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CHAPTER 2. DIFFERENTIATION 7 SlopeofyD PxCilatxD3is
p P — =
m lim_4Ch 2 4E&hkGC2
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Section 2.1 Tangent Lines and Their Slopes . 4 4ChC2
(page 100) lim 4Ch
Dh oh pp. h 2
Dh_! p 1t c 1
1.SlopeofyD3x 1at.1;2/is " =
4ChC2
| | Tangent line isy iD 4.x 3lorx 4yD b
The tangent line is y 2D3x 1/,oryD3x 1. (The -
tangent to a straight line at any point on it is the same 8. TheslopeofyD px atxD9is

. . ph Oh P9 h
straight line.) m |iml __1 1
2. Sincey D x=2 is a straight line, its tangent at any point ! p_C p
.a; a=2/ on it is the same line y D x=2. lim 3 _9ch 3C 9Ch
D
hz 0 3hgch 3Cp_90h
3.Slope ofyD2X2 5at.2;3/is bh 0 P S—09 h
m
2
mp lim 22Ch2—5 .2.2° 5/ 1 3n 9Ch3C 9CH
n 1 1
! D 3.3/.6/D 54:

D lim 8C8hC2h® 8

The tangent line at .9; ¥lisyD ¥ =% x 9or
1

!
D lim.8c 2h/D 8 )

! yD 2 =X

1
Dh!Ohhzcl ‘Dh!ohzch

) 1 1 ) h
Tangentlineisy 3D8x 2/oryD8x 13 mlim - 1 lim

4. TheslopeofyD6  x x% atx D 2is

The tangent line at .0; 1/isy D 1.
mp lim® - 2cn .2chn? 4 g y

b lim 30_P? lim.3 h/ p 3:

e el et

The tangent lineat. 2;4/isy D 3x C 10.

5. SIopeofny3C8atxD 2is
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mplim- 2ch®cs . scs
]

b lim 8c12h 6eh’ch3cs O

®hio _! 12 aen 2 D
lim 12

Tangentlineisy 0D 12xC2/ory D 12x C 24.
1

6. The slope of y D x2C1 at .0;1/is



2X

9. Slope ofy D XCZatXDZis

22Chl 1
mp lim 2ChC2

!
p lim4C2

h2 h 21

. c C

plim_h &

ho oh4 ht 4
I C

1

Tangentlineisy 1D «..x 2/,

10. Theslopeofpr 5 2<2 atxD1is

h2h2

m  lim 5 .lCh/2 2

im__° 1ch? 4

D noh 5 1cn? C2
Dilim—P -2 h._ _ 1
P 2 1 D

2
ho 5 1 h/ C2

The tangent line at .1; 2/isy D 2 2.x 1/, 0r

5 1
yD 2 X
2

11. SlopeofyDx atxDxo is

mp lim x0ChA—xo? p lim 20hCh2 p 2x :
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Tangent lineisy » Xo2 D 2x0.x X0/,

ory D 2x0 X X0 .
1
- i D 5
12. TheslopeofyD X at.a; a/is h.al a
1 1 1 a a h 1
m lim - lim —— —
1 C C
1 T 1

Thetangentlineat.a; a/isyD a a2 .x a/,or
X

yb a a _ ___
hio pj— h D h_o hsgn.h/
0 lim _
13. Since lim R — ot does not
! ] —_
exist (and isnot 1 or 1 ), the graph of f .x/ D Xj
has no tangent at x D O. p

14. Theslopeof f /D .x 142 atxD 1is
m lim.1ch 1/ 0 5iimnh!=3; o
h
! !
The graph of f  has a tangent line with slope O at x D 1.
Since f .1/ D 0, the tangent has equationy D O
15. Theslope of f .x/D .xC 2/3:5 atx D 2is

mp lim - 2ChC2”™ 0 jimh 25 pq

The graph of f  has vertical tangent x D 2atxD 2.
16. Theslope of f .x/ D2 jx2 ljatx D 1is 2

mplim o j1Ch  1jj 1 1jp lim2RCH],

which does not exist, and isnot 1 or 1. The graph of
f hasnotangentatx D 1.

Py if
17. Iff x/ , then
lim fOCh .0 |im Rh
1 C ' C —
f. h
lim foCh 1Oy, P

h D1
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19. a) SIopeofny3 atxDas

m D lim —.aCh{?’ a3

D

lim a3-C 3a%h C 3ah%C h&—a3

| h
D lim.3a2 C 3ah Ch?/D 3a?

h!0o
b) We have m D 3 if 3a2 D3, ie.,ifasD 1.
Lines of slope 3 tangenttoy D  x are
yD1C3x 1landy D 1C3xC1l/or

yD3x 2andyD3xC2.

20.The slope of y D xS 3xatxDais
mD hio h n c C i
im~ .a h® 3a nw a® 3 .
D! h, C 2 2 |

liml . 3a2h  3ah?2 he  3a 3h a° 3a
h oh C C C

limE3a c3ahc h 3p3a 3

!
At points where the tangent line is parallel to the x-axis, the

slope is zero, so such points must satisfy 3a%3D0. Thus, a
D "1. Hence, the tangent line is parallel to the
x-axis at the points .1; 2/and. 1;2/.

3

xClatxDais
3

mp lim.aCh® achci & acuy

21.The slope of the curve y D x

!
p lim 3a®hc3ah’ca® N

2 2 2

D lim.3a Cc3ahch 1/p 3a 1:

' D _C
Theztangent at X a is parallel to the line y 2x 5if

3a 1D 2, thatis, if a D "1. The corresponding points
onthecurveare. 1;1/and.1;1/.

22. The slope of the curvey D 1=x atx D a is

1- 1
m lima=-h._a |ma_.acCh/ 1.

Dh o Ch Dh o aha wP a

! D ! C
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Thus the graph of f  has a vertical tangent x D 0.

18. Theslope of y D x2 latxDxo is

m  lim ExoChA1

Dn o h

lim 2_X0hChg 2X

Dn o h D o

IfmD  3,thenxo D £. The tangent line with slope

m D 3at. %;%/isy D f 3xC gl,that is,
13

yD 3x 4.

40

21 23
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The tangentatx  a is perpendicular to the line

y D 4x 3if 1=a D 1=4, thatis,ifa D 2.
The corresponding points on the curve are . 2; 1=2/ and .2;
1=2/.

The slope of the curvey D x% atx Dais

2
—2 & jim2a h 2a

m lim.aCh/ 5 c b

The normal at x D a has slope 1=.2a/, and has equation

1 X 1

y a® D 2ax al; or 2aCyD2Ca2:
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BETRONTOR'S(SOGETANS MANUAL ADAM SSHETTESSEX: CHRATHLHP

yl
ThisisthelinexC2 y D kif2a D 1, andso
kD .1=2/C .1=2/ D 3=4.

1

24. The curves y D kx 2andy D k.x 2/2 intersect at .1; k/. f f f f
TheslopeofyDkx atxD1is \/
-3 -2 -1 T 2 X
m .o limkl1Ch? Ko lim2chk p2k: 1

21y Dsz 1j x
The slope of y D k.x 2/% atx D 1is

D
m2 = limk2 .1ch® K gim. 2¢ hkp 2k Fig. 2.1-27
! !
The two curves intersect at right angles if
2k D 1=. 2k/, that is, if 4k2 D 1, which is satisfied 28. Horizontal tangent at .a; 2/ and . a; 2/ foralla>1.
ifKD "1=2. No tangentsat.1; 2/and. 1; 2/.
yA
25. Horizontal tangents at .0; 0/, .3; 108/, and .5; 0/. ol yDjxC1ljj x 1j
ya 3,108/
1
&3 &2 3] I 2 X
-1
-2L
-3l
Fig. 2.1-28
Fig. 2.1-25
29. Horizontal tangent at .0; 1/. The tangents at ."1; 0/ are
vertical.
26. Horizontal tangentat . 1; 8/ and .2;  19/. Y/
Ya
1 yD .x? 1h=3 of

J1:8/ 100 yD2x°  3x% 12xC

Fig. 2.1-26

41
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27. Horizontal tangentat. 1=2; 5=4/.No tangentsat. 1;1/ 30. Horizontal tangent at .0; 1/. No tangentsat. 1;0/and
and .1; 1/. .1;0/.
42
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Fig. 2.1-30

The graph of the function f .x/ D x2=3 (see Figure 2.1.7
in the text) has a cusp at the origin O, so does not have

a tangent line there. However, the angle between OP and
the positive y-axis does ! 0 as P approaches 0 along the

graph. Thus the answer is NO.

The slope of P .x/atx D ais
m limP.aCh/ P.a/:

SinceP.aCh/Dag CathCa2h® C  Canh" and
P .a/ D ag, the slope is
mp lim a CaihCazh?CCanh" ao
| n
D lima C ahCC ah 1D a:

Thus the liney D ".x/ D m.x a/ C b is tangent to

yDP x/atxDaifandonlyifmDai andb D ag,
that is, if and only if

P .x/ “.x/ D a2 .x a’c as.x afcc an .X a/"
; A . o
D.x a Qx/
where Q is a polynomial.
Section 2.2 The Derivative (page 107)
y
J——o—o0
yDf 0 x/
o—>o
Q Q >
X

43

5.
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o0——o0 y
o—o0
o——o o X
yD g0 X/
o0——o
Y .
I DhO
- X
y )
X
y D KO x/

Assuming the tick marks are spaced 1 unit apart, the func-

tion f is differentiable on the intervals . 2; 1/,. 1;1/,

and .1; 2/.

Assuming the tick marks are spaced 1 unit apart, the func-
tion g is differentiable on the intervals . 2; 1/,. 1;0/,
.0; 1/, and .1; 2/.

EoRVHght © 2313 Pearsan canaa it 43
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7. y D f .x/ hasits minimum at x D 3=2 where f 0 XIDO

44
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y A
vhDf vin iv3 1
y A

yDf.x/ D 3x X2 1 .
X

f t t Xh y j

yDf 0 x/
[ v\\ \ t >
yDf% x/ 1 ey

X

\ X I

2.2-7 Fig. 2.2-9
10. y D f .x/ is constant on the intervals .1 ; 2/,.1; 1,
and .2; 1/. Itis not differentiable at x D "2and
8. yDf .x/has horlzontal tangents at the points near 1=2 «D 1 v 1

and 3=2 wheref XIDO

y yDIXD* L’ 4
f —\ f T f f—+ g

‘ nyx/Dx 3x2Cc2xC1 1
y 4 /

yDf~ x/ 1
] X
S )( 1
yDf 0 X/ / 1
Fig. 2.2-10
Fig. 2.2-8
11yDx%  3x
2
y* plim xCchA—3xch X 3x
! 2 3h
9. y D f.x/ fails to be differentiable at x D 1, x D 0, and x D lim 2xhCh=—== o, 3

45
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1. It has horizontal tangents at two points, one between 1 |
and O and the other between O and 1.

dy D.2x  3/dx

46
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126 x/D1C4x 5%°

1% x/ plim 1C4xCh/ 5xCh? .1C4ax 5x°/

4h 10xh 5h?
D lim

— D4 10x

df X/ D.4 10x/dx

13. f.x/Dx3
10 p lim xCh®
1

D lim 3°hC3xh” Ch

D 3X

df x/ D3x? dx
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Ft/D 2tC1
17. p

p

Et/ lim—-2t_h/Cc1 2t 1
2t 1

lim 2tCc2hC1l o __

hon 2tchict "CT 2ict

lim_B_— 2 -

Dhol 2tCch/C1 Cp2tC1
Dp

2tC1
dF .t/ D_dq—dt

2tC1

3
18f X/ Dap 2 X

e P =
o Dl 2o —s 2
1 o ho2 xh/ o2 x¥
lim3 -—=2-XxTh=2_ X °
145 D3 A& 1m
dt ® 3c4atcCh 3C4t
1 1 1
= im o 2P ¢ C
lim 3C4t 3 4t 4h 4 825
Dh oh.3 4/E3 4t h/ D .3 -
1 4 C cC C C df XD 8p2 x dx
dsD .3 _ a2 dt
C
1
2_X 19. yDxCx
15gx/D2° X 1 1
2 xChl 2 x y9p limXChC Xch  x X
X/ plim _2CxCh 2Cx ! Chxc hix
' im ¢ XN
lim* x hl2Cx/ .2CxChl.2 x —
Dn o h2 x W2 x 1 1
47 ,
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pic lim "™ p1
D 'ZC x/2 dy D1 !
4
dg.x/ D _2?' dx
L s
16,y D x° x 20. zD
3 1 2 2 1 3 T S 1CscChiCs
y 0 221w x ho o3 X dz Ci1 _sch s
X -
piMh 3 ¢ C : lim
lim_xh xh _h h - 1
Dh!Oh C . C3 D“m sCh/ilCs/ s.;ﬁ/sch/ D T_Z
Dlim.x CXhC?hz U px 1 " e CcC C C
no —_—h
dy x* 1/dx dzD 1 37 ds
D C
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--1_
2
21. Fx D plCx 1 1
lim _L.X DP—pl_xf
FOxDho __—DC ch____ C
_ oy ==
||m.ElCX‘ ; 1C.XCh/
cC C C
lim M_QJXZ 2hx . hz
b 16X
hio h icxcn? P 1c® P 1c2C  1cxcn?
p 2X X p
D21Cx“/°™*D .1Cx°/°~*
X
dF x/D .1Cx2 2 dx
1
22y Dx2 xCh/? X2
”ml_ -.-_]‘-.—. _l.
2 2
D lim X X Ch/ b :32_
h!D hxGChlz
dy D X3 dx
2. yD_L-—
1Q-X——.'T—_ ‘_.—J.-—
yo.x/ lim_1CxCh 1Cx
Dh o _ h
'P1cx P 1cxch
lim .
ph 0! ph 1CxCh RCX h
lim 1cx * =%
Dh 0 P ] P
h1cxchPicx 11cxc 1cxch
h o p
" lim
D 2.1Cx 2
1
49

28y DX
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Since f .x/ D x sgn x D jxj, for x & O, f will become
continuous at x D O if we define f .0/ D 0. However,
f  will still not be differentiable at x D O since jxj is not

differentiable at x D 0.
X ifx>0

become continuous and differentiable at x D O if we define
g.0/ D 0.

h.x/ D jx2 C 3x C 2j fails to be differentiable where

x2C3xC2DO,thatis,atxD 22andxD 1. Note:
both of these are single zeros of x cn C " Tun
were higher 2 C C

a factor of x  C 3x C 2 for some integer n2) then h
would be differentiable at the corresponding point.

2X
fx £ Tx 1.1/
X |-———_——
% x 1 -1
— 1:1 1:31000
0:9 0:71000 | 1_'01 1303010
, : 1:001 | 1:00300
0:99 f 0:97010 1:0001| 1:00030
0:999 | 0:99700 : :
0°9999 099970
q axx2xd Dh o0 1c h/3 2h1C b/ 1/
v 1
- 3 7 lim
Db 32 p3
D lim _C€ pC
!
D limic3hc h’p 1
|
f.x/ D 1=x -
fx .2/
- X ——a aa
fx_ 1.2/ X 2
X
X 2 2:1 0:23810
1.9 0:26316
1:99 0:25126 2:01 0:24876
1:999 0:25013 _2:004)_ 0:24988
19999 | _ 025001 | 20001 _0:24999

Eopyight © 2048 Pearsen eanada inc.
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dyD 21Cx*? dx

tz

2. tt/pt2c3 +C
lim & 4—Hho-.—3 I 38

2
lim CEAC h2—3.t2C3/ t5—3iEtCh/AC3

Dhio ht2C3/CEtChiC3
lim 12th C 6h? —12t

Dhoht2c3iEtch?2c3 P i.c3n
12t

df t/D t°C3P dt

50

Eopyight © 2048 Pearsen eanada inc.
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— —2

f 2/ Ilim2-bh— |m2_2ChH
0 D ho Ch D o h2 hi2
1 I C
lim —4+— 4
C
D . 2 2P 4
!
30.Theslopeof yD5C4x  x° atxD2is

dx Dp 0o C C h C 2

5 42 h/ h/ 9
dy x 2 ! 2
— lim

D 2
: h

lim —  DO:

h
|

Thus, the tangent line at x D 2 has the equationy D 9.

50
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P -

31. yD xCB6. Splope at.3; 3/ is 4o The slope ofpr L atx D X0 is
p

- D

m lim_9Ch 3 |m_9Ch 9o 1. o 2%
dy X % 1
D oo —_—
D hio h 1Dh!0hp9ChC3 6
Tangentlineisy 3D 6.x 3/orx 6yD 15 Thus, the equation of the tangent line is
t —_ -
- Y px —t- x xo/thatis,y XEX0
32. TheslopeofyD t° 2 attD 2andyD 1is
dtv[ 2 tho h . 2ne 2 2pX ZpX
D C 0 D 0
dy liml —2Ch q D
c 2.
. 45. SlopeofyD x atxDais X a
. b 2 h ¢ 2 2 2 3 1 T 1
:' Ilm C (o] C D -— — —
> 0 hE 2w 2 2 o
! C D 1
. . a ,and - -D
Thus, the tangent line has the equation Normal has slope 2 equationy ‘ a®x al,
2 3 1
yD 122tC2/, that iS,yD zt 4, OryDaZX agca
3.y Dt2Ct Slopezat tDais
. 2 2
m plim.aCh/”C.aChla"Ca 46. The intersection points of y D x2 and x C 4y D 18 satisfy
!
lim 222Ca & _2ah h®_a h/ 2
Dwo  hCEaChCaCh.a’Cal x“Cx  18D0
lim 4a 2h_2_ _ 4xC9l.x  2/DO:
2 2
DnoCE.aCh/“CaCh.a"Cal 9
4aC2 ThereforexD ¢ orxD2. dy
D .aZCalzDazc;a C a? The slope of y Dx? ism1 D dx D 2x.
Tangent lineisy = —*—— ———22% t g/ 2 2
xD ,mi1D 2. AtxD2,m1
4 18

34 9 /D 17x 18 forx 0 Theslop?ofxC4y D 18,ie. y D .xC 4,is

m2 D )
35. g .t/D22t?! forallt ‘
Thus, X p 2, the product of these slopes is

= A4/ /D 1. So, the curve and line intersect at right
1 X 2=3 forxm 0 ! g

36. dxdy D
3 angles at that point.

dy 1

46
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dx D 3x %2 forxno0

d

d tt 225 b 225t 325 fort>0

i 119=4 119 115=4
dss D 45 fors>0

¢
[EEN

¢
[EEN
—

FxDx: FOx/iD x2:F° 4D 16

108D

2 . 8

- D JR—
d t oar j D 852
dy . 1 34 1
=t 4 = th 4 —=
47
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47. Let the point of tangency be .a; a®l. Slope of tangent is

isv the slope from ‘ 2
a
=C3 23, and
a 1D

a’c3D2a®

2
a 2a 3DO
aD3or 1
The two tangent lines are
(foraD3):y 9D6.x 3/or6x 9
(foraD 1):y 1D 2xC1l/oryD 2x

Copyright © 2018 Pearson Canada Inc.
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p—=
2 D
2 b > 0,thent Da'p

D

Ifb < a2 ie a CA

a

has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through .a; b/ with equations

yDbC2a' pa® bx al.lfb D a?, then

t D a. There will be only one tangent line with slope 2a
equation y 2a.X
and 2
Ifb>a
fort.

D2

, thena b < 0. There will be no real solution
Thus, thlt_ere will be no tangent
ine.

Fig. 2.2-47

1
48, Theslope of y D x-at
dy
dx "

xDais

‘o’

If the slope is

1

1

2, then ;Z D 2o0raD’p 2. There-
fore, the equations of the two straight lines are

x/ D f.x/. Then

51.Suppose f  isodd: f.
f. x/

9. xplim L—xcn

1 |
’ fx hl fx

az’

D D lim

h

det hD K/

1 f.x/

D lim f.x Ck/ D fO.x/

Thus f 0 is even.

1 Now suppose f iseven: f. x/Df.x/. Then

p7 —_— —_—
yD"2 2X p2 and yD p 2 2xCp 2 % xp limfb—xcn T
oryD 2x'2 2 lfx o hofx
p D lim -
49. Let the point of tangency be .a; a/ ! f %/
d 1 D limfxck =X
Slope of tangent is  4.ex . D 2pa o
Py o =P D 0w
Thus —5 a 2 Z2aanda 2. sofoisodd.
S0 7 D D
2a a C 2 L C
The required slope is 2 p2.
yA
52. Letf.x/Dx ". Then
P P,
y "x_ atal
el G . 9% p tim xchy X
v2 X
! .Xh/n Xn
1

48
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Fig. 2.2-49

50.If a line is tangent to y Dx? at .t it 2 /, then its slope is

dy x ot
—_— D 2t. If this line also passes through .a; b/, then
D
its ~
t2 b
T a D2t; thatist? 2atChDO:
49

D

D

D

Copyright © 2018 Pearson Canada Inc.
Copyright © 2018 Pearson Canada Inc.
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lim

n
lim X
h 0 hx x

n
!
lim X

h ohx".x
1

x" 1an 2.xCh/CC.xCh/n 1

=1

x2n nx"

C

n

X Ch/

C

C

h/

n

X Chl/

h/"

1D nx .ncu:

49
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53. f.x/Dx'
0 . 1=3
f7.x/ p lim XCh/

X1=3

x C pA=8_Xi=
D lim ‘
1
X C_h/ﬁ_c X C h/ﬁéﬁ_c x2:—3_
XxC h/2‘3 Cc xcht™ xl:3_C x2=3
p lim xCh x

ADAMSEQITOERSEX: CAPBGEUSA

Iff 0 .a [/ is finite, call the half-line with equation
y C f0a /x al, (x a), the right tan-
D C C 0

gent line tothegraphoff atx D a. OSimiIarIy, iff .a/
is finite, call the half-liney Df.a/Cf

: a  fxoal
CDhl1 1

the right tangent line is the half-line x D a, yf .a/ (or

x D a, yf .al). 11f%a /D1 (or1 ), the right

tangent line is the half-line x D a, yf .a/ (or x D a,
yf .al).

D aifandonly if
The graph has a tangent line at x

MohGEXChZ=3C x ¢ =3 178 ¢ 23 c D
D lim both quantities may be C1 or both may be 1 .) In this
ho x ChiP=2 ¢ x chit=3x178 273 case the right and left tangents are two opposite halveks of
D 1 D 1—x 223 the same straight line. Forf .x/ D x2:3 f 0 XD 2 X3
223 3 ~ cbci D
In this case both left and right tangents are the positive
y-axis, and the curve does not have a tangent line at the
origin.
54. Letf.x/DxX". Then For f .x/ D jxj, we have
ifx>0
1=n 1=n
fO-X/Dlim XChI7™™ X (|ethhDan,xDb”) fo.x/Dsgn.x/Dnll ifx <0.
' b co D
D lim - .- the right tangent is y D x, .x0/, and the left tangent is
Iim! 1 y D X, .x0/. There is no tangent line.
Daba’ TCca" “bCa Sb“cCh" * . . .
wa Section 2.3 Differentiation Rules
- (page 115)
D Nbn1D nXi=n/ 1;
1. yD3® 5x 7. y"Deéx 5
2 2
2. yDax*? x y%Dax 122C5x
n n 2 0
55, d_anIim-XCh/ X 3. fXXDAX_CBxCC; f .x/ D 2Ax CB:
& . 6 2 18 4
D hon r Gy C 12 0
: XID
1 n noan1 nn 1/ n 2 2 a. fXID xs Cx2 2; f X4 X3
lim = x =x h x h 553 dz l4 12
n. n 3.3 n . - . —
Sty el o 52D 15 ; dxD3, 5.
D
hio c 12 6. yDx*® x5 0 Da5x* Ca5x 4
; n 1 nn_1/ n 2 7 1=3 1=4 1=5
50
Copyright © 2018 Pearson Canada Inc. 50
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| 1 _ 1 kB -
Cn.nl 2 3 N 3h2CChn L 2=3 4=5
1/.n 2/ g’t/D3t  C ota=cC 5t
332 _ 2=3 3=2
i
n t
Dnx 1t dy 5=2
dt D2t 1=3C 3t
§ 5=3 E 3=5
0. uD 5x 3 x
56. Let du
t%.a /[ lim _f.ach faf dx DX2=3Cx &5
1 c 100 FxID.3x 2/.1 5x/
% /p,lim _fach =&
| FOx/D31 5xC.3x 2. 5/D13 30x
51

Copyright © 2018 Pearson Canada Inc. 51
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ADAMS GBCEHEHEX 3CAPEBGEUDH)

p_
2 -
p~ X 1 23. leioL
11. YD x 5 x 3 D5 PX x32 3x52 i _
5 3p- 5 3=2 p 1 p 1
, P_ 2 x ix ds a1 tuPi o agtn 2P
y" D2 dt D 2 1 ptl
1 2 ——1 _
2. gt/D2t 3 ¢t/D 2t 3 Dp .y pt/
1 x> 4
13. yD x°C5x 2 fXID x 1
C 2 3
joo ——ay g 2XC5 0% xCi/3x I X 41
: - D
b x2Cc5/% ¢ D x2C5x? , Jc?
4 . Opa__ Pe_G3x G4
- -, D x 12
14. yD 3 X 3 x/ C
25, fxI axCh
15, ft/D 2t “Ce
2 f9x/ .xCdl/a _.axCbhlc
e D .cX d/?
f%up 2 tPyp 2t ad be ©
2 4y D .cx _dF?
0
16. gy/D 1 y2; g°yiD .1 y2/2 % Ft/ t2cr7t 8
2
1 & 34 : D t2 tel
7. fxiD X Dx  x FOu & tcuacy CIt 8.2t 1
5 4X2 3 D _t 1/
2 2T
. _ C
%D 3x‘cax b xF gt?cist
u D D .tz_tcllz
18. g.u/D =H—Lpui2 3u?
D 27. fx/D.1Cx.1C2x/.1C 3x/.1C 4x/
L 124 fO x/D.1C2x.1C3x/.1C4x/C2.1Cx.1C3x.1C4x/C
0 3
g°.wD ous2C6usD 2u 3.1 Cx.1C2x/.1C4x/ C4.1Cx/.1C2x/.1C 3x/
19. y 2 CtQt 2 2t 1=2 pt t3=2 OR
D — ptb- C C2 fxDCEL1Cx/.1C4x/CE.L1C2x/.1C3x/
dv tse 1 3py 3HICL 2 D .1C5xC4x%/.1C5xC6x%/
49

49
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dt D C2pt C 2 5 tht

x__1 2=3
20. zDxe=s DX1=3

dz Iy 2e3

dx D3 C3

2y s=3D XC2
3x5=3

4x

1. f.xXID 3C4X

fo / .3 C 4x/. 4/ .3 4xl.4/

D 3 4x/2

22. 1
DtZ 1

D .t?2 1/
2t%ctci
D .t2 1/2
50

ADAMS GBCEHEHEX 3CAPEBGEUDH)

D 1 C 10x C 25x° C 10x% .1 C 5x/ C 24x*

D 1 C 10x C 35x2 C 50x° C 24x*
0 x/ D 10 C 70x C 150x° C 96x°

28.f.r/D.r2Cr3 4/.r2Cr301/
f9r/D. 2r3 3 4rr?cricu

crcr 3 sarcax?y

or
1 2 3 2 3

for/D 2Cr Cr Cr Cr A4r 4r

s 3r401 8r 12r2
2=3
2/

fO.r/D r_2 2r

29. 2 p_
yD.X C4/. XC1/5x

y© DZx.lp xC1/5x 22 g

C 2px X2 Cal5x%3 o

10 1=3 2 p
C 3x X C4/. xC1l/

Copyright © 2018 Pearson Canada Inc.
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50



BETRONTCR'SFABRTIONS MANUAL ADAMS GBCEHEHEX 3CAPEBGEUDH)

2 3 C X 2
30. yDxfC1Ux“C2 d _-fx
xecaxicux® %, dx 2 T
2
cx3caxéc2 b ¢ D
Dscadcxice

. f xI/2 C o

y 0 DX>C 23-C x3C 2/.5x4-C 3x3-C 4x/

C - C ' D
xPcadcx?c2? Ao 2% _ f204  _fbu. AE 14 1
2
x2exdcadcasdtcedcan by a4 b & D3
T X ca3cxica” o ’22 4o 2 o ‘
d xCc4a d 8 x 2
T ab_nd a2 8
2x - 3 -3x" 6X Cax —
D xc2x’cxica? D
273~ ad el ax rcri
>3 o D ¢ 4?2
D X C2/7x°C1l
2x/ ”
: D
2
31y —X ... XLx D 32D1
D —l1_D > 642
2XC 3X‘ C'l 6X C2XC1 " p _#v
, .
y® ex’coxcuexcy ax  fcxaexca 38, 4 LiC U
b exfcaaxci? (D4
6xC1 d IC13_2 . 4
6x2C2x C 1/ o Ca - ¢
p_ 3 1=2 3=2
e X _1#2_-- X/. -lz 5 tl1 R S D S DU AR VAN SRt
D 1 px n
n 2R o3 L4 2= 1
x = ! —_— -
%D 2 I x3 Cc— Cc 1 px
- 2 .3 _ T DX
1 2, —ax=_X & 39. fx/D X I
C 1 p
Bead 1. axCudt2 wo2dod XCUPK . _ xY
- 3 2P 19 %D X c 12
2 X1 ¥ -3 P-
D 2323C2x 3 oy 0, W7 2 1

51 c .
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1 L &csx® 12x 7

33. X TxX . D I

© a_a

D ®2° D 4D

34 HY X ” 2 D ’

. 402/ ar2 4 1

D 16 D16 D 4

v

35. dx X2 fx x 2 D 2xf x/ Cx2f9 x/ X
d D . D

2

N D C D

- at 21 42 20 -

52

ADAMS GBCEHEHEX 3CAPEBGEUDH)

D 9 D 18p 2

D.1/1C2t/1C3t/1C4t/C.1Ct/2/.1C3t/1C4t/C

D

ACt/1C2t/3/1C4t/C.1Ct/1C2t/1C3t/4

tDO

D1C2C3C4D10
41yp3 apx.y° D 3 4PX 2 2pX
—_— 2 4

Slope of tangent at .1; 2/ismD . 1/°2D 4

Tangent line has the equationy D 2 C 4.x1/or

D 4x 6
y xC1l

42, ForyDx 1 we calculate

Yo x UL xCl 2

D x 17 D X 1/

Copyright © 2018 Pearson Canada Inc.
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43.

44,

45,

46.

BETRON TCR' SFSCEETIONS MANUAL

AtxD2wehaveyD3andy0 D
of thetangent lineisyD3 1 2.x

2. Thus, the equation
2/,ory D1

The normal lineisyD3C  2.x 2/,oryD2xC2.

yDxCx, y%p1 % L
. 0 2= 2

For horizontal tangent: 0Dy~ D1 x sox“ D 1and
xD1
The tangent is horizontal at .1; 2/ and at . 1, 2/
IfyD X4 X /, then

yO D 2x.4 x2/Cx2. 2x/ D 8x 4x3 D 4x.2 x2/:
The slope of a horizontal line must be zero, so -
4x.2  x? p

1D 0, which impliesthat x D0 or x D * 2.

AtxDO;yDOandatxD " 2;yD4
Hence, there are two horizontal lines that are tangent to

the curve. Their equationsarey DO andy D 4.

y A y 2xC1
sz X 1 D X2 X v

For C C (@ C
2 2
horizontal tangent we want O yo D x 2xC11/ .
D X
1 C C
Thus2x C1DOandxD 2 L4
The tangent is horizontal only at 2; 3.
2
Ify xC1 ,then
v xC2ll__xCcul T_1_ :
D~ T x T 2% D x _2°
C Cc

In order to be parallel to y D 4x, the tangent line must

have slope equahto 4, ie.,

X 2P 4

53

2xCT.

ADAMS GBCEHEHEX 3CAPEBGEUDH)

y 1
yDx
a,a
1
X
Fig. 2.3-47
-1
48.Since p x DyD x> ) x>72 D1, therefore x D 1 at
the intersection point. The slope of y D x2 atx D 1is
1
. =
i dy 1 v 1
ax~ D 2x3=2 D 2:
Dl X o
i T
1.
The product of -~ .=

two curves intersect at right angles. 2 D
49. Thetangenttoy D x° at .a; a>/ has equation

y Da3 C3a2 X al,ory D2 3&2X3 2a3. This line

passes through .2; 8/ if 8 D 6a 2a or, equivalently, if

3 2 3
a 3a C4D0. Since.2; 8/liesonyDx ,aD2must

be a solution of this equation. In fact it must be a double
root; .a 2/% mustbe afactorof a®  3a> C 4. Dividing
by this factor, we find that the other factor is a C 1, that is,

a> 3a’c4aD.a 2°acill

3
The two tangent lines to y D x passing through .2; 8/

correspond to a D 2 and a D 1, so their equations are y D
12x 16 andy D 3x C 2.

50.The tangenttoy D x2 =x 1/ at .a; a’=.a 1// has slope

X

mD X 12 v Da 12

2 1
D 4; or. xC2/° D
C

Copyright © 2018 Pearson Canada Inc.
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47.

b2

BETRON TCR' SFSCEETIONS MANUAL

12x x% .1/ % a a2 2a

e ———)

HencexC2D" #.andxD 3 or 3. AtxD 3,
5

yD 1,andatxD 2,yD3.

Hence, the tangent is parallel to y
3 5

4x at the points

2; land 2 3.

Let the point of tangency be .a; % /. The slope of the tan-

1 b= D1 2

gentis a> D0 a.Thusb a Da andaD b.
b2

Tangent hasslope 4 sohasequationyDb  4x.

54

ADAMS GBCEHEHEX 3CAPEBGEUDH)

The equation of the tangent is
o 32__2%,

y a 1D.a 1 x a
This line passes through .2; 0/ provided
=32 .aZ__Za
' 2
0 a 1D.a 172 a/

or, upon simplification, 3a2 4a D 0. Thus we can have
either a D 0 or a D 4=3. There are two tangents through

.2; 0/. Their equationsarey DOandyD  8x C 16.

Copyright © 2018 Pearson Canada Inc.
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d, — i f.x h/ e
51. _ lim
lim fxChl fx/ ___ 1
=TT
D nhio h p fxCh/ C fx/
_f_xl_
—_ D2p f.x/
d - 2X X

p px2C1Dpx2C1
dx x2C1lD?2
Dj jD & ifx<0

52.f x/ X3 X3 if XO. Therefore fis differen-

tiable everywhere except possibly at x D 0, However,
£.00 jim h?

lim f.0Ch/ 0
h. . D .. D

I C I C

Jdim foch B0 im o w2y o

Thus £ © .0/ exists and eguals 0. We have

3x ifx<O0.

fOx 3% iy

— n =
53. To be proved: dxgx”—2 D2 x'n_Z/ LfornD 1,2,3,:::.

Proof: It is alrelag%/ known that the case n D 1 is true: the

derivative of x2 =% is .1=2/x 172 .
Assume that the formula is valid for n D k for some

positive integer k:

dxXk=2 D 2Xk=2/ 1
Then, by the Product Rule and this hypothesis,

d d
dx XkCl=2 D dx X1=2 Xk=2 kC1
1x 1=2xk=2 JS)(1=2)(J<=2/ 1 X-kC1/=2 1
D2 Cc2 D 2

Thus the formula is also true for n D k C 1. Therefore it is

SECTAONMS3 an®P EGEER20FALCULUS 9

Proof: The case n D 2 is just the Product Rule. Assume the
formula holds for n D k for some integer k > 2. Using the

Product Rule and this hypothesis we calculate

fifa  fkfker /0
D CE.f1 fofk /fkC1 0
D .f1 fafk /° fkc1 C f1 fofk /et

Ottt crfOorcctff ff Cfff
D .f1 02k 12 k 12k0 kC1 12k
Ifk c1
Dfit 2k kCl 12 k kC1
0

Ottt cff%f cC

C f1 120 fiect C f1 foficf ca
so the formula is also true for n D k C 1. The formula is

therefore for all integers n 2 by induction.

Section 2.4 The Chain Rule (page 120)

1. ybD.2xc3® ype2xca3P2p12.2xC3P
X 99

2. yD1 3 9 3 D331 3 o
3. fxID.4 Xefwo

f0x D104 x2/°. 2D 20x4 X°P°

dy dp—— __6x = X __

dxD dx 1 3 D2pl 3’ D p1l 3%
10

F.t/D 2Cy

o

FOt/D 10 2ct o, t2Dt22Ct o

3 3 30 3

zD.1Cx%73 32

20 31 sespe. 2 193/ x 1=3.1 x2=3 /1=2
D2 C 3 D C

7. yDb5 4x
3 12



BETRONTCR'J AR TIGNS MANUAL SECTAONMS3 an®P EGEER20FALCULUS 9

true for all positive integers n by induction. For negative n yo D 5 ax/? 4D 5 ax/2

D m (where m > 0) we have 8 yD.1 2t2fs=2

S 1 22y s2.4t/ 5 6t.1 2t2) 52

d d 1 Y b,
_ . D 5 -
dxXn=2 D dx xm=2 9. yDj1 ij; y0 2xsgn .1 x2 /D X _2X
I1mm=2 1
D X™ 2x _ 3 ] i
m m=2 1 n n=2/ 1 10. f.t/Dj2Ct7]j
D 2x D2x : fmt/DCEsgn.ZCtH.StHDM
j2ct3j
54. To be proved: 11y D4x Cj4x 1j
0
D
o 0 y 4%4'%9Q$4X_1 1/

Df’fa fCff’ fC Cfif2 0 4

52
Copyright © 2018 Pearson Canada Inc.
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_ 18.
12. yD.2Cjx° /A3 ,
vO D* 2Cixid 2 3ixi2 Isgn x/
Dixi2 2Cjxi/ 25 X Dxjxj2Cijx/ 272 kiope 8
yD4xCjdx 1j
" — = slope 0
2C 3xC4 —T 41 X
T
1 3
12D q p D x
c  Cs3 c 19. dxx  dx pxD , px 2= 4_1 3=4
D d d — l__ 1 1
2
3=4D CI p 1=4
X' X D
P 3ca2Cp axca 20, do T dx PXD 2 PxC2px D4x
o o 1 x- 3
X_2 —_—
r——-1
14. fxxD 1C 3 4
3 _ R )
X' 2 1 T 1 d 3=2 dp 3 T 2 3 1=2
- . 22. dxx D dx x D p 3.3x /D 2x
2 X
- 3 -
2 T3 7 _d 0
- —_— _ 22. d tf.2tc3/D2f” 2tC3/
d
4 23 dxf.5x x2/D.5 210 5x X%/
3D 3f X of oXX2
15, zD uC u 1 5=3 24, dx f X 2 A—}
du P 3ucu 1 8=31 .ul/2 d 2
&z 5 A —_—
D x2foxf 2
D 31 U 1/2uCu 1 s L2 2
2 . R
2 P3caru -2k L
5 = x/ D 2i.i.2r DO = .
16. yD Pzt
4Cx2 R p p
5 _ -
—_ . o d 0 ===
y 0Tl —. 4Cxe/s 5x4 3058 Cxs _ B % P P - 4
. . dqtf. 3C2t/Df 3C2t/2p 3 2t
¢ P! c R T R
— D -_‘_‘_‘f 3C2t/
P 3C2t
D C h cC 24 i s -
7. & P, p 0 ,
4 _x15 3 _xalcaxt® -x°3cx8 - 60x4 3240-c 2,42
- A B el — Pl o . . = e — _5
L6x/ 3x=C

4Cx/ 3Cx
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%XL3C2 xIDp xf

D ACxe/P 3¢5
17.
y A

yDj2ct 3

21=3 t

O3c2 x

28. dtf 2f 3f.x/

SECTION 2.4 (PAGE 120)



fx 293t 30
Def0 xif0 Bfx/ £ 2 3f.
d

- f
2. dxf 2 3f.4 5t/

Dfo2 389  s5t/3t°4 5t/ .5

D150 4 f25t/f0 2 3f.4 5t/

3
Copyright © 2018 Pearson Canada Inc.
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5 P " 37. SlopeofyD.1Cx° /%2 atxD 1is
ax ™ Wc_l 3 Z = v -
2 R o
X2 Yo e ™2 1.2x/ B
S O] - —_— The tangent lineat. 1;2 ~/ hasequation
D X i X 2
2 E -7 yD2%2 p 2xcCul. b
-5 IOI‘_,PL_‘W —= 38. Theslope ofy D .ax C b® atxD ais
v - dy. 7. 7.
b 2 25 b 253 & ., D8aaxCh/'"  D1024ab":
31 nPd 3t Vt 3 D 2p 33! 7 vt 3 D 2 p3 2 ~ D ~ D
” b
- .P —a—=—_ 0 - The equation of the tangent lineat x o — and
” y D .2b/ D 25668 is
32 fxD _—L _ 8 7 .
o C1 y D 256b~ C 1024ab” X a,or
— 1 1 yD2%b x 3 2%°.
0 Cc . _
f7.4/D 2x~ 1=~ D 27 39, Slopeofy D 1=x?> xC3/2 atxD 2is
- D 3 3 5
v Z _ : 5=2
_ 2x® x3l 522X U p 9.9 771 5/D 162
_ 1D
33. yD x> cot’? -
) The tangent line at . 2; . / has equation
; 17 » 17 1 B 27
D —_— D

yD27C  xC2.
162

5 3 1 40. Given that f .x/ D .x a/ x bl then
34, FXID.1Cx/l.2Cx/©.3Cx/°.4Cx/

0 m 1 n m n
FOxiD2cx?3cxPacxic FoxDmxal “x bECnx  aftx bt

21Cx.2Cx.3CxPacx*c Dx am 'x b"lmx mbCnx na:
31Cx.2CxP3CxPacx’cC
41Cx2Cx2 3CxR acCx’ Ifxaaandx ab, thenf® x/ D0 ifand only if

FO.0/D .2%.3%.4% c 2.11.21.3%.4%C
3.1/.2%1.3%1.4% C 4.11.2%1.3%1.4%
D 422 3% 4%D110; 592

mx mbCnx naDO;

which is equivalent to

3% yD xC3xs 2 1=2 & n m
xD m naCm _nb:
C C
y°D  6xc a5 2 1227
This point lies lies between a and b.
5 4
3x/ . =
1. 3= O3 1. xxtca® 2=x2c 1P

D 61 2.3x4 3x® 2 32 42 4.7x%  49x? C 54/=x"
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xC .3x/s 2 1=27

P
3. The slope of y D 1C2x% atx D 2is
dx D 2p14X 2x2 D3
dy x 2 __ —x 2
- D o . .D

Thus, the equation of the tangent line at .2; 3/ isy

3 3
D3C‘—13.x2/,oryDil xCl :

54

4

44,
45.

46.

ADAMS SBECEHEBHEX SCARATLE U36)

857; 592
5=8

The Chain Rule does not enable you to calculate the

derivatives of jxj2 and szj at x D 0 directly as a com-
position of two functions, one of which is jxj, because jxj is

not differentiable at x D 0. However, jsz D x? and jx2j D

x2 , S0 both functions are differentiable at x D 0 and have
derivative 0 there.

It may happen that k D g.x C h/ g.x/ D O for values of h
arbitrarily close to 0 so that the division by k in the “proof”
is not justified.

Copyright © 2018 Pearson Canada Inc.
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Section 2.5 Derivatives of Trigonometric

d

dx.tanx C cotx/ D sec2 X

ADAMSSEOTESEEXG GRAGHE 155

2
csC X

Functions (page 126) 23.
d
_d- _d-i_ Losx o4 dx.secx cscx/ D sec x tan x C ¢sC X cot X
1. dx cscx D dx sinx D sinsz CSC X cot X G
o d cosx cos?x  sin®x 25, dx.tanx x/Dsec®x 1Dtan®x
. .2 2 d d
2. dx cotx D dx sinx D sin” x D cscx 26. — tan.3x/cot.3x/D —_.1/DO
3. yDcos3x; YoD_ 3sin3x dxalx
X 1 x d
4. y Dsin g; y°D s5cos5: 27. ddt tcost sint/Dcost tsint costD tsint
5. yDtan x; yOD sec® x —_ . .
) ’ " 28. dt.tsintCcost/DsintCtcost sintDtcost
6. yDsecax; Yy Dasecaxtanax:
29, d- _sinx .1 C cos x/.cos x/ _sin.x/. _sinx/
7. yDcotd  3x/ yO D3csc?4 3x dx1 c cosx D 1 C°°”’
d X 1 X -
-_— - 2
- cosxCl _a
g. dx sin 3 D 3cos 3 D .lc cosxiZ D 1C COoS X
9. fx/Dcoss rx: fOx/Drsins rx/ 30, 4 _cosx  .1Csinx/. sinx/ cos.x/.cosx/
dx1 sinx D A sinx?
10. yDsinAXCB/; y'DAcos.AXCB/ C sinx 1 C 1
A 2 2 D .1 sinx?2 D 1 sinx
11, dx sin. x®/D2 xcos. X°/ q C C
2. 4 p= EEE 31 dx x2 €0s.3x/ D 2x c0s.3x/ 3x2 sin.3x/
dx crc))s. xID 2p xsin. x/
13. YD  1Ccesx Y D __-SIAxX 32. gt/D sinlt/=t tcost sint
d 2 1Ccosx go.t/Dzt uavEe t
p
. . cost sint
14. dx sin.2 cos x/ D c0s.2 cos x/. 2 sin x/ p—
) D 2t3=2" sint
D 2 sin x cos.2 cos x/ 5 5
15. f.x/ D cos.x C sin x/ 33. vDsecx /tanx /
0 v0 D 2x sec.x2 / tan2 .x2 / C 2x sec3 .x2 /
f~ x/D .1C cos x/sinx C sin x/ sin p
16. g. /Dtan. sin / =Tz
34. zD1 cos P’ ?
g0 . /D .sin C cos /se(:2 . sin / cos P x.cos P x=2p = .sin P */. sin P x=2p -
1 I x/ x/
- 20 D

55
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'1C COSP x2

T7. uDsIn® . x=2/; 2

uO D 2 cos. x=2/sin“. x=2/

18. y D sec.1=x/; y0 D .1:x2/sec.1=x/ tan.1=x/
1

ADAMSSEOTESEEXG GRAGHE 155

D2p “x1 cosP 2 D 2p x1 _ cosP w
C C

- d
0. F.t/Dsinatcosat .D 2sin2at/ dt . .sec2 t /.sin.tan t // cos.cos.tan t //
0 35. sin.cos.tant// D
F~.t/Dacosatcosat asinatsin at
"D acos 2at/ 36. f.s/ D cos.s Ccos.s C cos s//
. 0 .
20 . /p Sina f~.s/D (Esin.s Ccos.s Ccoss//
. cosb CE1 .sinsCecoss/l.l sins/
G ./ acosb cosa Cbsina sinb 37. Differentiate both sides of sin.2x/ D 2 sin x cos x and
2
d D cos™ b divide by 2 to get cos.2x/ D cos?x  sin® x.
38. Differentiate both sides of cos.2x/ D 0052 xsin2 x and
21, dx sin.2x/ €0s.2x/ D 2 cos.2x/ C 2 sin.2x/ divide by 2 to getsin.2x/ D 2 sin X cos X.
. . the tangent and normal linestoy D sin x at. ; O/ have
D 2sin.2x/D  4sinx cos x )
equationsy D .x/andy D x , respectively.
56 _
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40. The slope of y D tan.2x/ at .0; 0/ is 2 sec.0/D 2.
Therefore the tangent and normal lines to y D tan.2x/ at
.0; 0/ have equationsy D 2x andy D x=2, respectively.

41.The slpope ofy D P 2 cos.x=4/at. ; 1/ is
2=4/ sin. =4/ Dp 1=4. Therefore the tangent and normal
linesto y D 2 cos.x=4/ at . ; 1/ have equations
yD1 X /=4andy D1C4.x /, respectively.
42. The slope of y D cofx at.=3;1=4/isp

sin.2 =3/ D 3=2. Therefore the tangent and normal
lines to y D tan.2x/ gt .0; 0/ have equations

yD.1=4/ 3=2/x . =3/ and

yD.1=4/C 2= 3/x . =3/l respectively.

X X
43.Slope of y D sin.x' / D sin 180 isy° DT80 cos T8O .
At x D 45 the tangent line
1
yD p2C 180p 2.x 45/
44. Fory D sec X'/ D secwe have
180
dy X -
dx D 180sec 180 tanl80
P
p_ 3

Atx D 60 the slopeis 180.2 3/D 90 :

9
Thus, the normal line has slope p and has equation 3
90

—p—_Xx 60/
3

45. Theslopeofy D tanxatx D ais sec2 a. The tan-

yD?2

D 2,0r

cosa D "1= ZT The only solutions in . =2; =2/
are a D " =4. The corresponding points on the graph are .
=4; 1/ and . =4; 1/.

gent there is parallel toy D 2x if sec? a

46. T@e slope of y Dtan.2x/atx Dais 2 sec2.2al. The

tangent there isnormaltoy D x=8 if 2 sec® .2a/ D 8,
or cos.2a/ D "1=2. The only solutions in . =4; =4/are aD " =6.
The corresponding points on the graph are

=6; 3fand. =6; 3/
47. sin x D cos x D O at odd multiples of =2.

sin x D O at multiples of .
dx cosxDd

#2 e

57
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49.

50.

51.

52.

53.

54,

55.

56.

57.

58.

48.

ADAMSSEOTESEEXG GRAGHE 155

y D x C sin x has a horizontal tangent at x D because
dy=dx D 1 C cos x D 0 there.

y D 2x C sin x has no horizontal tangents because
dy=dx D 2 C cos x 1 everywhere.

y D x C 2 sin x has horizontal tangents at x D 2 =3 and
x D 4 =3 because dy=dx D 1 C 2 cos x D O at those
points.

y D x C 2 cos x has horizontal tangents at x D =6 and
X D5 =6 because dy=dx D 1 2sinx D 0 atthose

points.
tan.2x/ sin2x/ __ 2

lim . lim . 1 2 2

! !

limsec.1 Ccosx/D sec.l1 1/D secOD1

!
x10 D «xo X 2 cosxD1l 1D1

. 2 A e — 2

lim X~ csc x cot X lim

2
X0 Cos X D xi0 sinx 2 D
lim cos lim c — oS 1
2 2 D 2

hio h hio h hi0 2 h=2

1 cosh i 2sin? .h=2/ o1 sinh=2/ 2 *
lim — - lim lim - ——

f will be differentiable at x D O if

2sin0C3cos0Db; and
R - )
D a:

Thusweneedb D3 anda D 2.

dx sec x D sec x tan x D 0 at multiples of
d

dx csc x D csc x cot x D 0 at odd multiples of =2. Thus each of

these functions has horizontal tangents at infinitely many points
on its graph.

__tanxD sec2 x D 0 nowhere.
dx

csc? x D 0 nowhere.
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59. There are infinitely many lines through the origin
that are tangent to y D cos x. The two with largest slope

are
shown in the figure.

ADAMSSEOTESEEXG GRAGHE 155

Fig. 2.5-59

Thetangenttoy D cosxatx D a hasequation
y D cosa .sina/x al. This line passes through
the originifcosaD  asin a. We use a calculator with

a “solve” function to find sofutions of this equation near a D
and a D 2 as suggested in the figure. The so-lutions are
TTRe slopes of the 7

{98386 and a 6:1212

xy D cos 60.
X
dx cotx D 3=2 »
Thus neither of these functions has a horizontal tangent. 61. 2 C32 4 C3/=
58 _
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62. a) Assuggested by the figure in the problem,zthe square
of the length of chord AP is .1 cos / C

and the square of the length of arc AP is . Hence

1Ccos ACsin? < 2.

and, since squares cannot be nezgative, each term in
the sum on the left is less than ©. Therefore

0 j1 cos j<j j; O jsinj<j j

Since lim10j j D 0, the squeeze theorem implies that

lim1l cos D O; limsin DO

From the first of these, lim 10 cos D1.

b) Using the result of (a) and the addition formulas for
cosine and sine we obtain
limcos. o Ch/ D lim.cos gcosh sin gsinh/D cos g

limsin. o€ h D limsin ocosh Ccos qsinh/ D  sin :

This says that cosine and sine are continuous at any
point o.

Section 2.6 Higher-Order Derivatives
(page 131)

1. yD3 2x/'

voD 143 2x®
yoo D168.3 2x/°

yoo D 1680.3 2x/*

1
X yOODZ

IS

2. ny2

59
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5. yD)ilzs X 1

I g

y%D 3x 2:3C , x 43

4 7=3

2
yooD 9X 53  x

L g3 28 4oy
yooD 27x  C 27x

6. yDx0c2x® y %0 poox® c112x8

yoD10xciex’  y%0 praox’ ce72xd
7. 2 p_ 52 1=2
yDx C3/ xDx C3x
B 8 1=

y 9D 2x3=2C 2x

15 S
Y0OD AX1=2 4x
15 ., 9
yooD “8x C ;X 522
x 1 -4
8. yDxgl yoD  xc 18
0 2 —12
y Dx 17 wD x 14
C / C

9. yDtaan00 D 2 sec? x tan x

D2 sec4 xC4 sec2 X tanzx
yoo D secx tan2 xC sec3 X

y0 D sec? ¥y 00
10. y D secx
0 3 3

y  Dsecxtanx Yywo Dsecxtan” x C5sec” x tan X

11. yD cos.x2 / yoop 2 sinx?/ 4x? cos.x? |

y'D 2x sinx?/ Yoo p 12x cos.x?/ C 8x% sin.x? /
Sin X

12.  yD

3x%+ 2/sinx

— y0 D2x(3x2

59
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yoooD —_—
yoo D x4
s — 2
3 yDx 1°D6x 1
0
y°"D 12x 1/ 3
yo D36.x 1/ 4
yoo D 144.x 1/ s
2
p ——4
4. yD axaCh yo D 4.axC3z pfp=2
yO D D —— 3a
2 axChb yow D ——5=3
8.ax C b/
60

X3
c
X4

13. f.x/Dxle L

foxiD X2
00.X/ D 2x 3

f

fooo.x/ D 4

38x

D

Proof: (*)li? valid for n

Assume f . x/ D .

Then f kCU X/

D. 1/ ¢ kc1dx

ADAMSEQITOENSHEX: CAPBGEUSY

. 1/n nSx nc1/ )

)

1/° kSx for some k1

1KkS Kk U Xk a1

c ¢ Whichis(*)fornDk C 1.

Therefore, (*) holds for n D 1; 2; 3; : : : by induction.

Copyright © 2018 Pearson Canada Inc.
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Thus, the formula is also true for n D k C 1. Hence, it is

1 2
14. .X/Dx=2 Dx true for n 2 by induction.

9% D 2x3

00 4 g -1
PXp 23k T p B 17fx/D acbx D.aCbx *

f x/ID 2. 3. 4/x D 4Sx
Conjecture: fo.x/D b.a C bx/ 2

foo x/ D 2b%.aChx/ °

& f D1;2;3;:::
£V XD, U"NCUSK ey OMPHES foo.x/D  3%b%.aChbx 4
Proof: Evidently, the above formula holds forn D 1; 2 Guess: £V x/D. 1" nSb" .acbx "V .
and 3. Assume it holds for n D k, PN ' o
. K/ K = kc2/ Proof: (*) holdsfornD 1; 2; 3
ie,f7x/D. 1/7 .kC1/Sx : Then Assume (*) holds for n D k:
d t¥xD. 1XKkspk .acbx Y
ficy x/D dxfNx Then ke L
D. /X kCUSCE. 1/kC2/x K¢ 1 frcu x/D. 1kkSbk kCci1/ .aCbx  .b/
- ) _ D . 1! kc 1/86*C1 a C bx KCVCY
D. 17777k C2/oxEketc2; So (*) holds for n D k C 1 if it holds for n D k. Therefore,
Thus, the formula is also true forn D k C 1. Hence it is (*) holds for n D 1; 2; 3; 4; : : : by induction.
true forn D 1; 2; 3; @ . : by induction. 18. f.x/ D x2=3
3
-1 1 0 x D2 x 173
5. fxD 2 xD.2 x 00 2 %1 ¥ a=3
£0.x/ 2 x 2 f xD 3. 3/
DC fOOQ.X/DZ. Ik
foox D22 X 3 Conjecture:
) 14 73n 5
foooX/ o382 X 4 f 'n/.X/ 2. 1", X 3n 2/=3  for
nS2 x/ .nCl/ L n
D D 3
Proof: (*) holds forn D 1; 2; 3. n 2
Assume f < x/ DkS.2 x/ ke (i.e., (*) holds for Proof: Evidently, the above formula holds for n D 2 and 3.
nD k) , b Assume that it holds for n Dk, i.e.
kou & K k .
Then f x k8 k12 X/ kv o1, 1/ f% 2. 1% AF3k——5Ix 3k 2/=3
DkC182 x ¢ ¢ : D 3K
Thus (*) holds for n D k C 1 if it holds for k.
Therefore, (*) holds for n D 1; 2; 3; : : : by induction. Then,
16.f .x/ D plx D X1=2 d
fOxD TX 1=2 fkcux/D dxf k.X/ 3
fOO XD % jx 5=
2 =
61
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19D} 31 3k s ok 1lAT 3k 5 _3K 2o p !
Y )DL 2k
: :o2 22 TR 2.1k 11473k SHE3KEH—5X Eskcl 273
Conjecture:
D 3kC1/
.n/ n
. Y . 2n =2 : . -
f X D 113 522_n 3 X2 n 2 Thus, the formula is also true forn D k C 1. Hence, itis
n
Proof: Evidently, the above formula holds for n D 2; 3 and true for n2 by induction.
19. f .x/ D cos.ax/

4. Assume that it holds forn D K, i.e. f0 x/D asinax/

K/ k 1
fx/ Y 1 3 5.2k 3/ x . 1/=2;
- x 2 f 00 XID a2 cos.ax/
D 2 000 3.
Then f X/ D a” sin.ax/
; f'4/ X/ D a4 cos.ax/ D a4f X/
freux/D  dx fNx 2 It follows that f ™V x/ D a* " ¥ x/ for n4, and
' 1/k 11 35 2k 3/ 2k 1/ « €% 1=2 1 N cos.ax/ i 5 K

—

oy 8 arn1 sinnax/ ifnD4kC1 Kk 0;1;2;::/

1/kev | 1 3 52k 3/CE2kC1/ 3X E2kCV 1=2; o~ ~a cos.ax/ ifn° 4k 2 D

D 2kc1

“a sin.ax/ ifnD4k C 3

62
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Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.

20. f.x/ D x cos x
fO.x/Dcosx X sin X
foox/ D 2sinx Xcosx

fooo.x/ D 3cosx Cxsinx
f'4/.x/D4sinxCxcosx

This suggests the formula (fork D 0;  1; 2; ::2)

nsinxcxcosx ifnD 4k
tVx o gnesx xsinx  ifnD 4kC1
< "nsmciJstxsinx;(uSK I‘Mp D :km c’

Differentiating any of these four formulas produces the one

for the next higher value of n, so induction confirms the
overall formula.

21. f .x/ D x sin.ax/

f0 X/ D sin.ax/ C ax cos.ax/
a2 X sin.ax/

XD 3a25in.ax/ a3xcos.ax/

f4/ X/ D 4a3 cos.ax/ C a4 X sin.ax/

f 00 X/ D 2a cos.ax/
fOOO

This suggests the formula

na" 1cosax/Ca"xsinax/ if nD 4k

f.n/ nl

x/ gna" ‘sinax/ a"xcosax/ ifn 4k cl
ian4|‘< C 2

sssss J a xcosax/ ifnD ak c3

fork D 0; 1; 2; : : .. Differentiating any of these four
formulas produces the one for the next higher value of n,
so induction confirms the overall formula.

1 d

2fxID  jxj Djx 1. Recallthat dxjxj D sgn x, so

63
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The pattern suggests that

£ yp NSx .ncUSYNX ifnis odd

ncy ifniseven

i

Differentiating this formula leads to the same formula with n
replaced by n C 1 so the formulais valid for all n 1

by induction.
txpP T 5 1=2
23. X 11 3xD.1 3x/
fOxp2. 31 3w P
1 1
f90 xyp2 5. 321 3w 32
1 1 3
_ _ _ 5=2
£900 yyp2 2. 381 3y
1 1 3 5

4 yp 2 ). 3fa1 32

N

Guess: £ x/ 1 % 5.2n 3/3"

D

A 3% on v=2 ./
Proof: (*) is valid for n D 2; 3; 4; (butnotn D 1)
Assume (*) holds for n D k for some integer k2

e, fHx 135 2% 3/ 5
2
A 3% 2k =2
Then £KCY y 1 3 52k 33
D 2K
2k_U 1/=2
21 3 X 13
1 3 5 2.k 1/ 1 k1
k1 (3 3 ¢
D 2 C

A 3x/ 2key =2
Thus (*) holds for n D k C 1 if it holds for n D k.
Therefore, (*) holds for n D 2; 3; 4; : : : by induction.

24. Ify D tan.kx/, theny O Dk sec? .kx/ and
y 00 b 2k? sec? kxit an.kx/

D 2k? .1 C tan? .kx// tan.kx/ D 2k%y.1 C y2 /:
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fo.x/Dj Xj 2sgnx:
If x @ 0 we have

d
&sgn xDO and .sgn x/° D 1:

Thus we can calculate successive derivatives of f using

the product rule where necessary, but will get only one
nonzero term in each case:

ADAMSEQIHIENSEX: CAPBGEUSH
25. Ify Dsec.kx/, theny O D k sec.kx/ tan.kx/ and

y 00 D k2 sec? .kx/ tanZ.kx/ C sec3 .kx//

DK?y.2sec’ kxé 1UDK’y.2y? 1

" 3D . 1/';(a”ncos.ax Cu inD 2k 1

.1/ a sinnax b/ ifn 2k
C D C

fork D 0; 1; 2; : : : Proof: The formula works for k D O (n

£00 %/ D 2jxj 3.sgn x2 D 2j 3 D20D0andnD20C1D 1)
£3 5D 38jxj 4son x 0 wypfxp. 1/°a%sinaxcb/DsinaxC bl
4 %D 48jxj 5 fY xpf%xD. 1/°alcos.axCbl/DacosaxC b/
64
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Now assume the formula holds for some k 0. Section 2.7 Using Differentials and
If nD 2.k C 1/, then Derivatives (page 137)
.n/ d_ny d . okcy il 0:01
FxDdx 7 T o dxf X 1. ydy D x dxD 2 D 0:0025.
a4 If x D 2:01, then y0:5 0:0025 D 0:4975.
2. f.x/df x/D _3&_ f 0:08/ D 0:06
2 3xC1

D . 1/kC1 a2kC2 sin.ax C b/

f.1:08/f .1/ C 0:06 D 2:06.
t

andifn D 2.k C1/C 1D 2k C 3, then .2 - 2 2
3. ht/dht/D 4sin 4dt 4.1/10 D 40.
1 A 1 -
£ %/ D d)(j . 1KCL Q2ZKC2 Gin ax c b/
D. 1/|(ClazkC3 cos.ax C b/: 1

1
1

S
4 uduD Zsec®> T dsD7 .2/, 0:04/D 0:04.

Thus the formula also holds for k C 1. Therefore it holds

. . . Ifs then u 1 0:04 0:96.
for all positive integers k by induction. D

2
Ify D tan x, then 5. IfyDx",theny dy D 2x dx. If dx D .2=100/x, then y

2 .
.4=100/x" D .4=100/y, so y increases by about 4%.
y0 Dsecsz1Ctan2xD1Cy2 D P2 .y/;

2
where P2 is a polynomial of degree 2. Assume that 6. Ify D 1=xthen y dy D . 1= ldx. If
v _ _ dx D .2=100/x, then y. 2=100/=x D . 2=100/y, so0
D Pnc1.y/ where Pnc1 is a polynomial of degree y decreases by about 20%. 4
n C 1. The derivative of any polynomial is a polynomial 152 1 .
of one lower degree, so 7. Ify D =x“,then vy dy D. /dx. If
—d d dx Dd.2=100/x,btherE) yt. 00 4=100/=x D . 4=100ly,
— so y decreases by abou .
y"™Y b dx® Prc1y D Pry/ dx"Y D Pnyl.1Cy% /D Prc2 Y Y ’
3 2 —
.y/; a polynomial of degree n C 2. By induction, 8. IfyDx éthen y dy D 3x” dx. If dx D .2=100/x, theny
.6=100/x D .6=100/y, i b
.d =dx/" tan x D Ppc1 .tan x/, a polynomial of degree about 6%. ¥, S0y Increases by
nC1intan x. 9.lfy p dy 1=2P
D - D -
f9D 1% cig®/pfPgct¢ctO¢’c X p -2=100/xthen y  1=100P ¥ 5 .1=100ly,
f g00 D0 g C2f 0 g0 Cf g00 S0y increases by about 1%.
d - —
fgr¥ Ddx—f g™ 10. IfyDx 2 3,then ydy D . 2=3/x 573 ax. If
q dx D 2=100/x then y 4=300/x>=2 D . 4=300/y, so y
D gx- CEf 00 g C 2f 0 g0 c fg00 decreases by about 1.33%.

3
Df3gct®g0 c2g0 c2f0® ci0g® crg? 11. 11VD2 r3 thenvdVD4rZdr. Ifrin-creases by 2%,

65
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00 .0 0 00

g C3f g Cfg'3/:

pf¥gcaf

for¥ D dxd fgr¥

d

0,00 3
D dx

¥ gcar0g0 c3r9g% crg

DfagCfago C3fsigo C3foogoo C 3foogoo

C 3fogaCfogaCfga

00 00

Df'4/g(:4f‘3/gO cef g 049

C4af g Cfg'4/:

fgr Df‘n/géc nf.n 1/g° C28.n 28¢ n 21goo
n

C 380 38fn ¥

n nS

ccnfOg" vCfgw

D XD ké.n k/éf.n klg.k/:
k 0

66
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13.

14.
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then d r D 2r=100 and V 8 r 3 =100. Therefore \V = V
6=100. The volume increases by about 6%.

If V is the volume and x is the edge length of the cube

3 dVv _ 3@ x If
thenV D X . Thus V 3 D 2

\ D .6=100/V , then 6x =1003x dx, so

dx .2=100/x. The edge of the cube decreases by

about 2%.

Rate change of Area A with respect to side s, where
dA

AD s2 ,is

at rate 8 ft° /ft.

ds D 2s: When s D 4 ft, the area is changing
2 P P -
IfA D s,thens D Aand ds=dA D 1=.2 A/
2

If AD 16 m , then the side is changing at rate

ds=dA D 1=8 m/m°.
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15. The diameter D and area A of a circle are related by p
DD 2 A= . The rate of change of diameter with respect

to areaisdD=dAD ° 1=. A/ units per square unit.

16. Since AD D? =4, the rate of change of area with respect to

diameter is dA=dD D D=2 square units per unit.
4

17. Rate of change of V D ?rs with respect to radius r is
dv
dr D4 r 2 WhenrD2 m, this rate of change is 16
m3/m.

18. Let A be the area of a square, s be its side length and L
be its diagonal. Then, L2 bs?cs® D2s? and
dA

1
ADs? D 'ZL2 ,s0 dL D L. Thus, the rate of change of

the area of a square with respect to its diagonal L is L.

19. If the radius of the circleisr thenC D 2 r and
AD 1?2,

A - -

Rate of change of C with respectto A isp

dCpp_ ol
dA A r

20. Let s be the side length and V be the volume of a cube.

ds

_ 1 _
ThenV Ds° )sDVl'3 and dV D 3V 2_3. Hence,

the rate of change of the side length of a cube with re-
spect to its volume V is 3lv 2=3,

21.Volume in tankis V .t /D 350.20  t/% Latt min.

a) AttD 5, water volume is changing at rate
dv

'Y D 700.20 t/ D  10;500:
Tt 5 t 5

) )

Wateris draining oyt at 10,500 L/min at that time.

At t D 15, water volume is changing at rate

v

D 700.20 t/

“t 15 t 15

dv. D 3:500:

) )

Water is draining out at 3,500 L/min at that time.

b) Average rate of change betweent D 5and t D 15 is

ADAMSEAT ERSEX: CARAARIEY)

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. FD k=r 2 impliesthat dF =d r D 2k=r 3 . Since
dF=dr 1 pound/miwhenr  4; 000 mi, we have

2k D4;000 . IfrD 8; 000, we have

dF=drD .4;000=8; 000/3 D 1=8. AtrD 8; 000 mi F
decreases with respect to r at a rate of 1/8 pounds/mi.

24. If price = $p, then revenue is $R D 4; 000p lOp2 .
a) Sensitivity of R to p is dR=dp D 4; 000 20p. If

p D 100, 200, and 300, this sensitivity is 2,000 $/$, 0
$/$,and  2; 000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

25. Costis $C .x/ D 8; 000 C 400x  0:5x2 if x units are

manufactured.
a) Marginal cost if x D 100 is

c 9 .100/ D 400 100 D $300.
b) C.101/ C.100/ D 43:299:50 43;000 D $299:50

which is approximately C 0 100/,
26. Daily profit if production is x sheets per day is $P .x/
where
P.x/D8x 0:005x° 1;000:

a) Marginal profit P O x/D8 0:01x. Thisis positive if
X < 800 and negative if x > 800.

b) To maximize daily profit, production should be 800

sheets/day.
2
80:-000 i
27.CD n__c4nC 100~
dc 80; 000 n

dnD nz C4C 50 :
dcC

(@ n D 100; D 2. Thus, the marginal cost of d n

production is  $2.

dC 82
(b)) NnD300; _  D__ 9:11. Thus, the marginal cost

d no
of production is approximately $9.11.
X
10x 20 1000
2

X

28.Daily profit PD 13x Cx D 13x
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V.15/ V .5/ 350 .25 225/  7:000:

15 5 D 10 D

The average rate of draining is 7,000 L/min over that
interval.

22. l;lowrateF Dkr*,s0o Fakr3 r.1f F DE=10,
then

F kré

" 40kr® D 40kr® D0:025r

Copyright © 2018 Pearson Canada Inc.

ADAMSEAT ERSEX: CARAARIEY)

D3x 20 1000

Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

dP 2x

0D dx D3 1000 sox D 1500

Should extract 1500 tonnes of ore per day to maximize
profit.

61
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29. One of the components comprising C .x/ is usually a fixed
cost, $S , for setting up the manufacturing operation. On a

per item basis, this fixed cost $S =x, decreases as the num-

ber x of items produced increases, especially when x is

small. However, for large x other components of the total
cost may increase on a per unit basis, for instance labour
costs when overtime is required or maintenance costs for
machinery when it is over used.

Let the average costbe Ax/D &L, The minimal

aV-x
erage cost occurs at point where the graph of A.x/ has a

horizontal tangent:

A xC 0 X Cxl

0D dx D X
C x/

Hence, xC 0 XIC xID0O)C 0 X/ D x DAXI.

Thus the marginal cost C 0 x/ equals the average cost at
the minimizing value of x.

30. IfyDCp ", then the elasticity of y is

D dy D

rl

ydpD Cp ' ricp Dr:

Section 2.8 The Mean-Value Theorem
(page 144)

1. f.x/szé fo.x/D2x
b°  a® f.o/ f.a/

bCaD b a D b a
fo.c/ 2c c bCa

1

D D ) D 2
1

» ffx/D x,andf%x/D  x2 then

f.2l .1/ 1 1 1

21 D2 1D 2D ¢ Df%.¢
p

ADAMSEGT EHSER: CA(RAARIBIE)

41ff x/ Dcosx C .x2 =2/, then f0 X/ DX sinx>0
for x > 0. By the MV(;I’, ifx > 0, then

f.x/ f.0/ D f .c/.x0/ forsomec > 0, so
f.x/ > f.0/ 2D 1 ThuscosxC .x 2 =2/ > 1and

cosx >1 .x =2/forx > 0. Since both sides of the

inequality are even functions, it must hold for x < 0 as
well.

5. Letf.x/Dtanx. Ié 0 <x< =2,then by the MVT

f.xi f.0/ D f 2.c/.x 0/ for some c in .0; =2/.

Thus tan x D x sec ¢ > X, since secc > 1.

sLetf x/D.1Cx'1 rx wherer>1.

Thenfo.x/Dr.lcx/r 1T,

If 1x<0thenf0.x/<0; ifx>0,thenf0.x/>0.

Thusf.x/> f.0/DOIf 1x<Oorx>0.
Thus.1Cx/ >1Crxif 1x<0orx>0.

7. Letf.x/D.1Cx/" where0<r<1. Thus,

fOxpracxt. By the Mean-Value Theorem, for x
1,and x = 0,

fx .0
x 0 Dfo.c/

) X pracef !

for some ¢ between O and x. Thus,

1Ccx D1CrxicCcl 1.
If 1 x<0,thenc<O0and0<1Cc<1 Hence

1ccef s 1 .sincer 1<0/;

rx.lCc/r1 <rx

.since x < 0/:
Hence, . 1Cx/' <1Crx.
If x>0, then
c>0
1Cc>1
1ccft<1
rx.1Ccl 1 <rx
Hence, .1 C x/r < 1 Cr x in this case also.

Hence, .1 Cx/ <1Crxforeither 1x<O0orx>0.
glff x/ D x> 12x C 1, then £ O x/ D 3.x%4/.

The critical points of fare x D "2. f is increasing on .1 ; 2/

and .2; 1/ where f 0 x> 0, and is decreasing on . 2; 2/
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where ¢ D 2 lies between 1 and 2.

fxiDx®  3xC1,f%xD3x?

3,aD 2,bD2

f.b/ f.a/ f.2/ f. 2/
b D 4
8 _6C1 _. 8C6C1/
b=
4
D4 D1
fO.C/D3C2 3

3¢> 3D1)3c° D4)cD"

(Both points will be in .

62

2;21.)

2l
)

w 1

10.

11.

ADAMSEGT EHSER: CA(RAARIBIE)

where f 0 Xl <0.
2 0

Iff.x/Dx 4,thenf .x/ D 2x. The critical point of
f isxDO. f isincreasing on .0; 1/ and decreasing on
;0.

Ify D1 x x5,thenyO D1 5¢* < 0forall

X. Thusy has no critical points and is decreasing on the
whole real line.

Ify D x> C6x%, theny © D 3x%C 12x D 3x.x C 4/. The
critical points of y are x D 0 and x D 4. y is increasing
on. 1; 4/and.0; 1/ wherey 9 >0, andis decreasing

on. 4;0/wherey 0 <o

Copyright © 2018 Pearson Canada Inc.



12.

13.

14.

15.

16.

17.

20.

21.

18.

19.

BETRON TOR' SFEETIONS MANUAL

Iff x/Dx2C2xC2thenf® x)D2xC2D2.xC 1/.

Evidently, fO x/ > 0ifx> 1andf® x/<0ifx< 1.
Therefore, f isincreasingon. 1; 1/ and decreasing on
1 1/.3
f.x/ DX 4xC1

0 2

X/ D 3x 4 2

fOx>0if X >__

0 Il p3
fOx<0if x <_2

ji ps 2 2

f isincreasingon .l ; ) Tg/ and . ﬁ D1/
f isdecreasingon. p 3 ;p3l

Iff x/Dx° C4axC1,thenfC x/D3x% C4. Since
O x/ >0 for all real X, hence f .x/ is increasing on the

whole real line, |e on.1 ;1/.
fxIDx> 4P

O xiD2x2x2  4/D4xx 2/xC2/

O.x/>0ifx>20r 2<x<0
fO.x/<0ifx< 2or0<x<2

f isincreasingon. 2;0/and .2; 1/.
f is decreasingon .1 ; 2/ and .0; 2/.
1 2X

Iff /D 2T thenf’ x/D T 37. Evidently,

0.x/>0ifx<0andf0.x/<0ifx>0. Therefore, f

is increasing on .1 ; 0/ and decreasing on .0; 1/.
fxIDx35 x?

OwD3x’5 x°Cc235 x. 1

Dx% 5

x/.15 5x/

D5x%.5 x/.3 x/
1OF 25 D 15G @ cosx > 0
f;pg%’l@(%g( Ué’ us |smcreasmg on the intervals

f ih_ggfgsg%oonrﬁl?r%// /Zannd/ v%here n is any integer.

f x/ D x> isincreasing on .1 ; 0/ and .0; 1/ because

H4 x/ D 8sin 8, thee f ButfDA. 2<ds&/DDatk RS £3
whdndesmx €;0k X2;,:so:f is also increasing on inter-

f isdecreasingon.=3C2n ; C2n /.

fis increasing on . =3 C 2n ; =3 C 2.n C 1// for integers
n.

Iff XD x Csinx, thenf0 x/DlCcosxo

X/ D0 only at isolated pointsx D " ; "3 ;
Hence f is increasing everywhere.

63 Copyright © 2018 Pearson Canada Inc.

22.

23.

24.

25.

26.
27.

28.

29.

ADAMSEQITOERSEX: CAPBGEUSY

There is no guarantee that the MVT applications for f
and g yield the same c.

CPs x D 0:535898 and x D 7:464102

CPsx D 1:366025 and x D 0:366025

CPsx D 0:518784andxD O

CP x D 0:521350

If X1 <x2 <:::<Xxn belongtol,andf .xj/ DO,
.Lin/, then there exists yi in .xi ; xi C1 / such that
yi/DO0,.1 i n 1/byMVT.

0
Forx o O,wehavef .x/ D 2xsin.1=x/ c0s.1=x/

which has no limit as x 1 0. However,
Y.0/ D limhiof.h/=h D limpiohsin.l=h/ D 0

cannot be continuous at 0.
alof 0 .b/, let us assume,
0 0

does exist even though f 0
I1f£9 exists on CEa; b and f 0

without loss of generality, thatf .a/ >k >f .b/.If

g.x/ D f .x/ kx on CEa; b , then g is continuous on CEa; b
because f, having a derivative, must be continuous there. By
the Max-Min Theorem, g must have a maximum value (and
a minimum value) on that interval. Suppose the max-imum

value occurs at c. Since g0 .al > 0 we must have

¢ > a; since g .b/ < 0 we must have c <b. By Theorem
14, we must have g0 .c/DOandsof®.c/Dk. Thusf®

takes on the (arbitrary) intermediate value k.

30fxD 0C itx 0.
X 2X°sin.1=x/ ifx O

D

f.0/

a) £9.0/ 5 lim f-och

|
D lim hC2h%sin.1=h/

vals containing the origin.

63
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1
D lim.1C2hsin.l=h/D

h
!

0
because j2h sin.1=h/j 2jhj!0ash!O0.

b) For x = 0, we have

f0 XID1C4xsinl=x/ 2
€0s.1=x/:

There are numbers x arbitrarily close to 0 where
f0 X/ D 1; namely, the numbers x D "1=.2n /, where

nD1,2,3,:::.Sincef 0 X/ is continuous at every x
o 0, it is negative in a small interval about every

such number. Thus f cannot be increasing on any
interval containing x D 0.

31. Leta, b, and c be three points in | where f vanishes; that
is, f
.a/Df.b/Df.c/DO. Suppose a< b <c. By
the Mean-Value Theorem, there exist points r in .a; b/ and

s in .b; ¢/ such thatfO.r/Df% s/Do0. By the Mean-
Value Theorem applied to £%0n CEr; s , there is some point

tin.r; s/ (and therefore in I ) such that f °° .t/ D 0.

64 Copyright © 2018 Pearson Canada Inc. 64
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32. 1f £V exists on interval | and f vanishes at n C 1 dis-tinct
points of I, then f W Vanishes at at least one point of I .

Proof: True for n D 2 by Exercise 8.

Assume true for n D k. (Induction hypothesis)

Slf(@ﬁse nDk C1,i.e., fvanishes at k C 2 points of | and
f exists.

By Exercise 7, f 0 vanishes atk C 1 points of | .

By the induction hypothesis, f kCU 5 £0 /K \anishes at a

point of | so the statement is true for n D k C 1. Therefore
the statement is true for all n 2 by induction. (case n D 1 is
just MVT.)

33. Giventhatf.0/Df.1/D0Oandf.2/D 1:

a) By MVT,
f.2/ £.0/ 10 1
0
f*.a/D 20 D 20D
for some a in .0; 2/.
b) By MVT, for somer in.0; 1/,
f.1/ f.0/ 00
0 ) .
f*.r/D 10 D 10DO:
Also, for some s in .1; 2/,
f.2/ f.1/ 1o
f%/D 21 D 21D1:

Then, by MVT applied to f 0 on'the interval CEr; s, for

some b in.r; s/,

sinces r<2.

c¢) Since f 00 X/ exists on CEO; 2 , therefore f 0 X/ is con-
tinuous there. Since f 0 r/DOandf 0 .s/ D 1, and since

65 Copyright © 2018 Pearson Canada Inc.

ADAMSEQITOERSEX: CAPBGEUSY

3. x2 CxyD y3
Differentiat% with 2res%ect to x:
2xCyC D 3y“y
%5y

3y2 X
4. x32nyy5 D2
3x ny3yOCy505xy4y0DO
3
y D 3 5 4
X c Xy’
5. X2y3 D 2x y

2xy3 c a2y y30 52y 0

yOD zéy—_l

3XTy° |

6. xX°C4y 1/°D4
0 0

2xC8y 1y DO,soy D41 y/

7. x yDxX* C1DxCy
x Cyyy
Thus xy y2 Dx° Cx2y Cxy Cyz, orx® szy CZy2 DO
Differentiate with respect to x:

2 2.0 0
3X CnyZCXy C4yy DO

y 3 coan
3 g

C D— 0 0
p 1y
xcycxzpﬁw;lc D

2xCylCx1Cy O/p 2
X y 2P

y b £ .¢ c

9. 2x°C3y’ D5

axceyy’ DO
0
°p
At.1;1/: 4C6y DO,y
2

w] N

65
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0 <1, <1, the Intermediate-Value Theorem Tangentline: y 1D 3.x 1/or2xC3yD5

assures us that f 9 .c/ D 17 for some ¢ between r and 10. X2 y3 x3 y2 D12
S. i cady?yl  3ly? 2x3yy0 DO
At. 1;2/: 16C1l2y 0 12c 4y Op 0, so the slope is
Section 2.9 Implicit Differentiation y 12€l6 28 71:
(page 149) ., D12c4 D16D 1
Thus, the equation of the tangent line is y
Xy xC2yDl1 DZCZ4.XC1/,or7x4y015DO:
leferegtlate with rce)spect to Xx: 3
yCxy° 1C2y° DO 11. xC y " D2
1y yX
0 —
Thusy D X X43C y4 QZ)C()gy 2 3,0
3 3 c 4x° C4y"y "~ D6x“yC2x"y
2x"Cy~ D1 0
at. 1; 1/ 4 4y D6 2y°
X2 2y®D2y%D1
3x2C3y2yOD0,soyO D yz. Tangentline: yC1D1xC1/ory D x.
66 Copyright © 2018 Pearson Canada Inc. 66
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2
y 3 2~.3 2
12xC2yC1D X 1 19. x y“Cy~ Dx 1 3x
2
0 LMQ;.M;U 3% 2y° c3y?y? Dl)oy0 D3y? 2y
1C% "D x 1 ox 2y°P 2vPceyy’2c3?y® D0 o
At.2: Uwehave1c2y’D 2y% 1s0y%D 3. 02 1 3x/
Thus, the equation of the tangent is 2 6yly“- I 6x 2 eyl3y? 27 6x
1
yD 1 2x 2/,0rxC2yDO: yob 3y 2y D 3y? 2y
xCy - 2 6yll 3P 6x
13. p_
2cy? 2cos.xy6nyy0/D0 0 D .3y2 2y/3 3y2 2y
At. =4;1/: 2Cy A1C. =4y~ D 0,s0 20, 3 3xyCy3 D1
2 0 2.0
yO D 4=4 /. The tangent has equation 3™ 3y 3y Cyy DO
4 - ex 3y% 30 39% ceyy??c3?y® po
- Thus
yD1 4 X 4 y X2
0 2
14, tan.xyZ/D.2= Ixy y'D ¥y Xx 0 02
sec? xy? Iy? C 2xyy 01 D 2= Ly Cxy 0 A 2x Q_ZZV vy |
At.; 1=2/: 2..1=4/ y /D.1=/] 2y~ ,so yo D y© X
0 Dy 2 x xC yz_x2 yy2 4 2 #
y D. 2/=4. 1//. The tangent has equation 2 y X Z-L:X—
1 2 Dy 2 xy2 X[z Dx y° BB
yD2C 21/.xC I 2 Xy A
15. x sin.xy 2/px® 1 ) 0 0 21. x*Cy? Da?
sinxy y~/Cx.cos.xy y“/lyCxy 2yy ~ 1 D 2x. 0 0 0 4

At.1;1: 0C. 101 y%/D2s50y°D 1. Thetangent 2xC2yy DOsoxCyy DOandy Dy

hasequationy®1 x 1,oryD2 «x 1Cy°y°ny°° D 0 so——x=
v X2 17 1 y°2 1c
D 2 2 5. ]
16. COS X y D y- 2 0
o ‘ ° y D y D __y
Yy Xy Yy xXF Xy y> Cx a
p- 3y 1 0 D y> Dy
At .3;1; = ——e——— D6 ¥ , 22 AX2C Byz DC
0 P- P AX
soy - D.108 3 /=162 3 3 /. Thetangent has 0 0 o
equation g 2AxC2Byy~ DO)y~ D By
67 Copyright © 2018 Pearson Canada Inc. 67
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108 p 3
Thus,
yD1C 162 3p3 .x 3/
A By 07 AB . 2
Ax
xyDxCy -
y 1 00
z_ - D B D B
nyy0D1Cy0)yOD 1 x Y y 2y 2
_ABy CAX |  _AC:
yOCyO nyOO Dyoo
2" 2y _ 1 D B2ys D Bays
Therefore yOO D_1 . D .1 'x/2 ;
: XD 23. Maple gives 0 for the value.
2 0.2 00
C4y D4>;< 2XC8yy0D 0; 2C 8.y /C8yy DO 206
Thus,yo DE and 24. Maple gives the slopeas 55 .
s o 25. Maple gives the value  26.
2 8yof T X 4y" X i 855; 000
yo D g8y D 4y 16y°D 16y° D 4°: 26. Maple gives the value  371; 293.
68 Copyright © 2018 Pearson Canada Inc.

ADAMS SBEEISEX. CAPSCEUZY)

2ac2By /2 c2By ®© po.

Copyright © 2018 Pearson Canada Inc.
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28.
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ADAMS SBEEISEX. CAPSCEUZY)

xy X 2 .2 2
Ellipse: X2 C 2y2 D 2 3. x vDvC1l.xy V- DXx“CxvCxvCyv
2xC4yy%Do0
< C
lope of ellipse: yE0 D 2 - 2 2
Slop ) 2 y , X“C2y"CxyDO
Hyperbola: 2x= 2y D1 —_
Differentiate with respect to x:
4x  4dyy 0 DO x
_ 0 0 2x
2x 4 X 0 0 ==Cvy:
Slope of hyperbola: y 0 C 4 cYc y D ) y D 4y=—x
22 22 D1 C
At intersection points x? 2y2 D2 : 2 2 .

1— However, since X~ C 2y” C xy D 0 can be written
3X2D3$OX2Dl,y2D—22 1 5, 7 5 y 7 5
Thusyo yo X X X 1 XCxyC 4y°“C 4y° DO; or.xC 2/2C 4y° DO;

E w0 Ey 2y2 b
Therefore the curves intersect at right angles. the only solution is x D 0, y D 0, and these values do not
X satisfy the original equation. There are no points on the
- - y2 given curve.
The slope of the ellipse a2 C b2 D 1 is found from
2x 2y b2 X _ _ o o
—_— — Section 2.10 Antiderivatives and Initial-Value
az ch2yopo; ie yoD a’y - Problems (page 155)
X2 P
Similarly, the slope of the hyperbola A>  B? D 1lat
.X; y/ satisfies
2 1.Z5dxD5xCC
2x 2y B"x X
A> 8%y%D0; ory® DA%y 2 2 x2dxD 3x°CC
If the point .x; y/ is an intersection of the two curves, 2
. NV p
en -
x* y? a2 B2 3.z xdxD 32 cc
e T? 4
-+ L sz x*2dxp ,xBcc
x2 A2 aDy2 B?cC b2 1
Thes, x> b2CB, A%a® 5.z x> dxD 4x*CC
2
X
y2 D B2b2 a2z A2 o
Since a2 b2 A2 B 2 , therefore B 2 b2 a2 AT,
2 2 3 C C D
X Aa 6. Z XCcosx/dxD 2 CsinxCC
and y2 D Bz2b2. Thus, the product of the slope of the
two curves at .x; y/ is 7 7 tanxcosx dxD~ sinxdxD cosx C C
3
69 Copyright © 2018 Pearson Canada Inc. 69
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b2x B%x  b2B2 A%a?

a’y A’yp @A B D 1:

Therefore, the curves intersect at right angles.

If z D tan.x=2/, then

1 5902 x=2/ 1 dx 1C tan;.X: / & 1C Z2 ﬂ:

-—D D
D 2 dz 2 dz 2 dz

Thusdx=dz D 2=.1C z2 /. Also

2
cosx D2 cos2 x=2/ 1D sec2 x=2/ 1
_22 l_2z
D1Cz° 1p1cCz?

2 tan.x=2/ 2z

sinx D2 sin.x=2/cos.x=2/D 1C tanz.x:Z/ D 1Cz

70 Copyright © 2018 Pearson Canada Inc.

ADAMS SBEEISEX. CAPSCEUZY)

8. de .seczx cosx/dx tanx sinx C

1
4 .a2 x2/dea2x 3x3CC
Z 5 B >, _C 3

9

10. ACBxCCx /dxDAXC 2x C 3x CK

Z 1=2 1=3 74 3=2_ 9 4=3
11. 2x C3x dxD 3x C 4x ccC

6.X 1/

4=3

12. Z  X4=3 dx DZ .6x 1=3 6x / dx

. pox?=3cisx B cc

X X 1 1 1

13. Z 3 2 Cx 1dxD 12x4 6x3C 2x2 xCC

70
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z
14. 105 1ctlct?ctb/dt

.
Scli’/cc

D10ostcizt3cist

D105tCc35t3Cc21t°cist/ cC

15. Z4 c0s.2x/ dx D 12 sin.2x/ C C

X X

16. Z sin 2dx D 2cos 2CC
—dx 1

17.Z 1Cx? D 1CxCC

18. Z sec.1 x/tan.1 x/dxD sec.l x/CC

1 i}
19. £ Paxcax D=3 .2xc3%2cc

20. dp —_— 1
Since — XxC1D , therefore
2 xC1
4 p_‘— .
z _4__dxD8 ¢TCC:
xC1l

21. Z 2x sin.ledx D cos.x2/CC
d X

0"

22. Since dx X2C1D p X2Cl,therefore
2X

1

7 g

dxD2 x? ClCC:

c p

2 Z 2
23 z tan"xdxD ~ .sec“X 1/dxDtanx xCC

T 1

24, 7 sinxcosx dx D (c0s.2x/ C C

2 sin.2x/ dx D

67

30.

ADAMSSECTESS X (CARALE WS5)

y.4/ 1 1D16C soC 15
29. y0D3px3 y 2?cc
D 3=2 D C D
Thusy D
2X 15 for x > 0.
Given that
yoD xi=3
y.0/ D 5;
Z
theny D xl_?’ dx D §4 x*3ccands5D y.0/ D C . Hence,
3 4=3
yxID 4x C 5 which is valid on the whole real line.

31.

32.

Sincey0 DAX? CBxCC we have
A B
y D
3x3C 2x>CCxCD. Sincey.1/ DT, tharefore

A F A B

llgy.l/D 3C2cccb. Thusbbl 3 2 C,
an

A B
- 3 - 2
yD 3x 1/C 2 X 1/CC.x 1/C1forall x
Given that
yO Dx 9=7
y.1/D 4;
Z _ L _
theny D x9'7de7 2x2_7CC. 1
Also, 4 D y.1/ D 2 CC,soCD 2. Hence,
1 1
yD ,X 257 ,, which is valid in the interval .0; 1/.

y. =6/D 2

33.For y" D cos x , we have

Z .
YD " cosxdxDsinxCC
1

2Dsin6 CCD 2 CC+ CD 2
3
yDsinxC 2 (for all x):
67
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26.

27.

28.

BEBTRONTORIS FRIGETIEHS MANUAL ADAMSSHETESS X C AR ARE US55

1¢c c0s.2x/ X sin.2x/
z coszxdeZ y Dsin.2x/
2 dxD 2C 4 ccC 0
1 cos.2x/ X sin.2x/ 34. For » We
9 7 — havey.=2/D 1
Z sin“xdxD 2 dxD 2 4 CC 1
l —
( 2 Z
yoDX 2 y)yyp ,x° 2xccC YD sin2x/dxD 2cos.2x/CC
y.0/D 3 )3DO0OCC therefore CD 3 1 1
12 1D 2cos CCD 2CC+
ThusyD 2x  2x C3forall x. ¥
Given that
yODx 2 3 yD 2 1 cos.2x/ (for all x):
Z . 1/DO;
y 11 2 3 35. For Yo D secz x : we have
2 11
thenyD X x3/de X CZXZCC yZ.OIDl
andODy. 1/D. 1/ Cz 1/ CCsoCD ,. yD sec®xdxDtanxCC
1 1 3
Hence,yx/ D X C 2x2 2 which is valid on the l1bwn0CCDC =+  CDI1
interval .1 ; 0/. yDtanxC1 (for =2<x< =2/

68 EORYight © 2918 PEASHN CARZER IRE:
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8

00
D cos x
36. Fory9Dsec?x  we y

41. For _y.0/ 0l we have

havey./D1
z D

y D seczxdetanxCC

1Dtan CCDC =+ CD1 yo D cosxdx DsinxC C1

yDtanxC1 (for =2<x<3 =2/ 1Dsin0C C1+ ciD1
. 00 0 DZ inxC1/dxD

37. Sincey “~ D 2, thereforey © D 2x C C1. y Sin X X cosxCxCC2

Sinceyo.0/25,therefore5DOCC1,andyoDZXCS. 0D cosO0COCC2 = C2D1
Thusy D x® C5x C C2. yD1Cx cosx:

Sincey.0/ D 23, therefore 3D 0COCC2,andC2 D 3.

Finally,yDx C5x 3, forall x. <y DxCsinx

38.Given that

SVOO DX 4 42. For 8y.0/ 2 we have
<" p° : yO.O/DO
y.1/ D1,
y.1/D1; . X2
1 0 i
thenyoDZ X4dXD 3X3CC. y D XCsinx/dxD 2 cosx CC1
Since 2Dy %.1/D -15 C C, therefore C D 17 0D0 cosOCCa = Cib1
1 z 7 X X
andyOD xC1 6 sinxCxCC2
ax 3C 3. Thus yD 2 cos dx D
1 7 1 7 2D0 sin0COCC2 + C2D2
vA 3 2 ©
y D x °C dxD x “C xCD; —
3 $ 6 32 yD 6 sinxCxCz2:
and1Dy.1/D zl; C ;3C D, so that D D 2. Hence,
1 L
yx/ D ex 2C 5 x 2,whichisvalidin the interval B B 2B
—_ 0 —_ —
.0; 1/. 1 43lety DAXC x.Theny DA x* ,andy® D x3
39. Since y00 Dx® 1, therefore y Opzx* xccr. Thus, for all x = 0, _ _
sincey ®.0/ D 0, therefore0 D 0 0 CCt1,and B B B
1 2 00 0 -
yoDux* x xy Cxy yD x CAx x Ax x DO
1 5 12
ThusyD 20x  "x CC2 We will also have y.1/ D 2 and y ° .1/ D 4 provided
Since y.0/ D 8, we have 8 D 0 0CCa.
69 69
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1 5 12 . .
Hencey D 20x 2x C8forallx. ACB D2, and A BD4:
. 0
. Given that 8y .12 These equations have solution A D 3, B D 1, so the
Yoo D 5x2  3x 1=2 . .
© initial value problem has solution y D 3x A=x/.
h D 44. Letry andr2 be distinct rational roots of the equation
" y.1/DO; br ¢
5 arr 1vcn C e Sy
Z 3 1=2 CC Lety D Ax CBx 1
_ = . r
we havey0 D™ 5x% 3x 2 4xD X7 B
0 r 1l
3 19 T:eno\é ZArl X1 1/CrB r2 X ; , y - o
an re.ri 1/x r2.r2  1/x . Thus
Also, 2Dy%1/D ¢ 6CC sothatC D=3 . Thus, ! b gle :
2 19, ax yOOCbxyO Ccy
yo D3X3 6x1=2C 3 , and Dax? . Ari.ri 1T 2CBro.ro IKY
2 £l L = s cbxarnx?t lcerx? liceax cBx?/
yD™ xs &x?Cc dxD  x¢ 4x°72C xcCD: r1
3 3 12 3
Finally, 0Dy.1/D %, 4Cc ¥ cDsothatDD . DA ari.ri, /ChbriCc X r
4 3= A2 L Bar r2 1/ br2 ¢ x

=
Hence,yx/D 12 X' 4x7°C 3x 4 .

D O0x C0x 0 X >0/
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2,00 0 . .
gy Caxy” yDO ./)aD4bD4cD 1 d) never accelerating to the left
45, y4/D?2
., 0
ty 4D 2 e) particle is speeding up for t > 2
Auxilary Equation: 4r.r 1/C4r 1DO
2
4r® 1DO f) slowing down for t < 2
1
rD* 2
By #31,y D AX:™2CBx 1 2solves. /forx> 0. g) the acceleration is 2 at all times
A B
Nowy © D2x 12 72 B . .
y X X h) average velocity over Ot4 is
Substitute the initial conditions:
B B X4 x0 16 16C3 3 O
2D2AC 2 )IDAC 4 40 D 4 D
A B B 9
2D 4 16 ) SDA 4: 2. xD4C5t t“,vD5 2t,aD 2
B 7 a) ;Sl'he point is moving to the right if v > 0, i.e., when t <
Hence9D 2,so0 BD18AD 2 . 2.
7_ b) The point is moving to the leftif v <0, i.e., when t >
Thusy D 2x*% C 18x 172 (for x > 0). 5,
46. Consider o : .
» 00 c) The point is accelerating to the right if a > 0, but
<x°y~ 6yDO a D 2atall t; hence, the point never accelerates to the
y.1/D1 right.
-yl upu1 . _ _ _
) ’ ) d) The point is accelerating to the left if a < 0, i.e., for all
LetyDx'; yO Drx" 1: y® brr 1x" 2. substituting t.

these expressions into the differential equation we obtain ¢) The particle is speeding up if v and a have the same

sign, i.e, fort>"2.

CEr 1 2 ex' Do
v and a have opposite
r f) The particle is slowing down if
Gr 1 6x DO sign, i.e., fort<®
Since this equation must hold for all x > 0, we must have 5
g) SinceaD 2atallt,aD 2attD , whenvDO.
h) The average velocity over CEO; 4 is
> r 6DO 4" D 4 DL
r 3rc2ipo: dx dv

3xDt°3 4tC1,vD dt D 3t 2 4,aD dE)D6t

Therearetworoots: r1 D 2,andr2 D 3. Thusthe : - . <2=
differentizal equation has solutions of the form ) 8) particle moving: to the right for t - 2 Sor
yDAx °CBx>. ThenyY D 2ax ®C 3B x%. Since p
1pyl/ pA Bandl p y°.u 2A 3B, therefore t>2= 3 -
3
71 71
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AD sandBD -5 Hence, y D 5 X Cisx .

Section 2.11 Velocity and Acceleration
(page 162)

dx dv

1.xDt2 4tC3,vDdtD2t 4,aD dt D2

a) particle is moving: to the right for t > 2

b) to the left fort <2

¢) particle is always accelerating to the right

72
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b) to the left for Z:p 3<t<2=p 3
c) particle is accelerating: to the right fort > 0

d) totheleftfort<O

p
e) particle is speeding up for t > 2=3 or for p

2= 3<t<0
p

f) particle is slowing down for t < 2= 3 or for p
O<t<2= 3

g) Velocity is zero att D 2=P 3. Acceleration at these
timesis "12= 3.

h) average velocity on CEO; 4 is_43—4 4c1 1 12
4 0 D

EOpyright © 2618 Pearsehn CaNAIR IRe: 72
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2 2
ax p——; v ATCUU w2y 11t 7.

12C1/2
&_-LZ—QZ :
t2c1®

t2C1 D 2c1?
a L&C1F 2 t*2u*c ot
D t2c1 D
a)  The point is moving to the right if v > 0, i.e., when
1 t2>0,or 1<t<l1.

b) The point is moving to the leftif v < O, i.e.,, when t <

lort>1.
c) The pomt is accelerating to the rightif a > 0, i.e., 8.
when 2Lt 2 3/ > 0, that is, when
t>P 3or p3<t<O.
d) The point is accelerating to the leftif a < 0, i.e., for
p

t< §or0<t< 3.

e) The particle is speeding up if v and a have the same p

sign, i.e., fort<3,orl<t<Qorp
1<t< 3.

f) The particle is slowing down if v and a have opposite p
sign, i.e., for 3<t< lor0O<t<lor
p-
t> 3,
2. 2 1

g) vDOattD 1. __AtD 1,aD 2@ D 2.
2.2 1

3
AttD1,aD 27 D

h) The average velocity over CEQ; 4 is
x4 x.0/ - 0

L =
1

4 D 4 D 17.

5. yD9:8t 4:9t° metres (t in seconds)

dy
velocityvD dt IdD9:8 9:8t
vV

accelerationaD di D 9:8

The acceleration is 9:8 m/s

Ball is at maximum height when v D 0,ie,attD1.
Thus maximum height is y : 4 9D 4 9 metres.

tD1

73
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DDt?2 , D in metres, t in seconds

db—

velocityvD dt D2t

Aircraft becomes aj ne
v D 200 km/h D 5%6 dE)O 500 m/s:

3600 9

250

Time for aircraft to become airborne is t D 3, that is, 9

about 27:8 s.

Distance travelled during takeoff runist 2 771:6 metres.

Let y.t / be the height of the projectile t seconds after it is
fired upward from ground level with initial speed vo . Then

vy t/Do8; y°.0/Dvo; y.O/DO:

Two antidifferentiations give

2
yD 49t CvotDt.vo 49t/

Since the projectile returns to the ground at t D 10 s, we
have y.10/ D 0, so vo D 49 m/s. On Mars, the

acceleration of gravity is 3.72 m/s rather than 9.8 m/s
so the height of the projectile would be

yD 1:86t2C vot D t .49 1:86t /:

The time taken to fall back to ground level on Mars would
bet D 49=1:86 26:3 s.

The height of the ball after t seconds is

y.t/ D .g=2/t 2c vo t m if its initial speed was vo m/s.
Maximum height h occurs when dy=d t D O, that is, att D

v0=g. Hence
2 v
g Vo 0o V0

2

hD 2 gZCvo g D 2g:

An initial speed of 2vg means the maximum height will be
4v2=29 D 4h. To get a maximum height of 2h an

0 P _
initial speed of  2vo is required.

To get to 3h metres above Mars, the ball would have to be
thrown upward with speed

p 9 I

73
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Ball strikes the ground wheny D O, .t > 0/, i.e.,
0Dt.9:8 4:9t/sotD2.

VelocityattD 2is9:8 9:8.2/D 9:8m
Ball strikes the ground travelling at 9.8 m/s (downward)

6.Given thaty D 100 2t 49t 2 , the time t at which the

ball reaches the ground is the positive root of the equation

yDO,ie,100 2t 4:9t2
D cP
t 2 4C4.4:9/.100/

D 0, namely,

4:318 s:

100

The average velocity of the ball is  4:318 D 23:16 m=s.

Since 23:159DvD 2 9:8t,thent'2:159s.

74
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p p
Since gm D 3:72 and g D 9:80, we have vm 1:067vg m/s.

If the cliff is h ft high, then the helght of the rock t sec-
onds after it fallsisy D h 16t ft. The rock hits the

ground (y DO)attimet D h=16s. Its speed at that
8 f

p 160

time is v 32t P ft/s. Thus ® 20

D D D D
and the cliff is h D 400 ft high.

If the cliff is h ft high, then the height of the rock t sec-

onds after it is thrown down isy D h 32t 16t2 ft. The
rock hits the ground (y D 0) at time
Db 322C 64h 1

tD 32 D 1c4p160h51
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Its speed at that time is

P
v D32 32tD 8 16 C h D160 ft/s:

Solving this equation for h gives the height of the cliff as
384 ft.

Let x.t / be the distance travelled by the train in the t sec-

onds after the brakes are applied. Since d 2x=d t 2 1=6

m/s and since the initial speed is vo D 60 km/h D 100=6
m/s, we have

1 ) 100
xt/D 12t°C 76 t:

The speed

of the train at time t isv.t/ D .t =6/C .100=6/ m/s,

so it takes the train 100 s to come to a stop. In that time it
travels x.100/ D 100°=12 C 100%=6 D 100%=12 833
metres.

xDAt2CBtCC;vD2AtCB.
The average velocity over CEt1 ; t2 is
x.t2/x.t/

2 tu

2 2

At~ CBt; CCAY" Bty C
D t2 t1

A% _t12/CB.ip 11/

D 12t/
At2Ctilt2 t/CB.2 t1/

D 2t/
DAt2Ct1/CB.
The instzantan[t)eous velocity at ti;e mid;goint og‘ CEt1; t2 . is

v 2Ct 2A 2 Cty B At t/ B.

Hence, the average velocity over the interval is equal to
the instantaneous velocity at the midpoint.
8 4t 4 2<t<8

<2 ot2
D 63 20t t2 8 t 10
: Cc 2D 4.2/ 4and
Note: sz
48/ 4D 68C160 64
ds 2t 0 <t<?
velocityvD dt D (4 if2<t<8
20 2t if8<t<10

Since 2t '4ast!2
(.v.2/ D 4).

Since 20 2t !'4ast ! 8C, therefore v is continuous
at 8 .v.8/ D 4/. Hence the velocity is continuous for

, therefore, v is continuous at 2

75
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Vi 4; 96/

14 224
Fig. 2.11-16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 96=4 D 24 ft/s.

The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

As suggested in Example 1 on page 154 of the text, the

distance travelled by the rocket while it was falling from its
maximum height to the ground is the area between the

velocity graph and the part of the t -axis where v < 0. The
area of this triangle is .1=2/.14 7/.224/ D 784 ft. This is the
maximum height the rocket achieved.

The distance travelled upward by the rocket while it was
rising is the area between the velocity graph and the part of
the t -axis where v > 0, namely .1=2/.7/.96/ D 336 ft.
Thus the height of the tower from which the rocket was

fired is 784 336 D 448 ft.

Let s.t / be the distance the car travels in the t seconds

after the brakes are applied. Then s% t/Dtand the
velocity at time t is given by

s t/D t/dtD t2C

C1;

where C1 D 20 m/s (that is, 72km/h) as determined in
Example 6. Thus

75
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0<t<10 2 ifo<t<2
accelerationaD dt D (0 if2<t<8
2 if 8<t<10

is discontinuous attD2and t D 8
Maximum velocity is 4 and is attained on the interval 2
t 8.

This exercise and the next three refer to the following fig-

ure depicting the velocity of a rocket fired from a tower as a

function of time since firing.

76
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-

S.t/DZZO 2dtD 20t 6 CC2;

where C2 D 0 because s.0/ D 0. The time taken to come

to a stop is given by /D 0,soitist D40 s. The
distance travelled is

sD20 40 640 84:3m.
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SECTION 2.11 (PAGE 162) ADAMS and ESSEX: CALCULUS 9

d 1CxCx,Cxs _d

Review Exercises 2 (page 163) 8. ——— D x4Cxs3Cx2Cx1/
dxx*dx
1. yD.3xC1/2 D Ax . 3x 4 2X° X2
2 2 2 3
gyD“m 3xC3hC1/ 3x C1/ 4C3XxC2x Cx
’ ! h D _x°
D lim 9x°C 18xh C9h? C6xC6h C1 .9x° C 6x C 1/ d 5 >
. fll 2 <
D lim.18x C 9h C 6/ D 18x C 6 9. dx4 Xxesl 52D 2.4 xes[72 5x s
hio P , Dx 3% 4 ' X2=5[ 7=2
2 d—p_z lim 4 X--hz---1.X d _gcosxsinx' sin X cos
2 - 2D 90 2 C cos? 2
lim 1 xchr2 1 x7/ 10. dxp 2Ccos"xD2p2Ccos"x D p2Cecos x
D nonh. T xch? ' Tk 15T Q
2 2 2 2
im 2 2 h X 11. d .tan sec /Qsec sec 2 sec” tan
p-' = ) ] p 2 2 D 2 sec2 tan
3. DM 12xCh“C 1 x*D p1l x —
12d__pit® 2
f.x/ D 4=x 4 — 2
1 dt p ¥e+=C1
0 . 2 '
f.2 p lim .2Ch/
D M= Pict2cu Pict: v
4 _4C4hCh2/ . _4_h D 1ct? —— p 1ct®T
p lim lim~>""> p 1 . P
n o2 we o 27 W D p —7 2
! c ! C
1 c1/
4 gt/D_t 2 Y, o X o2 S
Tt e e
1Ct.
_4ch_ 1 o 1CtC U
¢ 9/p lim LC_9Ch . tim XEN e e 20x
“ ! . p.. !
,lim.achocm3che - acn o im Zawcz 35 imaPocan 3
' hicC 98h/.3ChC 9Ch/ [ ’ .
’ D2p D3
lim ___9C6hCh*—9ch T PR
DnohiC PocnachcPoch ‘ —b == -
lim 5Ch
Dno1cP acnwachcP 9ch 5 i cos‘.2‘x/‘ .1‘:2/ s cos.. =3/ ¢2h/ cos. =3/
5 xl I X =6 . 2h
D H :
24 d
5. Thetangenttoy D cos. x/atx D 1=6 has slope . .
dx D sin6 D 2: v D =
dy x =6 °=p
- - D 2sin. =3/D 3



SECTION 2.11 (PAGE 162) ADAMS and ESSEX: CALCULUS 9

- —2 42 2 2
Its equation is ~ ~ 6 lim A=x/ .1=a%/ im - achl
_ 2 X 6 : XI : X c @ | o ¢ "
b _ 1 D
as
d 1 x b @
At x_ Dthe curvey D tan.x=4/ has slope d 2 2
.secz. =4//=4 D 1=2. The normal to the curve there 2xf0 3
17.0x f.3 x [ID X /
hasequationy D1  2.x/. d 1
d 1 1 cosx -
- p P g p -
7.dxx sinxD .x sin x/2 18. x/f
dx CEf. x/ D2f. x/2p x D p)é
d - f.2x/g” x=2/
19. —f .2xPg.x=2/D 2° 2x/P g.x=2/C
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

REBNEVCHXERE BEHS A I GREGEATSB)AL

REXEANVBXERESEEX CAABRH L3P

d fx gx 0
—_—— 32. Ifg” .x/ Dsin.x=3/ C cos.x=6/, then
dx f.x/C %.x/
D___ =  txCgxlfOx o X/ g.x/ D  3cos.x=3/ C 6 sin.x=6/ C C:
fxicC g.x//2
If. ;2/liesony D g.x/, then .3=2/C3CC D2,s0
fxi gxf® xicglx CD1=2andgx/D 3cos.x=3/ C 6 sin.x=6/ C .1=2/:
219 x/a.x/ _‘MLO.QM d
. - 2
D o C o 33, dx.xsinx Ccosx/Dsinx Cxcosx sinxDXxcosx
d
d 2 0 .0 2 — . . :
ax fxC.gx//“/D.1C2g.xlg” xlf~ xC.gx/"/ dx .xcosx sinx/Dcosx xsinx cosxD xsinx
2 2 2 2 2
d gx"/ 27 g.x" 1 gx~/ g.x"/
— " Z xcosxdxDxsinxCcosxCC
dx f x D X2 19 &
w(df_sin x/g.cos x/ Z xsinxdxD xcosxCsinxCC
0
D .cos x/f O sin x/g.cos x/ .sin x/f .sin x/g® .cos x/ 34. Iff~ .x/Df.x/and g.x/ D x f .x/, then
g —
a4 cosfx ® xDfxCxi®xD.1Cxfx
dx sing.x/ g0 xiDfx/C.1CxifOxID.2Cxifx
1 ang 000 0
1 singx g°P xDfxC.2Cxf° xID.3CxfX
. ) C
_fl.x in_f ' sin a.x Q.x/ cos £ x/ cos a.x/ Conjecture: g x/D.nCx/f x/fornD1,2,3,:::
- Proof: The formula is true for n D 1, 2, and 3 as shown
.sin g.x//2 abI?/ve. Suppose it is true for n D k; that is, suppose
If x>y C2xy° D 12, then 3x°y Cx° y © c2y® coxy? y D g7 .x/D.kCx/f.xl.  Then
0.At.2;1/:12C 8y Ocac 12y 9p 0, so the slope there d
isy 9D 7=10. The tangent line has equation g VD dx- kCxifx
yD1 =T.x 2/or7xC10yD 24. 0
p_ Dfx/ICkCx/f x/D.kC1l/ Cxlfxl
3" 2xsin. y/ C 8y cos. x/D 2
3 2 sin. y/C3 2 cos. yly °c 8y O cos. x/ Thus the formula is also true for n D k C 1. It is therefore
8 ysin. x’DO true for all positive integers n by induction.
At.1=3;1=4/: _3c y° cay® 3 D0, so the slope
o 3 3 35. Thetangenttoy D x3C2atxDahas equation
there isy ~ D c : yDaSCZCSa2 X a/,oryD3a2x 32a302. This
4 2 3 0D 2a C 2, thatis, if
LCX dx 1 X dx 1 £ ¢ line passes through the origin if
CcC _C a D 1. The line then has_egtration y D 3x.
z ¥ Dz x2c D x fretion y
z p x Dz c D — ©s Cc 36.The tangentto y D P 2¢x? atx D ahasslope
1Cx gy x 12 xa=2 dx 2P x 2532 C
2
7z COs™X Dz C a:pZ Ca? and equation
a
2C35inxdx 2sec? x 3 sec x tan x/ dx /D tan x C 3 sec x
2 ccC
73 .
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yDP 2C
azC
p2C
a2 X
al:
z 4 This line passes through .0; 1/ provided
. .2xC1%dxD  .16x* C32x3 C 24x2 C 8x C 1/ dx
DMC8X4C8X3C4X2CXCC p _i
5 1D 2Caz p2cCa
or, equivalently, 2ca’D2Cca? a?D2
Z .2xC 1/5 2 32
2xC1/4dxD cc c bl
10
p
31. 1ff9 xD12x% Cc 12x° ,thenf .x/ D s3caxtcc. The possibilitiesarea D * 2, and the equations of the p
Iff.1/ D then44C SC C D 0,s0C D 7 and corrresponding tangent linesarey D 1 .x= 2/.

f.xD4x C3x 7.
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37.

38.

39.

40.

REBNEVCHXERE BEHS A I GREGEATSB)AL

d . .
= sin" x sin.nx/ dx

N 1y cosx sin.nx/ C n sin x cos.nx/

D nsin
D n sin” 1 XCEcos x sin.nx/ C sin x cos.nx/

D nsin" 1xsin.nC Ux/

yD sin” x sin.nx/ has a horizontal tangent at x

D m =.n C 1/, for any integer m.

d n

dxsinn  Xx1cos.nx/ n

D nsin X €0S X cos.nx/  nsin x sin.nx/
D nsin™ L xCEcosx cos.nx/ sin x sin.nx/

D nsin" 1 X c0s..n C 1/x/

dx  cos" x sin.nx/

D ncos” ! xsinxsin.nx/ C n cos” x cos.nx/
D n cos" 1 XCEcos X €0s.nx/ sin x sin.nx/

D ncos" ! x cos..n C 1/x/

__cosn X cos.nx/

dx

D n COSn L

n cos™ x sin.nx/
D ncos" 1 XxCEsin x cos.nx/ C cos x sin.nx/

X sin x cos.nx/

1 x sin..n C 1/x/

QD.O;1/.IfPD .a a® / on the curve yD X2 , then the
slope of y D x2 at P is 2a, and the slope of P Q is

D necos"

2 2 .
a2z 1/=a. PQisnormaltoy D x ifaD 02or

CEa 1/=a.2a/D 1,thatis,ifaDOora D 1=2.
The points P are .0; O/ and ."1= p 2; 1=2/. The distances

from these pointsto Qareland p 3=2, respectively. The

distance from Q to the curvey D x is the shortest of p
these distances, namely ~ 3=2 units.

The average profit per tonne if x tonnes are exported is

P .x/=x, that is the slope of the line joining .x; P .x// to the
origin. This slope is maximum if the line is tangent to the

graph of P .x/. In this case the slope of the line is P 0 X/,

the marginal profit.
mgRé

mkr ifor<R
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Observe that this rate is half the rate at which F de-
creases when r increases from R.

42. PV D KT . Differentiate with respect to P holding T

43.

constant to get

VCPgd'PV DO

Thus the isothermal compressibility of the gas is

VdP DV P
1dv 1 \%

D P
1

Let the building be h m high. The height of the first ball at
time t during its motion is

y1 DhC 10t 4:9t %

It reaches maximum height when dy1 =d t D 10 9:8t D O,

that is, at t D 10=9:8 s. The maximum height ofthe first ball
is

y h
1D C 98

100 4:9 100 h  100:
98°% D C 196

The height of the second ball at time t during its motion is
y2 D 20ta:0t

It reaches maximum height when dy2 =d t D 20 9:8t D 0,
that is, at t D 20=9:8 s. The maximum height of the second

ball is

y 400 49 400 400:

2

2D 9:8 .9:8/ D 19:6

These two maximum heights are equal, so

400

100DI9._ 6;

hC19:6~

a) For continuity of F .r/ atr D R we require
mg D mkR, so k D g=R.
b) Asr increases from R, F changes at rate
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2 D which gives h D 300=19:6 15:3 m as the height of the
dr r ; Rs D R: building.
d mgR? r 2mgR? 2mg
44. The first ball has initial height 60 m and initial velocity 0,
S0 its height at time t is

y1 D60 4:9t2 m:

The second ball has initial height 0 and initial velocity vo,
S0 its height at time t is
—_ .. _ y2 D vot 4:9t2 m:

v

The two balls collide at a height of 30 m (at time T , say).
Asr decreases from g changes at rate Thus

0D 60 4:9T 2

d -mkr/ rpbR D mKD mg: 30D voT  4:9T%

76
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ThusvoT D60and T 2 b 30=4:9. The initial upward
speed of the second ball is

60 4:9
vo D T D60r 3024:25m/s:

At time T, the velocity of the first ball is

datt v D 9:8T24:25 m/s:
tDT

Attime T, the velocity of the second ball is
it~ Dvo 9:8T DOm/s:

tDT

45. Let the car’s initial speed be vo . The car decelerates at 20
ft/s2 starting at t D 0, and travels distance s in time t,

where d 2s:d t 2 D 20. Thus

ds

dt Dvo 20t
2.

xDvot 10t%:

The car stops at time t D vo=20. The stopping distance is s
D 160 ft, so

— o
160D 20 40 D 40:

The car’s initial speed cannot exceed p
vo D 160 40 D 80 ft/s.

46. D2 Pl=gp2 1724 172,

a) If L remains constant, then

dP
Pdggp L9 g

77

CHALLENGINS\NPRAERL ESISEX: CA(RAARIESY)

Challenging Problems 2 (page 164)

1. The line through .a; a? / with slope m has equation

yD a® C mx al. It intersects yD X2 at points x that
satisfy
X2 D a2 Cmx ma; or

X2 mx C ma a’ DO

In order that this quadratic have only one solution x D a,

the left side must be .x a/2 , S0 that m D 2a. The tangent
has slope 2a.

This won’t work for more general curves whose tangents
can intersect them at more than one point.

2. 9% D1=x,f2/DO.
2 f.9/ 2
2) lim f.x_C5/ D limf.9C4hCh / f.9/

lim f.9cahgh®/ L9 snch?
D h o an I h

p limfock 9 limach

! 4 !
0 -
Df.99 4D 9

lim f.2Ch/ 9 1

——

Dw 1h 1 p f2Ch/C3
0 - —
Df .2/ 6D 12:

3. 12.4/D3,¢g°.4/D7,g4/D4agxindifxna

lim lim Ext£.41 v 4
a) xi4 f.x/ f4 Dxi4 X 4
0

Df .44 4/D0 _——_
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If g increases by 1%, then g=g D 1=100, and P
=P D 1=200. Thus P decreases by 0:5%.

b) If g remains constant, then

dp
PaL LD L ¥2g 1o
P L=mgi= l_L

P 2 Li2g1=2LD 2 L

If L increases by 2%, then L=L D 2=100, and P
=P D 1=100. Thus P increases by 1%.

78
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Cafxl  fal o, fx fa4l 1
b) lim iim
! ! 1l 3 c
Df% 4/ 4D 3

9 im fXL £.4L i fX_1.4 P 2

! !
Df%.4 aD12
lim

d) lim XL _f.4L _f_.)U'_f;AT Xx__4

>
SN

pf®4 . 16/D 48
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o) lim LX— L4/

f) lim foQxl 1.4/
xl4 X - _L.4M /__L.Ai _Q..KL_Q.AZ

lim

D% gan g®.4pt®4 4/D3 7D21

4.f x/ x ifxD1; 1=2; 1=3; :::,
D nx™ otherwise )
a) f iscontinuous exceptat 1=2, 1=3, 1=4, : ::. ltis

continuous at X D 1 and x D O (and everywhere else).

Note that

lim x2 D1Df.1/;

v D xDODf.0/

2 .
lim X lim

b) IfaD 1=2and b D 1=3, then

P2 2¢ D 12

2 3
fa/Cfbl 11 1 5.

If 1=3 < x < 1=2, then f .x/ D X% < 1=4 < 5=12.
Thus the statement is FALSE.

c) By (a) f cannot be differentiable at x D 1=2, 1=2,
111 Itis not differentiable at x D O either, since

hZ

limh Ohp1l 0D Iim
! !
f is differentiable elsewhere, including at x D 1

where its derivative is 2.

5. IfheoO0,then

79
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7. Given that gO .0/Dkandg.xCy/Dg.x/ Cag.yl/, then

a) g.0/Dg.0C0/Dg.0/Cg.0/. Thus g.0/ D 0.
0 g.x/

b)g /D lim gxCh/
! lim g.h/ g.0/
Dh o Dh o
! !

Dg’ .0/ Dk:
¢) Ifthx Dgx/  kx thenh® D g® x/ kDO

g.x/ Cg.h/ gx/

for all x. Thus h.x/ is constant for all x. Since
h.0o/ D g.0o/ 0 D 0,wehave h.x/ D 0O forall
x, and g.x/ D kx.

8a)fOx/ p limfxck X etk p h

p lim Lx bl £ jim L/ £ B/

1! |
£9 x/D 2fo.x/ Cfo.x/

1 fx hl fx/

- lim

C lim Lx— L b/

h!o h

D
lim fxch X .

b) The change' of variables used in the first part of (a)
shows that

lim £xCh/  f.x/ lim Lx _f.x nb/
hio h hio h
are always equal if either exists.

0

c) Iff.x/

and

X, then f .0/ does not exist, but

Dj j

lim £.0Ch/ f.0 h/ lim 1hi__ih lim 2

9. Thetangenttoy D x3 at x D 3a=2 has equation
yD 8 C4a%x 2
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< f.h f.00 - jENf s b

h h
P~ e
ash 0. Therefore f .0/does notexist.

Giventhatf© .0/ Dk, f.0/2 0, and f

X Cy/Df .x/f.yl, we have

f.0/ D f.0CO/ D f.0/f .0/+ f.0o/DO or f.0/D1:

CHALLENGINS\NPRAERL ESISEX: CA(RAARIESY)

2788 27 3

This line passes throucqh .a; 0/ because

8 4a2 a 2 DO:

273 27 3a

If a & 0, the x-axis is another tangentto y D xS that
passes through .a; 0/.

Thusf.0/D 1. The number of tangentsto y D xS that pass through .xo
0%/ p tim _txch X ;yolis
‘ 3
| £ x/fhl fox 0 three, if xo @ 0 and yq is between 0 and xo ;
DIm —— pfxif .0pKkfx: 3
| two, if xo @ 0 and either yo D 0 or yo D X0~ ;
80 .
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10.

11.

12.The point Q D .a; a’/on y

DISAIRIECBIRG FRDBIEMSS2M ARMBE 164)

one, otherwise.

This is the number of distinct real solutions b of the cu-bic

equation 2b3 3b2 x0 C yo D 0, which states that the
tangenttoy D X at .b; b3/ passes through .xo ; yo /.

By symmetry, any line tangent to both curves must pass
through the origin.

yA
ny2C4xC1

yD X2 Cax 1
Fig. C-2-10
The tangenttoy D x2 C 4x C 1 at x D a has equation

yDa’C4aC1C.2aC4lxalD
.2a C 4/x .a2 1/;

which passes through the origin if a D "1. The two
common tangents arey D 6x and y D 2x.
The slope of y D X atx Dais 2a.

The slope of the line from .0; b/ to .a; a®/lis.a° b/=a.
line is normal to y x% ifeithera _ Oor

This 2 D D 2

2a..a b/=a/D 1,thatis,ifaD 0 or2a D2b 1

There are three real solutions for a if b > 1=2 and only
one (aD0) ifb1=2.

D x2 that is closest to

P D .3;0/issuchthat P Qisnormaltoy D X2 at Q.

Since P Q has slope a’=a 3/and yD x% has slope 2a
at Q, we require

a2 1

a 3D 2a;

which simplifiesto 2aCa 3D 0, Observethata D 1
is a solution of this cubic equation.  Since the slope of

y D 2x3C x3is6x° C 1, which is always positive, the
cubic equation can have only one real solution. Thus

14.Parabolay

CHALLENGNS\PRAR] ESESEX: CA(RABEIESY)

The 2y DAX 2CBxCC hasslopem D 2Aa CB

curve

at.a;Aa CBaCC/ ThusaD.m B/=.2A/, and the

tangent has equation

yDAaZCBaCCCm.x a/

m_B_L2 Bm B/ mm B/
Dmx C 4A C 2A CC 2A
2 2
Al .B[ .m B_[
DmxCCC 4A 2A
D mx Cf.m/;

wheref.m/DC .m B/Z:;4A/' 5 )
ohastangenty 2ax a  at.a;a” /.

Parabolay D Ax CBx C C has tangent

yD.2AbCB/x Ab’CC

at .b; Ab%2 CBb CC/. Thesetwo tangents coincide if

2AbCBD 2a A
Ab? cDa?:
The two curves have one (or more) common tangents if

./ has real solutions for a and b. Eliminating a between
the two equations leads to

2AbCB /% D4Ab%  4C:
or, on simplification,

4AA 1/b%2C4ABbC.B2C4C/DO:

This quadratic equation in b has discriminant

2 2 2 2
DD16A B 16A.A 1/B C4AC/D16A.B 4.A 1/C/

There are five cases to consider:

CASEI.IfAD1,B=0,then. /gives

2

b B2cac; B~ 4C :

a _ D 4B
D 4B

There is a single common tangent in this case.

CASE IIl.IfAD 1,B DO, then . /forces C D 0, which is
not allowed. There is no common tangent in this case.

CASE IIl. IfAn 1butB 2 D 4.A
B

1/C , then



13.
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QD .1; 1/ isthe pointony D X2 that is closest to P .

p

The distance from P to the curveisjP Qj D 5 units.

The curvey D x2 has slopem D 2a at .a; a® /. The
tangent there has equation

me

yDa’Cmx a/Dmx 7

Copyright © 2018 Pearson Canada Inc.
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bD 2A 1/ Da:

There is a single common tangent, and since the points of
tangency on the two curves coincide, the two curves are
tangent to each other.

CASE IV.IfAcland B 2 4.A 1/C < 0, there are no real
solutions for b, so there can be no common tangents.

77
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CASEV.IfAnlandB 2 4.A 1/C >0, there are
two distinct real solutions for b, and hence two common

tangent lines.
ya Y &

X N
one common
two common tangent

tangents

tangent curves
y4 *

no common
tangent

Fig.C-2-14

15. a) Thetangenttoy D X3 at .a; a3/ has equation

yD3a2x 2a3:

For intersections of this line withy D x> we solve

x3  3a2xC2a° DO

x a®.xC2a/Do:

The tangent also intersects y D x3 at .b; b3 /, where

bD 2a.
b) The slope of y D x3 atx D 2ais3. 2a” D 12a2,
which is four times the slope at x D a.

¢) Ifthe tangenttoy D %3 at x D a were also tangent at x
D b, then the slope at b would be four times that at a
and the slope at a would be four times that at b. This is
clearly impossible.

d) No line can be tangent to the graph of a cubic poly-
nomial P .x/ at two distinct points a and b, because
if there was such a double tangent y D L.x/, then

78

17.

CHALLENGNS\PRAR] ESESEX: CA(RABEIESY)

b) The tangent to y D X 2x% atx D a has equation

yDa4 2a°C .4a° 4al.x al

D 4a.a2 1/x 3a4 C 2a2 :

Similarly, the tangent at x D b has equation

yD4bb® 1x 3ptcan’:

These tangents are the same line (and hence a double
tangent) if

4aa’>  1UD4bb? 1/
3a®C2a’ D 3b*c2p?:
second equation says that either a® b or
Thes C3 2 D 2 D
b/
3.a a 2; the first equation says that
a azb D2 ;, b,or equivalently,a CabCb D1.

then a
b (a b is not allowed).

Thusa Db D 1 and the two points are ."1; 1/
as discovered in part (a).

Ifa’Cb’ D 2=3,then ab D 1=3. Thisis not possible
since it implies that

2 2 2

. DODza Cb 2abD.a b/ >o0:
yD X 2x° .

Thus y 1 is the only double tangent to

c)Ify D4

y DX 2x Cx,theny D.A
double tangent to

Ax2C B is adouble tangent to
1/xCBisa

y D o2l By (b) we musthave A 1 DO
andB p 1. Thus the only double tangent to
y D x 2x CxisyDx 1.

a) The tangent to

ny.x/Dax4Cbx3ch2CdxCe
at x D p has equation
yD .4ap3 Cpr2 C2cp Cd /x 3ap4 2bp3 cp2 Ce:

This line meetsy D f .x/ at x D p (a double root), and

Copyright © 2018 Pearson Canada Inc. e e e . -
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2
x al 2x b/ would be a factor of the cubic poly-

nomial P .x/  L.x/, and cubic polynomials do not
have factors that are 4th degree polynomials.

2
y Dx 42X has horizontal tangents at points x
D X 3 .
satisfying 4x 4x D 0O, thatis,atx D 0Oand

x D 1. The horizontal tangentsarey D 0 and
y D 1. Note that y D 1 is a double tangent; it is

tangent at the two points ."1; 1/.

79
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x D p
2ap b 2_4ac =2

These two latter roots are equal (and hence corre-spond
to a double tangent) if the expression under the square

root is 0, that is, if

8a’ p2 C 4abp C 4ac b2 DO:
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b)

c)

This quadratic has two real solutions for p provided
its discriminant is positive, that is, provided

16a°b% 4.8a%/.4ac bZ%/>0:

This condition simplifies to

3b2 > 8ac:

For example, fory D 3 2x° Cx 1, we have
aD1,bDO0,andcD 2,so3b2 D0> 16D 8ac,

and the curve has a double tangent.

From the discussion above, the second point of tan-
gency is

2ap b b

gD 2a D p 2a:

The slope of P Q is

3 4abc C8a2 d:

2

f.g f.p/ b
qg p D 8a

Calculating f 0 ..p C g/=2/ leads to the same ex-
pression, so the double tangent P Q is parallel to the
tangent at the point horizontally midway between P

and Q.

The inflection points are the real zeros of f

00 /D 2.6ax2 C 3bx C ¢f:

This equation has distinct real roots provided
9b? > 24ac, that is, 3b? > 8ac. The roots are

D d 12a 24

s 3bCp 9 24ac:

r

D 12a

The slope of the line joining these inflection points is

fs_ fr/ bi—dabcCga®d:

s T ) 8(:\2

so this line is also parallel to the double tangent.

CHALLENGNS\PRAR] ESESEX: CA(RABEIESY)

so the formula above is true for n D 1. Assume it is

true for n D k, where K is a positive integer. Then

d ke d k

dxkci  cos.ax/ Ddx a@kCOSax C_2_

D c C 2

K loos ax  KCU

Thus the formula holds forn D 1;  2; 3;:: : by induc-
tion.

d" n

b) Claim: dx" sinax/Da"sin axC 2 .

Proof: For n D 1 we have

d -

dx sin.ax/ Dacos.ax/ Dasin axC 2

so the formula above is true for n D 1. Assume it is
true for n D k, where K is a positive integer. Then

d«c1 d k

dxkct sinax/ D dx aksin axC 2

Dakcisinax C 'M:—Z

Thus the formula holds for n D 1; 2; 3; : : : by induc-
tion.

c) Note that
d
dx .cos? x Csin®x/ D 4 cos® xsin x C 4 sin> x cos x

D 4 sin x cos x.cos2 sin2 x/

D 2 sin.2x/ cos.2x/

D sin4x/Dcos 4xC 2
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n
18. a) Claim: dn cos.ax/ Dancos axC . It now follows from part (a) that
dxn2
n
Proof: For n D 1 we have -+ n
d dx" cos* xCsin*x/D 4" Tcos axc 2

dx cos.ax/ D asinax/Dacos axC 2 ,
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CHALLENGING PROBLEMS 2 (PAGE 164)

v (m/s)

40 .3; 39:2/

30

10r

2 4 O\ 8 10 12 14

-10+
-20

12;
Fig. C-2-19

a) The fuel lasted for 3 seconds.

b) Maximum height was reached att D 7 s.
¢) The parachute was deployed att D 12 s.

49/

t (s)

1/

ADAMS and ESSEX: CALCULUS 9

d) Thez upward acceleration in CEO; 3 was 39:2=313:07
m/s .

e) The maximum height achieved by the rocket is the

distance it fell fromt D7tot D 15. Thisisthe
area under the t -axis and above the graph of v on

that interval, that is,

7
}2 49/ _49C 12/ 197:5m:

2 C 2 D

) During the time interval CEQ; 7 , the rocket rose a dis-
tance equal to the area under the velocity graph and
above the t -axis, that is,

12 7 0/.39:2/ D 137:2 m:

Therefore the height of the tower was
197:5 137:2D 60:3 m.
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