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CHAPTER 2. DIFFERENTIATION

Section 2.1 Tangent Lines and Their Slopes
(page 100)

Slopeofy=3x-1at(1,2)is

m=lim S(@+h)-1-3x1-1) |im3h =3
h-0 h h-0 h

The tangent lineisy - 2 =3(x = 1), ory = 3x — 1. (The
tangent to a straight line at any point on it is the same
straight line.)

Since y = x /2 is a straight line, its tangent at any point (a,

a/2) on it is the same line y = x /2.

Slope of y = 2x 2 _ 5at(2,3)is

m=lim 22+h)% -5 -(2(2%) -5)
h-0 h

lim 8+8h+2h2 -8

h-0 h
=lim(8+2h)=8
h—-0

Tangent lineisy -3 =8(x - 2) ory = 8x — 13.
Theslopeofy:6—x—x2 atx = -21is
N imB=(=24h)(-2+h) %4

h-0 ' h
2
= lim3h=h= = |im@-h)=3.

h-0 h h-0

Slope ofy = \/x+ latx =3is

Voo v
m=lim _3£0=-2 .y ¥h+2
h—0 h —ZFh+2
4+h-4

lim L
h-oh h+h+2
1 1

Tangent lineisy - 2 = l(x -3),orx-4y= -5,

4
1
= atx = 9is
8. Theslope ofy = VX
m=Ilim1l1 v 1 -1
h-0 h v9+h 3 v
— lim 3—\/ 9+h .3+ \/9 +h

h—-0 3N 9 +h 3+ 9+h

. 9-9-h

lim v
h-0 3h 9 +h 3+ 9+h)

:—___1__ :—_1

3(3)(6) 54
The tangent line at (9, ) isy = 1.3— g (x-9),0r
=+ - 1y,
2 54
2X
9. Slopeofy= x+2atx 2is

22 +h)

-1
m=lim _2+h+2

h-0 h

= lim4+2h-2-h-2
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The tangent line at (-2, 4) isy = 3x + 10.

Slopeofy=x3+8atx=—2 is
3
m=Ilim(=2+h) +8-(-8+8)
h-0 h

lim =8+ 12h-6h2+h3+8-0
h-0 ) h

=lim 12-6h+h? =12

h-0

Tangentlineisy — 0 = 12(x + 2) ory = 12x + 24.
1
The slope ofy =x2 + 1 at(0,1)is

m=1lim 1 —L. -1 =lim __hT:
h—-0 h h2+1

The tangent line at (0, 1) isy = 1.
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h-oh (2 + h + 2)
=lim _ h =1

h-oh (4 +h) 4

Tangent lineisy -1 = % x-2),

orx—-4y=-2. /

10. Theslope of y = 5-x2 atx=11is

m=limp5-(+h) -2

h—0 h
E_(14.h\2_A
AN 7

= lim D
hofy T5-(1+h)2+2

= lim —2-h =-1
heo 5-(L+h)2+2 2

The tangent line at (1,2) isy =2 - 1 (x-1),o0r

y=75- 1x.

2 2
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Slopeofy=x2 atx = x0 is

2 2
x. +h)"-x
m=lim E_O l_—z

ox h+h?

= lim [I— =2x0.

h—0 h h-0 h

Tangent lineisy — x 02 = 2x0 (X — x0),

ory=2xox—x02.

12. Theslopeofy= 1 at(a, :)is
a

X
m=Ilim 1 1 +1 =Ilm aza-h =-_1
h-0 h a+h  a h—0 h(@+h)@) a2
The tangent lineat (a, 1)isy = ;—_%_ (x —a),or
a a a
y= 2- X.
a a2 v

13. Since limh-0 E h = 0 =Ilim _ 1 does not
h h-0Thlsgn (h)
exist (and is not co or — o), the graph of f(x) = ‘/'|x‘[
has no tangent at x = 0.

4/3
Theslopeof f(x)=(x-1) atx=1is

4/3
mlim 1+h-1 =0 - I|mh1/3 =0.

h—0 h h-0

The graph of f has a tangent line with slope 0 at x = 1. Since
f (1) = 0, the tangent has equationy = 0

3/5
Theslopeof f(x)=(x+2) atx=-2is

35 _
mlim (520 +2°° -0 —jimp 725 -

h-0 h h-0

The graph of f has vertical tangentx = -2 atx = -2.

16. The slope of f(x) =2|X2 -1jatx = 1is ,
m = limh—0 f(l+h ___ll__lgi = lim |2_h_+h_l
h=0 h '

h
which does not exist, and IS not  -oo or co. The graph
of f hasno tangentatx = 1.

VX __ ifx20, then
17.1f  fx)= - -x ifx<0
v
lim f@Q+h)-f(0 lim _h=o
h-0+ = "h h-0+ h

lim fQ+h)-f(0 lim = <&

h—0- h h-0- h
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Ifm=-3, thenxo = - 5. The tangent line with slope
=-3at(- &,8)isy = 2 -3(x+ = ), thatis,
m -
13 2 4 4 2
3x - 4 -
3
a) Slopeofy=x atx=ais
3 3
m=lim (@a+h) -a
h-0 _~ h

lim a3+3a2h+3ah2+h3—a3

h-0 h
=lim(3® +3ah+h?)=3a°
h—0
2
b) Wehavem =3if3a =3,ie., ifa= %rl.

Lines of slope 3tangenttoy = x are

y=1+3(x-1)andy=-1+3(x+1),0ry=3x
-2andy=3x+ 2.

Theslopeofy=x3—3xatx=ais
h i
mlim % (@+h)P®-3@+h)-@-3a)
h

—

1h

lim a3 +3a2h+3ah’+h°-3a-3n-a'+3a

h-0 h
=lim[@Ba%+3ah+h%-31=3a2-3
h-0
At points where the tangent line is parallel to the x -axis, the

slope is zero, so such points must satisfy 3a2 -3 =0. Thus,

a = +1. Hence, the tangent line is parallel to the x -axis at
the points (1, -2) and (-1, 2).

21. Theslopeofthecurvey=x3 -x+latx=ais

m=lim@+h)P®-(@+h)+1-@-a+1)

h-0 h
=|im3azh 3ah2+a3—h
h—0 h

=lim@a®+3ah+h?  -1)=3a°- 1

h-0

The tangent at x = a is parallel to the liney = 2x + 5 if 3a2
-1 =2 thatis, if a = 1. The corresponding points on the

curve are (-1, 1) and (1, 1).

The slope of the curvey = 1/xatx = ais
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Thus the graph of f

The slope of y = x

has a vertical tangent x = 0.

[x +h)?-1]-(x

2—1atx=xo is

2

- 1)
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1 1
m = lim a+h:§=|ima__(m1:—_]_.
- 2
h-0 h h-0 ah(a+h) a
The tangent at>?f = a is perpendicular to the line
The

y=4x-3if-1/a = -1/4,thatis, ifa= +2.

corresponding points on the curve are (-2, —1/2) and (2,
1/2).
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27. Horizontal tangent at (-1/2, 5/4). No tangents at

Theslopeofthecurvey=x2atx=ais (-1, 1) and (1, -1)
-1,1)and (1, -1).
mim  (ath¥?-a’ - lim(2a+h)=2a
h-0 h h-0
The normal at x = a has slope -1/(2a), and has equa-tion
1 X 1
y—a2=—_(X—a), or — ty= az.
2a 2a 2
Thisisthelinex +y = kif2a = 1,andso 3 4
2
k= (1/2) + (1/2) =3/4.
24. Thecurvesy = kx 2 and y=k(x - 2)2 intersect at (1, k).
The slope of y = kx2 atx=1is
2 -31
m1=lim KAED) 2K o hk = 2k Fig. 2.1.27
h—0 h h—0
2
The slope ofy = k(x - 2) atx=1is 28. Horizontal tangent at (a, 2) and (-a, -2)  foralla> 1.
2
m2 Iimk 2-1+h)" -k _ lim (=2 + h )k = —2k. No tangents at (1, 2) and (-1, -2).
h-0 h h-0 yl y=|X+1|—|X—1|
The two curves intersect at right angles if 1
2k = ~1/(~2K), that s, if 4k = 1, which is satisfied 2
if k = +£1/2. 1l
25. Horizontal tangents at (0, 0), (3, 108), and (5, 0).
ya (3,108) ) R | T 2 X
100 + -1
80+
21
60+
40 1 _-3 i
Fig. 2.1.28

29. Horizontal tangent at (0, —1). The tangents at (+1, 0)
X are vertical.

yA
i 2 1
Fig. 2.1.25 y=(x2-1) /3 )
26. Horizontal tangent at (-1, 8) and (2, —19).
)/ 1+
20 : : : 5
1 3 ) -3 2 1 1 2 X
(-1,8) 10 Y=2x7 -3x"-12x+
A 7 % 2y
-31
Fig. 2.1.29
-30 Horizontal tangent at (0, 1). No tangents at (-1, 0) and (1,

Fig. 2.1.26 0).
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y

A

y= -7}

The graph of the function f (x ) + x 23

(see Figure 2.1.7 in

the text) has a cusp at the origin O, so does not have a

tangent line there. However, the angle between O P and the
positive y -axis does — 0 as P approaches 0 along the

graph. Thus the answer is NO.
The slope of P (x ) at x = a is

m lim P(@a+h)-P(a) .

h-0

Since P (a +h) =a0+a1h+a2h2+-~~+anhn and

P (a) = a0, the slope is

mlim _a0+a1h+a2h2+---+anhn—ao

h-0
=limayp+a2h+---+aph
h-0

Thus the liney = £(x) = m (x — a) + b is tangent to
=P (x)atx=aifandonlyifm=ai1and b = ao, that

is, if and only if

P(x)—lZ(x)=z;12(x—a)2+a3(x—a)3+~~-+aln(x—a)n

=(X—a)zha2+a3(x_a)+...+an(x_a)n—2i

= (x- 2 Q ()

where Q is a polynomial.

=a1.

Section 2.2 The Derivative (page 107)
y A
y=1f ()
= o—o
t O O ye
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2. y
y
o—0—o0
y=g9 x) %
o———-0
| o)
L o—0
3.
y
y=h (x)
M
4,
yA
X
+ y=k (x)

Assuming the tick marks are spaced 1 unit apart, the
function f is differentiable on the intervals (-2, -1),
(-1,1),and (1, 2).

Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the intervals (-2, -1), (-1,
0), (0, 1), and (1, 2).

y = f (x) has its minimum at x = 3/2 where f‘ x)=0
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y y
y= o) =x3-1¢

/
/|

Fig. 2.2.9

10. y = f (x ) is constant on the intérvals (-0, —=2), (-1, 1),
and (2, o). It is not differentiable at x =+2and

8. y = f(x) has horizontal tangents at the points near 1/2 x=+1

and 3/2where f (x)=0

y1 y=10) =2 -1 -k?-4
/,\/ S
i t t + X¢ +

y=fx)=x3-3x%+2x+1 I /
Y4

/ y:fI(X)
1 1 ! Xs
S e d

~

y=1(x) /o
Fig. 2.2.10
Fig. 2.2.8
y =X 2_ 3x
o 2 2
y = limx+h) —3(X-f- h) —(x~ -3x)
h—0 h
. 2
y = f (x) fails to be differentiable at x = -1, x = 0, and x = = lim&h+h” -3h -5y 3
1. It has horizontal tangents at two points, one between -1 h-0 h

and 0 and the other between 0 and 1. dy=(2x-3)dx
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2 v
12. f(x) =1+ 4x - 5x 17. FMt)= =1
A — vV
=i L a(ceh) =S(xce n P - (1 ax=5¢ ) )1 -tr1
h-0 h-0 h ’

h—0 h

= lim 4h=10xh =50 = 4 - 10x

df(x)=(4-10x)dx

13, fx)=x"

£ =lim ()3 - x3

h -0 h
= lim &Che3hiend
h-o~ = "h 7
df(x)=3x2dx
1
14 S=3+4t
& =fml 1 - _1_
dt  nh-oh 3+4(t+h) 3+ 4t
=lim _3+4t-3-4t-4h =-_ 4 _
h-0h (3 +4t)[3 + (4t+h)] (B+at)?
4

ds=- (3 4t)% gt

2 -Xx
g(x) 2 +X
2-(x+h)- 2-x
=lim - 2+x+h2+x'
gl(x) h-0 h
lim2-x-h)2+x)-(2+x+h)2-x)
4
= - (2+X)
4

: h i
y=timl 1ee+h)® = (x+h)-(2x®-x)
h-0h 3 3

lim1 x2h+xh? +.h3-h

h-0 h 3

=lim(x2+xh+ 1 h2-1)=x2-1
h—-0 3

=lim__/2t+2h+1-2ty/-1

h-0 h  2(t+h)+1+ 2t+
= limv 2 v
h-0 ~ 2+ N)+1+ 2T+1
:\/1

2t +1
1

dF(@t)=v2t 1dt

v
18. f(x)=% Z-X
—al . 3
' ., 2-(x+h)- m 2 -X

2

1

h—-0 h
3 2-Xx-h-2+x
Vv

8 2-x
vy X+ X
x+h+ 1 _-x-1
= fim ———Xxh____ X
= lim »

h-0
=lim 1+ _x-x-=h

dy 1 lim_-1 =1-1

h-0 (X + h)x x?2
=1- L gy
X2
7 :_.s_
_ 1+s .
a2 liml s+h _ s
ds h-oh 1+s+h 1+s

=lim (s+h)1+s)-s(1+s+h)

— VA
h-0 4 TIC 2-&x+h)+ 2 -x)

1

h-0  h(l+s)l+s+h)
1

= (1+s)?
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dy=(x2-1)dx 2
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21. Fx)=v 1 Since f(x)=xsgnx = [x|, forx =0, f will become
1 +x continuous at x = 0 if we define f (0) = 0. However,
P 1 -V 1 will still not be differentiable at x = 0 since |x | is not
F ' ) = lim _I:'Q-Jr_ B— 1+ X2 differentiable at x = 0.
i h 26. Since g(x) =xzsgnx=x|x|= x 2 ifx>0
= lim 1%%2 7~ T+ (X+h) =X ifx<o9
p > 2 will become continuous and differentiable at x = 0 if we
h-0 h 1+(x+h)" 1 +X define g(0) = 0.
1+Xx —1-x%-2hx-h? 2
=lim p v v p 27. h(x) =|x +3x+ 2| fails to be differentiable where
h—o h 1+ (x+h)2 1+x% 1+x% + 1+ (x+h2x2+3x+2:0,thatis,atx:—22 and x = -1. Note:
—2x X both of these are single zeros of x  + 3xn+ 2. If they
= T = = @ex2y? were higher order zeros (i.e. if (x + 2) or (x +1) were
X a factor of x 2 + 3x + 2 for some integer n > 2) then h
would be differentiable at the corresponding point.
dF(x)=-(1 X2)3¥ dx 08. y=x3—2x
_ 1
22.y = =2 < fx) f(Q) i} f(x) f(1)
VA | AVA— |
y =lim 1 1 -1
2 2 0.9 0.71000 1.1 1.31000
- h
hso - Geh)T X 099 | 097010 101 | 1.03010
limx=sxehy-=-2 0.999] 0.99700 1.001 | 100300
h-0 hx“(x+h )" 0.9999  0.99970 1.0001  1.00030
2
dy=-x 3dx
3
1 43 o —lim (A+h)* -2(1+h) (1)
y=v1l ¥%— dx ) h-0 h
x=1
— —lim h+3hZ+h3
Co h—0 h
y (X)_“mh~0 _'1_'+'__Th Ll X :|in;11;03h+h2:1
. VIitx - VTzx+h
= lim
h-0 h 1 +x+h 1+x f(x) =1/
lim v v v F(x) - f(2 f(x) - f(2
h—oh 1+x+h 1 +x 1+x+ 1+x+h () @) (x) 2)
-2 X=2
. 1 X
=lim - ¢ v v TO | —0.26316 21T | —0.23810
h-0  l+x+h 1+x L1+x+ 1+x+h 1.99| -0.25126 201 | -0.24876
1—3/2 1.9991 -0.25013 20011 -024988
=- 2(1+x) 1.9999 -0.25001 2.0001 -0.24999
— 1
dy=- 2(1 X)3¥2dx , 2+hz2 2-(2+h)
f (2) = lim = lim

fﬁ):t2_3t2+3
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f)=timl @em?-3_ ; =3
h-0 h (@+h)?+3  t2+3

lim [+ )2 -3) % +3) 2 -3)[(t+ h)? + 3]

2

hooh (12 + 3)[(t+h) +3]

2
= lim _12th +6h _ 12t

heoh@? + 3 +h)?+3] (t
12t

dft) = €2 +32 dt

ADAMS SECTIONandESSEX:2.2CALCULUS(PAGE107)8

= lim - 1 =-1

h-0 (2+h)2 4

2
Theslopeofy=5+4x-x atx=2is

2
dy = |im &+4@+h)-(2+h) -9
— h-0 h
dx
X=2

TRE

lim ~ =0.

h—0 h

Thus, the tangent line at x = 2 has the equation y = 9.
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\/XTB.—SIope at (3,3) is

y:
Verr o -3 9+h-9 1
m:lim_'_____ lim — =
h-0 h h-oh  9+h+ 3 6
1
Tangentlineisy-3= 6 (x-3),0orx-6y=-15.
1
32. Theslopeofy = t2—2 att=-2andy=-1is
dy  =iim 1 _=2+h (-1
Tt hoh (-2+h) -2

lim=2+h+[(=2+h)2-2] = -3,
2

h-oh [(-2+h) -2]2

Thus, the tangent line has the equation

y=-1- _(t+2), thatis,y=- ,t-4.
2
33. y=tZ+t_ Slopeatt=ais
2 2
m = |im(a+h)2+(a+h);gz+_eg 46.
h-0 h -
lim 2(a%+ a —a%-2ah ~h%-a -h)
h—Oh[@+h)?+a+h]@+a)
= lim Zda=2h -2
h—=0  [@+h)®  +a+hj@+a)
4a + 2
=-(@ +a)
Tangent lineisy = —2— — 2(2a+1) (t - g)
a2+a (a2+a)2
f(x)= ~17x 18 forx =0
g (t)=22t21 forall t
dy 1. -
d Xy= 3x 2 forx =0
d 1. -
a5 = =3x8 forx =0
d - _
g1t 2% - 225t 73% g1t 0
d 119
39. UsS1194 = 4 SliSlfors>0

45.
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xatx =xo is

The slope of y =
dy 1
==/
_ 2 X0
dx x=x0

Thus, the equation of the tangent line is

v . X+
y= = + (x = x0), thatis, y= ——
X0 == v .
2 Xo 2 X0
Slopeofy = latx=ais- 1 =1 .
X X X=a a2
2 . 1 - .2
Normal has slope a“ , and equation y i =a"(x-a),
a

I~

ory=a2x—a3+

2
The intersection pointsof y = x and x + 4y = 18 satisfy

2

4x +x-18=0
@x+9)(x-2)=0.

Thereforex = - g orx=2.

The slope of y = x 2

ism1= & =2x.
dx
Atx=- 2, m1 =-2 . Atx=2,m1=4.

4 2 -
Theslopeofx + 4y  =18,ie. y =- 1x+ 1 is
o 4 4
Thus, atx = 2, the product of these slopes is

@) (- }1 )=-1. So, the curve and line intersect at right

angle s at that point.

2

Let the point of tangency be (a, a ). Slope of tangent is
d

dxX? x=a= 22
This is the slope from (a, a? )to (1, -3), so



2
d v 1 1 a_+3 =2a, and

=V a-1
40. ds s s-g 2 Ss=9 =6
1 1 A4 2 2
4. F(x)= F ®)=- ,F - _1g a +3=2a -2a
X o 4 a-2a-3=0
4. f 8)=-2x-sn3 =-1 a=3or -1
3 x=8 48
The two tangent lines are
d 1 1
n Y ==t-3u= _ (fora=3): y-9=6(x-3)or6x -9
dt (fora=-1): y-1=-2(x+1)ory=-2x-1
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y
A 2
y=X 2 *)
X
9&3)
Fig. 2.2.47

48. Theslopeofy= L atx=ais
X

dy __ 1
dXx x=a
1
1
If the slopeis -2, then-a2 =-2,0ra = £,

Therejore, the equatior11s of the two straLght lines are

y= Z-2 x-y¥_ andy=-2-2 X+
v_2 2
ory=-2x +22.

v
49. Letthe point of tangency be (a, = a)-

. d 1
Slope of tangentis — x =
. dx 2 a
1 a-0 X=a
Thus A\/ = ,s0a+2=2aanda=2.
2a a+2 -

The required slope is 21 2°
y

(a, @
/ \/_
i y= X ¥
-2 X
Fig. 2.2.49

2

50. Ifalineistangent to y=x at(t,tz),thenitsslopeis

v

—_
Hencet= 2a%_4a —4b -5+ P 7777,

2 v
Ifb<a2,i.e. a2—b>0,thent =at az—b

has two real solutions. Therefore, there will be two dis-

tinct tangent lines passing through (a, b) with equations

y=b+2 a+ a’-b (x-a). Ifb=a’, thent=a

There will be only one tangent line with slope 2a and
equationy = b + 2a(x — a).
Ifb>a”, then a® — b <0. There will be no real solution for

t. Thus, there will be no tangent line.

51. Suppose f isodd: f(-x)=-f(x). Then
f (=x)=Ilim f(=x+h)-f(-x)
) h

h-0

=lim- f(x-h)-f(x
h—0 h

(leth = -K)

—lim k)= = f (x)

, k=0 k
Thus f iseven.

, Now suppose f iseven: f(-x)=f(x). Then
' PP . f(—x+h)E )f(—xg)
(=x) = lim P
h-0

=lim f(x-h)-f(x)
h—0

f(x+k) -f(x)
m

k=0 -k
= - ()

SO £ isodd.

52. Let f(x)=x"". Then

f&)=mnﬁ_lui;ij

h—0 h
lim 1 _ 1 1

h-0h x+m)" “xn
= Jim X e )"
h-0 hx"(x+h)"



SECTIONINSTRUCTOR2.2’S(PAGESOLUTIONS107) MANUAL ADAMS SECTIONandESSEX:2.2CALCULUS(PAGE107)8

d_dyx = 2t. If this line also passes through (a, b), then = lim Aolxrh)
x=t haohxn((XJrh)n
itse satisfies
slop
n-1
Xn_l +Xn_2(x+h)+... +(X+h)
t-b :

2, thatist? - 2at+b =0, — 0 ~(+D)
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13 13 y=1f(a) +f (a+)x — a), (x > a), the right tangent

line to the graph of  fatx = a. Similarly, if f (a-)
(x) =limx+h) -x
h

h—-0
1/3 1/3 is finite, call the half-line y =f@+f (a-)x-a),
Xx+h) -x (x  a), the left tangent i If ) ),
= lim < ne. (a+ = o or —o0
h-0 h the right tangent line is the half-line  x=a,y > f(a) (or
(@x - D)ors + (X4 1 )13 X113 + X213 vy gy 4 iz + s+ (x x=a,y < f(@)). If f (a-) = oo (or —o0), the right
tangent line is the half-line x=ay<f(@)(orx=a,
lim Xx+h-x y > f(a)).
as o lisa0s The graph has atangent lineatx = a if and only if
h-0 h[(x+h) +((Xx+h) x +x ]
lim 1 f (a+)=f (a-). (This includes the possibility that both
h=0 (x + h )2/3 +(x+h )1/3 (1B, 208 quantities may be +co or both may be —.) In this
case the right and left tangents are two opposite halves of
§1§/3 531 X 213 the same straight line. For f(x)=x%3, (x) =ix-1s.
At (0, 0), we have fl(0+) = +oco and f'(O—) =3,
In this case both left and right tangents are the positive y -
axis, and the curve does not have a tangent line at the
origin.
Let f(x):xlln. Then For f(x) = |x|, we have
' nl
' 1/n 1/n f (x)=sgn(x) = ;
¢ _——- (etx+h=a .x=b ) (x) =sgn (x) ifx>0
-1 ifx<0.
) At(0,0), f (0+) =1,and f (0-) = -1. Inthis case
_ - n n
(x) ‘J'”;(X-Jr h)_h X the right tangentisy = x, (x > 0),  and the left tangent is
=lim-2=b
a—ba = b" 1
= lim y ==X, (x<0). Thereisno tangent line.
a—ban-1+an-2p+an-3p2+ - - +pn-1
=_1_ =1lxam-t, . . I
- Section 2.3 Differentiation Rules
nbn-1  p (page 115)
_ 3,2 '
1. y=3x“-5x-7, y =6x-5.
y=ax 22y oo T2 572
55. d Xn o« h)" x" L
=lim
ax h-0 R
n n-1 3 f(x)=Ax +Bx+C, f (x)=2Ax+B.
=lim 1 x + px h+p(n -1) xn-2h2
5 2 ' 18 _4
h-0 h 1 1x2 4 f(x)= "3+ " 3-2 fx)=- 4- 3
400 =1 =2) x"3p3 4. Ny " s g - X X
1x2x3 AT ! 1_32
- 5| = =
=lim nx"1+n n(n -1) Xn-2h 15 . dx =3 5
h—0 1x2 6. Y =X45—X-45 y =45x % 4 45 46
ngn—1nn—g)x sh24 - 4 Pt 13 1/4 s
" LR 7. gt)=t  +2t +3t

x2x3
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n xn-1

Let
@)= m f@+h)-f@
f W -

h-0+ h
f@) lim Hoe+r—H
h-0- h

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

' 1
g(t)= -2i3 _1-34 3 -455
3t + 2t +5t
p 2
- 3372-V =3tz -2t-32
8. y= 3°t —

t

(=

d_\i =2t-u3 + 3t -5

= 3xs3  2X-35
9. u 5X b

du
dx = X23 +X-85
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2

F(x)=(3x-2)(1 -5x) 7=t ;2“
' -1
F (x)=3(1-5x)+(3-2)(-5) =13 -30x y o (2ty2te 2P 20020)
v x2 v 1 2 2
- - (tc-1)
11. y= x 5-x--3 = 5y — X312 —3X5/2 e
5 3V 5 JZ_TLL
Y =7Vx -2 x-— gx3n v
1 2 23. s= T-vtr
12.gt)= " ¢
t)=--—_5 v gave 1
2t -3 (2t-3) ds = )2—_’[ Y T
— =2
—1— dt L- t)
_ T
13. y= x~+5x \/
-1 —2X+5 u__t a oty
y 2X +5) = -
(x2+5x)2 ( ) ()(2+5x)2 fy=X3—4
4 4 ‘1
14, y= y ) 3
2 ' Oce EX ) —(x —4)(1)
3= X (S—X) f (X)= —— (X+1)2
a 3 2
15. f(t)= 2-nt =2><_3r3x_2+4'-
2 (x+1)
T
: z
f(t)=— - (—11;): %_b
@ nt)? @-nt)? 2. 1= 4
L _4L f’
(x) = (x+d)a-(ax+b)c
' 2 (cx+d)2
16.90)= Y., ¢ =t
-2 y)=@-y?
1-4x2 4 (ox + d)?
f(x)= =X-3-— , ,
3y F(t)=t"+7t-8t° -
4xo-3 t+1
fi(x)=-3x-4+4x-2 = (t2—t+ DEL+7) - (t2 LTt 8)2t - 1)
— X4 F (t)= t2_ 12
uvu-3 2 2 ( t+1)
g(u) = =y-12 - 3u-2u
- -8t +18t-1
=ol ,
g,(U):_ ly-32 +6u -3 =12 -Uu U (t2—t+1)
f
2 a3 27, f(x) = (L+x)(L +2x)(L +3x)(L +4x)
() = (1 +2x)(1 +3x)(L +4x) + 2(1 + x)(L +3x)(L +4x)
2+ 1¥t, 3\//::[ v =2t-12 +
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£33+ x)(1 -
U+ e +2x)(L + 4x)
+4(1+x)1
+2x)(1 + 3x)
dy 1 3w 3tPet-2 OR
— fOO)=[21+x)1+d)][AQ+2x)12 + 3x)]
=_t_3/2 + V+ t= v
_ - 2 2
dt 2t 2 2t t (A +5x+4x“ )L +5x+6x7)
< 1 1+10x +25x 2 + 10x 2 (1 + 5x) + 24x*
7= x2—=x3_y 2B 1+10x + 35x 2 + 50x ° + 24x*
dz 1 2 ; f
= x-213 + X-53 =
ax 3 ' (x) = 10 + 70x + 150x 2 + 96 3
28. f(r)=(r_2+r_3—4)(r2+r3+1)
3
3 - 4x , 324 r34)
foo = 3+ f(r)=(-2r3
ax fr 2er 3o aerear?)
BP0 O M AT or
(3 +4x) fgr)z—2+r_1+r_2+r_3+r—4r2—4r3
—24 ,
2 f r)=—r_2—2r_3—3r_4+1—8r—12r2
= - (3+4x)
50
50

Copyright © 2014 Pearson Canada Inc.
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y = (x 2, 4)C/x + 1)(5x 23 _ 2) \/x

+1Ex 2B -2y 2k

1

213 _

+ VX (x 2, 4)(5x 2)

Qx_ﬂ3(x2+4)(\/x+1-)
3

xZ + 1)(x 3—+ 2

30. y=x2ro3+1

=X +2x3+x +2

(X5+2X3+X2+2)(5X4+3X2+4X)

y = (x°+2x°+X2+2)z

(x5+x3+2x2+2)(5x4+6x2+2x)

(X:)+2x3+x2+2)2

=2_XZ —3X§ﬂ4 —6x2—+ 4x
: 2
(x5+2x3+x2+2)

_Zx7 —3x6—3x4.—6x2 + 4x

x2 + 2 (><3+1)2

X 3x2—+ X

Zex2+2x+1

31. y= ~_1

2Xx+ 3x "1

6x 2+ 2x + 1)(Bx + 1) - (3 2 + X )(12x + 2)

6x + 1 (6x2+2x+1)2

= (6x\/2 +2X + 1)2

( x -HE-0-x%)
X (3 +2x)
1 2-x-2x2+x

32.F(x) 5

= 1-vx - 3;+2§(

35.

36.

39.

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

d x2f(x) = 2xf(x)+x2f(x)
dx
x=2 x=2
—4f@+4f (2)=20
4 __fx)_
dx x2+f(x)_ x=2
2 — — T
XSt ) fFo@x+f (X))
2+ (x)) 2 ) x=2
- @+f@f 2 -f(Q@4+f (2) _ 18-14 _1
4 +1)? & 9
d X_z_;‘l d 8
dx X2+4 [x=-2 = dx 1 x2+4 x=-2
- 9(2x)
x +4) x=-2
32 1
¥ - 64=-2
d t1+ 1)
dt 5 ¢t =4
d 12132
dt5 -t
t=4 32
6-t)@x ) (e (1)
= 2
(G-1t) t=4
= (@) _(12( 1) =16
2
@)
Yx_
f(x)=x+1 | —
e D _voo- x (@
~2_X
fx)= — 2
(x+1)
3 v_
Vo7 2
1
2 =

(2=x)1 -x7)

312
2 3+2
><(+><)3

14x3 +5x2 - 12x - 7
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+ 1-vx
2 2
33 d X LeAx) -x .f x)

(3 +2x)

T T ez [f ()1 =2

_4f@-4f () - _ 4.
[f @12 4
s 4 00 2A0) 20

= X

dx X X=2 4 X=2

51

-1

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

t@=22 - .
9 18 2
40. d [ +t)(X+2t)(L+3t)(1+4t)
dt t=0
DA +2t)Q +3t)L+4t)+ (L +t)2)(Q +3t)(1 +4t)+
Q+t)Q+2t)R)A +4t)+ (L +t)1+2t)1 +3t)4)
t=0
1+2+3+4=10
2 ' _2_ _ 4
41, Y= —l Y = . —_—
v
3-4 x 3 -4 7 2 x
8
4
Slope of tangent at (1, -2) ism=(-1)22 =
51

Copyright © 2014 Pearson Canada Inc.
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4t @Q-41@ 4

= 16 =1

52

1
=4 y=4x-6

(o]

Copyright © 2014 Pearson Canada Inc.

ADAMS SECTIONandESSEX:2.3CALCULUS(PAGE115)8

Tangent line has the equationy = -2 + 4(x - 1) or

52
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X+1 y=X
42. Fory = -1 we calculate 4 1
1 b all
y = x=D(1) -(x+1(1) =- 2.
- x _’1)2 - 1)2 a

Atx =2wehavey =3andy = -2. Thus, the

equation of the tangent lineisy =3 - 2(x - 2), or
y=-2x+7. Thenormallineisy =3 + L(x -2),

or
y= 1X+2 2
2 I
43. y=x+ 1,y =1- _1
X il Fig. 2.3.47
' ig. 2.3.
For horizontal tangent: 0 =y =1 - —L so0x2 =1and g
2
X=z1 X
The tangent is horizontal at (1, 2) and at (-1, -2) 1 )
2 2 48. Since ¥V y=y =X~ = X52 =1 thereforex = 1lat
Ify=x%(4-x%),then
the intersection ~ point. The slopelof y =X 2 atx=11is
y = 2x(4-x2) +x2(-2x) = 8x - 4x 3 = 4x (2 - x2). —
= 2. Theslopeofy = Vv =1i
The slope of a horizontal line must be zero, so y 2 x=1 pe oty X atx=1ls
4x(2—x2)=0,which impliesthatx= Qorx=+ —
2 1
Atx:O,y:Oandatx:J_r\/ _2'y=4. dy = -1 x-32 =T
Hence, there are two horizontal lines that are tangent to dx x=1 2 x=1 2
the curve. Their equationsarey =0andy = 4.
1 o+ 1 The product of the slopes is (2) —; = -1. Hence, the
—_ —Xx+ L two curves intersect at right angles.
45, y= 2 +x+ 1Y =- x2+x+1)2
For horizon- The tangentto y = x > at (a, a° ) has equation
. 2x+1 3 2 2 3 o
tal tangent wewant 0 =y =~ £Z 577 Thus y =a“+3a’(x-a)ory =3a ) 22 '3Th's"”e
ox+1=0andx= - L passes through (2, 8) if 8 = 6a - 2a or, equivalently, if
2 1 4 a3—32+4=0.Since(2,8)Iiesony=x3,a=2must
) ) be a solution of this equation. In fact it must be a double
The tangent is horizontal only at - 2,3 root; (a - 2)2 must be a factor of a° - 3 2 + 4, Dividing by
x+ 1 this factor, we find that the other factor i€a + 1, that is,
Ify=x + 2 ,then
a®-32+4=(@-2%@+1).
a
y' 21 —(x+ (1) 1 The two tangent lines to y = x  passing through (2, 8)
(o + 2)2 = x 2)2' correspond to a = 2 and a = -1, so their equations are y =

In order to be parallel to y = 4x , the tangent line must

have slope equal to 4, i.e., The tangenttoy = x 2 /(x - 1) at(a, a2 /(a — 1)) has slope

2 2

1 _ 2 _
=4 or (x +2) 1 ) 22— 2a

=5 1. (x = 1)2x - x



(x+ 2)2 4 m = =
2
Hencex+2=+ l,andx=- 3or-5 .Atx=-3, (0=1) x=a (@-1)

2 2 2 2

y=-1, andatx=- 3 ,y=3. The equation of the tangent is

Hence, the tangent is parallel to y 4x at the points ) ’
2,-1 and 2,3. a a~ -2a
- "= y-a-1 =(a—1)2(x—a).

Let the point of tangency be (a, la ). The slope of the
1 This line passes through (2, 0) provided

tangent is — _1 -b=7% . Thusb- 1 =1 anda= 2.

a2 0-a Fy a b
b2 b2 a2 a% —2a

53

Copyright © 2014 Pearson Canada Inc.
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Tangent has slope — =4 so has equation y =b - =#x.

54

Copyright © 2014 Pearson Canada Inc.

0
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_a—1=(a—1)2(2_a)’

54
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2

or, upon simplification, 3a” — 4a=0.  Thus we can have

eithera =0ora = 4/3. There are two tangents through
(2,0). Their equationsarey = 0andy = —-8x + 16.

\/.—— - \/—- -
51. dpFxry=Ilim _fx+h)-=f0)_
dx h-.0 ~ ~ h "7
=lim f(x+h)-f(x)+/ 1 Vv
h-0 n (X +h)+ T(X)
_ tKX)
-— 2 f(x)
2X
ip x2+1=V =V X
dx 2x%41 x“+1
52. f(x)=|x 3| = X ifx>0. Therefore f is differen-
-x3 ifx<0
tiable everywhere except possibly at x = 0, However,
lim Q00 jim h2-0
h—-0+ h h—-0+ 9
lim fO+h)-f(@ =lim (-h%)=0.
h—0- h h—0-
Thus f (0) exists and equals 0. We have
‘ 3X2 ifx>0
f (v — 7
-3x" ifx<0.
d n
To be proved: xxn/2 = ;_Zx(nlz)_l forn=1,23,....

Proof: Itis alreadi/ known that the case n = 1 is true: the
derivative of x /% is (/2)x ~12

Assume that the formula is valid for n = k for some

positive integer k:

d k2 k. (k2)-1
dxX 2X

Then, by the Product Rule and this hypothesis,

d Xk+12 _d xu2xk2

dx dx k+1

54. To be proved:

(faf2---fn

S f e+ g

+---+f o
1 2 n 12 n 1

2 n

Proof: The case n = 2 is just the Product Rule. Assume

the formula holds for n = k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate
(frf2---fkfk+1)

=[(fLf2 - fk)fk+1]

= (fif2- i) fied + (fLf2--fi)FK 1
+

= (f1fo - fk+fLf2 - fk+-+fLf2 fk ) kel
+(fif2- RO

k+1
=f1 f2---fkfk+1+ f1f2 - -fkfk+1+---

+f1f2- - fk fkel + fLf2- - fkfk +1
so the formula is also true for n = k + 1. The formula is

therefore for all integers n > 2 by induction.

Section2.4 The Chain Rule (page 120)

6 ‘ 5 5
y=(2x+3) , Yy =6(2x+3) 2=12(2x + 3)

X

98

y=1- 3%
! X 9 1 X
y=991—3 -3 =-331- 3

f(x)=(4-x2)10

‘(X) = 10(4_)(2 9(—2x) = -20x (4 _X2)9

)
4. dy =_dpm —E( =-v3x
dx dx 2 1-3x2 1-3x2
3 -10
5. F(t)= 2+t
. 3-11 =3 30 3-u
F 2 2
t)=-10 2 =
()3 372 t i 2+t
z:(1+x2/3)
O RT3
z @Q+x77)7( x-13) =x-13 (1 +x23)12

ADAMS SECTIONandESSEX:2.4CALCULUS(PAGE120)8
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=1x-12xk2  +Kkx12xK2)-1 X k+D)2-1, 3
2 2 2 7. y= 5-4%&
3 12
Thus the formula is also true for n = k + 1. Therefore it is yl - (-4) = )
true for all positive integers n by induction. (5 - 4x )2 (5-4x)
For negative n = -m (where m > 0) we have 8 y=(1-2t 2 )y
dXm2=d 1 y =—32(1—2t2)_5/2(—4t)=6t(1—2t )_5/2
dx axxmiz y=|1—x2|, y':—2xsgn(l—x2)=2X3_2X E—
= =1 X(@2-1 2
m 2 |1 - X |
X _ 3
_ ft)=12+t7]
= - Mx-m2)-1= N x(2)-1,
2 2 f(t) = [sgn (2 + t3)](3t2) = St2@xta)
2 +1t3]
55 55

Copyright © 2014 Pearson Canada Inc.
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ADAMS SECTIONandESSEX:2.4CALCULUS(PAGE120)8

y =4x + [4x - 1] 17.
' y
y =4 +4(sgn (4x - 1))
gif X > 4=
Oifx<l4 ‘
y=@+ KPP Jiot?)
3 -213 2
y =Ys@+x|) @G| )sgn(x) '
SNCAPIEICE )X = xxf@ + i P 18. ‘
)—2/3 y
slope 8
1
13 y= ﬁ I y=4x+|4x-1|
, _slope 0 - 5
1 3
v 7 2 akeh L
y =- 2+ 3x+4 = — x
3
—_'\/: :—‘\7; d d q VA 1 1 1

2 3x+42+ 3xFA2 _ _ /o
19. dxXx 4 =dx X =2PVX x2 X = 4X-34

d d 9.2 1 V. X 3
r 24 20, __x34 = X x = p v X + Vv _X-ua
dx dx 2Xx X 2 X 4
1Bf0)= 1+ 4 L 4, a4 . L2 3
r r ! 21. 32 | 3 = —= (3x )= X12
; x-231 _3 1 dx dx 213 2
x)=41 3 2 x-2 3 dd
dx
re— r. . 3 fRt+3)=2f (2t+3)dt
2 _3 X =2

23, f(5x-x2)=(5-2x)f (5x-x?)

d 2 3 2 2 2 -2
7= u+u_1 24 dX f X =3 f X f X X2
2
dz=-5u+_1 gl - __1 2 ' 2 2
du 3 u-1 - 1? = xéf x fox
-8/3 '
-5 ) 1" 25. APs.or)- v 2Ft
=-3 1-w 1 W dx 2 3 +2f(x) 3+2f(x)
u-1
Vv v

d ' 2
— 26. T f(3+2t)=f ( 3+2)V— —
Xi_3+xp dt 2_3+2t
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16. y= (4+x2)3

ADAMS SECTIONandESSEX:2.4CALCULUS(PAGE120)8

v
=v 1 f( 3+2t)

1
i 3+ 2t
_ p 3X5
y = _1 (4+x2)35x4" T +X5 d v 1 v
N 2.0 9 i
(4 Xp) i 3+x 27. 7x B+ 2x) =¥ (3+2 )
—x% 3+x% 34+x%)%(2x) d
i 28. f 2f 3f(x)
@+x%)sx*@+x8)+3x 10 —x5@+x5)ex) dt
(+x2)t 3 +x” =f 2f3f(x) -2f 3f(x)-3f (x)
=60X4—3X6 +3x 04 ot , , ,
6 6f ()f 3f(x)f 2f3f(x)

(4+x2)4 3+X

56

Copyright © 2014 Pearson Canada Inc.
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d
29. gxf2-3f(@-5t)
—f 2-3f(4-5t) 3f (4-5t) (-5)

15f (4-5t)f 2-3f(4 - 5t)

-
30, 4 Yx=l
d x 'x2+1 X=-2
(X2+1)\/7X_p X2 - 1(2x)
= X-Z_- — — -
2
(Xz"']-) x=-2
2 va
G -3 - 3(-4) 2
= 25 =2 3
dv__ 3 3
31, . 3t-7 T e — =
1

32. fx)=Vv2X 1

_1 1
f@)=-1x - =-27
+ 1)3/2
33. y=(x 3, 9)17/2
17 2 17
' —(x3 9)1s5/2 -
y > (x> +9) 3x 5 (12)
x=-2 X=-2

Fo)=@+0)2+x)2@+x)3@+x)'F

)=2+x)2@+x)@+x)+

21+ x)2+x)B +x)1 @4 +x)* +
4

3L+ x)2+x)2@+x)2@+x) +

4L +X)@2 +x)? (3+x)3(4+x)3

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

Thus the equation of the tangent line at (2, 3) is
3+ 4 (x-2)0ry= 4X+ L .
3 3 3
37. Slopeofy 1 xazae

) atx=-1is

— = +
v
(1x 23 )12 2x-113 =- 2
2 3 x=-1
The tangent line at (-1, 2 3/2) has equation
32 -
y=2 - 2(x+1).

b
The slope of y = (ax+b)8 atx=g s

dy 7 7
= 8a(ax + b) = 1024ab .
“dx .
x=b/a x=bla
The equation of the tangent line at x = b ang

y=(2b)8 = 25668 s

8 7 b 10 7 8 8

y = 256b +1024ab X-a ,ory= 2 ab x-3x2 b
3/2
3 5
—x +3) "2 (2x 1) = - 3@ (-5) =
2 2 162
X=-2
A

The tangent line at (-2,  27) has equation

y= 1 +_5(x+2)
27 162

40. Giventhat f(x)=(x-a)" (x-b) Men

=mx-a™ Tx-b)"+nx-a)" x-b"t
m-1 n-1

(x-a) (x-b) (mx-mb +nx-na).

If x =aand x = b, then f‘(x)=0ifandonlyif

mx:—_mrb +<'m<——rrr§——6,

m+n m+n



F’ 2 3 4 3 4 which is equivalent to
0)=(@2)EB )4 )+21)E )4 )+
2 2 4 2 3

3(1)@2 )B )4 ) +4(1)2 )B )@ )

2 3 4
42 -3 -4)=110,592
126 This point lies lies between a and b.
3. y= x+ () - 2 i o -
7 41, x(x" +2x“-2)/(x“+1)
y=-6x+ @)°-2" a(7x % - 49x 2 + sayx 7
857, 592
1oL ) -2 32 53043 58
15 4 5 _312 The Chain Rule does not enable you to calculate the

==61 (X)) (3x) -2 derivatives of |x 2 and x 2 | at x = 0 directly as a compo-

-2 -7 sition of two functions, one of which is |x |, because |x | is
x X + (3x )5 -2 not differentiable at x = 0. However, |x |2 = x 2 and

57 57
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v x 2 | =x 2 , s0 both functions are differentiable at x = 0 and
- ) 2 have derivative O there.
= + ZX =21
36. The slope of y ! atx =2is It may happen that k = g(x + h) - g(x ) = 0 for values of h
dy = / 4x =4 arbitrarily close to 0 so that the division by k in the “proof”
-5 - is not justified.

dx x=2 2 1+2Xx° x=2 3

58 58
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Section 2.5 Derivatives of Trigonometric d{;an X + COt X ) = sec? X — csc? x d
Functions (page 125) X
d 4 1 c0S X dgx(secx—cscx)=secxtanx+cscxcotx
1. —cesex= == = -5~ = - cscxcotx
dx dxsin x sin - x d_ 2 2
d d cosx —u;x—sinz—x ) d x(tanx —-x)=sec x—-1=tan X
2 gxCOtX= g¥sinx = 2 =-CsCX d d
sin X
3 y=cos3x, y =-3sin3x 26. dx tan(3x)cot(3x) =dx (1) =0
4 y=sin X,y = lcosX . 27. L(tcost-sint) =cost-tsint-cost= —tsint
5 5 5 dt
5, y=tanmx, Y =mSec mX 28. —(tsint+cost)=sint+tcost—sint=tcost
2
, dt (1 +cosx)(cosx) = sin(x)(=sinx)
y=secax, y =asecaxtanax. .
g__ sinx
' 29. =
7. y=cot(4 -3x), Y =3csc2(4—3x) dx1 cosx )
+ (1 +cosx)
d T =X 4 F— - cosx+1 1
Z
8. dxsin 3 =-3cos 3 = (L+cosx) = 1+cosx
9. f(x)=cos(s-rx), f (x)=rsin(s-rx) d __cosx _ (Lxsinx)(=sinx) - cos(x)(cosx
30, S22 =\
10, y=sin(Ax+B), Y =Acos(Ax+B) dx1+sinx _ (1 +sinx)
. 2 = zsinx-1 = _=1
sin(mx ) =2nxcos(mx "~ )dx 2 =
d v 1 v (1 +sinx) 1 +sinx
— X d )
12. dx cos( x )=-2 sin( x ) 31. a‘x'xzcos(Bx) 2x cos(3x ) 3x25|n(3x)
Ve, — . Y
13.y= T+cosx , Y =_/-sinx 32. gl(t)= )i
2 1+cosx g
t)y= v 1 xtcost —sint
14. (%sin(Z €0sXx) =cos(2 cosx )(- 2sinx) [smﬁ ) v
2 sin x cos(2 cos x ) 2t32 - sint
f(x) = cos(x + sinx) v = sec(x 2 ) tan(x ?)
' tcostsint
f (<) = =(L + cos x) sin(x + sin x) = 2xseoled) fan2x2) + 2xsec 22 cosn
g®) =tan(6sin0) sin
g,(9) (sin6 + 0 0) 2 6sin0) 34. Z=1+cos_\/
=(sin6 + 6 cos6)sec (0sin v v
(+cos * g)(cos V2® )—(sin\/ ne sin\/ ;/2\/ %)
+ 3n = -
U = sind (mx/2), u=""2Tcos(rx/2) sinz(nxlz) £= v (1 + cos v x)2
' 2 — + — — 1 —
y =sec(l/x), y = —(1/x“)sec(l/x) tan(1/x) v = v v
1 2 x(l+cos x)2 2 x(l+cos x)

19. F(t)=sinatcosat (=2 sin 2at)F’
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(t) = acosatcosat — asinatsin at

(=acos?2at)
G)="SN a0
cos bo

G‘(G) = FTOSHOTOS a0 O simraosin bo

cos2 ho

d

Bl cos(2x) 2cos(2x)  2sin(2x)
21. d x sin@2x) - = +

22. —d_(coszx - sinzx) = dd cos(2x)

dx X

59

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8
sin(cos(tan t)) = —(sec t)(sin(tan t)) cos(cos(tan t)) d t

f(s) = cos(s + cos(s + cos s ))1COSX

f (s) = —[sin(s + cos(s + cos s ))]
[1 - (sin(s + coss))(1 - sins)]
Differentiate both sides of sin(2x) = 2 sin x cos x and

2

divide by 2 to get cos(2x ) = coS X - sin2 X.

Differentiate both sides of cos(2x ) = cos 2 X = sin 2 x and
divide by -2 to get sin(2x ) = 2 sin x cos X .

Slope of y = sin x at (x, 0) is cos = = —1. Therefore the
tangent and normal lines to y = sin x at (x, 0) have

59
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= -2 sin(2x) = —4 sin x cos X equations y = —(x

60

Copyright © 2014 Pearson Canada Inc.
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- mn)and y =x - 7, respectively.

60
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The slope of y = tan(2x ) at (0, 0) is 2 sec2 (0) = 2. Therefore

the tangent and normal lines to y = tan(2x ) at (0, 0) have
equations y = 2x and y = —x /2, respectively.

V=
41. Th(\e/slope ofy = 2cos(x /4) at (m, 1) is

-( 2/4)sin(n/4) = - _1/4. Therefore the tangent and

normal linestoy = V2 cos(x /4) at (r, 1) have equations
y=1-(X-=n)dandy =1+ 4(x — n), respectively.

2
The slope of y =+/cos x at (n/3, 1/4) is

- sin(2n/3) = - 3/2. Therefore the tangent and normal
lines to y = tan(2x ) at (0, 0) have equations
y = (1/4) - ( 372)(x - (n/3)) and

_\/_

y=(1/4)+ (2 3)(x - (w/3)), resp;actively.
T

43.Slopeofy = sinx ) = sin 155 s
A X )

y = cos . Atx = 45 the tangent line has
. 180 180

equation

1 T

— v

y=v2+ 180 2(x - 45).

XT

44, Fory = sec (x °) =sec Tgp we have

QY = & goc XT gy XI
dx 180 180 180
\/_ v

Atx =60theslopeis —Z_(2 3) = & 3,

180 9090

Thus, the ng(gmal line hasslope - @ 3 and has equation

y=2-7 V3 (x-60).

45. Theslopeofy =tanxatx =ais se(:2 a. The tan-

gent there is parallel to vy = 2xifsec’a =2,0r
v

cosa =+l Z. The only solutions in (-n/2, n/2)

are a = +m/4. The corresponding points on the graph are

(n/4, 1) and (-n/4, 1).
2

The slope of y = tan(2x ) at x = ais2 sec (2a). The tangent there is
normal toy = —-x /8 if 2 sec” (2a) = 8, or

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

d 2. o nowt
tan X = sec X = 0 nowhere.
dx
48. d_
cot X csc X=0 nowhere.
dx

Thus neither of these functions has a horizontal tangent.

49. 'y =x+ sinxhas a horizontal tangent at x = = because

dy/dx =1+ cosx = 0 there.

y = 2x + sin x has no horizontal tangents because d y

/dx =2 + cos x > 1 everywhere.
51. 'y =x+ 2sinx has horizontal tangents at x = 2n/3 and
= 4n/3 because dy /d x =1 + 2 cos x = 0 at those

points.

52. 'y =x+ 2cos x has horizontal tangents at x = x/6 and
= 5n/6 because dy /d x = 1 — 2sin x = 0 at those

points.
53. lim tan(x) = |im _sin@x)2 =1x2=2
x-0 X x-0 2X  c0S(2x)
54. limsec(l + cosx) =sec(l -1)=sec0=1
X—-n
55. limx 2 csexcotx = lim > _2  cosx = 12 x1=1
x -0 x -0 SinXx
2
56. limcos I~ RLOS.X limcosn SI0X 2=cosm= -1
x =0 X2 x—0 X
. ) 2
57 lim L=cosh = jim 2sin’(h/2) = jim 1 sinh/2) * -1
2 2
h-0 h% = h-o h h-0 2 h /2 2

f will be differentiable at x = 0 if

2sin0+3cos0 =b, and

d @2sinx+3cosx) =a
dx x=0

Thusweneedb =3anda = 2.
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cos(2a) = +1/2. The only solutions in (-n/4, n/4) are There are infinitely many lines through the origin that are
= +7/6. The corresponding points on the graph are tangent to y = cos x . The two with largest slope are shown

(n/6, \/3) and (-n/6, _\/3). in the figure.

. d_d sin X = cos x = 0 at odd multiples of 7/2.

y
0s X = — sin x = 0 at multiples of & . \ ; / ; —

T T T
m n 21 X

A

>

e
(=]

g =h
>

__secx = secx tan x = 0 at multiples of .
el

——CsC X = — csc x cot x = 0 at odd multiples of n/2. y =cosX
dx

Thus each of these functions has horizontal tangents at

infinitely many points on its graph. Fig. 2.5.59

61 61

Copyright © 2014 Pearson Canada Inc.



SECTIONINSTRUCTOR2.5'S(PAGESOLUTIONS125) MANUAL

Thetangenttoy = cosxatx = a has equation
=cos a - (sina)(x —a). This line passes through

the origin if cos a = —a sin a. We use a calculator with a
“solve” function to find solutions of this equation near a =
—-m and a = 2z as suggested in the figure. The solutions are
a = —2.798386 and a = 6.121250. The slopes of the

corresponding tangents are given by — sin a, so they are
0.336508 and 0.161228 to six decimal places.

1
v
61. -2n +3(2n 32 _ g + 3)in
62. a) As suggested by the figure in the problem,

the square of the length of chord A P is
2 N
(1 -cos0)” + (0 -sinB)", and the square of the

length of arc AP is 6 2 Hence

2 2

(1+c0s6)2+sin 0<0°,

and, since squares cannot be negative, each term in
the sum on the left is less than 6 2. Therefore

0<|l-cosO|<|0|, O0<]|sin0|<]|0]

Since limg -0 |6 | = 0, the squeeze theorem implies
that

lim1 -cos6 =0, limsin 6 =0.

0-0 0-0
From the first of these, lime -0 cos 0 = 1.

Using the result of (a) and the addition formulas for
cosine and sine we obtain

limcos(80 + h) = lim(cos 80 cosh - sinBQsinh) = cos 60

h-0 h-0
limsin(6o + h) = lim(sin6ocosh + cosBosinh) = sin o.
h-0 h-0

This says that cosine and sine are continuous at any
point 60 .

Section 2.6 Higher-Order Derivatives

(page 130)

y=0@-2)

ADAMS SECTIONandESSEX:2.5CALCULUS(PAGE125)8

6

- -2
3 y= Tx-p?” =6(x-1)
y = -12(6- 1)
y =36x-1)"*
y =-144(x-1) s
\/ y” = — gz
4, y= ax+b —_. 3/2
y = VL 4(ax;b)
>ax b T
y 8(ax + b)5/2
y=x1/3—x_1/3
y ’ =1y oz TIx-a3
3 3
y”=— 2x-53 4x-713
9 9
10 28
y "= X -8/3 X -10/3
27 27
6 y=x10+2x8 y = 90x 8 + 112¢ ®
y =aox%+16x 7y =720x7 +672¢°
y=(x +3) x = x212 4 3112
y'= S5xs32  3x-w2
2 2
y = 1—2 12 _%x—slz
. A3 9
y"= X -1/2 X -5/2
8 8
Xx-1 " 4
8. y= X 1 y =_(x+1)3
y = _2_ yr= 12
(x + 1)2 (x + 1)4
! 2
y=tanxy =2sec xtanx
y =sec Xy 4 2 2
2" X +4sec Xtan X
= 2sec 3
2
10. y=secx y"=secxtan” x +sec X

3

i

y =secxtanx y”':secxtan3x+55ec X tan x

"

y =—23in(x2)—4x2

11. y = cos(x 2) cos(x 2)

1

y =—2xsin(x2) y =—12xcos(x2)+8x35in(x2)

"
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y =-14(Q3 - 2x )6 sin x
y =168(3 - 2x)° 120 y=

y’:COSX—SinX

y  =-1680(3 - 2x)*
X 2 2 cos X
1 2 o (2 x2)si ;
5 = " s y"=(@2=x")sinx 3[x2—2]smx
y=x- x y =2- 43 x3 4
2
: 1 6 o=
— - T y" = (6-x )cosx
y =2x+ =
2 y K .3

62 62
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13. f(x)=1_=x‘1

X

”(x) =ox 3

(x)=-3Ix
@) = a1 75

4

n —(n+1)

Guess: ™ (x)=(-1) nix (%)
Proof: (*)isvalid forn =1 (and 2, 3, 4).

Assume f(k) x) = (—1)k kix ~®* 1) for somek = 1
Then £ 6*D) (x) = (-1)¥k1 —(k + 1) x"*D1

(~1K* Lk + 1)ix ~(&FD)* 1) which is () for n = k +

1. Therefore, (*) holds forn =1, 2, 3, .. . by induction.

f(x)= x1—2—= x 2

f (x)=-2x"

£(x) = -2(-3x 4 =3ix 4

t @) = —2(-3)(-4)x 2 = —a1x O
Conjecture:
f My = -1)" (n + 1) %2 forn=1,23,...

Proof: Evidently, the above formula holds forn =1, 2

and 3. Assume it holds for n = k,
-(k+2

k
e, O x)= (-1 K+ 1 €2 hen

(D) (g = ¢y 100 )
k —(k+2)-1
(-1) (k+ D1k + D]

(—l)k+1 ~[(k+1)+2]

(k + 2)

Thus, the formula is also true for n = k + 1. Hence it is true

forn=1,2,3,...byinduction.
1 1.
fx)=2—-——x%=@2-x) °f

(x) = +@2 -x) 2
"x)=202-x)"3

f=ae-)"t
Guess: f (x)=n1@2 -x) "V (%)
Proof: (*) holds forn =1, 2, 3.
Assume ¥ x) =k -x)"" ) (ie., (*) holds for

n = k)

Then f(k+l) (x) =k -(k+ 1)@ - X)—(k+1)—1

(-1

ADAMS SECTIONandESSEX:2.6CALCULUS(PAGE130)8

Proof: Evidently, the above formula holds forn = 2, 3
and 4. Assume that it holds for n =k, i.e.

o) = (-1 L3557, K 3)

X -(2k-1)12 ,

Then

d
feildx) = dxf(k) x)

= (_ k-1 1-3-5---(2k-3) . —(Zk —1) X -[(2k-1)/2]-1

X 2
135 (2k 3k 1) 3]
(-1)k+1)-1 + X—f2(k+1)-1]/2 , 2k+1

Thus, the formula is also true for n = k + 1. Hence, it is true
for n > 2 by induction.

-1
17. f(x)=_—1 =(a+bx)
, a + bx
f (x) = -b(a + bx) 2

" b _
f (x)=22(@+bx)y 3

)= -3b@+bx)

(n) n n —-(n+1)
Guess: f (x)=(-1) nlb (a+bx) (*)

Proof: (*) holdsforn=1,2,3
Assume (*) hojsis forn=k:
£®) ) = (- kb!bk (a+bx) **1)
Then )

FEFD) 0y = (- Kbk k+1) @by €D 1
= (- L k+ )kt @+ px) (DD

So (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds forn =1, 2, 3, 4, .. . by induction.

18. f(x)=x23
)22 1B
f” -3 4/3

LX) = 23(— 137)x—
=20
3 3 3

1-4-7----(3n-5)
fo(x)=2(-1)n-1 3n X

-@3n-2)3forn = 2.

Proof: Evidently, the above formula holds for n = 2 and 3.
Assume that it holds for n = k; i.e.
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= (k+ D12 - x) " D+D.

1-4-7----(3k-5)
Thus (*) holds forn =k  + L if it holds for k. (W (Xx)=2(-1)1 3k X
Therefor\(;, (*) holds forn =1, 2, 3, .. . by induction.

16. f(x)= g=x1u2

£

-(Bk-2)/3, Then,

-

X)= s£x-12
X) = A= hx-we
AN d
X)= +(-2)(- &) x-52 f(k+l)(x)=1dxf(k)(x)
-11.4.7.-.-(3k-5
() gy =L iy 3y(_5 =2(-1) ( : .-{3k——29 ~[(3k -2)/3]-1
7)) =7 (-2)(- 2)(- 2 )x - i X (3K ~2)]
Conjecture: 3 3
- 4 Ck—5Btk+1H)—5—
n-11.3.5...(on-3) 2(—1)(k+1)—11
f(n)(x) =(-1) X-@n-n2 (02 2). Er X ~[3(k+1)-2]/3.
3
2" k 1)
63

63
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Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

19. f (x) = cos(ax)
f (x)=-asin(ax)
f”(x) = —a2 cos(ax )
f (x)= a3 sin(ax)
£® x) = a*cosax) =a f(x)
It follows that £ x)= atf(1=4) (x) forn > 4, and
JaMcos(ax)  ifn =4k
(n) -a"sin(ax) ifn=4k +1
fY(x)= -a"cos@@x) ifn=4k+2 (k =0,1,2.)
asin@x)  ifn=4k+3
Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.
f(x) = xcosx

f , (x) = cos x - xsinx
f (x) = —2sinx — x oS X

f gx)z -3 ¢0S X + X sin X
fY7(x) =4sinx + x cos X

This suggests the formula (for k = 0, 1, 2, ...)

nsin X + X coS X if n =4k
o -
(x) = >ncosx—xsinx ifn=4k+1
-nsinx-xcosx ifn=4k+2
-ncosx+xsinx ifn=4k+3

Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.
f(x) = xsin(ax)
f (x) =sin(ax) + ax cos(ax)

f” (x) = 2acos(ax ) - a2

x sin(ax)
fm x) = ~3a2 sin(ax) - adx cos(ax )

4)_ X) = —4a3 cos(ax ) + a4 X sin(ax
) This suggests the formula

I _nan 1 cos(ax ) + a'xsin(ax) ifn = 4k
n
§® (x) = nan-1 sin(ax) +a xcos(ax) ifn=4k +1
nan-1 cos(ax) - anxsin(ax) ifn=4k + 2

23.
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If x = 0 we have

d 2
dx39n x0 and (sgnx)” =1

Thus we can calculate successive derivatives of f using the
product rule where necessary, but will get only one
nonzero term in each case:

Cx) =2k |73 (sgnx) = 2

|_3 £G) (x) = -3lx |_4 sgn x

2
£(4) (x) = 41x |_5.
The pattern suggests that
t W)= —nix 7™ D sgnx i nis odd
n!x |-e+D if n is even

Differentiating this formula leads to the same formula
with n replaced by n + 1 so the formula is valid for all

n > 1 by induction.
v

fx)= 1-3x = (1 - 3x)M2
' 1 -1/2
f(x)=9 (=311 - 3)

" 1

f'x)=F -3 (-93a-37%

3 -
4 712

o101
fx)=" -

f®xy=1 -1 -3 -5 (-3) (1-
(x) 3 5 3 , (-3) (1-3x)
Q) X 3x5x:--x(2n-3)n
Guess: f (x)=-" """ " " T 3

(1 = 3x)-n-vr («

1 )
(*)isvalid forn = 2, 3, 4, (but not n = 1)

Proof:
Assume (*) holds for n = k for some integer k > 2
1x3x5 x ... x (2k-=3) «
e, £ ()= - " 3
(1 -3x)-(k-1)2
+1)(X)=_ 1x3x5><x(2ki). 3k
k
Then i )
2

2

1x3x5x--:2k+) -1




22.
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1 n
_nah~1sin(ax) - a xcos(ax) ifn=4k+3

fork =0, 1,2, .... Differentiating any of these four
formulas produces the one for the next higher value of n, so

induction confirms the overall formula.

1 - d
FO) = x| = x| L Recall that™@ x |x | = sgn x, so

f'(x) = —|x|_zsgnx.

60

24.
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(1 - 3x)-(2k+1)-1)12
Thus (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 2,5, 4, ... by induction.

Ify=tan(kx),theny' =ksec (kx)and

"

y = 2k%sec(k x)tan(k x)
2 2 2
=2k (L+tan (kx))tankx)=2k y@d+vy ).

60
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25. Ify =sec(kx), theny - k sec(k x ) tan(k x ) and

vy =K% (sec? (kx ) tan? (k x ) + secS (kx))
2 2 2 2

k y(2sec (kx)-1)=k yQy -1).

To be proved: if f(x) =sin(ax + b), then

£0 () = (-1ka" sin(ax +b) ifn =2k
(-nfa" cos@@ax +b) ifn=2k+1

fork=0, 1, 2, ...Proof: The formula works for k =0
(n=2x0=0andn=2x0+1=1):

f O ) = £(x) = (-1)° a% sin(ax + b) = sin(ax + b)
f Wy =1 ) = (=1)%al cos(ax + b) = a cos(ax + b)

Now assume the formula holds for some k > 0.
Ifn =2k + 1), then

tMW)= ¢ fo-nx) d feen)

d
dx dx

o d(—1)k a2+l cogax + b)

(1)KL gZK* 2 oy 4 )

andifn=2k+ 1) +1 =2k + 3, then

f(n)(x) = QdX (—l)k+1 aZk+2 sin(ax + b)

(—1)k+1 a2k+3 cos(ax + b).

Thus the formula also holds for k + 1. Therefore it holds for
all positive integers k by induction.

If y = tan x, then

2 2

y':sec x=1+tan x=1+y2:P(y),

2

where P2 is a polynomial of degree 2. Assume that

y(“) =P =+ (y)where P +  isapolynomial of degree

n + 1. The derivative of ahy polynomial is a polynomial

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

d "
20. (fg)® = Fx(f9)

d C "
= dx[f g+2f g +fg]

=f(3)g+f”g'+2f”gl+2flg”+flg”+fg(3)

=f(3)g+3f g+3fg +fg(3).
(19 =i (19®

dd
—t®g+3f g+3fg +

f(4)g+f(3)g‘+3f(3)g'+3f”%;”+3f”g”
9ol
3f'g®+f'g®+fg®

0o

:f(4)g+4f(3)gl+6f g +4flg(3)+fg(4).

(M =tMginfn-1g + —n
- 2)1

fo-29"

_n! 21(n

+31(n - 3)! f0-3)g@ +--- +nf'go-1+fgm

n n!

= ——fo-0gw.
k=0 kI(n - Kk)!

Section 2.7 Using Differentials and Deriva-
tives (page 136)

1 0.01
ly=dy=-x 2dx=- 2 2 =-0.0025.
If x = 2.01, theny =~ 0.5 — 0.0025 = 0.4975.

3dx 3
2. 1f(x)=df(x) = #F =7 (0.08)=0.06

f(1.08) ~f(1)+ 0.06= 2.06.

3 1h(t)~dh(t)=- gsingtdt- z(1)_1 =-_1.
4 4 4 10 40
h 2+ 1 =~h@)- ‘T=--1.
101 a4
4, 1u=du=4sec 4 ds=4
L2 T (2)(-0.04) = -0.04.
Ifs 70 6,the u 1 .04 096

Ify=x ,thenly=dy=2xdx.Ifdx=(2/100)x, then

1y = (4/100)x 2 _ (4/100)y , so y increases by about 4%.



28. (fg) =(f g+fg) =f g+f g+fg +fg

SECTIONINSTRUCTOR2.7'S(PAGESOLUTIONS136) MANUAL

of one lower degree, so

yo+ny = dp dy =Py =P (),

=Pn(Y)dX n n2

+

dx "t»

a polynomial of degree n

+ 2. By induction,
@/dx)"tanx =P

(tan x), a polynomial of degree

n+1lintanx.

"

61
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6. Ify = 1x, thenly ~dy = (-1x2)dx. If
d x = (2/100)x , then 1y =~ (-2/100)/x = (-2/100)y, so
y decreases by about 2%.

7 0fy = Ux2 thenly ~dy = (-2x3)dx. If
d x = (2/100)x , then 1y = (-4/100)/x © = (-4/100)y,
so y decreases by about 4%.

8 Ify=x° thenly~dy=3x2dx. Ifdx = (2/100)x,

=f”g+2flgl+fg”

61
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then 1y = (6/100)x 3 (6/100)y , so y increases
by about 6%.

62
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g Ify = o thendy =dy =(1/2\/
v

x)dx. If

1x = (2/100)x , then 1y =~ (1/100) x = (1/100)y,

S0 y increases by about 1%.

2B thenty ~dy = (=213)x “Pdx. If

23 _ _a/300)y,

10. Ify =x
d x = (2/100)x , then 1y = (-4/300)x
so y decreases by about 1.33%.

111V = AnrS thenlV ~dV =dnr2dr. Ifr
increases by 2%, then dr = 2r /100 and 1V =~ 8x r 3 1100,

There-fore
1V /V = 6/100. The volume increases by about 6%.

Ifv i%the volume and x is the edge length of the cube then V

=x".Thus1lV=dV =3x"1x.If
1V = —(6/100)V, then —6x ° /100 =~ 3x 2 dx, s0

dx = —(2/100)x . The edge of the cube decreases by
about 2%.
Rate change of Area A with respect to side s, where

A=s 2 , 1S %_A = 2s. When s = 4 ft, the area is changing
S

at rate 8 ft2 /ft. - vV

14. If A =s2thens = vA andds/dA =1/(2 A ).

If A =16 m? , then the side is changing at rate
ds/dA =1/8 m/m?

The diameter D and area A of a circle are related by D =

2 A/m. The rate of change of diameter with re-spect to

v
areaisd D/d A= 1/(m A) units per square unit.

SinceA=n D2 /4, the rate of change of area with re-spect

to diameter is d A/d D = = D/2 square units per unit.

3

4 . I
Rate of change of V = 3 * & r ~ with respect to radius r is

_ =4nr 2. When r = 2 m, this rate of change is 16x
dr
3

m /m.
Let A be the area oféa_ square, S Be its s'Eje length and L be its
diagonal. Then, L= =s“ +s 2s “and

A=s 2. 1L 2 , SO
2 dL
the area of a square with respect to its diagonal L is L .

19. If the radius of the circle is r then C = 2z r and

= L. Thus, the rate of change of

A=nr-
AV
ThusC:Znr A =2 gvVvA
Rate of change 011[ C with respect to A is
dC ve 1
dA =VA= .
Let s be the side length and V be the volume of a cube. Then
ds -
V=s3=>s=V1/3andd Vo =Hv 213 Hence,

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

Volume in tank is V (t) = 350(20 - t)2 L at t min.

Att = 5, water volume is changing at rate

9V - 700020 -t) = -10, 500.
t=5

dt

t=5
Water is draining out at 10,500 L/min at that time.
Att = 15, water volume is changing at rate

dv

= -3, 500.
at ¢ 215= -700(20 - t)t 1
Water is draining out at 3,500 L/min at that time.

b) Average rate of change betweent =5and t = 15 is

V(15) ZV(5) 350 x (25 =225) — _7, oo,
15-5 10

The average rate of draining is 7,000 L/min over that
interval.

22. Flowrate F = kr %, s0 1F ~ 4kr S 1r. If 1F = F /10,

then

= _ré

Ir = = 0.025r.
aokr3 aokr 3

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. F=kr 2 implies that d F /dr = —2k/r 3 . Since
d F /dr =1 pound/mi when r =4, 000 mi, we have
2k = 4,000% . If r = 8,000, we have

3
d F /dr = -(4, 000/8, 000) = -1/8. Atr = 8,000

mi F decreases with respect to r at a rate of 1/8
pounds/mi.

24. If price =$ p, then revenue is$ R =4,000p - 10p 2.
a) Sensitivity of Rto pisdR/dp =4,000 - 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$,

0 $/$, and -2, 000 $/$ respectively.

The distributor should charge $200. This maximizes
the revenue.

Cost is $C (x) = 8, 000 + 400x — 0.5x 2 if x units are
manufactured.

Marginal cost if x = 100 is

C (100) = 400 - 100 = $300.
C(101) — C(100) = 43, 299.50 — 43, 000 = $299.50
(

which is approximately C I 100).
Daily profit if production is x sheets per day is $ P (x)

where

2

P (x) = 8x — 0.005x < — 1, 000.
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Marginal profit P ’ (x) =8 - 0.01x . This is positive if x
< 800 and negative if x > 800.

63

Copyright © 2014 Pearson Canada Inc.

ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

63



SECTIONINSTRUCTOR2.7'S(PAGESOLUTIONS136) MANUAL ADAMS SECTIONandESSEX:2.7CALCULUS(PAGE136)8

the rate of change of the side length of a cube with re- To maximize daily profit, production should be 800
spect to its volume V is v, sheets/day.
64 64
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2

_ 80,000 -
C= et an + 100
dC =- 80000 +4+n_.
dn n 50
c .
n =100, d n = -2. Thus, the marginal cost of
production is -$2.
d & 82
n=300, d n= 9 =9.11. Thus, the marginal
cost of production is approximately $9.11.
2
; T _ - _ _og - X
Daily profit P = 13x — Cx = 13x — 10x - 20 1000
=3x - 20 - 2=
1000

Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

0=dP =3 - _2X_ sox=1500
dx 1000

Should extract 1500 tonnes of ore per day to maximize
profit.

One of the components comprising C (x ) is usually a fixed
cost, $S , for setting up the manufacturing opera-tion. On a
per item basis, this fixed cost $S /x , decreases as the
number x of items produced increases, especially when x is
small. However, for large x other components of the total
cost may increase on a per unit basis, for instance labour
costs when overtime is required or main-tenance costs for
machinery when it is over used.

Ckx)

Let the average cost be A(x ) = . The minimal av-x

erage cost occurs at point where the graph of A(x ) has a
horizontal tangent:

O_dA xC (x)-C(x)
, dx ,X2
Hence,xC (x)-C(x) =0=C (x)=

_Cx(x) = A(X).

Thus the marginal cost C (x ) equals the average cost at
the minimizing value of x .

Ify=Cp ", then the elasticity of y is

_p_dd Yy p r-1

y pP=-Cp

Section 2.8 The Mean-Value Theorem
(page 143)

1A =x2, £ (x)=2x

, f(x)=x3—3x+1,f X) = 3X

-r(-r)Cp ' T=r.

ADAMS SECTIONandESSEX:2.8CALCULUS(PAGE143)8

Cff(x)=1,and f (x)=- 1 then

2
X X
F@-f() -%_1-— %-_ _1=f (0
2

2-1 2 2 c
v

wherec = 2 lies between 1 and 2.

(

2 _3a=-2b=2

e i@z ((2)
b-a 4
8-6+1-(-8 +6+1)
4

LIS

f ()=3c°-3
3%2-3=1=32=4=c=2+V _

(Both points will be in (- 2, 2).)

1

If f(x) =cosx + (x2/2), then  f (x)=x-sinx > 0

forx > 0. Bythe MVT,ifx > 0, then
f(x)-f(0) =f(c)x -0)forsomec >0, so0
f(x) > f(0) =1. Thuscosx +x2/)  >1and
cosx > 1-(x"/2)forx > 0. Since both sides of
the inequality are even functions, it must hold for x <0
as well.

. Let f(x) =tanx. If0<x<mn/2, then by the MVT

f(x)-f(@)=f (c)(x - 0) forsomecin (0, n/2).
2
Thustan x = xsec ¢ >x, since s ecc > 1.

. Let f(x’)=(1+x)r -1-rxwherer>1.

Then f (x)=r@+x) "L-r.

If -1 <x<Othen f (x)<0;ifx>0, then f (x)>0.

Thus f(x)> f(0)=0if-1<x<0orx>0.

Thus(1+x)r >1+rxif-1<x<0orx>0.

CLet f(x)=(1+x)" whereO<r<1.  Thus,

f x)=r@+x )Ir -1 By the Mean-Value Theorem, for
Xx>-1andx =0,

f(x)-f(0) _

x-0
1-x)-1
-1X

=r(l+c)r

for some c between 0 and x . Thus, (1 + x )r =1
+ rx(1+c)r71.
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b+a-b2._a2 _f(h) ~f(a) If -1 <x<0,thenc<0and0<1+c<1 Hence
b-a b-a (l+C)r_1>1 (sincer - 1<0),
=f()=2c =c= b+a
2 rx(L+C) -1 <rx (since x < 0).
65 65
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Hence, (1+x)r <l+rX.
If x>0, then

c>0
1+c>1

(1+c)r_1 <1

rx(1+c)'r_1 <rx.

Hence, (1 + x )r <1 + r x in this case also.
Hence, (1 +x)r <1+ rxforeither -1 <x<0orx>0.

3

8. If f(x) =x°—12x +1Lthen f(x) =232 -4).

The critical pointsof f arex = £2. f isincreasing on
(=0, =2) and (2, ©) where f (x)>0,and is decreas-

ing on (-2, 2) where  f (x) <O.
9. If f(x)= x% - 4,then  f (x)=2x. The critical point of

isx = 0. fis increasing on (0, o) and decreasing on
(—oo, O)

10. Ify=1—x—x5,theny’=—1—5x4<0f0rallx.Thusy

has no critical points and is decreasing on the whole real
line.

11, Ify=x2+6x2,theny =3x2 +12x = 3x (x + 4). The
critical points of y are x = 0 and x = —4. y is increasing on

(=0, -4)and (Q, o) wherey >0, and is decreasing on
(-4, 0) wherey <0. ,

12 Iff(x)=x2+2x+2then f (x)=2x+2=2(x+1).
Evidently, f (x)>0ifx>-1and ' (x)<0ifx<-1.
Therefore, f is increasing on (-1, o) and decreasing on

(_001_1)'

f o)=3x2-4

£ (x)>0if x| __>2¢3

) <0ifk| 2
=3

2 2
is increasing on (—co, — V) and ( vV _).
-3 -3

f Isdecreasingon (- v3 ,V3).

14. If f(x)=x3+4x + 1, then £ ) =32 + 4. Since
f ' (x)>0forall real x, hence  f(x ) is increasing on the
whole real line, i.e., on (- oo, ).

f) = x?-4)? |
fx)=2x2(x" -4)=4x(x-2)x+2)f (x)

>0ifx>20r-2<x<0f (x)<O0ifx<-2or
0<x<2
f isincreasing on (-2, 0) and (2, ).

is decreasing on (-0, —-2) and (0, 2).

ADAMS SECTIONandESSEX:2.8CALCULUS(PAGE143)8

fx) =x3 (5 - x)2

) =3x2(5 - x)2 + 23 (5 - x)(-1)
f
=x2(5 - x)(15 - 5x)

=5x2(5-x)@3 - x)

f (x)>0ifx<0,0<x<3 0rx>5f (x
)<0if3<x<5

is increasing on (- oo, 3) and (5, ). f
is decreasing on (3, 5).

18. Iff(x)=x-2sinx,thenf (x)=1-2cosx=0atx= =+

/3 +2nnforn=0, £1, £2,....

is de creasing on (-n/3 + 2nm, T + 2n7 ).

is increasing on (n/3 + 2nz, —n/3 + 2(n + 1)n ) for
integers n.

19. If f(x)=x+sinx,then f (x)=1+cosx20

f (x) = 0only at isolated points X = tm, +3m, ....
Hence f is increasing everywhere.
20. If f(x)= x+2sinx,then f (x)= 1+2cosx>0if

cosx > -=1/2. Thus f is increasing on the intervals
(=(4n/3) + 2nm, (4n/3) + 2nm ) where n is any integer.
3

21. ~ f(x)=x isincreasing on (-0, 0) and (0, ) because
f (X)=3><2 >0there. Bt  f(x1)< f(0)=0< f(x2)

whenever x1 <0< x2, 0
vals containing the origin.

f is also increasing on inter-

There is no guarantee that the MVT applications for f and
g yield the same c.

CPs x = 0.535898 and x = 7.464102
CPs x = —1.366025 and x = 0.366025

CP x = 0.521350

Ifx1 <x2<...<xn belongtol,and f(xj) =0,

i < n), then there exists yj H (i, Xi +1 ) such that
¥i)=0,(1<i<n-1)byMVT.\f

Forx =0,wehave f (x) =2xsin(1/x) - cos(1/x)
which has no limit as x — 0. However,

£ =lim n_o f(h)/h =lim h_o hsin(l/h) =0

does exist even though f ' cannot be continuous at 0.

If f existson[a, b]and f (a) =f (b), let usassume,
without  loss of generality, that f (a) >k > f (b). If
g(x) = f(x)-kxon[a, b], then g is continuous on
[a, b] because f, having a derivative, must be contin-
uous there. By the Max-Min Theorem, g must have a
maximum value (and a minimum value) on that interval.
Suppose the maximum value occurs at ¢. Since g (a) >0
we must have ¢

> a;since g (b) < 0we must have



¢ <b. By Theorem 14, we must have g’ (c) =0and so

fl (c) =k. Thus f‘ takes on the (arbitrary) intermediate
1 : -2X value k.
16. If f(x)= = =1 thenf (X) = GZ=—57. Evidently, 2
f (x)>0ifx<0andf (x)<0ifx>0. Therefore, f 30. f(x)= x+2x sin(l/ix) ifx=0

is increasing on (-0, 0) and decreasing on (0, ). 0 ifx=0.
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a) f (0) = limfQ+h)-(0)
h

h-0

= limh_+ 2h 2 sin(1/h
h-0 h
=lim(1 + 2hsin(l/h) =1,
h-0
because |2h sin(1/h)| < 2lh| - 0ash — 0.

b) Forx = 0, we have

l (x) =1+ 4xsin(1/x) — 2 cos(1/x).

There are numbers x arbitrarily close to 0 where
f (x) = -1; namely, the numbers x = £1/(2nxn ),

wheren =1,2,3,....Sincef (x) is continuous at
every x = 0, it is negative in a small interval about
every such number. Thus f cannot be increasing on any

interval containing x = 0.

Let a, b, and c be three points in | where f vanishes; that is, f (a)
= f(b) = f(c) = 0. Suppose a < b < c. By the Mean-Value
Theorem, there exist points r in (a, b) and s in (b, c) such that

(r)=f (s) = 0. By the Mean-Value Theorem applied to f
onr, ﬁ ], there is some point tin (r, s ) (and therefore in 1)
such that

') =o0.

If f Q) exists on interval | and f vanishes at n + 1 dis-tinct
points of | , then f (") vanishes at at least one point of I .

Proof: True for n = 2 by Exercise 8.
Assume true for n = k. (Induction hypothesis)

Supfose n=k+1,ie,fvanishesat k + 2 points of I and f
(k+1) exists.

By Exercise 7, f'vanishes atk + 1 pointsof I.
(k)
By the induction hypothesis, f (k+1) =(f ) vanishesat

a point of | so the statement is true for n = k + 1.
Therefore the statement is true foralln =2 by induction.

(casen = 1isjust MVT.)
33. Giventhat f(0)=f(1)=0and f(2) = 1:

a) By MVT,
' 1
f (a): f!2!—f‘0! :_1__ =
2-0 2-0 2

for some ain (0, 2).

b) By MVT, for some rin (0, 1),

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

Then, by MVT applied to f ’ on the interval [r, s 1],
forsome b in (r, s),

f(s)-f(r 1-
f~(b) = s—r Tsor

—1 1

s-r>2

sinces — r<2.
Since f (x ) exists op [0, 2], therefore f (x ) is con-

7
tinuous there. Since f r)=0andf (s) =1, and since 0

< 1 < 1, the Intermediate-Value Theorem

(c) = 71 for some ¢ between r andassuresusthatf

Section 2.9 Implicit Differentiation
(page 148)

Xy-x+2y=1
Differentiate with respect to x :
y+xy -1+2y =0
Thusy’:l:y%«k

X
x3 +y3=1

' X
3x2+3y2y =0,50y =—_y22.

x2+xy= 3

Differentiate with respect to x :

2x+y+xy’:3y2y’

g2 Yy
2
y —-X
x3y+xy5,:2

3x2y+x3y +y5+’= 05xy4y
y'= —3><2y—y5
V3.5 4
X" +5xy

x2y3:2x—y

2xy3+3x2y2¥':2—y'
' 2 -2xy

y =
3x2y2+1

x2+4(y—l)2 =4

2x+8(y—1)y1:0,50y’=4(1X—Y)
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' f(1)-f(Q 0-0
f = =0.
-0 1-0

)=

Also, for some s in (1, 2),

{@)zfa)—un 10
2-1 -1

67
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Y ) 3 2y 2 3,,2 2
Thus Xy -y =x"+X“y+xy+y“,orx+x“y+2y“=0
Differentiate with respect to X :

3x2+2xy+x2y +4yy =0

3’“2+2X)L

1 —

y =-

x2+4y

67
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v
X ¥+y =8-Xxy

V¥+y+x V1 (I+y )=-y-xy
% v !

2x+y)+x(L+y )=-2 — (y+xy)

X+y

! 3X+2 2yvV

y oo K2y 2yVoxy

X+2X X +Y

%2 4+3y2=5
4x+6yy =0

' ' 2
At(1,1): 4+6y =0,y = -3
Tangent line: y—1=—g (x-1or2x+3y=5

3

x2y3_x3,2-12

2xy3+3x2y2y' —3x2y 2 —2x3yy':0
At(-1,2). -16 + 12y '-12+4y =0, so the slope is

Thus, the equati on of t he tangent line is

y=2+%1 (x+1),0r7x-4y+15=0.
X Y3_»,

yr X

x4+y4:2x,3y )
4x3+4y3y :6x2y+2x3y

at(-1,-1): -4-4y =-6-2y

2y =2,y =1

Tangentline: y+1=1(x+1)ory=xX.

2
x+2y+1=

x 1
' 2
co(x= 1D2yy -y (1)
l+2y =77 -7~ ,
At(2,-1) wehavel+2y =-2y -1lsoy =- 4
Thus, the equation of the tangent is 2
y=-1- ! (x-2),0rx+2y=0.

?

Aty -y “Isin(xy) = /2
2+y'— va cos(xy)(y+xy'):0
At (n/4,1): 2 +y' -1 + (n/4)y’) = 0,0

y = -4/(4 - n). The tangent has equation
4

y=1-7 X 4 T

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

xsin(xy—y2)=x2—1

. 2 2 : '
sin(xy -y ) +x(cos(xy -y "Ny +xy -2yy )=2x.

At (1,1):0+ (1)()A -y I) =2,50Y - -1. The tangent has

equationy=1-(x - 1),ory=2 -x.

y =x% 17
cos o

y2
sin' T (xy “-x2y my)=2y-

Xy 2 y2

At@ 1 - 328y 1) g gy

2V._.9 v

SOy = (108 - 3n)/(162 - 3 3m). The tangent has

equation v

y=1+ 108- +°

™ x - 3).
162-3 3n

Xy=x+y
y-1

y+xy =1l+y =y = 1 _

' 1 1

y +y +Xy =Yy

Therefore, y = 2y- =2(y -1
1-x  (1-x)
2x+8yy =0,

1

18. x2+4y2=4,

1

2+8y )2+8yy =0.

=X

Thus,y 4y and

" )
y =28 ) 1 , 1

8y 4y 16y 16y 4
x3_y2.y3 oy

) P . _1-3x?
3xT-2yy +3yTy =1l=y =525,
l) 1" r) "
6x-20y “-2yy +6y(y Z+3y%y'=0
(1 3x2)2
2 _6x

2-6 2- 2 502 —6x
17_axuw 2y 68

3y -2y 3y -2y
2,2
@-6y)a -3 ex

- 2 3 a2
@y 3y" -2y
x3—3xy+y3;1

3x2—3y—3xy +3y2yl=0

-2y)

" "y 5
6x -3y -3y -3xy +6y(y) +3y vy
=0 Thus
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tan(xy2)=(2/n)xy , ,
(sec? (xy )y 2+ 2xyy )= @)y +xy).
At (-=m, 1/2): 2((1/4) -y )=/n) -2y ,s0

y - (m - 2)/(4n (= - 1)). The tangent has equation

1 m-2
y= 2 +4n(n-1) x =wn).

68
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' M—xz
y =y2_X
: =2
-2x+2y -2y(y)
2 )L—XZ
Syt-x —X+ -yz—x
2 -2Xy
=yT-x (y

Copyright © 2014 Pearson Canada Inc.

y-x?
-y y%-x

4xy

= (x-y9)

68



24.

25.

26.

217.
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2x+2yy =0sox+yy =0andy =-

"

X 1 1
yl+y y +yy =0s0

1+(y) ¥
+(y
" 2 1+y2
Yy = 7y =y
__ax?_ AP
3
y '
Ax2+By2=C

2Ax+ZByy’=0=>y’=—_

BAXy2A+ZB(y')2+ZByy

"

= 0. Thus,

Bzya Bzys
Maple gives 0 for the value.
Maple gives the slope as % .
Maple gives the value —26.
Maple gives the value — 855.000
371,293
EIIipse:x2 + 2y2 =2
2x+4yy =0
Slope of ellipse: y = - X
ope of ellipse: y . 7y
Hyperbola: 2x 2_ 2y 2_ 1
I4x-4yy = 0

LS

Slope of hyperbola: y ,H =y

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

K y 2
Similarly, the slope of the hyperbola  _ - =1at
(x,y) satisfies A B
‘o a )
2x -2yy =0 ory = B%x
A2 g2 W2y

If the point (x, y ) is an intersection of the two curves,
then

X2 +_V£= ﬁ_.‘!i
2 bv2 A2 p?
2 1 1 2 1 1
X - =y 5+ 5
2 a2 BZ b2
A
2 2 2 2 2
X b +B_ A a
Thus, y2 = g2z~ F-A2 T +b
Sinceaz—b2=A2+Bz,therefore B2 Z:aZ—AZ,
W2 22,2

and ,» = B2p? . Thus, the product of the slope of the

two curves at (x,y) is

hz-x B_z-x bz-_z ﬁz

a2y A2y azA2 szz

Therefore, the curves intersect at right angles.

29. If z = tan(x /2), then

1dx  lrwn’(2)dx 1 7 dx

2
Thusdx/dz=2/(1+z ). Also

2

COSX=2C052 (x/2)- 1= SECZ(X/Z) -1

2 tan(x /2) 2z

2
sinx = 2sin(x/2) cos(x /2) = 1+ tan? (x/2) = 1+z

X_y=X+1<:>xy—y2=x2+xy+xy+y2

2
2

n +

NN

X +Yyy

< X
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At intersection points 2x2—2y2=1
1
3x2=§sox2=1,y2= 2
Thusy y - = - XX =—_x2 =-1
E H 2yy y2

Therefore  the curves intersect at right angles.

ket

28. The slope of the ellipse + = 1is found from

az
i 1 2
2X 12¥y =0, je.y =- Lx

X
a2 b2 a2

<

69
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x2+2y2+xy:0

Differentiate with respect to x :

2X+4yy +y+xy =0 = y =-2x+V
4y +X

2

However, sincex = + 2y : +Xy =0 can be written

x+xy+14;/2+74y2=0, 0"(X+2y)2 +—74y2=0,

the only solution is x = 0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.

69

Copyright © 2014 Pearson Canada Inc.
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Section 2.10 Antiderivatives and Initial-Value

Problems (page 154)

VA
5dx=5x+C
Z
xzdx=l3x3+c
z _
v 2
312
3. xdx= 3x C
VA
xlzdx=131*13+c
VA
5 x3dx= 1x* C
4
z 2
6. (x+cosx)dx= L& +sinx+C
2
Z Z

tanx cosxd x =sinxdx = - cosx + C

Z 1+ cosz X VA )
3 dx = (sec2x+cosx)dx=tanx+smx+C

cos® X
Y4

9. @-x%)dx=2a’x- L’ ¢
3
z
10. (A+Bx+Cx?%dx=Ax +Bx? Lx3 g
2 3
z
11, M2 13 Mgy = Axar 9 xus C
3 4
66c1) oy =2 -413
12, 7 60O _dx=(6x-u3-6x " )dx

x 4/3

-1/3

1o

x2/3 + 18x

NN
><

x29 +C 1 1

13.

w
|

105 (1+t2+t4+t6)dt

105t +3Lt3 4512417t 7y 4 C

105t + 35t 3 + 21t° + 15t | + C
1

2+ X - 1 dx= g1 - gx°

ADAMS SECTIONandESSEX:2.9CALCULUS(PAGE148)8

20. Since 4v x+1l = ﬂ_lg,therefore
dx 2x+1

z v
v 4 dx=8 TT +cC.
x+1

z

2xsin(x2)dx=—cos(x2)+C

22. since 4P 241 = v , therefore

dx XT +1
Z j— p_

%dx:zszrl +C.
X2+l

Z 4
tan? x d x = (seczx—l)dx=tanx—x+C

. Z
24, Z sinxcosxdx =" 1 gin@x)dx=-1 cos(2x) +C

2 4
25. Z cos2xdx=Z Llxcos(2x) gy x sin(2x) +C

2 2 4

26. Z sin®xdx = Z 1-cos@x)dx= X - 8in2) 4 ¢

2 2 4
(G o
27. 'y =x-2=y= =x"-2x+C
2
y(0)=3 = 3 =0+ Ctherefore C =3

Thusy = 1x2 - 2x + 3forall x.

2
28. Given that ' _ _
y ox2_y3
y(-1) =0,
Z 2 -3 -1 -2
theny= (X “=-x “)dx=-x "+ 11X “+C
2
D, - D_ -
_ —(— 1 — - _3
and0=y(-1) = ( + z ( +CsoC = )
Hence,y (x)=- 1 + AZ - 3 which is valid on the

interval (—\70,0). X X 2

2 y=3 x = y:2x3/2+C
y@4)=1= 1=16+CsoC=-15
:2x3/2—15forx>0.
Thusy
30. Given that
y' =x13
y(0) =5,
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cos(2x)dx = 2sin(2x) + C theny = xllgdx= 3x4/3+Cand5=y(0) =C.
4
z Hence,y (x) = 3 x4/3 + 5 which is valid on the whole real
16. sin & dx=-2cos & +C line. 4
2 2 :
—ux 1 Since;A=Axﬁ+ B x + C we have
17. @+x? =-1+x +C _ X3+ X2+C .
= X + D. Sincey (1) = 1, therefore
z y=3 2% A y (D) herefo!

. 1-x)tan(1 -x)dx=-sec(l - C - -
18 sec(l - x)tan(l — x)dx sec(1 -x) + L y()=3+2 +C+D. ThusD=1- 3 — 2-C,

d
f— 1 A, B
3)
19. x+3dx= (x+ 2ic y= 3¢ -1+ 5(x -1)+C(x-1)+1forallx

2

70 70
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32. Given that
y'=X-97

y(@)=-4,

7
then y= X dx=—§x_2/7+C.

+ C,s0C = —d. Hence,
2

y=- ;x-27 - 1 ,whichisvalid in the interval (0, ).
7 2
y =CO0SX
33. For y (@) = o We have
z
y= cosxdx=sinx+C
2 =sin E+C=T+c H= c=3
6 2 2
y=sinx+ 3  (forall x).
2
y =sin(2x)

34. For y@?2)=1 ,wehave
VA

y= sin2x)dx=-1cos(2x) +C
2

l=-1lcosn+C=1+C H= <C=1

2 2 2
y= ?1 1 - cos(2x) (for all x).
35. For Y =SeC2X , we have
yO=1
Z
y= sec>xdx =tanx + C
l1=tan0+C=C H= Cc=1
y=tanx+1 (for —n/2 <x <m/2).
y = sec? x
36. For y@) =1 , we have
z
2
y= sec xdx=tanx+C

l=tann+C=C H= c=1

ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8

theny = X_4dX=_1X‘3+C.
3
, i 7
Since2=y (1) =-
3 + C, therefore C= 3,
andy =- g1x-3+ 7 . Thus
3 3
7 -
1 7 1 9 1
y = _TX-3 4 dx= X + x+ D,
3 3 6 3

andl=y(1) = T4 7 4 D, sothatD = — 3. Hence,

2

=
w

y(x)= 1x-2 + Ix - 3, which isvalid in the interval

(0, ).

39. Since Y =x3—1,therefore y':lx4—x+C1_
Sincey (0) = 0, therefore0 = 0-0+Cy,and
y =Tx%-x
4

2

Thusy = %XS—; X~ + C2.

Sincey (0) =8 wehave8=0-0+C2.

1 1
Hencey = — X5 =x2 +gforallx.

20 2
Given that
Ty =sx2-3x W
Ly (=2
Sw-o
4
we havey = 5x2 - 3x M2dx = §x3—6x1/2+c_

Also,2=y (1) =5 -6+CsothatC = 19 Thus,
! 3

y = ox3-ex 12 4 19 and

3 3

z 3
y= % -6x 1w+ dx-= §x4—4x3/2+ 19x + D.

3 3 12 3
Finally, 0 =y (1) = 5 -4+ 19 +DsothatD = - L4 .
Hence, y (x) = Sx*-ax32+ Ly - 5
12 3 4
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y=tanx+1 (for /2 < x < 3m/2).

41. For

"

Sincey =2, therefore y =2x+C1.

Sincey'(O)=5,'(herefore5:O+(Zl,andy':2><+5.Thusy:x2

+5x + C2.
Sincey (0) = -3, therefore -3 =0+ 0+ C2,and C2 =

Finally, y = x 2

+ 5x — 3, forall x.
Given that ]

=X -4y

71
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"

1y =cosX

y(0)=0 wehave
y 0)=1
VA
y'= cosxdx =sinx + C1
1=sin0+C1 H= Ci1=1
z
y= (sinx+1)dx=-cosx+Xx+ C2

0=-cos0+0+C2 H= C2=1

y=1+X-cCOSX.

71

Copyright © 2014 Pearson Canada Inc.



SECTIONINSTRUCTOR2.10’S SOLUTIONS(PAGE154) MANUAL

Ly @=2
y@) =1,

72

Copyright © 2014 Pearson Canada Inc.
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"

y =X+sinx

42. For y(0)=2 we have
'y (0)=0
VA
X2
y = (x+sinx)dx=2 -cosx + C1
0=0-cos0+CiH= C1=1
VA
2 3
y= L _cosx+1 dx= 4 -sinx+x+C2
2 6
2=0-sin0+0+C2 H= C2=2
X3 .
= - —SinNX+X+2.
y 6
B B 2 B

" —

Lety=Ax+ x.Theny =A-x 2,andy = x 3.

Thus, forall x = 0,

"

2 ' 2B B B
XTYy +Xy -y="x +AX-" x-Ax-"x=0.

We will also havey (1) = 2 and yl (1) = 4 provided
A+B=2 and A-B=4.

These equations have solution A = 3, B = -1, so the
initial value problem has solution y = 3x — (1/x).

Let r1 and r 2 be distinct rational roots of the equation ar
(r=1)+br+c=0
Lety=Ax"1 +Bx " (x>0)
Theny =Ar x"1 -1, Brox'
and%/ ' =Ari(rL - 1)x "
ax“y +bxy +cy

z_l,

2, Bra(r2 - 1)x , 2 Thus

2

ax 2 (Art(ri - Dx "t 72 4 Bro(r2 - 1)x 2 72

1Brax? g™ +Bx ™)

bx (Ary x 't
Aari(r1-1)+bri+c x 1
B(ar2 (2 - 1) +br2 +¢ x 2
=ox™ +0x? =0 (x>0)

ax?y +4xy -y=0 () =a=4b=4c=-1
45. y(d)=2

y (4)=-2
Auxilary Equation: 4r(r-1)+4r-1=0
ar?-1=0
=+ 1
r=t+ 3

By #31,y = Ax Y2 + B x ~1/2 solves () for x > 0.

Nowy = Ax-12- B x-a
2 2
Substitute the initial conditions:

Hence 9 = %,sole& A=——Z.
Thusy = - sz1/2 +18x-12  (forx>0).
46. Consider J ,
x%y -6y=0
y( 1
v (D)=1.

Lety=x",y =rx" 1,y =r@-1x" 2. Substituting
these expressions into the differential equation we obtain

r-

r-2 r

x2[r(r—1)x

]-6x =0
r
[r(r-1)-6]x =0.
Since this equation must hold forall x >0, we must
have
rr-1)-6=0
r 2_ r-6=0
(r-3)(r+2)=0.
There are two roots: r1 = -2,andr2 = 3. Thusthe

differential equation has solutions of the form
y:Ax_2+Bx3.Theny, =-2Ax 3 +3Bx2 Since

l=y(@)=A+Bandl=y (1) =-2A+ 3B, therefore
A= zandB= 3. Hence, y= 2x72+ 3x>
5 5 5 5

Section 2.11 Velocity and Acceleration
(page 160)

x=t2—4t+3,v=ddl’[ =2t—4,a=ddyt=2

particle is moving: to the right for t > 2
to the left fort <2

particle is always accelerating to the right
never accelerating to the left

particle is speeding up for t > 2

slowing down for t < 2

the acceleration is 2 at all times

ADAMSSECTIONandESSEX:2.10CALCULUS(PAGE154)8
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2 4

2=A-B =-g=A- B,
4

16 4 average velocity over 0 <t <4 is

X(4)=x(0) __16-16+3-3 -

4-0 4

70 70
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X=4+5t-t2 v=5-2t,a=-2.

The point is moving to the right if v> 0, i.e., when t <
5

_2 .

The point is moving to the left if v <0, i.e., when t >
5

_2 .

The point is accelerating to the right if a > 0, but
a = -2 atall t; hence, the point never accelerates to
the right.

The point is accelerating to the left if a< 0, i.e, for all t

The particle is speeding up if v and a have the same

sign, i.e., fort>5;g.

The particle is slowing down if v and a have oppo-site

sign, i.e,, fort< 25 .

Sincea=-2atallt,a= —2att=52 whenv = 0.
The average velocity over [0, 4] is
x (0)8 4x(4)

4 =4 =1
x=t3—4t+1,v=u =3t2—4,a=d—V = 6t
dt dt v
a) particle\/moling: totheright fort < -2/ -30r

t>2/ 3,

v - v
to the left for -2/ 3 <t<2/ 3

particle is accelerating: to the right fort >0
to the left fort <0

v _
particl~/e is speeding up fort>2/ 3 or for -2/ 3 <
t<0

v

f) particle is&lowing down fort < -2/ s or for

0<t<2/ 3 Vv

g) velocity is zero at t = +2/ 3. Acceleration at these

*
times is £12/ ;

h) average velocity on [0, 4] is
_4==4x4+1-1

. =12
4-0
L Crw- Oy 1o?
e T s 2+’
2+ 1% (-2t) - 1 - tH@E? + De2t) 2 -9
(t
. R 2,18

The point is moving to the right if v>0, i.e., when 1 -
t2>0,0r-1<t<1.
The point is moving to the left if v <0, i.e.,, when t <

ADAMSSECTIONandESSEX:2.11CALCULUS(PAGE160)8

d) The poi+/nt is acceleratin+/ g to the left ifa <0, i.e.,
fort<-3o0r0<t<3.

e) The particle is speedi+/ng up if v and a have the same sign,
i.e,Vfort<-3or-1<t<Oor
1<t< 3.
The particle is slowing/ down if v and a have oppo-

site v/sign, i.e.,, for—3<t<-l,or0<t<lort>3.

g v=0att=t1. Att=-1,a= i(;—zl =i_
) 2
Att=1a= 2(=2)=-1.
@° 2

h) The average velocity over [0, 4] is
4-0 _1
X@)-x0) = 17

4 4 17

y = 9.8t - 4.9t 2
d

velocityv= ¢ t=9.8-9.8t

metres (t in seconds)

. d v
accelerationa= g t=-9.8

The acceleration is 9.8 m/s2 downward at all times. Ball is
at maximum height whenv = 0, i.e., att = 1. Thus

maximum heightisy t =1 = 9.8 - 4.9 = 4.9 metres. Ball
strikes the ground wheny = 0, (t>0), i.e.,
0=t(9.8-49t)sot=2.

Velocity att = 2is 9.8 — 9.8(2) = -9.8 m/s.

Ball strikes the ground travelling at 9.8 m/s (downward).

Given thaty = 100 - 2t - 4.9t 2 , the time t at which the

ball reaches the ground is the positive root of the
equationy =0, i.e.,, 100 - 2t - 4.9t 2_ 0, namely,

v
-2 +

t= 4 489190 & 43185,
9.8

-100
The average velocity of the ball is 4,318= =23.16 m/s.

Since -23.159 =v = -2 - 9.8t ,thent ~ 2.159 s.
D= t2 , D in metres, t in seconds
velocityv = dD =2t

dt
Aircraft becomes airborne if

v =200 km/h = 200,000 =500 pyys.

3600 9
Time for aircraft to become airborne is t = 250 s, that
9
-lort>1.

The point is accelerating to the right if a > 0, i.e.,
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is, about 27.8 s.

Distance travelled during takeoff run is t 2 5 771.6 me-
tres.

Lety (t) be the height of the projectile t seconds after it is

]‘H]ed upward from ground level with initial speed v(Q .
en

wheny/ 2t (t 2 —/3) > 0, that is, when
t> 3or- 3<t<0.

y (t)=-98y (0)=v0,y(0)=0.

71 71
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Two antidifferentiations give

2

=-49t° +vot=1t(v0 - 4.9t).

Since the projectile returns to the ground at t = 10 s, we

have y (10) = 0, so v0 = 49 m/s. On Mars, the acceleration

of gravity is 3.72 m/s2 rather than 9.8 m/s2 , S0 the height
of the projectile would be

2

= -186t°+vot=t(49 - 1.86t).

The time taken to fall back to ground level on Mars
would be t = 49/1.86 = 26.3 s.

The height of the ball after t seconds is

y (t) = -(g/2)t 2 +vQ t m if its initial speed was v m/s.

Maximum height h occurs whendy /dt = 0, thatis, att = vQ
/9. Hence

2
hz_g.ﬂﬁ+v0.vl =0 =
2
29 g 29
An initial speed of 2vg means the maximum height will be 4v
/2g = 4h . To get a maximum height of 2h an initial “speed

of  2vq is required.

To get to 3h metres above Mars, the ball would have to be
thrown upward with speed

p___ 4@ P
v = 6g h= 6g vi/2g)=v 39 /g.

M M M 0 0 M

Since gM = 3.72 and g = 9.80, we have v M = 1.067v(Q
m/s.

If the cliff is h ft high, then the height of the rock t sec-onds after it falls

isy=h-+/16t 2§ The rock hits the ground (y = 0) at time v/t = h /16

s. Its speed v/ at that time isv = -32t = -8 h = -160 ft/s. Thus h = 20,

and the cliff is h = 400 ft high.

If the cliff is h ft high, then the height of the rock t sec-onds

after it is thrown down isy = h — 32t — 16t “ ft. The rock
hits the ground (y = 0) at time

\/—
-32 + 322 + 64h 1v

t= 7 =-1+ 16 . hs.

I~

Its speed at that time is

ADAMSSECTIONandESSEX:2.11CALCULUS(PAGE160)8

Let x (t) be the distance travelled by the train in the
t seconds after the brakes are applied. Since
d 2 x/dt“ = -1/6 m/s” and since the initial speed is vo
= 60 km/h = 100/6 m/s, we have

1.2 100
x(t) 12 6L
The speed of
the train attime tisv (t) = —(t/6) + (100/6) m/s, so

0
it takes the train 100 s to come to_a stop. In that time it

travels x (100) = 10 2 /12 + 1002 /6 = 100° /12 ~ 833
metres.

Xx=At +Bt+C,v=2At+B.The

average velocity over [t1,t2]is

_(2)-x(t1)
2-1t1

At2? +Bti+ C-At1%2 Bt -C
-1

At?-t?) +B(t -t)
= 2 1 2 1

=AM2+t1)(2 ~t1) +B(2-t1)

(t2-t1)

At2 +t1)+B.

The instantaneous velocity at the midpoint of [t1, t2 ] is
2+t 0+t
Loogpn ==1
Vo2 2
Hence, the average velocity over the interval is equal to

+B=At +t )+B.
2 1

the instantaneous velocity at the midpoint.

2

1t 0<t<?2
s= _4t-4 , 2<t<8
-68 + 20t - t 8<t<10

Note: s is continuous at 2 and 8 since 22 =4(2) - 4and
4(8)-4= -68+160-64

2t if0<t<2
E (
velocity v = = 4 if2<t<8
dt
-2t
20 if8<t<10
Since 2t - 4ast — 2—, th erefore, v is continuous at 2

((v(2) = 4).
Since20 - 2t - 4ast — 8+, therefore v is continuous
at 8 (v (8) =4). Hence the velocity is continuous for

0<t<10

(2 ifo<t<?2

dv
acceleration a = = 0 if2<t<8
dt -2 if8 <t<10

is discontinuousatt=2and t = 8
Maximum velocity is 4 and is attained on the interval 2
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v=-32-32t=-8 16+ h = =160 ft/s. <t<8.

Solving this equation for h gives the height of the cliff as

384 ft. This exercise and the next three refer to the following
figure depicting the velocity of a rocket fired from a
tower as a function of time since firing.

72
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V1 (4, 96) Review Exercises 2 (page 161)
t 1. y=(3x+ 1)2
dy  lim _(3x+3h + 1)2 -(3x +1) 2
dx  h-0 h
= lim ox 2+ 18Xh+9h2+6x+6h+1—(9X2+6x+1)
h-0 h
=lim(18x +9h + 6) = 18x + 6
> h-0
(14, -224)
. p 2 vV 2
Fig. 2.11.16 dp—2 1I-(X+Fh)" - T-X
2. _ 1-x =lim
> i i i ; dx h-0 h
The rocket’s acceleration while its fuel lasted is the slope Lo (erhy2-(-x2)
of the first part of the graph, namely 96/4 = 24 ft/s. = lim _g4 ]
P=0h(T-(x+h) + 1T-x9)
17. The rocket was rising until the velocity became zero, that = limp o —hv - Vx
. . 2 2 2
is, for the first 7 seconds. h-0 1-(X+h)"+ 1 -x 1-X
As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from p
its maximum height to the ground is the area between the 3. f(x) =4/
velocity graph and the part of the t -axis where v < 0. 4
The area of this triangle is (1/2)(14 - 7)(224) = 784 ft. 5
This is the maximum height the rocket achieved. f@=lim 2+h) =1
h-0~ " hT
19. The distance travelled upward by the rocket while it was ~ 4-(@4+4h+h 2) . _4 _h
rising is the area between the velocity graph and the part = lim ——————— =1lim . . =-1
of the t -axis where v > 0, namely (1/2)(7)(96) = 336 ft. h-0  h(2+h) h-0 (2 +h)
Thus the height of the tower from which the rocket was
fired is 784 — 336 = 448 ft. .
t —_
20. Lets (t) be the distance the car travels in thet ~ seconds 4, ) ===5
after the brakes are applied. Thens (t) = -t andthe 4 +h
velocity at timet is given by ’ -1
g@=tim 1+ _9xn
Z 2 h-0 hv_ v
(1) = (-t)ydt=- L +Cy, —lim @+h= 9+h)B+h+ 9+h )

2 v v
h-0 h(+ 9+hz)(3+h+ 9+ h)

where C = 20 m/s (that is, 72km/h) as determined in 9+6h+h -9+ h¢)

= lim
Exampleé. Thus h-oh(l+ 9+h)(3 +h+ 9 +h)
z : 3 Shm .y S*th
_t t h-0(L+ 9 +h)B3+h+ g+h)
s(t) = 20- 2 dt=20t- 6 +C =5
24

where C2 = 0 because s (0) = 0. The time taken to come

distance —

toastopisgivenbys __ travelled is N (t)=0,s0itist = v
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s=20

40 s. The

40 - 40

32

5.

The
tangent
toy=
cos(m X )
atx =
1/6 has
slope

~84.3m. dy

dx x=1/6

Copyright © 2014 Pearson Canada Inc.
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Its equation is

v
y= 3-1 x-1
2 2 6
6. Atx = nthecurve y = tan(x /4) has slope
2

(sec (n/4))/4 = 1/2. The normal to the curve there

has equation y=1-2(x-m).
7. d . 1

1 —cos X
dxx -sinx

(x- sinx)2

dl+x+x2+x3 d

8 dx ° X4" = dX(X‘4+X_3+X_2+X_1)
N R T B
_4+3x+2x2+x3
5
d 2/5 -5/2 5 205 =72 2 -3I5
9. dx (4-x ) =-2@4-x) - 5x
X -3/5 (4 - X 2/5)—7/2
dp -2C0SXSsinX  —sinXxcosX
10. __ 2+cos?x= v =V
dx 2 2+c052x 2+c052x
d 2 2 2 2
d O(tan® —0sec 0)=sec 6—-sec 6 -20sec Otan0
2
v =-20sec 0Otan9
+ 2 —_
12, d 1+t 1
dt 1+?2+1
p—
\/ 2
(1377 +1)v t -( 1+t -1V t
l+t2 l+t2
= (‘/1+tt+1)4
2t
-V v

2
1+t2( 1+t2+1)-

v+_h)fa—z fo -

13. lim =
h-0 V h

x 2 = 20x 19

dx v

14. lim __&+1 =3 = |im4 _9_+4h=3

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

d )
17. 'd_xf(3—x2)=—2xf (3—x2)

T Vv v V. 1

18. gyx[f( N2=2f( x)f ( xF2x X

d

f(2x
ﬁf(ZX) ggr_ _(M

2fv(2><) P

-
©

E3he

4 g(x/2)

4 fix)=.9kx)
20. dx f(x)+g(x)

)

= (f) + g 2 TE)HaeT () =g 6))

N

S (F(x) - g0 ))(F x)+g (x)
2(f(x)a(x) =f (x)a(x))
(f(x) +9(x)) 2

a4 2 , , 2
21, gy fx+(g(x)) ) =@ +29(x)g (x)f (x+(g(x)) )

d w?) 2% 06AH-9d . g
22. T f == f
dx X X2 X

23. d f(sinx)g(cosx)

ax
= (cosx)f‘ (sinx)g(cos x ) — (sinx) f (sinx)g’ (cosx)
_° e —
dxsing(x)s
=1 sing(x)

2 cosf(x)

x =f (x)sinf(x)sin g(x) g (x) cos f (x ) cos g(x )
. 2
(sing(x))

Ifx3y+2xy3=12,then3x2y+x3y +2y3+6xy2y =0.

At(2,1):12+8y +2+12y =0, sotheslope thereisy =
—7/10. The tangent line has equation

y=1- L(x-2)or7x+10y=24._
y 10
26. 3 7xsin(my)+8ycos(mx) =2
V-
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X =2

2h) cos(n/3)

15, lim cos(2x) =(1/2) =1im2 cos((n/3) _

X—/6 X — /6 h—0 2h
2~ cosx
dx
x=n/3 v/
-2sin(n/3) = - 3
1 1

16.lim Ax?) -(Wa? = lim fza+h) = (a
X+a 2 2

X—-a

h—0 h

d 1 2

74

27.

28.

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

3 2sin(my) +3nV 2 xcos(ny)y'+8y'cos(nx)

-8nysin(tx)=0 v

At (1/3,1/4): 3+my +4y —-m 3 =0, so theslope

thereis y' = f_‘g—_S.

n+4
Z 1+x4 Z 1 1 X3
_Z—dX= —+)(2 dx =-=-+ — +C
X X2 y 3
_ 2
Z 1+x Z -
—‘/—_d = k-12ax12)dx 2 X + X312 C
Z ~273sinx )
2 7 (2se “x+3secxtanx)dx
dx = c

Cos X

74
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dxx2 X=-a :a3

75
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=2tanx + 3secx + C

75



REVIEWINSTRUCTOREXERCISES’SSOLUTIONS2(PAGEMANUAL161) REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

z z
(2x + 1)4 dx = (16x4 +32x 3, 24 2 +8x+1)dx This line passes through (0, 1) provided
4 3 2 o .2 a’
=1ﬁ5'x5+8x +8X"+4x"+x+C 1=p2+a -
or, equivalently 2+ a2
, ) —7_ 2 .2 _
2x + 1)s 2+gf=2+a“"-a"=2
(2x+ )pd x = EHLS o ety
10 2+a =4
' —_— v
If f (x)=12x 2 4 12x3 ,then f(x) = 4x 3ix%+c. The possibilities are a = + 2, and the equations of the
Iff(1) =0,then4 +3+C=0,50C=-7and f(x) = corrresponding tangent linesarey =1 + (x/ Vv 2).
ax3 e, d .
' 37. dx sIn xsin(nx)
If g x) = sin(x/3) + cos(x /6), then
( = nsinn_lxcosxsin(nx) +nsin” x cos(n x )
g(x) = -3 cos(x/3) + 6sin(x /6) + C. =nsin"1x [cos x sin(n x ) + sin x cos(n x )] =
) nsin" xsin((n + 1)x)
If (m, 2) liesony = g(x ), then —(3/2) + 3 + C =2, 50 y = sin " x sin(n x ) has a horizontal tangent at
= 1/2and g(x ) = -3 cos(x /3) + 6 sin(x /6) + (1/2). = mn/(n + 1), for any integer m .
d— d
(xdsinx+cosx)=sinx+xcosx—sinx=xcosxdx 38. dx sinnxcos(nx)
%_x(xcosx—sin X) =C€0SX — XSin X — COS X = —X Sin X - nsinn_lxcosxcos(nx) _ nsinnxsin(nx)
XCcosxdx=Xxsinx+cosx +C = nsinn_lx[cosxcos(nx) - sin x sin(n
z x)] =n sin" "L x cos((n + 1)x)

xsinxdx = —xcos x + sin x + C 34. d n_ .
dx cos xsin(nx)

n-1 n
Iff (x)=f(x)andg(x) = xf(x), then =-ncos  xsinxsin(nx) +ncos xcos(nx)
n-1
' ' =n CoS X [cos x cos(n x ) = sin x sin(n
g(x)= f(x)+xf x)=(@Q +x)f(x) n-1

G0)= FE)+@L+x)f (X)=2+x)fK) x)]=ncos  xcos((n +1)x)

. d
g (x)= fx)+@+x)f (x)=@+x)f(x) dx cos™xcos(nx)
n n
conjecture: g™M(x) = (n+x)f(x)forn=1,2.3, ... ~ncos xcos(nx) - ncos xsin(nx)
Proof: The formula is true for n = 1, 2, and 3 as shown -ncos  Xx[sin xcos(nx) + cos x sin(n x )]
above. Suppose it is true for n = k; that is, suppose g(k) —ncosn1 x sin((n + 1)x)
(x)=(k+x)f(x). Then Q=(0,1). IfP =(a a2) OQIhe (:urvey=><2,then_1xSin

the slope ofy =x “at P is 2%, and the slope of P Q is (a2 -
1)/a.P Qisnormaltoy =x“~ifa=0or

d
dK Doy = x  k+x)Fe) [(a% - 1)/a](2a) = 1, that is, if\/a = 0 or a° = 1/2. The points P
_ ' _ are (0, 0) and (+1/ v/ 2, 1/2). The distances from these points to Q
=P+ (k+x)f (x)=(k+1)+x)fx). are 1 and 3/2, respectively.
Thus the formula is also true for n = k + 1. It is therefore true The distance from Q to the+/curvey = x 2 is the shortest of these
for all positive integers n by induction. distances, namely 3/2 units.

The tangent to y = x 3 + 2 at x = a has equation The average profit per tonne if x tonnes are exported is P (x



36.
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2 2 3
y=ad+2+3" (x-a)ory=3g"x-2a" 1 2 This line

passes through the origin if 0 = —2a3 + 2, that is, ifa = 1. The
line then has equation y = 3x..

v

Thev/tangenttoy = 2 + xzatx =ahasslopea/2 + a2

and equation

v—  242a% 4/ 2+ A2

76
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)/x , that is the slope of the line joining (x, P (x)) to the
origin. This slope is maximum if the line is tangent to the

graph of P (x). In this case the slope of the line is P l (x),
the marginal profit.

mgR2 .

o oFry- o freR
m if0 r<R
kr <

(x - a).

76
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For continuity of F (r)atr =R
we require
mg=mkR,sok =g/R.

77
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b) As r increases from R, F changes at rate

dng2 2ng2 2mg
dr r? r=R rR®  =-R

As r decreases from R, F changes at rate

d (mkr) =-mk=- Mg,
dr r=R R

Observe that this rate is half the rate at which F
decreases when r increases from R.

PV =k T. Differentiate with respect to P holding T

constant to get

V+Pd—d'VP =0

Thus the isothermal compressibility of the gas is

d_V:

oI

1.
P

<
o
o
<k

Let the building be h m high. The height of the first ball at
time t during its motion is

y1=h+10t-49t2.
It reaches maximum height when d y1/d t = 10 - 9.8t = 0,

that is, at t = 10/9.8 s. The maximum height of the first ball
is

yl=h+100 - 49 x100 = h + _ 100,
98  (9.8)2 19.6

The height of the second ball at time t during its motion is
_ 2
y2 =20t -49t°.

It reaches maximum height
whendy2/dt =20 - 9.8t =0, thatis,att =20/9.8s.

The maximum height of the second ball is

y =400 — 4.9 x 400 =.400.
2

98  (98% 196
These two maximum heights are equal, so

100 _ 400

h+ 100 _ 400

0
19. 19.6 °

(2]

which gives h = 300/19.6 = 15.3 m as the height of the
building.

The first ball has initial height 60 m and initial velocity 0,

REVIEWADAMSEXERCISESandESSEX:2 CALCULUS(PAGE161)8

The second ball has initial height 0 and initial velocity v0
, SO its height at time t is

y2=vot-49t% m.

The two balls collide at a height of 30 m (at time T,
say). Thus

= 60~ 4.9T2

V0T -49T2,
ThusvoT=60and T 2 _ 30/4.9. The initial upward
speed of the second ball is

r

V. 60

49
0 =T =60 39 =~24.25ms.

At time T, the velocity of the first ball is

dy: = _9.8T ~ -24.25ms.
dt t=1

At time T, the velocity of the second ball is

dy2
=vQ - 9.8T =0m/s.

t=T

Let the car’s initial speed be vQ . The car decelerates at
20 ft/s2 starting at t = 0, and travels distance s intime t ,
where d 2 s/dt 2. -20. Thus

gdstzvo—ZOt

—vot-10t2.

The car stops at time t = vQ /20. The stopping distance is s =
160 ft, so

160 =20 = 40 =40

The car’s initial speed cannot exceed

vo=" “Teoxao = 80 ftls.

vV —
46. P =2n L/g = 2n L v2Q-112

a) If L remains constant, then

dpP -
1P ~dglo=-nL2g732 14
1P —nL12g-372 119

P ~2nlL12Q-12 1g=- 2 g .
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so its height at time t is If g increases by 1%, then 1g/g = 1/100, and 1 P/

y1=60-49t2 m.

78
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b) If g remains constant, then

1P=~dPp 1L =mL-w2g-12 1]
T

1P . ml-wegwe 4 - 11L

P 2nlLi2g-12 2 L
If L increases by 2%, then 1L /L = 2/100, and 1 P/

P = 1/100. Thus P increases by 1%.

Challenging Problems 2 (page 162)

The line through (a, a2 ) with slope m has equation y =

a” +m(x - a). Itintersects y = x © at points x that
satisfy

2 2
x“=a“+mx-ma, or

x2—mx+ma—a2=0

In order that this quadratzic have only one solution x = a, the

left side must be (x — a) , so that m = 2a. The tangent has
slope 2a.

This won’t work for more general curves whose tangents
can intersect them at more than one point.

f(x)=1x, f(2) = 0.
AlimEixZ+5)-1() lim 1Q+41+402) -1(9)

X =2 X-2 h—0 h
—lim £(9+4h+h2)-£(9) x 4h+h?
Loxah+h”) 19 ~ 4hx

h-0 4h +h

=lim £Q+k) —f(Q) xlim(+h)

k=0 k h-0

=t (@xa= 4
vV 9 =
b) lim_fx) =3 =1lim ¥Xf@+h) -3

x-2 X- 2 h—-0 h

=lim 12xh) =9 v 1
h-0 h f2+h)+3

=f@x 1= 1.

6 12
f’(4):3,g'(4):7,g(4):4,g(x):4ifx:4.
a) lim f(x)-f@) =Ilim f&x)-f() (x-4)
X -4 X -4 X -4
—f @)4-4)=0
by lim LA =@ —jjim ) -f@) «x __1

x-4 x°-16 X =4 X-—4 X+4

CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

d lim f(x)-f@) =lim f(x)-f@) x _x-4
X —4 X -4 X-4 (4 - x)l4x

1
]

X |

=f (4) x (-16) = -48
fx) @

e) lim f(x)-f(4) =Ilim __x-4
x-4 gx)-4 x—4 g(x)-94)
X-4
(@ - 3

(
9@ 7

f) lim .f—fQ.IX—DZ—f(“)_
X p—

X -4

= lim _f_‘(Q(X ) —-f (4)_ x_q(x) -q(4)
x -4 g(x) -4 x-4
. . . (4
f @) xg @=f @xg )=3x7=21

4, f(x)= nx ifx=1 122,13, ...,

x“  otherwise
a) f is continuous except at 1/2, 1/3, 1/4, . . . . ltis
continuous at x = 1 and x = 0 (and everywhere else).

Note that
limx2=1= f(),
X =1
limx2=limx=0= f(0)
x =0 x =0

b) Ifa=1/2and b = 1/3, then

f@+f) _1 1,1 _5
2 2 2 3 12
2

If 1/3 < x < 1/2, then f(x)=x <1/4<5/12.
Thus the statement is FALSE.

c) By (a)f cannot be differentiable atx = 1/2, 1/2,
.... Itis not differentiable at x = 0 either, since

limh-0h=1=0= Iimﬁ_o.
h-0 h-0 h

f is differentiable elsewhere, including at x = 1
where its derivative is 2.

If h =0, then

F()-f@ _|fM) ]

= — o0

h = = >Ihl
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“f@x 1 =
3
8 8
fx)-f@) . f(x) f(@)
9 lim —v— " =lim ———x( X+2)
X =4 X=2 X =4 X -4
—f (@) x4=12
79
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ash —0. Therefore (0) goes not exist.

6. Given that f'(O) =k, f(0) =0, and
f(x+y)=Ff(x)f(y), we have

£(0) = £ (0+0) = f (0) f (0)H=

Copyright © 2014 Pearson Canada Inc.

£(0)=0 or f(0)=1.
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Thus f(0) = 1.

i

f (x)=limf(x+h)-f(x)
n =0

= MO —E60) = f(x)f (0) = Kf (x).

h -0 h

7. Given that g’(O) =kandg(x +y) =g(x) +g(y), then

a) 9(0) =9(0 +0) =9(0) + 9(0)- Thus g(0) = 0.

b) g (x) lim ¥+h)-0kx)

h-0 h

=lim g(x)+g(h)-ax) =Ilimgh)-g(0)
h—0 R h—0 h

=g(0) =k , ,
¢) Ifh(x) =9(x)-kx,thenh (x)=g (x)-k=0

forall x. Thus h (x) is constant for all x . Since
h (0) =g(0) - 0=0,wehave h (x) =0forall x,
andg(x) =kx.

8. a) f(x)=|imf(x+k);f(x) (let k=-h)
k-0
= lim f(x=h) -f(x) = lim f(x) f%x h).
) h-o0 , -h h—0
f(x)=1 f x)+f (x)
279
= lim f(x+h)-"f(x)
2 h-0 —h
+ lim f(x)-f(x-h)
h-0 h
=limf(x+h)-f(x-h),
h—0 2h
b) The change of variables used in the first part of (a)

show:
limf(x+h)-f(x) gnq
h-0 h h—0 h

are always equal if either exists.

c) If f(x)=|x],then f (0)doesnot exist, but

limf(O+h)-fO-h)=lim |h[=|h[=1limo =o.

h-0 2h h-0 h h-oh

9. Thetangenttoy = x 3 at x = 3a/2 has equation

This line passes th?ough (a, 0) because

lim f(x)-f(x-h)

10.

11.

12.

CHALLENGINGADAMSPROBLESSEX:MSand 2

Ifa =0, the x -axis is another tangentto  y =X 3 that
passes through (a, 0).

The number of tangentstoy =X 3 that pass through
(x0, y0) is
three,ifx =0and vy is between 0 and x 3;
two, if x 0=0andei'?her y=00ry:xg;
0 0 0 0

one, otherwise.

This is the n%mberzof distinct real solutions b of the cu-
bic equation 2b ° - 3b~ x +y = 0, which states that the
0

tangenttoy = x S at (b, b ) passes through (xo , yo )

By symmetry, any line tangent to both curves must pass
through the origin.
¥
y =X 2, 4x + 1

y = —X 2 ax-1
Fig. C-2.10
The tangenttoy = x 2, 4x + 1 at x = a has equation

y=a2+4a+1+(2a+4)(x—a)
= (a+4x - @ -1),

which passes through the origin if a = +1. Thetwo
common tangents grey = 6x andy = 2x .

Theslopeof y =x~ atx =ais 2a.
The slope of the line from (0, b)zto (a, az) is (a2 - b)/a.

This lineisnormalto  y =x if eithera =0or

2a(@ - b)la)= -1,  thatis,ifa=0o0r2a% =2b - 1.
There are three real solutions for a if b > 1/2 and only
one (a=0)ifb < 1/2.

ThepointQ = (a, az_}gn_ y — that is closest to

P =(3,0)issuchthg_ P Q isnormal to y:x2 atQ.

Since PQhasslope “/(a-3)andy = x 2 has slope 2a
at Q, we require 2
a 1
a-3 =-2a,
which simplifies to 2a3 +a-3=0. Observethata =1
27 3 27 3a



iﬁg;%l“éig? of this cubic equation. Since y=2x3+x-3is6x2 + 1, which is always positive,
P the cubic equation can have only one{eal solution. Thus
) Q = (1, 1) is the point on y =x“ thatisclosestto P.
8 +4a a 2 =0 Th istance fromPtothec eis PQ 5 units.
ed urv
| 1=V
80

80
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The curvey = x é has slope m = 2a at (a, a2 ). The
tangent there has equation

m
y=a2+m(x—a)=mx— 212

Thecurvey=Ax2+ Bx + Chasslope m=2Aa+Bat(a,
Aa2 +Ba+C).Thusa=(m-B)/(2 A), and the

tangent has equation

y=Aa2+Ba+C+m(x—a)
2

—mx+ @M=B) _BmB) ,-_ m(m-B)
4A 2A 2A
mx+C+m=B) — (m-B)
4A2A
mx +f(m),
2

where f(m)=C-(m-B) /(4A).
2

Parabolay = x 2 has tangenty =2ax - a at(a,a ).
Parabolay = Ax 2, B x + C has tangent
y=(2Ab+B)x-AbZ+C
at (b, Ab2 + Bb + C). These two tanjents coincide if
2Ab +B=2a

Ab? - C=a?,

The two curves have one (or more) common tangents if
(*) has real solutions for a and b. Eliminating a between the

two equations leads to
2Ab+B)2 = 4Ab% - 4C,

or, on simplification,

AA(A-1)b%+4ABD+(B2+4C)=0.

This quadratic equation in b has discriminant

2 2 2 2
=16A B -16 A(A-1)(B +4C) =16 A(B —4( A-1)C).

There are five cases to consider:
CASE I. If A =1, B =0, then () gives
-B—Z- ac -82—4(:

b=- . a
4B 4
There is a single common tangent in this case.

CASE II. If A =1, B = 0, then (*) forces C = 0, which is
not allowed. There is no common tangent in this case.
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There is a single common tangent, and since the points of
tangency on the two curves coincide, the two curves are
tangent to each other.

CASE IV.IfA=1and B 2_ 4( A - 1)C <0, there are no

real solutions for b, so there can be no common tangents.
2

CASEV.IfA=1andB -4(A-1)C>0, there are two

distinct real solutions for b, and hence two common

tangent lines.
y y*
5 N ”
X X
/ one common
two common tangent
tangents

tangent curves

y y
X X
no common
tangent
FigtC-2.14
3
a) Thetangenttoy = x 8 at (a, a ) has equation
2 3
=3a x-2a .

3

For intersections of this line withy = x © we solve
x3—3a2x+2a3=0
(x - a)2 (x + 2a) = 0.
3

The tangent also intersects y = x 3 at (b,b ), whereb

= -2a.

CASE Il If A = 1 but B2 = 4( A - 1)C , then
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b) The slope of y = x 3 atx = -2ais 3(—2&1)2 = 12a2 ,

which is four times the slope at x = a.
c) If the tangenttoy = x 3 at x = a were also tangent
at x = b, then the slope at b would be four times that at a
and the slope at a would be four times that at b. This is
clearly impossible. -B
b= 2A-1) =a.

81

CHALLENGINGADAMSPROBLESSEX:MSand 2 CALCULUS(PAGE162)8

d) No line can be tangent to the graph of a cubic poly-
nomial P (x) at two distinct points a and b, because
if there was such a double tangenty = L (x ), then
(x - a)2 (x - b)2 would be a factor of the cubic poly-
nomial P (x) — L (x), and cubic polynomials do not
have factors that are 4th degree polynomials.

81
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a)y =x 4. 2X 2 has horizontal tangents at points x

satisfying 4x S = 0, thatis,at x = 0and
x = x1. The horizontal tangentsarey = 0 and
y = —1. Note that y = —1 is a double tangent; it is

tangent at the two points (+1, -1).

b) The tangenttoy = x 4_ 2X 2 at x = a has equation

= a4 - 2a2 + (4a3 -4a)(x - a)

= 4a(a2 - 1)x - 3a4 + 2a2 .

Similarly, the tangent at x = b has equation
= 4b(b? - 1)x - 3p* + 202
These tangents are the same line (and hence a dou-ble

tangent) if

2
4a@2-1)=4bp - 1)
4 2

2__3p +2b .

3a4 + 2a

Téwe second equation says that either a - b2 or 3(a2 +
b™) = 2; the first equation says that
2

a3 - b3 =a - b, or, equivalently, a2 +ab+b =1.

If a2 = b2 ,thena = -b (a = b is not allowed). Thus
a2 = b2 = 1 and the two points are (+1, —-1) as
discovered in part (a).

If a2 + b2 = 2/3, then ab = 1/3. This is not possible
since it implies that

2 2 2
0O=a +b -2ab=(@-b) >0

Thusy = -1 is the only double tangent to y

=x4—2x2.

c) Ify Ax _+ B isadouble tangent to
=X -2X“+x,theny=(A-1)x+Bisa
double tangent to
y =X —-2x". By(b)wemusthave A-1=0
and B = -1. Thus the only double tangentto y =

x4—2x2+xisy=x—l.

a) The tangent to

N

y=f(x)=ax4+bx3+cx2+dx+e

at x = p has equation
y=(4ap3+3bp2+20p+d)x—3ap4 bp™ - + €.

This line meetsy = f (x ) at x = p (a double root), and
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These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under
the square root is 0, that is, if

8a2 P2 + 4abp + 4ac - b2 =0.

This quadratic has two real solutions for p provided its
discriminant is positive, that is, provided

a
1672b 2 - 48a 2 )(4ac - b %) > 0.

This condition simplifies to

32

> 8ac.
For example, fory = X24 -2X 2 +x -1, wehavea=1,b

=0,andc=-2,s03b =0>-16 = 8ac, and the curve
has a double tangent.

From the discussion above, the second point of tan-
gency is

q= —ZaQ—b :-p_L.
2a 2a

The slope of P Q is

f(q)-f(p) _ _D§ —4abc__86ﬂ_
qg-p 8{;\2

Calculating f ((p + q)/2) leads to the same expres-
sion, so the double tangent P Q is parallel to the
tangent at the point horizontally midway between P

and Q.
c) The inflection points are the real zeros of f

(x) = 2(6ax 2, 3bx + c).

This equation has distinct real roots provided
9b“ > 24ac, that is, 3b2 > 8ac. The roots are

.\/ . .
r= —_:%l:)i.gb2 s24ac.
12a
o= =3b+ _ob% —2aac
12a°

IS

f(s)-f(r) _b3=4abcsBa’gd
s-r 8a '

so this line is also parallel to the double tangent.
d" 2
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18.
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a) Claim: on

dxncos(ax) =a" cos ax +

Proof: Forn =1 we have

% cos(ax) = —asin(ax) =acos ax  +

iR
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true for n = k, where K is a positive integer. Then

dk+1 d ‘ kit

k - _
=a -asin  ax+ o

= ak+1 cos aX +.(k -
2
Thus the formula holds for n =1, 23,...by

induction.
. noo n_. nn
b) Claim: d=— sin(ax)=a sin ax+
dx" 2
Proof: Forn = 1 we have
d sin(ax) =acos(ax) =asin ax + © ,
dx 2

so the formula above is true for n = 1. Assume it is
true for n = k, where k is a positive integer. Then

gk+1 —
— sin(ax) = d ak sin ax + Lo}
dx< dx 2

=a acos ax + k—g

= ak+1 sin ax +  (k+ L),
—-5==

Thus the formula holds for n =1, 23,...by

induction.
c) Note that

d
ﬁ(cos4 X + sin® X)

~4c0s> xsinx + 4 sin3 X COS X

-4 sin X oS X (cos2 - sin2 X)

-2 sin(2x ) cos(2x )

-sin(4x)=cos 4x+ T
2

It now follows from part (a) that

dn

0 (cos

=
|

4 4 n1
dx

A (3, 39.2)

200
10,

t(s)
-100 (15,-1)

200
-30-

(12, -49)

Fig. C-2.19

a) The fuel lasted for 3 seconds.

b) Maximum height was reached att = 7 s.

c) The parachute was deployed att = 12 s.

d) The upward acceleration in [0, 3] was

39.2/3 ~ 13.07 mis 2.
e) The maximum height achieved by the rocket is the
distance it fell fromt =7tot = 15. Thisis the

area under the t -axis and above the graph of v on
that interval, that is,

12-7 (49) +49+1 (15 - 12) = 1975 m.
2 2

) During the time interval [0, 7], the rocket rose a

distance equal to the area under the velocity graph
and above the t -axis, that is,

1
2(7 - 0)(39.2) = 137.2m.

Therefore the height of the tower was
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X + sin



CHALLENGINGINSTRUCTOR’S PROBLEMSOLUTIONS2MANUAL(PAGE 162)

CALCULUS(PAGE162)8

CHALLENGINGADAMSPROBLESSEX:MSand 2



CHALLENGINGINSTRUCTOR’S PROBLEMSOLUTIONS2MANUAL(PAGE 162) CHALLENGINGADAMSPROBLESSEX:MSand 2

CALCULUS(PAGE162)8

Cos
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4x+ 2






