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Chapter 2 Differentiation

Chapter Comments

The material presented in Chapter 2 forms the basis for the remainder of calculus. Much of it
needs to be memorized, beginning with the definition of a derivative of a function found on
page 103. Students need to have a thorough understanding of the tangent line problem and they
need to be able to find an equation of a tangent line. Frequently, students will use the function f
'(x) as the slope of the tangent line. They need to understand that f '(x) is the formula for the
slope and the actual value of the slope can be found by substituting into f '(x) the appropriate
value for x On pages 105-106 of Section 2.1, you will find a discussion of situations where the
derivative fails to exist. These examples (or similar ones) should be discussed in class.

As you teach this chapter, vary your notations for the derivative. One time write y'; another time
write dy dx or f'(x). Terminology is also important. Instead of saying “find the derivative,”
sometimes say, “differentiate.” This would be an appropriate time, also, to talk a little about
Leibnitz and Newton and the discovery of calculus.

Sections 2.2, 2.3, and 2.4 present a number of rules for differentiation. Have your students
memorize the Product Rule and the Quotient Rule (Theorems 2.7 and 2.8) in words rather than
symbols. Students tend to be lazy when it comes to trigonometry and therefore, you need to
impress upon them that the formulas for the derivatives of the six trigonometric functions need to
be memorized also. You will probably not have enough time in class to prove every one of these
differentiation rules, so choose several to do in class and perhaps assign a few of the other proofs
as homework.

The Chain Rule, in Section 2.4, will require two days of your class time. Students need a lot of
practice with this and the algebra involved in these problems. Many students can find the
derivative of f(x) = x2 1 - % without much trouble, but simplifying the answer is often difficult for
them. Insist that they learn to factor and write the answer without negative exponents. Strive to get
the answer in the form given in the back of the book. This will help them later on when the
derivative is set equal to zero.

Implicit differentiation is often difficult for students. Have students think of as a function of x
and therefore ys is [ f(x)]s. This way they can relate implicit differentiation to the Chain Rule
studied in the previous section.

Try to get your students to see that related rates, discussed in Section 2.6, are another use of the
Chain Rule.

Section2.1  The Derivative and the Tangent Line Problem

Section Comments

2.1 The Derivative and the Tangent Line Problem—Find the slope of the tangent line to a
curve at a point. Use the limit definition to find the derivative of a function. Understand
the relationship between differentiability and continuity.

Teaching Tips
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Ask students what they think “the line tangent to a curve” means. Draw a curve with tangent lines
to show a visual picture of tangent lines. For example:
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When talking about the tangent line problem, use the suggested example of finding the equation
of the tangent line to the parabola y = x2 at the point (1, 1).

Compute an approximation of the slope m by choosing a nearby point Q(x, x2) on the parabola
and computing the slope mpg of the secant line PQ.

After going over Examples 1-3, return to Example 2 where f(x) = x2 + 1 and note that

f'(x) = 2x. How can we find the equation of the line tangent to f and parallel to 4x —y = 0?
Because the slope of the line is 4,

2x=4
X =2.
So, at the point (2, 5), the tangent line is parallel to 4x — y = 0. The equation of the tangent
lineisy-5=4(x—2)ory=4x-3.

Be sure to find the derivatives of various types of functions to show students the different
types of techniques for finding derivatives. Some suggested problems are f(x) = 4xs — 3xz,
g(x) =2 (x - 1), and h(x) = 2x + 5.

How Do You See 1t? Exercise

Page 108, Exercise 64 The figure shows the graph of g'.

@ g'(0) =
(b) g'3) =
(c) What can you conclude about the graph of g knowing that g'(1) = —§3?

(d) What can you conclude about the graph of g knowing that g'(-4) = Z3?
(e) 1s g(6) - g(4) positive or negative? Explain.

(f) Isit possible to find g(2) from the graph? Explain.
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Solution

(@ g'(0)=-3

(b) g'(3)=0

(c) Because g'(1) = —§3, g is decreasing (falling) at x = 1.

(d) Because g'(-4) = Z3, g is increasing (rising) at x = —4.

(e) Because g'(4) and g'(6) are both positive, g(6) is greater than g(4) and g(6) — g(4) > 0.
(f) No, it is not possible. All you can say is that g is decreasing (falling) at x = 2.

Suggested Homework Assignment

Pages 107-109: 1, 3,7, 11, 21-27 odd, 37, 43-47 odd, 53, 57, 61, 77, 87, 93, and 95.
Section 2.2 Basic Differentiation Rules and Rates of Change

Section Comments

2.2 Basic Differentiation Rules and Rates of Change—Find the derivative of a function
using the Constant Rule. Find the derivative of a function using the Power Rule. Find
the derivative of a function using the Constant Multiple Rule. Find the derivative of a
function using the Sum and Difference Rules. Find the derivatives of the sine function
and of the cosine function. Use derivatives to find rates of change.

Teaching Tips

Start by showing proofs of the Constant Rule and the Power Rule. Students who are mathematics
majors need to start seeing proofs early on in their college careers as they will be taking Functions

of a Real Variable at some point. 5
. . Xo + X . L
Go over an example in class like f(x) = =22 = = Show students that before differentiating

X
they can rewrite the function as f(x) = 5x + 1. Then they can differentiate to obtain f '(x) = 5.
Use this example to emphasize the prudence of examining the function first before differentiating.
Rewriting the function in a simpler, equivalent form can expedite the differentiating process.

Give mixed examples of finding derivatives. Some suggested examples are:

(0=3C -3 +3sinxandg()=  F= 7 -3cosx + T+,
X (3%)

This will test students’ understanding of the various differentiation rules of this section.

How Do You See It? Exercise

Page 119, Exercise 76 Use the graph of f to answer each question. To print an enlarged copy of
the graph, go to MathGraphs.com.
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(a) Between which two consecutive points is the average rate of change of the function greatest?

(b) Is the average rate of change of the function between A and B greater than or less than the
instantaneous rate of change at B?

(c) Sketch atangent line to the graph between C and D such that the slope of the tangent line is
the same as the average rate of change of the function between C and D.

Solution

(a) The slope appears to be steepest between A and B.

(b) The average rate of change between A and B is greater than the instantaneous rate of change
at B.

Suggested Homework Assignment
Pages 118-120: 1, 3,5, 7-29 odd, 35, 39-53 odd, 55, 59, 65, 75, 85-89 odd, 91, 95, and 97.

Section 2.3  Product and Quotient Rules and Higher-
Order Derivatives

Section Comments

2.3 Product and Quotient Rules and Higher-Order Derivatives—Find the derivative of
a function using the Product Rule. Find the derivative of a function using the Quotient
Rule. Find the derivative of a trigonometric function. Find a higher-order derivative of
a function.

Teaching Tips

Some students have difficulty simplifying polynomial and rational expressions. Students
should review these concepts by studying Appendices A.2—A.4 and A.7 in Precalculus,
10th edition, by Larson.

When teaching the Product and Quotient Rules, give proofs of each rule so that students can see
where the rules come from. This will provide mathematics majors a tool for writing proofs, as each
proof requires subtracting and adding the same quantity to achieve the desired results. For the
Project Rule, emphasize that there are many ways to write the solution. Remind students that there
must be one derivative in each term of the solution. Also, the Product Rule can be extended to
more that just the product of two functions. Simplification is up to the discretion of the instructor.
Examples such as f(x) = (2x2 — 3x)(5xs + 6) can be done with or without the Product Rule. Show
the class both ways.
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After the Quotient Rule has been proved to the class, give students the memorization tool of
LO d HI — HI d LO. This will give students a way to memorize what goes in the numerator
of the Quotient Rule.

Some examples to use are f(x) = —22% and g(x) = 4—'(1—:()- Save f(x) for the next section
X X 3-X

as this will be a good example for the Chain Rule. g(x) is a good example for first finding the least
common denominator.

How Do You See It? Exercise

Page 132, Exercise 120 The figure shows the graphs of the position, velocity, and acceleration
functions of a particle.

(a) Copy the graphs of the functions shown. Identify each graph. Explain your reasoning. To print
an enlarged copy of the graph, go to MathGraphs.com.

(b) On your sketch, identify when the particle speeds up and when it slows down. Explain your
reasoning.

Solution
@ s position function

v velocity function

a acceleration function

(b) The speed of the particle is the absolute value of its velocity. So, the particle’s speed is
slowing down on the intervals (0, 4 3), and (8 3, 4) and it speeds up on the intervals (4
3,8 3)and (4, 6).

Suggested Homework Assignment

Pages 129-132: 1, 3,9, 13, 19, 23, 29-55 odd, 59, 61, 63, 75, 77, 91-107 odd, 111, 113, 117, and
131-135 odd.
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Section 2.4 The Chain Rule

Section Comments

2.4 The Chain Rule—Find the derivative of a composite function using the Chain Rule.
Find the derivative of a function using the General Power Rule. Simplify the derivative
of a function using algebra. Find the derivative of a trigonometric function using the
Chain Rule.

Teaching Tips

Begin this section by asking students to consider finding the derivative of F(x) =
is a composite function. Lettingy = f(u) =uand u=g(x) =x2 + 1, theny = F(x) = f(g(x)) or F = f
o g. When stating the Chain Rule, be sure to state it using function notation and using Leibniz
notation as students will see both forms when studying other courses with other texts. Following
the definition, be sure to prove the Chain Rule as done on page 134.

x2+1.F

Be sure to give examples that invalv 2al rules discussed so far, Some examples include:
£(x) = (sin(6x))s, g(x) = ;—?—&S X02 and h(x)_=  x-2x - [8x + cos(xz + 1)]s.

X+3

You can use Exercise 98 on page 141 to review the following concepts:
* Product Rule
+ Chain Rule
* Quotient Rule
* General Power Rule
Students need to understand these rules because they are the foundation of the study of differentiation.

Use the solution to show students how to solve each problem. As you apply each rule, give the
definition of the rule verbally. Note that part (b) is not possible because we are not given g'(3).

Solution
@ f(x) =g(x)h(x)
f(x) = g()h'(x) + g'()h(x)
f(5) = (=3)(-2) + (6)(3) = 24
(b) f(x) =g(h(x))
() = g'(h())h'(x)
f(5) =g'(3)(-2) = -29'(3)
Not possible. You need ¢'(3) to fi d '(5).

(© f(x) =
h(x)
f'(x) =h(X)g'(x) - 9()h'(x)
[h(x)]2
(3)(6) =(=3)(=2) 12 4
f= @7 = 9=3
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() ()=o)
7(x) = 3[g()Pg'(x)
f'(5) = 3(-3)2(6) = 162
How Do You See It? Exercise

Page 142, Exercise 106 The cost C (in dollars) of producing x units of a product is C = 60x + 1350.
For one week, management determined that the number of units produced x at the end of t hours can
be modeled by x = —1.6ts + 19t — 0.5t — 1. The graph shows the cost C in terms of the time t.

Cost of Producing a Product

15,000 /

Cost (in dollars)

Time (in hours)

(a) Using the graph, which is greater, the rate of change of the cost after 1 hour or the rate of
change of the cost after 4 hours?

(b) Explain why the cost function is not increasing at a constant rate during the eight-hour shift.
Solution

() According to the graph, C'(4) > C'(1).

(b) Answers will vary.

Suggested Homework Assignment
Pages 140-143: 1-53 odd, 63, 67, 75, 81, 83, 91, 97, 121, and 123.

Section 2.5 Implicit Differentiation

Section Comments

2.5 Implicit Differentiation—Distinguish between functions written in implicit form and
explicit form. Use implicit differentiation to find the derivative of a function.

Teaching Tips
Material learned in this section will be vital for students to have for related rates. Be sure to ask

students to find (ﬂdy when x = c.

You can use the exercise below to review the following concepts:
* Finding derivatives when the variables agree and when they disagree

» Using implicit differentiation to find the derivative of a function
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Determine if the statement is true. If it is false, explain why and correct it. For each statement,
assume is a function of x

(a) dxd cos(xz) =-2x sin(xz)

(b) dyd cos(y) = 2y sin(y?)

(c) dXd cos(y?) = =2y sin(y?)

Implicit differentiation is often difficult for students, so as you review this concept remind students
to think of y as a function of x. Part (a) is true, and part (b) can be corrected as shown below. Part

d
(c) requires implicit differentiation. Note that the result can also be written as -2y sin(y2) ydx.

Solution
(@) True

(o) False. dyd cos(y?) = =2y sin(y?).
(c) False. dXd cos(y?) = -2y’ sin(y?).

A good way to teach students how to understand the differentiation of a mix of variables in part (c)
istoletg y.Theng' =Yy'" So,

dxd cos(y?) =—dxOI cos(g?)
=sin (g%) - 299’
=sin(y?) - 2yy’

How Do You See It? Exercise

Page 151, Exercise 70 Use the graph to answer the questions.

(b) Estimate the point(s) where the graph has a vertical tangent line.
(c) Estimate the point(s) where the graph has a horizontal tangent line.
Solution

(a) The slope is greater at x = —3.
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(b) The graph has vertical tangent lines at about (-2, 3) and (2, 3).

(c) The graph has a horizontal tangent line at about (0, 6).
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Suggested Homework Assignment
Pages 149-150: 1-17 odd, 25-35 odd, 53, and 61.

Section 2.6 Related Rates

Section Comments

2.6 Related Rates—Find a related rate. Use related rates to solve real-life problems.

Teaching Tips

Begin this lesson with a quick review of implicit differentiation with an implicit function in terms
of x and differentiated with respect to time. Follow this with an example similar to Example 1 on
page 152, outlining the step-by-step procedure at the top of page 153 along with the guidelines at
the bottom of page 153. Be sure to tell students, that for every related rate problem, to write down
the given information, the equation needed, and the unknown quantity. A suggested problem to
work out with the students is as follows:

A ladder 10 feet long rests against a vertical wall. If the bottom of the ladder slides away from the
wall at a rate of 1 foot per second, how fast is the top of the ladder sliding down the wall when the

bottom of the ladder is 6 feet from the wall?

Be sure to go over a related rate problem similar to Example 5 on page 155 so that students are
exposed to working with related rate problems involving trigonometric functions.

How Do You See It? Exercise

Page 159, Exercise 34 Using the graph of f, (a) determine whether dy dt is positive or negative
given that dx dt is negative, and (b) determine whether dx dt is positive or negative given that dy
dt is positive. Explain.

M v (i) y

3| T1'2's

Solution

(@) CLXd'[ negative = Ch[dt positive

dy?[ positive = d’%t negative

(i) (a) dz(dt negative = dydt—negative

dy dx
dt positive = dt positive

Suggested Homework Assignment
Pages 157-160: 1,7, 11, 13,15, 17, 21, 25, 29, and 41.
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Chapter 2 Project

Timing a Handoff

You are a competitive bicyclist. During a race, you bike at a constant velocity of k meters per
second. A chase car waits for you at the ten-mile mark of a course. When you cross the ten-mile
mark, the car immediately accelerates to catch you. The position function of the chase car is given

53

by the equation s(t) = 154 t?- 12 t,for 0 <t <6, wheretis the time in seconds and s is the

distance traveled in meters. When the car catches you, you and the car are traveling at the same
velocity, and the driver hands you a cup of water while you continue to bike at k meters per second.

Exercises

1

2.

10.

Write an equation that represents your position s (in meters) at time t (in seconds).

Use your answer to Exercise 1 and the given information to write an equation that represents
the velocity k at which the chase car catches you in terms of t.

Find the velocity function of the car.

. Use your answers to Exercises 2 and 3 to find how many seconds it takes the chase car to

catch you.

What is your velocity when the car catches you?

. Use a graphing utility to graph the chase car’s position function and your position function in

the same viewing window.

. Find the point of intersection of the two graphs in Exercise 6. What does this point represent

in the context of the problem?

. Describe the graphs in Exercise 6 at the point of intersection. Why is this important for a

successful handoff?

. Suppose you bike at a constant velocity of 9 meters per second and the chase car’s position

function is unchanged.

(a) Use a graphing utility to graph the chase car’s position function and your position
function in the same viewing window.

(b) In this scenario, how many times will the chase car be in the same position as you after
the 10-mile mark?

(c) Inthis scenario, would the driver of the car be able to successfully handoff a cup of water
to you? Explain.

Suppose you bike at a constant velocity of 8 meters per second and the chase car’s position
function is unchanged.

(a) Use a graphing utility to graph the chase car’s position function and your position
function in the same viewing window.

(b) In this scenario, how many times will the chase car be in the same position as you after
the ten-mile mark?

(c) In this scenario, why might it be difficult for the driver of the chase car to successfully
handoff a cup of water to you? Explain.
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CHAPTER 2

Differentiation
Section 2.1 The Derivative and the Tangent Line Problem
The problem of finding the tangent line at a point P is I ( 4-11 5-2
essentially finding the slope of the tangent line at point 8. (a) —471 Y= =5 =1
P. To do so for a function f, if f is defined on an open
interval containing c, and if the limit H4kzf(3) ~ 5475 - g5
lim =¥ = lim e+ x)-f(0) = m S0, 43 ()>1) ()
o X aeo X f4-f1 f4-F3
exists, then the line passing through the point P (¢, f(c)) 4-1 4-3
with slope m is the tangent line to the graph of f at the The slope of the tangent line at (1, 2) equals f ‘(1). This
point P. slope is steeper than the slope of the line
( ) ( ) f 4-11
Some alternative notations for f '( x) are —— O

through 1,2 and 4,5.S0, 4-1 <f'l.
dv y' 4t xTand D .

| f(x) = 3- 5xisaline. Slope = -5

dc d ()] {1

The limit used to define the slope of a tangent line is also g(x) = 32 x + 1 is a line. Slope = 32
used to define differentiation. The key is to rewrite the
difference quotient so that x does not occur as a factor

of the denominator. 11. Slope at (2, 5 ): imf(2+ x) - 1(2)

~0 X
If a function f is differentiable at a point x = c, then f is ' ) [ ]
continuous at x = ¢. The converse is not true. That is, a = Iim 22+ x) - 3- | " =4
function could be continuous at a point, but not X—0 X
differentiable there. For example, the function y = X ig [ 2]
— Iim 2444 x+ ( x)] =3=(5)
continuous at x = 0, but is not differentiable there. - I'T ALz X"U- -
X—
()
5. At (x1,y1), slope = 0. = |lim8 Xx2 «.
X—0 X
5,
At(x2,y2),slope = 2. = lim8+ 2 x =8
6. At(x1,y1), slope = 2 x—0 )
_ =2 12.Slope at (3, -4 = lim H3+ x)=H:3)
At(x2,y2),slope =-5°. X =0 X

@) L= - Jim 5237 X' - (-4
} X0 *) ()

- lim5.29-6 x =_x’2:4
x =0 () ( X
f(4)-f(1)=3 . - -
@ -1(@) = Jim =8 x X 2




X =0 X
4-1=3 . = lim(-6 - x) = -6
1 2 3 4 5 6 x -0
C O
f4-f1 ( )y O 13. Slopeat (0,0) = lim 19+  -f0
T T t-0 t
@y= 4-1 x -1+ f1 2
:§X_1+2 :||m¥_t)-_(tj -0
£ ) t-0( ) t
Cix- 140 =lim 3- , =3
=x+1
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Section 2.1 The Derivative and the Tangent Line Problem 115

hl+ t —hl

14, Slopeat 1,5 = lim — ). f(n= Tx= 3
‘ C o0 t f(x+ %)= (%)
1+ t 24 41+ t)-5 P = lim —————
=i X—
= lim _L—)'_'T— T(x+ X)=3-(Tx )
0 = Iim —————
( ) )
= limle2t+_ (2 +4+4(0-5 X0 . X
- IXt7 x=-3-7x+3
t-0 t = |lim X
2 x—0
-0 t = lim
= lim@+ t)=6x-0 ) X
t=0 = lim7=7
X—0
15. f(x)= 7 S
) 19. h(s)=3+ 2
( x)= lim HEx+ )= f(y 3
- X . h(s+ )= h(s)
e h'(s)= lim o
= lim L=ZL s—o —
X 2 (2
X0 3+ (s+s) -3+ s|
= IX|Ln§): 0 = lim 3 - 3,
s—0 2 2 s 2
16.9(x)= -3 _
3+ 35435232735
)= tim gCx+ x) ~g(x) = lim -3 -
X—0 X 5—’02
= lim 3=(33) = lim3 S =2
x—0 Xs—0 S 3
= Ilim & =
x—0 zx
X 20. f(x)=5- 4
17.f (x y= —5x fx_+ _x)-f(x
(e 2= 109 () = i AL
f' X) = H x—0
- (x) Ilmo__,_ ) C
X 5- =(x+ x)-15 == x|
-5 X+  x - - 5x 3‘\ B
= lim X—0
X— 0 X X
= |im =2X= DXk 5X 5—%(— gx—5+ Zx
X= 0 X = lim __3—3_, 3
X
- ||m L Xx—0 2
T 0%
- X*}O\_S - —5 = ||m
lim —_—

X— g) X0 0 X



Xx—0

f(x) =x%+x-3

#(x) = lim Hx x)=f(x)

x—0 X
— jim (= Pt (e x)-3-(x® + x-3)
x—0 X
= lim X_2+2,X(X)+(%()_2+X+X—3—X2 —x+ 3
x—0 X
~im 2 (1 )+ x
X2 0 X

=1lim 2x + x+1=2x +1
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Chapter 2 Differentiation

f(x)=x -5
Fi(x) = tim L0t X100

x—0 X

= lim (_X+__X)_2—5_-(ﬁ 5)
x—0 X

2 2 2

= lim X2t (=5 + 5
x—0 X

= tim 2 )+ (X"
20 X

=lim 2x + x = 2x

f(x) = x> - 12x

(%) = lim Hxt x)- (0

ol X T 7
= lim L(E_X =10 x :_X)J:\___-
x—0 12x
X

x—0

X
= 1im ¢ () Fe( 2 - 12

20 X)) )

= lim 3 +3x x+ X, -12 = 3 -12

24. g(t)= £ + 4t

gt = limalt 1) - oty
() o0 t
[ 3 ] [ 3 1
= limle_£.0_+4(t + op = F _a

t>0 t
im e 30 e (020 2 atr 41l o
t-0 t

= im 3ttt 3t( )% £ (02 k4t
lim 2! A= e —

=32 + 4
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The Derivative and the Tangent Line Problem

F(x)= lim £ x) = 1)

Section 2.1
1 1
25 0= 5=1 26.1(x)= 2
f(x) = fim £+ x) o £
x—0 X x—0
1 11
x-1 -x-1
= lim X+ —
x=0 x .
( x=-1 - (x+ x- 1
= lim = — —_
om0 (XF X )(X= ) _
1 1
__X—_._.__
= lim ¢ T )
x—0 X X+ Xx-1, X -1 -
= lim I _i —_——x—0
( X ) -2x-
x—0 X + X_l X _l -
—I—U—J—hx_)o
=-x-1
(S
27. f(x) = S
t(x) = lim L x ()
x—0 X
. X+ x+4- x+4 ( X+ X+ 4+ x+4 )
= lim £ — | L _7 |
o X\ \/X+ X+ 4+ \4+ 4)'
= lim _ (x££ _x+ 4)-(x+ 4)
xﬂo_TdT/gu-—xd;LL+ \?m
. ]
= lim L——_. = l_ i} . . -1 .
xo0fXT XF &+ K+ 4 X+ A+ Sx+ 4 2K¥ 3
28. h(s) = -2/s
h's = lim h(s* <) =h(s)
( ) s—0 S
= lim —2~9+s-{ =2 S) '\/—
S -0 ‘S‘
cimfWse s ) e o
s -0 ( S ) S+ 43?

= lim_m8s =8
N
-0 s( g +s+ s)

»

117



1
| N

lim=2_,

/s +

5
&

.S +\/§
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Chapter 2 Differentiation

29.(a) f(x) =x! +3 (b) £
f(x) = tim Hax= 1 T\\N/
x—0 X
(x + x)2+37—(X2+3) . AN s
= lim i— —_——r e -1
x—0 X dy
= = —2at(-1, 4)
= lim X2 _t X&Lﬁfmzié (c) Graphing utility confirms  dx ( )
Xx—-0 X
= lim 20 x 2 (¥’
X =0 ( X)
= lim 2x + x = 2x
(G ()
At -1,4,the slope of the tangent lineism= 2 -1= -2,
The equation of the tangent line is
-4=-2(x+1)
y-4=-2x-2
y= —-2x+ 2
30.(@) f() =X+ 2x-1
(%) = lim LL%LL)r_f(L)
x—0
2 1 1
= lim Qe & ax_ﬂu:L . 2X = 1
x—0
[ S B |
e 1 U (YU AU —
x—0 X
= lim 2xx+! X[ 2X
x—0
= lim 2x+ x+ 2 = 2x+ 2
X—>0( )
At (1, 2), the slope of the tangent lineism = 2(1) + 2 = 4.
The equation of the tangent line is
y- 2= 4(x-1)
y—-2=4x-4
= 4x- 2.
8
\ oll, 2)
- I £
* o
4
S - dy
Graphing utility confirms =>-dx = 4 at (1, 2).
2 L ts R M ublicl | hol
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Section 2.1

31.(a) f(x)=

()=

lim HX*—X)‘—(—)- = Iim &t i)—

Xx—0 X—0 X

— qim X+ 3¢ x+ 3x( x)° +5(_x)3

The Derivative and the Tangent Line Problem 119

(b) //(z, 9

x=0 ; , Yo (2,8)
= lim 3x° X+ 3x( 07 =( ) (c) Graphing utility confirms e at
o ()
= lim 3¢ + 3x x + X2 = 3%
At (2, 8), the slope of the tangent is m = 3(2)> = 12
The equation of the tangent line is
- 8= 12(x-
2)y- 8=12x-
24y=12x- 16.
_ 3 6
32.(@) f(x)=x> +1 (b)
(%)= fim L2202 f0x) oo .
x—>0|_ X _|
(x+ x®  +1 -(X3+l)
= dime— e — -6
x—0 X (c) Graphing utility confirms
= tim L2300 30N+ (4100 =1 Y _a (L0
x—ol ) () X dx G
= dim 33 x o+ 1= 3%
At -1, 0, the slope of the tangent lineism= 3 -1 223,
The equation of the tangent line is
y- 0=3(x+1)
= 3x+ 3.
3. 1(x)= gr 3
(x)= ||m_(&il-_(><) w1
X— 0 /ff"". .
= |imD =[x Axr M
x— 0 X f -1
= limt X Zx (c) Graphing utility confirms % # (1,1)
ok W
= lim i -_1
Lokt x X ok

At 1,1,

83018 engag

the slope of the tangent line ism =

7
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21 2
The equation of the tangent line is

1
-1= 2(x-1)
1 1
-]l ==x- =
ymiEXT
y:lx+ _1
2 2

part.
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Chapter 2 Differentiation Section 2.1 The Derivative and the Tangent Line Problem 26

34.(a) f(x) =/x-1 (b) X
(5, et
f(x) = lim L&+ x)-F(x) T
. -2 10
x—0 X
JX I YT (XS T 4 X1
= lim ____,_\/w v \ y
=0 ( X yLo x+x-1+ x-1)
= lim X+ x=1 -x-1
x—0 X(\/X+ X=1+ \4 '1) Graphing utility confirms
dy 1
- = — 5,2);
= lim l _ =_1 dx 4 (5:2)
voodX HX-1+ -1 2/ x-1 at
(
L 1 1
At 5, 2, the slope of the tangent lineis m= ———==— ==
P g 2A/5-1 4
The equation of the tangent line is
- 2=24x- 5)
1 5]
y-2= 4x- 4
= l4.X+ §4.
4 (b) 6
35. (a) f(x):x+; —
F(x)= tlim 10 x )= 1(X) [y :
Xx— 0 X ( /i
4 4
(x+ x) + - x4 _\ 10
= lim x£X_\7_"x)
x= 0 X X ) ( ) ) Graphing utility &3
= lim XXFoX X E X HAXZ XiXH X = ACH _ &
\ — =T T T T e coffirms &.

= lim XX £X X224 _
o xO)(x+ %)
= lim £ax( X =4
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Chapter 2 Differentiation Section 2.1 The Derivative and the Tangent Line Problem 27

:M_zl—.

4
2 y)
X X

4

At (- 4, - 5), the slope of the tangent lineism= 1 - (-4)° = 4
The equation of the tangent line is

leo

3
+5= 4(x+4)
-1
y+ 5—1x+ 3
v=ix— 2.
1
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Chapter 2 Differentiation Section 2.1 The Derivative and the Tangent Line Problem 28

b )
36.(a) f(x x- Ly ®)

) | V4
= limd (X1 = 1K) S0
o A

( 1 (1
P )

|x= = dy
=0 X confirms at
im O 0kt X xzx= x20ck )+ (x+ %)
X0 x(x+ x)x
= lim X3 2x2‘(‘x)+ x( ?<)2 e >g3 —x 2 (x)+ x+x
) x(x+ x)x
—im 2200 £ x 002 X2 + X
) x(x+ x)x
— Iim—2X2 + x!x[—x2 +1
X0 (x+ x)x
2
:l +_1 = l+_l
2 2
0 x X 0)
At 1,0, the slope of the tangent lineism=f’'1 = 2. Theequation of the tangent line is
y-0=2(x-1)
= 2x- 2.
37. Using the limit definition of a derivative, f'(x ) = - -2x. 39. From Exercise 31 we know that {/(x) = 3 x°.
. L 2 Because the slope of the given line is 3, you have
Because the slope of the given line is -1, you have )
X =3
-1x = -1 X = #1.
2X _, Therefore, at the points (1, 1?nd ( -1, —1) the tangent
At the point (2, -1, the tangent line is parallel to lines are parallel to 3x = y+1= 0.
)

These lines have equations
y-1=3x-1land y+1=3x+1

x+ y = 0. The equation of this line is

y—(—l):—l(x—Z) ( ) ( )
y= —x+1, y=3x-2 y=3x+ 2.
i imit definiti ivati f1(x) =3x2
38. Using the limit definition of derivative, f'( x) = 4x. 40. Using the limit definition of derivative, (x)

Because the slope of the given line is 3, you have
Because the slope of the given line is —4, you have 5
4x = -4 3x =3
X = -1. X2: l=>x = #1
Therefore, at the points 1, 3 and ( -1,1 the tangent
At the point ( -1, 2) the tangent line is parallel to « )

Ax+ y+ 3= 0. The equation of this line is lines z_ire parallel to 3x — y — 4 = 0. These lines have
equations
y—- 2= -4x+1
( ) y—3=3<x—1ar;d y—1=3x+1)
— _fy— (
y= —4x- 2 y=3X y=3x+ 4
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Chapter 2 Differentiation Section 2.1

Using the limit definition of derivative,

f'(x) :2__x\1/x_‘
1

Because the slope of the given lineis — 2, you have

Therefore, at the point (1, 1) the tangent line is parallel
to x + 2y — 6 =0. The equation of this line is

1
-1=- 2(x-1)
1 1
= —12x+ 32.

Using the limit definition of derivative,
1
f'(x) =2x-1 $2.
( )

Because the slope of the given line is - l2, you have
—=l_--1
2 x—1 %2 2
( )
= (x- 1)3/2

1=x-1=x= 2.
At the point ( 2, 1), the tangent line is parallel to
X+ 2y+ 7= 0. The equation of the tangent line is

1
—1=- 2(x-2)

y=—12x+2.

The slope of the graph of f is 1 for all x-values.

-3 -2-1 12 3

The slope of the graph of f is 0 for all x-values.
y

The Derivative and the Tangent Line Problem 29

The slope of the graph of f is negative for x < 4,

positive for x> 4,and 0 atx = 4.

-6 -4 =2 244 6 >

© o ~ N
(I

/
The slope of the graph of fis -1 for x < 4, 1 for
x> 4, and undefined at x = 4.

14 O—
- - > X
T 375 G
B ——)

The slope of the graph of f is negative for x < 0 and
positive for x > 0. The slope is undefined at x = 0.

48. The slope is positive for - 2 < x < 0 and negative for

0 < x< 2.Theslopeisundefinedat x = +2,and 0 at
x = 0.
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Chapter 2 Differentiation Section 2.1

Answers will vary.

Sample answer: y = - x

REcEral 'I 32
-1
-3
-4
The derivative of y = — x is y' = =1. So, the derivative is
always negative.

3 2

50. Answers will vary. Sample answer:y = x~ — 3x

]

t +
-2 -1 1 2

X

( )

Note thaty’ = 3x% - 6x = 3x X — 2.
So,y' = O0atx=0and x = 2.

51. No. For example, the domain of f (x ) = ~/xisx > 0,
whereas the domain of f '( x) = _Li_isx>o0.
2N X
No. For example, f ( x ) = x° is symmetric with respect to

the origin, but its derivative, f '( x ) = 3 x> , is symmetric

with respect to the y-axis.

g( 4) = 5 because the tangent line passes through ( 4, 5).

(o 2= 8
a(4) =77 = 3

h( —1) = 4 because the tangent line passes

through (-1, 4).

C )
() 3- -1 4 2
f(x) =5-3xandc=1

f(x) =xCandc= -2

The Derivative and the Tangent Line Problem 123

59. f(0) = 2and f'(x) = =3, < x< =
f(x) = =3x+ 2

60. f(0)= 4,f'(0) = 0;f'(x)< Oforx< 0,f'(x) > 0
forx> 0

Answers will vary: Sample answer: f(x) = X2 + 4

Let (x0, yo ) be a point of tangency on the graph of .
By the limit definition for the derivative,
f'(x) = 4 - 2x. The slope of the line through ( 2, 5) and
X0, Yo ) equals the derivative of f at xg :

- — yL:fg - 2

2_XO 0
- Yo = (2— Xo)(4— 2X0)

5- (4% - x0%)=8-8x + 2x°

x02 - 4x%x + 3
(x0 =1)(x0 - 3)=x0 = 1,3

Therefore, the points of tangency are (1, 3) and ( 3, 3),
and the corresponding slopes are 2 and —2. The
equations of the tangent lines are:

y-5= 2x-2  y-5= —2x-2

y=2x+1 y=-2x+9
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f(x) = -xandc= 6

f(x) =2/xandc=9
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Chapter 2 Bxttéoentidtion

Let (X0, Yo ) be a point of tangency on the graph of f.
By the limit definition for the derivative, f '( x) = 2x.
The slope of the line through (1, = 3) and ( xo0, yo )
equals the derivative of f at xo :

_3 _ y
0o = 2X
1-xo 0
-3 -y = (1- x0)2x%0
-3 —on = 2x0 — 2on

X02 - 2x0 - 3= 0
xo = 3)(xo +1) = 0=>x0 = 3,-1

Therefore, the points of tangency are (3, 9) and ( -1, 1),
and the corresponding slopes are 6 and —2. The

equations of the tangent lines are:

y+ 3=6x -1 y+ 3= -2x -1

y= 6x—9 y= -2x-1
y
10°
(3.9
(-1,1 > X
2 46
-8 -6 -4 —2—%11_3)
-4
2
63. (@ f(x) = x
f(x) = tim 20X 2 £0)
X— 0 X

= i (=8

X—0 X

— im Xt 200 + (02 =

X—0 X
= fim X2+ _x)
XX?D X )
= lim 2x+ x = 2x
()

At x = -1,f" -1 = -2 and the tangent line is
( )
y-1=-2x +1 or y=-2x-1

At x = 0,f'(0) = Oandthetangentlineisy = 0.
At x = 1,f'1

The Derivative and the Tangent Line Problem 125

() g'(x) = lim@xt x)-a(x

X—

3_3
= limQex)" =7

x—0 X
= Iim-§+_3X_;,( ) £ 3 o+ (x )il

x—0 X
- lim x(3xo+ 3 (x)e(x) )
x—0 ' X

= Iimx40(3x2+3x(x)+( x)z): 32
)

At x= -1,¢'-1 = 3and the tangent line is

( )
y+1l=3x+1 or y= 3x+ 2.

At X= O,g'(O()) = 0 and the tangent line isy = 0.

At x= 1,0 1= 3and the tangent line is

( )
y-1=3x -1 or y=3x- 2

2

2

For this function, the slopes of the tangent lines are
sometimes the same.

(@ g'(0) = -3
g(3) =0
=3
(c) Because g'(1) = — , g is decreasing (falling) at
= 1.

Because g’( —4) = 13, g is increasing (rising) at

= -4,
Because g'( 4) and g'( 6) are both positive, g( 6) is
greater than g( 4), and g( 6) - g(4) > 0.

No, it is not possible. All you can say is that g is
decreasing (falling) at x = 2.

= 2x-1.

2
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= 2 and the tangent line is

3
For this function, the slopes of the tangent lines are

always distinct for different values of x.
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IRV

f(0) = 0,f'(1/2) = 1/2,f'(1) = 1,f(2) = 2
By symmetry: f'( -1/2) = -1/2,f'(-1) = -1,f'(-2) = -

y

@ ()= fXF 00 Lo -3 e ()t AT
X=0 X x—0 X x—0 X x—»O\ 2)

f(x):lSX3

LA

6
£/(0) = 0,f'(1/2) = 1/4,§'(1) = 1,1(2) = 4, f(3) = 9
( ) ) )
(b) By symmetry: f'-1/2 =/14,f" -1 =1, f'-2 = 4,f' 3= 9

(©

@ f'(x) = lim f(x+_x)—_f(x)

x—0

-

3l3

= lim 3(¥ +—)—.' 3x

x—0
1

Loy a(x)+ 3x(x)2+(x)} -3

=limal e -

x—0 X

[ 1 2

=lime +x( X) + (%) |

x~>0|_ 3 J
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Chapter 2 Differentiation

() () «C )
67.f 2 =24-2 =4f 21 =214 -21 = 3.9

2 =~399-4 - 01 [Exact f' 2 =0]

() 91 L )

f(2) = l4(23): 2,f(21) = 231525

fro = 231525 =2 —31525 [Exact: 12 ) :3}
(

69.1(x)=x>+2x% +1,c= -2

f1(-2) = lim £()=1(z2)
X— =2 X+ 2

lim (3 + 24 +1) -
1

—>-2X+ 2

2
= im0+ 2 Cjimxd = 4

xo-2 X+ 2 X — =2

x,c=1

g(x) = x* -

()~ ax=ad

limx(x-1)

—1x—=1
limx=1

—1

71.9(x) :\/_x| c=0
g(0) = I|m9.(_) J-(_). —Ilml/,J_l Does not exist.

X—0 x-0 X

Asx — 0~ ,ﬂxl

Asx— 0%,

Therefore g( x) is not differentiable at x = 0.

€ scanne
€ scanne

85018 Cengags keaming: Al Rights Reserved: May

f(x) = (x-6)*,c=86
t(6) = lim1x=£(6)

X—6 X— 6
2/3
= im&x=6) =0 - |im—1__
X—6 X— 6 X—6 (X_G)ya

Does not exist.

Therefore f( x) is not differentiable at x = 6.

9(x) = (x+ 3% c= 3

ald) =ol 8)

¢(=3) = lim

Lo (x+3) -0 .
= lim &3 =0 lim- 1./—.
X— -3 X+ 3 X— -3 X3

Does not exist.

Therefore g( x) is not differentiable at x = =3.

h(x) 3 x+F,c= -7
(D)

N(-7) = lim
—-1x= (-7)
.
= lim¥tL=0 - "mlmk
x—-1 X+ 7 x--7X+ 7

Does not exist.

Therefore h( x) is not differentiable at x = —7.

f(x) 94 x-6,c=6
t'(6) = lim Lx)=£(6),
X—6 X— 6
= limx=6 F0 = jimd=6 |
x—6 X— 6 weX— 6

Does not exist.
Therefore f( x) is not differentiable at x = 6.
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Chapter 2 Differentiation

f(x):gx,c:4 . : _
f ( x) is differentiable everywhere except at x = 4.
(Sharp turn in the graph)
4 = lim F00)-1(4) f () is differentiable everywhere except at x = +2.
) xoa X; 4 (Discontinuities)
3 =
= lim X f ( x) is differentiable on the interval ( - 1, «). (At
e X 4 = -1 the tangent line is vertical
lim 12 -3 = e tangent line is vertical.)
—44x(x—4
Iin41—3 (x ~ 4)) f ( x) is differentiable everywhere except at x = 0.
adx(x- 4) (Discontinuity)
= lim-3=--3

xoa  AX 16
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81.

82.

84.

86.

Section 2.1

f(x) = x- 5isdifferentiable

everywhere except at x = 5.
There is a sharp corner at

x= 5. -1
-1
_4 15
f(x) =, 5 isdifferentiable
everywhere except at x = 3. f
is not defined at x = 3. 8 L

(Vertical asymptote)

f(x) = x?°is differentiable 5
for all x # 0. There is a sharp

corner at x = 0. i

f is differentiable for all x # 1.
f is not continuous at x = 1.

3

F(x) 4 x-1

The derivative from the left is

fx -—f1 :IiIX_ll_O_

b e —

The derivative from the right is
fx —-f1 |x—1 -0

lim o e——0 = lim'. =

x~1+ x—1

The one-sided limits are not equal. Therefore, f is not

differentiable at x = 1.
f(x)=1-x°

The derivative from the left does not exist because

85018 Cengags keaming: All Rights Resenved: May net

€ scanne
€ scanne

11

12

The Derivative and the Tangent Line Problem

89.

8 4upl

127

The derivative from the left is
lim L(X)__ fil = lim (—X -1

lim(x-1)? =
-1

The derivative from the right is

2
fox —f1 x=1" -0
lim ~ ('_5.) o = lim 2 5.
'y x-1 xott x-1

= lim (x—l = 0.

X —1

The one-sided limits are equal. Therefore, f
is differentiable at x = 1. (f'(1) =0)

f(x) = (1- x)?®

The derivative from the left does not exist.

fpo=f1 =X 420
lim ._). o = lim « .
X1 x-1 -1 .ox=1
= lim ___1_ - -
L SY
T 1- xas

Similarly, the derivative from the right does not
exist because the limit is .
Therefore, f is not differentiable at x = 1.

Note that f is continuous at x = 2.

[

f(x) =4 +1,
[4x - 3,

X< 2
x> 2

The derivative from the left is

2
1(0-1(2) (L=

lim = lim )
X2 X—= 2 Xx—2 X= 2
=lim x+ 2 =4
X—2

The derivative from the right is

lim L0602 = im@x=3)=5 _ = |ima= 4

x~2+ X— 2 x—>2+ X— 2 x—>2+

I6ated: oF posied 18 3 publicy aeeesshle wehsie: I whal or i part



i

(Vertical tangent)

The limit from the right does not exist since f is
undefined for x > 1. Therefore, f is not differentiable at

= 1L

85018 Cengags reaming. All Rights Resenved: May Rotbe seanned: &3

The one-sided limits are equal. Therefore, f is

differentiable at x = 2.(f'(2) = 4)

90. f(x) =142

is not differentiable at x = 2 because it is not
continuous at x = 2.

limfx =12+ 2=3

-7 () 2()
lim f x :\/_2)2:2

+
X—2
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Chapter 2 Differentiation

| | | m3-11+4 | | |
91. (a) The distance from 3,1tothelinemx— y+ 4=0isd= lawre..c = o) o =laneg .
( ) \/A2+B2 \/m2+1 \/m2+1
y
~
34
2L
1]
‘—X
1 2 3 4
(b) s
-4 4

1

The function d is not differentiable at m = —1. This corresponds to the line y = — x + 4, which passes through
the point ( 3, 1).
(@ f(x)=x%and f'(x) = 2x () g(x)=x3andg(x) = 3x®

y y

-
1234

n n-1

The derivative is a polynomial of degree 1 less than the original function. Ifh (x) = x ,thenh'(x) = nx
If £(x) = x*, then

f(x) = limixt x)=f(x)

X-0 X
44
= lim )" =X
X—0 X
= im0+ 8x (0% ax (0 e () -
X—0 X
x4x3+6x2(x)+ ()2 + (x)° ( )
X—0 _(__}__x x=0 () ( )2 .
= lim = ohim a3 46kt x +4x x o+ x = 4X.

So, if f(x) = x* then f'(x) = 4x> whichis consistent with the conjecture. However, this is not a proof because you
must verify the conjecture for all integer values of n, n2 2.

i« i £+ x)=(2) False. If the derivative from the left of a point does not
93. False. The slope is lim ’ ' equal the derivative from the right of a point, then the

x—0 X derivative does not exist at that point. For example, if
False.y = x t+ 2 is cpntinuous at x = 2, but is not f (%) =/ | then the derivative from the left at x = 0 is —1
differentiable at x = 2. (Sharp turn in the graph) and the derivative from the right at x = 0 is 1. At
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Chapter 2 Differentiation
x = 0, the derivative does not

exist. True. See Theorem 2.1.
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Section 2.2 Basic Differentiation Rules and Rates of Change

()
97.f(x):{;<sm]/x,

X#0
x=0
1, =0-:f Oand

Using the Squeeze Theorem, you have — |x| < xsin i/x < | x|, x# 0.So, lim xsin 1/>
x—0

is continuous at x = 0. Using the alternative form of the derivative, you have

f(xy— f 0 xsinlx -0
lim (_)* = lim _/L,i = (\sin—l\\
lim
xo0  X—=0 o0 X—0 x—o\  x)

« )

Because‘this limit does not exist (.sin I/x oscillates between —1 and 1), the function is not differentiable at x = 0.
()

o(x) :sz siflx, x# 0

lo, x=0

Using the Squeeze Theorem again, you have - x 2 < x%sin1x (/ )s x2,x# 0. So, lim x?
Xx—0

sinl(/x): 0=g O)

(

and g is continuous at x = 0. Using the alternative form of the derivative again, you have

2
im 24 —im SR Cinad 0
x—0 x=0 x—0 x=0 X -0 X
Therefore, g is differentiable at x= 0,9'(0) = 0.
98. ’
s .

1

. 2
As you zoom in, the graph of y1 =X" + 1 appears to be locally the graph of a horizontal line, whereas the graph

y2 = % # lalways has a sharp corner at  of (0, ). y2 is not differentiable at ( 0, 1).

Section 2.2 Basic Differentiation Rules and Rates of Change

The derivative of a constant function is 0. (a)y = x'?
axfcl =0 y = ot
y(1) = %2
n
To find the derivative of f (x ) =cx , multiply n by c, 3
and reduce the power of x by 1. y=X 2
) _ -1 y' =3
f'(x) = nex y(1) = 3
The derivative of the sine function, f ( x ) = sin x, is the @)y =
cosine function, f'( x ) = cos . y = -1x32
The derivative of the cosine function, g( x ) = cos , is 2
the negative of the sine function, g'( x ) = = sin x. B
The average velocity of an object is the change in e . -2
distance divided by the change in time. The velocity is y X
the instantaneous change in velocity. It is the y(1) = -1

derivative of the position function.

129
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Chapter 2 Differentiation

i, _1
y' = X34=
4 a3
15.f(x)= x+11
f'(x)=1
g(x)=6x+3
g'(x)=6
Function Rewrite
27.y 2. y = Ix-s
7x4 7
8 8
28y = ~ y="x°
5X%-s 5
6 )

295 = _3 oy = X-8 ) ) 125
201 {(@ﬂgage Learning.’All Rights Reserved. May not be scanned, copied or duplicated, or posted

Section 2.2

s(-7t)= -2

Differentiate

y'=-125

§5(5 x4)

Basic Differentiation Rules and Rates of Change

f(t)=-3t+2t-6f

(t)=-6t+2
y=t£ - 3t+1
y' =2t-3

g(x) = X2 + 453
g'(x) = 2x + 12x°

y= 4x- 33
y' = 4- 9x°

s(t)=t3+5t2-3t+8
(1) =3t + 10t - 3

y= 23 + 6 -1
y' = 6x% + 12x

o

y= 2sin6

y'=H2 cos 6

g(t)=rmcost
g'(t)=-msint

y=X2-lzcosxy
'=2x+12§nx

y= 7x% + 2sinx

y' = 7(4x3)+ 2cosx= 28x° + 2cosx

X4

136

to a publicly accessible website, in whole or in part.



Chapter 2 Differentiation Section 2.2 Basic Differentiation Rules and Rates of Change 137

125

3 y' =12(2x) y' = 24x

— 2
30.y = = 12x
y ( 2X)-2 y

©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Chapter 2 Differentiation

8 2
31 (%) =2 = 8¢ (2,2)
16
f’(‘x)‘ = -16x3= - 3
fr2 =-2
O, (
32.f , =2-7=2-4"
2
fre =4 =4
)
( 2
f'(4)=1
4
1 7 1
33.1(x)= -7 + 3¢ (0.-3)
2_].
f(x)= s5x°
f'(0)=0

y= 2 - 3,(1,-1)
y' = 8

y(1) =8

y= (4x+1)2,(0,1)

16x° + 8x + 1
y'=32x+8
y'(0) = 32(0)+ 8= 8
f(x) =2(x-4)2,(28)
= 2x% -16x+ 32
f'(x) = 4x-16
f(2) =8-16= -8
() ()
=4sin6 -6, 0,0

37. f6 )
f'e): 4cosf -1
f'0 =41-1=3
g(t) = -2cost+ 5,(m,7)
g'(t) = 2sint
g(m) =0

Section 2.2 Basic Differentiation Rules and Rates of Change

g(t) = 22—ty = 2 - 4
2
g'(t)=2t+12t™ =2t +
12
42.1(x) = 8x+-3 = 8x+ ¥
X2

-3 6
f(x)=8-6x"=8-"

3
X X, + 4
f(x)=" ¥ = X— 3+ 4x-2
2
3
fy = 1--8 =¥=8
() p y
4AX +2x+5

=42+ 2 + 5x-1x

h(x)= °

P S
h'(x) = 8x— 5x" “ = 8x—X2
2
3t + 4t- 8
-_— 12 -12 -3%
45.9(t)= " o7 =3ttt g - gt
3 / /
g'(t)= otz —2t-32 +12t7°2
A
2t
h(s)= ) =S1B+2525+65-15518

h(s) = 238113 . 435-1/3 _ o 43

14s° + 45- 6
473

3s

y:x(x2+1):x3+xy'

=3 +1

y:x2(2x2—3x):2x4—3x3y'

=8 - 9x> =x* (8x - 9)

49. f(x) Ny- 6¥x=t2 - g8

1 2
y —— £
-2/3 ;

:'\/—_

1
f'(x) = X12 = %

138



Chapter 2 Differentiation Section 2.2
f(x) =x2 +5- 32
: -3 6
f'(x) = 2x+ 6x° = 2x+x 3
f(x) =% - 2x+ 33
9
f(x) =3¢ -2-*=3%-2-—
X4

Basic Differentiation Rules and Rates of Change 139
2 2 X X238
f(t) - t2/3 _ t1/3 + 4
F(1) =2tas- lps=_ 2 - 1
/ /
3 3 att? 3?3

51. f(x) = 6}/7 + 5cosx =6x'2 + 5cos x
/ -2
f'(x) =3X12 - 5sinx :\/; - 5sinx
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132 Chapter 2 Differentiation

52. f(x) = 2 + 3cosx = 2x Y3 + 3cos x

</x
2 2
f(x) = -=3x% - 3sinx= - 3x 43 -
3sin x
53. y= 1 —5cosx:(3x)2—5005x=9x2—5cosx
(3977
y'=18x + 5sin X
54. y= 3 4 2sinx = §X-3+ 2sinx
(20)° 8
y’=:8 x~ % + 2cosx

9
-8%Xx4 + 2cos X

@ f(x)=-2* +5¢ -
31/(x) = -8 +10x
At(1,0):f1(1) = -8(1)% +10(1) = 2

Tangent line:y - 0= 2(x-1)

=2X- 2
(b) and (c) 1
-3 / 'j\l('l'o) 3
-3
@ y=x> - 3y
=3¢ -3
At 2,2:y =32 2-3=9
( )
Tangent line: y-2=9 x- 2
y = 9x-16
9x-y-16=0
(b) and (c) 3

[ o

-3

57.(a) f(x) :i = ¥4
xs

/ [
f’(><)=—§ZX‘74 = -2

/4

At(1,2):f(1) = —32

2 )
Tangent line: y-2= -3y -1
_ .3 1
=T
X+ 2y-7=0
(b) and (c) 5
k. 1,2
-2 \ 7

1

(a)y:(x—2)(x2+3x):x3+x2—6xy'=

3x2+2x—6

At 1,-4:y =31 +21 -6=-1

( ) O )
Tangentline: y—- ~4 = -1x-1
CH™ 9
y = -x-3

X+ y+3=0

(b) and (c) 10

A,
[T

y:x4—2x2+3y

'=4x3 - ax

4x(x2 —1)
4x(x-1)(x+1)

y'=0=>x=0,%1

Horizontal tangents: ( 0, 3), (1, 2), (-1, 2)

y=x3+x

y' = 3 +1> Oforall x.
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Therefore, there are no horizontal tangents.

2
y' = -2x"" = -  cannot equal zero.
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Chapter 2 Differentiation Section 2.2  Basic Differentiation Rules and Rates of Change 133

_ 2
y=x"+9 66.1(x) = kx?,y= —2x+ 3
y =2=0=x=0 f;x = 2kx and slope of tangent lineism = - 2.
Atx=0,y= 1.
f'(x)=-2
Horizontal tangent: ( 0, 9) 2kx= -2
y=x+sinx, 0<x<2my' = —lk
=1+cosx=0 (1 .
CoOSX=-1=x=mAtx y= -2 -—W +3==+3
=17y =1 Horizontal \ k) K
' 2 (17
tangent: (17, 1) E*s‘ K_;)|
2 -1
y=3Y+2cosx,0sx<2my’= k+3_k
3-2gnx=0 1__,
NE 1 K
sinx = —x =Tor <k
2 3 3 k =-1
. 3
Atx = I y= NI
K 3
3 3 67. f(x) == ,y=-=4x+ 3
At x = 2_ = ‘ﬁﬂ—3
y : c 3
3 3 f'(x) = =x 2 and slope of tangent lineism= - 4.
(m m+3  \(2m ™3 )
Horizontal tangents: | — :/3_.__ H_vg/g f’( X) = —§
\
| I |
\3 3 J\U 3 3 ) 4
65. f(x)= k- x%,y= -6x+1 —
o 4k
f'x = -2xand slope of tangent line ism = - 6. X2 ==
3
f'(x) = -6
2x= -6 X = il;
=3
- -3 = -3 |4k
= -6(3) + 1= -17 y= ZXJ’?" y -—3"3
-17= k- 3?
8=k N T S
VAV 4k
k=3
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Chapter 2 Differentiation Section 2.2

f(x) = k{,y=x+4

f'(x) :—2\%x and slope of tangent lineism = 1.
()

f'x =1

2Jx =1

=
N
=<
[N}

k2 = 16
k=4

9(x) = f()+6=9(x) = f(x)
9(x) = 2f(x)=g(x) = 21(x)
9(x) = -5f (0 =9g(x) = -5f(x)

9(x) = 3f(x)-1=g(x) = 3f(x)

1T /'

-3 -2-1 _/123>y
/
If fis linear then its derivative is a constant function.
f(x) =ax+b

f'(x)=a

Basic Differentiation Rules and Rates of Change 134

If fis quadratic, then its derivative is a linear function.
f(x) = a® + bx+ ¢
f'(x) = 2ax+ b

The graph of a function f such that f ' > 0 for all x and
the rate of change of the function is decreasing

(i.e., as x increases, f'decreases)would, in general, look
like the graph below.

y
A

(a) The slope appears to be steepest between A and B.
The average rate of change between A and B is greater
than the instantaneous rate of change at B.

f
c
A

- X
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Céeqtien2.Differentiation Basic Differentiation Rules and Rates of Change 135

Let ( X1, y1) and ( X2, y2 ) be the points of tangency on y = * and y=- X2 + 6 - 5, respectively.
The derivatives of these functions are:

y = 2x=m=2x1 andy’ = -2x+ 6=>m= -2x2 + 6
=2X1=-2x2 + 6 X1
==Xx2+3
2andy =-X +6x -5

Because y1 = X1

2 2 2
Y,7Y, (X% X:%: X2
=72 Ti= (Nt ("%)= -2x2+6
1
X2 — X1X2 — X1
o2 ) _(_ 2
(X2‘+6X2 5) (20 + 31 - 2% 46
x2 = (=x2+3)

('X22+6X2_5)_(X22_6X2+9):(‘2X2+6)(2X2‘3)
“2%2% +12x2 —14= -4x2° +18x2 - 18
2xz72—6x72+‘420
2x =2 X —-1=0

X2 = 1lor2
_ -0 i Y, _
2_1:y2—0,X1—2and1_4) () ()
So, the tangent line through 1 0‘ and | 2,4 is So, the tangent line through  2,3and 1,11is
y 0= 4-0 'x- S>y=4x - 4.

y-1=(3=11X -1 = y= 2x-1.

L2—1) |

X2 =2=y2=3x1=1landy1=1

78. m1 is the slope of the line tangent to y = x. m2 is the slope of the line tangent to y = 1 ¥, Because

1 1 1
y= x=y'=1=m =1land y= T(:y' = =om=-¥
The points of intersection ofy = xand y= 1 xare
x= 1 =x% = 1= x= 1.
X
Atx= +1,m2 = -1 Becausemz = —1/m1, these tangent lines are perpendicular at the points of intersection.
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Cheqgtien 2. Differentiation

79.f(x) = 3x+ sinx+ 2
f(x) = 3+ cosx

Because |cosx|< 1, f'(x) # 0forall x and f does not

have a horizontal tangent line.

Basic Differentiation Rules and Rates of Change 136

80. f(x)= X° + 3 + 5x
£ = 5 + o’ + 5
(
Because5x4 + 9x2 > O,f'(x)z 5. So, f does not
have a tangent line with a slope of 3.
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Cheqgtien 2. Differentiation

81 f(x) = & (-4,0)

Basic Differentiation Rules and Rates of Change 137

£(x) = 2x.(5,0)

1, =41
Px) = gx2= 5% F(x) = -2
2
1 _0-y 2 _0zy
2Jx  -4-x —2 =
4+ x = X/xy 5-x
2
=10+ 2x= -x“y
4+ x = 2/ ¥/x (2
A+ x = 2X -10+ 2x= - x?| —}
\ x
X =4y=2 -10+ 2x= -2x
The point ( 4, 2) is on the graph of f. 4x= 10
0-2 X _S y _4
; = 2 5
Tangentline: y—- 2 = -4-4 (x-4)
4y_ 8 =x- 4 The point (_S,f is on the graph of f. The slope of the
0=x-4y+ 4 \25
o 5) 8
tangent lineis  f ‘o = - .
L2) 25
_ 4 8 5)
Tangent line: y- = =
5 250 2)
25y - 20 = -8x+ 20
8x+ 25y-40=0
(a) One possible secant is between (3.9, 7.7019) and 4. 8):
8 - 7.7019
y-= 8="" (x - 4) 20
4-3.9
y-8=2981(x- 4) cus
y= S(x)= 2.981x - 3.924 " ”
3 3 2

/

() f(x) =2 xiz= f'(4) =2(2) = 3

TX =3x-— 4 +8=3x-4
The slope (and equation) of the secant line approaches that of the tangent line at
(14, 8) as you choose points closer and closer to ( 4, 8).

(c) As you move further away from ( 4, 8), the accuracy of the approximation T gets worse.

20

-2 12
-2
(d)
Ax -3 -2 -1 -0.5 -0.1 0 0.1 0.5 1 2 3
f(4+Ax) 1 2.828 | 5.196 | 6.548 | 7.702 8 8.302 | 9.546 | 11.180 | 14.697 | 18.520
T(4 + Ax)
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6.5
7.7

8.3
9.5
11
14
17

Céeqtien2.Differentiation Basic Differentiation Rules and Rates of Change 138
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Cheqgtien 2. Differentiation

() Nearby point: (1.0073138, 1.0221024)
Secantline:y—1 =1.0221024-1x-1

1.0073138-1 ()

Basic Differentiation Rules and Rates of Change

®(1,1)
Yy =3022x- 141 _3 3
(Answers will vary.)
() 2 o2
() f'x =3 )
Tx =3x-1+1=3x-2 ()
(c) The accuracy worsens as you move away from
2
*(1,1)
3 3
f
T
-2
(d)
Ax -3 |2 |-1 | -05 -0.1 0.1 0.5 1 2 3
f(x) -8 | -1 |0 0.125 0.729 1.331 | 3.375 8 27 64
T(x) 8 | -5 |2 | -05 0.7 1.3 25 4 7 10

The accuracy decreases more rapidly than in Exercise 85 because y = % is less “linear” than y= xg'/2

85. False. Let f(x) = xand g(x) = x+ 1. Then

)

f'x =g x

)

= x,but f x # g Xx.

True. Ify = x**2 + bx, then
dy

False. Ify= 2 ,thendy/dx = 0. (m Zisa constant.)

88. True. Iff(x) = =g (x)+ b, then
F(x) = -g'(x)+ 0= -g'(x)
False. If f (x) = 0, then f'(x) = 0 by the Constant Rule.

4

90. False. If f(x) = , =x ", then

dx = (a+ 2)x(3*2)1 4 p= (a+ 2L + b,

() [ ]
@ ft = -7 331

Instantaneous rate of change:
At(3,2):f(3) =6
( ) ()

At 3.1,261:f" 31 =6.2

Average rate of change:
1Lt 282 ¢

31-3 T 01 °
93. fx.=-1, 1,2
()
1
filx) ==
() =7

Instantaneous rate of change:
( ) (8}

1,-1 =f'1 =1

\(2,— _1) = (2

139
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Cheqgtien 2. Differentiation

901.f t = 3t+5 1,2
() O ()

f't =3.S0,f'l =f'2 =3.

Instantaneous rate of change is the constant 3.

Average rate of change:

_fg_z_l__f,_lu L_g

Basic Differentiation Rules and Rates of Change

L 2) 4

Average rate of change: ()

f2-f1 -¥2 - -1 =
2-1 2-1

140
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Chapter 2 Differentiation

94. 1(x) = sinx, |; H]‘ 98. (a) s(t) = - 4.9t + vot+ sp = —4.9t° + 214
( ) L GJ S't“:VtH: - 9.8t
f'x =
X =cosX s(5)-s(2)

Instantaneous rate of change: Average velocity =

5-2
(0,00=f(0)=1 915 —294.4
H{-H‘, 1 1= f ,‘(_H = _‘\/_5 =~ (0.866 - 34.3 m/sec
\62) 6 ) 2 s'(2) =-9.8(2) = -19.6 m/sec
Average rate of change: ) 3
/6 - £0 Y2 -0 s'(5) = -9.8(5) = 49.0 m/sec
M6 -0 =7 -0 =r = 00955 s(t) = 492 + 214= 0
. ) 49¢ = 214
o apg2
(@) s( t) = -16t" + 1362 v( 2 2144 o
t) = -32t :
t= 6.61 sec
s(2)-s(1) = 1208 - 1346 = -48
filsec 2 - 1 v(6.61) = -9.8(6.61) = - 64.8 m/sec
v(t) = s'(t) = -32t
2
O From (0,0)to (4,2),s (t)=L"t=v(t)=12

Whent = 1:v1 = -32 ft/sec

mi/min. v( t) = 12( 60) = 30 mi/h for 0 < t < 4

Whent = 2:v(2) = -64 fi/sec

Similarly, v(t) = 0for 4 < t< 6. Finally, from ( 6, 2)
(d) -16t° +1362 = o 106,

t? = 1362 — t = V 1362 ~ 9226
sc - s(t)= t- 4=v(t) = 1 mi/min. = 60 mi/h.
16 4 !
60
l(\/rssz\‘ ) ‘(\/IBEZ\‘
€ Vie——— = —32\/_ a

|
o4 ) L 4 )
-8 1362 = —295.242 ft/sec

(in mi/h)
g

Velod
I

@
=}

BN
S o
—1

s(t) = —16t> - 22t + 220 v( t) = 32t - 22 ; '
v(3) = -118 ft/sec “ime (in minutes)
s(t) = -16t% - 22t + 220

>t

(The velocity has been converted to miles per hour.)

112 (_height after falling 108 ft
(heig 9 ) This graph corresponds with Exercise 101.

S

(inmiles)

(= 2 ) oh (10, )
) ( -
v2 =-322 - 22 § o
—-86 ft/sec 4

4,2
) i ( (6.2)
S(t): -49t° + vot+ S0 — t
0,0 2 4 6 8 10

Time (in minutes)

-49t2 + 120t
v(t)= -9.8t+ 120



Chapter 2 Differentiation

o Qv

-9.85 +120= 71 m/sec V = ds = 3s?

v 5

)

-9810 +120= 22m/fsec dv

v10 Whens= 6cm,—qs = 108 cm® per cm change in s.
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Section 2.2

OI*Ads =25

dA
Whens= 6m,

A=s?,

ds = 12 m? per m change in s.

(a) Using a graphing utility,

R(v) = 0.417v- 0.02.

(b) Using a graphing utility,
B(v) = 0.0056v2 + 0.001v + 0.04.

© T(v)=R(v)+ B(v) = 00056v? + 0418v + 0.02

Basic Differentiation Rules and Rates of Change 139
(d) s
B
R
0 120
0
dT

=—dv = 0.0112v+ 0418
Forv= 40, T'(40) = 0.866
Forv= 80, T'(80) = 1.314

Forv= 100, T'(100) = 1.538

(f) For increasing speeds, the total stopping distance

increases.
C = (gallons of fuel used)( cost per gallon)
(15,000\ 52,200
= (3.48) =
L ox ) X
dC = -52.200
dx 2
X 10 15 20 25 30 35 40
C 5220 | 3480 2610 2088 1740 | 14914 1305
dCldx | 522 | —232 | -1305 | -83.52 | -58 | —42.61 |-32.63

The driver who gets 15 miles per gallon would benefit more. The rate of change at x = 15 is larger in absolute value than that

atx = 35.
1
105.5(t) = -=at? + cand s'(t) = —at
( ) 2 s(t+l)f(s(l) 1) |_( )( 0 ) ] L( )(0 ) )J
” | |
'_Z/_a_t_i'_t G = _:ig_t__—TL o4 |
Average velocity: ——— "~ T = -
o+ 9=(o- 0 (= o @6 o )
_zl2at g+ t+ _t, x 12 at’za_t+_
2t
—2afg t
=, = -afp= s'( to) instantaneous velocity att = to
1,008,
¢-1008.000 ..
dC = - 1,008,000 + 6.3
dQ Q
C(351) - C(350) = 5083.095 - 5085 = -$1.91
When Q = 350, de—C== -$1.93.
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Chapter 2 Differentiation

y= al + bx+ ¢

Because the parabola passes through ( 0, 1) and (1, 0), you have:
() () )

0l1=a0,+ by +c=c=1
( ) O O

1,0 :0=al ,+ b1)+1:>b: -—a-1

(
So, y= ax + —a-1x +1 Fromthetangentliney= x-1,you know that the derivative is 1 at the point 1, 0.

'

y'=2ax+ -a -1
=2a(l)+ (-a-1)
=a-1

a=2

b= -a-1= -3

Therefore, y = 2x2 - 3+ 1.

y= lx,x> 0
y = -%12
1 1 X 2
At( a, b),theequa}ion of)thetangentline is y- ;‘ = —a_(x -a)r y= “al +;

The x-intercept is 2a, 0 . The y-intercept is /0, .2\

1 1 (2)

The area of the triangle is A = bh= — (2a)

\

2 2 \a

®(a, b)= (a, ;a)

> X

N7 =
y= X - Ox
Va2
y' =3 -9
Tangent lines through (1, - 9):
+9=(3x% - 9)(x-1)
x3-9x)+9=3x3-3x2-09x+9

=2x3 - 3x% =x%(2x- 3)

x=0orx= 32

The points of tangency are ( 0, 0) and ( 3 . :2851)2? (0, 0), the slope is y'( 0) = 9. At ( 3 - ﬂ), the slope is y’( 3 ) == 228

y- 0= -9(x~- 0)and y+ s =—4(x—2
8l 3 )
)
y = -9x y = —2x- A
4 4
x+y=0 Ox+ 4y+ 27=20
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Section 2.2 Basic Differentiation Rules and Rates of Change 141

y:x2 y
=2X

Tangent lines through (0, a):

—a=2x(x-
0)x2-a=2¢
-a= x?
J-a=x
The pointsoftangencyare(t\/;_a,—a). A;\/% —a\,/—_a),thejlgpe is y'( —a)
At(—\/—_a,—a),theslopeis \/)7(— —sz -2 -a.
Tangent lines: y + a:2\/—_a(x— —a) \/ﬁjy+~a(=_—2 —a(x+—a)

y=2/~ax+ a y= -2 /-ax+a

Restriction: a must be negative.
(b) Tangent lines through ( a, 0):
-0=2x(x-a)
X2 = 2x% - 2ax

0= x% - 2ax= x(x - 2a)
C ) ( ) ) ) ( ) )
The points of tangency are 0, 0and 2,43 At 0,0, theslopeisy’ 0 =0.At 26,462 ,the slopeis y'2a = 4a.

( ) ( )
Tangent lines: y-— 0=0x -0 and y- 4a2= 4a x- 2a

y=20 y = dax — 4&12
Restriction: None, a can be any real number.
111,f(x):7‘l‘a_xa. x <2
x4 + b, X > 2

f must be continuous at x = 2 to be differentiable at x = 2.
limf(x) =limax” = 8a \
x—2 x—2 8a=4+0b

2 +b)=44+bl8a-4=b
lims £(x) = lims (x )=+ J
X—2 X—2
( 2
f'(x) = {\3a><2 , X<
LZx, x> 2

For f to be differentiable at x = 2, the left derivative must equal the right derivative.

3a(2)% = 2(2)

12a= 4
a= 1

b=8a- 4= —43
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Chapter 2 Differentiation

112, f(x) = % (cosx, x <0 You are given f : R — R satisfying
lax+ b, x 20 xfry =5 (xxn)= T(x) for all real numbers x and
f0  =b= cos0 =1=b=1 O
£1(x) ={[-sinx, x< 0 f(x) = mx+ bmbeR.
all positive |nteEers n. You claim that
la, x>0 For this case, ) rﬂ [ ] = m
So, a= 0.

[mx+n + bl- mx+b
n

Answer:a= 0,b=1

o ] Furthermore, these are the only solutions:
f1(x) = sin x is differentiable for all x # nrr, n an

integer. Notefirstthat f' x+1 = ~ ~~ ;7= ' and
C ) ( ) ) (8]
f2(x) = sin x is differentiable for all x # 0. frx =fx +1- f x. From* you have

You can verify this by graphing f1 and f2 and observing 2f(x) = f(x+ 2)- f(x) )J L ) ()J
L

the locations of the sharp turns. STf x42 - f x+1T+Tfx +1 - X |

Letf(x) = cosx. f'(x+1)+ f'(x).
= lim fCX+ X_)ﬂ) ThUS,f'(X) = f'(X+l).
C) X Letg(x) = f(x+1)- f(x).

= |jmCosXcos x—sinxsin _X—COSX Letm= g(0) = f(1)- f(0).

x—0 X ( )
cosx cos _x-1 (sin x) Letb =f 0.Then ()
= lim B - lim anw | \ ‘ ,
x—0 () X x—0 K X ) gx =f"x+1-1fx =0
=0-sinx1l = -sinx y 0

gx =constant=g 0 =m
o) ( ) ()

f'x =fx +1 - fx =gx =m

= f(x) = mx+ b.

Section 2.3 Product and Quotient Rules and Higher-Order Derivatives

To find the derivative of the product of two g(x) = (2x- 3)(1- 5x)
differentiable functions f and g, multiply the first () = (2= 3)(~5)+ (1- 5)(2)
function f by the derivative of the second function g, g B

and then add the second function g times the derivative - 10x + 15+ 2 - 10x
of the first function f. -20x + 17

To find the derivative of the quotient of two differentiable

. = : y= (3= 4)(x* + 5)
functions fand g, where g (x) 0, multiply the denominator
by the derivative of the numerator minus the numerator y = (3x- 4)( 3x2) + (x3 + 5)( 3)
times the derivative of the denominator, all of which is 3 9 3
divided by the square of the denominator. O™ —12x" + 3" +15

3 _ .2
d d 12x 12x= + 15
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Chapter 2 Differentiation

tan x = sec?
dx— tan x = sec” x dx h(t) =A(1- )= t2(1- )

‘cot x = - csc? x dxd sec h(t) = 2(-20)+ (1- ¢ )lzt‘l/2

1 1
d =—2t2 £ - a2
/
x=secxtanx dx cscx w2
5 1
= —Csc x cotx
= ‘Eta/z +2t
Higher-order derivatives are successive derivatives of a 1-52 1- 58
function. = 7 <
2tt? 2t
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Section 2.3

8. 9(s) = £(s* +8)= s7%(s* + 8)

1
g(s) =s"?(25)+ (& +8) “s12
2
= 2532 +;532 + 452

- By 4 4
2 s{z
2
_5 +8
2

9. f(X) = x° cos x

(%) = x> (=sinx) +cosx(3¢*)

3

= 3x2cosx— X sin X

= x?(3cosx~ xsinx)

10.9(x) = ~/xsinx

(—1
( L

U5

g'(X) = -\/;cosx+ sin

1
= XCOSX+ 2\/§ sin x

10, f(x) = ——
X—5
(z8l~xl eeg,
f'(X)= X =52 = x-52
() «C )
o(n = ¥ =1
2t+ 5

)

(2t 5)(60 - 3, ~1()

)
122+ 30t — 612+ 2

(2t+ 5)
62—+ 30t+ 2

(2t+ 5)2

f(x) =((x3 + 4)x)(3x2 + 2x-5)

Product and Quotient Rules and Higher-Order Derivatives 143

f(x) = x>+ 4x(6x+2)+3x% +2x - 53%° +4

13. h(x)

h'( x)

14. f(x)

(%)

i
Tax +1
290 + 120)- %% X

:ﬁ_(_ch =sine( 2) = xcosx-2sinx
(x)

- 2 X3

i3

ta(=sint —cost3t2 )

) (‘ = tsint=
= + 3cos t
= x2+2x3+8x+9x4+6x
g S _15x% +12x2
4 ()=15x
+ g+
2
4



21x 2 +16x - 20 () t*
fr0 =-20

8x- 20
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Chapter 2 Differentiation

f(x) = (2¢ - 3x)(9x+ 4) f(x) = xcosx

) (G ) ( )0

(22 = 3x)(9) + (9 + 4)(4x - 3) f'x = x -sinx + cosx 1 = cosx— xsinx

qu7 L2 _rrré/_TrZ\:_\/__@_ﬂ)

18x% - 27x+ 36x2 +16x - 27x 12
54x° - 38x — 12
\a) 2 al2) s

(1) = £a( = 1)2 - 28( = 1) = 19 =
f'(-1) =54(-1)° -38(-1)-12= 80 f(x):ng
f(x) = X2 — 4 f/(x) = (x)(cos x )= (sin x)(1)
-3 _x2
( ) KEOSHK—=S5HX——
2
2
(=3)(2x )k X =4
M) = k- T e -(12)
() foo1T T
oy 2
=2X%z 6xox” £.4 L6 ) m 36
(7_'32_ 33m-18
)
_Xx2=-6x+ 4
TR _afbrs)
( ) m?
fr1 =1=6+4  _ _1
O 1- 32 4
()
f(x) =
+ 4
X+ 41 - xz41
() - =T
(x+4)
_Xtaoxd 4
(x+ 4)2
—L—
= (x+ 4
-8 8
f(3) =(3+ 4)* =49 Differentiate Simplify
Eunction Rewrite 1
5 y' =3(3x)+2 y =+ 2
X+ 6x 1 4 )
2.y = o = 2X°+ 2x
y 3 y=3 y' =104 y = 5x
) 4 2
X -3 2, 3
8.y= 4 Y= 4% =y
' _1_2X_3 yr - _2_
3
25. y = ) y = 6X-2 ! x
X 7 y' = =30 X4 y' =-10
10 10 X
2.y = y = X-3 3 4
3 3 !
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Chapter 2 Differentiation
32 ' — 512 r_ 2
4x= y 2X y'==%,x>0
/ / ° Vx
- 12
21y = =47, x>
o ’ y' =Xy y=4
13
2x " 3 3x
28.y = y = 2X
X13
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29.

30.

f(x)

Section 2.3

4 - 3x- x2

)\
(2)()

JXEL
X -1 X +1 CX+1

2
.15+ 8
X - 4

\
L

X

f(x)

- 4(2x+5)— %% +5x+ 6 (2X)

|

F()

28 + 5% —8x =202 10« ~12x
i (i - 4

—5X2 - 20x- 20

—r—
(

yAlternate solution:

Sy 4dx+4
T (x-9 (x+2)’
X+ 22 12

(x-2) (x+ 2)°
_5

= -x- Tp2.X #2,-2

Alternate solution:

e+ Bx+ 6

Product and Quotient Rules and Higher-Order Derivatives 145

( 4 4ax
()
31 f = x1- X+ =X—- x+3
( v 0
WX+ 344X
f(x)=1- (x+ 3)°
:(X2+6X+9) -12
(x+ 3)2
=3
x+ )2
4 2—| 4|_X‘ﬂ
f(x) =w - L =X |
L x+1] [x+1]
4 ) T ) Mx-1l s
X+ 1 -x-11]
f(x) = x| (T Ix#Lie
X 1 I L il
2
=2 '”4§)
x+1 | | x +1 2f
0) 1 Lo i
3|—2x2+x—2—|
:zwl
x+ 1 |
3x-1
33. fx =" °° :3)(12—X-12
() X
f'(X) =3x-12+ lxs2= 3X-|‘-1
32
2 2 2X
f (x)=3x-1= 3x-1
X X12
(1 )
, L T
f(x = - : :
1 -1 ( )
_2.X 3x +1
X
3x+1_
= 2X32



(0= o ed |
3
4
X+ 3 x+ 2
= (x+2)(x-2)
x+ 3 L
=X-2 x# -2
(x— 21 - x+ 31
f’(X): ] [2 =
(x=2)
_ 5%
= - (x- 2
f(x) = 3x(

fx =3x X +3 = X3 X12+ 3
1 (1

f(x)= xs (§)X_127 + (K12 + 3)\\@ X723 |

5
= fX-16 + X-23
-- L
=5 + 23

Alternate solution:

-

X+ 3)= x56 + 3X 3

f'x) =2X-16 + X253 =2 +

-

)



6 ext®  Xes
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Chapter 2 Differentiation

2 - 1x
O _2x=1 2L

4

([ s s
3. f(x) = —"-= = = 37.9(s)=s 5- = 45 - =
X -3 x(x=3)  x - 3x s+ 2) S+ 2
2 3_ 4
X =3x 2- 2x-12x -3 (s+2)4s” - s'(1)
2
. (X) :(<xz ) <3x) X ) g(s) = 155 — ( =
s+ 2
4 3
_ 2 Z6x= kg3 = 1557 - —+8—5)-2
N st2

-8+ x-3 2% - 2+ 3

o =
i
'

+

ol
xh)

36.h(x)= x+1 =1 +x2
3 2 2

xo= X HXO( )= (B +2g

15x 1+ 5X

()(x +ox)

= 15x *+15x*— 3x* - 2x-15x ° - 10x*

_ 155 (s+ 2)2 ~ (35" £ 85°)

(s+ 2)2’

«

_ @2_32 + IS+ X = 3s* - g¢®
s+2 !
9

12s* + 5283 + 60s?

X X +1>2
5x* —3x% - 2x
4(x+1)2
5x3——3x =2
K x +1;

()

(2 1) R
38.9(x) =Xo| = = =" =2x- =
(x x+1) X +1

2 2X2+ 2Xx+1 —x 22— 2X

— X x (D) JR gy

X 2X+ 2

9(x) = 2- x+1? =

C )
f(x) = (2& + 5)(x- 3)(x+ 2)

= x+12

f1(x) = (6% + 5)(x= 3)(x+ 2)+ (2 + 5)(W)(x+ 2)+ (2 + 5x)(x - 3)(1)
(6% +5)(x® - x=6)+ (2 + 5)(x+ 2)+ (2 + 5x)(x - 3)
=(ex + 52 - 6% - Bx- 36 - 30)+ (24 + 45 + 52 +1x) + (¢ + 5 - 63 - 15x)

10x* - 8¢ - 21x% - 10x- 30

Note: You could simplify first: f(x) = (ZX3 + 5x)(x2 - X- 6)

40. f(X): <X3 - x)(Xf + 2)((x2+ X—l)) (

f'(x):(sz 1% 22X+ x-1 + XCox(20% + x- 1+ X

) (o )

oy X%+ 2(x+1)
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X ) ( 4 2)1 ) ( )
= 3t + 5x%- 2X2+x—1 R T X5+X3—2x(2x +1)

(3x6 +5¢ = 2 + 3 + 5¢ - -3t -5¢ + 2)
(Zx6 -t v a0 - 23 -+ 2x2)
(Zx6 + 2 -4 e - 2x)

7x6 + 6x5 + 4x3 -0 - 4x+ 2

© 2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 2.3

41.1(t) = sint

. ( L)
f't :tzcost+ 2tsint=ttcost+ 2sint

() ( )
42.f9):9+ 1c059) ( )()
f'6 =06 + 1—sin9)+ cos6 1
(
=cos - 6 +1sinb
cost
By ==
t
f(t) =ztsint-cost= -tsint+ cost
{2 t
f(x):SIn X

3 : 2 .
f'(x)zx_w(i)_ =XC0s X = 3sin X

(% )*
45 f(x)=-x + tan x
f/(x)= -1+ sec? x= tan’x
y= X+ cotx
y =1- csc? x= —cot? x

4

47. g(t) =Yt+ 6cesct=tH* + Besct

1l

g'(t) =413+ - Bescteott
1

/
=44

- 6cescteott
1 1
h(x) =" x-12secx=x"" - 12sec x

h'(x) = = x™2 - 12 sec x tan

-1
- 12 sec x tan
X X
3’_‘— sin x) 3=3sinx
49.y =" 2c0sx 2 cos X

X4

Product and Quotient Rules and Higher-Order Derivatives 147

_Secx
y_
X

y' = XSec xtan x —sec x

X2

secx Xtanx -1
2

X

51.y = —cscx— sinx
y' = csCXx cotx — cos X

sin 2 X-— cosx

cos x( csc? x - 1)

COs X COt2 X

y= Xsinx+ oS X

y' = XCOSX+ SinX— SinX= XCOS X

f(x) = x?tanx

f/(x) = x?sec? x+ 2xtanx = x ( x sec? x + 2 tanx)

f(x) = sinxcosx
f'(x) = sinx(—sinx)+ cosx(cosx) = cos 2x

. 2
y= 2xsin X+ X C0S X

2
y' = 2xcosx+ 2sinx+ x (—sinx)+ 2xcos x

4x cos X + (2— xz)sinx

h(6) = 50 sec @ + 6 tan O
h'(6) = 56 sec tan6 + 5sec 6 +6 sec 26 + tan O

(0= o
Kx7+2 |)
[(x+21 —x_+11]
¢=1 ——  (@+x-9= 7
\x2+2) | X +2 |
_2x +8x-1
2
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Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 148

. _(=8.cosx )(2co0s x);iS_— 3sinx )(=2sinx) (x+2)
YT (2cos xgz ( Form of answer may vary.)

-6 cos®x + 6sinx — 6sin®x
40052x

32( ~1+ tan xsecx - tan® x)

32 sec x (tan x — sec x)
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148 Chapter 2 Differentiation

58.f(x) = X

1- sinx
f '( x) =(1 - sin x)(=sin x)— (cos x)(—cos x)
(1- sin x)2

= —sinx + sin®> x + cos® x

(1 - sinx)?
= 1-sinx
1- sinx)?
(1 )

1- sinx

(Form of answer may vary.)

y=1+cscxl-
CSC X
—2 csc x cot x
y" = (1 —csc x)(=csc x cot x)=(1 + csc x)(csc x cot (1 - csc X)Z
x) (1 - csc x)?
Ao - 2233 N
k_6J Ty =43
1-2 3
p
60. f(x) = tanxcotx = 1 ‘l\\k f :
f(x) =0 0
f'l =0
6
() Graphing utility confirms gde: -3at(1,-4).
61. h(t) = =L
o =t ) (0= () )
(0 = (x= (¢ + 4).(1,-5)
tsecttant — sect 1 sectttant -1 @ f
W) = v ) =1 e (0 = (x= 2(20+ (¢ + 4)(1)
secrir mtanmm — 1
2 2
2X° = 4dx + + 4
112 712 X X X

3% - 4x+ 4

f(x) = sinx(sinx+ cosx) f/(1) = -3; Slope at (1, - 5

f'(x) = sinx(cosx - sinx)+ (sinx+ cosx )cos x Tangent line:

sinxcosx - sin? x + sinx cosx + cos® X _(_5) = 3(x—1):y: 3x-8
sin 2 x + C0s 2x 3

(77\ m T -3 6

f| ==l =sin -+ COS —_— =1 f["

\4) 2 2 A-9

( ) /“’

63.(a) f(x)= (x3 +4x - 1(x- 2)(1, - 4) : s

f(x)= S+ ax—- 1(1) + (x-2) 3% +4

_dy

X
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-1+ 3 - 62 + 4x— 8 Graphing utility confirms gy = 3at (1, - 5).

= 43 - 6x° + 8- 9
f'1= -3;Slopeat 1,-4
O ( )

Tangentline:y + 4= -3(x-1)=y= -3x-1
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Section 2.3

() C )
65.(3) fx =—=- -55
X+ 4
- )0 0 4
f(x) = (-x+ 4, —(x+ 4)2
4__
f'(-5) ==—=+57 =4; Slopeat( -5,5)

( )

Tangent line:y -5= 4(x+ 5)=y= 4x+ 25
(b) 8
(-5, 5).?'

=7

/11

Graphing utility confirms gde = 4at(-5,5).

66.(a) f(x) =X+3 = (47)

=3 ()0 e

x=31-.x+31 =

(x) =

( =3 2 = - X—32
) )
f'(4) ::—6 = -6; Slopeat(4,7)

1
Tangent line:
y-7=-6(x-4)=>y=-6x+ 31
(b) 8

®(4,7)

-5 10

N

-8

(c) Graphing utility confirms d¥ = —6at( 47.
dx )
67. (a) f(x)= tanx, [
4
f( x{ = sec? x
(m (m )

Product and Quotient Rules and Higher-Order Derivatives

68.(@) f(x) =secx, (7 2

f'\(_uﬂ =p°3; Slope at| (H,ZD

\3) 3 )
Tangent line:
_ v,
y 2 -2 3(x o)
| s
\
\f3x—3y+ 6- Nam = 0
6
(& A
2
dx (77 \
Graphing utility confirms—y =2 3at l/-?) 2
() ()
69.f x = —— 2,1
2 +4
f =)0 E) - -16x
w244 0-82
2 2 2 2
(o (e (249
-162
(4+ 4% 2
_1:-12(x—2)
= —-"2x+ 2
2y+ x-4=0
f(x): _i (_3’3\
T \ \
x +9 | 2)
2.
X o 2X
fi(x) =(__F9)0.220 — 54
f A ;
! S
\ ) I
= o]
2 p

149

eat

S0
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Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 150

(X2 * :(X2 *
9)? 9)’

\a) 4 (-9 = 431

() (9+9Y° 2

Tangent line: y -1=2x- - 3
4/ Y= 22 = Lo
_1— _I
y —-1=2x ) 1 . s
4x-2y-m+2=0 = 72X
(b) . 2y-x-6=0
(21

(77\|

4
Graphing utility confirms gde =2a'| —4.1|
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Chapter 2 Differentiation

(9 16x ( aj 2
71. X) —o—p— -2, —= 75. f(x) ==——
X" +16 5 () x=1 ) ()
xz + 16 ()16) 16x( 2x) 5g - ! Xl 2 _—x21
L6xx) = - = - f'(x) = x-1
T " T " N 2
(x2 +16) (x2 + 16/ ) ( !
xz2x  x(x-2)
fi(-2) = 256, 16(4) _L == = )
25 x =12 x=1;,
8 12 f'(x)= Owhenx= Oorx= 2.
5 = 2
e §_52 (xr )16 Horizontal tangents are at ( 0, 0) and ( 2, 4).
= 25x- 25 -
X —4
f(x) =
25y - 12x+16=0 — 7
4 x ( 4) x _L_(_l)_(_x_A)(2x)
72. f(X) ——— 2, = f(X)_ !
a6 sl (2 - 7)?
X! +6 4 —4x2x : 2
_—— 24 —4x ! 2 = 7- 2X + 8
f'(x) = (x2+6)2 :(x2+6)2 (x2—7)2 ( X )
2
f'(2) 224_1—: _2 ' .
2
10 25 (2 - 7)? (X2 - 7)?
42 .
y-5 =25(x-2) f'x =0forx=17, f1=1117=_1
) O o ()14
2 16
= —X+ =
Y7 fhashorlzontaltangentsat|( _\and L
25y~ 2x-16=0 L2) U 14)
f(x)=a:l= 2%-1 = X=2 f()_X+1
2-x+1 -1 -
< ) __1»_ -]r)
f'(x) = -2+ 2x'3:_XE _X_—TX—+ -2
f'(x) =
x=12 = x-12
f'(x)= Owhenx= 1,and (1) =1. (G ( )

. - __1 : !
Horizontal tangent at (1, 1). 2y+x =6=>y = X + 3;Slope: )
()= 27— 2= -1

+1 (X— 1°? 2
) . )
() 2() x-1)% = 4
12x 2X

f'(X):

© 2018 Eengags Learming: All Rights Resarved: May net b seanned eapied oF duplicated; or posted 18 & Bubliely aceessible website; in Whele 8F in par:



ST R 1=
X + ( ) )
! x=-1,3;f -1 =0,f 3=2
&
ST, T -0=-4 = ly- 1
o+ 1, y-0 —(x+1 > y= -ix- 4
A _ 2 ) 2 2
f(x)—Owhenx = 0. 1 1 7
Horizontal tangent is at ( 0, 0). y= 2= - 2x-3) = y= -2 +2
y
el [\ A= x-1
N-A. (3. 2);
S SR
-4
-6 2y+x=-1
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Section 2.3
8
0
78. f(x) =
X
x—=1
(x=l)=x __z1 _
f(x) = x-12 = x-1,
0 0
C)y C )
Let X,Y = X,X X =1 beapoint of tangency on the
graphof f.
(-1,5)Y X
fx)=x-1
y=-x+4 -
g
./
=12
)
y=-4x+1
s\
LT\
5- x x
2
-1- X x=1
—4x=-5 _ (—L')—
(x=1D)(x+1)
= x-12
§
4x-5 x-1 =x +1
)
(¢ )
2
4X" - 10x+ 4= 0
x-= 2, %1 =0=x= 12
¢ 90
2
( 1) (1)
fl= :—1,f(2): 2;f == -4t
N 2) \2)
Two tangent lines:
(1)
y+1= 4 - =] =>y=-4x+1
2)
y- 2= -1x -2 =>y=-xt+4
\
LX+ 23-3x1 6

79. f'(X) =

Product and Quotient Rules and Higher-Order Derivatives

)
(
= ) )
X COS X = =3 _=sinx —3_x1_ 2
- -,
( i )
g'(X) =x2 =x2
gx =SINX+2x —sinX=3X+5X = f
(
) X X)

fand g differ by a constant.

0@ (r O 0 OO

p'x =f'xgx+ fxg'x

151

= X COSX —Sinx

X +5

(

pl=f' 1gl+flg ' 1=14+6 -=1) =1

L2)
() q(x) =g x f'x - fxg' x
g(x)?
q'(4) = C ) 2 0 = -t
-1-70 3
« ) ) ) () )
82.(@ x =f'" x gx + fxg'x
1
p(4)= (®)+1(0) = 4
2 /
gx f'x - f\yg' X
e ()
(b) o(x) =g(x)?
42 -4 -1
q'(7):’ )’2 ’-:]L:Q.
4 16 4
83. ( ) ( ) 32 12
Area = At =6t+ 5 t =6t +5t
< /
A't) = ot? 4B, A8 A5 em ?/sec
;o 2
2 (1 \ 1 32 12
84. V = mr h=m(t + 2 \/_t\: i/ +ot ) )m
2)



Section 2.3 Product and Quotient Rules and Higher-Order Derivatives

1(3 / /0 3t+ .3
= e © () -- _7 el
V't = ( t 6 - /
2 +
. (x+2) )| Toat
(
2 — (2 )
X+ 25 - 5x +41
g(x) =(x+ 2)? =(x+ 2)°
o) = BEA S @ d

- (x+2) - (x+2) (x+2)
f and g differ by a constant.

(200 X )

85. C=100— + ——— | 1< X (&) When
\ x x+ 30)
dc (400 30
—_ = 100‘ - +_2 (b) When

dx x?

152



A = 1VU. g i el e LoD LllUuballu/ 1VV Vullpuliviito

L ) x =15 g = -$10.37 thousand/100 components
dx

(c) When dc

v — 2N — _Q2 2N thancand /1NN ramnanantc

As the order size increases, the cost per item decreases.
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Chapter 2 Differentiation

(b) 3000

14

101.7t + 1593

© A
2.1t + 287

[ 4t 1
86. P(t)zsoo\l + —
L 50+t
’ | [ | [ |
1ot t AT = | 200247 | | 50 = |
P'(t)= so ( 2 2 | = s 727 F am 2 2
| 50+t ) | (5041 | L(50+¢ )|
P'(2) = 31.55 bacteria/h
1
87.(a) , secx =cosx (X ) sin x 1 sinx
[ 1 “cosx 0 - 1-sinx
— [secx] =— | = = = = sec x tan x
dx dx| cosx | ((cos x) COSXCOSX  COSX COS X
1
(b) csCX =sinx
) . () )= ()cosx) cos X 1 cosx
[ ] sinx 0 1
- [CSCX]=_\ | = 2 = -sinxsin X = - sinXx - sinX = —CSCX cot X
dx dx | sin x| (sinx)
COoS X
cotx=—_—
sin x
2 = 2
d _d[cos x|  sinx(=sinx)-( cos x)( cos x) sin_ X+ cos X 1 )
[cotx] = — | = 2 = - D = - “y= —CSC X
dx dx| sinx | (sinx) sin - x sin X
f(x) = secx
« ) [ )
gx =cscx, 0,2m
f(x) = g'(x)
1 - sinx 2
secxtanx= —cscxcotx —> SECXW@NX —_1— COSX__ COSX =—1— S0°X = “1=tan’x= -1=>tanx= -1
CSC X cot X 1 cosx cos® x
sinx - sin x
3m 7w
= 4 , 4
89. (a)h(t) = 101.7 t + 1593 () — 258426 _
p(t) = 2.1t+ 287 (d At = 4412+ 12054t + 82,369

A'(t) represents the rate of change of the average
health care expenditures per person for the given
year t.

90.(@) sin = _I—
r+ h

r+ h =rcscb
h=rcscO —r=rcsc -1
(.

0 (



Chapter 2 Differentiation

e (b) h"@ =+ -csc6 - cot
.——'—"__'_y__,—’_ (rr
h(30°) = w —
(307) = \6]( )
7 4 = -40002-./3 = -800Q/3 mi/rad

A represents the average health care expenditures per
person (in thousands of dollars).
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Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 153

f(x) =X + 7x- 4 f(x) = xsinx

f'(x)=2x+ 7 f'(x) = xcosx+ sinx

f(x) = 2 f”(X)=x(_—sinx)+ COS X + COS X
- xsin X + 2 cos X

f(x) = 4x°% - 2x% + 542

f(x)= xcosx
f(x)=20x%-6x2%+10x (x)

f'(x)= cosx— xsinx
f"(x)=80x3-12x+10

f"(x)= —sinx—(sinx+ xcosx )= —xcosx—2sinx
_ 32
(=4 f(x) = cscx
(x) =6x1/2 f( ) t
"X =-cscx+ cotx
3 ( ) ( ) ( )
fr( ) = Y2 ———= vy el _
X X N f"x =-cscx—csc X Ccot X— ¢sC X cotx

3 2
- csc” X + COt™ X CSC X
f(x) = %% + 3x7°

f(x) = - 9x~* f(x) = secx
fry = 2+ 36x° = 2+36 f(x) = secxtanx
¢ X £7(x) = secx( sec” x) + tanx( sec x tanx)
95. f(x)= x_)i_l 0 . = secx( sec’x + tan®  x)
x—-11 - x1 ? ()
> 101 f' x =x - x5
f'(x)= x—-1 =x-1
(0= (
) ) , 2
2 f"(X) =3x" - 5X‘35
f'(x)= x-1° 6 g 5
) f"’(x) =6x+ _ X = 6X + /
2, a 25 25x8°
Xt _+ 3x
%. 1(x)="x-4 ( ) 102 19 (x) = ¥xa = X5
- - 4 4
L&“-MXJr I = XX f(A)(x) = “xds ==
f'(x)= X—4)2 5 5x!®
2x2 = 5x—_12—_x2 =3 X2 —8x =12 frx)t¢  —sinx
A=te A —& x0Tl
x- 4" e~ 8+ 16 9 (9r( = CosX
fry == 2) T 2x-8) =02 - 8x=12)( 2x- 8) Dyl SINX
-4
) (O 9 (g COSX
2 .
(Xi)U(_X: i).(zxﬂ):_l(;“-_@ﬁ_ﬂ)ﬂ_ D (1 -sinx
=t - — .. (. ) ~ cosx
e ()
x— 4 B - 8-2X —BX - - 12 ( —_—— e
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x f

()(_4)3 sin x
©
2 2 £09 ()t tcost
2X_—16x+ 32 =2x_ +16x+ 2
- “(x-4); cost— tsint
(__6_) (5)(1)
=X - 43
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Chapter 2 Differentiation

f(x) =2g(x)+ h(x) f(x)=9@
t(x) = 29"(x)+ h'(x) h(%)
f'(2) = 2g'(2)+ h'(2) h(x)a'(x) = g(x) h'(x)
2(-2) + 4 r( = [hx
0 o —h)(2)- g)(z)h’(Z)
2
f(x)=4-h(x)f - h2
(0 =00 (CUCZSRI
f(2) = -n(2) = -4 -10

f(x) =g(x)h(x)
(x) =g(x)h(x)+ h(x)g'(x)

(2) = g(2h(2)+ nh(2)g(2)
(B) @)+ (-1)(-2)
=14
109. Polynomials of degree n — 1 (or lower) satisfy

£(n) (x) = 0. The derivative of a polynomial of the Oth
degree (a constant) is 0.

To differentiate a piecewise function, separatt(e the function into its pieces, and differentiate each piece.
() ( ) ) () 0

Iff x =x|x]thenon -« 0 youhavef X ==X, f'x = -2x,and f" x = -2.

) () () ()
On 0, you have f X(= xz,f'x =2xandf" x =2

Noticethatf 0 = 0, f'0 = 0,butf" 0 doesnotexist (the left-hand limitis — 2, whereas the right-hand limit s 2).

111. v It appears that f  is cubic, so 114.
t\ 2 f" would be quadratic and
1 i f " would be linear.
s
The graph of a differentiable function f such that
112. Y It appears that f is quadratic f( 2) = 0,f' < 0for—= < x< 2,and f' > 0 for

- f——. so " would be linear and < X < 0 would, in general, look like the graph

£ f " would be constant.
—_ " - below.
x y

-3-2-1 =T s

1 T
t
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Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 155

i - i 100t
The graph of a differentiable function fsgch thatf>0 v( t) - 2
and f ' < 0 for all real numbers x would, in general, +15
look like the graph below. _2t+.15100 =_100t_2
y a()y=v(t)= " 2t+ 15, = 2t+15,
( ) ( )
1500 _
@ a(5) =125+15FP = 2.4 fi/sec
L () ]
i () al0 = ___ 1800 _ _~ 1.2ft/sec?
—> O) Flo +15P
() |
_1500 )
v(t):36—t2,05t56a (c) a(20) = [220 +15F = 0.5 ft/sec
(t)=v(t)=-2t L)
v(3) = 27 m/sec
a(3) = -6 m/sec?
The speed of the object is decreasing.
119.5(t) = -8.25t% + 66t
0 1 2 3 4
t{sec)
v(t)=s'(t) = 16,50t + 66 0 57.75 | 99 123.75 | 132

SO 5'(r) (ft / sec) | 66 | 495 | 33 165 |0

a(t)=v(t)= -16.50

a(t) = v(e)(ft /sec’) | 965 | 165 | 165 | 165 | 165

Average velocity on:
L 97.75= 0 _
[0, 1] is =57.75

90-%75
[1,2]is==—="""=41.25
2-1
[2,3]is 22200= 9 24.75

(3 4)is 132212875 _

8.25
4-3

120. (a) s position function

v velocity function
a acceleration function

The speed of the particle is the absolute value of its velocity. So, the particle’s speed is slowing down
on the intervals (0, 4/3) and (8/3, 4) and it speeds up on the intervals ( 4/3, 8/3) and ( 4, 6).
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Sectiéhapter 2 Differentiation The Chain Rule 157

—_ N
121. f(x) = x 122, £(x) _1
X
1V () = n(n-1)(n-2) (2)1) = n! 4™ n-1n-2 21  -1"n!
[ i (e
f x = =
Note:n'= n(n-1) 3-2-1(read “n factorial”) () Xn+t Xn +1
123.f x =g xhx
() “OCH

0 g(x)N(x)+ h(x) g(x)
0 g+ GOIN(R) + h(x) g(x) + W9 (%)
a(x) W"(x)+ 29(x) W(x)+ h(x) g'(¥)
0 g0+ GO0+ 2NN+ 2R+ h(x) g"(0) + H(x) g'(x)
a(0) h"(x) + 35() () + 30 H(x) + g"(x) h(¥)
19 () (4)
g0 () + gOON"(x)+ 3N N"(0)+ 3G (I W) + 35°() () + 3" ()
g"() () + o' (x)h(x)
g0 (%) + 4g(x) h(x) + 65" W'(X) + 49" (I () + o' () h(x)
£ () npn-1n-2 _ 21 T np-ip-2 21

= g(x)h (x)+1 n- 27 T211g0oh () + (21|—n—2)(n—3 211g(x)h (x)

X HOU

1' -

(X
1n— f___

+3 21Fn n- 4 2—'|g"'(><)h (%) +

)OO )( ( )0 (n)

n-1n-2 21
“1h-2 (2 211Tg  ()h(x)+g (x)h(x)
)OJO

n!
:g<x>h<“)<x)+11—rr.(n— ).g'<x>h<“'1><x>+’z'—rr.(n— .)g"<x)h<“'2>(x>+

+(-n*-—”f!)m(“-1)(x> () + ¢ (x) h(x)

Note: n'= n(n-1) 3- 21 (read “n factorial”)

Lo, O )

124. [xf X1 =xf'x +, x

[Xf X" = xf"x +f'x + f'x =xf"x +2f'x
()] O 0 () ()

[xf x T =xf™x + f"(x +2f"( = xf" x +3f "%

L Oy (O oy ) ) 0 O

L

In general, [ xf x—I(n):Xf(ﬂ) x  +nf(n-) x .
125. f(x) = x" sinx

frx =x" Ccosx + nx" lsmx

Whenn =1:f'X = xcosx+ sinx
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Sectiéhapter 2 Differentiation The Chain Rule 157

Whenn= 2:f(x) = x2cosx+ 2sinx

Whenn =3:f(x) = x3cosx+ 3xZsinx

4cosx+ 4x3sinx

n-1

Whenn = 4f(x) =x

I n .
For general n f(x) = X COSX+ nx sin Xx.
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Sectiéiapter 2 Differentiation

cosx
126. f(x) = =X cos X
Xn
fi(x) = -x~"sinx = mx " cos x

= —X-n-l(XSinX+ ncos x

= —X§sinx+ ncosx

Xn+1

Whenn = 1:f/(x) = - XSinX+ cosx
X = 05X

X

When n

2:f'(x) = -xslnx+ 2cosx

Whenn = 3:f/(x) = -Xsinx+ 3cos
X

X g\[

Whenn =4 f/(x) = -xSinx+ 4c0sx
5
X

Forgeneral n, f'(x) = -XsI0X+ NCOSX

Xn+1
1 1 2
127. y= x,y'=—x2,y"=x3 -
[2] [ 1]
Py + 2ty =315 1 28 1y )= 2220
=0
128. y= 2x° - 6x+ 10
y'=6x2—6
y" =12x
yr=1 () ()
—yoxy -2y = 12-x12x 26X -6 = - 24X
4 o cd o)
137. [fxgxhx]= fx gx hx
(0 g0 h(x)+ () g0 h(x)
ax -

The Chain Rule 157

129. y = 2sinx+ 3
y' = 2c0s X
y" = =2sinx ( )

Y+ y = -2sinx+ 2sinx+ 3 =3

130. y = 3cosx+ sinx
y' = =3sinx+ cos X
y' = -3cosx — sinx
y" +y = (-3cosx~ sinx)+ (3cosx+ sinx)
(I

131. False. If y = f x g X, then

( ) ) () )

dx = fxg'x +gxf x.

132. True. y is a fourth-degree polynomial.

il
dx" = Owhenn> 4.
133. True
h(c) = f(c)g'(c)+g(c)f(c)
= f(c)(0)+ 9(c)(0)
134. True
135. True
136. True

=[x g x +g‘x frxThx +f ‘x‘g Xh' x

(%) g(x) h(x) + £(x) g'(x) h(x) + f(x) g(x) h'(x)

138.(a) (fg' = fg') =fg" + fg'' -f'g' - f"g
=fg" - f"g True

[ ’

() (fg) =(fg' +fg')

- fgn + fgn +fgn+fng
- fgn + 2fgn + fng



Sectiéiapter 2 Differentiation

Section 2.4 The Chain Rule

To find the derivative of the composition of two
differentiable functions, take the derivative of the outer
function and keep the inner function the same. Then
multiply this by the derivative of the inner function.

e GN = (o (x)a'(x

The Chain Rule

# fg" + f'g False

The (Simple) Power Rule is dxd( x")=nx" "1,

The General Power Rule uses the Chain Rule:

dxd(u” )= "t d_udx.

157
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Chapter 2 Differentiation Section 2.4 The Chain Rule 159

y=_1(g(x) uzo(x = 1)
( )
4
3y= 6x-5" u= 6x- 5 =u
3/ _ 13
4y= Nix+ 3 u= 4x+ 3 =u
1 1
—- y=u
5y= 3x+ 5 u=3x+5
e , yo 2
6.y= u=x~ +10 Ju
Vi +10
3 =
7.y = csc’ X U = cscx
8.y = sin 5x u =5X y=sinu
2 2
0. y=(2x-7)° y=/6e+1= (ox+1)"
/
V= S%X_ Ty <2) y =led +1= 1x = _ & = &
2 3 ) () (e Jex+1 s
6(2x- 7) 6x + 1
( )
y=5(2-x)* 16,y =28/ 9-x?=29- x2 14
. _1) -
y =5(4)(2-x*)3(-3¢) = -60¢ (2- ) y = { o) R
60x2(x3 - 2)3 - =X
Y
34 23\3
g(X):3(4—9X)5/6 :(9—X2) :4(9_X)
2 (4-
g0 | 99 y= (x- 2"
a5 ) y'=-1x-2-21=_=1
= 2(4-%)7"° ()0 (-2?
( 45)
1 -1
& —_—
= -24-9x! 18. S(t) =4- 5t—t2:(4—5t—t2)
f(t) = (9t+ 2° s(t) = -(4-5t-2)2(-5-21)
) " 6 5+ 2t 2t+ 5
S
(1) =3(9t+2) (9) = 3 ot+ 2 = (4-5-¢) = (¢ +5-4)
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Chapter 2 Differentiation

13.n(s)= -2Y5s2+ 3= -2(55"+ 3)lé
(1\ /
h's = -2 55? +3-12 10s
\2)

-10s _ _ _  10s

ot 4 3lz  J5E+ 3
o(x) = -3¢ = (a- 3¢)?

1 -1 3x
g(x) =2(4-3¢)  (-6x)= _\/m

Section 2.4 The Chain Rule
6 _ -3
19. 9(s) = 2% = 6( 53_2)
(O ) ()

g(s) = 6(-3) S 2.4 352

_ 54s?

ss—2°
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Chapter 2 Differentiation

3 .
20. y= -(t - 2)* = -3(t-2)
= 12
y' =12(t-2)  =(t-2)
( )
21 y= L = 3x+5 2
Tore
- 3/2
y' = —2(3x+5)7°%(3)
{=83)_
/
= 23x+5 32
- -3 _
A )
2 3X + 53

t2-7

f(x)=x2(x-2)

f(x) =2x(x=-2)" +7(x- 2)°

x(x=2)8T2(x- 2)+ 7]

x(x-2)%(9x- 4)

f(x) = x(2x- 5)°

Section 2.4 The Chain Rule

2 18- 2 = 2 (18- )12
y=X \]f_L—X(lG x)/

y = 2x16- x2 2 + 116- x° {2 -9 ¥

C > 2c )

X —[216- % %]
=12 ) ]

(
16 - X

x(32-3x%)

e +1 X2+112
/

¥eor1121 - x LV x% +1-12 2

L — c . a— )

y' —_ . . = Z)
[ /12

x +1 |

X2 +1_7‘1Jirx2 +1—x?J

:") X2+1
1
" = e
_—..2. J/.Z  +1°
x o +1 2
( )
X
2.y =7
X4 + 4
x4 + 4121 — x1xt +4-v2 4y
e e — — —
y =lm———) Q 20 ) —{
x4+4
x4+4—2x4 4—x4

159
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Chapter 2 Differentiation

f'(x) = x(3)(2x - 5)22%2)+ (2x-5)3(1)
(2x- 5)“[6x+ (2x- 5)]

]
(2x- 5)2(8x - 5)

( )

25. y=x/1-x% = x1- x2 {2

/
=x'11-x242 9y 14 1- 2121

( ) ( ( ) o

L2 () (J‘)

1-y? /12

¢ L « )

1_X2—12’—‘X2 +1 - 1

Section 2.4 The Chain Rule

o(x) = (x+5) |
2 +2 ")
( )
(x£ 5 (¥ + 2= (x+ 5)20)]
g(x) = | T
2 ) | (2 ) 2 |
\x +2(‘ X +2
A% +52-10x_-X
) (X2+ 2§

=2(x + 5)(XL+ 10x — 2)

(@ + 2)°

159
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Chapter 2 Differentiation

2 2
30, h(1) :‘( t_ ‘\
(t3+2) L
21 @ e el))
() =27,7 A
) (i +2) :
N )
pax)  2¥ef)
=TT < )
t3+ 2, £+2
a1 s(y =/ 1)
‘300 ¢
() | |(t+31-1+t1—|
(1) =4 T+ S
UEATE
= !l+t!312)
(t+3)°
= 8t+l3
(t+3)

f(x) = ((Xz +3)° + x)2

fi(x) = 2((xZ +3)° + x)(s(xZ + 3)4(2x)+1)

2'|L10x(x2 +3)%+ (x?+3)%+10x2(x2 + 3)*

g(x) = (2+ (% +1)4)3

g(x) = 3(2+ (% +1)4)2(4(xz +1)3(2x))= 24x( %2

dy _
dx

y = Cos 4x

-4 sin 4x
y = sin mx

gde = T cOS TTX
g(x) =5tan 3x g'(

x) = 15 sec? 3x

h(x) = sec 6x

Section 2.4 The Chain Rule 159

aliale (2073
32. g(x) = o=l
{2x + 37 K‘Sx' -2)

(X ) :’( [ 3\‘ (32 - :)_Q) —‘(2x+ 3)(6Fh
]

2

\3x - 2| (3 -2)°

2(2x + 3)(-6x*—-18x - 4)

(32 - 2)3
2
= —4(2x+ 3)(3x_+ %+ 2)
(3¢ - 2)°

x—|U: 20x(x2+3)%+2(x%+3)%+ 20x%(x2+3)* +

1)3(2+ (Xz +1)4)2

y= csc(1 - 2x)2
( ) ( > Lo« X
y' = -cscl-2x ?cotl -2x,21-2x -2]
= 41 -2x cscl - 2x2cotl -2x

h(x) = sin 2x cos 2x
h'(x) = sin 2x( =2 sin 2x) + cos 2x( 2 cos 2x)

2 0052 2Xx— 2 sin2 2X
2 cos 4x

Alternate solution: h (x) =12 sin 4x

2
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Chapter 2 Differentiation

h'(x) = sec 6x tan 6x ( 6)
6 sec 6x tan 6x
y=sin(mx)? = sin(m?x?)

( )L ] (
y’:cosnzx2 lor 2x] =2m?xcos

= 2n2xcos mX ,

2

X2

)

Section 2.4 The Chain Rule 159

h'(x) =1 cos4x(4) = 2cos4x

_ 1 1
0 )=sec= =
g( ) 20 tan 20

g(6)=sec( 28)sec ( 26) 2+tan( 28)sec( 28)tan=26
1 2 1 % 1 1 1

)'2=t2sec( 120 sec? (120) + fan (1201
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Chapter 2 Differentiation

cotx cos X
f(x) = = 7
sinx sin x
(%) _ﬁ.;(—_sin.x[— cos ( 2‘sinxcosx)_
sin® X
_—sin.z_.x_—.ZCog X —1—0052‘5
sin3 X sin3 X
_ Cos \"
g(v) = = cosv-sinv

g'(v) = cosv( cosv)+ sinv( -sinv)

cos® v - sin’v= cos2v

y= 4 sec? x
y' = 8secx-secxtanx= 8 sec 2 x tan x

g( t) = 5 cos?m t = 5( cos 1 t)?
g'(t) =10 cos 7 t( =sin m t)(17)

-107 (sin t)( cos 1T t)
=517 sin 21Tt

f(e):lésinzze:l4(sin29)2f

(6) = 2( L4 )(sin 26)( cos 26)( 2)

sin 20 c0s 20 = 12 sin 46

54. y= cos fsin(tan mx)
\/7 1 -112

y' = —sin sin(tan mx) - 2(sin( tan x))  cos( tan 7 x) sec? mx(m) =

=

+1
y' =1z 3¢ - a2
\/;(x2 +1)2

The zero of y' corresponds to the point on the graph of y
where the tangent line is horizontal.

2

Section 2.4 The Chain Rule 161

h(t) = 2cot? (mt+ 2)
h'(t) = 4cot(mrt+ 2) !——Lcsc2 (mt+ 2)(m)]

-1 cot(mt+ 2) csc? (mt+ 2)

f(t) = 3sec(mt-1)°
f7(t) = 3sec(mt-1)2tan(rt-1)2 (2)(mt-1)(1r)

6 (mt-1) sec(rt—1) % tan(mrt - 1)?
y = 5 cos(1x)?
y = =5sin(mx) 2 (2)(mx)(r)
-10m 2 x sin(r x)°

y= sin( 3x° + cos x)
y' = cos(33 + cosx)(6x - sinx)

y = cos( 5x + csc x)

y' = —sin(5x + cscx)( 5 - cscx cot x)
y = sin gbt3mx = sin( cot 377 x) V2
y' = cos( cot3nx)1/2r| 1 / 1

2( cot 3m )12 (- csc? 3m x)( 3) J|

—-3m cos(/cot 37X ) osc? (

3x/x) 2 cot 3T x

-1 sin\gin( tan 77x) cos( tan 7x) sec? 77

2 sin( tan mx)
y:2X ;
+1 y
y = 1 /y
—( )/
2 X +132 - 6
y" has no zeros. L
x71 4
Y= \[*
y
Y = Jx . .

2x(x+1)
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Chapter 2 Differentiation Section 2.4 The Chain Rule 162

2 y" has no zeros.
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Chapter 2 Differentiation Section 2.4 The Chain Rule 163

58. g(x) =Vx-1+ ~x+1 y:xztanlx
g(x) == d 1 1
a/x-1 Yx+1 —de= 2 xtan =y - sec® =x

g’ has no zeros.

The zeros of y' correspond to the points on the graph of
y where the tangent lines are horizontal.

6

-2 10 y
-4 5
2
y=cosmx+1x e
§Y= ZImXSINTTXZ CZSTT_:_]- y=sin3xy'=
X X
) 3 cos 3x
—mxsinTxtcosmx+1
X’ y(0) =3

The zeros of y' correspond to the points on the graph of

y where the tangent lines are horizontal.
3

3cyclesin [0, 217 ]

y y=sin2
1

N
N

y= X2 WXZ + 8X)1/2, (1, 3)

1l -1 —2()-(‘+—4‘_)_ X+ 4
y =2x +8) (x+8) =(, {2 =%+ 8
2X + 8x
y']_: 1+ 4 :i :é
O ’2 \/'g 3
1 +81 _
1 2 (1
6a. y=(3x*+ 4" (22 66.1(x)= __— , =(x*-3x)” ,|4,_\
S (a3 1502 Xt = X \ 16/
=415
y =5 (3xP + 4x) (9l + 4) 2
2 f'x =-2x —-3x-3 2x-3 =i(.‘2_x:ﬁ).
—9% .
= L3+_4; () ( )( ) (¥ - 3)°
5(3x +4x) fr4 = -2
y 2 =1 () >
() 9
67. y=___4 _=4x+2-2 01
- 1
65. f(x)=5(x -2 (-2,-'} (x+2?* () ()
\ 2) 5 -8
2
frx=-5x°- 223, =1
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f'(—Z):—ﬂ:—g 8
100 5
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Chapter 2 Differentiation

o-2f ()

y = 4, = 4xP - 2x 31,-4

68. ()

y'= =12X2 = 2x -4 2x — 2
y1= -12-14 0=0

()

69. y= 26- secc4x, 0,25

y' = -3 sec? 4x sec 4x tan 4x 4
-12 sec® 4x tan 4x
y(0)=0
70. y= E + feosx =1 +(cosxlfz (Z _2\\
X (2 )
1 -2 4 sin x
y' = "2+ g(cosx)  (-sinx) = -x% - "2 cosx
y'(17 /2) is undefined.
fx =2¢- Tus , 4,5
@ () G
)
1 -112 2X
t(x)=2(28-7) ()= 2% -7
(1) = &
f'(4) = -
Tangent line:

8

y- 5= 5(x-4)=8x-5y-7=0
(b) 6

N/

l\/—l 12

72.@ f(x) =3 x @+5=3xx+5) (22)

Section 2.4 The Chain Rule
73. (3) y= &C+32, -1,1 ( )
( ) )
2 3
(y =24 +312¢ =24x 4x + 3
y'-1 = -24
Tangent line: )

y-1= -24x +1 =24x+y+ 23=0
(b) 14

W

2

2/3

74.(@ f(xy=9-x: ' 1,4
2 -13 oA
P00 =300-¢) (=20 = 39- x 210
« )
f'1 :___4 = —2
(
) 1/3
3(8)
Tangent line:
2
-4=- 3(x-1)=>2x+ 3y-14=0
6
_2>=...(1,4> .

75. (a) f(x)=sin8x, m,0 )

fox )= 8 cos 8x

(
f'(m)=8
Tangentline:y = 8x- m = 8x- 8m

)
® -

(m, 0)

163
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Chapter 2 Differentiation

Section 2.4 The Chain Rule

) b 2 o 2| W :

164

3 L2 i
—X-— L/
e S + X2+5 _
2V x2+5 3 ’
4 1 13
f(2) =33 +3(3) = 9
O
Tangent line:
13

-2= 9(x-2)=13%x-9y 8=0
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Chapter 2 Differentiation

76. (a) y = cos 3 X, g —Vg_,\‘

[

4 2
y' = =3sin 3x
y'\(_n-) = -3sin| (ﬁﬂ = '__3"\/2
\4) \4) 2
Tangent line: y + \_/2 = _—3“‘/:%( - —Tﬂ\
2 2 U 4)

y= =82, on 2

2 8 2
(b) 2

77.()  f(x) = tan?x, (z )

() L4 )

f'x =2tan xsec2 X

f'(z\: 212) =4

\4)

Tangent line:
y—1:4X-E\ =4x-y+ 1—77):0

(b) 4

78.(a) y = 2tan’x, [.’—7.12|}
4

y' (: 6tan®x - sec’x

y I \|:612 =12

Lot 00)

Tangent line:

y=— 2= 12x —27 :12x—y+(2—3rr)=0
L 4)

(b)

Section 2.4 The Chain Rule 165

79. f(x): S :(25_ X2>{2 ' (3'4

)
fi)=L2s-® (-20) =%
/ 2
2 ) 25- X

fr3 = -3
() 4
Tangent line:
3

y- 4= —4(x-3)=3x+ 4y- 25= 0

8

=]
AR
-9 9
-4
() ()
80. f x =—=A— _[2- 212, 11
7 ¥
2- %
)
2

Tangentline:y-1=2x -1 =22x-y-1=0

3
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Chapter 2 Differentiation Section 2.4 The Chain Rule
81. f(x)= 2cosx+ sin2x, 0< x< 2
f'(x) = -2sinx+ 2 cos 2x
= -2sinx+ 2- 4sin°x = 0
( 25in2><_+ sinx—-1=0
sinx +12sinx -1=0
sinx= -1=>x= -Hz-
sinx= £ =x = -H-,.S—
2 6 6
Horizontal tangents at x = I 3T An
6 2 6
Horizontal tangent at the points\(ﬂ., _QE\\ (—E-, 0 \‘ , and \(L, - j'E\\
| | | |
l6 2 JU2 ) (e 2)
—4x - 1 — _f -
82. f(x) =_ 85. f(X = = 11x- 6 -1
VT () (e ) O ) 1x-6 )
/ ) ) ()
2/ 1 -12 , _
P 2oy 2 R R A I ol
(%) = (2X= 1 frx = -2211x- 6 11
2x =1)(-4)+ 4x = 242 11X —6-3
_ 1\32
(2x-1) ( )
4 - 4x _ 242
2x - 1R2 11X~ 6 s
( ) ( )
4 = 4x 8 .

f(x) = 0 :zzx—lz/2 —x=1
)

Horizontal tangent at (1, - 4)

f(x) =5(2- 7%)*
f(x) =20( 2~ 7x) 3 (-7) = -140( 2 - 7%)*
£(x) = -420( 2 - 7x) 2(=7) = 2940( 2~ 7x)?

f(x) =6(x* + 4)°
) ( ) ( ) ( )

frx =18x3 +4 3x% =sax2 xC 44,

2 o 3
f'(x) =54x (2)x* +4 3x, +108x X +4,

108x (x3 + 4)3x3 + & + 4]

432x(x3 + 4)(x3 +1)

86. f(x)= (x-2)? = §(x-2)

f(x)=-16(x-2)°
_4 48

f'(x)= 48(x-2) = (x-2)*

87. f(x)= sinx
fox ): 2X COS X
(

" |— 2—| 2
f (X): 2x 2x( =sin x )t 2 Ccos X

= 2cos x2 - 2xzsinx2

165
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Chapter 2 Differentiation Section 2.4

217 sec? 1 x tan 1 x
f7(x) = 2 sec? mx(sec? mx)(m) + 2mr tanm x( 21

4 2

2n25ec mX+ 47723ec rrxtan2rrx

21 2 sec? nx(se02 X+ 2 tan? nx) 2

sec” 17 x tan nx)
2 .2 2
21T " sec rrx(35ec X = 2)

The Chain Rule

166
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Chapter 2 Differentiation

89.h x =13x+1. 18
() o ) ( 9)

h'x = 133x +12 3= 3x +12
() 9 o ( )

h"x = 23x+13 =18x+ 6
) ( )

h"1= 24
()
90. f(x) =— L = (x+4)32 (d)
N
X+ 4 \2)
1 /

f(x) = -2 (x+4)7°2
8,

f(x)= 4(x+ 4)7°° = 4x + 45>
( )

" 0 :_3

() 128

— 2
91 f (x)— oS X~ , ( 0, 1)

f'(x)=-sin x( 2x) = =2xsin x2)
(G (

"(x) = -2x cos( X )(2x) - 2;sin( X )
—4x cos( X ) -2 sin(

x* ) £(0)=0

92. g(t) = tan2t, |L \/_3\

g'(t)‘=25ecz‘(2‘t) () ()

g"t =4sec 2t -sec 2t tan 2t 2
= 8sec’ ( 2t) tan( 2t)

T
== 3
’ \6)‘ ¥

93.

Section 2.4 The Chain Rule 167

94.

(

)
-« —1s0 f'must be negative there.

()

fisincreasingon 1, so f'must be positive there.

f is decreasing on

95. (@) g(x) =f(3x)

x = f'3x 3 =g% = 3f'3x
() ()0) () C )

The rate of change of g is three times as fast as the
rate of change of f.

2
a(x) = f(x )
g(x) = £ ) (20 = g(x) = 2x ()

The rate of change of g is 2x times as fast as the rate
of change of f .
2x—-5

96.1(x) =(3x+12)

Ifh( x) = gf((‘)% )) then write h(x ) =f(x ) (g

(x))~" and use the Product Rule.
r(x) = (2x- 5)(3x+1)" 2

rx = 2x- 5 -23+1s 3 +(3x+1‘2 2
( ( X)X () O ) O
_—62x -5 +23x +1
- ( )

3X + 13
—=6x+ 32
3x + 13

The zeros of f' correspond to the points where the
graph of f has horizontal tangents.



Chapter 2 Differentiation

)
r(x)=(3x+ 1) 2(2) = (2x=5)( 2)( 3+ 1)(

3)(3x+1)*
(3x + 1)(2)- 67%)&—)(5; )

Section 2.4 The Chain Rule

(3x+1)°
—6x + 32

- (3x+1_)'3 -

(d) Answers will vary.

168
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Chapter 2 Differentiation Section 2.4

97.(a) o(x) = f(x)-2=9'(x) = (x)

The Chain Rule

h(x) = 2f(x)=h'(x) =2f(x)
() C ) ) (GI¢

) ( )
() rx =f8x =>r'x =f-3x -3=-3f"-3
( ) Xr'(x) -2 | 1 | O 1 2| 3
3 3
So, you need to know f' -3 x. g(x) 4 % _% 1 | -2 -4
r(0)=-3f(0) =(-3)-1 =1 ,
() () 9 H'(x) 4 % —% -1 | -2| -4
-1 =-3f'3 = -3 4 = 12 i
) 0) C ) = A
S(x) | -3
(d) sx :fx+2:s'(x = f)’x + 2
So, youneedto know f'x + 2. -1 -2 4

s'(-2) =f'(0)= —%, etc.
@ f(x) = g(x)h(x)
(%) = 9(x) (%) + g'(x) h(x)
f(5) = (=3)(-2) + (6)(3) = 24
(%) = g(h(x))
() = g'(h())'( %)
£(5) = g(3)(-2) = -29'(3)
Not possible, you need g'( 3) to find f'( 5).

10 =9

hldg )=l _
f'(X) = [h xT
eyttt )y 4
36 - -3-2
f(s) =——7T7% —— =9 =3

f(x) =Tg(0P

‘(%) = 3 o X)-‘ZJQ'( x)

f/(5) = 3(-3)2(6) = 162

)y () O ()

2 ()
99.@h x =fgx ,gl=49g1 =-%f4 =-1
h(x) = g(x)g(x) (2)

h(2) = (o)) =1(9g(1) = (-)-* =
s(x)=g(f(x)),f(5)=6,f(5)=-1,(g"(6)doesnot

exist. s'(x)=g'(f(x))f'(x)

s'(5) = g'(1(5)f'(5) = g'(6)(-1)

s'('5) does not exist because g is not differentiable at 6.
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Chapter 2 Differentiation

@ h(x) = f(g(x))
h(x) = £(a(0)g(x)
h(3) = £(g(3))g!(3)

s(x) = g( ()
$(x) = g(f(x) (%)
$(9) = ¢/(1(9)1(9)

(5L = 2

g(®)(2) = (-1)(2) = -2

(a) F= 132,400( 331 - v)™!

F'=-1132400 331- v-2 -1 =-132400

()X ) () (3L-v)

Whenv = 30, F' = 1.461.
( )
(b) F= 132400331 +v

F'=-1132400 331+ v~ -1 ==132400

(0 ) ()

Whenv = 30, F' = -1.016.

102. y=Lcos12t— 1 sin12t
3 4 ] 4] ]
v=y' = L-12sin12t - 112 cos12t

-4 sin 12t — 3 cos 12t

(331 + v)?

Whent= /8, y= 0.25ftand v = 4 ft/sec.

6 = 0.2cos 8t

The maximum angular displacement is@ = 0.2 (because
-1<cos8t< 1).

[o[]
= 0.2[-8sin8t] = -1.6sin 8t

dt

Whent= 3,d6 dt= - 1.6sin24= 1.4489 rad/sec.

y= Acoswt

. 3..5
Amplitude: A= — 2~ = 1.75

y=1.75cos wt

Period: 10 sw=2o _ I
10 5
= 1.75cos H5I

Section 2.4 The Chain Rule 168

105. (@) T(t) = 27.3sin(0.49t-1.90 )+ 57.1

90

0 13

13

The model is a good fit.

T'(t) = 13.377 cos ( 0.49 t — 1.90)

20

o

20

The temperature changes most rapidly around spring
(March-May) and fall (Oct.—Nov.). The temperature
changes most slowly around winter (Dec.—Feb.) and
summer (Jun.—Aug.). Yes. Explanations will vary.

(a) According to the graph C '(4) > C'(1).

Answers will vary.

| | 2 -2
400 -1200( t + 2)

107. N =4001- 2 ) |:
L G +2) |

-3 - 4800t

N'(t) = 2400(  + 2) (2t) = ({2 +2

3

)

(@) N'(0) = 0 bacteria/day

="57 = 177.8 bacteria/day

© N(2)= (4+2)° = 216 = 44.4 bacteria/day
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Chapter 2 Differentiation Section 2.4 The Chain Rule 169

(b) v= "y [ 'Hﬂ: -0.3517 sin”—t
= 17 si (d) N(3) = (9+2)® = 1331 = 10.8 bacteria/day
L5 5] 5
4800 4
— 9,200 .
(&) N'(4) = —‘%- = F58_32- = 3.3 bacteria/day
16+2
(f) The rate of change of the population is decreasing as
t— o
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Chapter 2 Differentiation Section 2.4 The Chain Rule 169

) O , ()
108.(a) V =-—/— 112. (@) g (x):sin X+ cos“x= 1=g¢'x =0
t+l X = 2sinxcosXx+
c g 2cosx-sinx =0
v(0) = 10,000 = _~/0+I =k tanx+ 1= sec® x
v = 10000 - 10,000t+1-12 g(x)+1= f(x) O
Vt"’/l ( ) Taking derivatives of both sides, gx =f'x.
(b) Q¥ = 10000 -1)¢ +1 -s2= _—5000_ Equivalently,
dt k )“ ' ( ) fa2 ,
() 2 t+1 f' X =2secx-secxtanx= 2sec” xtanxand
vip =200 76777 dollars/year g(x) = 2tan x - sec® x = 2 sec® x tan x, which
Za2 are the same.
(¢) V'(3) ==2000 - 25000 = - 625 dollars/year () ()
/ 113. (@) If f-x =-f x,then
432 8
. A7 -xT=4d[-f x|
f(x) = sinfBx ol () el (O
) ) o
(@ f% =P cosBx (=x(-1)=-1(x)
f'(-x)=f"(x).
f"(x)='ﬁzsinﬁx (=0=1(»
f(x) = B> cos px So, f'(x)is even.
()] ()
f(o= g%sinBx () If f-x =f x,then
fr(x)+ B2f(x) = -B2sinBx+ B2(sinBx) = 0 -d_|—f -x]= Fff %1
TR YO
() f(Zk)(x) = (-1)Bacsin Bx frox -1 = f'x
(2e-0(x) = (=1)** Bzc-1c08 BX f'(-x) = -f(x).
So, f'is odd.
110. (a) Yes, iff (x+ p) = f( x) forall x, then 0 110
f'x +p = f'x, whichshowsthatfis 114. IUI: u )
perlo-dlcaswell. l[luﬂj - ﬂ—\/u_Z ] :l( ut-12 2ud'
Yes, ifg(x ) =f(2x), theng'(x)=21"(2 dx dx 2y o
Vi narindic e i o = U = ylU u#0
x). Because f ' is periodic, so is g'. 752- ju]
a) r'(x) = f X '(x
@ ri(x) (g( ))9() g(x) =|3x- 5|

r'(1) = £(g(1))g(D)
O 0

Notethat g1 = 4and f'4 ==0 :é_ 3x = 5 3

0 0 6-2 4
Also,g'l  =0.So,r' 1 =0. f(x)=x-9
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s(x)=g'(f(x))f(x)s

(4)=g'(1(4))f(4)

Note that f(4) =_5 ,
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117.h(x) = x||cos X

h(x) = - xgsinx+

X
cosx, X 0

[x]
f(x) = pinx |

f'xy=cos X sllX X #knm
{[sin x|}

170
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() ()

119.(a) f x = tanx fr/a=1 ®)
f
f(x) = sec® x fi(4)=2 ¢
2 Py

f"(x)= 2sec” xtanx f"(r/4): 4 . 7

P1(x) =2(x-m/a)+1 -

P2(x) = l2(4)(X—n/4 )+ 2(x- n/4)+1 (c) P2 is a better approximation than P1.

‘ ) )

’ (d) The accuracy worsens as you move away from
=2x-mla“+2x -4 +1

x = n/4
120. (@) (%) = secx fm 6 =_2
U TINT
f'(x) = sec x tan x £(176) :§
(0 = secx(sec? x) + tanx( secx tanx) f(m'6) = 9
= sec® x + sec x tan® x
Pi(x) 2 -2
= 3(x —nb/)+ NE]
2
P2(x) < (_10 Yx o) =2 ) 2
v N
= | -+ k- |+

(330 6) 30U 6/ 3
P
fkj

-1 15

P1

(b)

1

P2 is a better approximation than P1.

The accuracy worsens as you move away from x = /6.

121. True 123. True
() ()
122. False. f' x = —bsinxandf' 0 = 0 124. True
125, f(x) arsinx+ azsin2x+  + ansin nx

f/(x) @1C0SX+ 2a2€0S2x+  + Nan COSNX

f'(0) a1+ 2a2 + + nan

al + 2ap + + nhap :lf'Oi:ﬁm i@:f—@ lim L(L) Mf_@
‘ X—0 x= 0 x—o0] sin X X x—o0] sin X
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Section 2.5 Implicit Differentiation 171

n+l
k X

lf_ Pa(x) _—| _(M =

-—F x n+ 16 =1" kxk-1 xk—lP'x _ r]Jrlkxk_lpx

P/ixx = Xk—:l.n+1—n l_—l_ =
= C 3
ddx - 1J

n+1() ( )n+2drdn [1T] ( )n() ( ) n( )

P x = xk—l dx| dx Lx -1/ = x“-1P" x - n+1kxk-1P X
n+1() ( ) o

P 1=-n+ 1kP1
k-1
Forn= 1, _Q‘F 1 1= -k = _Pi(» =P 1 = -k.Also, P1l=l.
ko ( )2 ( )21 O o)
dx[x -1] Xk -1 Xk -1 () ( )

You now use mathematical induction to verify that P1 = -k " nifor n > 0. Assume true for n. Then

(
P1 =-n+1kP1 =-n+1k-k"nl= -k ,.an+1L

el

Section 2.5 Implicit Differentiation
Answers will vary. Sample answer: In the explicit form of B+ y5 —165x* +
a function, the variable is explicitly written as a function

. .. . . . . . 5 4 | J— 0
of x. In an implicit equation, the function is only implied Yy =
by an equation. An example of an implicit syty = -5x¢*
function is x> + xy = 5. In explicit form it would be y = - 24

= (5- xz)/x. vt

Answers will vary. Sample answer: Given an implicit 03 + 3y3 = 64
equation, first differentiate both sides with respect to x.

2 2., _
Collect all terms involving y' on the left, and all other 6x™ +9y"y' =0

terms to the right. Factor out y' on the left side. Finally, 9 y2 y =- 6x
divide both sides by the left-hand factor that does not ,_ =6 2P
contain y'. Y/ = —
9y2 3y2
You use implicit differentiation to find the derivative y’ 3 2
X = xy+y =7

when it is difficult to express y explicitly as a function 2
X -xy —y+ 2y =0

(2y-x)y =y- 3

y = y=3K

2y- X

of x.

If y is an implicit function of x, then to compute y', you
differentiate the equation with respect to x. For example,

if xy2 =1, then y2 + 2xyy' = 0. Here, the derivative of y2
2
is 2yy'. X"y + y2x= -2

2 2
XTy'+ 2xy + + 2yxy' =0
x2+y2:92x+ y yry yy

2yy’=0 y':— y

X
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X2+ 2xy)y’ = -(y2 + 2xy)

x2—y2:252x— y'= vy 2
2yy'=0 -
x(x+ 2y)
,_ X
y ==y
x3y3—y—x=03x3y2y'+3x
2y3—y'—1=0
(3x3y2—1)y'=1—3x2y3
'=1- 3%y
3x3y2—1
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Chapter 2 Differentiation

12. Vxy = x2y+1

1 /

2() 2 (" +y) = 29+ X2y

\/—y +—;/= = 2y + x2y'
Xy

2 xy
( X - x? \\y’:2xy— y
\2 Xy ‘) Txy
—_—
y = 2= Ay

g odly -y
X = 2X 2\/ Xy

14. x* y- 8xy+ 3xy =9
xy+4xy 8xy—8y+6xyy+3y =0
x* - 8x+ bxy)y = 8y— 4Cy- 3y

’

sinx+2cos2y=1cosx
-4(sin2y)y' =0

COS X
y' = 4sin2y

16. )

L (sinmx+cosmy)’= 2
2sinmx+cos my[mcosmx -1 sinmy y'l= 0

mcosmx—m(sinmy)y =

y

' = cos mx

sinmy
cscx= x(1+ tany)

cscxcotx= (1+ tany)+ x( sec? y) y'

y' = - cscxcotx+1+ tany

x sec? y

coty= x-y

(—Csczy)y' =1-y

2
' = = = —tan
g y  —cot’y y

y' =8y -4y -3y
X4 — 8X+ 6xy

x3—3x2y+2xy2=123x2—3x y' -
6xy+4xyy’+2y2=0

(4xy—3x2)y' = 6xy—3x2 —2y2

y' =_6xy -3x¢—2y*—

4xy — 3x2
B 1
X = sec -y
§X' 1 1
- \¥o See ytan y
-y? (1) (1)
y' =Tsecly @njy = -y cos|ylcof Y|
() () L) UJ
@ x® +y> =64
y2:64—x2
(b) y =+V64-

A

-12 -4

(c) Explicitly:

dy 1 2 -12 :/ X

dx = 12(64— x) (-2x)= 64- X2
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Chapter 2 Differentiation

= -X =-JX
y = sin xy
RUSENY. y
y =[xy + y]cos(xy) Implicitly: 2 x +2yy'=0y' = -
y = xcos(xy)y = ycos() X
y cos( xy) y

Yy =1 x cos( xy)
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Section 2.5 Implicit Differentiation
173

(@) 25X +36y> =300

, ) ( 2> (a 16y% - %% = 16
36y~ =300 — 25x" = 2512 - X 2 2
) o ) 16y° = x° +16
¥ =25 12-x x? X% +16
36( ) y2 = E+1— 16
5
y= tgV12-% i P 1
(®) ) T
. , (b) y
M
4 y :r_ 6.1 =+ 16
=S N Do
=6 -4 - 2, 4 6>)< \2/ X
N P N
N B
-4
-6
-6 : !
(c) Explicitly:
(c) Explicitly:
ﬂ:ié,(l\ﬂ—xz 42 - 2x L )
= -12
d sl ) ) dy 2200 £16)"%( %)
_ dx = 4
642 - x = fX _ - EiX - X
4+ 16
= - 25 a xte1e 0y Y
36y 2

Implicitly: 16y 2 -x =1632yy

(d) Implicitly: 50 x + 72y - y' = 0 r—2x=032yy’
y' = -50x = - =2X
2
25, y = 2o X
24. (a) % +y2 - ax+ 6y+ 9= 0 ®
(x2 - 4x+ 4)+ (y2 +6y+ 9) =-9+4+9 1’,
4‘_
X _22+ y + 32 =4 =i 123456
Co e A
y+3°=4-x-2, - ]
C (G 5 N,
“ol %
y+ 3= t4/4- (X— 2)2 S6 ya=-3- 4-(x-2)°
= -3xf (x-2)?
(c) Explicitly: (d) Implicitly:
dy = 414~ x—22]-1/2|——2x - 2] 2x+ 2yy' - 4+ 6y'= 0
dx 2 ( ) L ( )]

X 2yy' + 6y'= -2x+ 4

—Xz2 ) « )

\ y'2yt 6 =-2x =2
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Chapter 2 Differentiation

Xy= 6

xy' +y(1) =0
xy' = -

oY

X

At(-6,-1)y = —16

3x3y: 6x3y: 2
3x2y+ x3y' =0

Cy = -3ly
y oA 3y
X3 X
At 1,2:y =ﬁ@ =-6
) 1
y2:X2 _49)(2
+ 49

y( x2 + 49)2
)
At 7,0:y"isundefined.

4y3 — X2 - 36X3 +
‘ 36

R L iy
( ) 12 yz(x3 + 36)2

At 6,0:y"isundefined (division by 0).

20. (x+y)° =5 +y°
o+ 3x2y+ 3xy2 + y3 =X
3x2y+ 3xy2 =0

2 2 _
X“y+ xy =0
x2y’ + 2xy + 2xyy' +y2 =0
X+ 2xy)y' = -(y2 + 2xy)

+y3

y' = —y(y+ 2
x(x+ 2y)

Section 2.5 Implicit Differentiation

x3+y3:6xy—13x2+
3’y =6xy +6y

(Sy2 - 6x) y =6y- 3x2

y _By-3x2

3y2—6x
At(z,s;y' =18-12 - 6 =2
) 27-12 15 5

tan( x +y) =x (1 +y)
2

sec (x+y)=1
Yo = 1-sec?(x+y)
sec? (x+ y)
= —tan’ (x + y)
tan? (x+ y)+1
= - sin® (x + y)

At(0,0):y =0

xcosy= 1
[ ]

X=y'siny + cosy =0

,_ Ccosy
xsiny
=£coty
X
_ coty
X
m 1
At (2, [ A— %
3) 3
(x2+4)y =8

(x2 + 4)y’ +y(2x) =0
—2Xy
y' = x2 + 4

_ AL )]
X2 ‘+ 4
-16x_

= (X2+4)2

-
»
IS
N =

( _ 8_‘_\

178
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| Or, you could just solve for y:y = |
X +4)
At(-1,1):y = -1
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sy (4mx)y? = 22 2 2_4 (423
39. Xy -9 -4y g )
, _ a2
4-x 2yy' +Yy2 -1—3X2 y2 x22yy’+2xy2—18x— 8yy' =0
33X~ + 2
y :'18x—2xy
) y = 2y(4-x) 2¢y - 8y
At 2,21y =2 A828,-24412
m(-423)y =TT
2(16)(2 3 -16 3
2)2 2 )
3. ()0 )= ay —2 1 A3
v
2x2+y2 (2x+ 2yy’) = 4x2y" + y(8) =48 =2 3= 6
4x3 + axPyy + axy? + 4y3y' = 4xPy’ + 8xy G =2
4Py + ay3y - axPyr = gxy- 4xS - 4y Tangentline:y- 2 3 = 6(x+ 4)
2 3_.2 3_ .2 —_\/:3 +8\/_3
4y’(x y+y —x):4(2xy—x —xy) y = U X+=
y'= &Y =X _§(‘ -4 ° :
x2y+y3 -2 40. X73 + Y23 = 5, % 1)
At 1,1:y = 0 2yds+ 2y3y = ¢
() 3 3
oy —6xy =03 + 3y y — x4 (y V7
-6xy'~6y=0 y == = \x)|
y
y'(3y? - 6x) = 6y - 3¢ 1
At(8,1):y' = - 2
,_by-%k X2
v B
3y - 6x Y -2 1

(4 8) 168 - 169) 37 4 Tangent line:y-1= - 2(x - 8)
/= 5

At‘—,—\: y': / = 1
L3 3) (649)- (83) 40 = -T2x+ 5

«c > C ) )

. y-32=4x-5, 61
3 v 3= 41. 3(x2+yH)? = 100(x2- ), (4.2)
2y-3)y =4 S,
2 6x°+ y (2x+2yy')= 100(2x- 2yy')
y=y- At (4,2): ) ( )
() ' v = .
At 6,1:y':——2—=-1 616+ 48 +4y =1008- 4y
1-3 ( ) 960+ 480y’ = 800 - 400y’
Tangent line:y-1= -1x- 6 880y' = -160
2

= —X+ = -
y X+ 7 y' = .

O D
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Chapter 2 Differentiation

38 x+2° +y-3 ;=37, 4,4

2(x+2)+2(y-3)y =0
y-3)y = -(x+2)
y' = —(x+2)
y—- 3

At(4,4) y = —1§: -6

Tangent line:y — 4= -6(x - 4)
y= —6x+ 28

Section 2.5 Implicit Differentiation
. 2z
Tangent line: y- 2= -(x- 4)
11y+2x-30=0
y= -2x+ 2
1 1

176
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Chapter 2 Differentiation

( ) ()
42. yoxery =22 11
2yt = 2@
2yy’x2+ 2xy2+ 4y3y' = 4x
At 11:
2y'+ 2+ 4y =4
6y = 2
y =3
s 3( )
Tangent line:y-1= 2 x-1
=1 2
33X+ 3

Answers will vary. Sample answers:

Xy=2=y= ZX

yX2+x: 23)/:2:%

2
x2+y2:4
xy+y2=2

The equation X + y2 + 2 = limplies x 24 y2 =-1,
which has no real solutions.

2
45, (a) % +ﬁ: 1, 1,2

2 8 0
x+ﬂ =0
4
p o _&X
y__
y
At(1,2):y = -2

Tangent line:y - 2= =2(x-1)

= -2x+ 4
2 ' -2
(b) £ =1 & 2w o 0=V = 2
2l V2 at b aly
=b, X
-yo= x = X0 ), Tangent line at ( xo
,¥0)a“ yo

Yoy -y = Zuk +

Section 2.5 Implicit Differentiation 177
2 2
E-X=1 3-2
46.@ ¢ g ( )
X _ Yo, _
- =0
3 4y
P_ X
Nyo X
4 3
y = &
3
Y0
43
At(3,-2)y' =3-2 = -2
( C )
Tangent line:y+ 2= -2x - 3
= -2x+ 4
) .
o LW 2w, A
at b X at o ya’
-yo="9"2(x-xo), Tangent line at ( xo,
yo ) yoa
wo - wl =X - i
b2 2 a2 a2
2 2
Because L. - & =1 you have & - Y0 = 1
2 2
a2z be a b

Note: From part (a),

(Y =1 lx+X=1=y= —2x+4,

6 8 2 4
Tangent line.
tany = xy'
2
sec y=1
1 s I o
y' = =cosy,—- <y<
sec?y 2 2
seczy: 1+ tan2y= 1+ X2
1 —
y =1+ X2

cosy=x-siny -
y=1

y==L  o<y<m
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Chapter 2 Differentiation Section 2.5 Implicit Differentiation 178

b> b a? 2 siny
sin2y+ coszy =1
M =1

2 2
Because X_ + & = 1, you havem + sin2 y=1- COSZy

2 2 2 2

a b b a _ —\/1— > —\/1- i
Note: From part (a), siny = cos”y = X
2t g Tl y=- pxtl=y=-2x+4, y= 1-x, -1<x<1
Tangent line.
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49. x> +y*=4 50. Xy- 4x= 5
2x+ 2y =0 xzy’+2xy—4:0
, - X ] —
y=__ y = A2
y ) 'S
y,,_)(—1+xy' x2y"+2xy’+2xy'+2y:0
y2 |—4_2Xy—| 0
2\ =
-y + x(7xy) Ry T Iy
v Ky ax(4- 2xy) + 2°y=0
::Xi_-_xz Xy +16x -8y + 2y = 0
y3 x4y”: 6x2y—16x
4 6xy — 16
3 " 3
=-y y'= X
2
51. X“y—-2=5x+y
2Xxy+ x2y'=5+ y'
xz—l)y':5—2xy
y _  5-2y
X -1
2xy' + Xz—ly”:—2y— 2xy'
(Xz—ly":—2y—4xy'=‘2y‘4x(—\15'2.)(\
’ X -1
y =22y - 4x (e 20)
Xz—l (Xz_ 1)2
-2yx 2 —1- 20x+ 8x
= y( 2( ) ) & - 6x 2y—20x+ 2y
Xz—lz X2— 1,
xy—1=2x+y2xy’+y=
2+2yy
xy' -2y = 2-y
(x-2y)y =2-y
P 22N
y X= 2y
" ' ' " N2
xy" +y +y =2y + 2(Y)
" " '2 r
xy" = 2yy" =2(y)" - 2y
2
2 ((2-y) (2-y)
2 |
(x=2y)y" =2y) -2y = x- 2y - Xx—2y)
U
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22 -y[2 -y - x-2y]

(x=2y)° (x-2y)°
:;(_A—_Zgu 2v-2v+ xy=v2) =2(v2 —xy+ 2x-4)
() (x-2yp? (2y-x°

2 -5

=(2y-x)° =(x-2y)®
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Chapter 2 Differentiation Section 2.5

Txy + sinx= 2
7xy' + 7y+ cosx= 0

y'= —Iyz cosx
X
Xy"+ 7y + 7y —sinx= 0
7xy'- sinx - 14y = sinx |, =X
\ 7x )
e o 14y + 2 cos X
7xy" = sin x p =B+ £C0SX
X
" sin X 14y + 2 cosS X
y'= T+ —Y-—Z LS
X 7X
y'= xsinx+14y+ 2cosx
7x2
3xy—4cosx=-63xy'+3y+4
sinx=0
, _zAsinx =3y
Y= 3
X
3xy" +3y' +3y' +4cosx =0
(- 4sinx - 3y)
3xy" = -6y’ - 4cosx=-6 = 4 cosx
N 3X ]
8sinx+ 6y —4XxCcosXx
X
y":8$inx+ 6V —4XCcoSX
3x2
55 x+ A =5 9 56.y2:X—>§'+_11

dy-t2 +LyH2y =0 \ ©.4)

( -
2 2 \ 2y = .

x2 +11 —(x: -12

)0

Implicit Differentiation 179

o)

_:!y -1 14 X2+_12
y’ = \/_ )
-1 2
X y _ 1+ 2xX=X7
At(9,4)y = -2 2y x2 +12
3 ( )
| 2 '
Tangent line: -4=-= \
g y 3 (x-9) 2%
2x+ 3y-30= 0 4 5

2 2

W= X +1-2x+ 2

x2+1

( )

82018 Eengage Leaming: All Rights Reserved.: May nat Be seanned eapied 8 duplicated. oF pasted 18 4 uBlicly aecessiple WeBsie; in WRGIE 8F R par:



Chapter 2 Differentiation Section2.5  Implicit Differentiation 180
I
Tangent line: y- 5 = 10/;(x— 2)

105y -10= x- 2
x—-10-/5y+ 8= 0
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 + y2 =252x
+2yy'=0
L X
y =—7%
y
At (4,3):
Tangent line:

-4
y-3:—3—(x—4):>4x+3y—25:oNormal

3
line:y-3="4(x-4)=3x-4y=0
6

® (4,3

6

At (-3, 4):
Tangent line:

3
y-4="4(x+3)=3x-4y+25=0Normal

- 4
line:y-4="3"(x+3)=4x+3y=0

6
(-3.4)
.

-9 9

X .
y' = = slope of tangent line

X = slope of normal line

Section 2.5
X2 + y2 =36 2x
+2yy'=0

At (6, 0); slope is undefined.

, X
y ="y

Tangent line: x= 6
Normal line:y = 0

8

e

N

12

At (5\41_) slope is ﬁ ‘
e

8

Tangent line: y -

\/Lly—llz -5x+ 25

5x + /11y - 36 = 0

Implicit Differentiation
179

=5
W

11= 11 (x-5)

Normal line: y- _ /IT= ﬂ X-5
5( )
5y- 5A1= fix- 54
5y—\/1_1x:O
A
:”'\f\\n

8

Let ( X0, YO ) be a point on the circle. If xg = 0, then the tangent line is horizontal, the normal line is vertical and, hence,

passes through the origin. If xo # 0, then the equation of the normal line is

- yo = YO(X_ x0)

X0
Yo

= X

X
0

which passes through the origin.
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Chapter 2 Differentiation

y = y=1lat(12)

Equation of normal line at (1, 2) is
y- 2= -1(x-1),y= 3~ x.The centers of the
circles must be on the normal line and at a distance of
4 units from (1, 2). Therefore,
x-12+T3-x -2F=16
C oy o)
2x - 1%= 16
( x=1£2 2./
)

Centers of the circles: 1 +2 3£-22 ' and

(1-2V 22+2/2)
Equations:(x—l— 2\/5)2+ (y— 2+ 2\/5)2 =16
(x—1+ 2262 + (y— 2- Z\QF)Z =16

4% + y> —8x+ 4y+ 4= 08
+2yy -8+4y =0

,_ 8-8x _ 4-4x

y == =—

T 2y+ 4 y+2
Horizontal tangents occur when x = 1:

41)% + y* -8(1)+ 4y+ 4=0

y2 +4y=y(y+4)=0=y=0,-4

Horizontal tangents: (1, 0), (1, -4)
Vertical tangents occur wheny = -2:

42 + (=2)% -8x+ 4(-2)+ 4= 0

4% - 8x= 4x(x- 2) = 0=x= 0,2

Vertical tangents: (0, - 2), (2, -2)

Section 2.5 Implicit Differentiation 183

25x% +16y% + 200x - 160y + 400 = 0
50x + 32yy' + 200 -160y' = 0

y' =200+ 50x
160 - 32y

Horizontal tangents occur when x = -4:

25(16) + 16 y* + 200( -4) - 160y + 400 = 0
y(y-10)=0=y=0,10

Horizontal tangents: ( -4, 0), ( -4, 10)

Vertical tangents occur wheny = 5:

25x2 + 400 + 200 x — 800 + 400 = 0

25x(x+8) =0=x=10,-8
C O

Vertical tangents: 0,5, -8,5
(-4, 10)
10

(-8,5 0,5)

© 2018 Cengage Learning: All Rights Reserved. May net be searred, eopied or duplieated, or posted to a publiely aceessible website, in whele er in par.



Chapter 2 Differentiation Section 2.5 Implicit Differentiation 184

. Find the points of intersection by letting y2 = 4x in the equation 2% + y2 = 6.

2x%+4x=6and (x+3)(x-1)=0

The curves intersect at (1, +2). 4

Ellipse: Parabola: *®2
-_ -_ -6 6
Ix+ 2yy' =0 2yy' = 4 o (1,-2)

. 2X , _ 2
y = - y == N
( ) y y
At 1, 2, the slopes are:
y = -1 v =1
( )
At 1, -2, the slopesare:
y =1 y = -1

Tangents are perpendicular.

Find the points of intersection by letting y2 = X2 inthe equation 2 + 3y2 = 5.

2x2+3x%=5and 3x* + 2x% -5=0

Intersect when x = 1. 2

Pointsof intersection: 1,+1 LN
-2 4
yz =x: 2% + 3y2 =5 *a-1
2yy = 3 4x+ 6yy' = 0 PR ETS
1= 3 , 2%
y 2_ y' = =&
y 3y
At (1, 1), the slopes are:
3 2
y = 2 y=-3

Tangents are perpendicular.
y = —=xand x =siny Point

of intersection: (0, 0)

y= =X X= siny:
y = -1 1= y'cosy
’ 4
y' =secy
() - :
At 0,0, theslopes are: -
(0,0
y = -1 y =1
Tangents are perpendicular. -4 x+y=0
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Rewriting each equation and differentiating: 68. ¥ + y2 - 2 y= Kx
( ) ( ) ’
=3y -1 x3y- 29 = 3 2+ 2yy' =0 y =K
i i3 ) X
y= + 1 y ~= | + 2 yr A y
3 3\ x )
y o= y = - iy At the point of intersection ( x, y), the product of the
X2 i - =( - / = -
everrvr W s slopesis (= x/y )(K ) =( - x/Kx)(K)=-1. The
curves are orthogonal.
2
K=1
15 12 _3 3

3

For each value of x , the derivatives are c=2
negative reciprocals of each other. 2
So, the tangent lines are orthogonal at both points of 2
intersection.
K=-1 c=1
. s
67. xy=C ¥ -y =K
xy' +y=20 2x—2yy' =0
2
) P X
y=-¥ y =%
X y

At any point of intersection ( X, y) the product of the slopes

is (- y/ x )(x/'y) = =1. The curves are orthogonal.

1800

Use starting point B.

(a) The slope is greater at x = - 3.
The graph has vertical tangent lines at about ( - 2, 3) and ( 2, 3).

The graph has a horizontal tangent line at about ( 0, 6).

(a) x4 = 4(4x2 - y2)
4y2= 16x 2 - x*
y2= ax?% - L -10 )

’ 4
1 y= = 4x2—4x4
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1
y=3=9= 452 - —4x4
10
36 =16x° - x*
4 2 _
X = 16X~ +36=0 —10 10
2 =16+ 256-144 g 28 tys v
—_——— A/ y y4
( - 10
Note that X =8+28 = 8+ 2\/; = 1z \f7 2, So, there are four values of x:
—1-74F 7~ 11+7
X8 - x2

To find the slope, 2yy ' = 8x— x3

Forx= -1- \/;,y' = 5(\/77+ 7),andthe|ineis

A Na Ly VA
yp=3(7+7)(x+1+ 7)+3=3 T+ 7)x+87+23].
1
=
Forx=1- J;,y' =3 7- 7),andthe|ineis
e l\/— \/—_l
y2:3(7—7)(x—1+J;)+ 3=3 [ 7-7)x+ 23-87].
Na A
Forx= -1+ 7.y = -3 1 7),and the line is
1
ya \C—Y)(x+1— 7)) +3= 3L 7-7)x- (23- 87)ﬂ
1o
Forx= 1+ \/;,y' =-3 (T4 7),andthe|ineis
| v 1
= = Na |
ya=-3 7+7)(x=1- 7) sz=—3 (7+ 7)x- (8 7+ 23)].
Na

(c) Equating y3zand ya:

_%(\/_—7)(x+1—\/;)+3:—% 7+7)(x-1— 7)+3

\G— 7)(x+1—*r7): (\f7+ 7)(x—1—\5)
S+ ST T Tx= 7+ T JT= Six= ST-T+ x-7-7J7

J7 = 14x
= ﬂl;
( )
Ifx= ﬂ then y= 5 and the lines intersect at | 7 5.
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72. Vx+ Jy=+e

1 d

x Zﬁdx
v _ £

dx

(o 0) 0 \/956( 0)

Tangentlineat x,y :y-y = X X

x-intercept: (xo +\/g\/%, 0)

Q'

y-intercept: ( 0,y0 + \/Z\/;)
Sum of intercepts:

(o walyo)s (oo Vi) =00 + 3 b+ yo= (f+ ) = (of =

73. y = x'ﬁq ; P, g integersand g > 0 74. X2 + y2: 100, slope = %
yd = xP
q-1., p-1 2x+2yy'=0
ay’ "y = px 4
L __%X _3 y= -=3x
Pxe-1 PXe-Ly y =- = =
y 4
y =4y =gy o (1)
2=l = |= 100
X 9
L% plg 9_ P -1 { )
=q- xPx  =gx 2,
n / -1 X" = 100
So,if Y= X ,n=p/q,theny’ = nx
X= %6

( ) ( )

Points: 6,—8and -6,8

9
2, 2w _
4 9
o
y'= 4y
9x_ ¥=0
4y x— 4

~9x(x=4) = 4y

But, 9x° + 4y? = 36 =>4y° = 36— 9x.S0, -9x> + 36x= 4y? = 36— 9X° =x= 1.

Points on ellipse: |(1 \/_SD
2 )
At|(1 3 /3 |\ - — -3
L2 ) 4y 4L */3_ 2

At|(1,—§\ﬁ|\:y' :ﬁ
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L2 J 2
/3 3
2

NS
Tangentlines:y = - 2 (x-4)=- 2 x+ 23

3 NE

y=2 (x -4)= 2 x -23
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-2 2 .2
X=y 77.(d) L |
1=2yy 32 8
1 o,y s X
"= I f tli
y' = 2y ,slope of tangent line 3 8 4y
Consider the slope of the normal line joining ( xo0, 0) and (0)
x,y) = (y?,y) on the parabola. /—ﬁ_%
_2y = y_ O -6 ‘\_-—74// 6
y% =X
1 4
yZ - x0 = -2
1 At(4,2:y' =_4=--
2
y? =0 -2 T
“4,theny?= 4-— =- 1, whichis Slope of normal line is 2.
impossible. So, the only normal line is the x-axis y-2=2(x-4)
=2x- 6
y=0).
1 2 X+ (2x-6)P2=1
(b) Ifxo = X T =
-2 ,theny = 0= y= 0. Same as part (a).
328
If xo = 1, then y? = 15 = x and there are three ) o :
) X~ +44x° - 24x+ 36 = 32
normal lines.
S 1 1) 17%% - 96x+112= 0
The x-axis, the line joining (0, 0) and = ,7_“ 17x- 28 x-4 = 0=x= 4, 28
2 ~2) ( X )
N (1 1) 17
and the line joining (x0,0) and | = - _~=_ | (28 46
Second point: y T
\2 ~2) "7 1)
If two normals are perpendicular, then their slopes
are —1 and 1. So,
oy=-1= _32—;0_: y= 1
y© - X0 2
and
_y2 1 1 3
Wy T=x =Tl 4-x0 = -2 =% = 4
7)o
The perpendicular normal linesare y = —x +§
3
and y = x—- =
Y 4
Section 2.6 Related Rates "
A related-rate equation is an equation that relates the y= X
rates of change of various quantities. dy ( 1 \‘dx
_ YA
Answers will vary. See page 153. dt L2 x/Jdt
When x = 4 and dx/dt = 3:
1 3
~274(3)-"4
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dJldt

When x = 25 and dy/dt = 2: %dt

=2 zs(k)ﬁz 20
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Chapter 2 Differentiation

y=3x" - 5x
dy dx

dt = (6x-5)dt
dx _ __1 dy

dt 6x—- 5dt

(@ Whenx= 3and & _ 2:

dt

dv =l63 - 5l2= 26
a LO

(b)Whenx = 2and & = 4.

dt

& 1_ 4
dt =62 -5(4)=7
()
Xy= 4
gMdt+ y%dt=o

dy _(_y\'dx

dt U x/J dt

& [ w7

dy

dt U y)dt
(a) When x

gydt = —1/_28 (10) =
When x =1,y =4, and dy/dt = -6:

Fot=-La(-9)=2°

2xdX + 2y Y = 0

dt dt
m:(_x\ﬂ
| |
dt U y)dt
dx_(_y\‘dy
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y= 2% +1
d—x.:2

dt

1\4: 4)(%

dt dt

(@ When x= -1:

& =4 -12 = -gcmisec

dt )
(b) When x = 0:
dy
- = 40)(2) = 0cm/sec
dt
(c) When x = 1:
Q=412 = gemisec
OC )
dt
1
8 y = —_—.d—X =6
1+x?% dt
dy=(=2x) -dx

= 8,y = 1/2,and dx/dt = 10: -

(@ Whenx = -2:

- & _CRTR u
dt- = T ., T 25 in./sec
L 1+ (_2) ]
(b) Whenx =10:
-120
Q. = —— ) = 0inJ/sec
it 140
2
(c) Whenx = 2:

=12 2
Q\L_ = ((_;_)) = —ﬁin./sec

dt 25

1+222
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dt U xJdt
(@) Whenx= 3,y = 4,and dx/dt= 8:
dy 3
dt =-4(8)= -6
(b) When x = 4,y = 3, and dy/dt = -2:

X = -2 = %
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y= tanx,ﬂdt= 3

dv = gec? x-dX = sec®x 3= 3sec’ x
dt dt )
@ Whenx = -I :
3
dy = 3sec[— 77\‘ = 3(2) = 12 ftisec
dt \ 3)
(b) Whenx = =L
4
& ()7 3{/2)2
= 3sec? - | = 6 ft/sec
dt L 4)
(c)Whenx = 0:
dy
dt = 3sec?(0) = 3ftisec
dx
y=cosx, dt=4
Ay = -sinx- & = -sinx4 = -4sinx
dt dt )
(@ Whenx = I.
6
dy (my (1
- = —4sin | = -4 | = - 2cmisec
dt \6 \2)
(b) Whenx = ﬁ:
d
__y = —4sin‘(1‘\ = —4\(l/-2._\\ = —2\/_ 2 cmisec
\ \
dt (4 ) 2 )

(c)When x = -g :

QX = —4sin (_IT\ = —zgl/z_.\\\ =-2 \/— 3 cm/sec
[ [ [

dt \3) L 2)
A= mr?
dr
—dt = 4
Ay - omr Py

Whenr = 37,

Section 2.6 Related Rates
= 4377 r
dr _
a3
0\ 2 4L
dt = 47T gt
(@ Whenr =9,
3
AV = 479 2,3 = 9721 in. /min.
O
dt-
Whenr = 36,
(o ()
av 2 3
= 47 36 3 = 15,552 in.”/min.
dt
If dr/dt is constant, dV /dt is proportional to r 2,
4 dv dr
v =73’ Tt = ame Tt
dt = 800
dr = dV /dt
dtamrr?
dr
At r= 30~ :_800,— :—2 Cm/min
dt  4m(30)? o
d 800 8 .
Atr= 85, = = cm/min.

dt a1 85l 2 2891

ﬂdt depends on r ,hotr.

V = x3
%\[
gt= 6
dt = 2 By
(@) Whenx = 2,
dVv

dt = 3(2)2(6) = 72 cm’/sec.

(b) When x = 10,

d_th = 3(10)2(6) = 1800 cm®/sec.

187
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dA

“dt=2m( s= 6y /
LT

a=S23y

ﬁdt = 13

dA V3 ds Vasds

dt = 4(2)dt = 2 dt
A 3 =H¥3
Whens =41, dt = 2 (41)(13) = 2 ft°hr.

ds

(&) When x = 2,

ds
dt

(b) When x = 10,
ds

dt

cmPisec.

dt = 12 Py

= 12(2)(6) = 144 cm?sec.

= 12(10)( 6) =

720
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Chapter 2 Differentiation

17. v lerlp 4 n(‘ghz‘) [because 2r = 3h]
3 3 4
§4Hh3
& em di gh AW/
= h -4 = 2
dt 4 dt dt 9rh
When h = 15,
= b om— = .. ft/min.
dt 977 152 4057 h
=7
A=
1
2. )0)0) OC)HC)
1
(a) Totalvolumeofpool = 2 12 6 + 1612 = 144m°
2 00
Volumeof 1mofwater= 1 6 6 =18m°
18
(b) Because for05 hd 2,b= 6h,youhave
1
= 2bh(6) = 3bh= 3(6h)h= 18h° .
& Lo 111
dt =36hdt = 4 = dt = 144h =1441 =144 m/min.
1 () ( )
20V = ,bh12 =6bh = 6h? sinceb= h
(@ dY —12ndh - dh o 1 dv
dt dt dt 12h dt
av dh L 1

Whenh =1and dt = 2, dt =

121(2) = 6 ft/min.

(see similar triangle diagram)

V = nr2h
M _ 5
dt
h =10r=r = —
10
(h \2 m 3
Vom |h-= h
(107 100
4V 37 dh
dt =1000 dt
dh = _100 dv
2
dt 3mh® dt
Whenh= 35, db -__100 150
dt ()2 (
3735

=200 in.sec.



Chapter 2 Differentiation

) 1F9h —3in/min= L fuminandh = 2ft then ¥ = 12 2 (L) —3/min.

at 8 32 & U 32) a4



©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Chapter 2 Differentiation Section 2.6 Related Rates 189

x2 + 2 = 252
awdX + 2ydy =0

dt  dt »5
- - y
%\t‘ = 7)( d_)t( = % because% = 2
(@) Whenx = 7,y= /576 = 24, &Y =22(7) = - I fsec. x
dt 24 12
Whenx = 15,y :\@ = 20,% = iz?l = —Eft/sec.

Whenx = 24,y = 7,dy = =2(24) = 48 fysec.
dt 7 7
A= lsz
dA 1 dy dx\

:—\X_.+ y_

dt 20 dt dt)

— — dx _ dy _ __7
From part (a) you have x =7,y= 24== =2, and = —— S0,
part () y y dt a 12

dA :AM(— 7\ + 24(2) ﬂ =tB%%c.

dt 2L\ 12) ]l 24

X
tand = 'y

@ 1 dx x o

sec’d - = -
dt oy dt y? dt
a8 (1 x av
== cos®|T T -, - | X
y
dt L gty dtl
R o o _,dy T _ 24
Using x= 7,y = 24, Tt 2, s and cos 6 v you have
do 24\ 1 7071
q =175 1172(2) - T -T2 |1= 12 rad/sec.
L 24 | )l
x2+y2:252x th
+2ygydt:0
dx _ _y dy _ _0d5y f dy _ )
- - - - | because - 0.15|
dt x dt x dt )
Whenx= 25,y= «/ 18.7 % = —312£575 0.15= -0.26 m/sec.
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Chapter 2 Differentiation Section 2.6 Related Rates 191

23.Wheny = 6,x=_/I27- 6 :Q/_S,ands;/x +12-y ;= /108 + 36= 12.
()

X s
12—vy -
A X (xy)
yT
2
| O
X+ 12- v = §2
( ds
2x dx +212-y -ldy = 25—
dt ( ))dt dt
ax dy ds

xdt + (y=-12)dt =5 dt

Also, x2 +y2: 122
2X dx + 2ydy = 0:>_y =—x dx

dt dt dt oy dt
AR
So, x dx+ (y— 1p-xdx & s ds.
dt U oydt ) dt
dx|— 12x—| ds dx sy ds —1(2)1_@ -=1 -3
dtl ¥ y [=sdt =dt =12x - dt =(12) q/3 (-02) = /3 ° 15 m/sec (horizontal)
1
dy = -xdx :—_6\/§_~ 1:\61 =~ m/sec (vertical)
dt y dt 6 15 5
Let L be the length of the rope.
@) L2 = 144 + x2 ) If - d = —-4,andL = 13:
ZL%:ZX? dL_xdx_S( )_ 20ft/sec
t t T = 5AN T T
d L dL 4L [ d ) & @ B 13
— e emm | m—— T — | since P = -4 ft/sec| 2
at x dt x U dt ) & _ g NE - B
dt L dt L
R e e s Ry
13 L2+ dt L-m*
1> 1 -
When L =13:
x= VL% -144= 169-144= 5
d—X: _4(13) = —Q: -10.4 ft/sec
dt 5 5

Speed of the boat increases as it approaches the dock.
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Chapter 2 Differentiation Section 2.6 Related Rates 192

(a)s2 dx X+ y2 s2 =90 + X
dt e = 20
dy dx
= -25
S 600 dt
254t ds dx ds x dx
dx d 2s = 2X = = -
x Bt + 2y Wt dt dt Tdt s dt
ds — —
gt x(ax/dd+ y(dy di) Whenx = 20,s = 90°+ 20° = 10 85,
S ds __20 -50

dt = 10 /85 (-25)= JB5 = ~5.42 ftisec.

2nd

300 ~
20 ft,
2009 3rd/\/\ 1t
100 -
—I 90 ft
T
- v Home
When x = 225andy = 300, s = 375 and
ds = 225(7450) + 300(=600) = -750 mifh. 28 5% = 90° + x°
dt 375 x =90-20=70
b t =22 1 h_ 30min & o
750 2 dt
2 2_ 2 b x &
26. x© +y"=s dt = s - dt
( 3
ox O a=2s9ds | because dy = 0] Whenx = 70,s= 90% + 70> = 10 130,
dt dt \ dt J VA W/ J
dx sds ds —0_ 175
dt = x dt dt =10 130(25) = V130 = 15.35 ft/sec.
NN VA
Whens = 10,x = 100-25= 75=53, ang 0.
o ¥

d 10 &0
dt = 53(240) = 3 = 160 3= 277.13 mi/h.

y

5mi |

| g

S

29.(a) 5 =_y =15 —-15x = 6y
6 y- X
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y = 3X
? 15
=5 i
dy 5 dx 5 25 ‘
dt =3 dt =3(5)= 3ft/sec 10 ,
(b) d(y-x)=dy -0 = 25 - 5= = ft/sec
dt dt dt 3 3
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Chapter 2 Differentiation Section 2.6 Related Rates 194

30. (a) 20_ v ] b A0 -x) _
6 y-x dt dr  dt
20y-20x =6y -50
20 =__(_5)
14y = 20x B 7}
,- 10, : - L PV
7 Y ¥ 7 7 7
dx ! e
- -5
dt
& 10 10 =0
dt = 7 dt = 7(-5) ft/sec 7
t 3
1 . 2 2 . 2 2
x(t) ="2sin 6 x> +y* =1 x(t) =5 sinmt,x* +y =1
21T
iod: = A I
Period: - 12 seconds Period: 7L = 2 seconds
2
v 3 1
byWhenx Ly . hz 1) o3 (c) Whenx= % y= 1
2 \2) 10 - -4 :\/4__and
Lowestpoint:(O:'@\\ 2 dgogt osinmt=t ot =t
‘\ ) 10 5 2 6
2
1 X = 377 cos 7t
(c) When x == 5 d% 5
Xx“+y =1
(1Y _
Y PO ) VR 2 a8 L by X
\4) 4 dt dt dt vy dt
% = _l‘(l\ "_t :lcosi _dy =310 3 (IT\
= | cos So, - = . — .= 7cog— |
’ v
a 2Ae) 6 12 6 ¢t 154 5 ,le)
2
¥y =1 :—9;7:—9517
x & 42y = 0= dy X 25/?
dxdt  dt dt y dt
d 4 Speed = 0.5058 m/sec
So, —y = - /A ‘lcos\ (1) P
v/
dt 154 12 16/
-1 (1\\,6_ -m 1 /5w
= [— - = ‘
15\12) 2 247; 120
| =B
Speed = 150 F —120-m/sec

d

33. Because the evaporation rate is proportional to the surface area, = 4 r 2 rdt Therefore, k#rr r ) =

arrr? 9y = dV /dt=k 4mr . However, becauseV = (4/3)77r , you

have d_th dr
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Chapter 2 Differentiation

dt.
: a6 o gy
34. (i) (a) negative = positive
dt dt
b) ¥ positive dX  negative
(b) dtpS||v:>dt gativ

(i) (a)

(b)

2) Section 2.6

dx ; dy ;
g negative = o negative

4y positive X positive
at P = a P

82018 engage teaming: All Rights Reserved: May not be Seanned; e3pied F duplicated. 8r pasted 18 2 uBlicly aeeasshle wihse;

inwl
in w

Related Rates3

hele 8

ri
ri

195

R Rat



Chapter 2 Differentiation Section 2.6 Related Rates 196

(

35.(a) dydt= 3 db/dt means that y changes three times tan @ = 50

as fast as x changes.
y changes slowly when x = 0 or x = L. y changes more & _ 4 vsec
rapidly when x is near the middle of the interval. dt

dv d 2p 2 L
No.v = s3, Pt = 32 _Sdt sec“@ - dt = 504t
o 1, dy
dt = 5008 € - gt
ds . a2
If is constant, then dV is 3s” times that constant. y
dt dt
37. 1=1 +1
R R
R 1 2 ,
a1 =1
dt 0 X
dR, =15 50
dt m J2
1 dR 1 dRi _1 dR Wheny = 50,6 = Z,and cos6 = 2.So,
R .dt =R® - dt + R - dt dé =1_&\2(4 = 1 rad/sec.
R=30 dt 50 2) 25
[ ] 41. 10
dR= - ; _
dr (30)z|_1 1+ l2 1.5 | =0.6 ohm/sec sinf = x
dt s0 s
L( ) ( ) ] dx = -1 ft/sec
dt (9
38.V=IR (d6) =10 dx
dav dR dl = .
- = = “ gt J x 2t
dt =1 dt + Rdt de  -10dx
dl 1dv  1dR dt = x2 dt(sece)
dt = R dt -R dt
= -10 -1
av 252°( )/ 25; -10°
WhenV =12,R =4, dt = 3,and 10 1 2
dR = 2,1 =V =12 = 3and = 25521 =25 21
e
dt R 4 ~
dal 1¢y 3() 3 =2 21 = 0.017 rad/sec
dt =43 42 =—4 ampere!sec.
sin 18° =—Xy
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0=-x.dy+ 1-dx 10Q
X
y2 dt y dt

dx =x .dy =( sin18° 275 = 84.9797 mi/hr

d y dt )

X y

18°(
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Chapter 2 Differentiation

y

tan@ = x° ,y=5

ax
dt

do

(se029 ) dt
de

dt

)

(@ When6 = 30°,

do - 120

(b) When 6 = 60°,

a6

dt

(c) When6 = 75°,

@= 120 sin2 75° =111.96 rad/h = 1.87 rad/min.

dt

tan 6 = 50X -

dée

7

Ldt)
dx _

dt

, (de

sec 6|

dt

20j0d

=302

(

;(m
50\ dt /
(do)

50 sec’® |

Ldt)

-600 mi/h
5 dx
-x% . dt
— ( 5)dx x®( 5)dx
cosze|——2\— = -1
L x Jdt LU x Jdt
(—evah
L2 U'ks Udt
(-si6) L)(-600) = 120si6
|k5 l)
y=5
= 30rad/h = L rad/min.
(3) 3
= 120 = 90 rad/h rad/min.
\a) 2

= 6077 rad/min = 17 rad/sec

Section 2.6 Related Rates 198

de_ (10 revisec)( 2 rad/rev) = 201 rad/sec
dt
@) cos =2

30
—sin® dée _ 1dx

. o
dx = -30sin 6 d6= v

dt dt
-30sin 6 ( 201)

—-600717 sin 6
(b) 2000
0 4
2000
AR |
o )
sin 6| =1=6 =5 +nm org0° + n -180° .

|
|

(d) For & = 30°,

:_tx = - 600m sin(30°)= -60077% = =300 cm/sec.
For 8 = 60°,
OX= 6007 sin 60°
dt 0
= —600rr_23 = —300\/517 cmi/sec.
g 2P g
45.(@) sin, = ¢ =b = 2ssin
@ h o
cos = =h=scos
2 S
1 1/ 8y 8
A== bh= =l assin 2 2
2 20 2\ 2)
2 2
= s_.\(Zsin 2 cos Q.\\ = S_ sin 6

2\ 2 2) 2

) - -
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Chapter 2 Differentiation

D

[¢]

50 ft

|

|——  —

When 6 = 30°,% = 200m ft/sec.
dt3
dx

When 6 = 60°, dt = 200m ft/sec.

When 6 = 70°, dxdt = 427.43m ft/sec.

Section 2.6 Related Rates 199
(b) dA . cos 6 de where@ = 1 rad/min.
dt 2 dt da 2

m dA sz(\ﬁ\l\ Nak

When 9:'6’_dT:7|2”2|: 8

3d 2LN2) 8

(c) Ifsand dd{

]

. dA . .
is constant, ——dt is proportional to cos .
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X 48. y(t) = —4.9t2+20
46. tan® = 50= X = 50tan 6 dy
dx , dé dt = -9.8t
dt = 50sec 6 dt (y2:_4.9+20:15.1
2 = 50sec’ 8 do y'l=-98 2
dt y
de = lCOSZG, -m<0<rnm (©,0) 12 x
d 25 4 4
47. (a) Using a graphing utility, By similar triangles: 20 = —y—
X x=12
r(f)= 00096 f> - 0559f% +1054f - 615, 20x- 240= xy )
dr dr df df ‘
2 When y= 15.1: 20x- 240= x15.1
(b) o =df dt = (002881 - 1118¢+1054)t (20—15.1x = 240
)
Fort = 9,f = 16.3 from the table under the year 240
20009. x = 4.9
df 20x — 240 = xy
Also, dt = 1.25, so you have dx dy dx
y
dr_« 0028(816%2—1118(163) 10 4£2 ) 20dt = xdt+
i - O 3 ~1118163 + 1054 1.25 dx X dy
= —0.03941 million participants per year. dt = 20- ydt
dx 24p 4.9
(-9.8)
Att= 1,dt = 20-151 ~ -97.96 m/sec.
2, 2 ay
49. x~ + y~ = 25; acceleration of the top of the ladder = dt2
First derivative: 2x9X + 2ydy = 0
dtdt
xdX + yi\[ =0
dt dt
Second derivative: xd'X + dx - dx +y_d'ﬁ +dy -dy =0
d®  dt dt d?  dt dt
d2y (1) a2 ()2 o]
— =l=l-x—=- | -1 [
dtu ) dtia Lat |
L i
2
When x = 7,y = 24,QL = —.—7., and & = 2 (see Exercise 25). Because ax s constant,u = 0.
dt 12 dt : dt dt
d%y 1f 2 [ 7V =l 49} 1[ 625]
T2 7770 - @ Il [ =g — gzl = =T —mg I= -0.1808 fUsée
\ ) | L J 24| J
L i

©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
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o
[}
>

2 2

50.L =144+ x ; acceleration of the boat = dt

N

First derivative: 2 Ld—|; = 2xdX

dt dt
Ld—l-_ = xdx
dt dt
2 2
Second derivative: Ld—L Sdb o dl Xd—.x LA dx

dt, dt dt  dt2  dt dt 1
d%x (wr d2L (dL)? (dx\|2|

e _ LF H—] - | —
Ul Ldt) ldt) |
L
2
When L= 13,x= 57_d_x = —10.4,and$ = —4 (see Exercise 28). Because du is constant, d_|2_ = 0.
dt dt dt dt
d 2X 1 |' 2 2
d? =19 130+ (-4) - (-10.4) |
1 1
5[16 - 108.16] = 5[ -92.16] = -18.432 ft/sec?
Review Exercises for Chapter 2
1. f(x) = 12 2. f(x) = 5x- 4

()= tim (a0 2 Hx) F(x) = tim L0 1)

X—0 X X—0 X

12-12 [5x+ x" -4~ b5x-4
= lim = lim l—C ——— = — — = )
x-0 X X0 X
= iim L0 _ lim 5X+ 5 _x= 4-5x+ 4
x=0  x X0 X )
=lim&X =5
x—0 X

3.f(x) =x3 - x+1

f(x)= fim fCxt x)z Hx)

X— 0 X
[ 3 17 |
= |lim L_(LJ'.——X_)—E ;(X—+_ = —_—X)+£L_x __—Xi -1
X

—im i-_i._x_-x_i‘_x___Xgi__)‘(‘ﬁ—2X— _2‘___+_1M2X__1

Xx— 0 X

o) (Y

= lim X 43X X x5z 2 x

X— 0 X B ‘ h

[ax2+ 3x( x)+( x)? - ‘21

=1 ‘_a_u. L o —t—— Y ™
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Chapter 2 Differentiation

f(x) = §x
£(x) = lim £ X3~ (%)

_ b

= lim X+ _X= X = lim 8x=(6x+ 6 x)

K0 X oo X(x+ x)x oy

g(x) = 2¢% - 3x,¢c= 2
[ )

¢(2) =lim 4% =42

X— 2 X— 2

|im£2_X2:_X):
2

x>
lim(x= 2)(2x+1)
X —2X — 2

lim(2x+1) = 2(2)+1=5
X—2

1
f(x) =%+ 4.c=3

3 = limE - _f(3)

() o3 x-3
~-_1
= lim=XxXt4_ 7
x—3 X— 3
= lim__L=X_ 4

x—3 X+ 47 49

f is differentiable for all x # 3.

f is differentiable for all x # -1.

f(y="p

f(t)=0

= lim —=6_X

Review Exercises for Chapter 2

L = ||m_6_ = —

TUox(x+ x)x xeo(x* X Xe

12_ x—sfe

14. f(x) = x
1y >

f’(x) = gX12 + gX-16

2 _
g(t) = =3t
-4 4
-3
' = t = =
g(t) 3 3
8 8
16 h(x):s—xzr =X
h'(X):—_Z)(—sz—_Z_
5
5 5x
()
17. f 9): 40 - 5sin 6
(
f'6 =4-5cos6

18.ga): 4cosa + 6
(

ga =-4sina
()
19. f 8 = 3cos@ - sinb
() 4
cos 6
f'6 = -3sin6 -
( 4
20.ga \ = 55ina‘_ 2a
() 3
g'(a) = 28080 - 2
3

f(x)=ﬂ=27x_3,(3, 1)x
81

197
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f(x)=x - 10 f(x) =o7(-3) =4
] _ ﬂ_
f(3) = Tl
(x) = 3x% - 22x O )
22.f x =3x" - 4x1, -1
5_ .4
9(s) =3~ 2s f(x) = 6x- 4
g'(s) = 155" - 85 f' 1= 6-4=2
13.0(x) = ¥ 33 ¥= 6x127 4+ ad?
-3 _1
-12 23 .
(x)=3%"""+x"°= +
\/; N
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Chapter 2 Differentiation

23. f(x)= 4x° + 3x- sinx (0,0)
f'(x)= 20x* + 3- cosx

f'(0)=3-1=2
() ()
24. f x = 5c0osx—- 9%, 0,5
f(x) = -5sinx- 9
f(0) = -5sin0- 9= -9
25. F = 200T
Ft = 100
() T

When T = 4, F'(4) = 50 vibrations/sec/Ib.

WhenT=9,F(9) = 3313 vibrations/sec/Ib.

S= 6x°

d_sdx = 12x

/

When x = 4, d—de = 12(4) = 48in%in.

s(t) = -16t% + vot+ so;s0 = 600,vp = — 30

s( 1) = - 16t% - 30t + 600
s'(t)=v(t)=-32t-30

s( 3)_=s(;)

Average velocity =
3-1
366 —554
2
- 94 ft/sec

v(1) = -32(1) - 30 = - 62 ft/sec v(

3) = -32(3) - 30 = -126 ft/sec

s(t) = 0= -16t% - 30t+ 600

Using a graphing utility or the Quadratic Formula,
=~ 5.258 seconds.

When

= 5258, v(t) = —32(5.258) - 30 = —198.3 ft/sec.

Review Exercises for Chapter 2 199

f(x)= (5% +8)(x* -4x-6)
f(x)= (5% +8)(2x-4) + (x* - 4x-6)(10x)
10x3 + 16x - 20x% — 32 + 10x° — 40x> - 60x

20x° - 60x° — 44x — 32

4(5x3 - 15x% - 11x - 8)

g(x)= (2x®+5x)(3x-4)
g'(x)= (2x3+5x)(3) + (3x-4)(6x* +5)

6x 3 + 15x + 18x S - 24x % + 15x - 20
24x 3 - 24x % + 30x - 20

f(x) = (9x-1)sinx

f'(x) = (9x=1)cosx + 9sinx
9x cos x — cos X + 9sin x

f(t) = 2t°cost
f(t) = 2t°(-sint)+ cost (10t*)

- 2t°sint+ 10t % cost

X,+x-1
f(x)="2 5
xc-1
) =( ) 2 )
Koi(aas Crx-1(20
2
( ) x-1
aRt: +1
- )
X2 =1,
X+ 7

X
(_a-x 4 Q-@x + 7))
. -) .

f1(x) = (x + 4)?

_2x2 + 8- 4x% -14x
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Chapter 2 Differentiation Review Exercises for Chapter 2 200

2 1 2, )\ 2 2
28 S0 2gt2+v0t+ S0 (X +4) (X +4)
X4
- 16t2 + 450 Y= X—COS

v(t)=s'(t)=-32 y = (cosx)ax® -x?(=sinx)

v(2) = -32(2) = - 64 ft/sec \ cosix

v(5) = -32(5) = 160 ft/sec A gosx + X Tsin X

( ) ( ) COSZX
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Chapter 2 Differentiation Review Exercises for Chapter 2

in x o= Lroosx (1 g el sy |
y=21,% f(x) 7, _,11 2
X )
( )
v _()cosx= sinx 4x3_) _Xcosx—4sinx F(x) =0 cosx)(=sinx) = (1+ ;0“)( sin x)
(x)? X (1 - cosx)
_——2sinx
y= 3% sec x (1— cosx)z
y' = 3x’secxtan x + 6xsec x /TT\ -2 ,
f"— C— T =
2 l2) 1
y= —-x2tanx
[ m
y, — —XZSECZ X — 2 xtan x Tangent line: y-1= -2 x - _\
L2
y= XCOSX~— sinX = —2x+l+m
y' = —XSinX+ COSX— COSX= —XSinx 3
g(t) = -8t° - 5t+12
. 2
g(x) = x*cotx+ 3xcosx g(t) = —24t° - 5
g'(x) = 4x3cotx+ x*(—csc? x )+ 3cosx - 3xsinx g"(t) = -48t
ax%cotx - x*esc? x+ 3cosx— 3xsinx h(x)=6x'2+7x2
Gyl e (9 () = ~126° + 14
41. f'x’= X+ 2'x2t5,'-16
-4 36
F(x)= (e 2)(20) + e
h"(x) = 36x T14=
X2 + 5(1)
X2+ ax+x2+5=3x 2+ ax+51( 5
f(x) = 15x
-1)=3-4+5=4 5
Tangent line:y - 6 = 4(x +1) F(x) = Zax
25 12 225
=4X+30 PO = e = Vx
(
~a /
42,10, )= (- Hx?+ox-1.\04 ) 48, f(x) =20° x = 20x*°
‘ 45
f(x)= (x-4)(2x+ 6)+ x + 6x— 1(1) Flx) =4 /-
ny = Z1B8yg5 = —_16
= 2x? = 2x- 24+ x% + 6x-1 f S
( 95
= 3x% + 4x- 25 ) 5 X
f 0 =0+0-25=-25 49, f(e ) = 3tan 6
()
Tangent line:y - 4= -25(x - 0) = -2+ 4

201
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Chapter 2 Differentiation

43. f(x) X3

f'(x) = x-12 = x-1
( (
) )
(1) -2
12| =T4 =-8
t ) (/)
(1)
Tangent line: +3= -8 x— |
y 2)
y=-8x+1

Review Exercises for Chapter 2

f'e) 3sec’ @ )
f"6 = 6secH secO tan O

6sec’ O tan 6
h(t)=10cost - 15sint

h'(t)=-10sint- 15 cost

h"(t)=-10cost+15sint

g(x) = 4cotx
g'(x) = —4csc? x
g"(x) = —8cscx( - csc x cot x)

= 8csc? x cotx

202
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Chapter 2 Differentiation
h(t) = -12csct

(

h't) = —12-csctcott = 12csctcott
( ) (

h"t = 12csct —csczt + 12 cott —csctcott

( )

= —1ZCsc3t+ csctcotzt

53.v(t) = 20- ?,0< t< 6

a(t) = v(t) = -2t

v3 =20-3° = 11 m/sec
‘ o 2
a3 =-23 = —-6m/sec
90t
54. v(t) = TR

at = (4t+10)90-90t(4)
0 (4t+10)2

(__ 900 (225

= 4t+ 10, =2t +5°

( 14
al =225 = 459 fi/sec’
O 49
() vs =%0) = 15fisec
() 30
a5 =225 =1
ft/sec2
) 152
(10) 90(10) _ 15 e
50
a(10) = 25 0.36 ft/sec?
252
y= (7x+ 3)*
y = 4(7x+ 3)3(7) = 28(7x+ 3)°
y= (¥ - 6)

y =3(x® - 6)°(2x) = 6x(® - 6)°

Review Exercises for Chapter 2 203
58. f x = __ L. = 5x +1-2
() Tm+1?
( ) )_
fx =-25x+13 5=-_10___

y=5cos(9x+1)
y'=-5sin(9x+1)(9) = -45sin(9x+1)

y= - 6 sin 3x*
y' = —6005(3x4)(12x3): - 72x 3 cos 3x*

_ X _ sin 2x

y

24
y'=1 deos2x2  =11- cos2x = sirf x

2 4 () 24 )
7 5
Sec_X Sec_X
62 y=" -7 s

y' = sec® x( sec x tan x) — sec” x( sec x tan x)

sec” x tan x( sec? x - 1)

sec® x tan° x
y= x(6x+1)°

4 5
y = x5(6x+1) (6)+ (6x+1) (1)

3ox(6x+1)* + (6x+1)°

(6x+1)%(30x+ 6x+1)
4

(6x+1) (36x+1)
/

64. (s) = (s2-1)52(ss + 5)

(s) = (s2-1)%2(3s2)+ (53 + 5)(52)(s2 - 1)¥2(2s)
= s(s:2 —1)”&35(52 -1)+ 5(ss + 5)1J

s(s2 —1)3/2(853 - 35+ 25)

65. 1 (x) = —X—

—
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Chapter 2 Differentiation Review Exercises for Chapter 2 204

1 3 VxS )0 G0
¢ /
57.y= X+ 55 =(x*+5) f {2 1 -2
( ) F(x) = 4 ‘|x+5 1-x" x+5
N
2 4 L X+ 5) | x+5
y'=-3(x% +5) ()
L ]
o & w2l ]
T +5\z<x+%)(zxw+ 5)/_X|
X2 +54 2 J
3x“°(x+10)
2(x+ 5)°/2
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Chapter 2 Differentiation

h(x) =(x+5Y

|\x2+3|)
2+31 - X+ 52x)

(xes o— =

. - v
2 H, (2 )
X + 3
2(x+5) -x* —10x+ 3
)

———————————

) =-)
|

x2+ 3 3

¢ )

3

67.f x =—1-x", -2,3
—3x2

1, -12

frxy=, 1-%%) (-3¢ )\F2z1-x

=12

f(-2) =23 = -2

| 0

68.f x =¥X2-1, 3,2

frx :1X2—1'2/32X: 2X

() 3 ) () (2 )23
() 1 3x -1
23

f(3) =347 = 3
()
X+ 8

69. f(x) = 3'x'+_11é_, (0,8)
frx= ( )

e s
X121l - x+8 _3Xx+1 3

() 3x+1
1- 4(3)

f1(0) = . =

(0) T 1

70.f x = 3x+1 1.4
() &x-3% ()

‘ )() ( )X ) )
4x -3;3 - 3x +134x-3,14

f'(x) = (4= 35

Review Exercises for Chapter 2

y= lcchx,(H,l\
2| \42']
y' = —csc 2x cot 2x
()
y | =0
\4)
(m )
72. y = csc3x+ cot3x, | —_— W1
L6 )
y' =-3csc3xcot3x - 3 csc? 3x
('
y— | =0-3=-3
{6/

y= (8x+ 5)°
( ) () ( )

y' =38x + 5 8 = 248x +5

( )

X
y" =242 8x +5

X

) (
8 = 3848x +5

()
— -1
74. y :5X+1> bx+1
) () ( )7
y'= -15x+17% 5= -55x +1
y"=-5-2 5x+ 1-3 5 = =20
X ) () Bx+1s
( )

f( x).= cotx
f('(?<)=—csc2x
f"(x) =—2cscx( - cscx - cotx)

=2 csc2 X cot X

201



Review Exercises for Chapter 2 202

Chapter 2 Differentiation

y= X sin® x

sin® x + 2x sin X cos X
" = 2sinXcosX+ 2sin X cosXx+ 2X cos

]

y
y

2 X = 2xsin2 X

=4sinxcosx + 2x(<:os2 x - sin® x)
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Chapter 2 Differentiation
700
77 T— |-2 4 Nt 1N

= 700( # + 4t+10)7!

T' = —1400(t + 2)

( + at+10)?

Whent= 1,

_-1400(1+2) _

T' = -18.667

deg/h. (1+4+10)?
Whent= 3,

( )
-14003 + 2

T' =(9+12+10)> = -7.284 deg/h.

(c) Whent= 5, ( )

(d) Whent = 10,

78.

X

14005 + 2
T' =(25+ 20+10)* = -3.240 deg/h.

)

2 = —0.747 deg/h.

=140010 + 2

T' = 100+40+10

( )

y= dcos8t- Lsinst
4 4
1 1

y' = 4(-sin8t)8-4(cos8t)8

= - 2sin8t - 2cos 8t

At time t=

y\(—n 1 =

\4) 4

f.,
lcos\sl\— (lﬂ— lsin \E(zﬂ
L )]« [\4)]

1 = 2 ft

I
e
=

v(t)= y

-2(0)- 2(1) = - 2fi/sec

2 2 =64

)
5 5]

1

]

Review Exercises for Chapter 2

81. X3y— xy3: 4

By + 3%y - x32y - 3= 0
By - 32y = y3- 3dy

y'( 3 - 3xy2) = y3— 3x2y

vy
= x3—3xy2
2 32
\/_
y'= x(x2—3y2)
Xy = x- 4y
e Ay
o T T
Xy'+y= ZV'TS xy\/’_
x+Jxyy =Jdxy-y
y':ﬂzy__y
x+ 8./xy
2(x —4y)-y
= x+ 8x- 4y
¢ )
2x- 9y
:9x—32y

Xsiny =y cos x

(xcosy)y' +siny =-ysinx+ y’'cosx

y' Xcosy — cosx =-ysinx-— siny

, _ysinx+ siny
COS X — X COSY

cos(x+ y) = x

2x+ 2yy' =0
2yy' = - 2x
X

203
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Chapter 2 Differentiation Review Exercises for Chapter 2 204

-1+ y)sin(x+ y)=1 y'sin(x+ y)=1+sin(x+ y)
y =y |
y'= - lasiniX# V) = —csex+1-1
. ( )
x2+4xy—y3:6 Sln(X+y)
2x+ 4xy' + 4y - 3y2y' =0

(4x— 3y2)y' = -2x- 4y
2x+ 4y

3y2 — 4x
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Chapter 2 Differentiation Review Exercises for Chapter 2 205

2 2 _
85. x® +y" =10 ﬂ(f..}l-
2x+ 2yy' =0 /F__v,.l
-6/<_/\ 6
- X
y =y
-4
At(3,1),y = -3
Tangent line: y-1= -3(x- 3)=3x+y-10=0
Normal line: y—1:l3(x—3):>x—3y:0
x2 - y2 =20 Surfacearea= A= 6x 2 , X = length of edge
2x-2yy'=0 dx
X _dt: 8
y'=y
dA _ 12XQ = 12(6.5)(8) = 624 cm? /sec
3 dt dt
At(6,4),y =~
3 tanf = x -
Tangent line: y- 4= 2(x- 6) B oo dmin
= 3yx- dt
y= =2x-5
2 secze‘(gg\‘ _dx
2y_ 3x+10=0 kdt) dt
2 dx =(tn’6 +16m = 6m (X +1
Normal line: y—- 4= -3(x-6) dt )
2
=- 3x+8 Whenx:;l,
3y+ 2x-24=0 dx (1 157
—_ = 6T +1] = ___km/min= 450 km/h.
7 dt 4 ) 2
\\-{4)
AN 9
1
-1 .rf 11
t X
y=
dy o,
m 2 units/sec

dy = 1dx _ dx =2\/yﬂ:4%/—

dt 2_\/ x dt dt dt

(@) Whenx= ;1 % = 2-/2 units/sec.
When x = 1, th = 4 units/sec.

When x = 4, th = 8 units/sec.
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Chapter 2 Differentiation

s(t)=s'(t — 4.9t

)= -9.8t
s= = 60- 49
4.9¢ =
o5
Ji9
tan30= __ = sl
V3x (1)
()= f3s (1)
dx
= S :\/;(—9.8 —5 = -38.34 m/sec
dt
dt 49

Problem Solving for Chapter 2

@ %% + (y-r)? = r* Circle

X = y, Parabola
Substituting:
y-r)f=r’-y
y2—2ry+r2:r2—y

y%—Zry+y:O
yy-2r+1 =0

Because you want only one solution, let 1 - 2r= 0=

(b) Let ( X, y) be a point of tangency:

:x2:>y'=2x,ParaboIa
Equating:
X
2x = b-y
( )
2b-y =1
b-y= 1 =b = y+—1
2 2

Also, x* + (y-b)’= 1and y = x° imply:
(1

Review Exercises for Chapter 2

(9

Va0

X (t)

X
¥+ (y-b)2=1=2x+2(y-b)y = 0=y =p -

v Circle

r 1 3 5
y+(y=b) ‘= 1oy+ |V -y —ﬂz:13y+ =1l=y= - andb=-

LU 2
(o, %)

Center: | 0

-y
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Chapter 2 Differentiation Review Exercises for Chapter 2 207

2 2 =
Graphy = x“andx sy = =1
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Chapter 2 Differentiation Problem Solving for Chapter 2 205

() )

2. Let a\,a2 and b,-b2 + 2b — 5be the points of tangency. Fory = x2,y' = 2xand fory = -x% 4 2x- 5,

y' = =2x+ 2.S0,2a= -2b+ 2=a+ b= 1,0ora= 1- b. Furthermore, the slope of the common tangent line is
_a_2:£—_b2+ 2b=5 22
) fl_—g_+b—2b+5
"Tla=b e = 1—b)—b = -2b+ 2
(
1z 2+ b* +b° = 2+ 5= —2h+ 2

- 2b
2b% - 4b+ 6= 4b% - 6b+ 2
26° - 2b- 4= 0

b2 - b-2=0
(b-2)(b+1) = 0
=2-1

( )« )
Forb= 2,a= 1- b= -1and the points of tangency are ~ —1,1and 2,-5. Thetangent line has slope
( )

-20y-1=-2x=1=>y= -2x-1

Forb= -1,a= 1- b= 2and the points of tangency are ( 2, 4) and ( -1, -8). The tangent line has slope
y=4=4(x-2)=y=4x-4

246810

Let p(x) = AC + BX® + Cx+
Dp(x) = 3AX% + 2Bx + C.

At11: At -1,-3:
A+ B+ C+D= 1 Equationl A+ B- C+D = -3 Equation3
3A+ 2B+C = 14 Equation 2 3A+ 2B+ C = -2 Equation4

Adding Equations 1 and 3: 2B+ 2D = -2

1
Subtracting Equations 1 and 3: 2A+ 2C= 4D= 7(-2-2B)= -5.
Adding Equations 2 and 4: 6A + 2C = 12

Subtracting Equations 2 and 4: 4B = 16
1
So,B=4andD= 2(-2- 2B) = - 5. Subtracting 2A + 2C = 4 and 6A + 2C = 12,
1

youobtain 4A= 8 > A= 2.Finally, C=  2(4- 2A) = 0.S0, p(x) = 2x°+ 4x°* - 5,
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Chapter 2 Differentiation

f(x) = a+ bcoscx

f'(x) = -bcsincx

)
(1 3) (cr) 3
At e = At DS | = = Equation 2
\4 2) \a) 2
—bcsiﬁf): 1 Equation 3
\ 4)
1- b+ beos ) =3 = -p+ beos L =1
\4) 2 4 2

@ y=x2,y" = 2x Slope= 4at(2,4)

Tangent line:y -4 =4(x-2)y
=4x-4

Slope of normal line: - l4

Normal line: y- 4= —14(x— 2)

1 9
= —=X+ =
y 4 2
19 .,
y:—4X+2 =X
2 _
=4x" + x-18=10

= Ax+ 9 x-2 =0

(d) Let

Tangent line at

Normal line at

Problem Solving for Chapter 2 205

.
From Equation 3,b = c¢sin( cr7/4) . So:
— - (em 4
csin(cr4) csin(emrd) \ 4) 2
(e 1 (&)
1- cosl | = —_ csin |
L4 2 \4)
Graphing the equation
csin| | + cos| ‘
2 L 4) L 4)

you see that many values of ¢ will work. One answer:

3 3

c=2,b= —lZ,az 2= f(x)="2- l20052x

be a point on the parabola
is

is

To find points of intersection, solve:

X=2,- 2
4
_ (9 81)
Second intersection point: | "=, — |
line:x=0 L4
Ta
X ~1.0©9 | —0.1 ngg -0.001 | o o0.001 | 01 1.0
cos x 0.5403 | 0.995fin| =1 1| =1 0.9950 | 0.5403
e
P;_(x) 0.5 0.995Qy ~1 1| =1 0.9950 | 0.5
0
N
or
ma
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Chapter 2 Differentiation

The normal line
intersects a second

Problem Solving for Chapter 2 205

time at
89 f(x) = cosx Pi(x)
ax )=1 P1(0)
a %b% ! f(x) = cosx B(x) = ap + ax + ax*
0= t(0) =0 P1(0)
2 = f(0) =1 B(0) = ay = a =1
1 =
Pr(x) =1 £1(0) =0 B0)=a = a =0
a1 =
aj = f1(0) = -1 P'(0) = 2a, = a, = 3
0 Pz(x) =1- %xz
(a, az), a #0, y = x?
(a, a2) y = 2a(x - a) + d°.
P2(x) is a good approximation of f (x) = cos x when xisnear 0. (a.@®) y = ~(1/2a)(x - a) + a’.
¥ = —L(x —a)+d
2a
2 1 2 1
X+ —x=a*+—
2a 2
I 5 T
G =a +=+
2a 164° 2 16a®
1

1 1 ;
X+—=a+— = x =a (Point of tangency)

4a 4a
1 [ 1) 1 2a® +1
X+—=—-a+—|>>x=-a-—=-—
4a 4a 2a 2a
2a% + 1
x =- :
2a
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Chapter 2 Differentiation Problem Solving for Chapter 2

2 3
(d) f(x) =sinx py(y) 0T AXT AT A
f(0)=0 P3(0) a0 =ap =
f(0) =1 Py(0) @ =a1 =1
£7(0) = 0 P3'(0) 2a a2 =0
l6
fm(o) = -1 P3m(0) 6a3 —a3z = -
L3
P3(x) = x=%x
4 _ 2.2 2.2 . e
7.(a) X =a“x"-a‘y (c) Differentiating implicitly:
a2y? = a?x% - ¥ 4x} = 2a’x - 2a*yy’
a’y’ - x 2, _4y3  x(a® - 2x? 5
y = == = .,:2ax24x:( = ):032x2=a“:>x=_
a 2a%y ay
a X — X (12 2 a2
Graph: y1 = ———— N S
\/ELXZ—_XA a4 a4 5. &
andy2 = ——— . 7=7—0'J"
4
(b) 2 . a*y? _a
a=22 4
FaNvaut poe
— =i_
() y sk
+a, 0 are the x-intercepts, a ﬂ] (L _g] [_L zj (_L a
. _ 2/ \W2° 2 9" e 2 2
along with 0,0. Four points: V2 V2 V2
)
8. (a) b2y2: 0 a- X;ab>0
2 X—g(_a—'l)
y = b2

/ 3

Graphy1=_,£(u1andy2=— a-x}
b b

a determines the x-intercept on the right: ( &, 0). b affects the height.

Differentiating implicitly:

M2y =3¢ (a- x) - 3 = 3ax° - 4

3ax2 - 4x3
y = ‘_'2_' =
2b%y
3ax2 = 4x3
3a= 4x
3a

(3‘1@\3( 3a) 278 (1)

207

ta
2
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Chapter 2 Differentiation Problem Solving for Chapter 2 208

(3a 3/8a° \(3a 3\/3;2\

Twopoints:k_ — _._#, J.._. T — .l‘

4 16b JU4 16b )
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Chapter 2 Differentiation Problem Solving for Chapter 2

C ) )
9 () ' Line determined by 0,30 and 90, 6:
36=6— o -+ —

y—-30= 0-90 (x-0)=-90x = -15x = y= - 15x + 30

When x= 100: y= - 4100 +30= 10 >3

9 100 15 ( ) 3

Not drawn to scale

209

As you can see from the figure, the shadow determined by the man extends beyond the shadow determined by the child.
( ) ( )

(o) ’ Line determined by 0,30 and 60,6:
304 (0, 30) 36—6— 2 2

y-30= 0-60 (x -0)=-5 x=y= -5x+30
2

M -_

6 70 Whenx = 70:y= - 5(70) +30=2<3

Not drawn to scale

As you can see from the figure, the shadow determined by the child extends beyond the shadow determined by the man.

(c) Need (0, 30), (d, 6), (d+10, 3) collinear.
30-6 6-3 24 3
0-d =d—(d+1o):>7 =10 =d =80 feet

Let y be the distance from the base of the street light to the tip of the shadow. You know that dx / dt = -5.
For x > 80, the shadow is determined by the man.
yooyox 5 dy 5k 25
= = y= _xand = =
30 6 4 dt 4 dt 4
For x < 80, the shadow is determined by the child.

Yoooy-xs10 10 100,y 100 50

30 3 9 9 dt 9 dt 9
Therefore:
[ . g
dy _ 4
t 10 5o ,cg
\[ 9

dy/dt is not continuous at x = 80.
ALTERNATE SOLUTION for parts (a) and (b):

(a) As before, the line determined by the man’s shadow is

— _ _ _30=3 _
Y = axs a0 — y-30= (x
m 55— oy = =27
Ve = x+ 30
The line determined by the child’s shadow is obtained by finding the line through 0

0)
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Chapter 2 Differentiation Problem Solving for Chapter 2 210

100 100
By setting ym = yc = 0, you can determine how far the shadows extend:

o 4. _ _ | C ) «C )
Man:ym =0= E_)x— 30=>x = 1125= 1125 0,30 and 100, 3 :
Child:ye = 0 = 2Ex = 30=x= 111 11 = 1114

e = 100* ~ - b=

The man’s shadow is 112 1 - 1111 = 17 ft beyond the child’s shadow.

2 9 18
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Problem Solving for Chapter 2

(b) As before, the line determined by the man’s shadow is

Y= -52x+ 30

For the child’s shadow,
30-3 27

y-30= (x-0)=yc = -_ x+ 30

0-70 70

Man:ym = 0= fx: 30=>x=175

Child:yc = 0= 27 x = 30=>x=700 = 777
0 9 9
So the child’s shadow is 77 g -75=2 g ft beyond the man’s shadow.
! dx
3 dy 1 -23
10.(@) y= x = dt = 3xdt

1l -23dx
1= 3(8 dt
dx =12 cm/sec /
dt
2 dD 1 2 2 dx dy ) x(dx/dt)+ y(dy/dt)
(b) D= X +y = = ==(x +y)2x— + 2y— |z

dt 2L dt dt ) x? + y?

1 —
2 —*21

e - N N A
64+4 - \/_6.8_ 17
y , 49 dy /dt jggx/dt) /
(c)tang =~ =sec@ -~ ="~

X dt ¥
6
8

o6 v JZ
8

8

g bl _—=d2) -5 4

Fromthe triangle,sec® = 688.So dt = 646¢64 = 68= — 17 rad/sec.
( )

@ v(t) = - 25 t+ 27 fifsec
a(t)y=- 25 fijsec?

v(t)=-25t+27=0=2"5t=27 =t =5 seconds

s(5) = - 162 (5) 2+ 27 (5) + 6 = 73.5 feet

The acceleration due to gravity on Earth is greater in magnitude than that on the moon.

12.E(x) = lim ( ) () =lim () () (Hy=lmEX) () = E(x)lim

E x E X _x ZEX (E x =z1)

209



Problem Solving for Chapter 2 210

X0 X X—0 X X—0 K X ) X—=0 X
But,E' 0 = Iimﬂlliﬁ(o) = IimE_(.:X.): 1-1.50, E'x =EXE'0O = Ex existsforallx.
() o X o X () () () ()

For example: E(x ) = €.
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Chapter 2 Differentiation

1B = lim L0t X)L 00 = i L LOOPL(X) = jjm LX)
( . X 0 X .

x—0 X— x—»0 X

Also, L' 0, = limk(X)=LO) Byt L0 = Obecause LO = L 0+ 0 L(0) + L(0) = L(0) =0.
) X O) O C )
So, L'(x ) = L'(0) for all x. The graph of L is a line through the origin of slope ~ L'(0).

14.@)| ; (degrees) | 0.1 0.01 0.0001

ol 0.0174524 | 0.0174533 | 0.0174533

z

(b) lim SIDZ = 0.0174533
z—»0 Z

In fact, limZ2 = _IT_

reo 7 180
(C)i sinz = lim ﬂ(Z"'—Z)E-I_;
dZ( ) -0 . z

z

[ (cos z- 1ﬂ +”m|— ( sin zﬂ

z—-0

= lim [sin 7 cos 2|
-0 zZ 2%0‘; k zZ )J
= (sin2)(0) + (cosz)] L | = cos2
\180 ) 180
m o) i

S(90)=sin(_|180 9 |=sin 2 =1
)

0o_ | |
C180 =cos' - 180' = -1

180 )
d d m

dz8(z) = dzsin(cz) =c-cos( cz) =180C (2)
The formulas for the derivatives are more complicated in degrees.

i(t) = a(y)
j( ') is the rate of change of acceleration.
s(t)=-8.25t%+
66tv(t)=-16.5t+
66a(t)=-165
a'(t) = j(1)=0
The acceleration is constant, so j (t) = 0.

a is position.

b is acceleration.
cis jerk.

d is velocity.
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Explorations 1635

Chapter 2, Section 1, page 100
- The line y =x - 5 appears to be tangent to the graph
,V/ of f at the point ( 0, - 5) because it seems to

intersect the graph at only that point.

T
il

10

Chapter 2, Section 2, page 110

f(x) = x* f(x) = %
f1(x) = lim £0x£ )= () Fi(x) = lim 0t =100
x—0 X x—0 X
= lim & - X= ~lim (2 0%
X A Al==2
X0 X x—0 X
= “m/x - lim X2+ 2 X+ (X)-x@

X—VO/% X0 X
x =0 = lim 2X X !. X!2

1
§.
[N

= 1 Xx—0 X
- lim &2+ _x)
ST
=lim 2x+ x
= 2X
¢ f(x)=x
f'(x)= lim L0 0-(x)
x—0 X
= tim ot _0° =
x—0 X
= lim X +'3x2 X+ 3x( _x)z + (3=
x— 0 . X
= lim im@b!ﬁ
x— 0

= lim ﬁ%ﬁﬂ(r(—ﬁﬂ
T

lim [3x%+ 3x x + X2 |
XHOL ( ) J

3x2
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1636 Exploration s

f(x)=x*

f(x) = tim Lo x)z£(%)

x—0

= lim Lx )"
x—0 X

—

= im 2t 45 x2 BC(xP + a(x P+ (-
x—0 X

= lim 4x3‘x+ 6x.2('x_)_2'+_4x'( ?()‘3 + (x)*
X

x—0

= lim 7~ iE % "Tﬁg‘_.“ﬂtx%'_f'ﬁlw
=0 ) O

X—0 (
3
= lim [4x” + 6x2 x + 4x X2 + x3-|
4x3

fz‘/_

I—

e. f (x =X f.f(x)=x"= «x

f'(xizlim flxt_x)z £(x) T+ )= ()

o T X T f'(x) =lim
x—0 X
= lim 2ZX+ X—\/; 1 —_l
x—0 X = lim X+t X X
) [X¥ X XY /XF X X ) . X
:'X'To( f{ =i | 0x—(x+_x)
X Ix+ x +\/_x) _—
(x+ x)-x = lim Xt x),

= lim x—0 X

o atx 4 x w :
lim __—=&—

= lim 4 . x—»O_/)-((x;(x;”x)
/x(“x + X+\/x_)

x—0 -1

= lim
= lim v—o X(x+ x)

1
o+ x+/x _ 1

4
=2Vx =-x?
1

_2 X—l/2

The exponent of f becomes the coefficient of f'and the power of x decreases by 1.

() =0 (07
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Explorations 1637
Chapter 2, Section 4, page 134

a. Using the Quotient Rule: y' = (3x_+(1)_(g)_—_2()§) = =(_§ ;

X + 12 X +12
L ( )
|

_1'
Using the Chain Rule:y ' = 23X+ 1 1 ()
2-13x+1., 3

(—6 )
= - 3x+1,

b. Using algebra before differentiating: y ' =
C 0

Using the ChainRule:y ' = 3x+ 2,1 = 3x2 +12x+ 12

[x3 +6x2+12x+ 8] =3x2 +12x+12
L ]

Using a trigonometric identity and the Product Rule:

y =sin2x =2 sin x cos X
1 ) )

( )
y' = 2[sinx —sinx + cosx

).
COSX—|

2[cos? x - sin®x|
LJ

2 c0s 2x

Using the Chain Rule: y' = ( cos 2x)( 2)
2 cos 2x

In general, the Chain Rule is simpler.

Chapter 2, Section 6, page 152

T
\Y; :_3r2h
dv m( dh dr
— =—|p2— + 2th—
d 3 U dt dt
ml ]

3 L) (/— 0.2 ft/min ) + 2(1 7t )( 2 ft )( - 0.1 ft/min)
T3 (-02ft> min- 04> min)

H3(—0.6ﬂ3/min)

- ES ft 3 min
. dh
Given: — = - 0.2 ft min
dt
dr
dt = - 0.1 ft/min
=1ft
h=2ft
The
rate of
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Explorations 1638

change in the volume does depend on the values of r and h because both variables are in the function dv

—dt.
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CHAPTER 11

Vectors and the Geometry of Space

Section 11.1 Vectors in the Plane

Answers will vary. Sample answer: A scalar is a real
number such as 2. A vector is represented by a directed

line segment. A vector has both magnitude and direction.

For example <\/§,1>1as direction g- and a magnitude of

2.

()

2. Notice that v = <6,—7>_ <2— -4,-1- 6> = QP.

Hence, Q is the initial point and P is the terminal point.

3.(8) v= (5-1,4-2) = (4,2)

()
5
il
34
4, 2)
24
\Y
1 2 3 4 5 d
()
4.@) ve (ca-2-3- -3)=(60)
(b)
4
0 2g >
T
T8 64 2 T~
2

= <3—1,8—4> = <2,4>

(9-35-10) = (6,-5)

1
{op]
e

u= <11— (-4),-4- (—1)> = <15,—3>

9.(0) v= (5-2,5- 0 = (3,5)

v = 3i+5j
(@), (d)

@5, 6.5,

2

>

1
‘l‘ (2,0
-1

1 2 3 4 5

1

(b) v= <3— 4,6 - (—6)> = <—1,12>

v= —i+12j
(@), (d)

(-1, 12)

e(3,6)

—+—> x
6810
4,-6)

EEBER M
4
-6 (‘_

(b) v=(6-8-1-3 = -2,-4
v= —2i- 4j
(@), (d) y
6
7 83
=4 -2 ® 3J >
1 ®-1
(-2,84) 1
6

12.(b) v= <—5— 0,-1- (—4)> = <—5,3>

v= -5i+ 3j
(a) and (d). y
(-5, 3) 4
\J 2
N_s ~010-13) = (153
u= v
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-6 -4 -2 2
(-5, -1) -2
(0,-4)
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1092 Chapter 11 Vectors and the Geometry of Space

13.(b) v= <6— 6,6 - 2> = <0,4>
v=4j
and (d). v

()
14.(b) v= £3-7,-1- -1) =(-10,0)
v= -10i
(a) and (d). ,
31
2L
(W-—O—O—f—'—»
L o — X
-8-6-4-2 | 2468
(-3,-1) 7.-1
-2

0 ve (L3, 324 ) =(-15)

V= —i+ 3

(a) and (d)

\

¢

-2-1 12

16.(b) v= (\84- 012125~ 0.60 & 0{2,065 )
v= 0.72i + 0.65]

(@) and (d). (0.12, 0.60)
1.254] ® (0.84, 1.25)
1.004 /
0.75+
0(0.72, 0.65)
050
025 | /
< >

0.25 0.50 0.75 1.00 1.25

u
17.u1  -4=-1 1= 3
uz - ’2= 3 uz =5
Q= 35 Terminal point

83018 Eengage beaming: All Rights Reserved: May not Be scanned: eopied oF diplicated: o posted 19 2 Rublicly 3seessiple websie: I Whsle 8 in part

18.u1 - 5=4 ur =9
u2g - 3=-9 u = -6
Q= (9,-6) Terminal point
19. v=4i
|v||:\/4_z:4
20. v= -9j
VII:‘\’(_ 9)2 =
y= (8 15
N V8% 152 = 17
22 = ( -24,1
VB 472 - s
BVIF-i-S ()
N
Vo =3+ 3

Ivl=\BZ+ 3 =ig=3-2
25.(a) 2v= 2<3, 5> = <6,10>

o (6, 10)

A
(-9, -15) -15

7,,= (2 lﬂ2>

A 3%

s (5%

-
-3
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Section 11.1 Vectors in the Plane 1093

= {4,9),v= {2, -5

)

su=2304.0) = (85 6)

2
3v= 3<2, - 5> = <6, —15>

v-u= {2,-5)-{4,0) = (-2, -14)

)

ou+ 5v= 2049 + 502 -5 >

(8.18) ) (10, -25

(18, -7
26.(a) 4v=14 <—2, 3 >: <—8,12>
y u= <—3,—8>,v: <8,7>
o (-8,12) 12 (@ 2u= _2< -3, _g>: <_2, _is>
10+ 3 3 3
o sv=3l8,7) = (24,21)
1 )
4v -
Yiow - v-u= g7 -5 -8 =l s
\% X
Gt 2u+ 5v=20-3-8) + 5lg 7)
(b) —.v= <1,—a_> <— 6, —16> + <40, 35>
)
2 , 34,19
23 y
2
’ ~
» X u
-3-2-1 I\-22v 3 \'
A ebea(
3 = X
Ov= <0, O> . .
, Twice as long as given vector u.
%3

-3-2-1 4 1 -

@ -6u= (12, -18) ,

31.
(-2, 3)oé
A" >,
-6 -2 \2 61014

-V

I
()
<
® <

10 \

>
14 X

18(l2.-18) ®
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1094 Chapter 11 Vectors and the Geometry of Space

32. y

33. y

u+2v

AV

v= (312)
Il V32 1122 Vg3
u= v

:<\/E \/1_—7> unit vector
17 17
V= <—5, 15)
IVl v 25+225=~/250 = 5/10

u= Y _(-5.19 :—\—/_1—0‘3-\@ unit vector
510 10 ' 10

<

38. v= (-6.2 34

[vl|= / (-62)* + (34)* =/50 = &/ 2

=y (6234 _ _A'Zﬁ‘/_i
1 e

v 52 50 50

u= (1,-1),v= (-1,2)
@ lull-vi+1= V2

(b) "v": " 1+4= \/_5

© u+v :< 0,>1
Wu+vll=+~ o0+1=1

u 1

@ AL
g
u

© l%l :7%<—1,2>
=t
vl

0 -
uul_ .
lu + v|

(f) H = ;/—i<3,-2>

> unit vector



1095 Chapter 11 Vectors and the Geometry of Space

u+ v
unit vector
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® |l -~4+9 =13

< 7
u+ v= \3, 2>

Jus ol = for 22 B

© ﬁh:jﬁ%@s>

u={2,-4),v= (55
@ Jull-~/416=2 /5
®) |V]I-V25+25=5 V2

© u+v-= <7f
lu+vi=~"  49+1-672

u 1

(d) lﬂ m@ -4)

Section 11.1 Vectors in the Plane 1095

3. u= (21

[ul] /5= 2236 T

v <5 £>

3

M| V41~ 6403

u+ v= <7g B
lu+ V] V74 = 8.602

ut v Ll Al
NEZEINCERNIT

s, u= (=32
lu [l V13 =~ 3606 e

1 2 3 456 7

V= <1, —2> _u+f “
VIl = 502

urv={ )
-2,0
lu+v Il =2
| u+v I <llul+]vl
J 25/13+ 5
45, |u-u—. :<1§ > <0,>3 =01
s( u 601l = o6
T
v:< 0}6
R
46. |E|\/_ 21,1
(u ) _
4 u ‘_\/2_< > 211
(Il
vi N3 22 2

47. 4 . :;_<—1,>2:<—\7é5 >

lul 5 5

(u)

U e v I
L ul) 5 5
V:<“/—51'2/—>5

e ?1-3<\/—3 3y

A

v= 1, 3



()
( y ()]

49.v= 3[ cos0°i + sin0°jl=3i= B,0)
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1096 Chapter 11 Vectors and the Geometry of Space

e FEJCOS 12091+ (s 120001 u=2(cos4)i+2(sin4)jv=

——§i+i < N _5'i3> (cos2)i+(sin2)j
2 2 2’
L( ) )J <2 cos4 + cos2,2sin4 + sin 2>

51.v=2[cos150°i + sin 150° j] u= 5 cos( -05)i + Fsin( -0.5)1j

=3+ j= (/31 1
v=4 f(L c0s3.5°) i+ (sin3.5°)j] = 5( cos0.5) i - 5( sin 0.5)j
]

5( cos0.5) i + 5(sin 0.5)j

+ v=10( cos 0.5)i = (10 cos 05,0/
The forces act along the same direction. 6 = 0°.

3.9925i + 0.244]
= (3.9925, 0.2442)

u= (cos0°)i+ (sin0°)j=i The forces cancel out each other. 8 = 180°.
v=300845°i+3$in45°j:ifzni\/__zj Y
( o 5
2 + 37 2+ 32
u+v:\( ,;3/—2“ +§/—2j:< M>
| | <
\ 2 ) 2 2 2 X z

( )« )

54. u= 4cos0°i +4sin0° j = 4i

( ) ( ) -
V= 2c0s30° i+ 25in30° j = i +3j/ XYHYZHZX=0.
Vectors that start and end at the same point have a
u+ vz 5i+33E <5d_> magnitude of 0.

(a) True. d has the same magnitude as a but is in the opposite direction.
True. ¢ and s have the same length and direction.
True. a and u are the adjacent sides of a parallelogram. So, the resultant vector, a + u, is the diagonal of the
parallelogram, c.
False. The negative of a vector has the opposite direction of the original vector.

True.a+ d=a+ (-a) =0

False.u- v=u- (-u) = 2u
( ) ( ) ( ) ¢ ).

-2b +t =-2b +bh = -22b = _2|—2 'U—|= 4u

6l.v= z<,5>:a1,<2 >+b<1,—1> 63.v= —6,0>:a1,2 +Q31,—1> < > <
4=a+b -6=a+b
5=2a-b 0=2a-b
Adding the equations, 9= 3a=a= 3. Adding the equations, -6 = 3a=a= - 2.
Thenyou haveb= 4-a=4-3=1. Then you haveb= -6 - a= —6 - ( _2: -4
a=3b=1 a= -2,b= -4
62.v= 47,-2)=af 2k bf -1) 60 vl 067 413 « f1-1/
-7=a+b 0=a+b
—2=2a-b 6= 2a-b
Adding the equations, -9= 3a=a= -3. Adding the equations, 6 = 3a=a= 2.
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1097 Chapter 11 Vectors and the Geometry of Space

« )

Thenyou haveb= -7-a=-7- -3 = -4, Thenyou haveb= -a= -2.

a= -3,b= -4 a=2,b=-2

©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 11.1 Vectors in the Plane 1097

65.v= 1,-3 = al, 2+ bl -1 66. v= -1,8 =al,2+ bl -1
l=a+b -1=a+b
-3=2a-b 8=2a-b
2 I
Addir{gthe>equal€ons>, —24— 3a>:>a = -3, Addil{g the>equat.<ons,>7= < 36>:a: 3
Th — — ( 2 \_5 z 10
enyouhaveb—l—a—1—| __| ==, Thenyou haveb= -1- a =-1- 3 =- 3
\ 3) 3 7 10
a——z,b= 2 a= 3b 773
3 3 1
67. 1(x) = x2,f'(x) = 2x,f(3) = 6 Y
r 1 r 1 '1 r- 1
I L ’ | |
6
@ m=bletw= 16, | 37 ghens wr 1. ) — s
11
()N () -,
() m=- . Llet w= -61, w = 37thenz W =¢\_/T -61. o .
|— W 37-2 2 46 8 10
O, O 0 "] : |
68. f x =-x"+ 5 f' = =2x,f' 1 =-2
{ >I_I [ = * \/_< ) /ﬁ
(@ m= -2 Letw= 1-2, w = é,thlen w =+ 51,72 + ;@
\/_ w l_ 4 (b)
() Nal o
(b) m= i.Leth w = 5 thent ¥ - i-l 21. !
2

69. f(x) = x3,f/(x) =

(& m= 3. Letw=

- ! (b
0 m=-L tetw= 3-1] W= 10, then = +~1 3.1, [ -
J
3 () ' T < ) _JF+
1 2
70. f(x)=x3,f’(x):3x2<= 124t x= -2 ‘ ‘ \/_< ) x
176 -4 -2 2 4
(@) m= Jp-ketw= 112, w = 145 then Wy 2— 112 @
w 145 4
-6 (b)
) m=- L Letw= 12,-1, w = 145 then ¥ =+ L—12 -1.
1
1 4

71. f(x) = 7% f'(x) = 25- X,

X _XH



wan

o] 1

>

(@ m=- .letw= =43, w = 5then w

‘ < I

o n= Letw = 3<,4,> Y] = o —

)

=+ —43.

5

+
—~

1>4.

-1

1 2 3 4 5
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1098 Chapter 11 Vectors and the Geometry of Space

72. f(x) = tanx :
20
I
f(x) = sec? x= 2atx= 4 157 @
1A
R W _1_ i
@ m=2Lletw= , 12, w = /Sthen | I=2 12 _:_T/f'______ .
w - e
l ° 2 4 _ 4 2
() m= - .Letw= -21, w = S5then X=x 1 -21 0
2 W| 5
=2 3i+ 2
73 u= i+ 2= 4o
2 2 u+ v= -3i+ 3 3j
u+tv=2j —_ —_— —_—
! v=(u+v)—u=}—3—23)i+(33—2)j
Vz(U+V)_U: - 2i+ 2j= - 2, 2 = -3-23,33-2 v NA
2 2 2 2

75. F1tF2 I = (1500 cos 30°i + 500 sin 30° j) + ( 200 cos ((—45°) i + 200 sin ( —45°)j) = (250 3+ lOO\/Z)i + ( 250 - 100J2)j
|F1 +F = (ZS'U_mO 2)2 +(250—100 2)2 ~ 584.6 b

250 — 100 2_
tan6 = 250 3+100 2 =6 =10.7° 2 W
( ) M = \J(275 + 180 cos 6)° + (180 sin 6)’
a = arctan| —120S8
76.(a) 180 cos30°i + sin30°j + 275i= 430.88i + 90j (b) *= 275 + 180 cos &
( o 9 )
Direction: a = arctan 1= 0.206 (= 11.8°)
\ 6 | 0° | 30° |49%88 | 90° 120° | 150° | 180°
Magnitude: | 430.887 + 90> o 440.18 flewtons
c
© a | 0° 11.8° | 23.1° | 33.2° | 40.1° | 37.1° | O
M 455 4402  396.9 3287 2419 1493 95
6 0° 180°.
@ 500 0 (e) M decreases because the forces change from acting
M a inthe same direction to acting in the opposite
direction as _ _ _ _ increases from  to
v NARRENA
0 180 0 180
v sl e I ) ( ) ( )

77. F + F + F = 75c¢0s30° + 75sin30°j + 100 cos 45°i + 100sin45°j + 125 cos 120°i + 125 sin 120°j

5 125 75 125
=( 23\/— +502*f 2)i¥/(z+ 502+ 2 \/3_)1' A
] Mg v T
R F1+F2+F3 = 71.3° J )] ( )J ( ( )J

8. 1 2 3 : L « (‘\/_- ) .\/r_ w- L . . . —| - - -
F +F+F = 400cos-30°i+ sin-30° j + 280cos45°i+ sin45° j + 350cos135°i+ sin135°]

=[200 3+140 2-175 27 +{—2oo+ 140 2 +175 2 WJi
I

R = (200 3-35  2)?+ (-200+ 315 2): = 385.2483 newtons

or ( =200 + 315 2)
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= arctan ‘\= 0.6908 = 39.6°

\ 200 3 - 35 2)
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79.u=CB =|u ‘kcos 30°i + sin 30° 80. 6 = arctan(ﬁ\ =~ (0.8761 or 50.2°
) . I
CA cos 130°i + sin 130°j
VeVl \20)
\ ) [ 24)
6, = arctan| |+ = 1.9656 or 112.6°
\-10/
> =|u|(c0591i+ sin91j)
\ u
C Va0 il =|vl(cos 62+ sin02j)
Vertical components:
| ulsin 61+ |v|sin 62 = 5000
Vertical components: Torlizontal corinp<|)nents:
|u|sin 30° +|v|sin 130° = 3000 ulcos 61 +lvicos 6z = 0
. ) Solving this system, you obtain
Horizontal components:
|u|cos 30° +|v|cos 130° =0 HUH ) 21(39-451”(” VH -
Solving this system, you obtain
lul = 1958.1pounds, A._j7ezT. B
| v| = 2638.2 pounds.

1,

81. Horizontal component = v" cos 6
= 1200 cos6° = 1193.43 f{sec

Vertical component = ” \Hsin ]

= 1200sin6° = 125.43/ft sec

To lift the weight vertically, the sum of the vertical components of u and v must be 100 and the sum of the
horizontal components must be 0.

=lul (cos60 i + sin60° j)
=lvl (cos 110 °i + sin 110° )

(/3 .
So, Y] sin 60° +| v| sin110° = 100,or|u \_\/i\ +| v sin 110° = 100.
|

L2

And U cos60° + v cos110° = Oor u.(1) + v cos110° = 0.
11 11 I Ikzj i1

Multiplying the last equation by (\/5) and adding to the first equation gives

|u| ( sin 110° ~/3 cos 110") = 100 > |v | = 65.27 pounds
Then, Iul(l\ + 65.27c0s110° = Ogiveslul= 44.65 pounds

\2)
(a) The tension in each rope: | ]| - 44.65 Ib,
[ 1] -65.27 Ib
(b) Vertical components: ||ul|sin 60 ° = 38.67 Ib, 10088

[Ivlsin 120° = 6133 1b
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1100 Chapter 11 Vectors and the Geometry of Space

u =900( cos 148 ° i + sin 148° j)
v =100( cos 45 ° i +sin 45° j)

u+ v= (900 cos 148° + 100 cos 45°) i+ ( 900 sin 148° + 100 sin 45°)j
~692.53 i + 547.64 ]

6 = arctan| _547.64 | = -38.34°: 38.34° North of West
\-692.53)

Ju+ vl|= +/ -692.53, + 547.64% = 882.9kmh

u = 400i ( plane)
( )
v =50¢0s135° + sin135°j = —2§ 2i+ 25/2j (wind)

u+ v =(4OO - ZS/E)i + ZS\Ej ~ 364.64i + 35.36

__35.36 _ o
t<31n9——364.64 =0 5.54

Direction North of East: = N 84.46° E

Speed: = 336.35 mi/h
85.False. Weight has direction.

86.True
87.True
88.True
89.True
90.True

91.True

92. False
a=hb=0

93. False

flai+ bill ~~2a]

94. True

lull :4/(:0529 +sinc6 = 1,
IV :,/sinze + 050 = 1

Let the triangle have vertices at ( 0, 0), (&, 0), and (b, ¢).

Let u be the vector joining ( 0, 0) and ( b, ¢), as indicated

in the figure. Then v, the vector joining the midpoints, is
( atb a) *o©
V= -

L2 2) 2
= b i+5j
2 '
= L pi+—gy-= U
2

97. Let u and v be the vectors that determine the

parallelogram, as indicated in the figure. The two
diagonals areu + vand v - u. So,
r=x u+ v,s=4v-u.But,
( ) ( )
u=r-s
= XU+V -y V-u = X+ yu+ x-yuv
O A O R
So,x+ y=landx-y = 0.Solving you have
x=y =1,
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98.w=fulv+ [l

=u [V feos 9V|+ [iv]l sin ij—|+||v ||—||u [lcos O ui + ||u|| Sin 6uj |
o)

=l v|||—cose tcos0 i+ SnG +sino ﬂ

44| s|( -0y |\ QVD Uiv D |—|

= 2"U \Y " ol - |+Sm‘
] L K\z()'kzjkzjkz)J
sm| V] cof by | (6 u+e v)
L2 ) N 2 )
Vo
tan Bw . ( ‘ C05| 6y ‘evh =) 2
cog| wALy —_— N )

\ 2 ) U 2 )

S0, 8w = (8u +6v)/2 and w bisects the angle between u and v.

The set is a circle of radius 5, centered at the origin.

|u| :" x»" —agé +y =5:>x2+y2:25

1
100. Letx = g/otcosa and y =votsina —_thz.
2
X . ('X_ ) i (—X_ !
t= = y=vosing| - -~ = |- g T
V0 COS @ Yo cosa) 2 Yo cosa)
= xtana - 2x25ec2a
AT
2 2 y
= xtana - & 1+ tan“a
wnt ( )
v2 g2 gx? v2
— [—— ——— 2 R
=29 ~ ngd — gt tan"a + xtana - 29 *y)
= a— 2 -
T —27-‘ | tan’a 2tane}b \ 27-— a
/ \ 5
L 9 J X
Vo2 o> o( )
g W W T gy
0 o\ )
? 2
If y< ¥ - 89X then acan be chosen to hit the point X, ¥y.Tohit 0,y :Leta = 90°. Then
2 0 ()
1 2 v2(g \ V2
y =vt- _gf= _o.- L 1 -1 ,andyouneedy £ __ < .
v
2 29 29t ° ) 29
2
ThesetHisgivenby03d x,0<yand vy < o - e
29 vl

2 2
Note: The parabola y = L - 95 called the “parabola of safety.”

29 ZV()2

Section 11.2 Space Coordinates and Vectors in Space



X0 is directed distance to yz-plane. yo
is directed distance to xz-plane. zo

is directed distance to xy-plane.

The y-coordinate of any point in the xz-plane is 0.

(@) x= 4 is apoint on the number line.
X = 4 isavertical line in the plane.
X = 4 isaplane in space.

The nonzero vectors u and v are parallel if there exists
a scalar such that u = cv.
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1102 Chapter 11 Vectors and the Geometry of SpacBection 11.2 Space Coordinates and Vectors in Space 1102

The point is in front of the plane x = 4.
The point ( X, y, z) is 3 units below the xy-plane,

and below either quadrant I or I11.
The point ( X, y, ) is 4 units above the xy-plane,

and above either quadrant Il or IV.

The point could be above the xy-plane and so above
quadrants Il or IV, or below the xy-plane, and so below
quadrants | or 11I.

The point could be above the xy-plane, and so above
quadrants I and 111, or below the xy-plane, and so below
quadrants 11 or IV.

d= (8- 4)2+ (2-1)% + (6- 5)

7 . JI6+1+1
4 J18=32+/"
6
(4,0, 5}
" d= \(-3- (-1 + (5-1)2 + (-3-1)
4 J4+16+16
] ’ :: (o,4,-y5) /36=6
A
q d= (3-0)2+ (2-2)% + (8- 4Y
) JI+0+I6
/25=5
i E 0.4 _ys) Theypoint is on or between the planesy = 3 and
y= -3.

x= -3,y=4,2=5(-3,4,5)
x=7,y= -2,z= -1

(7,-2,-1)
y=12=0,x= 12:(12,0,0) |
x=0,y=3,z=2:(0,3,2) |

The point is 1 unit above the xy-plane.

The point is 6 units in front of the xz-plane.

The point is on the plane parallel to the yz-plane that

passes through x = -3.

The point is 5 units below the xy-plane.

The point is to the left of the xz-plane.

The point more than 4 units away from the yz-plane.
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1103 Chapter 11 Vectors and the Geometry of SpacBection 11.2 Space Coordinates and Vectors in Space 1103

28.d = (-5-(-3) +(8-7)%+ (-4-1)7?

Because AC = BC, the triangle is
isosceles.

4+1+25 N
30 J

A(0,0,4),B(2,6,7),C(6, 4, -8)

AB=  22+6%+3% = 49=7 IR v

AC = 62+ 42+ (-12)% . 196= 14 | v

C )«
j "

BC = 4%+ 2%+ _15,= 245=75 | \/ 4
BC , =245=49+196= AB 2+ AC , | ] [
Right triangle

A(3,4,),8B(0,6,2),C(3,5,6)

AB = 9+4+1= 14 I RN, v

AC - O0+1+25= 26 ‘ | v \/_

BC - 9+1+16 = 26 1 Vv v

]
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1104 Chapter 11 Vectors and the Geometry of SpacBection 11.2 Space Coordinates and Vectors in Space 1104

A(-1,0,-2), B(-1, 5, 2), C(-3, -1,1) a(1=52-2 223 (  _1)

|AB| =/ 0+25+16= /41 L2 2 2 ) U 2)
| - o — — |

|AC | -~/ 4+1+9=J 14 35, 3£-14+8 6.2 0)_(5 4 3)
L2 2 2 )

|BC] =~/ 4+36+1=+/ 41

Because \ABF $C,}he triangle is isosceles. 3 o= = T

A(4,-1,-1),B(2,0,-4),C(3,5,-1)

37.Center: 7,1,-2

(
Radius: 1

x=7)%2+ (y-1?+ (z+2)° =1

)
|ABl=~  4+1+9=/ 14

|AC |- ~/ 1+36+0 = </ 37
lecl- ~ 1+25+9 =/ 35

Neither Center: (-1,-5,8)

Radius: 5
33.f4_+ 8 lu ’M\ - (6,4,7)

L2 2 2 ) (x+1)2+(y+5)2+(z—8)2:25

Center is midpoint of diameter:
[ 2+11+3 3-1) (3 )

| — — — [ == 2y

L 2 2 2) (2 )

Radius is distance from center to endpoint:

Ot /2
B T R A

2) 4

40. Center is midpoint of diameter:
(__224_4"'0 __5+3\ :(—32—1
=<2, , = 2, -1

L 2 2 2 )
Radius is distance from center to endpoint:

e e L

—4- -3 0-2 +3--1 2=1 +4+16=21
d= 2 + )
x+3)2+ (y-2)2+ (z+1P% =21

( ) ( )

41. Center: - 7,76 42.Center:  —4,0,0

Tangent to xy-plane Tangent to yz-plane
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1105 Chapter 11 Vectors and the Geometry of SpacBection 11.2 Space Coordinates and Vectors in Space 1105

Radius is z-coordinate, 6. Radius is distance to yz-plane, 4.

(x+7)2+(y-7)2+(z-6)*=36 (x+4)+y2+22=16
43. )x2+y2+22—2x+ 6y+ 8z+1=0

( ( ) ( )

x2 = 2x+1+ y246y+9 + 12+82+16 = -1  +1+9+16

2

( ) X 12+ y+32+ z+4 =25

Center: 1,-3,-4

Radius: 5
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X +yt 42+ 9x- 2y+102+19= 0

81 ( ) (e )
+9x+ 4)+y - 2y+1 +1 +10z +25=-19

44,
[ 2

(X

(x+ Q‘\Z +(y-12+(z + 52= 109

\2) 4

Center: | —=2,1,-5 |

\ )

Radius: \/1-09

2

9x? + 9y? + 922 — 6x+18y+1= 0
2 2 2 2 1
X~ + +Z"-3Xx+ 2y+3 =
( 3 9)y ( 3 iy 9
2 2 1
X" = x4

9
4

+ y2+ 2y+1 +22:— + +1

x= L2+ (y+1)2+ (z- 02 =1
Center: (13, -1, 0)
Radius: 1

4x2% + 4y? + 42% - 24x- 4y+87-23=0
(x2-6x+9)+ (y2-y+ L)+ (22+22+1)= 24+ 9+

=

4
x—3)2+(y—lz)2+(z+1)2=16

Center: (3, L, —1)

Radius: 4
(@ v= (0-4,4-23-1=(222

v= =2i+ 2j+ 2k

48.(a) v= 4-0,0-53-1% (4,752

(b())v: 4i-5j+ 2h

z

©2018
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&4+1+25

+1

(b) v= 3-(-1),3-2,4- 3> =
\gz 4i+ j+ k

(@), (d) :

4,1,1

¢

()

(= -4-23- -17- -2) < -649

50.(b) v

(as?)

V = 6i+ 4j+09k

(-4,3,7)
z

1 \ (-6,4,9)

ssible website, in whole or in part.
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4,-5,2) 9
6
2 3
6 42 2 9
M 4 6 y X 9 y
(2,-1,-2)
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51. v= <4— 3,1-2,6- 0> = <1,—1,6>

b | IV1+1+36 = /38

, 1-1.6) 1 -1 _6
Unit vector; ==L =(—=0 —_ —
o </ 38 <~/38 /38 ./38>
()
52. v=< 2-14- -2, -2- 4> = 16,-6

)

v | |~/1+36+36 /73

{.6.-6

Unit vector: —
7

53, v={0-45-22-0 | = (-4 3,2
(
I 2,42,52 \/—
1 4°43°42° = 16+9+4= 29
Unit vector:
1 ) 4 3 2
-4,3,2/= —_—r - -
) 58.(a) —~v= -2,2,-1

54. v=(1-1-2-

()
VAR +0%s  -3¥=3 2

-2-3 -0 = (0,0,-3)

Unit vector: 3 -

Lo oy ¢ “
(b) 2v= (4,-4,2)

(g1,092,93)-(0,6,2)=(3,

-5,6)Q=(3,1,8) (4,-4,2)

(q1.a2.03)-(0,2°)=(z, X 6
© 1v=(1-1y)

_ 23 . 12 )Q - (l,—43,3) 2 2Z

57.(a) 2v= (2.4,4)
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59.z=u-v+w

=(123r (2-1% (404

=(3,00 )

60.z= 5u- 3v- -;W
= (510,15)- 6,6,-3) - ( 2,0,-2
=(-3,4,20

Vectors and the Geometry of Spacgection 11.2

Space Co<wrdinat<>s and Vectors in Space 1106

61.1z- 3u=w
3
1
3Z u w
z=9u+ 3w

= 91,23 ) +340-4 )
=(9,18,27) + (12,0,-12/
=(21,18,15

62.2u+ v— w+ 3z2= 2023 +(22-1-0 -4+ {u,22,29 (= 00b

(0.6.9) + (321,322,323 = (0,0,0)
0+321=0=>21=0
6+ 322 =0=22 = -2
9+ 323 = 0=>23 = -3

= {0,-2,-3)
(a) and (b) are parallel because
(-6, -4,0) = -2(3, 2, -5) and

<2, 4 —@3> =23<3, 2, —5>.
(b) and (d) are parallel because
i+t Y —Hk=-2(i-%j+%K)
and 34i-j+ 2% k=3 (171 - %57+ %K)
z= =3i+ 4j+ 2k
is parallel because -6i +8 j + 4k = 2z.
2= (-t -8.3))
is p:grallel bcause (-2)z= <14,16, -6).
P(0, -2, -5),Q(3,4,4),R(2,2,1)
PQ = <3,6,9 >
PR = <2,4,6>
(3,6,9) = 320/
So, PQ and PR are parallel, the points are collinear.
P(4,-2,7),Q(-2,0,3),R(7, -3,9)
PQ= -6,2, -4

PR= 3,-12
(3-12) = -4{-62-4)

So, PQ and PR are parallel. The points are collinear.

()
P(1, 2124), Q(}i, 5,0),R(0,1,5)
PQ= 13-4 )
PR= (-1,-1,1)

Because PQ and PR are not parallel, the points are not
collinear.

P(0,0,0), Q(1,3, -2), R(2, -6, 4)
PQ=13-2
PR=2-64

Because PQ and PR are not parallel, the points are not

collinear.

A2, 9,%), B(3,11>, 4),C(0,10,2), D(1,12,5)

AB= 123 )
CD= 123
AC= -211
BD= (-2,1,1)

Because AB = CD and AC = BD, the given points
form the vertices of a parallelogram.

A(1,1,3) B(9, -1, -2), C(11, 2, -9), D(3, 4, -4)

AB= 8, -2 -5
DC= 8,-2, -5
AD =(2,3,-7)
BC =(2,3,-7)

Because AB =DCand AD =BC, the given points

form the vertices of a parallelogram.
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lvl =K1, 0, 1]
NEE

= 1= 2
lvl =[5, -3, -4

JE5)% + (372 + (-4
J25+9+16

/50
52

75.v = 3j - 5k=0,3,-5
vl =~/0+9+25  =/34

76.v = 2i+ 5j- k=0,5,-1)
vl = 4+25+1= /30

8l. v=4i-5j+ 3k
| |— 6+ 25+
9=/ N/ 0:5/— -
v 1 2.2 32
(@ |v] = 52(4i-5j+3k)= 5 i - 2j+ 10 «k
Iem, 22 _2 32
(b) ||v||——5 24i -5j+3k)=~- 5 i+ 2 j- 10k
82.v =5i+ 3j-k Na Na
[vll= oi041= 35
3 3
1 5. V3V 5 Vv
_-\/_ 5 - -
(@ v 35(5i+3j-k) = 7 i+ 35 j- 35 k
3 3
1 (5i+ 3j-k)=-5__ _35j+5 K
(b) —leliss\/— 35 35
: I I i
\/‘3
3 — 2,-21
g3 v=10 8 RO 8s.v= —3U =3 - =3:2:2-
’ ’ ' 2
3
( )
u J—g ul 2 3 3
1
/o _a1_\/ o_ Ao } o .

Section 11.2 Space Coordinates and Vectors in Space 1107

77v = i-2j- 3k= (1, -2, -3
IVIl- v 1+4+9=+14

8V = -di+ 3j+ 7k =(-4,3,7)
|v||:\/ 16+9+49= </ 74

79.v={ 2,-1)2
Ivil- v #14=3
)
—3 2,-1,2
W

<2 12>

\'

(b) ™™~

= (60,8
lvl =36+ 0+ 64= 10

C.A.)|H

Myl =10 g 0.9

Yyl == 101<6, 0.8)



Section 11.2

2, 2
3__3
\/§3f>

Space Coordinates and Vectors in Space 1108

86.v=7 MU=7=462 =-=14__21

2 14 14 14

7

14
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v=2[cos(£30°)j+ sin (+30°)k]
L]

:\Gj:r k= < @/—31%

( )2 )
\/_
v = 505135° + sin135°%k =52 —j+ k
) 2 )

89. V= <—3, —6,'3
3v=(-2-42
(4,3,00+ (-2,-4,2) = (2,-1,2)

90. v=(5,6,-3

2 y=(44-2
( )G 3)V<3 >>

125+ &L 4-2 =
13,6,3 ( 1 1 1)
X,Y,Z.
91. A sphere of radius 4 centered at

Ivl dix- %2,y - y1.2- 29|
=\/(x—x1)2+(y—y1)2+(z—21)2 =4
X = x1)2 + (y- y1)2 +(z- 21)2 =16

o () () ()

e =l B

Xx -1 + y-1 + 7-12=2
92

2

x-1)2 + (y—l)22 +(z-12% =4

This is a sphere of radius 2 and center (1,1,1).

Space Coordinates and Vectors in Space 1109

(xvy,2) =(4,4,8)
v= (4,48 -{400)
= (4-24-08-0) = (048)

The terminal points of the vectors tu , u + tv and
su +tv are collinear.

su +tv

SUV o

tv

x y
w=au+ bv=ai+ (a+ b)j+ bk=0
= 0,a+ b=0b=0
So, a and b are both zero.
ai+(a+bh)j+bk=i+2j+ka=1,
atb=2,b=1

W=u+ v
ai+(a+b)j+bk=i+2j+3ka=

l,a+b=2,b=3

Not possible

Let a be the angle between v and the coordinate axes.

( )« )« )
vV = c0sa j+ cosa j+ cosa k

|v||:\/§cosa =1
K

cosa =

1 1
.Im w S.II—‘
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1109 Chapter 11 VectSestiad fHeZseometry of Space Space Coordinates and Vectors in Space 1109

v= 3(i+j+k) = 3 111

The set of all points ( x, y, z) such that| r|> 1 represent

outside the sphere of radius 1 centered at the origin.

@ (xy.2) = (3,33)

- (333) - {300/
3-33-03-0) = (033 ) )
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1110 Chapter 11 VectSestiad fHeZseometry of Space Space Coordinates and Vectors in Space 1109

550 :|c( 75i = 50 j - 100k) |

302,500 = 18,125¢°

¢® = 16.689655

4.085
= 4,085( 75i - 50 j — 100k)

4

=306 i — 204 j — 409k

99. (a) The height of the right triangleis h = /[2 —18%
The vector PQ is given by PQ = (0-18,h)

[N

The tension vector T in each wireis T = ¢ Q -18,h > wherech=5= = 8.

so,T= &l0,-18 HandT= [Tl = &/18% + h :—Sm ) =._/8L b= 18
h h \/m— L® - 18°

«0.0,h)

lco
w

(0,18, 0)
©,0, 18 P

(b) () =0
L 20 25 30 35| 40| 45| 50

T 184 115 10 93 90 87 86
L
0 TLeo8
0
(d) lim 8L =

x = 18is a vertical asymptoteand y = 8 isa
gt L2182

lim __8L = lim 8 =8 horizontal asymptote.
L™ - 18 / /
o bt o1-a8L

(e) Fromthe table, T= 10 implies L = 30 inches.
100. As in Exercise 99(c), x = awill be a vertical asymptote. So,  lim T=«.
r —a

0

101. AB _(0,70,115) F1 = c{0,70,119
AC =(-60,0,115) F2 = Cy{ ~60, 0,115

AD =(45,-65115)F3 = C445, -65,115
=F1+Fp+F3= (00500

So: - 60C2 + 45C3 = 0
70C1 -65C3 = 0
115(C1+ C2  +C3) = 500
Solving this system yields C1 = 4%, C, =2, and C3 :-15152. So:
[F4| = 202.919N
| 2l = 157.909N
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|Fs|l = 226.521N
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Let A lie on the y-axis and the wall on the x-axis. Then A= (10,10,0),B = (8,0,6),C= (-10,0, 6) and
AB= ®,-10,6,AC =,-10, -10, 6.
) (
|AB|= 10V 2| Aq]| = 2/ 59

Thus, F1 = 420 AB F2= 650 AC
kel |AC|

F=F1+Fo=~(237.6 -297.0178.2) + (~423.1, —423.1, 253.9) = (~185.5, =720.1, 432.1)|

F | = 860.0 Ib

) )y )

J o :

X+ y+l,+ z- x=1,+ y-2 t22

( )

X+ y2 + 22+ 2y- 22+ 2=4%° + y2 + 22 - 2x- 4y+ 5

0= 3 + 3y + 3% -8x—18y+ 22+18

16 1 8 16 (2 1)
B+— + 9t = =X - = Xt— |+ (P -6y + 9+ |2 + Z += |
9 9 \ 3 9) L 3 9

a4 (4?2 . [ 1V

— = = +(y=3) |

9 U 3 L 3)

4
Sphere; cente:(\_, 3, __l\,\radlus: %/-_I_l
\3 3 3
Section 11.3 The Dot Product of Two Vectors
The vectors are orthogonal (perpendicular) if the dot u={6-2a) v= (=32

product of the vectors is zero.
u-v=6(-3)+ (-4)(2) = -26

2
2. 1If arccosljI = 30° then cos 30° =I—V [ u-u=6(6)+ (-4)(-4) =52
v /
So, the angle between v and j is 30°. V|2 = (-3 + 22 = 13
(u-vv= —26<—3, 2) = <78, —52)

u= <3, 4>,V= <—l, 5>
u-(3v) =3(u-v)=3(-26) = -78

u-v=3(-1)+ 4(5) = 17

u-u= 3(3)+ 4(4) = 25 R R SO A
lvl2 = (-1 + 52 = 2 u-v= -7(-4)+ -1(-1) = 29
(u-vv= 178-1,5) = {-17,85) u-u=-7(-7)+ -1(-1) =50
u-(3v) = 3(u-v) = 3(17) = 51 lvl2= (-4)2+ (-1)2 =17

(u-vv= 29<— 4, —1> = <—116, - 29>

u= {410, v= (2,3)
u-(3u) =3(u-v)=3(29) = 87

u-v=4(-2)+10(3) = 22
u-u= 4(4)+10(10) = 116
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Ivl2= (-2 + 3% =13

(u-v= 22<—2, 3) = <—44, 66)
u-(3v) =3(u-v)=13(22) =66
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1114 Chapter 11 Vectors and the Geometry of Space Section 11.3 The Dot Product of Two Vectors 1111

u:<2,—3,4>,v:<0,6,5> 1B.u=3Bi+ jv=-2i +4
U'V:2(0)+(_3)(6)+(4)(5):2 cosez'u'—. = 2 N

iui |v(_| JiJ20 T §2

u-u=2(2)+ (-3)(-3)+ 4(4) = 29

= _ 1 \z
vI2=02 +62+5%2=@ @ o = \ ﬁ‘) o
(u- vv= 20,6,5) = (012,10 (b)6 = 98.1°
u-(3v) = 3(u-v) = 3(2) = 6 Y u:cos(ﬂ\imin(_npj:l‘g-+'1j
u= C5.08hv= Ca2) N AV
u-v=-5(-1)+ 0(2)+ 5(1) = 10 v =l el S = S5
4 \4) 2 2
u-u= (-5)(-5)+ (0)(0)+ 5(5) = 50 cos 6 =-H. . -
) . Iyblv |
|V| :(—1) +2°+1° =6 =£(_\/_—2\| +i(£w :ﬁl_\/g
(u-v)v=10{-1,21) = (10,20, 10) , K| ) 2K| 21 )
u-(3v) = 3(u-v) = 3(10) = 30 L2 fﬂ i
(a) 6=arccos{4'-1— 3J= 2
u=2i-j+ k,v=i-Kk
6 = 105°
u-v=21)+ (-1)(0)+1(-1) =1
u-u= 2( 2)+ (_1)( _1)+ (1)(1) =6 u= <1,1,1>,v: <2,1, —1>
S
lvlz - 1+ (—1)2 =2 cos 6 :Ii”H'H g = 2
u v 36 3
(u-viv=v=i-k e

u-(3v) =3(u-v)=301) =3 @ 6 = arccos_3 = 1.080

(o)
R

61.9°
u=2i+j-2k,v=1i-3j+ 2k

u-v=21)+1(-3)+ (-2)(2) = -5 u=3i+2j+ k,v=2i- 3j

u-u=2(2)+110)+ (-2)(-2) = 9 c0s 6 zllljil\\lxl =3(2)J|ru2|(|_ﬂ+ 0_,

|v|2:12+(—3)2+22:14 -
= 2
(u-v)v= -5(i-3j+ 2k) = -5i + 15 - 10k
6=90°
u-(3v) =3(u-v) =3(-5) = -15
u=3i+4jv=-2j+ 3k
u= (1,1, v= (2, -2)
cosg =¥ _ 8 =ﬂ
_ Moy __ 0 _ lul Iv] &/13 65

6 =
llul vl 2/
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1115 Chapter 11 Vectors and the Geometry of Space

Section 11.3 The Dot Product of Two Vectors 1111
(a% e_ﬁ (b_geLg—\g; 2.031 arccos\ \/_ ‘

@6 = (b) 6= L 65)
u= <3,1>,V: <2, —1> (b) 6 = 116.3°

Uy 5
cos06 =-%"F = =
AR NN VAN

u v 10 5 2
(a 6 =.f (b) 6= 45°
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1116 Chapter 11 Vectors and the Geometry of Space

18.u =2i-3j+k,v=i-2j+k
cos 6 :_u.+¥ = —9— _ —9 :—3
a 1l v

u v 14 6 2 21 14
(a) arccos\(_&[.-z_l\\
= = 0.19(
U 14
6 = 10.9°

upv
|u—|Lv| = cos @

u-v= (8)(5)cosﬂ3 =20

20.|—|-|—|u' = cos 6

- v= 40 25cos2I = -500
YR T TN

u=la3)v={ly - 2)
u #cv = notparallelu - v
=0 = orthogonal

22 U= —lg(i— 2j),v=2i- 4j

= - l6 v = parallel

u=j+ 6k, v=i-2j-k
# cv = not parallel

u-v=-8#0 = not orthogonal
Neither

u=-2i+3j-k,v=2i+j-ku
cv = not parallel
u-v= 0= orthogonal

u={2-31,v={(1-1,-1)
u # cv = not parallel

u- v= 0= orthogonal

u= <cose,sin 0, —1>,

Section 11.3 The Dot Product of Two Vectors

1111

Consider the vector -3, 0, 0> joining (0, 0,0) and
(-3,0,0), and the (ector (1, 2,3) joining (0, 0,0)
and (1,2,3): (-3,0,0) - (1,23 =-3<0

The triangle has an obtuse angle, so it is an obtuse triangle.

C )y )y (22

29.A2018 012.c-% 730

BC = -4 1,-2 cB = ,-1,2

AB-AC = 5+§ -1>0

BA - BC = -1- ; +2>0

5 3

CA-CB = i +2>0

The triangle has three acute angles, so it is an acute
triangle.

A(2,-7,3),B(41,5,8), C(4, 6,-1)

AB =(-3,12,5 BA =(3,-12,-5)
Ac = (2,13, -4) ca =(-2,-13,4)
BC = (5,1,-9 CB =(-5,-1,9

AB - AC =-6+156-20>0
BA - BC =15-12 +45>0

CA-CB =10+13 +36>0

The triangle has three acute angles, so it is an acute
triangle.

3Lu=i+ 2j+ 2k, |uf] =~/1+4+4 =3

cosa = 2 = a = 1.2310 or 70.5°

B = 0.8411o0r48.2°
y = 0.8411o0r48.2°

cos a+c052ﬁ+coszy=1 +4 +4 =1

9 9 9
:<sin9,—cose,0>u
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32.u=5i+3j-k, u =
25+9+1= 35
# cv = not parallel u - v

=0 = orthogonal

The vector <1, 2, O> joining (1, 2,0) and (0, 0,0) is
perpendicular to the vector <—2,1, O> joining ( -2,1,

oo g o

0)and (0,0,0): 1,2,0"-'-2,1,0'=0

The triangle has a right angle, so it is a right triangle.

Section 11.3 The Dot Product of Two Vectors 1111

cosB =

-1
cos y T

B = 1.0390 or 59.5°
y = 1.7406 or 99.7°

25 9 1

cosza+coszﬂ+coszy =35 +35—+35 =1

©2018 Cengage Learning. All Rights Reserved. May net be seanned, eopied or duplieated, or pested to a publicly aceessible website, in whele er i part.



1113 Chapter 11

Vectors and the GeomeegtodiSpace

N =49+1+1 =51

3B.u=7i+j-k, |ull
_
cosa = /51 = a = 11.4°
1
cosB = /51 = B = 82.0°
cosy = L =y = 98.0°
51 '
34.u= -4i+ 3j+ 5k, Jull =~/  16+9+25= /50 =
-4
COSA = =——= = a = 21721 or 124.4°
572
3
cosB = 5/2 =p = 1.13260r64.9°
cos y =_5 :_1:>y =T or 45°
52 2 4
cos?a +cos’B +cos’y =16 +Q 425 -1
50 50 50
35.u= (06-4) b Il. v o+36+16= b2 = 213
cosa=0=a =Lor90°
2
3
cosB = ~/13 =B = 0.5880 or 33.7°
COSy = ——2— =y = 2.1588 or 123.7°
J 13 ' '
4

36.

cosza+cos,8+cosy—0+13+ 13 =1

u= (-152) |u]l v/ 1+25+4= /30
-1

COSA = —— = a = 1.7544 0r 100.5°
/30
=

cosB = /30 =B = 0.42050r24.1°
_2

cosy =+/30 =y = 1.1970 or 68.6°

cos’a + cos?f + cosy =L +25 +4 =1
30 30 30

§/2

The Dot Product of Two Vectors 1113

u= (9.7),v= (13
Wu=(|g-' ywvlv
R
H
9(1)+ 72(2;)]> 3
10@ <1,3> = <3,9>
() C) ()
w2 =u-wi = 97 = 39 = 6-2
u=2i+ 3j= <2, ,V=5i+ j= 5,1>= pro}
H (
o fiu)
proju= | v
Ty
2(5)+3(1) 5,
Pt

Boe (s.0) - <§2,—12>

WZ—U-W1=(23 -5 -
(v o

v o 4 12+42

6(1) +7(4) 1, 34
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vy I
2(3

" — )

)(2)
3,

017 14 = 28 (o
W2 = u- wp = 2, -3~ proj

wz=u-w =67)-{28 =-1" proj
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u= (0,33, v= (-1,1,1)
Wu = (I u- !\\v
Vval
I
0(-1) + 3(1) + 3?1) —1>1,1
+1+1

63(-111) = (2,2.2)

W2 =U- w1 = <O, 3, 3> - <—2, 2, 2> = <2,1,1>

u= 820 v= (21, _1)=pl’0j

<Wu: (\ H-'v M\\v
vl \u H
8(2) +2(1) +0(-1) %,1, >
—122+1+1
(
86031 -1) = 6,3.-3)

W2 =u-w = <8, 2, o>—<e, 3 —3> = <2, —1,3>: proj
44, u=5i-j-k,v=-i+ 5,'\+ 8k
u-v

@w =

v )
( ) « ) « o |

L
( -1+ -15+ —18\
= ( )z 2 2 <'1,5,8>

-1 +5 +8
-18

8_1%£ -1, 5,

_81—1, 5,)
L5 8

u is a vector and v - w is a scalar. You cannot add a
vector and a scalar.

(u-v)

46. | - =u=u = cv = uand v are parallel.
ANE
(v )
47.Yes, [E=YV 1|LU
lud 20T & -
0

The Dot Product of Two Vectors 1115

43.u = -9i- 2j—4l?,v: 4j+ 4k

UIX\
[
w = proju = QIV ‘) ) ( \ loas
At i
; + -4 4)
(-2 4 ( )
L 42+ 42 )
3¢ )
- 4 044
{0, -3, -3)
W2 = U—- Wi
)
(-9, -2, -4) - {0,-3,-3
(9,1, -1)

(b) w, =u-—-w

1 8
= (5, =LAy {5 =1 —=
G- - (1-1-5)

- (%03)
5 5

(@) Orthogonal, 6 = Ez

Acute,0< 6 < HZ

Obtuse, HZ <6<

u= <3240, 1450, 2235> %
= <2.25, 2.95, 2.65>
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[u- v = v-u
Ve vz u- v= 3240( 2.25) + 1450( 2.95) + 2235( 2.65)
|1T| :"]j" $17,490.25
|U " :" v|| This represents the total revenue the restaurant earned on

its three products.
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u= <3240, 1450, 2235>

V= <2.25, 2.95, 2.65>

Decrease prices by 2%: 0.98v

New total revenue:

O.98<3240, 1450, 2235> . <2.25, 2.95, 2.65> =

Vectors and the GeomeegtodiSpace

0.98(17490.25)

$17,140.45

51. Answers will vary. Sample answer:
1

us +§j.Wantu-v:O.

4 2

56.

v=12i + 2jand-v= —12i- 2jareorthogonal to u.

52. Answers will vary. Sample answer:
u= 9 - 4j Wantu- v= 0.
=4i+9jand - v=-4i-9jare
orthogonal to u.

Answers will vary. Sample answer:

<3,1, —2>. Wantu- v= 0.

Answers will vary. Sample answer:

<4, -3, 6>. Wantu- v=0

<0, 6, 3> and —v = <O, -6, —3>
are orthogonal to u.

Let s = length of a side.

= <s,s,s>
ll= sV 3
S 1
cosa = cosB =cosy = UE =7§
(1)
a =8 =V = aog——m| =54.7°
(73

z

<0, 2,1> and —v= <0, -2, —1> are orthogonal to u.

The Dot Product of Two Vectors 1117

Vi =S58 ,
(

vi=s 3

I 1 ;/s_O
)

\\vz\\:sfz

cose=g‘/_2 =/ 6
3 3 s

= aI’COS6£ 35.26° 3

(a) Gravitational Force F = —48,000j
= €0s10°i + sin 10° j
F |v

wi=lvz2 v= (F- vy

(-48,000)( sin 10°)v
~ -8335.1( cos 10° + sin 10%)

|wil ~8335.110
w2 =F-w
~48,000 j + 8335.1( cos 10 °i + sin 10°)
8208.5i - 46,552.6]
| w2l = 47,2708 1b

(a) Gravitational Force F = - 5400j

= cos 18°i + sin 18°j

w1 = HEVJ2!v= (F- v
(- 5400)( sin 18°)v
- 1668.7( cos 18°i + sin 18° j)
| wi| = 1668.7 Ib
(b) wa2=F-w1
= — 5400 i + 1668.7 cos 18 °i + sin 18°i
= 1587.0i- 4884.3j
|wzl= 5135.71b
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( )
59. F= g5k i+>@ il

|
(2 2 )
= 10i
= F- v= 425ftlb

GO.W:I projPQF | | PQ|

= cos 20°|F |PQ|
=c0s20° 6550

)X
=~ 3054.0 ft-Ib

)

61. F = 1600( cos 25°i + sin 25° j)
v = 2000i
= F- v= 1600( 2000) cos 25°
2,900,184.9 Newton meters (Joules)
2900.2 km-N

62.W = IprojPQF | |PQ |

= (COS 60° | |F| |PQ "

1
2 (400)(40)
8000 Joules

63. False.
For example, let u = i 1>,v: é,3>1ndw: 1,<4.
>Thenu- v=2+3=5andu-w=1+ 4=5,

64. True
w-(u+v)=w-u+w-v=0+0=0so,wandu+v

are orthogonal.

(a) The graphs y; = x2 and y2 =X "3 intersect at (

0,0) and (1,1).

() y =2xand '’ -1

] Y =a3xds

At(0,0), i<1, d is tangent to y1 and i<0,1>is

tangentto Yy2.

At 11,y =2and y =1
( )1 2 3

1—<1 2) istangent to y1, _\/_<3 1)is tangent

10

mS

to y2.

At ( 0, 0), the vectors are perpendicular ( 90°).

At(1,1),

on s

(a) The graphs y1 = x° and y2 = x*° intersect at (

-1,-1),(0,0) and (1,1).
0y = 3%and © _1
/.

y2 = 3x23

() ()

At(0,0),+1,0istangent to y1 and + 0,1 is

1

tangent to y2.
1

At 1,1,y =3and y = =.
() 1 2 3

= 3> istangentto y1, + 31>|s tangent
\/-(@l g y 7—< g

to y2.
At -1,-1,y = 3andy =1
( ) 1 2 3
1
f(l 3)is tangent to y1, 1T<3 1)is tangent
10 10
to y2.

At (0, 0), the vectors are perpendicular ( 90°).

At(1,1),%"

1 ~L
AT _T_/E_<3‘]> 6 3
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cosf = 11 =10 =5,
00

= 0.9273 or 53.13°

By symmetry, the angle is the same at ( -1, —1).
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« )

(a) The graphs ofy1 = 1 - *° and y2 = X% - lintersect at 1.0 and -1.0.
(b) y1= —2xand yp = 2x > >
- ' 1
At 1,0,y = -2andy’ 2.+—3=(1,-2/ istangent to y1,+—~=/(1, 7/ is tangent to y2.
NG gentto y \f( genttoy

C ) 2

1 .
At -1,0,y" = 2and y' = -2. 4= 1 istangentto yi, £ 1, —2)is tangent to y2.
f 2is tangent to y 751 ~2is tangent toy

(c)At 1,0,cos0 = —L14,-2 - =11 -2 =3
) NS
~ 0.9273 or 53.13°

By symmetry, the angle is the same at ( -1, 0).

(a) To find the intersection points, rewrite the second In a rhombus, lul=lv] The diagonals are u + v and u -
equationasy + 1 = x. Substituting into the first V.
equation (u+v)-(u=v) =(u+v)-u-(u+v)-v
y+1)? = x=x% = x=x= 0L U U+ VeU-U-Ve V.V
There are two points of intersection, ( 0, -1) lul2-1y]2= 0
and (1, 0), as indicated in the figure. So, the diagonals are orthogonal.

If u and v are the sides of the parallelogram, then the
diagonals are u + v and u - v, as indicated in the

. . figure.
First equation: the parallelogram is a rectangle.
(y+12:X:> 2y+ly = 1=y =_ 1 o u-v= 0
) ( ) 2y+1
. (G ©2u-v=-2u-v
AT @ (urv)-(uev) = (u=v)(u-v)
. 3 a2 <:>|u+v|2:|u—v|2
Second equation: y = X" —1=y' = 3x". At
10,y = 3. & The diagonals are equal in length.

(

)
\/i5 <2, 1> unit tangent vectors to first curve,

v

1 .
b gr— l, unit tangent vectors to second curve
&3 g

At (0,1), the unit tangent vectors to the first curve
are i<0,l>, and the unit tangent vectors to the second
curve are t<1, O>.

(c) At (1,0),

cos 6 =

(13=_5 =L
75 NERE

©2018 Cengage Learning. All Rights Reserved. May net be seanned, eopied or duplieated, or pested to a publicly aceessible website, in whele er i part.



T
= —4or45°

At (0, -1) the vectors are perpendicular, 8 = 90°.
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1118 Chapter 11 Vectors and the Geometry of Spemtéon 11.4

71.(a) 2

X (k, k, 0)

N
(b) Lengthof each edge: k2+k2+ 0 = k2/—

(c) cosfO = (k 22
@ rno=kko - L EE = K ,—3
| <2'2 2> <;2 2

cos 0

I
S
—
I
|
]
w

109.5°

u= <cosor,sinor,0>,v: <cos[3,sin,6,0>
The angle between uand vis a — 8. (Assuming that
> ). Also,

cos(a - B) =

=cosa cosB + sina sinf.

The Cross Product of Two Vectors in Space 1118

73 u+ vl? = (u+v)-(u+v)
(u+v)-u+ (u+v) v
U-U+ V-U+ U-V+ V-V

|u|2+ 2u - v+|v|2

|u|2+ 2|u|v|+|v|2 < (|u|+|v|)2

SO,|u+ V|S|u|+|v|,

Let w1 = projyvu, as indicated in the figure. Because w1
is a scalar multiple of v, you can write

u=wi+ w2 = cv+ wa.

Taking the dot product of both sides with v produces
u-v=(cv+w2) - v=cv- v+ wp - v

cV 2, because w and v are orthogonol.
2

SO,U'V: Cllvl|2 =C :.'u.—.Mand

VvV 2

u- Vvv.

W1 = projyu= cv = l—l—
V|2

u-v=lu vlcose
\u~v#|u|v|cose |
lulvlcose |

<lulvIbecause doso k 1.

Section 11.4 The Cross Product of Two Vectors in Space

u x v is a vector that is perpendicular (orthogonal) to
both u and v.

If u and v are the adjacent sides of a parallelogram, then

A=luxvl

3. jxiq 010]=-k
100

i
4. jxk=[01 0o=i
00 1

z

=~

N

X y

© 2078 Gengage Learning: All Rights Reserved: May ret be searned, eepied oF duplieated, oF pested te a publiely aceessible website, in whele eF iR part:



1119 Chapter 11 Vectors and the Geometry of Spemtéon 11.4 The Cross Product of Two Vectors in Space 1119

/ i — 1\3/

© 2078 Gengage Learning: All Rights Reserved: May ret be searned, eepied oF duplieated, oF pested te a publiely aceessible website, in whele eF iR part:



Vectors and the Geometry of Spemtéon 11.4 The Cross Product of Two Vectors in Space 1120

1120 Chapter 11
i j k i jk
5.ixk= L 00 |=-j 7.@ ux v= | -2 4 0]= 20i+10j-16k
00 1 325
" vxu= —(ux v) = -20i - 10j + 16k
i vx v=10
i
i j k
- i \ 8.(a) ux v= 0 5= -15i+16j+ 9k
X y
N 2 3 -2
vxu= —(ux v) = 15i - 16j - 9k
bk vx v=10
6.kxi =0 0 1= j
10 i j k
. 9.(@ ux v=7 3 2F 17i- 33j-10k
1-15
1‘
v vxu= —(ux v) = -17i+ 33j + 10k
\ vx v=0
1 4
I
x/ Al y i J K
10. (@) ux v= 21
-9
6-2-1
-19i + 56j + 2k
vxu= =(ux v) = 19i - 56j - 2k
vx v=10
ll.u=<4 10 630
uxv= ~10/=6k= {0,0,6)
-6 3 O
(

( ) ) ) )

u-(uxv =40 + -10 +06 = 0=uluxy

)
0 O ()
V- uxv =-60 +30 +06 =0=>Vv.luxyv

122u= (-522,v=(018)

i j ok
uxv=|[=-52 2|=14i+40j- 5k = (14,40, -5
018
O D O O
u-(uxv = 514 +240 +2-5=0=uluxyv
)
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1121 Chapter 11 Vectors and the Geometry of Spemtéon 11.4 The Cross Product of Two Vectors in Space 1121

) ) c)y )
V- uxv = 014 +140 +8-5 =0=vliuxyv
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1122 Chapter 11 Vectors and the Geometry of Spemtéon 11.4 The Cross Product of Two Vectors in Space 1122

13.u=i+j+k,v=2i+j-k u=-3i+2j-5kv=i-
uxv=[11 1=-2i+3j-k= -2,3,-1 i j kK
( )
2 1 -1 ux v= -3 2 -5 =
i+ 7j+ Kk
(ux v) = 1(-2) +1(3) + 1(-1) o ‘
O=uluxy
. = (- -1)( - WX - (3,7,
(uxv) = 2(-2)+1(3)+ (-1)(-1) o =TT
O=vliuxyv
<_3 I _1>
4 u=i+6jv = -2i+j+ Kk /59 /59 /59
ij ok u= 2k
ux v= 160 =6i-j+13k v=4i+ 6k
-2 11
( ) O « ( ) ij k
U-uxv =16 +6-1=0=>u 1 uxv
( ) 0 ) ( ) uxv =50 0 2|=8j
V.o uxv =-26 + 1-1 +113=0 =Vv.l uxv 40 6
ux v
u="{4,-31)v="25, ||ux\,| —8(81)—1—%,1,0>
3)
i jk u=1 )
ux veaar = -14i- 105+ 26k V=gt k
2 5 3 bk
. uxv=[0 1 0Fi
ux v
=——(-14, -10, 2
o] 5750 §> 01 1
18\]28<_141_10126 =|u>< V|=|i|=1
_ 7 5 13 u=i+j+kv=j
'< 9 3 93_3> +k
i
=<—8,—6,4>V=<10, uxv=|11 1U=-j+k
—12,—2> (11 1
i ok | | |
uxv -8 -6 4 =60i+ 24j+156k ASuxv = -jrk = 2
10 -12 - u=(3,2-1)
ux v 1 ( >
=—==( 60,24,1
o> v] N7k P has
< 5 2 13> ok
T CE - 1] =g -
_ 300 o 2 ux v iz 31 8, 10,4}

A=Jux vl=|6 -10,4]] Vv =180=¢5

©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1121 Chapter 11

u= (2,-1,0
= (-120)

i
uxv=|2 -1 0 <0,0,3>
-1 2 0

A0, 3,2),B(1,5,5),C(6,9,5),D(5,7,2)
AB= 123

DC=123
BC= 540

AD = 54,0

Because AB = DC and BC = AD, the figure ABCD is
parallelogram.
AB and AD are adjacent sides
i jk

ABxAD = =< -12,15, —>6

1 23
540
A=|AB xaD|= 144+225+36 =45

A(2,-3,1),B(6,5,-1),C(7,2,2),D(3, -6,4)
AB =(4,8, -2

pc ={4,8-2)
Bc =(1,-338
AD =(1,-3,3

Because AB=DCand BC = AD, the figure ABCD is

parallelogram.

AB and AD are adjacent sides
P

ABxAD =|4 g -2 =18 -14 —20
1 -3 3

A=|AB xAD| =V 324 +196 + 400= ¥ 230

Vectors and the Geometry of Sp&aetion 11.4  The Cross Product of Two Vectors in Space 1121

A(0,0,0),B(1,0,3),C(-3,2,0)

AB =( 1,08,AC =(-32)p

i j ok
AB xAC= 10 3| = -6-92
32 0

_ 1 A apemiaa oA
A= -|aB x ad| = 36+81+4 =~

A(2,-3,4),B(0,1,2),C(-1,2,0)

)

AB = (-2,4,-2AC =(-3,5, -4

i
-24-2 = -6i - 2j + 2k
_35_

ABx AC=

A= z|ABx AC| =~/ a4=/11

27.F = -20k

i S
PQ = 2(cos40°]j + sin40°k)
[ j

/
PQ xF =10 cos 40°/2  sin 40° 2|= -10 cos 40°i
0 0 -2

| POxF | = 10 cos40° = 7.66 ft-Ib

( ) Na
28. F= -2000cos 30° j +sin30°k = —1000 3 j — 1000k
PQ = 0.16k
i j k
POQxF=|0 0 0.1
0 -1000/3 -1000
o
= 160 3i

| PQx F| =160V 3tIb
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The Cross Product of Two Vectors in Space 1122

k
1
—180sin &

29.(a) AC= 15inches = Ef‘*t F
_ 4 (b) i j
BC = 12 inches = 1 foot B_ AB xF =10 _%
0 —-180cos @
AB = ‘Eitt sz = (225 sin @ + 180 cos )i
F= -180cos @ j + sin 6k - ; ”TBxF“=|225sin0+180cose|

1
(c) When 6 = 30°, IABXF ": zz‘g_} +180\(\/3\\ =

‘ ‘ ~ 268.38
\2) L 2)
() fT= |225sin6 +180c0s6) T= 0for225sin0 = -180cos O =tan6 = —ﬁ =0 =
ForO< 6 < 141.34,T'6 = 225c0s6 —180sin® = 0 = SIS

tan6 =4 6 =51.34°. AB

(€ 400

0 180
0

From part (d), the zero is 6 H 141.34°, when the vectors are parallel.
30. (a) Place the wrench in the xy-plane, as indicated in the figure.
The angle from AB to F is 30° +180° +6 = 210° +6

0 ¢
HOAH: 18 inches = 1.5 feet 0
. o\n /B
OA = 15[cos 30°i + sin 30°j] =%§i + 3 F
X 30°
L ¢ ) ( )] 4 4 0

= 56/cos( 210° +6) i+ sin( 210° + 6 )j]

i J k 100
37 3
OAXF = 7 I 0
56 cos (210° +6) 565sin(210° +6) 0
= 1 ’

in 210° si k
FL42~/3T( sin 210° cos @ + cos 210°sin 8 ) — 42( cos 210° cos 6 - sin 210° sin 6

= (42 \/5\(— 2 cos 6 —f sin ew - 42|(—£ cos 6 +_1 sin e\lﬂk (-84 sin 6 )k

12 2 2 2

L\ )\ /]

OAxF = 84sin6,0< 6 < 180°

‘\F
(b)When 8 = 45°,|OAXF | = 84—22 = 42~ 59.40

LetT= 84sin6
dT

= 84cos6 = 0when 6 = 90°.

141.34°.

and F are perpendicular.
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doé
This is reasonable. When 6 = 90°, the force is perpendicular to the wrench.
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100 38.u= ( 04)
3Lu- (vxw) =f, 1 0f=1 v={ =3,0)0
0 01 w=( -1,1)5
11 1 ( ) 0 4 ()
32,U'(VX W) 421 — u- vxw = —-300] =—4-15 =60
0 1 -1 15
V= u-(vx w) = 60
1
33.u-(vxw) 3 o 6 39.() u-(vxw) =(vxw) u(b)
00 1 =w-(uxv)=(uxv)-w(c)
=v-(wxu)=(ux-w)- v(d)
o (wxu)- v(n)
=v-(wxu)=(wxu)-v
3du-(vxw) f411 1F 0 { )
022 © u(wxv) =W ) E(-ux v)-w(g)
3Bu-(vxw) 01 =2 So,a=b=c=d =hande= f=g
10 -
40.ux v= 0=uand v are parallel.
V:lu-(vxw)|:2 u-v=0=uand v are orthogonal.
So, u or v (or both) is the zero vector.
13 1
36.u-(vxw)=|06 6=-72 41. The cross product is orthogonal to the two vectors, so it
40 -4 is orthogonal to the yz-plane. It lies on the x-axis, since it
| is of the form {  k, 0,0..

V=u(vxw)|=72
42. Form the vectors for two sides of the triangle, and

37.u= 8,0,0) compute their cross product.
V= 6, 5, 1> <X2 - X1,¥y2 - Yy1,22 = Z]>><<X3 —-X1,Y3~ V1,23 — Z]>
w= 2,0,5)

43. False. If the vectors are ordered pairs, then the cross

300 product does not exist.
u-(vxw)=] 051f=75
20 5 44. False. The cross product is zero if the given vectors are

parallel.
V= Ju-(vxw)| =75
45. False. Letu = <1,0,9,v:<1,o,9,w:<—1,0,9.

Then,ux v=ux w= 0,butv# w.
46. True
u= <u1,uz,ug>,v= <V1,V2,V3>,W: <w1,wz,ws>
i j k
ux(v+w)=| u U7 u3

Vi + w1 v2 + W2 V3 + W3
’—U (V + W) -u (V 2)) la(s 3) 3(1 1)J L1 2 2) 2(1 1)
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L 23332 +wli-Tuv +w —uv+wlj+fuv +w -u v+wlk
(u2v3—u3v2)i—(u1v3—u3V1)j+ (u1v2 —u2v1)k +(U2W3 —U3W2)i—(
(UX V)+(uxw) ui w3 _U3W1)j+(U1W2 - u2w)k
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The Cross Product of Two Vectors in Space 1126

48.u = <u1 ,u2, U3>, V= <v1 L V2, V3>, cis a scalar:

i j K
(cu)x v=[cur cuz cus
viove 3

23 32) ( 13 31) (12 2y (

= uv -uvi-

uv - uvij+ uv —uv kl=cuxv

U:<U1,U2,U3>

ik
uxu={ur uz u3|=(uzus - uw2)i- (uws - uaw)j+ (uwz - uou)k=0
ur up; u
up U2 U3

50.u-(vx w) g{vi v2 v3

wWooww
1 2 3
w w W
1 2 3
(uxv) - w=w-(uxv)=|ur uz us
VioV2 V3

wi(u2vs = vaus) = w2 (uvs = vius ) + wa (uv2 = vauz )
ur (vawz = wavz)—u2(viws — wiva )+ uz(viwz - wiv2) = u-(vx w)
ux v=(uzva - uav2)i- (uwva - uavi)j+ (uv2 = uzvi)k

(uxv)-u=(u2va-u3av2)ur+(ugvi—-uva)uz+(uva-uavi

Jus=0(uxv)-v=_(u2vz—uav2)vy+(uzve—uwz)va+(uwz
—u2v1)v3=0So,uxviuanduxvlyv.

If u and v are scalar multiples of each other, u = cv for some scalar c. u
xv=_(cv)xv=c(vxv)=c(0)=0
Ifux v=0,then |u livilsiné = 0. Assumeu # 0,v# 0.So,sin6= 0,6 = 0,and uandv are parallel. So,

u = cv for some scalar c.
53JJux v|| =lullllvllsin 6
If uand v are orthogonal, 6 = m/2andsing = 1. So,|u x v| :|u|v|.

54.u= <a1,b1,c1>,v: <az,bz,02>,w: <a3,b3,03>
i H k
xw Ja Cl _ . .
v 32 2 2| =(bac3 - b3c2)i- (a2c3 - asc2)j+ (a2bs - asho )k
a3 b3 c3
i j K
x(vx w) = a1 b1 c1

(b2cs - bacz) (a2 - azcs) (@azhs - ashe)
x(vx w) =L[b(a2b - ab

: —c( ac - ac TJi—Lr? ab - ab) - c(bc - be T)J'
3 32 32 23 23 32 23 32
+Ff1(ac—a1c)—bbc—bc Tk '

132 23

1(23 32)]
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[aaa + bb
cc —afT.a
bb+cc |i +
bab+bb +c

TO 4+ + 1l

(ajas + bibg + cic

3 )\az, by, co/ = (

aiaz + b1b2
+ c1c2 )\a3z, bz,
cal =

(u-w)v-(u-v

Iw

©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
©2018 Cengage Leamning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 11.5

Lines and Planes in Space 1125

B5.u= uti+ u2j+ usk,v=vii+ v2j+ vak,w=wii+ w2j+ wsk

i j ok

VX W= (v v2 v :</2W3-W2V3,-(V1W3-W1V3),V1W2-W1V2>

w o w W
12 3

x(vx w) = <u1,uz,us>~<V2W3 - wov3, - (viw3 — wiv3 ), viwe — wivg
UIV2W3 — UIV3W2 — U2VIW3 + U2V3WL + U3VIW2 — U3V2Wwi

Ui U2 us
V1 V2 V3 W1
W2 W3

Section 11.5 Lines and Planes in Space

The parametric equations of a line L parallel to

= \a, b, ¢,/ and passing through the point P( x1, y1, 1)
are
=x1+at,y=y1+bt,z=121 +ct. The
symmetric equations are
X—X1 =Y-yi =Z-171,
a b c

In the equation of the plane
2(x-1)+4(y-3)-(z+5)=0,a=2,b=4,andc
= -1. Therefore, the normal vector is <2, 4, —1>.

Answers will vary. Any plane that has a missing x-

variable in its equation is parallel to the x-axis.
Sample answer: 3y -z=5

First choose a point Q in one plane. Then use Theorem
11.13:

D:‘ PQ - b
In]

where P is a point in the other plane and n is normal to

that plane.

X=-2+t,y=3t,z= 4+t

(@ (0,6,6): Forx=0=-2+t, you have t = 2.
Theny=3(2)=6andz=4+2=6. Yes, (0,

6, 6) lies on the line.

(2,3,5): Forx=2=-2+t, you have t = 4. Then

y=3(4)=12#3.No, (2,3, 5)does not lie on the
line.

() (_4’_6’2):F0rX: -4= -2+ t you have
= -2

Theny=3(-2)=-6andz=4-2=2.Yes, (-

© 2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

X=3_y-7
28

=z+ 2

(@ (7,23, 0): Substituting, you have

Yes, (7, 23,0) lies on the line.

(b) (1, -1, -3): Substituting, you have

1-3 _ -17
= =——— -3+
5 g =73+2
-1 =-1=-1

Yes, (1, -1, -3) lies on the line.

(¢) (-7,47,-7): Substituting, you have

5#5#-5

No, ( =7, 47, - 7) does not lie on the line.

Point: (0,0, 0)

Direction vector: <3,1, 5>
Direction numbers: 3, 1, 5
Parametric: x = 3t,y=t,z= 5t

X z
4, - 6, 2) lies on the line.



Symmetric: 3 =y= 5§

© 2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1126 Chapter 11 Vectors and the Geometry of Space Section 11.5 Lines and Planes in Space 1126

8. Point: 0,0,0 14. Points: 043, -1,2,5
o 5 Direction vector: {, 2, -2)
Direction vector: v= (-2,=<1
2 Direction numbers: 1, 2, -2
Direction numbers: -4, 5, 2 (a) Parametric:x = t,y= 4+ 2t,z= 3- 2t

(a) Parametric: x = —4t,y= 5t,z= 2t

(b) Symmetric: x = N—‘zﬂ :%
b) Symmetric: = = ¥ =2 =
(b) sy Loy
( ) 15. Points: (7,-2,6),(=3,0,6)
e e Direction vector: <—10, 2, 0>
Direction vector: v = <2 4 _2> Direction numbers: -10, 2, 0

Direction numbers: 2. 4 —2 (a) Parametric: x= 7-10t,y= -2+ 2t,z= 6

(b) Symmetric: Not possible because the direction
number for z is 0. But, you could describe the
. X+ 2 -3 . X=7_y+2°
(b) Symmetric: ¥4 = ¥ - L= line as™— = 2= 6.
2 4 2 10 -2

(a) Parametric: x = =2+ 2t,y= 4t,z= 3 - 2t

Point: ( -3,0,2
( ) 16. Points: ( 0, 0, 25), (10,10, 0)

Direction vector: v = 10, 6, 3 Direction vector: <10,10, —25>

Direction numbers: 0, 2, 1 Direction numbers: 2, 2, -5

Parametric: x= - 3,y=2t,z= 2+t
(a) Parametric: x =2t,y=2t,z =25 -5t X

y
Symmetric: 2 = z- 2,x= -3 yz - 25
2 2 -5
Point: (1, 0,1
( ) Point: (2,3, 4)
i i v=3i- 2j+ . .

Dfrectfon vector:v= 3i— 2j+ Kk Direction vector: v = k
Direction numbers: 3, =2, 1 Direction numbers: 0, 0, 1

Parametric: x= 1+ 3t,y= -2t,z= 1+t Parametric: x= 2,y= 3,z= 4+ t

LLoox=l _y o_z-
(b) Symmetric: “— =— = Point: (4,5, 2)

Direction vector: v = j
12. Point: ( -3, 5, 4)

Directions numbers: 3, =2, 1

Direction numbers: 0, 1, 0

Parametric: x= —-4,y=5+t,z= 2
(a) Parametric: x = -3+ 3t,y=5-2t,z= 4+ t

(b) Symmetric: X+ 3 y= 5= z- 4 Point: (2,3, 4)
/3 22 )
Points: (5, -3, -2), | : | (a) Parametric:
\33 ') x=5+17t,y= -3-11t,z= -2 - 9t
Direction vector: v—l—i——l 3k3 3
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Direction vector: v= 3i+ 2j -k Point ( -4, 5, 2)

Direction numbers: 3, 2, -1 Direction vector: v= —i+ 2j+k

Parametric: x= 2+ 3t,y= 3+ 2t,z=4-t Direction numbers: -1, 2, 1

(b)symmetricx_ 5 y+3_ z7+2 Parametric: x= —4-t,y=5+ 2t,z= 2+t

17 -11 -9
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Point: (5, - 3, -4)
Direction vector: v = <2, -1, 3>
Direction numbers: 2, -1, 3

Parametric: x= 5+ 2t,y= -3-t,z= -4+ 3t

Point: (-1, 4, -3)

Direction vector: v= 5i — j

Direction numbers: 5, -1, 0

Parametric: x= -1+ 5t,y=4-t,z= -3

Point: (2,1, 2)

Direction vector: <—1,1,1>
Direction numbers: -1, 1, 1

Parametric: x= 2-t,y= 1+ t,z= 2+t

Point: ( -6, 0, 8)

Direction vector: <—2, 2, 0>
Direction numbers: -2, 2, 0

Parametric: x= -6 - 2t,y= 2t,z= 8

Lett= 0: P = (3, -1, -2) (other answers possible)
= '-1,2,0" ( any nonzero multiple of v is correct)

26. Lett= 0:P = (0,5,4) (other answers possible)

= <4, -1, 3> (‘any nonzero multiple of v is correct)

Let each quantity equal O:

(7, -6, =2) ( other answers possible)

<4, 2,1> ( any nonzero multiple of v is correct)

Let each quantity equal O:
= (-3,0, 3) (other answers possible)

= <5, 8, 6> (‘any nonzero multiple of v is correct)
29. L1:v1=<—3,2,4>andP:(6,—2,5)on L1

L2:v2=(6,-4,-8)andP=(6,-25)onLy
The lines are identical.

Vectors and the Geometry of Space

Section 11.5

31.

Lines and Planes in Space 1128

Liv = (2,-1, 3) and P = (1,-1,0)on L1
Lo:v2= <2, -1, 3> and P not on L1

The lines are parallel.
Li:vi =(4,-2,3)andP= (8,-5,-9)onLs

L2:v2 =(-8,4,-6andP= (8,-5-9)onL2
The lines are identical.

Li:vi = (4,2,4)andP= (1,1,-3)onLs
Lo:vp = <l, 0.5, 1> and P not on
L2 The lines are parallel.

At the point of intersection, the coordinates for one line
equal the corresponding coordinates for the other line.
So,

4t+ 2=2s+ 2,(ii)3=2s+3,and
-t+1=s+1.

From (ii), you find that s = 0 and consequently, from

(iii), t= 0. Letting s= t= 0, you see that equation (i)
is satisfied and so the two lines intersect. Substituting

zero for s or for t, you obtain the point  2,3,1.

u=4i-k (Firstline)

v=2i+ 2j+ k

Second line —

cos@=|u-yv =8-1_ =-_7 =717
Iﬂ_lvl N NS A

= B555°

By equating like variables, you have

(i))-3t+1=3s+1,(ii))4t+1=2s+4,and

(iii)2t+4=-s+1.

From (i) you have s = -t, and consequently from (ii),

= lz and from (iii), t = =3. The lines do not intersect.

Writing the equations of the lines in parametric form you

have
X = 3t y=2-t 7= -1+t
X =1+ 4s y=-2+s5s 7 = -3- 3s.

For the coordinates to be equal, 3t = 1+ 4sand
2 -t= -2+ s, Solving this system yields t = T and

7
= 1717. When using these values for s and t, the z

coordinates are not equal. The lines do not intersect.
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1129 Chapter 11 Vectors and the Geometry of Space

Writing the equations of the lines in parametric form you
have

Xx=2- 3t y= 2+ 6t z=3+1t
Xx= 3+ 2s y=-5+s 2= -2+ 4s.

By equating like variables, you have 2 -3t = 3+ 25,
2+ 6t= -5+ 5,3+t = -2+ 4s.S0,t=-1,s=1

and the point of intersectionis  5,—4,2.

us= <—3,6,1> (First line)

v= (21,4)  Secondline

0 _U'V:_4 :_4:2é@
COSY =PIl < 48/21 /966 483

=~ 82.6°
X+ 2y-4z-1=0
@ (-7,2-1):(-7)+2(2)-4(-1)-1=

0 Point is in plane.
(5:2,2):5+2(2)-4(2)-1=0
Point is in plane.
(-6,1,-1): 6+2(1)-4(-1)-1=-1#0
Point is not in plane.

2Xx+y+3z-6=0
(3.6,-2):2(3) + 6+ 3(-2) - 6= 0
Point is in plane.
(1,5, -1):2(-1) +5+3(-1) -6 =-6#0
Point is not in plane.

(21,0):2(2) +1+3(0)-6=-1#0

Point is not in plane.
Point: (1, 3, =7)
Normal vector: n = j = <0, 1, 0>
0(x-1)+1(y-3)+ 0(z-(-7)) =
0y-3=0
Point: (0, -1, 4)

Normal vector: n= k= <0, 0, 1>

0(x-0)+ 0(y+1)+1(z- 4)

Section 11.5 Lines and Planes in Space 1129

Point: (3, 2,2)

Normal vector: n= 2i+ 3j -k
2(x-3)+3(y-2)-1(z-2) =0

2x+ 3y-2z-10=0
Point: (0,0, 0)

Normal vector: n= -3i + 2k

-3(x-0)+0(y-0)+2(z-0) =0

-3x+ 2z2=0

Point: (-1, 4,0)

Normal vector: v = <2, -1, —2>
2(x+1)-1y-4)-2(z-0)=0
2x-y-22+6=0
Point: ( 3,2,2)
Normal vector: v = 4i+ j -3k
4(x-3)+(y-2)-3(z-2)=0
Idx+y-3z-8=0
Let u be the vector from ( 0, 0, 0)
t0(2,0,3):u= <2, 0, 3)
Let u be the vector from (0, 0, 0) to

(

)
-3, -1,5:v :< —3,—1,}5
i jk
Normal vectors:ux v= 2 03|= <3, -19, —2>

-3 -15

3(x-0)-19(y-0)-2(z-0) =0
3x-19y-2z=0

Let u be the vector from ( 3, -1,2) to ( 2,1,

5):u= {-1,2,3)
Let u be the vector from ( 3, -1, 2) to (1, - 2, -2):
= <—2, -1, —4>
Normal vector:
i ]
(
=0z- UxX v=
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-2 -1
-4
1(x=-3)+ 2(y+1)- (z-2) =

Ox+2y-2z+1=0

-1 2 3= <—5, —10,5> = -51,2, —1>
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1131 Chapter 11 Vectors and the Geometry of Space

Let u be the vector from (1, 2, 3) The direction of th(? lineisu= 2i- j+ k Choose any

) J
to (3, 2,1): u=2i-2k point on the line, [ 0, 4,0, forexample |, and let v be the

Let v be the vector from (1, 2, 3) to

( ) ( )
vector from  0,4,0 to the given point  2,2,1:

(-1,-2,2):v=-2i-4j-k v=2i-2j+k
Normal vector: i
i j Kk Normal vector:ux v =2 -1 1} =i- 2k
: V)= = j 2 -2 1
qu)x(-v)=|1 o-1|=4i-3j+4k
2 41 x-2)-2(z-1) = 0
4(X_1)_3(y_2)+4(2_3)=0 -272=0

4x- 3y+ 42-10=0 Let v be the vector from ( -1,1, -1) to ( 2, 2,1):

=3i+ j+ 2k
Let n be a vector normal to the plane
2x-3y+z=3n=2i-3j+ Kk

(1, 2, 3), Normal vector:
=i,1(x-1) =0,x-1=0

Because v and n both lie in the plane P, the normal

(1, 2, 3), Normal vector:
vector to P is

=k1(z-3)=012z-3=0
i
The plane passes through the three points vxn= 13 1 2=7i-j-11k

(13,0,1).(0,00)¥6,1,0), 2 -3 1

( )« )

The vector from 0,0,0 to 0,1,0:u = j 7(x—2)+1(y—2)—11(z—1)=0

X+ y-11z-5=0

The vector from (0,0, 0) to (\/5 0, 1)2 v= \/Ei +k

C Let v be the vector from ( 3,2,1) to ( 3,1, -5):
)

" = -j-6k

Normal vector: u x v = 1 0]=i- 3k .
Let n be the normal to the given plane:

301 = 6i+7j+ 2k

X = \/372 =0 Because v and n both lie in the plane P, the normal
vector to P is:
The direction vectors for the linesareu = -2i + j+k, i j ok
= =3j+ i -k i i
Sit4j-k vxn=0-1-6=40i-36j+6k67
ij ( ) 2
Normal vector:ux v= | -2 1 1= -5i+j+ K 2(20i-18j+ 3K)
-34 -1

Point of intersection of the lines: ( -1, 5,1) 20x - 18y + 32— 27= 0

x+1)+ (y=-5+(z-1) =0
+y+z2-5=0 Let u =iand let v be the vector from (1, - 2, -1)

t0(2,56):v=i+7j+7k
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Because u and v both lie in the plane P, uxv=1 0 0=-7j+7k=-7(j- K)
the normal vector to P is: 17 7

i y- (=21 24 (-1)1= 0
jk L1
y1z+1=0
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Section 11.5 Lines and Planes in Space 1133

Let u = kand let v be the vector from ( 4,2,1) to (=3,5,7):v==7i+3j+6k
Because u and v both lie in the plane P, the normal vector to P is:
b ( )
uxv=| 00 1 =-3i-7j=-3i +7j
-7 3§

3(x-4)+7(y-2)=0
X+ 7y-26=0

Let ( x, y, ) be equidistant from ( 2, 2,0) and (0, 2, 2).

Vx=27+ (y=2% + (2= 0= N (x- 0% + (y- 2 + (2-
x2—4x+4+y2—4y+4+22:x2+y2—4y+4+22—4z+4
4x+8=-4z+8

- z= 0Plane

() C H C H C H C H )

\/ x=-1,+y-0 ,+z-2 2:\/X—Z )+ y-0,+ z-1,

X2 - 2x+1+ y2 + 22 - a7+ 4= - ax+ 4+ y2 + 72 - 2+1
—2x— 4z+ 5=-4x- 22+ 5
2x-2z=0
x— z= 0 Plane
Let ( %, y, ) be equidistant from ( -3,1, 2) and ( 6, -2, 4).

« ) )y C H C H C H

\/ X+3,+ y-1,+2z-2 2=\/x—6 1+ Y+ 2 0+ 2-4,

X+ Bx+ O+ Y2 - 2y+1+ 72 —dz+ A= x2 —12x+ 36+ yP + Ay+ 4+ 22 —82+16
6x—- 2y— 4z+14= -12x+ 4y—-8z+ 56
18x— 6y+ 4z-42=0
9x—3y+ 2z—- 21= 0Plane

Let ( x, y, z) be equidistant from ( =5,1, =3) and ( 2, -1, 6)

( ) ( ) ( ) ( )
X +52 + y—12+z +32 N x- 1+ y+12+ z- 6
X2 410K+ 25+ y2 — 2y+1+ 22 + 62+ 9= X - Ax+ 4+ yP + 2y+1+ 22 —127+ 36
10x—- 2y+ 6z+ 35= —-4x+ 2y-12z+ 41
14x- 4y+182-6=0
7x— 2y+ 92— 3= 0Plane
61. First plane: n1 = ( -5, 2, —t)and P = (0,3,0)o0n plane

62. Firstplane: n1 = <2, -1, Jand P= (4,0,0) onplane
Second plane: n2 = <15, -6, 2z>: —3ni1andP not on Second plane: n2 = <8, —4,12> = 4n1 and P not on
plane plane.
Parallel planes

Parallel planes
(Note: The equations are not equivalent.)

(Note: The equations are not equivalent.)
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First plane: n1 = (3,-2,5)and P = (0,0,2)on plane
Second plane: n2 = <75, - 50, 125> = 25nz and P on plane

Planes are identical.
(Note: The equations are equivalent.)

First plane: np = (- 1,4, 1) andp = (-6,0,0) on plane

5 5
2,10,- 2

plane Planes are identical.
(Note: The equations are equivalent.)

Second plane: n2 = -

(@ n1=3i+2j-kandnz = i-4j+ 2k
cos 6 = l”_lnni' 7]_4}_ L
ni|n2
=~ 65.91°

The direction vector for the line is

i ok
m xng =[1 -4 2F 7(j+ 2k).
3 2 -1

Find a point of intersection of the planes.
6x+ 4y—- 2z =14
X—4y+ 2z =0
7X =14
X = 2
Substituting 2 for x in the second equation, you have
-4y+2z=-20rz=2y-1. Lettingy=1,a

point of intersection is ( 2,1,1).

2,y=1+1t,z=1+ 2t

66.(a) m = (-2,1,3andnz € 6,-32
n
1-np -13 18/6
o = Intfn2 :_l_l_ -
cos T ol % 42
6 = 40.70°

The direction vector for the line is

R C )
nxn =-2 11 =5i+2j.
6 -3 2

Find a point of intersection of the planes.
6x+ 3y+ 3z= 66X
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Section 11.5 Lines and Planes in Space 1131

@ n = <3, -1, 1> and n2 = <4, 6, 3>

B 0,75 R [ P
c0s 6 |n1||n2| NEEN[ 671

6 = 69.67°

The direction vector for the line is
jk
nixn2 =3 -1 1F -9i- 5j+ 22k.
4 6 3
Find a point of intersection of the planes.
18x-6y + 6z = 42
4x +6y + 3z = 2
22x + 9z =44

Letz = 0,22x= 44 =x = 2and
32-y+0=7=>y = -1

A point of intersection is ~ 2,-1,0.

( )
=2-0t,y= -1- 5t,z= 22t

@ nL =6i-3j+kn2 = -i+ j+5k

n
i) 7

46 27 207
1.6845 = 96.52°

cos 6

R

The direction vector for the line is

Jk )
nxn2= 6 -3 1 <—16,—31,3.
-1 1 5

- 3y+ 2z= 452=
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10z= 2

Substituting 2 for z in the first equation, you have
2x+y=0o0ry=2x. Letting x =0, a point of

intersection is ( 0, 0, 2).

=5b6t,y=10t,z= 2orx=t,y= 2t,z= 2

Section 11.5 ines and Planes in Space 1132

Find a point of intersection of the planes.
6x—- 3y+ z=5=> 6x— 3y+ z= 5
X+ y+ 52=5=-6x+ 6y+ 30z= 30

3y+ 31z= 35

Lety= -9,z= 2=>x= -4=(-4,-9,2).
x= —4-16t,y= -9-31t,z= 2+ 3t
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The normal vectors to the planes are 76. z=1

Inwno]

ng = <5, —3,]>, n2 = <1 4, />, cos 6 = W
So, 8 = n/2 and the planesare orthogonal.

The normal vectors to the planes are
ny= <3,1, —4>, n2 = <—9, —3,12>.

Because n 2 = —3nj, the planes are parallel, but not equal.

The normal vectors to the planes are

nt=i-3j+6kn2=5i+j-k
cos6 =|nm-nz| | 5-3-6 | —_4/138 - 2/138
ni n2 46 27 414 207
So,6 = arccos(_z\’@\‘l\ = 83.5°
L 207) 2x+y=8
The normal vectors to the planes are s
nt=3i+2j-kn2=i-4j+ 2k,
cos @ = n e | = 3-8 :iG :ﬁ
] n2 J 21 42 6 4,0,0)
8 (0,8,0)
( ) y
So, 0 = arccoa\\_/—g\‘ = 65.9°.
L 6)

4x+ 2y+6z=12
The normal vectors to the planes are n1 = <1, -5, —1> and

n2 = <5, - 25, —5>. Because n 2 = 5n1, the planes are
parallel, but not equal.

The normal vectors to the planes are
n = (2,0,-1),n2 = (41,8),

cosf =[n1-n2] =0
ni ||n2

So0,6 = -Zﬂand the planes are orthogonal.

75. ys -2
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3 (20,0
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2x—y+z2=4

z

4(0,0,4)

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

= -7+ 2t,y=4+1t,z= -1+ 5t
(=7+2t)+3(4+t)-(-1+
5t) = 66=6
The equation is valid for all t.
The line lies in the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:
=1+ 4ty=2t,z= 3+ 6t

21+ 4t + 32t = -5,t= 1
« ) O ?

Substituting t = - 12 into the parametric equations for
the line you have the point of intersection ( -1, -1,
0). The line does not lie in the plane.

Writing the equation of the line in parametric form and

substituting into the equation of the plane you have:
=1+3t,y=-1-2t,z=3+t

2(1+3t) + 3( -1 - 2t) = 10, -1 = 10, contradiction

So, the line does not intersect the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:
=4+ 2t,y=-1-3t,z= -2+ 5t

5(4+ 2t)+ 3(-1-3t) = 17,t=0
Substituting t = 0 into the parametric equations for the

line you have the point of intersection ( 4, -1, —2).

The line does not lie in the plane.

Point: Q( 0, 0, 0) )
Plane:2x+3y+ z-12=0

Normal to plane: n = <2, 3,1>
Point in plane: P( 6, 0, 0)

Section 11.5 Lines and Planes in Space 1135

Point: Q( 0,0, 0)

Plane:5x+ y-2z-9=0
Normal to plane: n = <5, 1, —1>
Point in plane: P( 0, 9, 0)

Vector PQ =0, -9, 0

[PQ-n| I_L

p= |n| =27 =3

Point: Q( 2, 8,4)
Plane:2x+ y+ z=5
Normal to plane: n = <2,1,1>
Point in plane: P<0, 0, 5>

Vector: PQ = <2,8,—i

5. |PQ: n| :uﬁ
~ Tl 6
Point: Q(1, 3, -1)
Plane:3x- 4y+5z-6=10
Normal to plane: n = <3, -4, 5>
Point in plane: P( 2,0, 0)

)

Vector PQ: < 1,3 -1

o- B A

The normal vectors to the planes are n1 = <1, -3, 4>

and n2 = <1, -3, 4>. Because n1 = n2 , the planes are

parallel. Choose a point in each plane.
Pglo, 0,0) isapointinx-3y+ 4z=10.
)

Q 6,0,0isapointinx—3y+ 4z= 6.

( > Pen | 4 22
PQ = -400,D= ! N 26 13

Vector PQ = <—6, 0,0
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The normal vectors to the the planes are parallel. Choose a point in each plane.
planes are n1 = <2, 7, 1) and n2 PE 0,0,13)isapointin2x+ 7y+ z=13.
= (2,7,1). Because n = 2 , Q 0,0,S; isapointin2x+ 7y+z=0.
PQ = 0,04
D= Ii?_'ln_[ | 7—1_2[ _6/14 ()
" 14 7 D= |&—ﬂl -t 2L

m] /54 9
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The normal vectors to the planes are n1

= <—3, 6, 7> and n2 = <6, =12, —14>.
Because n 2 = —2n1, the planes are
parallel. Choose a point in each plane.

P(0,-1,1)isapointin-3x+ 6y+ 7
z= 1.
(25

Q  — , 0, 0jis apoint in 6 x -12y-14z = 25

\ 6
SHC

D= I_ﬂl-_nllz-ZYZ:i :ﬂ&
T A VA

n ~ 94 2 94 188

The normal vectors to the planes are ny
= <—1, 6, 2> and
n2 = <— l2 , 3, 1>. Because n1

=2n2 , the planes are parallel.
Choose a point in each plane.

P‘ —3,0,y0isap0intin—x+ 6y+ 2z = 3.
Q(0,0,4)isapointin-sx+ 3y+ z = 4.
PQ =( 3,04
D= |PQ-n1 -_5=-45a

" Va1 41

u= <4, 0, —1> is the direction vector for
the line.

Q(1, 5, -2) is the given point, and P(
-2, 3,1) is on the

line.
PQ =(3,2,-3
i j ok
PQxu = 32 -3[= (-2 -9, -8)
4 -1
D= |PQxu|l =~149 _~/2533
U J 17 17

u= <2, 1, 2> is the direction vector for
the line.

Q(1, - 2, 4) is the given point, and P(
0, - 3,2) is apoint
on the line (lett = 0).
PQ=11,2)
ik
POQxu ={1 12|=02-1)

2 12



Q(-2,1, 3) is the given point, and P(Z, 2, 0) is on the line
(lett= 0 in the parametric equations for the line).

PQ= (-3,-13)

i
PQxu =|-3 41 3= (-1, -9, -4)
-1 1 -2

:qu“ «v‘/1+8l+16 VB _1_3

lul J1+1+4 J6 /3 3

= <O, 3,1> is the-direction vector for the line.
Q(4,-1,5) isthe éven point, and P( 3,1,1) is on the line.

PQ= 424 )
R
Qxu= |1 -2 4=(-14,-1)3
0 31
e
_|m><uJ

\/

The direction vectgr for L1 is v1 = < -1, 2,1/. The direction vector

for L2 isve = <3, —'6, —3>. Because v 2 = =3 v1, the lines are
parallel. n
Let Q( 2,3, 4) to be a point on L1 and P( 0,1, 4) a point
v
onlL2. PQ= (2, 2€0)

. . C..
= v2isthe dII’ePtIOH vector for L2.
0.

i
r
POx v =2 2 o =(-66, -18
3 f5 -3
(0]
PQOx vo| '

D= v
2

\/ 36+36+3§E f 396 ’
9+36+9

® 5 ==
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The direction vector for Ly is v1 = <6, 9, —12>.
The direction vector for Ly is vp = <4, 6, —8>.

Because vi = 3242 , the lines are parallel.

Let Q 3,-2,1to be apointon L and P-1,3,0 a point

onL2. PQ = < 4, —5,2 .

= V2 is the direction vector for L2.
i

j K
POx v2 =4 -5 1|= (34,36, 44)
6 -8

4
4
D: |PQX v,

[v,]
34 + 36° + 44°

JI6+36+64

J4388 = 097 = ~B1813
/1162929

z=0.23x+ 0.14y+ 6.85

Section 11.5 Lines and Planes in Space 1135

Exactly one plane contains the point and line. Select two
points on the line and observe that three noncolinear
points determine a unique plane.

There are an infinite number of planes orthogonal to a

given plane in space.

Yes, Consider two points on one line, and a third distinct
point on another line. Three distinct points determine a

unique plane.

(a) ax + by + d = 0 matches (iv). The plane is
parallel to the z-axis.
ax + d = 0 matches (i). The plane is parallel to the
yz-plane.
cz+d=
0 matches (ii). The plane is parallel to
the xy-plane.
ax + ¢z + d = 0 matches (iii). The plane is
parallel to the y-axis.

@)

Year 2009 | 2010| 2011 | 2012

2013

2014

z(Approx) | 18.93 | 19.46 | 20.31 | 21.10

21.58

22.62

The approximations are close to the actual values.
If x and y both increase, then so does z.

On one side you have the points ( 0, 0,0), ( 6,0, 0), and ( -1, -1, 8).

jk
nn=6 0 0F -48j- 6k
-1 -1 8
On the adjacent side you have the points ( 0, 0, 0), (0, 6,0), and ( -1, -1, 8).
gk 2
(-1,-1,8)}
na = 0 6 0  48i+6k n
-1 -1 8
cos 9= |_||||1 2340 = 65
= arccos —L = 89.1°
65
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Li:x1 =6+ t;yr =8-t2z1 = 3+t
Lo:ixog =1+t y2 =2+t,z2 = 2t

Att= 0, the first insect is at P1( 6, 8, 3) and the second insect is at P2 (1, 2, 0).

( ) ( |

\ 7

6-12+ 8- 2%+ 3-

Distance =

0 2 2\/70= 8.37 inches

(b) Distance :\/(x1 =) e (y - y2) %+ (1 - 22)
The distance is never zero.

52 +(6-2t)% +(3-1)? ¥ 5t2 -30t+ 70,0< t<10

Using a graphing utility, the minimum distance is 5 inches when t = 3 minutes.

15

L/

) [ a—— 71
0

108. First find the distance D from the point Q( =3, 2, 4) to the plane. Let P( 4, 0, 0) be on the plane.

<2 4, 3> is the normal to the plane.

_|pon 724 24-3  -14+8-12 _ =18 29
|J o [ N R
N 4+16+49 J 29 2929
The equation of the sphere with center ( =3, 2, 4) and radius 18 J29/29 is (x+3) 2 (y-2) 24 (z-4 )2 = 324 )
29
The direction vector v of the line is the normal to the i
plane,v:<3,—1,4>. 111, uxv= 2 -51=-Pli-11j-13k-314

The parametric equations of the line are x =5 + 3t,
y=4-tz=-3+4t.

To find the point of intersection, solve for tin

the following equation:

3(5+3t)-(4-t)+ 4(-3+4t) =7
26t= 8

t=
_134

(5+3(13 ). 4- 13 (13%) = (17 528 13)

4 Ay .=

The normal to the plane, n = <2, -1, —3> is perpendicular
to the direction vector v = ( 2, 4, 0) of the line because
2,—1,—3> . <2,4,0> =0.

So, the plane is parallel to the line. To find the distance
between them, let Q( - 2, -1, 4) be on the line and

P(2,0,0)onthe plane. PQ =-4,-1,2.

5 JPo_nl

In |
Jea-ra) G-1-3| 19 _ w1
N - J1a 14

Direction numbers: 21, 11, 13
= 2lt,y= 1+11t,z= 4+ 13t

The unknown line L is perpendicular to the normal vector

= <1,1,1> of the plane, and perpendicular to the direction

vector u = <1,1, —1>. So, the direction vector of L is

<—2,2,0. >

<
It
[Egu—

J
1 1=
1

The parametric equations for Larex=1-2t,y= 2t,
z= 2.

True

False. They may be skew lines. (See Section Project.)

True

116. False. For example, the linesx=t,y=0,z=1and x =
0,y =t,z=1 are both parallel to the plane
= 0, but the lines are not parallel.
False. For example, planes 7 x +y—-11z=5and 5
X+ 2y —-4z=1are both perpendicular to plane 2
x =3y +z=3, butare not parallel.

True
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Section 11.6  Surfaces in Space

Quadric surfaces are the three-dimensional analogs of
conic sections.

2
In the xz-plane, z =x is a parabola. In

2
three-space, z = x is a cylinder.

The trace of a surface is the intersection of the surface
with a plane. You find a trace by setting one variable
equal to a constant, such asx=0o0rz=2.

2 02,2 i .

No. For example, x“ + y* + z° = 0 is a single point and

X + y2 = 1isaright circular cylinder.

Ellipsoid Matches

graph (c)

Hyperboloid of two sheets
Matches graph (e)

Hyperboloid of one sheet
Matches graph (f)

Elliptic cone
Matches graph (b)
Elliptic paraboloid
Matches graph (d)
Hyperbolic paraboloid
Matches graph (a)

y2+22:9

The x-coordinate is missing so you have a right circular

cylinder with rulings parallel to the x-axis. The
generating curve is a circle.

A

Section 11.6 Surfaces in Space 1137

y2 +2=6
The x-coordinate is missing so you have a parabolic
cylinder with the rulings parallel to the x-axis. The

generating curve is a parabola.

-22 y
4x2+y? =4
x2+yr =1
1 4

The z-coordinate is missing so you have an elliptic
cylinder with rulings parallel to the z-axis. The
generating curve is an ellipse.

z

v
o I

y2 -2 =25
v -2Z=1
25 25

The x-coordinate is missing so you have a hyperbolic
cylinder with rulings parallel to the x-axis. The
generating curve is a hyperbola.

z
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1138 Chapter 11 Vectors and the Geometry of Space

ae-yr-72=1 X L L _
Hyperboloid of two sheets 1 4 1 -
Ellipsoid
Xxy-trace: 4532 - y2 = 1 hyperbola V2 ’
yz-trace: none Xy-trace: “= + -~ - = 1 ellipse
xz-trace: 4x % - 22 = 1 hyperbola 12 42
xz-trace: x © + z° = 1 circle
’ 2 2
yz-trace: L, ellipse B
4 1
x 2
2 _2 X

20.z° - x —T =1

Hyperboloid of two sheets

X 2 +y 2__ 22_= 1 Xy-trace: none
2_ %
16 25 25 Xz-trace:z~ — “ = 1 hyperbola
Ellipsoid : ¥
) , yz-trace: 2 - 4 = lhyperbola
Xy-trace: Lo = ellipse if - -
1625 2=+ 10: £ + 27 = Lellipse
2 52 ) 9 36
Xz-trace: o += = 1 ellipse ,
5
yz-trace: y2 +22 = 25 circle
16x%2 -y2 +1622 = 4 / y
y? '
ax? -7+ 47 %=1
Hyperboloid of one sheet 72 =X +
2
y
2 y
xy-trace: 4x” =",~ =1 hyperbola
( ) 2
xz-trace: x>+ =1 circle _9
yz-trace: 4 + 12 = 1 hyperbola Elliptic cone

Xy-trace: point (E,0,0 )

Xz-trace:z = £X !

yz-trace:z = i?

Y2
Whenz= +1, X2 +7g = Lellipse

__\2 2
18.z:x2+4y2 22.3z1= -y~ +X

Hyperbolic paraboloid
Xy-trace:y = £x

xz-trace: 7 = 4x°
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Elliptic paraboloid xy- yz-trace: z= - Ly?
3
trace: point ( 0, 0, 0)
2

xz-trace: z = x parabola

yz-trace: z = 4y parabola .2 2y
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Section 11.6 Surfaces in Space 1139

x2—y2+z=0 z=x2+y2
Hyperbolic paraboloid 7 ' You are viewing the paraboloid from the x-axis:
xy-trace: y = x ’ (20, 0,0)
Xz-trace: z = - x° - You are viewing the paraboloid from above, but not on
A

x 3 4 _ayic*

yo-trace: 2=y j the z-axis: (10,10, 20)
You are viewing the paraboloid from the z-axis:
2

y= +l:z=1- X (0020)
2 =2 y2 + 272 You are viewing the paraboloid from the y-axis:

Elliptic Cone i (0,20,0)
xy-trace: x = £ /2y I 2

a1l + 22 =[rylandz=ry = 5y, 50

xz-trace: x = = /2z 2+ P L () ()
o2
yz-trace: point: (0, 0, 0) = 25y°,
32.% + 122
, o=l yPandz=ry + 3ys0
X+ z
¥ -y+22=0 ) L) ()
Elliptic paraboloid 2 33.% +y? = 9y.
xy-trace: y = x° T X +y 2 13
=[rzlandy=rz =2z ,s0
qa il +y2 |_
xz-trace:x2 + 22 = ()] ()
23
0, point ( 0,0, 0) s21 0 =4
i 3 4 y
yz-trace:y = 22 ? =[rzPand x=rz = ¢, 50
- Lo ()
= 1:x2 + z2 =1 2 2 2
X +y =e
2 2 2
—8x"+ 18y +182° =2 =[r xPandy=rx =250
35.y2+ 2?2 L (> ()
1
2 02 42 X
9y~ +9z" -4x" =1
y : X (2 4
Hyperboloid of one sheet e R
xy-trace: 9y> — 4x*> = 1 hyperbola \x/ X
2 N 2
s=lr;xFandz=rx =1 4-x°,s0
yz-trace: 9y’ + 9% = 1 circle 36.Y2+ z ( )
L ) 2
1 _ 2 2 2 2 _
xz-trace:922—4x2: 1 hyperbola y2+22 4(4 X )3X + 4y° + 47° = 4.
37,x2 . y2 22=0
X+ y2 (\/22 2
Equation of generating curve: y = </2zorx= ./2z
¥ + 22 = cos? y
27. These have to be two minus signs in order to have a 28. Yes. Every trace is an ellipse (or circle or point).

hyperboloid of two sheets. The number of sheets is the
same as the number of minus signs.



Equation of generating curve: X = cosy orz= cosy ) ) ) \2
y-+ 2" =5-8x" = (\/5—8x )

. . /av2 —
29. No. See the table on pages 800 and 801. Equation of generating curve: y =5~/8x"orz=
2
5 - 8x

—
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2 2 2 _ 2 2
40.6x"+ 2y" + 227 =1 (b) Whenz = 8wehaves =* + or
1 (" 2 4
y2+22= _SXZ:L 3k 2y
2 2 ) 1= 76+ 32
Equation of generating curve:y = ’1 - 3° or Major axis: 2~ 32 = g/ 2
2 Minor axis: 2~/ 16 = 8
z:/1—3x2 ¢ =32-16=16,c=4
2 ( )
. Foci: 0,+4,8
4 |— 3 4—|
a1V = 2x(4x- x2)yax=onldx -x | = 2187 .
L 3 45 3 X ¥y
. 44,7 = 2+ 4
4 (8) When y= 4you have ; :X—; + 4,
3 2
| T A 4) =%
2 oz
4t vr{(x) 12}
T s s, Focus: (0,4, 9
pO) \ 2)
(b) When x = 2 you have
V= 217,[0" ysiny dy Y2 2
=2+ _4(z-2)=y.
= 2 [siny - ycosy]™o = 2m? 4
, Focus: (2,0, 3)
10f If (%, y, z) is on the surface, then
y+ 2 2=x2+(y—2)2+z2
0.54
y2+4y+4=x2+y2—4y+4+22x
— I > 2+22:8y
Elliptic paraboloid
7= 53+ yg Traces parallel to xz-plane are circles.
2 4
X v If (X, y, ) is on the surface, then
(@ Whenz =2wehave2 =% +*, or
2 4 2, .2 2
Z2=x°+y“+ (z- 4)
2 2
1=% 4 22 = x2+y2+ 7% -87+16
2
4 8 2
. . 2 9 X Y
Major axis: 2 /8 = 4/ 2 8z=x"+y“+16=>z= g + g+ 2
Minor axis: 2 /4 = 4 Elliptic paraboloid shifted up 2 units. Traces parallel to
xy-plane are circles.
c2:a2—b2,c2:4,c:2 yp2 5 5
X y z
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Foci: (0,2,2) 47 + + =1

2 2

2
3963 3963 3950

z
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48. (a) +y=[rzP
L () 1
=| 2 -1,
Yoo
x2+y2—22+2=0

z

4

= zme- x_“] ! = 47 = 126cm°
v 8l
3
2
14
___?_- > X
it (Lo
© Vv= Tl s- [=x" +1fjex
} \ 2 /]
2 1)
_ 2 =3
= 2y, ka X )\dx
[ 472
= om| R = X——‘
8 li2
31 2251

50.

Cylindrical and Spherical Coordinates 1142

Yo X2
= - _,z=bx+ay
b?a
bx + ay =L.- X—;
a
—%1C2+a2bx+ 74E| =A\(y 2 - ably+ ZSb_ﬂ‘
a’\ 4 ) b 4 )
( _Zb\ ( " bZ\Z
| x+ =2 Ly 1 #& |
2/ L2
a’ b

al 2) 2

Letting x = at, you obtain the two intersecting lines x

=at,y=-bt,z=0and x = at,

2 2 2
y= bt+ ab,z=2abt+ a b.

Equating twice the first equation with the second
equation:2x2+6y2—4zz+4y—8= 2x2+6y2—4

2%2-3x-24y-8= -3x-2
3x+4y= 6,aplane
The Klein bottle does not have both an “inside” and an
“outside.” It is formed by inserting the small open end
through the side of the bottle and making it contiguous
with the top of the bottle.
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>)(

S

Section 11.7 Cylindrical and Spherical Coordinates

The cylindrical coordinate system is an extension of the ( -7.0 5) cylindrical
polar coordinate system. In this system, a point P in space

is represented by an ordered triple (r,8,2). (r,0)isa x=r C_OS =-7 C_OS 0= -7
polar representation of the projection of P in the xy-plane, y=rsin6=-7sin0=10
and z is the directed distance from (r, 6 ) to P. z=25

The point is 2 units from the origin, in the xz-plane, and -7, 0, 5), rectangular

makes an angle of 30° with the z-axis.
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1144 Chapter 11 Vectors and the Geometry of Space Section 11.7 Cylindrical and Spherical Coordinates 1144

(2, -m,-4), cylindrical (0,5,1), rectangular

x=rcos = 2cos(-1m) = -2

=Qf + (5> =5
y=rsin® = 2sin(-m) =0 5 .
= -4 tan6 = =2 =0 = arctan—(Q = Hz
(2,0, -4), rectangular _
(l 3 I 3 | 5, HZ,l\ |, cylindrical
" 4,1 | cylindrical
U U
(6,\2/3, —1), rectangular(
X = rcos® =3cos L :—-3‘52-
4 2
y=rsin® =3sinl 32 r= 62 + (23)? =Bo+12= Vas= 43
4 2
=1 tan 6 :% == §:O=arctan—§ :g
(_Q/'Z _?(_/_"Z_ ) 1, = -1
rectangutar
|
T
( \/Ia,_,—l\,cynndricm
6,( 3m ) \ 6
L 2 )
3 11. (2, - 2, -4), rectangular
X =rcosf=  ,—"_ = ()
2) r= N224 -2 2'42_2
y =rsinfd (_3—"\
= gsini - | =6 tan® ==2 =6 = arctan -1= -I
2) 2 C ) 4
1 =2 = -4

0, 6, 2, rectangular

« )

(| 4, ZGE, —3\ |, cylindrical

| 22:- LI 4\ |, cylindrical

U

(13, -3, 7), rectangular

7_ﬂ(£\\f \/—(—L[\/_

X =rCos6 Z4cos =4 | =723 r= 32+ -3 %18 =32
)
® \2) tang = =2 =0 = arctan-1 = -4
. mo 1W
y:rsme =4sin — =g4-=-|==-2
6 L 2) 1=7
=3 ( (/2—,— IT_ ,7\\,\cyiindrical
4
(—4{_, - 2,-3), rectangular ' %
2. 4.1 o 13. 1,\/5,4 , rectangular
(| -=3,73— ,8\ | cylindrical ( ) gu
U
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? ? r:1\7[( vV 3) =2
2t (2122
X =rcosf =-—cos— =|-=|-=|= = F
3 3 L3N 2) 3 tan g = 1_3:>9:arctan\/3 :_3u
2 ar [ 2V 3 B
y:rsinez—Ssin3 =|- H—Z\:3 \2242\4
N 3) | T
( / (I \cylindrical
1 =8 .3 )
(_1 ﬁ 8 Drectangular
|
\3 3 )
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(*2/_3 -2, 6), rectangular

r= JI2+ 4= 4
_ 1)_5m
= arctan - =
__al
Na
V
2= 6

| 4,- H6 , 6\ |, cylindrical

U

z =4 is the equation in cylindrical coordinates.
(plane)

X =9, rectangular equation
rcos6=9

(

r = 9sec 0, cylindrical equation

17.%X2 + y2 - 2% = 5, rectangular equation
P - 27 = 5, cylindrical equation
— 2 2 .
18.z = X° + y° - 11, rectangular equation
= r? - 11, cylindrical equation

y= X , rectangular equation

sin6=(rcos 6)?
sin@=rcos’ 8

r= sec O - tan 0, cylindrical equation

20. X° + y2 = 8x, rectangular equation

r. =8rcos® )
= 8cos 0, cylindrical equation

y2 =10- zz,rectangular equation

(rsing)?

r2sin?g + 22 = 10, cylindrical equation

10 - 7

22. %% + y2 + 22 - 3z = 0, rectangular equation

= *a7ey i RhizalCuifiical cauation
Vx4

1
w

2

X+ y 9, rectangular equation

z

i L 3
~| 3y
¢ 1 All Rights Reserved. May net be seanned, eopied or duplicate

d, or posted to & publiely aceessible websits, in whele oF in part.

Cylindrical and Spherical Coordinates 1146

z= -2, cylindrical equation

= -2, rectangular equation

25. 0= HG , cylindrical equation

tan HG =X

r= ’LLZ cylindrical equation

2 ) Z
NI HYy =2
2
2 2 Z .
X" +y" =77 = 0, rectangular equation

S\ g
. e
2 2y
« @)
2 2 _ " :
r® + z° = 5, cylindrical equation
2 2 2 _ .
X~ + y° + z° = 5, rectangular equation
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2= r’cos’ @, cylindrical equation (-4,0,0), rectangular

=X , rectangular equation 2 2 2
z
p:(—d +0 +0 =4

tan 6= i‘ =0=6=0

9
1
@ = arccos£ = arccos 0= I
p 2
( m
5 k 4, O,E\,)spherioal
2=
X B 1 34 "-5 6y
33. ( -2,2 3, 4), rectangular
29. r= 4sin @, cylindrical equation
) p = \[(—2) +(2~B) +4 =2 2
r“=4rsin @ Na
s
2 2 2
X2+y2=4y tan 6 =§ :E—z?’:— 3
x2+y%-4y+4=14 o 2
X2+ (y- 2)2: 4, rectangular equation 3
‘ z o
@ =arccos-= = arccos=r— =
p \/E 4

| 472, Zgﬂ , H4\ |, spherical

U
( V)
-5,-5,2 , rectangular
-2 4 5
-3
[ N
p:\/-sz r-524 N5 N Z=5=913
30. r= 2cos 0, cylindrical equation
Y _3 _ _ I
r?= 2rcos @ g = =7 =l=8=
2 2
X~ + = 2X
y N
Z 2 _
(¢ =arccos — = arccos = = arccos ——

p=42+0%+0%=4

tanG:-xy: 0=6=0

19

= arccos0= 2

(4,0,0), rectangular
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Cylindrical and Spherical Coordinates 1149

P 2
13 tan 6 :M = 1
26 x J3
2 .
y~ = 1, rectangular equation = 76 )
3 ! I( 2 6 13, [§ , arccos
spherical L ~ 4 z 26 Jﬁ I
¢ =arccos= = arccos ==
Jo) 2 6
35. ( 31,2 3 ) rectangular (\[%_" herical
=3+1+12 =4 5/
(l 4,0, H2\I. spherical

N
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o = V -1 2+22+12:6 \f

tang = ¥ = -2=>8-=arctan -2 + 71

b
X « )

Z
= arccos - arccos

06

(\/6, arctan (-2 ) + 1, arccos 1

78 \) spherical

(| 4, g, 24\ |, spherical

U

x =psing cosO = 4sin Lcos L =6
4 6

y =p sing sin@ = 4sinIsin I =2
4 6

z =pcosp = 4cosl = 2 /2

( ) 4

N8, 22 2, rectangular

(| 6,7T,E2\|, spherical

U

X = p sing cos & =6sin Zﬂ-cosrr: -6
I

y=psing sing = Gsinzsinrr =0

Z = pcCose = 6eosZ =0

( ) 2

-6, 0, 0, rectangular
(| 12, - H4 , O\\ |, spherical
U
(

X = p sing cos 6

= 125in 0 cos| =

y = p sing sin6 = 125in Osin

=pcos@=12cos0=12(
0, 0, 12), rectangular

(| 9, H4 , TT\ | spherical

Cylindrical and Spherical Coordinates 1145

—4 m |, spherical
v,
X = psin@cos B = 5sin I cos & = 0915
psing 12 4 '
. . O i ~
= psin@sin 8 = 5sin = sin— = 0.915
y = pengs ! 12 4

12
(0.915, 0.915, 4.830), rectangular

(| 7, §4H , Hg\ | spherical

v

I i
X = psingcosO = 7sin 9 cos =~ -1.693
y = psingsin@ = 7sin%sin3—z = 1.693

1T,
=pcos@p=7cos—9=6578 (

-1.693, 1.693, 6.578), rectangular
y = 2, rectangular equation
psingsing=2
= 2csc ¢ csc 6, spherical equation
z = 6, rectangular equation
pCcosQp="6

= 6 sec ¢, spherical equation

45, % + y2 + 7 = 49, rectangular equation

249
p = 7, spherical equation
2 2 2 _ .
X + y“ =3z = 0, rectangular equation

2 492422 242

2 = 4p20032<p
1= 4cos’ ¢

cos @ = l2

¢= ES_,_(_cone)_spherical equation
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)

X = psing cos® =9sin coslf1

1]
o

y = p sing sinf :9sinnsin1'-ﬁ1 =0
=pcos¢@=9cos m=-9 (0,

0, -9), rectangular

©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1146 Chapter 11 Vectors and the Geometry of Space Section 11.7

X+ y2 = 16, rectangular equation
pzsinzfpsinze +
2sinztp(sinze + cosze): 16
2sinztp = 16
singp = 4

= 4csc ¢, spherical equation

x = 13, rectangular equation
singpcosf = 13
= 13 csc @ sec 9, spherical equation

49, X+ y2 :222,rectangular equation

pzsinzgocosze + pzsinztpsinze :2p2 cos 2¢)
2 2 T 2 2 ] 2 2

o sin olcos O +sin 6] =20 cos ¢

pzsin2<p :2p2 cos 26

sin¢  _
— =2
cos” @

tan o =
an“~ @ =2

tan @ =+/2, spherical equation

50. X% + y2 +72 -9z= 0, rectangular equation
2 9pcosp =0
= 9cos ¢, spherical equation
p = 1, spherical equation

X+ v+ z

1

= 1, rectangular equation

6= 34H , spherical

y

equation tan 6 = X

X+ y= 0, rectangular equation

z
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pzsinztpcosze = 16

Cylindrical and Spherical Coordinates 1146

Q= H6 , spherical equation

Z

cos @ =—

X2+ y2 + 22
Vé -z

2 x+y2+z

3 72

=TT T
xZ+yZl+

32 + 3y2 -z2= 0,z = 0, rectangular equation
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0 = HZ spherical equation 57. p = csc ¢, spherical equation
' psing =1
COS () = I _ 2, y2 =1

Vxe+ y? + 22 2

X~ + y2 = 1, rectangular equation
(E——
/X2 + yz + 72
= 0, rectangular equation
xy-plane . 1y
o
24
1 -3
o p = 4csc ¢ sec @, spherical equation
3 | y = 4
:; | sin ¢ cos 6
psingcos6=14
o = 4cos @, spherical equation = 4, rectangular equation

z

5, 5 4z
X2+y2+22 ﬁz s
x2+y + Z
2

x2+y2+22-47=0

x?+y?+ (z-2)%= 4,2 2 0, rectangular equation 4 §

(| 20y O\ |, cylindrical

U
=42 =

=74

p = 2sec @, spherical equation

= 14
cosg =2 Q= arccosT;z 5 = arccos0 = =

= 2, rectangular equation r+z 2
m, m) .
d | 4,=4,72 |, spherical
3

( | T \

3,-—4,0"| cylindrical

;
. =30z =3
= —H4
z 0 17
@ = arccos—=—="—— = arccos~ =—
( e v 2
m o
\ J
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f

| 6, L 6\ |, cylindrical

U
o=V624 -p V 2gpk s
)

_I
2
@ = arccos__—Z— = arccos\(i\ D —arceos|' =1} =3m
r?+ 7 \62) L 2) 4
([ _ 3m
|§/ZTT2, 4 |, spherical
: T { (o H\
62. | =4, 3,4 |, cylindrical 4 )
_ , spherical
\ ) [ 1g2))
. IT,
=(-a)%+42= Na =4sin—2=4
p—( +47=4 2 T
9 =1 = _
3 18
z T H
@ = arccos = arccos =I = 4cos” p= 0
i 42 2 4 .
4273, 1y | 4,180 '|, cylindrical
I |, spherical
v, v
(o m)
6, , spherical
(12, 17, 5), cylindrical kJ( 6. 3 | spherica
_ 7_
_}m r= 65in§ = 3/3
6=m
@ = arccos __ Z_— = arccos-2 - g
rz + z2 13 I
( 1T, arcco: 5—)%&,@' z = 6cos3 =3

¢ 13) \
( 3‘\/_3, _ﬂ , 3, eylindrical
(| T \ 6 J

4 2.3 |, eylindrical
U 68.(5, _5+T \ , 1 |, spherical
p:424<é2:5 L 6 )
=5sinm =0
=1
__5m,
@ = arccos \/—% = arccos§ =5cosm = -5
m r3\+ : 5 | 0,‘56E,—5\ |, cylindrical
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|5, 2 ,arccos 5 | spherical V]
)
([ Imm)
|8, 6 , 6 | spherical
(| 10, H6 , Hz\ | spherical U(
T
=8sin 6=4
1T,
= 10sin—2= 10
= 76
i
= > g/;
= 6 7 =8co= =—
T 6 2
z= 10cos _2 =0 ( 4,7_77 ,Q/_Ci)cyimdrical
(o ) L 6 )

10, 6,0 |, cylindrical
\ J
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70.

71.

72.

73.

74.

75.

76.

77.

78

( mo3m

7, s = |, Spherical

\ 4 4)

r = 75in—371 :AQ
4 2

I

6 = 4

7 = 7Tcosdl = —_2/2
4 2

SN )

\‘ . - |, cylindrical

L\ 2 4 2

r=5

Cylinder

Matches graph (d)
m

o=

Plane

Matches graph (e)

p=5

Sphere

Matches graph (c)

(p:L
4

Cone
Matches graph (a)

=z +y =3

Paraboloid
Matches graph (f)

p =4secp,z= pcose = 4
Plane

Matches graph (b)

. (a) The surface is a cone. The equation is (i)

2 2 _42
X +y =%

In cylindrical coordinates, the equation is

Vectors and the Geometry of Space Section 11.7

79.x2+y2+z

80.4x2+y2 =z
)

6 = cis a half-plane because of the restriction r ¢ 0.

Cylindrical and Spherical Coordinates 1151

(b) The surface is a hyperboloid of one sheet. The

2 2 2
equationis(ii) x +y -7 = 2.

In cylindrical coordinates, the equation is
x% + y2 -2 =2

r--z2=2

2= 21

(@ r?+122=27

=27:p:3\/5
2

(b) p?

(@) 4r2 =722 sor =2 )
(

(b) 4pzsin2(pcosze+p25in2(psin26 =p20032<p
4sin2<p = COSZ(p,
tan? @ =1,

1

tang = 2 = ¢ = arctan 2

- |

8L X + Y’ +7°- 22 =0

2 2

@) re+22 -2, =0=r?4z2-1% =1
(b) p2 — 2pcosp=0
p(p=2cs9)=0
p = 2C0SQ
82. X% + y2 =z
@ re=z
(b) psin2¢@ = pcose
psin2¢ = oS @
cOS @
p = sinz(p
p = cscocote
83. X2+ y2 = 4y
@ r2 =4rsin@,r = 4sinf
(b) p2sin@ = 4p sin @sin 6

NPV
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Cylindrical and Spherical Coordinates 1151

psing(psing - 4sing) = 0
4sin 6
P2, p = sing
r =1z p = 4sinBcsco
3
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W2+ yz = 45 0=<6=2mr
O<r<ar
(@) r2:450rr:3{ <7<a
(b) pzsinzqocosze + pzsinzqosinze = 45 12
p?sin® g = 45 @
p = 3bcsc o )>{i
X2 - yz =9 X a a
(@) r?cos? 0 - rPsin? 6= 9
9 _ _ 0<6=2mr
rz= '
cos’@ —sin’ 0 2sr=4

(b) pzsinz(p00526 —pzsinzfpsinze =9

pzsinz(p :c_c;szeg—sinze
9csc’ @
= v
86. y=4
@ rsin@ =4=r=4cscH 0<6=<21r
(b) psingsing = 4, 0S<psﬂ6

p = 4dcscpcscH

o <9<o 0

<r<3

0<z<rcosb@

z

%
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0<6< HZ Spherical
45056

OSqosEZ
0=p=2

8

Cylindrical

Cylindrical coordinates:
2

r +2259,
Rectangular r <3c0s60,0s0sTm
0<x<100 ?
<y<100s=
z<10

Cylindrical:
075 r< 125
0<z<8
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False.(r,6,2)=(0,01)and(r,0,2)=(0,m,1)
represent the same point ( x,y, z) =(0,0,1).

True ( except for the origin).

Review Exercises for Chapter 11

P=1(14,2),Q= (41),R=(54)

@u=pPo= (4-11-2= (3
v=PR= E-14-2)= (4,2)

Vectors and the Geometry of Space Section 11.7

Cylindrical and Spherical Coordinates 1152

103.z =sinf,r =1
Z :sin@:l =Y =y

r 1
The curve of intersection is the ellipse formed by the
intersection of the plane z = y and the cylinder r = 1.
104.0 = 2sec @ = pcos@ = 2=z= 2plane
4 sphere

The intersection of the plane and the sphere is a circle.

© Wl E/3+ 1 0| | =4%2%= V=2 5

-3u+ v= —3<3,—1> + <4,2> = <—5,5>

P=(-2-1),Q= (5-1),R= (2,4)

@u=ro= -0 .0 2ag
() >) ()
v=pr= (- —24 - -1 =45

u=7i,v=4i+ 5j

©lul= 77+ 02 =ao=7lvl= a2+ 82= a1

-3u+ v= —3<7,0> + <4,5> = <—17,5>
v=lvl(cosoi+ sine j)

8§00560°i+ sin 60° j)

N
=8 li+ 3= 4i+ 48 = z{,43/‘>

|

Uz 2
v:|v|0056i+|v|sin9j

1 1

2 cos 225°% + 2 sin 225°j

4

:—-\/é|—'\/_g <:\/_; £>
4 )

4 4

©2018
©2018

() C o C )

7.d=\/—2—12+ 3-6 2+ 5- 3,
=/ 9+9+ 4 =22

3 )
d=\f4——2 , t Tl-12% -1 -5,

‘\ﬁ
N36+4+16  =V56=2V14

c )y C ) €

2
9. X =3 +y+ 22+ -6 =4

x-3)2+ (y+2)2+ (z-6)° =16

( )
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5.2=0,y= 4,x= -5:(-5,4,0) 10. Center | koz 4)\,(8’;6}(4+20)| = (2,3,2)

Radius:
y = 3 describes a plane parallel to the xz-plane and

2 2 2
2-0) +(3-0) +(2-4) = 4+9+4= 17
passing through ( 0, 3, 0). ( (2-0) +(3-0) +(2-4)

X—2 ,+ y-32 +7-2 2=17
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(x2-4x+4)+ (y2-6y+9)+22=-4+4+9 7= -u+ 3v+12w

() oy Ly

-5-23 +3021 + 2-6-62

x-2)2+ (y-3P3+22=9

Center: (2,3,0)
Radius: 3 (-5,2,-3) + {0,6,3) + (-3,-31
: (-8,5,1)
u-v+w-2z=0
= l2( u-v+w)
() ) )

l2( 5-2,3 - 0,21 + —6,-6,2 )

(x* =10+ 25) + (y* +6y+9) lz(—l -10 4>
(22 -42+4)= -34+25+9+ 4 1 >
x=5)2+(y+3)2 +(2-2 = 4 a2
Center: (5,-3,2) .
v=l-1-36-49+1=(4210w={5-
Radius: 2
3,3 -4, —6+1>: <2, -1, —5> Because —2w =,
the points lie in a straight line.
v=<8—5, —5+4,5—7>:<3,—1, —2>W
= <11 -56+4,3- 7> = <6,10, —4>
13. (), (d) 2 -13)3 Because v and w are not parallel, the points do not lie in

a straight line.

- o /235\ /2 3 _s
y 19. Unit vector: U-l —<\/§3>— <\/-é_8’\/§§\/§>

20. 8%__32 (6 -3.2 =<A8 , -M,J‘f’>

. 49 7 707 7
10 .
PR p=(500.0= (440.r= (208
v="{a-24-(-1),-7-3) = (2,5,-10) @u=Pe= { -14)0
v=2i+5j-10k V=PR= (-3,06)

u-v=(-1)(-3)+ 4(0)+ 0(6) = 3

»e

@), () (s s

(3,-3,8)

o)

J V-v=9+ 36= 45

p= (2-1.3/q= {051 Rr= (550)
(@ u=PQ-= <—2,6, -2>

e <
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(6,2,0)

- wlill WO <

<\/(_L)|“

nm+ +n<
w .
(o2}

54
v={3-6-3-28-0 =(3-58)
v= -3i-5j+8k
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23.U= 5(C03ﬂ7i+ sinﬂj\: 52 _i. i

(@ 6 = arcos\/_zb_[ $- 1=~

[—

0.262
4 12

6 =15°

u= <1, 0, —3> \
=(2,-2,1)

[ul]-~/1+ 9= ~/10
v1l- . 4+4+1=3

cos 6 = G IN——
v|

3 10
(1)

@ . = arccos —_— |~ 1465

\ #/10)
6 = 83.9°

u= <7, -2, 3>, V= <—1, 4, 5>

Because u - v = 0, the vectors are orthogonal.

u:<—3,0,9>:—3<1,0,—3>:—3v

The vectors are parallel.
u= <4, 2>, V= <3, 4>

(@) proj
wu =

Review Exercises for Chapter 11 1153

28.u= <1, -1, l>, V= <2(0, 2>\

U:!‘

\

N )
4
8 2,0,2> = <1,0,1

@w = proju=|
1

2

)

W2 = u- w1 = <1,-1,1> -<1,0,1>= <O,—1,0>

There are many correct answers.

For example: v = i<6, -5, 0>.

30.W=F-PQ = |F |PQ|kos 6 :( )$52c0530°

= 300:/3 ft-Ib
[i j Kl
| _ .
3l.(a ux v:"‘ 3 8=-9i+26j- 7k
15 21
vx v=10
i j K|
| |
32.(@) uxv=| 2 =1+ -2k
0 1
L 1 -3 4
vxu= -(uxv)=-1li- j+ 2k
vx v=10
i j k
33.ux V:‘2 -10 8|=32i+ 48j+ 52k
4 6 -8
Y V
ux v = 6032= 4 377
NN
Unit vector: 377 8,12,13
\
= (20)
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34.u= 3,-1,5,v= 2, -41 | | o
f ux v=|' 3-15|'=19i+ 7j-10k
i
AR L‘z —a 1j‘
_| |_ 2 2
) < > = ux v =1% + 72 + (-10)
54—<3.4 - \125 165 s

wo=u-w = (42) - <25,E5> - <§5,_—_65>
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35.F = - 40k (9in.= 3 1)

3 82j+ 2¢fk

PQ= Z(cos 60° j + sin 60°k)

The moment of F about P is

ij k
3 %ﬁ -15i
M = PQxF 04 g
00 -40
Torque = 15 ft-Ib
y
2 1 0l

36v= Ju- (v-wj:\‘o 2 1||:2(5):10

v={9-311-06- 2 = (611,4)

Parametric equations:
=3+ 6t,y= 1lt,z= 2+ 4t

(b) Symmetric equations: =3 ¥ 222

6 11 4
V= <8+1,10— 4,5—3> = <9,6,2>
Parametric equations:
= -1+ 9t,y=4+6t,z=3+ 2t
x+1 _v-4 z-3

9 6 2

(b) Symmetric equations:

39.P=  -6,-8,2
(
=j={0,1,0
= -6,y=-8+t1,z2=2

Direction numbers: 1,1, 1, v= <1, 1,
1) P(1, 2, 3)
=1+t,y=2+t,z=3+t

Review Exercises for Chapter 111155

P=(-3,-4,2),Q= (-3,4,1),R= (1,1,-2)

PQ = 0,8-1PR = 4,5, -4
( i j K

n= PQxPR =| 08 -1|= -27i- 4j- 32k
4 5 -4
(S T ) )

=21 Xx+3 -4 y+4 =32z -2 =0
27x+ 4y+ 32z= -33
42.n= 3i- j+k

3x+2, -1ly-3+1z-1=0

)

)
3x—-y+z+8=0

43. The two lines are parallel as they have the same direction
numbers, -2, 1, 1. Therefore, a vector parallel to the

planeisv= -2i+j+ k. Apointon the first line is
(1,0, -1) and a point on the second line is ( -1,1, 2). The
vector u = 2i — j — 3k connecting these two points is

also parallel to the plane. Therefore, a normal to the

plane is
i j k
vXxu= -2 11
2 -1-3
= -2i- 4j = -2(i
+2j).

Equation of the plane: (x -1) + 2y= 0
X+ 2y=1

Letv= <5 -21+23- 1> = <3, 3, 2> be the direction
vector for the line through the two points. Let

n= <2,1, —1> be the normal vector to the plane. Then
i j k
vxn= |3 3 2|-= <—5,7,-3>
21 -1
is the normal to the unknown plane.
-5(x-5)+7(y-1)-3(z-3)=
0-5x+7y-3z+27=0

Q(1, 0, 2) point
2x-3y+6z=6
A point P on the plane is ( 3, 0, 0).

Po= (-202)
= 2{ -3,6 n>0rma| to plane
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O

I

o

O

=]

1l
~ I
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Vectors and the Geometry of Space

Q( 3, -2, 4) point
2x-5y+1z=10

A point P on the plane is ( 5, 0, 0).

PQ= (-2, -2.4)
= <2, —5,1>norma| to plane

b= PQ-n| __10 _~/30

n /30 3
The normal vectors to the planes are the
same, n = ( 5, -3,1).

Choose a point in the first plane P( 0, 0, 2). Choose
a point in the second plane, Q( 0, 0, =3).

PQ =(0.0,-5)
JPon| k5] . 5 Af35
L) 4k

Q( -5,1, 3) point
u= <1, -2, —1> direction vector

P(1, 3,5) point on line

PQ= -6,-2,-2
i
PQxu ={-6-2-2 :<—2 -8 14>
1-2 -
PQxu| _~/264 _
D=| =2/11
[u] NEG
X+ 2y+3z=26
Plane

Intercepts: ( 6, 0,0), (0,3,0),(0,0,2),

Review Exercises for Chapter 1156

y=7

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is a parabola in the yz-
coordinate plane.

y=122

Plane with rulings parallel to the x-axis.

z

=3

y= C0SZ

Because the x-coordinate is missing, you have a

The generating curve is y = cos z.

z

iZ +yi+ 72=1
169
Ellipsoid
xy-trace: 2+ %=1
16 9
Xz-trace: X2
+ £ =1
16
Yo 2




111158 Chapter Vectors and the Geometry of Space Review Exercises for Chapter 111158

©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



111157 Chapter Vectors and the Geometry of Space Review Exercises for Chapter 111157

16x° +16y? - 922 =0 x2+ 22 =4

Cone Cylinder of radius 2 about y-axis

z

S
Xz-trace: z = # é3x ﬁ

yz-trace: z = + 4_3y

xy-trace: point (0, 0, 0)

z=4xX+y =09 y2 + 2% = 16.
Cylinder of radius 4 about x-axis

= 2y revolved about y-axis

L

e + 22 =lryF=

9 16 , LC )
X"+ 70 =2y

Hyperboloid of two sheets

Xy-trace._yz - X = 60.2x + 3z = 1revolved about the x-axis
16 =1-2x3
xz-trace: None
Y2 2 3’2+22:|—r(x—|2-(1 ZX\ , Cone
yz-trace: ’° - 2=1 G
3
61. - 3,3, -5, rectangular
)=y (=d)2+2=Na=23
-3 T,
tang = —=3=60 = -—3
x2+y®- Z_: 1 N 3
254100 - _5
Hyperboloid of one sheet
o (| ,—UT,—S Dcylindrical
X
_A2 + Yo — 1
Xy-trace: L )
25 4 ( \ ()
X, Zz A \/_I 2 A \/_
Xz-trace;  © ~— =1 (b) p = N3 432+ -53 =37
25 100
Y z tan@ = 2 6 = B
yztace—?% = 2 =1 ==g=0=-
4 100
@ = arccos . = arocos\(__é\‘\
P \\/37)

‘( 37, —_n. , arccosq -— _: _lDDpherical
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1158 Chapter 11 Vectors and the Geometry of Space Problem Solving for Chapter 1158

()
62. 8,8, 1, rectangular [— 3\

(Z 5 ) , 3], eylindrical

@ r=v8&+8 = 82

m
tano :g-:lze :f X =rcos® :—2cos_3 =
_ y =rsin@ :—ZsinT-T_:—\/_s
z=1 3
( T =3
_\/_
18 2, = 1, cylindrical ( )
\ 4 -1,- 3,3, rectangular
(b) p = \/ 82+ 82 + 12 =V129 \/—
tane =8 =16 =L 65. ﬂl m, Tl_'\‘ spherical
8 4 L 4)
z 1 I o
@ = arccos? = arccos /129 X = psingcosO = 4sin 4 cosm  =-22
( m 1) = psingsin® = 4sinf sinm =0
(«l 129, Arccos .,_._‘\, spherical y P ¢ 4
( ) 4 129 ) z=pcose = 4cosk :2_\/_2
63. 5,1, 1, cylindrical 4
na A
X =rcos@=5cosm = -5 (_2 2,0,2 2),rectangu|ar

y =rsin@=5sinmr =0
=1
(-5,0,1), rectangular

(| 8, - EG , H3\ | spherical
U

(B3 _

8sin _cos|‘l| i -“—-‘
3 6) \ 2\)& 2)

y = psin@sin® =gsin -Lsin (‘EW :8‘(-‘5‘(__1\| =23/
3 Lo U2 2)

n
=pcosp=8cos 3=4

( 6, —‘2/5, 4), rectangular

67.x2 - y2 = 2z 69. z = r2 sin29 + 3rcos @, cylindrical equation
(@) Cylindrical: 7= y2 + 3x, rectangular equation

r? c0529 - P sin26 = 2z:>r2 c0s 26 = 2z

(b) Spherical:

pzsinzqocosze—pzsinz(psinz9 = 2pCOS @
psin2¢c0529 -2cos@ =0

p = 2sec26cos ¢ cscz<p
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68,x2 + y2 +72 =16
2
(a) Cylindrical:r? + z = 16
(b) Spherical: p = 4
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111159 Chapter Vectors and the Geometry of Space Problem Solving for Chapter 111159

70.r = =5z, cylindrical equation 1= I spherical equation
. 4
2+ y2 = -5 Z
—_— el I
X2 + yz_ 2522 = 0, rectangular equation @ = arccos«/XZ + yz + Zz =4
2
P a2
X“+y" +z 4 2
oy o

22 = x2 4+ y2 4+ 2

Xt + y2 -7 = 0, rectangular equation
z

72.p = 9sec 6, spherical equation

pcosf =9
z = 9, rectangular equation

Problem Solving for Chapter 11

a+b+c=0bx(a+ 2.f(x):IoX‘/t4+1dt
b+c)=0 @ y
a
(bxa)+ (bxc) =0 J

|a><b| =|b><c|

|bxc| :|b|c|sinA
|a><b| =|a|b|sinC

Then,
> N
SinA - £|||I ) f1(x) =Vx* +1
Tl rTlo ¢ £(0) = 1Etane 2

4% ui}_{z(iﬂ'): 2—5
a ()

=sinC
lc|
i oL
; < © -
2 2
T (d) Thelineisy = x:x=1t,y =t
The other case, sin A = Sin B is similar.

lal ol
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1160 Chapter 11

Label the figure as indicated.
From the figure, you see that

1l 1 1
SP :Za_ 2b= RQandSR :2a+

Because SP = RQand SR = PQ,
PSRQ is a parallelogram.

Label the figure as indicated.
PR=a+ b

SQ=b-a

(a+b)-(b-a)=Ilpbl?-lal?
becausel a| = | blin arhombus.

S

5.(a) u :<O,1,1> is the direction vector of the line

determined by P1 and P>.

o -lbexu ]

I
_[fz.0. -2 x (0,19
NG

2

:IKL-T@I:TS:AQ
2 2 2

Vectors and the Geometry of Space

6.(n+PPo)L (n-PPo)
Figure is a square.

n in the plane with center at Po.

n+$0 n—Fﬁ

/\
"R

S

r Al

7@ v D) T 2

=2

- 4

Note: & (base)(altitude) - 71

0

T

(b) = z:(sliceatz = c)
2 2

=0,

y2

(0 = (=

Problem Solving for Chapter 1160

At 7 = c, figure is ellipse of area
n( ca)( cb) = 1 abc.
SN - )
f e gan
V:,[orrabc-dc=\ R
L 2 b 2
1 1
(c) V = 2(mabk)k = 2 (area of base)(height)
r
[ y
r - X3
8.(a V = 2_'.011(r2 - xz)dx: 2m| r 2y- % |
L ) 3 b
(b) Atheight z =d > 0,
2 2
2oyt 4 oy
az bz ¢
lg 22
a4 d; _C -d
a2+-b2- =1 P
2 2
X y
az(c2 -dz) +b2(c2 —dz) =1
cac2
(2 2 2V 2 )

4

3

So, |PPo "= |n| and the points P form a circle of radius

77]’3
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2C-zd ), © wg )iz e w-a2)

X Area =1 || 2 =0
\ ¢l ¢ ?
(b) The shortest distance to the line segment is \ b A )
map
|P1Q|=|<2,0,—1>|: NG V= ZJ.OC o (Cz _ dZ)dd
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111161 Chapter Vectors and the Geometry of Space Problem Solving for Chapter 111161

From Exercise 54, Section 11.4,
) )y L ) L y

(
uxv x wxz =luxv zlw-luxv -wl

10. x =-t+ 3,y= dt+1,z= 2t -1;Q = (4,3)
2

u= <—2,1, 4> direction vector for line P =
(3,1, -1) point on line

PQ= 4,2,5+1)
i

i k

PQxu =112 s+1

2 1 4
=(7-s)i+ (-6- 2s)j+ 5k

D= |LQ..>J _\/(7'5)2+(-6—25)2+25
lufp 21

4

(b)

The minimumis D= 2.2361 ats= -1.

(c) Yes, there are slant asymptotes. Using s = x, you have

D)= _1_ /iX FI0XF1I0= _\@./XH 2X+ 22 :_\E/ X FL12+21 >t 5 x+1
Va1 Va1 Val( ) a )
\/ 105 )

y= +— == s+ 1 slant asymptotes.

[y

@ p=2sing
Torus

p=2cos @
Sphere
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111162 Chapter Vectors and the Geometry of Space Problem Solving for Chapter 111162

12. (a) r =2 cos 6 (b) Cylinder z=r>cos26

rz(cos2 6 — sin? 0)

(r cos 9)2 — (rsin 19)2
= x? - y?
Hyperbolic paraboloid

(a)u:|u|(c050i+sin0j):|u|i
Downward force w = - j
:|T|[cos(90° +6) i+ sin(90° +6)j)
I Tl(-sinei+ coso j)
0=u+w+ Toulli- j+lIT] -sinoi+ cosej}

|ull= sine|IT|
1=cosé T|
If6 = 30°JullE 2 )ITland 1= (/32 | Tj=|[T)| =2 = 11547 Iband juj =L/_2) ~ 05774 b
‘ N N
3 2 3)
(b) From part (a), ]|.J|= tan @ and|fT|| = sec 6.
Domain:0< 6 < 90°
o ¢ || w 20° 30° 40° 50° 60°
T | 1 | 10154 | 1.0642 | 1.1547 | 13054 | 1.5557 2
Juf | O | 0.1763 | 03640 | 0.5774 | 0.8391 | 1.1918 | 1.7321
d) s

0 60
0

(e) Both are increasing functions.
(f) lim T= cand lim lUIF >
o-m 6—»17/2_
Yes. As 6 increases, both T and | u | increase.
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111163 Chapter 11 Vectors and the Geometry of Problem Solving for Chapter 111163

(a) The tension T is the same in each tow line.

6000 i = T (cos20° + cos(=20))i+T(sin20° + sin (-20°))j

2T cos 20°i
6000
=T =2c0s20° = 319251b
(b) As in part (a), 6000 = 2T cos 6
_ 3000
cos 0

Domain: 0 < 8 < 90°

© | ¢ | 10° 20° 30° 40° 50° 60°

T | 30463 | 31925 | 3464.1 | 3916.2 | 4667.2 | 6000.0

(d) 10,000

As 6 increases, there is less force applied in the direction of motion.
Let® = a - B, the angle between u and v. Then
sina- g, ux vl =|v xu]l
SRl i i

Foru = <cosa,sina,0>andv: <cos[3,sin[3,0>,|u|:|v|: 1 and

i ] ki ( )

vxu= |cosB sinB 0O = sina cosB- cosa sinf k.

cosa sina 0

So,sin(a— B) :|v><u|: sinacosB — cosasinB.
( ) (
16. () Los Angeles: 4000, -118.24°, 55.95° ( ) Rio de Janeiro: 4000, —43.23‘;,112.903 )
( )
(b) Los Angeles: x = 4000 sin 55.95° c)os< —118.24") Rio de Janeiro: x =40005sin112.90° cos —43.23°
( ( ) )
y = 4000sin 55.95°sin -118.24° y =4000sin112.90°sin -43.23°
( ) ( )
z = 4000 cos 55.95° ) z =4000 cos 112.90° )
( ) ( ( ) (
X,y,z = -1568.2, -2919.7, 2239.7 ) ( X X,Y,12 )z 2684.7, -2523.8, —1556.5
u-v ( X )« X
-1568.2 2684.7 + -2919.7 -2523.8 + 2239.7 -1556.5
© cos6 =[ullv] = (4000)(4000) ~ -0.02047

= 91.17° or 1.59 radians
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s= rf = 4000(1.59) = 6360 miles
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111165 Chapter 11 Vectors and the Geometry of

(e) For Bostonand Honolulu: )
a. Boston: 4000, —71.06°, 47.64° (

b. Boston: x = 4000sin47.64° cos -71.06°

( )
y = 4000sin47.64° sin -71.06°

7 = 4000 cos 47.64°

959.4, — 2795.7, 2695.1
u v ( X ) (

Problem Solving for Chapter 111165

( )

Honolulu: 4000, -157.86°, 68.69° )
(

Honolulu: x = 4000 sin 68.69° cos —157.86°

( )
y = 4000 sin 68.69° sin -157.86°

z = 4000 cos 68.69°
—-3451.7,-1404.4,1453.7

)( ) ( X )

)

959.4 -3451.7 + -2795.7

C.cos 6 = |U|-|7| =

=~ 73.54° or 1.28 radians d.
s =106 =4000(1.28) = 5120 miles

17. From Theorem 11.13 and Theorem 11.7 (6) you have

D:I&'l

0 [ 1

el )] vt | (vxw)
uxv ux v Iuxv

18. Assume one of a, b, c, is not zero, say a. Choose a point

in the first plane such as ( —d1/ a,n0, 0). The distance
between this point and the second plane is

p(-dya)+b(0)+c(0)+ s

b= VaZip2+
—fdi+da| — f1-d2]_
:\/a2+b2+02 :\/ az+ha+c2’

(4000)(4000)

-1404.4 + 2695.1 1453.7

= 0.28329

19. X% + y2 =1 cylinder

z2=2y plane

Introduce a coordinate system in the planez= 2.
The new u-axis is the original x-axis.

The new v-axis is the linez= 2y, x= 0.
Then the intersection of the cylinder and plane satisfies

the equation of an ellipse:

X2 + y2 =1
z )
X2 + (—‘ =1
\2)
2
X+ 7 =1 ellipse

20. Essay



111166 Chapter 11 Vectors and the Geometry of Problem Solving for Chapter 111166

©2018 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION PROJECTS
Chapter 1, Section 5, page 94  Graphs and Limits of Trigonometric Functions

(a) On the graph of f, it appears that the y-coordinates of points lie )

as close to 1 as desired as long as you consider only those points
with an x-coordinate near to but not equal to 0. - .

-2

Use a table of values of x and f ( x) that includes several values of x near 0. Check to see if the corresponding values of f ( x)

are close to 1. In this case, because f is an even function, only positive values of x are needed.

X 0.5 0.1 0.01 0.001

f(x) | 0.9589 [ 0.9983 | 1.0000 | 1.0000

(c) The slope of the sine function at the origin appears to be 1. y
(It is necessary to use radian measure and have the same unit 3
of length on both axes.) 2
1

N , .

- 00 ™~

L
-3

(d) In the notation of Section 1.1, c= O and ¢ + X = X. Thus, msec = SinXx= 0,

0
This formula has a value of 0.998334 if x = 0.1; msec = 0.999983 if x = 0.01.
1

The exact slope of the tangent lineto g at ( 0, 0) is limmsec = lim sinx =

x—0 x—»0 X
(e) The slope of the tangent line to the cosine function at the point

O 1 is 0. The analytical proof is as follows: 3

lim Sec_ cos!O+ x)-1 —cos(x) _ o

()

(f) The slope of the tangent line to the graph of the tangent function at 0, 0 is:

IIm Msec = ||mw :|ImM_1: 11: 1.

X w0 x>0 X x>0 X Cos X 1

Chapter 2, Section 5, page 151 Optical Hlusions

@ ¥ +y? =c? (®) xy=C

2x+ 2y =0 xy'+y=0
() . :

y:——x y:—

atthe point 1,4,y' = -4
atthepoint 3,4,y = - '
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