0) = 0. This is the nymber,of distinct real solutions b of the cu-
. g(x+h)-g(x) bic equation 2b ~ - 3b” x +y = 0, which states that the
b) g (x) Ilim 0
0
h-0 h !angenttoy:x3 at (b, ba)passes through (xo, yo).
=lim gx)+gth)-gx) =limah)-g(0) 10. By symmetry, any line tangent to both curves must pass
h-0 h h-0 h through the origin.
=g(0) =k , , 2 W
¢) Ifh(x) =9g(x)-kx,thenh (x)=g (x)-k=0 y=x +4x+1
forall x. Thus h (x) is constant for all x . Since
h (0) =g(0) - 0=0,wehaveh (x) =0 forall x,
and g(x) = kx. /
a) f )=limfx+k -f(x) (letk=-h) /
k-0 k X
=limf(x-h)-f(x) = |lim f(x) f%x h).
, h-0, -h h-0
fx)=1 f x)+f (x)
21 2
= lim f(x+h)-f(x) y=-x +4x-1
2 h-0 h Fig. C-2.10
fiim 0 ;(" - The tangenttoy = x2 4 ax+latx=ahas equation
h-0

—limf(x+h)-f(x-h)

h—0 2h
b) The change of variables used in the first part of (a)
shows that

lim fx+h)=f(X)  and  fim f(x)-f(x-h)

h-0 h h—-0 h

are always equal if either exists.

¢) If f(x)=|x| then f (0)doesnot exist, but

lim f(0O+h) —H0 - )= [im #l=lh|=1limo =o.

h—0 2h h-0 h h-oh

9. Thetangenttoy = x 3

11.

12.

y=a2+4a+1+(2a+4)(x—a)

=(2a + 4)x - (a2 -1),

which passes through the origin if a = +1. The two
common tangents aey = 6xandy = 2x.

Theslopeofy =x atx =ais2a.
. 2,. ,2
The slope of the line from (0, b)zto (a,a )is(a - b)a.

This lineisnormalto  y=x ifeithera =0or

2 - 2
2a((a” - h)la) = -1, thatis,ifa=0o0r2a =2b-1.
There are three real solutions for a if b > 1/2 and only
one (a=0)ifb < 1/2.

2
ThepointQ =(aa )on y =x

that is closest to

P Q is normal to,y :xz atQ.
/l(la-3)andy =x has slope 2a

P = (3, 0) is such that
Since P Q has slope

at x = 3a/2 has equation at Q, we require a 2
- _ . .
27a3 3 =-
y = + 27 3a a- =-923,
8 4.':12 2 which simplifies to 2::13 +a-3=0. Observethata =1

is a solution of this cubic eauation. Since the slope of



3 L2 ichi iti
This line passes through (a, 0) because y=2x"+x-3is6x~ * 1 whichisalways positive,
3 the cubic equation can have only one seal solution. Thus
27a 27 3a Q =(1, 1) isthe pointon y =x~ thatisclosestto P.
8 +4a a 2 =0 Th istance fromPtothec eis PQ 5 units.
ed urv
=V
80

80

Copyright © 2014 Pearson Canada Inc.



CHALLENGINGINSTRUCTOR'SPROBLEMSOLUTIONS2MANUAL(PAGE 162)

2 2
Thecurvey =x hasslopem =2aat(a,a ). The
tangent there has equation

m
y=a2+m(x—a)=mx— 212

Thecurvey:Ax2+ B x + C has slope m = 2 Aa + B at (a,
pa® +Ba+C) Thusa = (m - B /(2 A), and the

tangent has equation

y=Aa2+Ba+C2+m(x—a)

—mx+ @0=B) ,_BmB) ,-_ m(m-B)
4A 2A 2A
mx+C+Mm-B)> _(m-8)’
ZAZA
mx +f(m),
2

where f(m)=C-(m-B) /(4A).
Parabolay = x 2 has tangenty = 2ax —a at(a,a ).
Parabolay = Ax ~ + B x + C has tangent
y=(2Ab+B)x—Ab2+C

at (b, Ab2 + B b + C). These two tangents coincide if
2Ab+B=2a
(*)
A2 - C=a’.
The two curves have one (or more) common tangents if
(*) has real solutions for a and b. Eliminating a between the

two equations leads to
2
(2 Ab + B)2=4Ab -4C,

or, on simplification,
2 2
4A(A-1b +4ABb+ (B +4C)=0.

This quadratic equation in b has discriminant

2 2 2 2
=16A B -16 A(A-1)(B +4C) =16 A(B -4( A-1)C).

There are five cases to consider:
CASE I. If A =1, B =0, then (x) gives

5’ 8% ac
b=-+—2 4 .
18 4B

There is a single common tangent in this case.

CASE II. If A = 1, B = 0, then (*) forces C = 0, which is
not allowed. There is no common tangent in this case.

CASE Il IfA = 1butB2 =4(A -1)C, then

CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

There is a single common tangent, and since the points of
tangency on the two curves coincide, the two curves are
tangent to each other.

CASEIV.IfA=1and B 2_ 4( A - 1)C <0, there are no
real solutions for b, so there can be no common tangents.

2
CASEV.IfA=1andB -4(A -1)C >0, there are two

distinct real solutions for b, and hence two common

tangent lines.
y y+
N
X X
Y, one common
two common tangent
tangents

tangent curves

y y

A A

no common
tangent

Fig\ C-2.14
3 3

a) Thetangenttoy =x at(a, a ) has equation

=3a2x—2a3.

3
For intersections of this line withy = x  we solve

a
x3—3a2x+23=0

(x - a)2 (x +2a) =0.
3 3

The tangent also intersectsy = x at(b,b ), whereb

= -2a.

. 2 2
b) The slope of y = x 3 atx = -2ais 3(-2a) =12a ,
which is four times the slope at x = a.
3

c) Ifthetangenttoy = x at x = a were also tangent

at x = b, then the slope at b would be four times that at
a and the slope at a would be four times that at b. This
is clearly impossible.

d) No line can be tangent to the graph of a cubic poly-
nomial P (x) at two distinct points a and b, because
if there was such a double tangenty = L (x ), then

(x —a) (x —b) would be a factor of the cubic poly-



CHALLENGINGINSTRUCTOR'SPROBLEMSOLUTIONS2MANUAL(PAGE 162) CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

nomial P (x) — L (x ), and cubic golynomials do not have
factors that are 4th degree polilno ials.
b= 2(A-1) =a

81 81
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4 2 . .
a) y =x -2x has horizontal tangents at points x

satisfying 4x 3. 4x =0, thatis,atx =0and
x = x1. The horizontal tangentsare y = 0 and

y = -1. Note that y = -1 is a double tangent; it is
tangent at the two points (+1, -1).

b) The tangenttoy = x 4 2X 2 at x = a has equation

c)

= a4 - 2a2 + (4,313 -4a)(x - a)

2 4 2
=4aa -1)x-3a +2a .

Similarly, the tangent at x = b has equation

= ab(b? - 1)x - 30" + 2b° .
These tangents are the same line (and hence a dou-ble
tangent) if

2
da@> - 1) = 4bo - 1)
4

3a4+2a2 =-3b +2b .

Tge second equation says that either a2 = b2 or 3(&12 +

b ) = 23 the first equation says that

a =a - b, or, equivalently, a” + ab + b =1.
Ifa = b ,thena = -b (a = b is not allowed). Thus

2 2 .
a =b =1 and the two points are (+1, -1) as
discovered in part (a).

Ifa +b = 2/3, then ab = 1/3. This is not possible

since it implies that

O=a2+b2—2ab=(a—b)2>0.

Thusy = -1 is the only double tangent to y
4 2
=X -2X .
Ify 3 Ax,+ Bisadouble tangentto
=X -2x +X,theny=(A-1)x+Bisa

double tangent to
y :x4—2x2. By (b) we musthave A-1=0

and B = —1. Thus the only double tangentto y =
—2x +Xxisy=x-1.

a) The tangent to

4 2
y=f(x)=ax +bx3+cx +dx+e

at x = p has equation

y:(4ap3+3bp2+20p+d)x—3ap4—2bp3—cp2+e.

CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under
the square root is 0, that is, if

8a2 p2 + 4abp + 4ac - b2 =0.

This quadratic has two real solutions for p provided its
discriminant is positive, that is, provided
a

16 2b2—4(8a2)(4ac—b2)>0.

This condition simplifies to

3b2 > 8ac.
4 2
For example, fory = x2 -2x +x-1,wehavea=1,b

=0,andc=-2,s03b =0>-16 = 8ac, and the curve
has a double tangent.

From the discussion above, the second point of tan-
gency is

q= —2ap-b =_p_L,
2a 2a

The slope of P Q is

3 2
f(q)-f(p) _b” —4abcBa d_
g-p 8a’

Calculating f ((p + q)/2) leads to the same expres-

sion, so the double tangent P Q is parallel to the
tangent at the point horizontally midway between P
and Q.

¢) The inflection points are the real zeros of f

x) = 2(6ax2 + 3bx + ¢).

This equation has distinct real roots provided

9b2 > 24ac, that is, 3b2 > 8ac. The roots are

+ 9b =2
12a

O

[
I}
||

The slope of the line joining these inflection points
is 3 2
f(s)-f(r) b -4abc+8a d

s—r 8a
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so this line is also parallel to the double tangent.
This line meetsy = f (x ) at x = p (a double root), and il N nr
" 18. a) Claim: gx"cos(@)=a cos ax+ o
Proof: Forn = 1 we have
2 2 2

=-2ap-b+ b -4ac-4abp-8a p  2a

d cos(ax) = -asin(ax) =acos ax +Z&

dx
80

80
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true for n = k, where k is a positive integer. Then

dk+1 d K kx

k -
=a -asin ax+ o

Thus the formula holds for n =1, 2,3,...by

induction.
n

ng

d_ . I
b) Claim: gx" sin(ax) = a"sin ax + 2 .
Proof: Forn = 1 we have

A sin(ax) =acos(ax) =asin ax + & ,
dx

so the formula above is true for n = 1. Assume it is
true for n = k, where k is a positive integer. Then

gk+1 d c kn
sin(ax ) = a sin ax +

d xk+1 dx 2
k w

a acos ax+ 2

k+1 .
=a sin ax+ _(k+ D,
2

Thus the formula holds for n =1,2,3,...by
induction.

c) Note that

4 .4 3. .3
d(cos x+sin x)=-4cos xsinx +4sin” x cosx
ax 2 2

-4sinxcosx (cos -sin x)

—-2.5in(2x ) cos(2x
= - sin(4(x)): cog 4)2 + g

It now follows from part (a) that

n
d 4 4 n1 nx

—(cos

dx

3,39.2
40 ( )

30
20
10

(12, -49)

Fig. C-2.19

The fuel lasted for 3 seconds.

Maximum height was reached at t = 7 s.

The parachute was deployed at t = 12 s.

The upward acceleration in [0, 3] was

39.2/3 = 13.07 m/s 2.

The maximum height achieved by the rocket is the
distance it fell from t = 7 to t = 15. This is the area
under the t -axis and above the graph of v on that
interval, that is,

49 +1
+ (15 - 12) = 1975 m.

22

During the time interval [0, 7], the rocket rose a
distance equal to the area under the velocity graph and

above the t -axis, that is,

1
T2 (7-0)(39.2) =137.2m.

Therefore the height of the tower was



81

Copyright © 2014 Pearson Canada Inc.

81



CHALLENGINGINSTRUCTOR’S PROBLEMSOLUTIONS2MANUAL(PAGE 162) CHALLENGINGADAMSPROBLESSEX:MSand 2

CALCULUS(PAGE162)8

X + sin
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x)=4
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Ccos
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4x+ 2
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197.5 - 137.2 = 60.3 m.

86

Copyright © 2014 Pearson Canada Inc.



