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CHAPTER 2 Limits and
Their Properties

Section 2.1 A Preview of Calculus
Precalculus: (20 ft/sec)(15 sec) = 300 ft

Calculus required: Velocity is not constant.
Distance = (20 ft /sec) (15 sec) = 300 ft

Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

4. Precalculus: rate of change = slope = 0.08

2 2

(@) Precalculus: Area = “bh =1(5)(4) = 10 sq. units
Calculus required: Area = bh

O A
(2.5)
A O 5 sq. units
«!X;Z
(b) slope=m=x-4
X2
- x +2)t/x-2)
1 —
= JX+2,x24
x=1lm= -— & -
J1+2 3
—
x=3m= _/3+2 »0.2679
1

x=5m= /5+2 0236l

o1 1
(c) AtP(4,2) the slope is ==4 =025

Ja+2

You can improve your approximation of the slope at
X = 4 by considering x-values very close to 4.

7. f(x)=6x—x2
(a) y

(b) slope =m= =
6 2 8 X-24-x
X-2 X-2

A O =(4-x). % #P

Forx=3,m=4-3=1

For x=25m=4-25=15=

|
N w

5
For x=15m=4-15 =25="
At P(2, 8), the slope is 2. You can improve your
approximation by considering values of x close to 2.

Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s
position is the velocity of the automobile, and can be
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(@) Area =5 + 25 + 35 +45 ~ 10.417

1 — B - T BT

Area = 2(5 t15+2 +_2,55 +3 35  +4 45k =0145

[&)]

(b) You couldimprove the approximation by using more rectangles.

D = \/ 5-1° +1-5°=
0.@ YO ) () A6—+16 =566 —
5
(0) D =\/1+( ): +J1+(5 =) +J1+(5 ) ae( -
2 3 3
2.693 +1.302 + 1.083 + 1.031 = 6.11
Increase the number of line segments.

4 4

Section 2.2 Finding Limits Graphically and Numerically

LIx |39 3.99 3999 [4001 | 401 |4.1

f(x) | 0.2041 |0.2004 | 0.2000 |0.2000 0.1996|0.1961

lim — 2= 202000 [ 1)
x—4X —3xX- 4 ( 5 )
2.
X -0.1 -0.01 -0.001 | 0 | 0.001 0.01 0.1
f(x) | 0.5132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881
lim AM & 05000 L 4 )
x=0 X L 2 J
3.
X -0.1 -0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.9983 |0.99998 |1.0000 | 1.0000 | 0.99998 [ 0.9983

lim S0X %~ 1.0000 (Actual limitis 1.) (Make sure you use radian mode.)
x—-0 X

H x -0.1 -0.01 -0.001 [0.001 0.01 0.1

f(x) 0.0500 |0.0050 | 0.0005 [-0.0005 |-0.0050 [—0.0500

lim $X=l— = 0.0000 (Actual limitis0.) (Make sure you use radian mode.)

x—0 X

5[ x -0.1 -0.01 —0.001 p.oo01 0.01 0.1

f(x) 0.9516 |0.9950 |[0.9995 [1.0005 | 1.0050 | 1.0517

lim¢ =4 ~1.0000 (Actual limitis1.)
x—0 X

X -0.1 -0.01 —-0.001 [0.001 0.01 0.1
f(x) 1.0536 |1.0050 [ 1.0005 [0.9995 | 0.9950 | 0.9531

| RV |
TH— AT

lim - ) ~ 1.0000 (Actual limitis 1)

x=0 X



10.

11.

12.

13.

14.

Chapter2 Limitsand TheirPro
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Finding Li mits G raphicallyand Numerically

| x 0.9 0.99 0.999 [1.001 1.01 1.1
f(x) 10.2564 | 0.2506 | 0.2501 |0.2499 | 0.2494 | 0.2439
lim - X=2- 02500 | Actuallimitis <. |
x-1X +X-—6 ( 4)
X -4.1 -4.01 -4.001 -4 1 -3.999 -3.99 -3.9
f(x) 1.1111 |1.0101 1.0010 | ? 0.9990 0.9901 0.9091
lim X+ 4
~ 1.0000
p=oe Xe#9X+20  (Actuallimitis 1)
1 x 0.9 0.99 0.999 |1.001 1.01 1.1
f(x) |0.7340 | 0.6733 | 0.6673 ]0.6660 | 0.6600 |0.6015
limX=-1 ~06666 ' Actuallimitis 2 )
X -1 X -1 _‘3J
X [3.ITTTT| 30T 7| =300T " ["-37| 2999 T [=Z99  [—279
T(X) ~ [279T Z7O9U1~[Z7.0090 |~ 77| 26:9910 ~ [26.9101 [ZG.IT
lim 2 £2L ~  27.0000 (Actual limit is 27.)
X3 g ge——— ———— o _
X -6.1 -6.01 -6.001 —6 |=5999—=5%8—=5%
f(x) [-0.1248 |=0.1250 | 01250 [_2 _|-0.1250 (-0.1250 |-0.1252
V10-x-4 ( 1)
- ‘
X+6 ( 8)
X 1.9 1.99 1.999 |2 | 2.001 2.01 2.1
f(x) 10.1149 0.115( 0.1111] ? | 0.1111 0.1107 | 0.1075
X/ Hx4+1) — 23 1
lim ) -_.L ® 01111 —
X -2 l )
X -0.1 -0.01 -0.00110.001 0.01 0.1
f(x).[.1.9867 | 1.9999 | 2.0000 |2.0000 | 1.9999 ' 1.9867
Hrr—sillZ X 2 0000—{Actuat-Himbis-2-{Make-sure-yeu-use+atian mode.)
x—-0 X
-—l=or =00t =000 {0700 — | 0.01 0.1
f(x) ]0.4950 | 0.5000 0.5000 {0.5000 | 0.5000 0.4950
i ——— % 0.5000 .. 21
x—o tan2x ( 2
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15.

FindingLi mitsGraphicallyand Numerically 5

X 1.9 1.99 1.999 2.001 2.01 2.1
Iifm(X)ln x0-5029 zOU':?Q&&) 0.5001 | 0.4999 | 0.4988 | 0.4879
W | Actual limit is z |
X-2 ( )
X -0.1 -0.01 | -0.001 | 0.001 | 0.01 | 0.1
16
f(x) | 3.99982 | 4 4 0 0 0.00018
lim —|4—, does ot exist'
x—-0 1+ EIX
lim(4-x)=1 0 A O A [
-3
limsecx = 1 a) f (1) exists. The black dot at (1, 2) indicates
-0
that f (1) = 2.
19. ”mZ f(x) = lim ) (4-x =2 lim f (x) does not exist. As x approaches 1 from the
xX= xX= x -1

limf(x) =lim (X% +3) =4
X —»1-1x
21. lim X =2 I does not exist.
x—2 X~ 2
| x=2|

(x -2) = -1, whereas

[x- 2|
for values of x to the right of 2, (x - 2) =1.

For values of x to the left of 2,

22. lim= 4 ~-does not exist.

x-02+€
2 from the left side of 0 by it approaches 0 from the
left side of 0.

The function approaches

lim cos(l/x) does not exist because the function
x=0

oscillates between —1 and 1 as x approaches 0.
24, Iim/tan x does not exist because the function increases
2

-1

without bound as x approaches I5from the left and

T

decreases without bound as x approaches  from

2

the right.

left, f (x) approaches 3.5, whereas as x approaches 1
from the right, f (x) approaches 1.

(c) f(4) does not exist. The hollow circle at
(4, 2) indicates that f is not defined at 4.

(d) lim f (x) exists. As x approaches 4, f (x) approaches
X—4
limf(x) = 2.

X =4

(@) f(-2) does not exist. The vertical dotted line
indicates that f is not defined at —2.
limf (xz) does not exist. As x approaches —2, the
values of f (x) do not approach a specific number.

f (0) exists. The black dot at (0, 4) indicates that f (0)
=4,
lim f (x) does not exist. As x approaches 0 from the

x=0

left, f (x) approaches l2 , Whereas as x approaches 0

from the right, f (x) approaches 4.

(e) f(2) does not exist. The hollow circle at

()

24 (indicates that f (2) is not defined.

X2 ) )
(f) limf x exists. As x approaches 2, f X approaches

limf(x) =2
X = 22
(9) f(4) exists. The black dot at (4, 2) indicates
that f (4) = 2.
(h) lim f (x) does not exist. As x approaches 4, the

X—4

values of f (x) do not approach a specific number.
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27. ,
ol
st f
il o
2|
1
2 -\ T 12345
s i e
,ZV-
lim f (x) exists for all values of ¢ # 4.
X=C
28.

lim f (x) exists for all values of ¢ # .

29. One possible answer is

y

-1

31 Youneed |f(x) -3[=[(x+1) -3 =[x-2] <04
So, take 3 = 0.4. 1f0  <[x - 2 | < 0.4, then

Ix -2 | =|(x +1) - 3| =If(x) -3 < 0.4, as desired.

FindingLi mitsGraphicallyand Numerically 6

X
32. You need ‘f(x)—l‘ =+ -1 =f ‘ < 0.01.
-1 x-1
Letd = l.lf‘0<x—£< l,then
101 101
-1 <x-2<1=1- 1l<x-1<1+ 1
101 101 101 101
100 102
= 101 <x -1< 101
:‘x—1‘> lil)_lﬂ
and you have
‘f(x)—l‘z 1 _ 4 -] 2=x 1100 _ 1
x-1 ‘ X-[ “ww 7; 100
/
=0.01.

33. You need to find & such that 0 < * -1 ﬁ O implies
1

|
‘f(X)—l = x -1 <0.1. Thatis,

-01 < 1-1<01

1-01< 1 <1+0.1
X
1 <11
10 X 10
1_0 > X >E
9 11
l——1>x—1>1—0 -1
9 11
1 >x-1>-2
9 1 11
So take & =—.Then0<‘x_1‘ < & implies

1
-1 <x -1<-1
11 11

-4 <x-1< 1,
11 9

Using the first series of equivalent inequalities, you

obtain

1
|f(x)—1| =|; -1l <o0.1.
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X=2

34. You need to find § such that 0 < [x - 2 | < & implies 37 lim x> — 3 =22-3=1=L
( )
lt60-3] 2 -1-3|=|* - 4] < 0.2 Thatis, | |
X2 -3-1<001
-0.2 < X2 -4<0.2 | X2 _4| <0.01
4-02<  x2 <4+0.2
28< @ <42 (x+2)(x—2)|<0.01
38 < x < JA2 |x+2||x—2|<0.01
1.0.01
38 -2<x-2<422 IX-2< ) /
X+2)

Sotake & = /4.2 -2 = 0.0494.
Then0 < |x - 2| < & implies

If you assume 1 < x < 3, then & = 0.01 5 = 0.002.

So0,if0 < |x-2]< & = 0.002, you have

~(V22-2) <x-2<4b-2 | X2 ! L
J382 <x-2<yA2-2 <0.002 = 5(0.01) < | x+2| (0.01)

Using the first series of equivalent inequalities, you obtain [+ 2]l x-2 <001

[f6)-3]=] ®-4 <02 x ~4 <001

( )
2— —
35 lim(3x+2)=32) +2=8=L |- -f<om

x—2 | r(x)—L|<0.0l.
| (3x +2) - g]< 001 - )
| 3x-6<001 38. lim x* + =|42+6=22=L
( )
3 x-2<001

0<|X—2|< 00! =~ 0.0033 =0

3
So, if0 < |x—2|<6= 201 you have
3

3|x-2]<0.01
[3x - 6 | < 0.01
|3x+2) -8 ]<0.01
| () -L]<o001

[ X)
b
36 :ri\els S\J:e 3 4=L
-
L 3|J 4 0.01
‘2 - 3%< 0.01

| 3l(x—6b <001
X -6 <003

0<‘x—6‘<0.03=6
So, if 0 < \x—6 ‘ < = 0.03, you have
| st (x-¢) <001

X
2- =-1<0.01
3

X2 +|6 -22 <0.01

% - 16| < 0.01
(x+ 4)(x - 4)] < 0.01

I X_4|< _0.01-
|x+4|
If you assume 3 ix<5, then & = 24 ~ 0.00111.
So, if0 < |X—4|<6z 0,01 , you have
9

Xx-4 < 0.01< 0.01

9 X+4
|(x+4)(x—4)|< 0.01

| x2 - 16]< 0.01

(e [+6) - 22 |< 0.01

f(x)-L <001



[f(x) - L] <001
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lim(x+2)=4+2=6

X—4

Givene > 0:

[x +2) -6]<¢

[x-4]<e =3

So, letd = €. So, if0

[x-4]<e
(x +2) -6]<¢
|
|f(x)—L|<s.

40. lim (4x +5) =4(-2)+5=-

X—-2

Givene > 0:

[ax+58) - (-3) | <¢
|4x+8|<e
4 x+2]<e

<|x-4] <8 =¢,youhave

w

|x+2|<i =0

4

So, letd = £
4

So,if0< (x+2<0
{ I
have

£
X+2§<—
| ] 4
|4x+8| <€

[(4x +5) - (-3) | <¢

[£0)-L]<ce.

(
41, lim Xx-1 =&h

2 2

Givene > 0:
( )
<

x -1 —(—3J<s

|,_x+2| <g
2
J2"|X—(—4)| <E
|X—(—4)| <2¢e
So, let & = 2¢. |

So, if 0 < |x - (-4) <?d=2¢,youhave

|X—(—4)|<2£
|_1x+2|<a

-1

£
= you

4

42 limax+1 = 1 (3)+1 =1
4

X= 3(4 )
Givene > 0:

(4 ) 4
13

So, any & > 0 will work.
So, for any & > 0, you have
‘3—3<F
[ f()-L|<e.
lim(-1) = -1

2

-

Given €

O<e¢

So, any & > 0 will work.
So, for any & > 0, you have

ﬁ—l) - (—% <t

2

|-3x +1 - 8] <¢
Ix- 9] <¢
R
4*.|x—3| <eg
|X-—3|< 4€
So,let6=4s.
3
Soifo< | x-3|<d= 4, youhave
[
X—3 < 4¢
3
fx-3| <¢
|2x—‘;’ <€
0 4‘ 14
|—X+l - | <¢
1
13 <E.
f(x)ﬂL |
lim3=3
X—6
Givene > 0:
|3-3<
0<eg

>0:-1-(-1) <¢
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f(x)-L <e.
@ )
[2x -1 +3|<£
1

|f(x)—L|<s.
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-0
Givene > 0: |3/;—0|<s
[ <

X H <g? =0
So, letd = €3,

So, forOk - 08 = €2, you have

| [<e?
A <
|\[x—0| <t
|f(x)—L| <t.

46. lim /X = 4 =2
XH4\/— \/_
Givene > 0; l/:x—2|<£

|\/7(—2| X +2| <£I\/>x+2|
|x—4| <a|~/7x+2|

Assuming 1 < x < 9, you can choose & = 3¢ . Then,

0<|x—4| <6=3£=>|\xf—4|<e|\/j<+2|

= x—2|<£.

47. limpx =5 | |(—5) - 5|= |-10] = 10

Xx- -5

Givene > 0: ||x—5|—1q<£
|- x-5)-19<e (x-5<0)

‘ x-5 fs
‘ —(—5)‘<£
So, letd =¢.
So for |‘X—(—5)|< d = ¢, you have

|-x +5]<¢
|—(X—5)—10|<£

Ix-5]-19<e (because x - 5 < 0)
| f)-Y<e.

48. lim|x-3| <|3-3] =0
Givene >0: x-3|-(<e
l x—3|<e
So,letd =¢.
So,for0 < |x-3| <& = ¢, you have

IX—3|<E:

|x-3]-0]<e
|f(x)—L|<£.
(

x -1

49. lim x 2+1=12 4+1=2

Givene > 0: (X2+1)—2|<e
|X2 —1|<€

|(x+ 1)(x-1)| < ¢

k-1 <_¢€
P ixe1]
If youassume0 <x <2,thend=¢ /| 3.
So for 0 < x|—1|<6= g,youhave
3
x-1<.e8 < _1_¢
: =3 Koo
|X2—l|<£
( )
|xz +1 —2|<£
f(x)-2 <¢.
x—~—4( )
50. lim X° +4x =(-4)* +4(-4) =0
Given ¢ >0:|(><2 +4x) o<
IX(x+4)]|<e€
| x+4] <=2
1X1
If you assume - 5 < x < — 3,then d = £
5

13

I
SoforO0< x-(-4) <d= 5,youhave

X+4 < g < l¢
IxI

5
[x(x+4)| <€

|(X2 +4X) —O|<£



Chapter2 Limitsand TheirPropertSeesction2.2 Finding Limits GraphicallyandNumerically 90

| f(X)—L|<e,
lim f(x) =lim4 =4

—TIX =T

lim f(x) = limx =1

oo T
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JTTE3 9= *=2
X+9o- =
53 f(X) = X -4 \/— -3
; _ 1 limf(x) =6
limf(x)= 2 b ()
x—4 6
05 The domain is ) L
[ ) (
[ -54 U 4, »,
R S The graphing utility /'//’
-6 6 does not show the hole
( 1 1 0 o 10
=T0.1667 -
Y The domain is all x > 0 except x = 9. The graphing
<3 utility does not show the hole at (9, 6).
S /
e,.,—1
limf () = L fo)=""2 =
o i 02
A The domain is all li >
\ x # 1, 3. The graphing mof X =
utility does not show the X
. 5
‘ (1 2
~, L2 » 2
The domainlis all x # 0. The graphing utility does not
(1)
show the hole at |0,
C(t) = 9.99 - 0.79[[~ (t - )] L 2)
L]
@ s

Of: |3 33 34 35 3.6 3.7 4
Gmc057- 226 1236 | 1236 |1236 | 1236 |1236

Ot T2 25 2.9 3 3.1 35 4

C | 10.78 11.57 11.57 | 11.57 12.36 12.36 | 12.36

The lim C(t ) does not exist because the values of C approach different values as t approaches 3 from both sides.
t-3
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C(t) =5.79 - 0.99[[-(t - )]

o—‘
oO—a
D—
H
p—a
6
DN B 33 34 35 36 3.7 4
cl777 |s76 876 |876 |876 |876 |8.76
lim (r)—n 76
t-35
Ot |2 25 29 3 31 35 4
clezs [777 [777 [777 |87 |87 |87

The limit lim C(t ) does not exist because the values of C approach different values as t approaches 3 from both sides.
t-3

59. lim f (x) = 25 means that the values of f approach 25
X—8

as x gets closer and closer to 8. existence of the limit of f (x) as x approaches 2.
60. In the definition of lim f (x), f must be defined on both (b) No. Thefactthat limf(x) = 4 has no bearing on

X=c X=2

62. (@) No. Thefactthat f(2) =4 has no bearing on the

sides of c, but does not have to be defined at ¢ itself. The the value of fat 2.
value of f at ¢ has no bearing on the limit as x approaches c.
63.(@ C =2mr
61. (i) The values of f approach different numbers as x

r=C =_6 -3 ~09549cm
approaches c from different sides of c: 2 2m m
& (b)) WhenC =55:r = 55 = 0.87535 cm
o] 2m
P — When C =6.5:r = -85~ 1.03451 cm
-4-3 1T 2 3 4
2—1] 1 S00.87535 < r < 1.03451.
L lim
-8 () x- o n () = 66 = 055 = 0.0796
-4
(ii) The values of f increase without bound as x 4
- 3 -
approaches c: 64.V = gmr V=248
) 4
(@ 248 - TIrs
6| 3
&l
4: r3 i 1_86
H =om
L Ny ~ 0.8397 in.
T I () 245< V <251
-2 4
245< TMIrs< 251
(iii) The values of f oscillate between two fixed 3
numbers as x approaches c: 05849 < r® <0.5992
' 08363 < r <0.8431

(c) Fore =251 -2.48 =0.03,5 ~ 0.003

1X
« fx., =1+x7

65.

( )
liml+x1¥ =e~271828
)

X—*O(




Chapter2 Limitsand TheirPropertSeesction2.2 Finding Limits GraphicallyandNumerically 93



Chapter2 Limitsand TheirPropertSeesction2.2 Finding Limits GraphicallyandNumerically

) 68.(a) limf (x) exists forall ¢ # -3.
X—C
(b) limf (x) exists forall ¢ # -2, 0.

ke X—C

T (0, 2.7183)

K 69. False. The existence or nonexistence of f (X) at

- X X = ¢ has no bearing on the existence of the limit
!73 !72 7Il et !123?5 of f(x)asx—c
70. True
X f(x) X f(x)
71. False. Let
-0.1 2.867972 0.1 2.593742
={[x-4
0,01 2731999 | [ 0.01 2704814 F) = x4 x 22
lo, X =2
-0.001 2.719642 0.001 2.716942 f (2) -0
-0.0001 | 2718418 | | 0.0001 | 2.718146 limf(x) = lim (x - 4) =2 %0
-0.00001 2.718295 0.00001 2.718268 2 e
~0.000001 | 2.718283 | [10.000001 | 2.718280 72. False. Let
f(X)={lx-4 x=#2
o, X =2

fg < 1FLXEL

mf(x)=lim(x -4)=2and f(2)=0#2

X .
x |[-1]-05-01]0 01]05 |10 li, ,
X= oy
fx) | 2 2 2 Undef. | 2 2 2
f(x) =x~/
lim_/x = 0.5is true.
/X
limf(x) =2 As x approaches 0.25 = -j from either side,
x—0
Note that for f (x) =</ approaches 7 = 0.5.
x+1) + (x -1
-1<x<1,x#0f(x) = '(—)—)((—1 =2. 74. £(x) =/x
t lim /X = 0is false.
3+ x—0

f(x) = ~/xis not defined on an open interval

/_1_\ containing 0 because the domain of f isx > 0.

_ x 75. Using a graphing utility, you see that
l lim sinx =1
x—0 X
67.  oom limsin2x =2, etc.
{1,999, 0.001) . m nx
\f (2.001,0.29/ So, lim =n.
\/ x—0 X
19985 2.002 76. Using a graphing utility, you see that
Using the zoom and trace feature, & = 0.001. So lim tanx =1
(2—6,2+6 = 1.999, 2.001 . =0 X
L ' limtan2x =2, etc.
Note: x> —4 =x+2for x #2. x=0
X-2 So, limtan(nx) =n.
x=0 X
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77.1flimf(x) =L1  and limf (x) = L2, then for every € > 0, there exists 8 > 0and &2 > 0 such that
X-c Xx=c
[x-cf<di=|f(x)-L1]<eand|x-c|<d2 =|f(X) - L2| < e.Letd equalthe smaller of 51 and 5.
Then for |x - c| <&, youhave | L1-L2 |=|L1 -f(x) +f(x) - L2 | 5|L1 -f(x) +I f(X)—L2|< € +¢€.
1
Therefore, |Li-L2 | < 2¢.Since € > Oisarbitrary, it follows that L1 = Lo. [
78. f(x) =mx +b, m#0.Lete > 0 be given. Take (b) You are given limg (x) =L > 0. Let
X —C
£ 1
0= | m| € =2 L. There exists & > 0 such that
If0 <|x—c| <d=g_, then 0 <Ix—c| < & implies that
L .
19(X) -4 <e == Thatis,
Imx-c<e 2
| mx-md < Locg-L<k
mx +b) - (mc+b)|<ce
K )= XA)CJ ) L. g <3
which shows that lim mx+b =mc+h. 2 (2 )
For x in the interval ¢ - 8,c+ ®,x #¢,you
79. lim f(x) - L] = 0means that forevery ¢ > 0there _I!_
Xoc | have a6 > 2> 0 desired

exists © > 0 such that if

0<|Ix-c]| <8,
then

(£0)-1) -0f <.

This means the sameas | f(x) - L| < & when

0< |x—c|<6.
1

So, limf x =L

x~c )

80.(3) 3x+1 3x-1x +00l= 9x% - 12+

( ) ) ( ) 100
=9x 4 —x2+—1

1

0

0

100" It )

= 10x*-190x°-1

So, (3x + 1)(3x - 1)x* +0.01 > 0 if

10x% -1 < 0and 90 x? -1<0.

R
| | /90 90/

Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.

81. The radius OP has a length equal to the altitude z of the
; h _ i}
triangle plus =.S0,z =1 - = |
22
1 h
Area triangle = 2b|l1 -2 |J
Area rectangle = bh

( h)
Because these are equal, ~ =bj1 - | =bh
2| 2)
b h
1- 2 2
5
2h =1
2
h=5.
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82. Consider a cross section of the cone, where EF is a diagonal of the inscribed cube. AD =3,BC = 2.

Let x be the length of a side of the cube. Then EF = x /2.
By similar triangles,

A
BCE = &AD
\/Z_ = 3:5 E G \F
23
Solving for x, 3/2x=6-2x
(3/2+2)x=56 T
x= ——b— =926 09
e
3 2+2 7
Section 2.3 Evaluating Limits Analytically
L 6 4, “

. , o
\

\
\

-6

-10

limh(x) = 0 (O=ti-4 |
-4
" () = - @ lim f(t) =0
N t-4
N ®) limf(t) = -5
to-1
—— 5 limx® =28 =8
o 10 M
limx* =(-3)* =81
--3
g(x)=12 = lim(2x -1) =2(0) -1=-1
X-9 o
limg (x) = 2.4
e 8. lim (2x + 3) =2(-4)+3=-8+3=-5
“mg(x)=4 x~—4
-0

2
9. lim (xz +3x)=(—3) +3(-3) =9-9=0

N

\ 10.1im - +1 = -2 ;+1=-8+1=-7

el ) () )
x—==3(
4 11. lim 2% +4x+ 1=2(-3)2 +4(-3)+1
f (x) = x cos x =18-12+1=7
lim f(x) =0 3 3
Iy lim(2x -6x+5)=2(1) -6(1)+5
lim f(x) ~ 0.524 o
s 2-6+5=1
(- 13.0im /XF1= / 3+1=2
L o)
6

i = 3
1a.lim (- 20+
=+ 24.64=%27=3
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15, lim (x + 3)?  =(-4+3)%=1

X —-4
. 51 1
i 4 _ 4 _ 4 _ 30. lim COSX = COS mum  =mm
16.1im (3= 2)* = (300) - 2)* =(-2)" =16 s 3 2
X 3
3L o {—“ =tan—~— = -1
1 1 -3 | 4) 4
lim= = N/
-7 | 6]) 6 3
18, lim —2 = -—2= = -2 '
33. lime* cos2x =e® cos0 =1
x--5X+ 3 -5+3 2 X0
; x  __1__1 _
19. lim = - = w lime™ sintx = esin0 =0
w1 X+4 1244 5 Tx=0
20 lim&+2 ) +5_ 3+3_ 8 _, limin3x+e* =In3+e
xo1 X+ 1 1+1 2 2
! 37 35.><ﬂ1( )
o - - { X‘ {—1]
) / } X
21. lim = = =7 6. limin| '=In| | =ine™ =1
. X+ 2 7+2 3
! -1 le ) le)
2 limaX*6 _\B+6 _ /9 _3 37.(a) limf(x)=5-1=4
. x -1
xo3 X+2 3+2 5 5 3
T (b) Jimg (x) =4 =64
lim sinx=sin =1 D) N )
/22 (©) limg 1+ « =g f1=9g4 =64

24. limtanx =tanm =0

i

o 8.() s f()=(-3)+7 =4

T .
25. limcos & =cos — = limg (x) =42 =16
-4
1 lim g (f(x))=g(4)=16
x -1 3 2 -3
m2 39.(a) limf(x)=4-1= 3

26. limsin J =sin [_) =0 X -1

e 2 2 (b) limg (x) =3/ =2
27. limsec2x =sec0=1 x=3

limg (f(x) =g (3) =2

x -1

28. limcos 3x = cos 3m = -1
29. lim sinx =sin 5m= 1 40.(a) tim f0)=2(4) -3(4) + 1-21

X - 51/6 6 2 x-—4 () x

b) i X) =5 =3
() erTz]l g
(© tim f(Jg(x)= I 11 |
(3)(2) =6

X—c lx—~c lx—~c
41.(a) lim[5g (x) =51limg (x) =5(2) =10

() lim f(x) +g ()] =limf(x) +limg(x) =3+2=5

X—=cC X—=C X—=C
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limg (f(x)) =g (21) =3

fp Ll mtl)

@ lim=2= x—c

x—c g(x) limg (x) 2
X—=c

Section2.3 EvaluatingLimitsAnalytically 95
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lim[4f(x) =4lim f(x) =42 =8

X=C x—C

42. (a)

(b) lim f(x)+g(x)J] =limf(x) +limg (x) =2 +

© lim f(Jg(x) =  limf(x) limg(x) =2

1N

x—c koo llk-c 1 14)
@ tmify - L o
Ree gl fimg®) Gy~ 3
43.@a) lim f(x)3 =|[[limf(x)]3 =(4)?° =64
(b) i /TG - \/Ilmf(x) = /A =2

(c) lim[3f(x) =3limf(x)=3(4) =12

xacl_ X—C
@ lim[f (% =fimf GO = (4 4, =8

X -

44. @) limg/TTx) = \3/I|mf(x) =327 =3
X—=C X—=C
lim f (x) ’
®  lim fixl= g — .2 .3
X-c 1-8_ Iimi8 8 7
X—=C
[ ]2
© lim @ % =imfe -@? =729
X—C lX*C

@ fim £GP = [imf (012 = @) =9
X—c lX*C

f(x) =% =1=(x+1(x=1)and
+1x+1

g (x) = x - 1 agree exceptat x = —1.
Xx—- -1 ( ) x—- -1 ( ) P )
limf x =limg x =lim x-1=-1-1=-2

3

-4

46. f(x) = XC+5x-2 = (x+2)BXx=1) ang

X+ 2 X+ 2

g (x) = 3x - 1 agree except at x = —2.
inf(x)=/|img( = lim(3x - 1)
2

X =|= X— -2 X— -2

3=k -7

> Jw

Section2.3 EvaluatingLimitsAnalytically 96

11
4

47, £-8 2
2

f ®=x -2 andg(x)=x + 2X + 4 agree except

at x =2. ()

)

=lim X2+2x+ 4

x-2 () x-2

limf x = limg x

22 +2(2)+4=12

12

\/

0

3
48. f(x) = X1 andg(x) = x* - x + 1 agreeexcept at
x+1

iffk) =limg(X) = lim x2 -x+1

X - -1 x— -1 x= -1 )

=(-1)? —(-1)+1 =3

49. f(X): 1X+4“n‘X+6!andg(X): In§x+6)

X2 -16 Xx-4
agreeexceptatx = —4.

lim lim In2

x--4f(X)=x--ag(x)= -8 = -0.0866



Chapter2 Limitsand TheirProperties

Sectinn? 2 FualuatinglimitsAnalytically 97

e

N




Chapter2 Limitsand TheirProperties Section2.3 EvaluatingLimitsAnalytically 98

— ; -4 ; Xx-4
= e, -1 53.lim 2 = lim
50. 1 (x) =2X —=and g (x) = & + 1 agree except at
-1 - + -
w1t 16 x-a(x 4)(xT4y T
x=0. =lim 1 = 1 =1
lim f(x) =limg (x) =e® +1=2 x-aX+ 4 4+4 8
x—0 x—0
3 54.lim 5-x =lim__—(x-5)
rd x=5x2 =25 x5 i—5}o-+5)
— —limal_ =_=L - _1
b i x-5X+5 545 10
o =t x =6 (x£3)(x~2)
51. lim- - = lim = lim _ = =-1
X— -3 Xz -9 x--3 XF3 X =3 - -
ox? —x o« Tox(x=1)  «Tox-10-1 x—2
= lim = -3-2 - -5=5
L 2X e 2X 2 x--3X-3  -3-3 -6 6
52. lim ==+~ = lim —="— = lim— 2+_2x_— (x_—2__)1x_+_4)_
x=0X% +4X  x-ox(x+4) ~ox +4 56.lim = Iim(
B -2 2 -2 N )
= _—21.— :2 :i
6
0+4 4 2 X —x-2 X-2Xx+1 - =2
=limX+t4 . 244
xo2 X+ 1 2+1 3
57. lim ~X*2=3 _ iy JF5-3 _ xf5+3
X =4 X -4 X =4 X -4 /X+5+3
Slim__ X822 iy L =1 =1
I J Na

xaA(X_4)( X+5+3) x—4

lim X_+1;2 =|Im_X+_1;A- _X-+1_+_2 =|Im___‘_i?(;3‘_ ]
-3 x-3 x-3  X-3 x+1+2 x=3(x=3)] x+1+2]
—limb——- .1 1
X +1+2 4+24
im-2E2= 8 o jjy X2 = D X#5+ 9
X X =0 X X+5+ 5
x+5 -5
= lim Jé = lim 1 = 1 = 1 :_5
"o x+5+ 5) ., x+5+ 5 5+ 5 25 10
24+X- 2 2+X- 2 2+X+ 2
||m— = lim X . 2+X+ 2
X X-0
= lim 22X =2 = lim 1 =1 I
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x~o( 2+ X+ 2)x X0 2+x+ 2 2+ 2 22 4
1 1 3-(3+x) - -1 -1
61.lim 3+x 3 =lim = lim X =lm____ =__ =-1
-0 X -0 B+ %30 -0B+x)@)(X)  «-o(3+X)3 (33 9
1 - 14-(x+4) _
- _A4Ax +4
62. lim — ST,
X—0 X X—0 X
= fim=— - =L -_1
4
od(x + 4)( 16

99






63. lim M‘—ZX = lim 2X £ 20X = 2X - |im2AX - |im 2=2
Ax =0 AX Ax—0 AX -0 DX ax—o
2
64, lim (A7 =6 jim 22+ 2xXAx + (AX)2 -0 - jim Ax(2x+ AX) _ jim (2x + AX) = 2%
Ax -0 AX Ax—0 AX Ax -0 AX Ax =0
y (+A) -2 (x+AX) +1 -(x: = 2x +1) y X+ 2xAX+ (AX) = 2x = 2Ax+1-x +2%-1
65. lim 2 im > 7 —
Ax =0 ) Ax - Ax =0 -AX
= lim(2x+ Ax-2)=2x-2
Ax -0
66, lim LA~ i xe+ 3xeAx + 3x(AX)? + (AX)® - ¢
Ax =0 AX Ax—0 Ax
2 :
. —+ XAX + AXy\T
= lim &(& L(_). ) ; 2 . 2
i X
8x=0 Ax =M™+ 3xax + (Ax) ) =%
67. lim SNX = lim ”ﬂ]fiﬂ - 1{31 =T 76. Tim I-tanx  _ iy COSX-sinX
. ' x w/sinx - cosx x w4siNXCOSX — cos? X
x-0 BX x ollx JI5]] 5) 5 -
= lim _ =(sinx - cos x)
3(1 ~cosx) [ (zcosx)] (3)(0) = 0 x—mh cos x(sinx - cosx)
68. lim = lim|3] I L.
o e x| = lint _=L
sinx(1 - cos x) [Sinx 1 -cosx | xomaCosX
69. lim = lim | —  —— = lim(-sec x)
’ X° X X =T 4
x—0 x=0lx |
=10 =0 =_\/;
(
1-¢ l-e e (t-e_¢
77.1im lim lim
x—=0
e -1 -1 ¢ 1-e
x—-0 x—0
( )
70. lim cos Btan 6 =|im sin 6 =lime™ =1
- 1 x—0
8-0 0 -0 O _(_X _).
78.tim M=) _ i 4le” =1)(en 1
X X
[ i X—0 e” -1 K= 0 e -1
T sin x
71 lim 3" X = lim sinX = 1sin0 =0 =lim4e” +1=4(2)=8
x=0 X x=o| x | o ( )
tan 2x sin? x [sinx sinx | sin 3t (sin 3t )(3) 3 3
-
72. lim = lim ) = ||m| 79. lim = lim| I | =@ | =
><~0—)2_ x ~oxcos X x -0l X COoS X| t-o0 2t ‘—’Ol 3t Jl 2J lZJ 2
=1 0 =0 [ ]
i . ) 3x
( 80. lim 42X —jim 5 (i L2X)(1)( —=2)

Section2.3 Eval uatingLimitsAn alytic ally97




x 0sin3x  «-o| | 2x Jl3)(sinax ]

) 2
2(1)|(l]|(1) o
( ( ) 3)3
73 limtL=Cosh)e = jjm 1=cosh 1 - coshl
O - h w
=(0)(0)=0
_ ()
74. lim@sec® = -1 = -1
Q-
75. lim €% = limsinx =1

/
/

x-m2COtX K= T2



Chapter2 Limitsand TheirProperties

Xx+2-_2

81. f(x) =
X%
f
X -0.1 0.01 -0.001 (O 0.001 | 0.01 0.1
0.35
f(x) |0.358 4 0.354 ? 0.354 | 0.353 0.349

It appears that the limit is 0.354.

2

The graph has a hole at x = 0.

Analytically, lim 8572~ & —iim[FF2- Y. _YF2ZF 2/
X—0 X X—0 X /X + 2+ 2\/_
= lim X222 — _ iy _—L- L - ¢ ~o3m.
LY Zz J VARV A
X"X( X+ 2+ ) xo0 X+2+ 2 22 4
g2, () = 22X
x | 159 1599 | 15.999 |16 | 16.001 [ 16.01 [ 16.1

f(x) | -0.1252 | -0.125 | -0.125 [ ? | -0.125 | -0.125 | —0.1248

It appears that the limit is —0.125.

1

The graph has a hole at x = 16.

pnalytically, timd = x/_ =tim_(*=—%/}  _im -1 =- .
Cool e T
X =16 X —16 x—16 X+ 4 X—4)' X —16 X+4 8

=11
83. f(x) = 2xX_..2
X
X 01 |-001 |-0001 |0 0001 [001 |01

f(x) |-0.263 |-0.251 | -0.250 |? |-0.250 | -0.249 |-0.238

It appears that the limit is —0.250.

3

’_J The graph has a hole at x = 0.
5 1

-

1 1
Analytically, lim _2+x 2 = lim2=2+x) .1 =fim_—x -1 =im——Ll_ = -1

oo X oo 2(2+%) X x-02(2+x%x) X x-02(2+x) 4
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X 1.9 1.99 1.999 [ 1.9999 (2.0 | 20001 [ 2.001 |201 |21

f(x) 7239 | 79.20 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.

100

\_,/ The graph has a hole at x = 2.

5

Analytically, lim x-=32 = lim{ =2 (x£2x3 + 4% +8x+16) = limx «+2X +4x ,+8x+16 = 80,
X—2 X =2 X—2 X—- 2 x~2( )
(Hint: Use long division to factor X - 32)

sin 3t
)= T

t
t -0.1 | -0.01 -0.001 0 | 0.001 |o0.01 0.1
f() | 2.96 | 2.9996 3 ? 13 2.9996 | 2.96

It appears that the limit is 3.

The graph hasa holeatt = 0.

Analytically, lim : .

X -1 -0.1 -0.01 |0.01 |01 1

f(x) | —0.2298 | —0.2498 |[-0.25 |-0.25 |-0.2498 | —0.2298

It appears that the limit is —0.25.

1

The graph has a hole at x = 0.

o e
Analyfically, €e8x=1 cosx+1 cos® x -1 =sinx sin 2 x -1
2 cosx+1 = 2x%(cosx+1) =2x%(cosx+1) = xo -2(cosx+1)
L2
_[sin€x. -1 -1 1
lim _____)] Lf_ ]‘f, 2 s

o 2
X ol x 2cosx +1
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87. f(x) = SNX
X
x |-o01 001 | -0.001 [o] o0.001] 0.01]0.1
f() |-0.009998 [-0.01 [-0.001 [2 | 0.001] 0.01] 0.099998

It appears that the limit is 0.

1
/\ The graph has a hole at x = 0.
-2 ul‘.hhﬂ I’lﬁlw 2
BT TALL
el
sinx _(sinx 0(1)
Analytically, lim , =limx 2) = = 0.
x—0 X | |
x 0 kX J
sin x
88. f(x) =
\/_
3 X
X -0.1 -0.01 |-0.001 |0 | 0.001 |o0.01 0.1
f(x) |0.215 0.0464 | 0.01 ? | 0.01 0.0464 | 0.215
It is 0.
3 The graph has a hole at x = 0.
-2
Analytically, lim sinx _ o oqsnx ) - ()()
x—-0 X x -0 k X J
In x
89. f(x) =
x =1
X 0.5 09 __ _10.99 1.01 1.1 15 L
f(x) |1.3863 |_1.0536 |1.0050 | 0.9950 | 0.9531 | 0.8109 |
It appears that the limitis 1.
Analytically, lim - Inx _ 1.
x-1 X — 1
e -8
90. f(x) = &2* -4 3
X 0.5 0.6 0.69 0.70 0.8 0.9 /
f(x) | 2.7450 | 2.8687 2.9953 | 3.0103 | 3.1722 | 3.3565 b
Analytically, lim g =8 = fim (=2 +2 +4) = limeus2e* +4 = _4+a+4
x—In2 QZX -4 x—1In2 (eX - 2)(eX+2) x—=1In2 2+
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o1. lim fx+AX) =f(x) = Iim 3x+AX) -2-(8x-2) = lim3+3AXx —2_3x+2 = |im3Ax =3

Ax=0 Ax Ax=0 AX o AX a0 AX
fx+Ax-fx (X +Ax) - 4x +Dx) - X, - 4x
- s — —
Ax -0 AX Ax—0 AX Ax=0 AX
- lim XX+ 0x=4) - jim(2x+ Ax - 4) = 2x - 4
Ax—0 AX  ax- 0
1 "1
f(x +Ax) - f(X) ===
93. lim ———————— = lim xefxed 2
Ax =0 AX ax-0 Ax
- lim 23 -+ Ax+3) 1
Ax—0 (x + Ax+3)(x+3)  Ax
i -AX —_
L e THE B
Ax—0X + AX +3 X +3 AX
.o =1 -1
= lim =

ax—o (X + Ax + 3)(x + 3) (x + 3)°
94, lim f+ A £0d . i X+ AX = x = jjim X+ AX - Ko xsAx s X

Ax -0 AX ax-o0 AX o AX_ - X+ AX +X
FEIN S 1 —~ L
= lim BX( A fim A Vo= v
Ax =0 X+ AX + x) -0 X+AX + 2 X
95. lim(4 -x2) < limf(x) <lim (4 + x 1
NS ( ) v n ( )y_.n 99. f(X)= yein
4<limf(x) <4 X

X = 0 0.5
Therefore, lim f (x) =4

X = 0
-05 0.5

96. Iiml[b—lx—al < limf(x) < Iirrf[b+|x—a|

Xx—a Xx—a

b<limf (x) < A o
(

X—a lim
e Ly
Therefore, lim f x =bh. N x—al X))
1

97. f(x) = |x|sinx 100. h(x) =xcos 3
lim|x| cosx =0
6 x-0

AN
U

-6

|xsin1|] =0

Iim‘x‘sin x=0
x—=0

f(x) = cpsx

6






0.5

[ oosd) -

lim' xcos= ' =

aNrel |

-05 v 05 x=0 X I

-05

101. (a) Two functions f and g agree at all but one point

(on an open interval) if f(x) = g (x) for all xin the
interval except for x = ¢, where c is in the interval.

b f()= -1 =(x+1)(x-1) and

x-1 x-1
g (x) = x + 1 agree at all points except X = 1.

(Other answers possible.)
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An indeterminant form is obtained when evaluating a
limit using direct substitution produces a meaningless

If a function f is squeezed between two functions h and
g, h(x) < f(x) < g (x), and h and g have the same limit

fractional expression such as 0/0. That is,

(x)

ling 60

X=C

for which limf (x) = limg (x) =0

X=C X=C

(a) Use the dividing out technique because the numerator and denominator have a common factor.

lim X2 +x=2 (X +2(x=1)
x=-2 = lim
X+ 2 Ko —2 X+ 2

=lim(x-1)=-2-1=-3

X=-2

(b) Use the rationalizing technique because the numerator involves a radical expression.

L as x — c, then lim f (x) exists and equals L

X—=C

lim LA 22 o LR E2 YA
X -0 X X -0 X X+4+2
- |im_u_+_4)L
x_’ox(\/x+4+2)
= ||m 1—.—.— = 1 . —= ;
xooXHE+ 2 A+ 2 4 -
sin x
105. £(x) = x, g (x) = sinx, h(x) = = 107. s(t)= -16t% + 500
X iy =16 27 +500 = 1614500
mS (& jmm(c) =1im™=(7) ( )
" t-2 2-t t-2 2-t
s T N, = 1im436 + 16t — 500
t-2 2-t
3 - limi6(te = 4)
When the x-values are “close to” 0 the magnitude of f is ez 2t
approximately equal to the magnitude of g. So, = imd8 (=2)1+2)
|g|/|f| ~ 1 when x is “close to” 0. t-2 2 -t
= lim -16(t +2) = —64 ft/sec
sin? x e
106. f(x) =x,g (x) =sin? x h(x) = N The paint can is falling at about 64 feet/second.

/g/—\ A ,
h
y
2
When the x-values are “close to” 0 the magnitude of g is
“smaller” than the magnitude of f and the magnitude of

is approaching zero “faster” than the magnitude of f.
So, |g|/| | = O whenx is “close to” 0.
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108. s(t) =-16t2+ 500 = Owhent = [299 = 5./5sec The velocity attimea = 5is
&
16

2 2
(5./5)
_ st
i §Li| it lz i _0_-£—_16t2 +500)
g _&/5 (V4 5/5
-] 2 | -t -] 2 | -t
2 2
Lo Lo
112 - 15
= lim )
\{i{s} E‘E -t
S
o |+ BB) 55
o2 | 2 |
= lim L ”, )
(&) S
(O 2
5]
= [lim _
16t + = -80./5 ft/sec
va
5 5|_ |
2]
D ]

~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.
s(t) = -4.9t2 + 200

B _4¢ 72 _ _4g?
lim 5133! _st(tl =Iim_(§-) +200 (49t +200)

t—-3 t-3 3-t
= IimJ_4-9 £ ﬁ).
t-3" 3Tt
= lim49(t = 3)(t + 3)
t-3" _3 -t
I:T[;mg(t +3)]
—-29.4 m/sec
The objectis falling about 29.4 m/sec. is
110. -49t? +200 =Owhent = [£& - M sec. The velocity attimea = _2{
4.9 7 7
s(a) - s(t) _0-[-49t% + 200]
lim = lim Il ' ]
t-a a-t t-a a-t

I
=
-~
O

P
I+
‘@,
—_
|
S

1l
3
>
©
—_
—+
I

-28/5 m/sec

7 ~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.
111. Let  f(x) =Axandg (x) = =1/ x. limf (x) and lim g (x) do not exist. However,

x =0 x=0

lim [f(x)+g(x] :Iim[‘—1 +(—ln =1lim0 =0

x=0 x-0 X X x=0



|

and therefore does not exist.
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Suppose, on the contrary, that lim g (x) exists. Then,

=C

because lim f (x) exists, so would lim  f(x) + g (x],

X—c X—c ]

which is a contradiction. So, lim g (x) does not exist.

X=C

113. Given f(x) = b, show that for every e > 0 there exists

ad > 0 such that |f(x) -b | < € whenever
|x-c| <. Because | f(x) - =[b-b|=0<¢ for
every € > 0, any value of & > 0 will work.
Given f(x) = x", n is a positive integer, then
limx" = lim XXH)

X—=C x—c

= [|Iim x] [|Iim ol c[|lim (3xn ™ 2 )]

X —c X = C X—C

}x -C ’lxﬁ c |_x - C
=c [lim x]| \Iimxn -2l . c(c)lim (XXn - 3)
n_ Cn )
If b = 0, the property is true because both sides are

equalto 0. Ifb # 0, lete > 0 be given. Because
lim f (x) = L, there exists & > 0 such that

X—=C

|f(x) = L| <&/[b] whenever 0 < |x— c| < 8.0,
whenever 0 < |x - ¢ | < 8, we have

blf()-L]<e or

which implies that limx—.c [|bf (x)] = bL.

|bf(x)—bL|<g

Given limf (x) = 0:

-c
For every € > 0, there exists & > 0 such that f
‘ (x)-0 ﬁ € whenever 0 < x - ¢ < 6.‘

Now|f (9) - 0] =| f(X)l =| fl(X)l - 0|< e for

[x - ¢ | < & Therefore, lim | (x) | =0.

X=c ‘

-M f(x)#f(x)g(x)st(x) |

x—cl () x-c () () w—cl ()
lim-M| £ x | <limf x g x <lim M|f x |
-M(0) <limf(x)g (x) < M(0)

X=C

<limf(x)g(x) <0

=C

Therefore, limf (x)g (x) = 0.

X—=cC

x-c

118. (@)  Iflim l f (x)' =0, thenlim l[—I f (x)l]J =0.

—If(x)lsf(x)s |f(x)|
Iim[—l f(x)I] < limf(x) < lim |f(x)|
[ | e
0

X—=c X=C

<limf(x) <0

X=C

Therefore, limf (x) = 0.

X—c

(b) Given limf(x) = L:

X=cC

For every € > 0, there exists & > 0 such that

[f(x) - L| <& whenever0 < | x - d <8.Since
[ 0] -|L]] <[ f() -L]<e for

x—cI < B, thenlim|f(x)|= L]

119. Let
(4, ifx20
o =1-4, ifx <0
tim lf )| =tim4=a.
lim f (x) does not exist because for
X = 0

<0,f(x) =-4andforx >0, f(x) = 4.

The graphing utility was set in degree mode, instead of
radian mode.

The limit does not exist because the function approaches

1 from the right side of 0 and approaches -1 from the
left side of 0.

2

122, False. limsinx = 0 =0
x-m X 1l

123. True.

124. False. Let
[x x #1

f(X) = { s CcC= 1

l -
3 X 1

Then limf (x) = 1but f (1) # 1.

X -1



125. False. The limit does not exist because f (x) approaches
3 from the left side of 2 and approaches 0 from the

right side of 2.

4

False. Let f (x) = 22 x%and g (x) = x°.
Then f (x) < g (x) for all x # 0. But
limf(x) =limg (x) = 0.
x—-0 x—-0

. 1l-cosx . 1-cosx 1+cosx
127. lim =————— =lim-— ———
X =0 X ) X 1+ cosx
= lim L7 0es¥ - jjm  snax
«(— - b
x-0X1+Ccosx x—-0X1 + COSX
- limSinx | _ sinx
x-0 X 1+ cosx

_ lyim sine! Ty sine |

[x—0 X Jlx-o1 +Cos X |

(1)(0) =0

0,
128. T(x) = {[ if x is rational

|1, ifxisirrational

g(x) = {10, if x is rational
| x ifxisirrational
lim f (x) does not exist.

x=0

No matter how “close t0” 0 x is, there are still an infinite
number of rational and irrational numbers so that

lim f (x) does not exist.

x=0

limg(x) =0
x=0

when x is “close t0” 0, both parts of the function
are “close to” 0.

Section2.4 Continuityand One-Sided Limits 105

secx =1

129. f(x) = N

2
(@) The domain off isall x #0, /2 + nm.

(b)
k,j The domain is not
= = Obvious. The hole at
2 2 .
m ﬂ x = 0 is not apparent.

1

limf(x) ==

-02

(d) secx -1 —secx—-1 .secx+1 _sggZ;(—l

secx+1 ¥

( )
X2 X2 sec X +1
tan 2 x 1 (sin?x)1

=X secx+1 =cos’x| x* |secx +1
secx-1 1 (sin?x) 1
= lim

So, lim
2 2 2
-0 X x-0C0S x| X secx + 1
* mtr
1(1)| |=_.
2 )2
130. (3) Iiml—c_osx _ liml=tosx  1l+cosx
reox? veo  X° 1+ cos x

= lim 1 - cos®x

x— 0% (1 +cosx)
2

= limsix . 1
: 1 +cosx
x—=0 X
= 1{_1‘: —1
(2) 2
(b) From part (a),
locosx 1 1 cosx
2
X 2

1
=2 %% = cos X

1

1- 2x? forx
0.

cos(0.1) = 1 - 2l (0.1)> =0.995

cos(0.1) =~ 0.9950, which agrees with part (c).

Section 2.4 Continuity and One-Sided Limits

1.(a) limf(x) =3

Xx—4 +

2. limf(x)=-2

Xo =2 +



lim

(b) lim-f(x) =3 (b) f(x)=-2
(c) limf(x) =3 (¢ limf(x) = -2
X—4 X —-2
The function is continuous at x = 4 and is continuous The function is continuous at x = -2.

on (=, ).
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(@ lim f(X) =0 i 1 1 1
. 7. lMm=—" =z ——— = =
-3 +
limf(x) =0 x-8 X+8 8 +8 16
-3 8 lim —2—- = 2_=1
limf (x) =0 _
-3 x-2 X+2 2+2 2
The function is NOT continuous at x = 3. 9. lim X=5 = |im X-5
(@ limf(x)=3 x-5"%x2 =25 s (X +5)(x - 5)
__* =lim 1-=1
lim
Hi:;f(x):3 x-5 X + § 10
limf(x) =3 10. lim _A4=%_ = jim—=(x=4)  _|im _ -1
x—4
-3 x2-16 (0 rA)(x=4) g,
The function is NOT continuous at x = —3 because -1 1
f(-3) =42 limf(x). T 4+d 8
x- -3
@ lim f(x) = -3 11. lim -—=Z—does not exist because X
+ 2
-2 x—-3 X2 -9 X -9

lim f(x) =3

decreases without boundas x — -3".

12, 1im X722 _jim X T2 K2

- 2_
(c) limf(x) does not exist

X—2 e —
The function is NOT continuous at x = 2. am X=A T X_i_4 X +2
= fim —2=d ——
. ) -a
6.(2) lim:f(x)=0 -4 (x—4)( x+2)
(b) lim f(x) =2 = lim 1 - _ 1. -1
x--1 x—4 ~JX+2 \/—4+2 4

(c) limf (x) does not exist.

.

o 13. lim X = |im =X = -1
The function is NOT continuous at x = —1. x=0 X x-0 X
14, lim [X=10] = jjm x=10 1
><—>10+X—10 ><—>10+X—10
1 1
_— 1 _ 4 -AX 1
15. lim X+AX . x T lim X_—(LAX)_ ‘o - I|m_'-
Ax=0 Ax ac-o xX(x+Ax)  Ax ax-o x(x+Ax)  Ax
. -1
= lim —————

ax—o X(x+ AX)
11

X + 0x?

2 2
16 lim e slee nd - (o x) lim X222X(Ax) + (AX)* + x4 Ax -0 — X

+ +
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Ax—0 Ax Ax =0 AX
= lim 2x(Ax) + (AX) + Ax
ax—-0" AX

= lim 2x+ Ax+1
Ax~o+( )
=2x+0+1=2x+1
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17, limf(x) = lim 28 =3 x -1
f(x)= 2

<
1)
w
<
1
w
N
N

+1

i — i 2 _ -9 - - . - .
18. lim-f(x) = lim- (¢ -4ax+6)=9-12+6=3 has a discontinuity at x = -1 because f (-1) is not

limef(x) = lim(-xe+4x-2)=-9+12-2=1 defined.
. o
Since these one-sided limits disagree, lim f (x)

X3 f(x)=Q2Xb+x

does not exist. has discontinuities at each integer k because

) P
lim cot x does not exist because limf x # limf x.
- T x—k x =k
limcotxand lim cot x do not exist.
. [ x, x <1
o Ko 32. f(x)= k x = 1 hasa discontinuity at
|Lr1r11 sgc x does not exist because | loy - 1, x>1
lim secxand lim sec x do not exist. x = 1because f(1) =2#Ilimf(x) =1
X*»Tr} + /- x =1
() x—(2) i
51 lim-(5axb - 7) =5(3)-7=8 g (x) =49 - x? is continuous on [-7, 7].
X—4
(axb = 3for3 < x < 4) f(t) =3 - 9 -4/ is continuous on [-3, 3].
O BN b B
29 lim, (Zx _ axb) =2(2)_2=2 35. limf x =3 = Ilim x. fiscontinuous on -1,4.
x=-0 x—0
X—2
lim (2 - a- xb) does not exist because g (2) is not defined. g is continuous on [-1, 2).
x—3
; _a- o (_ _ 6 . o
ths_ (2-a-4b) =2-(-3) =5 f(x) = x has a nonremovable discontinuity at x = 0
and because lim f (x) does not exist.
Iim+ (2 - a— Xb) =2—(—4) = 6 4
o 38.f(x) =3"_"g hasanonremovable discontinuity at
(¢ f = 6 because lim f (x) does not exist.
24, | -dig =1-( ) =2 -6
xall 2 J
e h f (x) = 3x - cos x is continuous for all real x.
25. (
XllT Inx -3 =In0 40. f(x) = x? - 4x + 4 is continuous for all real x.
does not exist. 1 .
lim In(6 -x) =In0 (x) = —=  ____ hasnearemovable
e 4-x: (2-x)(2+X)
does not exist. discontinuities at x = +2 because limf (x) and
X =2
27. lim In[x2(3-x) =In[4(1)]=In4 lim f (x) do not exist.
X —=-2
X—2 l J ﬂ
f(x) = is conti
28. lim In - X _ In_5 -Ins 42. f(x) = cos ) is continuous for all real x.
T
x5 x—4 1

X
1 43. f(x) = 7 is not continuous at x =0,1.




29. f(x)= x> -4

has discontinuities at x = -2 and x = 2
because f (-2) and f (2) are not defined.

X - X
x 1

Because X2 -x = X — 1 forx #0, x =0is
a removable discontinuity, whereas x = 1 isa
nonremovable discontinuity.
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X
44, )

f(X) = X% _ 4 has nonremovable discontinuities at

x = 2and x = -2 because lim f (x) and  lim f (x)
X—2 X —==2

do not exist.

X

45. f(x) = x% +1 is continuous for all real x.

46. f(x) = X=2 _—X=3

X2 - 25 (x+5)(x-5)

has a nonremovable discontinuity at x = — 5 because
lim f (x) does not exist, and has a removable

--5

discontinuity at x = 5 because

1__ 4

limf(x) = lim
x—5 x=5X + 5 10

—x+2_ L X+2
47 " - -" "’ 5

f(x)=x2 -3x =10 (x+2)(x - 5)

has a nonremovable discontinuity at x = 5 because
lim f (x) does not exist, and has a removable

x—5

discontinuity at x = -2 because

imf(x) = flim —2 = 3%
X — -2 x-—2X—5H 7
_X+2 __X+2

48. f(X) = x> =x=6  (x-3)(x+2)

has a nonremovable discontinuity at x = 3 because
lim f (x) does not exist, and has a removable

x—3

discontinuity at x = - 2 because
limf(x) = lim —4— = -2,
X— =2 x--2 X — 3 5

has a possible discontinuity at x = 2.
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has a nonremovable discontinuity at x = -7 because
lim f (x) does not exist.

X— =7
Xx—5

f(x) = \_‘
-5

has a nonremovable discontinuity at x = 5 because

lim f (x) does not exist.

x=5

[x, x<1

51. f x = x> 1

{2
0
has a possible discontinuity at x = 1.
1. f(1)=1

2. limf(x) = limx =1)
B} }Iimf(x)zl

2

‘Iimf(x)= Tim x =1 y-1

J

x =1
x-1

f(-1) = limf (x)

-1
is continuous at x = 1, therefore, f is continuous for
all real x.

[-2x + 3, x<1

52. f(x) =1

12, xz1

has a possible discontinuity at x = 1.

2. limf (x)= Iim( -2x +3 =1
x-1" i )
Iimf(x): limx =1

+

X —1 X a1+ J

£(1) = limf (x
-1
is continuous at x = 1, therefore, f is continuous for
all real x.
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2
f(2)="2+1=2
_ R -
2. lim-f0) = tim| 7 4y I lim f (x) does not exist.
X—2 x-2 |2 ) t -
lim. f(x) = lim:(3-x) =1]
X=2 X=2

Therefore, f has a nonremovable discontinuity at x = 2.
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[-2X, X<2

54. f(x) = iz

| -4x+1, x>2
has a possible discontinuity at x = 2.
1. f,2 =-22 =-4
)y )

2. lim f(x)= lim(-2x) = -4 ]
R |
x 2 0 X2 ) Hlim f (x) does not exist.
lim; x = lim x -4x +1=-3 x=2
+ +
X=2 X—2 J

Therefore, f has a nonremovable discontinuity at x = 2.

m_-
|tan = Ix<1

55. f(x) =
4
|
X, IX >1
l I
[tan |, -1<x <1
[ X x<-lorx>1
X,
has possible discontinuitiesat x = -1, x = 1.
1. f(-1)=-1 (1) =1
x=-1 () x=1 ()
2. limf x =-1 limf x =1
3. f -1 = Ilimf x fl1 =Ilimf x
¢ ) X--1 ¢ 0 x=-1 ¢

fis continuous at x = +1,therefore, f is continuous for

all real x.
1
|csc , IX _‘jl =4
56. ( X
f(x)={ 6
I, [x -3 >2
l
I
lesc , 1<x |55

[ X x <lorx>5
|
@

has possible discontinuities at x = 1, x = 5.

au Sm
6

f(1)=csc 6 =2 f(5) = csc
limf(x) =2 21limf(x) =2

-1 X—5
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[In(x + 1), x=0
57.f x =]

X <0
() |1_X2|

has a possible discontinuity at x = 0.
1. f(0)=mI(O+1)=In1=0

|m_ﬂﬁ=1—o=n|

m f x does not exist.

So, f has a nonremovable discontinuity at x = 0.

[10-3e°"%, x>5
58.f (x) -I

‘107 X, x<5

[ 5

has a possible discontinuity at x = 5.

1. f(5)=7
f(x)=10-3e =7
Iim 5-5 |
+ I'm 7
X—5

2. f=10- ,(5)- M ()=

lim 715

x=5" 5 J
f(5) = lim f(x)

-5

f is continuous at x = 5, so, f is continuous for all

real x.

/
f (x) = csc 2x has non removable discontinuities at

integer multiples of 1T 2.

X
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f(1) = limf(x) £(5) = limf (x)

-1 x—5

fis continuousatx = 1and x = 5, therefore, f is
continuous for all real x.

60.
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fx,= has nonremovable discontinuities at

each tan 2
2k + 1, kis an integer.
f (x) = ax - 8D has nonremovable discontinuities
at each integer k.

f (x) = 5 — axb has nonremovable discontinuities

at each integer k.
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63. f(1) =3 64. limg (x) = lim dsinx _ g,
Find a so that lim (ax-4)= 3 e oo X
X1 lim. g (x) = limi(a-2x) =a
x—0 x-0
a(1)-4=3 Leta = 4.
a="1.
65. Find aand bsuch that lim(ax +b) = -a +b=2and lim (ax +b) =3a + b = -2.
x—~—1+ x~3_
(  a -b=-2
+3+b =-2 2, x< -1
22 — f(x)={, +1,-1<x<3
a=-1 () -2, X3
+ -1 =1
..
1 1

66. limg (x) = lim xé — a?

X—a x—a X—a

71 (g (x) = ( *+5,-6 =x2 -1
lim (x + a) = 2a )

Nonremovable discontinuities at x = +1

Findasuch2a =8 a =4
= f(g (x) = sinx®
f(1) =arctan(1 - 1) + 2 =2 Continuous for all real x
. . X —1 _
Find a such that lim gae + 3)—2 y = axb - x

x -1
ael i3 o Nonremovable discontinuity at each integer
0.5

a+3= 2 |
= _]_. —3eeesee
f(4) =2e* -2 \b\)\> \\
Find asuch that lim In(x - 3) +x? ~2eta ~ 2 15

+

X—4
t T
In(4 - 4, =242 -2 = =
(4-3)+4 ¢ 74.h(x) X" +2¢=-15 (X+D5)(X-3)
=2¢* -2 T
_ gt Nonremovable discontinuities at x = =5 and x = 3
In9 =4a 2
a=Ih9 =3 =3
- —8 =27
2 ’ h
4 4
69. (g () = (x-1)° 2
Continuous for all real x K - 3x  x >4
. 7500 | '
0. f(g()=- =
x-1 Nonremq&blgcgscor;}inuity at y =4
Nonremovable discontinuity at x = 1; continuous for 0 ' B
allx>1 f




Chapter2 Limitsand The i$&c bipemtRe ¢ Con ti nuity an d O ne - Sided Limi ts

lcosx=L .o
76. f(x) = 'l X '
le, x>0
(0) = 5(0) ~° ;
lim f(x) = [jm (CosX=1 ) =0 ! / A
x—0 po_ X
lim f(x) =
+ Iim+(5x) =0 3
x=0 X=0

Therefore, limf(x) =0 = f(0)andf is continuous on the entire real line.
x=0

(x = 0 was the only possible discontinuity.)

2X—-4, x #3
. o 10 =
Wo W2 u
77 £\ ) n Y =3
Continuous on (-co, o) Since limf (x) = lim(2x-4) =2 #1,
x—3 X—3
F(x) = x+1 is continuous on (- oo, 3) and (3, ).
Jx
Continuous on (0, ) 85. f (x) = 2nX
X
79. f(x) =3- Jx 3
Continuous on [0, o)
4 4
80. f(x) =x /x+3

-2

Continuous on | -3, co
[ ) The graph appears to be continuous on the interval

[-4, 4]. Because f (0) is not defined, you know that

T
g f has a discontinuity at x = 0. This discontinuity is
f(x) = sec removable so it does not show up on the graph.
Continuous on: -
f (X) - x 3 _— g
... (-6,-2),(-2,2),(2,6), (6, 10), ... »
1
f (x) = cos x =
Continuous on (—oo, 0) and (0, ) \/
[ X -1
83. f(x)= [x-1 . x #1 0
| The graph appears to be continuous on the interval
2. x =1

[-4, 4]. Because f (2) is not defined, you know that

2
Since limf (x) = lim & =L _im (x=D(x+1)

has a discontinuity at x = 2. This discontinuity is

x—1 x -1 x-1 x -1 Xx-1
lim(x+1) =2 removable so it does not show up on the graph.
x -1

is continuous on (—oo, o).

124
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87. f(x) = —=

3

The graph appears to be continuous on the interval
[-4, 4]. Because f (0) is not defined, you know that f

has a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

() 1 []

89. f x =umk xe—X° + 4is continuous on the interval 1,2. (1)

[1 )
there exists a numbercin 1,2 suchthat f ¢ =0.

f(x) = - > +tan (|EX ] Jis continuous on the interval [1, 4].

(10)

() | () n

fl=-5+ tl = "m=-47andf 4 =- * +ul

(10) 4
5 )

cin 1,4 suchthat f ¢ =0.

[ ]

91. h is continuous on the interval 0, - h(0) = — 2 < gand h( I

U 2
[ E} such that h(c) = 0.

there exists a number ¢ in 10,

— N

1)
92. g is continuous on the interval 0,1. g 0 = -2.77 <

[ )
there existsanumbercin 0,1 suchthat g ¢ =0.

93. f(x) =x +x -1

) [ ]
f x is continuous on 0,1.
f(0) = -1and f1)=1

By the Intermediate Value Theorem, f (c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you find that

=~ 0.68. Using the root feature, you find that

= 0.6823.
9. f(x)=x* -x% +3x-1
f (x) is continuous on [0, 1].
f(0)=-land f(1)=2
By the Intermediate Value Theorem, f (c) = O for at
least one value of ¢ between 0 and 1. Using a graphing

Con ti n uity and O ne - Sided Limi ts 125

2

The_graph appears to be continuous on the interval

[-4,4]. Because f (0) is not defined, you knowthat f

has a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

12 ()

= "and f 2 =-s.Bythe Intermediate Value Theorem,

" = 1.8. By the Intermediate Value Theorem, there exists a number

= 0.91 > 0. By the Intermediate VValue Theorem,

\2)

()
Oandgl = 1.61 > 0. By the Intermediate Value Theorem,

95. g(t) =2cost-3t

g is continuous on [0, 1].

() 0
go =2>0andgl = -19 <0.

By the Intermediate Value Theorem, g (c) = 0 for at
utility to zoom in on the graph of f (x), you find that
=~ 0.37. Using the root feature, you find that
=~ 0.3733.
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least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g (t ), you find that

t = 0.56. Using the root feature, you find that
t = 0.5636.

h(B) = tan® + 36 - 4 is continuous on [0, 1].
h(0) = - 4 and h(1) = tan(1) -1 =~ 0.557.
By the Intermediate Value Theorem, h(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of h(8), you find that

=~ 0.91. Using the root feature, you obtain
=~ 0.9071.

Con ti n uity and O ne - Sided Limi ts
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f(x)=x+e -3
f(x)=x3 -x% +x-2
f is continuous on [0, 1].
f is continuous on [0, 3].

f(0)=e’ -3=-2<0and
(0)=e <o £(0) = —2and f (3) = 19

f(l)=1+e-3=e-2>0.

-2<4<19
By the Intermediate Value Theorem, f (c) = O for at The Intermediate Value Theorem applies.
least one value of ¢ between 0 and 1. Using a graphing X - +x-2=4

utility to zoom in on the graph of f (x), you find that W@ - +%-6=0

(x-2)(x: +x+3)=0
X=2

=~ 0.79. Using the root feature, you find that
= 0.7921.

g(x)=5In(x+1) -2
(x + x + 3 has no real solution.)

g is continuous on [0, 1]. c=2

g(0)=5m0+1)-2=-2and So, f(2) = 4.
1)=5In(2) -2>0. X, +X

g (1) ) f(x) = "2

By the Intermediate Value Theorem, g (c) = 0 for at -1

least one value of ¢ between 0 and 1. Using a graphing is continuous on |[ 5, 4] |- The nonremovable

utility to zoom in on the graph of g (x), you find that 2 |

= 0.49. Using the root feature, you find that discontinuity, x = 1, lies outside the interval.

= 3(x = -4 is not in the interval.)

So, f(3) = 11.

f(x)=x> - 6x+8
f is continuous on [0, 3].
f(0)=8andf(3) = -1

-1<0<8
The Intermediate VValue Theorem applies.

x> —6x+8=0
x-2)(x-4)=0
Xx=20rx =4

=2 (x = 4is not in the interval.)

So, f(2) = 0.

= 04918 [5) Bt ()= 2
(2] 6 3
Cf() =% +x-1
(x) 3B .2
f is continuous on [0, 5]. 6 3
The Intermediate VValue Theorem applies.
f(0)=-1andf(5) =29 )
X +x =6
-1<11< 29 X -1
The Intermediate VValue Theorem applies. 2 +X=6X-6
X +x-1=11 x> -5X+6=0
X2 +x-12=0 x-2)(x-3) =0
(x+4)(x-3)=0 x=2o0rx=3
=-4orx=3 =3 (x = 2 is not in the interval.)

So, f(3) = 6.

(a) The limit does not exist at x = c.

The function is not defined at x = c.

The limit exists at x = ¢, but it is not equal to the
value of the function at x = c.
The limit does not exist at x = c.

Answers will vary. Sample answer:

<

BNow s o

The function is not continuous at x = 3 because
limf(x)=120=limf(x).
+ -

Xx=3 x—3
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If f and g are continuous for all real x, thensois f + g
(Theorem 2.11, part 2). However, f g/might not be

continuous if g (x) = 0. For example, let f (x) = xand g

(x) = x? - 1. Then f and g are continuous for all real x,

but f/ g is not continuous at x = +1.

A discontinuity at c is removable if the function f can
be made continuous at ¢ by appropriately defining (or

rede
nonrfining) T (c). Otherwise, the discontiulity 1S
emovable.
X -4
f(x) = |
-4
sin(x + 4)
(®) f) = X+4
[1, Xx>4
© 0= -4 <x<4
1L X =-4
|
o x<-4

X =4 isnonremovable, X = —4 is removable

> e
-
t

’ .

e I

True
f(c) = L is defined.
lim f (x) = L exists.

-C

f(c) = IirI]Cf (x)

All of the conditions for continuity are met.

True. If f(x) =g (x),x #c, then

limf (x) = lim g (x) (if they exist) and at least one of

X=cC X=C
these limits then does not equal the
corresponding function value at x = c.

False. A rational function can be written as

P(x)/Q(x) where P and Q are polynomials of degree m

and n, respectively. It can have, at most,
n discontinuities.

False. f (1) is not defined and lim f (x) does not exist.
-1

112.

113

Section2.4 Con
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The functions agree for integer values of x:
g =3-a-xb=3-(-x)=3+x

ab | for x an integer
J
f() =3+ x =3+x |

However, for non-integer values of x, the
functions differ by 1.

fx)=3+axb=g(x)-1=2-a-xb.
For example,

f(i2)=3+0=3,g(2)=3-(-1) =4

limf(t) =~ 28

toa

limf(t) =56
+

t-4

At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 oz. At the beginning of day

4, more chlorine was added, and the amount is now

about 56 0z.
i
() (040, a b 0<t<10
+005t -9, t >10,tnotaninteger

. Ct =|0I40

|0.40 + 0.05(t - 10), t > 10, t an integer

0.7
06
05
04
03
02
0.1

T S R N T T T
—————+—+

T2 4 6 8 10 12 14

There is a nonremovable discontinuity at each
integer greater than or equal to 10.

Note: You could also express C as
(0.40, 0<t <10
c(t) = ”|o.4o -005a10 -th, t > 10

L

114

f
[ ct+2 )
Nt = d™ g-t
() 252g g |
t 0. 1}18| 2| 3] 38

N(t)|s0 | 25| 5| 50| 25| 5

Discontinuous at every positive even integer. The

company replenishes its inventory every two months.

N

a2 o
S o

er of units
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30
20
10

t
2 4 6 8 10 12

Time (in months)

Section2.4
tinuityand O ne - Sided Limi ts
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Let s(t ) be the position function for the run up to the
campsite. s(0) = 0 (t = 0 corresponds to 8:00 A.Mm., s(20)

= k (distance to campsite)). Let r(t) be the position

function for the run back down the mountain:

r(0) =k, r(10) = 0. Let f(t) =s(t) - r(t).

Whent =0 (8:00 A. m.),

£(0) =s(0) -r(0) =0 -k <O0.

When't = 10 (8:00 a.m.), f(10) = s(10) - r(10) > 0.
Because f(0) <0and f(10) > 0, then there must be a

valuet intheinterval[ 0, 1d such that f (t = 0.If
f(t) = 0, then s(t) - r(t) = 0, which gives us
s(t) = r(t). Therefore, at some time t, where

<t < 10, the position functions for the run up and the
run down are equal.

4

LetV = _3nr 3 be the volume of a sphere with radius r.
(1 0
Viscontinuouson 5,8. V 5 =ﬂ3m ~ 523.6 and

v(8) = Zé‘m ~ 2144.7. Because

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value

r between 5 and 8 such that V (r ) = 1500. (In fact,
~ 7.1012.)

117. Suppose there exists x1 in [a, b] such that
f (x1) > 0 and there exists x2 in [a, b] such that
f (x2) < 0. Then by the Intermediate Value Theorem,
f (x) must equal zero for some value of x in

[ 20 T2 1 2 1)
[x,x or y ,x if x <x.So,fwouldhaveazeroin

] )
a, b, whichis a contradiction. Therefore, f x > 0 for

[ )

] ( I
allxin abor f x <Oforallxin a,b.

Let ¢ be any real number. Then lim f (x) does not exist

= C
because there are both rational and irrational numbers
arbitrarily close to c. Therefore, f is not continuous at c.

119. Ifx =0,then f(0)=0and limf(x) =0.S0, fis

x=0

continuousatx = 0.
Ifx # 0,thenlimf (t) = 0 for x rational, whereas
t—=x

limf(t) = limkt =kx # O for x irrational. So, f isnot
t-x t—x

continuous for all x # 0.

Section2.4 Con
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(-1, if x <0
120. sgn(x) = 1o, if x =0
1, if x >0

[
limsgn(x) = -1

x=0
limsgn(x) = 1
+
-0
lim sgn(x) does not exist.
-0

I Il X
1234

121. (a) s

5 10 15 20 25 30

There appears to be a limiting speed and a possible
cause is air resistance.

122.(a) f(X)={[O’ 0<x<b

lb. b <x <2b

NOT continuous at x = b.

, 0<x<bh
2

b- & b<x<2b

(b) g(X)=‘[
| 2

s

Continuous on [0, 2b].
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1-x2,
c
Cc

123. f (x) = ‘[| X

VOIA

X,

f is continuous for x < c and for x > c. Atx = ¢, you

need 1 - ¢ = ¢. Solving ¢ + ¢ — 1, you obtain

B /5.5, _——ﬁf

> =

125. f(x) = ” ~ ,c >0 l

Domain: x + ¢2

limyx+c® —c =lim/x+c® —¢ - x+c? +c

x—0 X x—0 X X+C

Define f (0) = 1 (2c) to make f continuous at x = 0.

1. f(c) is defined.

2. limf(x) = limf(c+ Ax) = f(c) exists.
X—=C Ax -0
[Letx =c + Ax. As X —
limf(x) =f(c).

X—=C

c, Ax = 0]

Therefore, f is continuous at x = c.

>0= x> -c® and x #0,[-c, ,0

= lim x+cz)—c2

124. Lety be a real number. If y =0, thenx = 0. If
y >0,thenlet0 <xg <1 2 such that

M = tan xo > y (this is possible since the tangent

function increases without bound on [0, 1T/2)). By the
Intermediate Value Theorem,  (x) = tan x is
continuous on [0, Xo ] and 0 <y < M, which implies

that there exists x between 0 and xo such that
tan x = y. The argument is similar if y < 0.

(0, =)

(

=lim 1 =1

x=0 x[ x+c +cl x=0 X+c° +cC 2¢c

h has nonremovable discontinuities at
X =+1, £2, £3, ...

128. (a) Define f(x) = f2(x) - fi(x). Becausef1 and f2 are continuous on [a, b], so is .
f(a)= f2(a) - fi(a)>0and f(b) = fo(b) - f1(b) <0
By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f (c) = 0.

f(c)=fa(c) -fi(c) =0="f1(c) =f2(c)

(b) Let fi(x) = xand f2 (x) = cos x, continuous on [0, w2}, 1(0) < f2(0) and f1 (fr2)>f, (172).

[ ]
So by part (a), there exists ¢ in 0, 11 2 such that ¢

Using a graphing utility, ¢ = 0.739.

The statement is true.

)

=C0ScC.

Ify>0and y<1, then y(y-1) <0< X2, as desired. So assume y > 1. There are now two cases.

Casel: Ifx<y- l,then2x+152yand
2

y(y-1)=y(y+1) -2y
(x+17-2y

IA

=x> +2x+1-2y

< X2 +2y-2y
:)(2

In both cases, y(y - 1) <x2.

Case2: Ifx>2y- 1
2

X2 Z(y—% )2
=Y,V S
>y2 -y
=y(y-1)



P(1) = P(Oz + 1) =P(0)? +1=1
P(2) = P(lz + l) =pP(1)?+1=2
P(5) = P(Zz + 1) =P(2)?+1=5
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Continuing this pattern, you see that P(x) = x for infinitely many values of x.

So, the finite degree polynomial must be constant: P(x) = x for all x.

Section 2.5 Infinite Limits

1. lim —=""—|= o0

x—-2%

lim J]——

1}
8

x--2 X + 2

. X
limtan—™ = -

-2 4

lim tan 2 = o

—y 4
X

limsec _ =oc0
+

-2 4
limsec & = —oo

x~—2_ 4

As x approaches 4 from the left, x — 4 is a small
negative number. So,

lim-f(x) =~

X—4
As x approaches 4 from the right, x — 4 is a small
positive number. So,

limf x =o

= ()

9. f(x) = x* -9

7. f(x) =

As x approaches 4 from the left, x - 4 is a small

negative number. So,
lim f(x) = c.
X HA_

As x approaches 4 from the right, x — 4 is a small

positive number. So,
lim f(x) = —oo.

X—4‘2
( )

As x approaches 4 from the left or right, (x — 4) isa
small positive number. So,

lim f(x) = lim f(x) = .

-1
8. ()= (x-4)?

2
As x approaches 4 from the left or right, (x - 4) isa
small positive number. So,

lim=f(x) = lims f (x) = —co.

x—4 Xx—4

-3.01 | -3.001 | -2.999

-2.99

-2.9 -25

1.639 | 16.64 | 166.6 | -166.7

-16.69

-1.695 | -0.364




lim f(x) = -o0

xaf3+
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0 fl= _x
X 35 |31 |-301 |-3001|-2999|-299 [-29 |-25
f(x) | -1077 | -5.082 | -50.08 | -500.1 | 499.9 | 49.92 | 4.915 | 0.9091
im0 = - ;
X— -3
lim-" (x) = oo K k
x— -3 76W \ 6
2
11, f0 = X
X 35 |-31 |-301 |-300L | -2999 | 299 |-29 |-25
f(x) | 3769 | 1575 | 1508 | 1501 | -1499 | -149.3 | -14.25 | -2.273
lim 4
lim f(x) = - / \
x--3" -6 ,/,- \ 6
ll ] &
X
i
f(x) =cot 3
X 35 31 | -301 |[-3001 |[-2999 | 299 |29 [-25
f(x) | -1.7321 | -9.514 | -95.49 | -954.9 | 954.9 | 95.49 |9.514 [1.7321
IIm f(x) = - 4
x--3 |
lim f(x) = o \ \ l\
X*’*3+ —6 \". o 2 % 6
RAR
2 2
1 X x
f(0=x2 = =
15.f(x) =X -4 Hx+ 2)(x-2)
; 1 _ o —pim L o -
lim = = o =lim " —and lim = = -
+ 2 9 lim ) ‘s
x=0" X x - 0- X x—-2 X°= 4 x--2 X° =4

Therefore, x = 0 is a vertical asymptote.

2

14, f(x) = ~——

x~3+ (X - 3)3
Therefore, x = 3 is a vertical asymptote.

Therefore, x = -2 is a vertical asymptote.

X2 X2
lim  — =-00and lim = ©
x—~2_X2-4 ><~2+X2 -4

Therefore, x = 2 is a vertical asymptote.

X
2

16.f(x) =x +9
No vertical asymptotes because the
denominator is never zero.
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t-1
t:__t
g(t) 2,

No vertical asymptotes because the
denominator is never zero.

o n = B4 o _Bsrd
s2-16 (s —4)(s+4)

lim 3&£4 = - coand lim 35 * 4

— — I
-2 + 2
s-4 S —16 s-4 S —-16
Therefore, s = 4 is a vertical asymptote.

lim 2244 - coand mSE - o
s--4 s2-16 s--4"s?-16
Therefore, s = - 4 is a vertical asymptote.

19. f(x) = 3. < E—

¥ +x-2  (x+2)(x-1)

lim ——3—= = oo and lim 3 2o
+ 2

-2 x2 e x— 2 x--2 X + X- 2

lim——3_—= = - coand lim —=3—~ = oo

x-1"x2 4+ x =2 1T x2+ x- 2

Therefore, x = 1 is a vertical asymptote.

3 2
20. g(x)= .X—_ﬁ. -(X—_ gl(—x +2_—)-X+4
X-2 X-2
X2 +2X+4,X #2
limg(x)=4+4+4=12
X—2

There are no vertical asymptotes. The graph has
aholeatx = 2.
_xz—— 2x =15

21 f(x) =x¥ -5x%2 +x-5

L -5)(x +3)
=(x-5)(x +1)
=£-§,x #5
X +1
limf(x) - 23 =15
x5 5+ 1 26

There are no vertical asymptotes. The graph has a hole
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2
X° -9
22. h(x) Tx43x? -x-3
(x - 3)(x + 3)
=(x - 1)(x+ 1)(x + 3)
S X=3 o3
(x +1)(x- 1)
limh(x) = -coand lim h(x) = o
Xx—-1 x—-1"
Therefore, x = -1 is a vertical asymptote.

limh(x) = oo and limh(x) = - o

- +
x -1 x-1

Therefore, x = 1is a vertical asymptote.

limh(y =  —=t——-_3

x— -3 (=3+1)(-3-1) 4

Therefore, the graph has a hole atx = - 3.

-2x

f()=x-1
lim f(x) = —c0 and lim = oo

x=1 x -1

Therefore, x = 1 is a vertical asymptote.

-2x
g (x) =xe
The function is continuous for all x. Therefore, there

are no vertical asymptotes.

In t +1

)

25.h(t)=  t+2

lim_h(t) =-coand lim, = o
t—-2 t—-2

Therefore, t = — 2 is a vertical asymptote.

( ) | J
2. f(Z)=Inzz—4 = In[(z+2)(z_ 2)]

In(z+2) +In(z - 2)
The function is undefined for - 2 <z < 2.
Therefore, the graph has holesatz = + 2.

—1

27. f(x) = e -1
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atx = 5. lim f(x)=-ocand lim f(x) =

- +
x=0 x=0

Therefore, x = 0 is a vertical asymptote.
f(x) = In(x + 3)
lim f(x) = -

X —-3

Therefore, x = — 3 is a vertical asymptote.
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29. f(x) =cscmx =
sinTrx

Let n be any integer.
limf(x) = - o or o

X=n

Therefore, the graph has vertical asymptotes at x = n.

sSinTTx
30. f(x) = tanmrx =
COSTTX
costrx = 0 for x = an+l ,where n is an integer.
2

lim f(x)=oor- o

X = 2n+1

Therefore, the graph has vertical asymptotes at
= 2n+ :I.T

2

_t
s(t) =sin t
sint =0 fort = nm, where n is an integer.
lims(t) = oo or — oo (forn # 0)
t—nm
Therefore, the graph has vertical asymptotes at
=nTr, forn # 0.

lims(t) =1

t-0

Therefore, the graph has ahole att = 0.

32. g0 = tan 6 sin 6

() © =18cosH

T .
cosO=0for@ =——+nmwherenisan
integer.

2

lim g(@) =oor- o

60— I +nm

2
Therefore, the graph has vertical asymptotes at

= 2+nm.

limg (6) =1
8-0
Therefore, the graph has a hole at © = 0.
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. ﬁ -2x-8
34. lim : = o0 4
- -1
.ox+1 v f 2
lim X ~2X=8 - _o / 4
. /
x- -1 X+1
Vertical asymptote at x = -1 -8
8
|
35. lim é__Z= =00
x--t X+ 1 L
2 s
lim 5_"'_1 = —o00 =
x--1 X +1 X = -1
Vertical asymptote at -8
|_n(X2 +1
36. lim ) = o0 3

Xx+1 k

lim 'ﬂ_(ﬁﬂ) = —oo sﬁ

x--1 X+1

Vertical asymptote at x = -1 5
37, lim —— =
+
x--1 X +1

38, lim—=—;= —o

x—1 (X - 1)
39. lim X =o _
* e
x=2 X—2
x2 _4 1_
40. lim === = =

4 4+d 2

X=2

41, lim kS o iy %3

xet (k24 x-6)  x-a" (x+3)(x-2)

/
6x—"t x_-1 (3« -1)(2 x

42. lim — =M ——

x=-(12)

a2 -4x-3 " 2% —3'2x+1
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x--(12) 2x-3 8

33, lim —hmmt = lim(x-1) = o b 3 =-o
-2 | )
x--1 X+ 1 x—- -1
Removable discontinuity at x = -1 e [ X 1)
2 44. lim |6 - T3 |= -
-3 3 x=0 l XJ

45, lim { AR I

/ . X:TX4J

X |
46. Ilm( C+cotT | =@
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47. lim

+
x—0 SINX

2 =o0

—2 = o0

48. lim

x—(t2)" cosx

e

lim —
49, x-8"

(x-8)s

50, lim. In(x2 —16) = -0

X—4

TT|

57.

58.
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6 = 1 L
X - 25 f—_\
lim f(x) = - E: 8
X—-5

-03

X 6
f(x) =sec g
lim, f (%) = —oo . LJ ,

X—4

il

5L _“(m?), Injcos x| = In cos-2 =In0=-c A limit in which f (x) increases or decreases without
bound as x approaches c is called an infinite limit. oo
lim -osx is not a number. Rather, the symbol
limf(x) =
e -
52.x-0+ SIn X =1(0)=0 X=c
53. lim xsecTx = lim —f— = oo says how the limit fails to exist.
x-(12)” x- (12" cosmix The line x = ¢ is a vertical asymptote if the graph of f
54. lim x* tanTX = - oo approaches + oo as X approaches c.
/. +
x-(12) One answer is
x2 +x+1 _-_x—2-+-2x+1 _ f(x) = x-3 _ x-3
55.f(x)= "x° -1 =(x-1) x* +x+1 ' -
&) b=, ) (— )
limf(x) = lim —4— = oo X-6Xx+2 X - 4x-12
R . —1
e . o1 x -1 62. No. For example, f(x) = x2 + 1 has no vertical
L asymptote.
I & 63. Y
3L
3 2
(x-1)x +x+1 M
x' -1 2 - : -
56,f(X):_—= g ) 2'1“ 1 3
~ ?(2+Xf1 X o+x+1 Lt /
lim: x =1lim x-1 =0 -2
X =1 X =1
4
[ | 64. m = m_O‘_
. 1 - (v/c?)
-8 8,
limm= lim__, M __. =
B vac_ v~c_ Q/ 2
65.(a) | x 1 05 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) |10.1585 | 0.0411 | 0.0067 | 0.0017 | = = =0
0.5 H
lim X —=SIn X —
1
x—=0 X

15 15

0.25
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X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
(o) | f(x) |0.1585 | 0.0823 |0.0333 |0.0167 | 0.0017 [~ O =
o lim ==sx - g
+
x—0 X2
1.5 15
.25
(c)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) |0.1585 | 0.1646 |0.1663 |0.1666 |0.1667 | 0.1667 | 0.1667
25 lim X=siix =0.1667 6
—_— + 3
x-0 X ( )
- 1.5 15
=0.25
O T1 05 lo2 Jor Joor [ o.001] 0.0001
f(x) [0.1585 | 0.3292 [0.8317 |1.6658 |16.67 166.7| 1667.0
= lim —=X=SilX = ooorn> 3, lim &=— - o
L + + n
ﬂ x—0 . x—0 X
—1.5] 15

-15
limy P = ooy

As the volume of the gas decreases, the
pressure increases.

2(7)
7625 -49

®)r = 2(15)  _
J625-225

2X .

—

625 — X2

=1 ft/sec

67.(@)r =
(@ >

3 ftsec
5

(c) lim S

x =25

(a) Average speed =

InfiniteLimits

Total distance

Total time
@)+ (dy)
50 =_-2XY
y + X
50y + 50x = 2xy
50x =2xy - 50y
50x = 2 y(x - 25)
25X
x-25 7
Domain:x > 25
(b) x| 30 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
© lim — BV — = oo
w-25" Vx =25

As x gets close to 25 mi/h, y becomes larger

and larger.

122
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69.(a) A= lzbh - lzr %9 = l2(10)(10 tan 6) - l2(10)29 =50tan B -508
ar)
2)
®[ o 0.3 0.6 0.9 1.2 1.5

f(0) (047 |421 18.0 68.6 630.1

100

0
lim A=
—mh”

(a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700 2 = 850 revolutions per minute.

]

(c) 2(20 cot @) + 2(10 cot @): straight sections. The angle subtended in each circle is 211 - r2l -@ =T+ 2¢.
)

(
|
\

The direction of rotation is reversed.

[N p—

| |
(2 )

So, the length of the belt around the pulleys is (20 m+ 2)(p + 1(0 m+ 2(? = 30( m+ 2cp).
Total length = 60 cot @ + 30(TT + 2¢)
(_m
L 2)
@ oz Jos oo |12 |15
L |306.2 | 2179 | 1959 | 189.6 | 1885
1 !
0
0
(F)lim L =60t =~ 1885
o~ ()"
(All the belts are around pulleys.)
Iim+ L= 00(')—»
False. For instance, let False. The graphs of y = tan x, y = cot X, y = sec x and
£00 = 2 -10r y = c¢sc x have vertical asymptotes.
x-1 False. Let
g(x)=x ' 1
. = x#0
X2 +1 f(x) = Ifx ‘
3, x=0
True (

The graph of f has a vertical asymptote at x = 0, but f
(0) = 3.
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Let f(x)=x% andg(x)=x14,andc=0.

( - _'2'_—1]=—00¢0.
im ; = lim, =o, 2 o |
x-0X x~OX x—»OLX XJ X - Ok XJ
76. Given limf (x) = e and limg (x) = L:

(1) Difference:

Leth(x) = - g (x). Then limh(x) = - L,and lim f(x) -g(X)]= Iim[f(x) + h(x)] =J oo, by the Sum Property.
(2) Product: o o

X—=C

IfL >0 thenfore =L2 >Othereexistsd1 > Osuchthat|g(x) - L| < L 2 whenever 0 < |x - ¢ | <1
So,L2<g(x) <3L2 Because limf(x) = oothenfor M > 0,thereexistsdz > 0 such that

f(x) > M (2 L) wheneve/r , .. H /
/ / X-c | < B2 . Let & be the smaller of 31 and 32 . Thenfor 0 < [x-¢c] <5,
you have f(x)g x)>M(2L)(L2) = M . Therefore lim f (x)g (x) = 0. The proof is similar for L < 0.
X—=C
(3) Quotient: Let € / /> 0be given.
There exists 81 > Osuch that f(x) > 3L 2e whenever 0 < | x - ¢ | < 81 and there exists 82 > 0 such that
[g()-L | <L2whenevero< | / x-c¢ k ®2. This inequality gives us L 2 < g (x) < 3L 2. Let & be the
smaller of &1 ang &2 . Then for 0 < [x-c | <8, youhave/ /
g(x) 8L2 _.
) aLpe
Therefore, lim / ald=o.
x~c f(x)
77. Given lim f (x) = o, let g (x) = 1. Then 1
79. f(x) _x- 3 is defined for all X > 3.
. g_(x)_ _ .
lim=1"" = 0 by Theorem 1.15. LetM > 0 be given. You need & > 0 such that
v f(x) 1
= 0. Suppose limf (x) exists and equals L. f(x) = x-3 > Mwhenever3 < x < 3 + .
78. Given lim ==-
e 1) . -
Equivalently, x — 3 < M whenever
1 _iml 1 -0 x-3 <0,x >3
Then, lim - o | |
x—¢ fx limf L
1 )
g oe Sotaked = . Then forx > 3 and
This is not possible. So, lim f(x) does not exist. M
X ~c 1 1
x-3g<8, =" >= =Mandso f(x) >M.
| x-3 8
1
1 < N whenever
80. f(x) = x -5 isdefined forall X <5.Let N < 0begiven. Youneed d > Osuchthat f(x)= —9 1
5 - ® < x < 5. Equivalently,x -5 > _lil whenever | x - 5 < 0, X < 5. Equivalently, |X_15| - N whenever
I 1
|x-5 <8 x<b5.Sotake d = - . Note that d > 0 because N < 0. For |x—5| <dand

N
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Review Exercises for Chapter 2

Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly
longer than the distance between the two points, approximately 8.25.

11

9 9

1

Precalculus. L =(9\f1)2 +(3-17% ~825
X-3

3.f(x)= x> -7x+12

2.9 2.99 2.999 3 ]3.001 3.01 3.1
-0.9901 —0.9990 ? |1-1.0010 |-1.0101 | -1.1111

X

f(x) |-0.9091

limf (x) ~ —1.0000 (Actual limit is -1.)

x—3
L 12

6

X+4-2
4. f(x -
() L2
X -0.1 -0.01 -0.001 0 0.001 0.01 0.1
f(x) 0.2516 0.2502 0.2500 ? 0.2500 0.2498 0.2485
x—0 ( 4)
. 1
lih Kx =~ 0.2500 |Actual limitis ~ .
o
B (e e e—— 3
0
4Xx-x X (4_=X In(t+2
5. h(x) : ‘(__ ) X, X0 _L-'-)
= = =4 - # _
X X 6. f(t) = i

(@ limh(x)=4-0=4 (@) limf(t) doesnotexistbecause M f(t)=-co
x— 0 t-0 -
t-0

(b) limh(x)=4-(-1)=5 and lim f(t) = oo.

() limft) = = =0

t—--1
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lim(x +4)=1+4=5

x-1

Lete > O be given. Choose & = €. Then for 0 < |x - 1| < 0 = ¢, you have

[x-1] <e
|(x+4)—5|<£
[f()-L]<e.
8. lim /X = J9=3

Lete > O be given. You need
I\/;—3| <€ :I\/—x+3||\/;—3| <s|\/;+3|=>|x—9|<s|\/_x+3l.
Assuming 4 < x < 16, you can choose & = 5¢ .

So, for 0 < |x—9| < d = 5¢, you have
[x-9] <5 < x+3 |£
‘\/_—3‘@

‘f()(()—L‘<s.

)

9. lim1-x¥ =1-22=--3

Lete > O be given. You need
1

I<|x+2|£

hox - (Rl<e = pE -4]=lx-21x+2l <€ = |x-2

£
Assuming 1 < x < 3, you can choose & =

£
So,for0 < |x-2]<d= ;,youhave

x—2<L.g
! "5 |x +2

[x-2]] x+2<e

|x2 —4I<£

—! (o]

|4—x2|<£
|(1‘X2)—(—3)|<£
| f()-4<e¢.

10. lim9 =9. Lete > 0 be given. d can be any positive

X =5

13 lim(x- 2) * (5_2)% =16

x—6

number. So, for 0 < |x - 5| < d, you have

4. limyx=3 5)-3=
19-9] <¢ 5
f(x)-L .
| (X) |<£ 15, . — =T
11. lim x? :(—6)2 =36

X - -6 X 2

16. lim=—=— = —_ T

12. lim(5x - 3) =5(0) -3=-3 weoxZ +1 2241 =441

x—=0
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tx2 o l— 1 x-3-1

17. lim =~ lim=— = - 19. lim = lim —
t--2t — 4o 2t -2 4y -4 N x-4 wos X—4 x-3+1
x-3-1 i
18 IlmL_;& - lim (Dt a = lim )
. = =4 (x-4) x-3+1
o t-4" ' ot-4 (
= lim(t +4)=4+4=8 / "
t- 4 =lim___ 4+ — =4
X—4 \/_x;3+ 2
20 lim4 X =2 - |imdEX=2_ . 4+X 42 = limdk -1
X—0 Xx -0 X N d+x+2 o Y4+ X+ 2 4
[ (x +1)]-1 1-x+1 .
21, iim! e im = lim — =-1
X =0 xx-0 X(x+1) x=-0X+ 1
1 1+s -1 (1145 -1 D lrs )2l
22.1im ) =lim| e oy =" |
~ 7~ 7~
s—0 sa0| |
11+s]-1 /N
=lim ~—El-_ =" _im =- 1
oo X / )i sop ( I /\/7‘) | 2
s 1 y—-rr +1 1+5s 11 +s+1
1=cosx X st L, I 1
23.1im = lim \f 1 =(1)(0) =0 25 fime™ = M ogn
x—0 SinX| ” | X -1 2 2
x ol sinx x )
In _(x-1, 2In(x -1)
2. im - T =m-: In(x - 1) x—2 In(x-1) xo2
x - (m4) tan X 1
27. lim L) () = lim sin(16)cos Ax + cos(m6)sin Ax - (12)
sin [116 ; +AM]- 12, ; /
Ax =0 Ax~ 2x-0 ! Ax / NE
y (cos Ax -1 |
= Im — — —
+ lim =0+ —\/?1): \/—
Ax =0 2 AX ax - 2 Ax 22
28. lim %(LAX).Ll = lim cosTcos Ax —sinmsin Ax +1
Ax - 0 Ax Ax - 1AX
cos Ax - 1)] [ sinAx]
= lim |- |- limysin |
Ax - ol Ax| ax— o] Ax |
- 0~ (0)(1) =0
li [ 1 ] 31 limf(x) +2g (x)] = limf (x) + 2limg ()
m fO)g (X) = jimect 0 fimee g (x) x—c I x-c x—c
c == '1 -
=(-6)(3 = -3 =6e2( 3)--s



limf (x) 32. lim f i) 2=[I|mf(x)17

I =% ;_Q -12 Xx-c |xac
li &
m

-C

g(x)  lmg(x) - (-6)2 =36
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2x+9-3
33. f(x) = =
X
1
The limit appears to be 4
3
-1 1
0
X -0.01 | -0.001 | 0 |0.001 ]0.01

f(x) | 0.3335| 0.3333 | ? | 0.3333 [ 0.331

lim f(x) ~ 0.3333

x=0

lim f2X+9-3  _Ix+9+3 = lim 2x+9) -9 _ - lim ——2 -2 _1

X =0 X 2X+9+3 xTox[/ 2X+ 9+ 3] x-0./2x+9+3 ﬁ+3 3

f (X) — l[l££i4_)]l - LMYX

The limit appears to be - 1
1 16

X -0.01 -0.001 | 0 |0.001 0.01

f(x) | -0.0627 | —0.0625 | ? | -0.0625 | —0.0623

lim f(x) ~ -0.0625 = —=

x=0

[EEN
G)H

1
lim x4 =4 - jim &4y 1

L

o X eo(X+HAX) xeo(X+4)4 16
20e*% -1

35.f x =lim ( )

\
The limit appears to be 0.
-3 3
X -0.1 -0.01 | -0.001 |0.001 0.01 0.1
0.0000
x=0
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I(xi)

f(x)=—-—

+1

[

The limit appears to be 0.

ReviewExercisesfor Chapter 131

X -0.1 -0.01 -0.001 0 | 0.001 0.01

0.1

f(x) -0.1171 -0.0102 -0.0010 ? | 0.0010 | 0.0099

0.0866

lim f (x) ~ 0.0000

x—=0

lim In(x+1) = In1 =20

x+1 1 1

x=0

37. v=I1im §(A)__S(t_).

-4 4t
=A9(16) £ 250) = [-491 ]

-4 4 -t
= lim 4.9(t2 - 16)
=44t
=lim49(t —4)(t+4)
I—'4 _4_t -
= lim [-4.9(t + 4)]
| |

t—4
The object is falling at about 39.2 m/sec.

= -39.2 m/sec

50
—49t2+250 =0 =t=""7sec

When a = 5—07 , the velocity is

sla) - s(t) ’ : MJ
a-t =[-49a  + 250] - [-49t
=1

lim
+aa
= lim!

t-a

a
(L

-t

t—a a -t

lim4.9(t - a)(t + a)

ag — tt

lim [-4.9(t + a)]
im aﬂt

= -4.9(2a)

Iz
-

—-70 m/sec.

The velocity of the object when it hits the ground is about 70 m/sec.

1 11

39. lim —— =— == 40. lim

><~3+X+3 3+3 6

x-6 X

X-6

—— = |lim—

-2

X—-6

- 36 x=6 (X = B6)(x +6)

- lim—1—
x—~6_X +6

I21
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41, lim /X =2 = lim Jﬁ—_Z X+2
x=4" X-4 x-4"x —4 X+ 2
i Xx-4
= i
x4~ (x—4)\/Y + 2
(
= lim ———
x=4 X+ 2
=1
4
42.1im |x=3| =1im -G=3) =-1
x-3 X-3 Xﬂ3__X‘—3
43, lim 2x +1 =2(1)+1=3
va_(ab )

a

44.lim - 1 does not exist. There is a break in the graph
b

x—4

at x = 4.
45. lim f(x) =0
X—2

46. lm. g(x)=1+1=2

x =1

47. limh(t) doesnotexistbecause limh(t)=1+1=2

t-1

t-1

and limh(t) = 1(1+1) = 1.

t-1* 2

48. lim f(s) =2

s— -2

49. f(x) = x2 - 4is continuous for all real  x.

50. f(x) = X% = x + 20 is continuous for all real x.

lims (x+1) =2
-1
Lt )
lim x+1=4
x—3
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51. f(x) = A has a nonremovable discontinuity at

X -5

x = 5 because lim f (x) does not exist.

X=5

e
52. f(X)= & —9-~

(x - 3)(x + 3)

has nonremovable discontinuitiesat X = + 3

because lim f(x)and lim f(x)do not exist.

x= 3

X
53. f(x)=—""—=

X - X

Xx— -3

(x =1(x+1)

has nonremovable discontinuities at x = +1

because IirP f(x)and Iirrl1 f (x) do not exist,

and has a removable discontinuity at x = 0 because

lim f(x) = lim

l— =41

x=0 x-0 (X-1)(x + 1)
—_—X+3
54. f(x)= ¥ -3x-18
_‘_‘x+3__
= (x+3)(x-6)
1
=x-6"% #-3

has a nonremovable discontinuity at x = 6
because lim f ( x) does not exist, and has a

Find b and c sothat |im- (Xz + bx + c) =2and lims (x2 + bx + c) = 4.

x -1
Consequently you get
Solving simultaneously,
57. f(x) = -3x° +7

l+b+c
b

x- 6
removable discontinuity at x = — 3 because
lim f(x) = lim —===-%
x—- -3 x—--3 X — 9
55. f(2) =5
Findcsothat lims(cx + 6) = 5.
X—2
c(2)+6=5
2c=-1
cC =- l
2
x—3
2 and9+3b+c=4
-3 and c=4
24 7x- (4x -1 +2)
58. f(x)= ==t -

| X

#0
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Continuous on (-co, o) X +2 X+ 2
Continuous on (- o, — 2) U (- 2, ). There isa
removable discontinuity atx = - 2.



59.

63.

64. f(x) = |

Chapter2 Limitsand TheirProperties

F()= X4

Continuous on [4, o)

f(x) =ax+3b

limax + 3D =k + 3 where k is an integer.
" b

x =k

lim x + 3=k +2wherekisan integer.

Nonremovable discontinuity at each integer
k Continuous on (k , k + 1) for all integers k

axb/y . .
g (x) = 26”4 is continuous on all intervals (n, n + 1),
where n is an integer. g has nonremovable
discontinuities at each n.

h(x) =-2In b -x |

Because |5 - X |> 0 except for x =5, h is continuous

on (-0, 5) U (5, ).

() 312 (e 2)-1)

f = =
X x-1 x -1

limf(x) =lim (3x +2) =5

x-1 x -1

Removable discontinuity at x =1

Continuous on (—eo,1) U (1, o)
[5 - x, X<2

2x =3, x >2
lim-(5-x)=3
X—2
lim(x-3) =1
><~2+

Nonremovable discontinuity at x = 2

Continuous on (-0, 2) U (2, )

65. f is continuous on [1, 2]. f (1) = -1 < 0 and

f(2) = 13 > 0. Therefore by the Intermediate Value

Theorem, there is at least one value ¢ in (1, 2) such
that 2¢3 - 3 = 0.

ReviewExercisesfor Chapter 2131

N

X° -4 [x -
67.F(0) = x o =(x+ 2)]

(@ lim-f(x)=-4

(b) XIiam f(x)=4

X=2

(¢) limf (x) does not exist.

2

68. f (x) =/(x - 1)x

Domain: (-, 0] U [1, )
lim f(x) =0

- 0_
limf(x) =0

lim =o

+

x-0 X
Therefore, x = 0 is a vertical asymptote.
5 4
70. T(x) = (x-2)

: 5 .
lim=——— = o = lim
- 4 + 4

x-2 (X =2) x-2 (X = 2)

Therefore, x = 2 is a vertical asymptote.

xd — _XL-_

71 f() = X2 -9 = (x+3)(x-3)

3

lim _x°= =-oc0and lim™ xs = ©
><~—3_X2 -9 ><—>—+X2— 9
3
Therefore, x = - 3isa vertical asymptote.
- 3
lim "= =-coandlim 4 =
x--3-X>-9 x-3 X% -9

Therefore, x = 3 is a vertical asymptote.
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6x 6 X
A= 5000(1.06)ath 72. f(x) = 36 -x% = —(x+6)(x-6)
. X - _ﬁ.x_
Nonremovable discontinuity every 6 months I|m__“§- =oand lim ~= =-®
x—- -6 36—X X- -6 36—X2
Therefore, x = — 6 is a vertical asymptote.
lim —8%~_ = coandlim —&X _ = - o
-6 36 - x? 6736 X2

Therefore, x = 6 is a vertical asymptote.
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73 g(x) - 2xtl o 2x+1

X2 —64 (x+8)(x-8)

lim 2%+ _ _ oand lim 2% -
x--8 X — 64 x—-8" X — 64
2 2
Therefore, x = — 8 is a vertical asymptote.
lim=2X+L — _ o and lim 22X+ -
s x> -64 x-8" X% - 64

Therefore, x = 8 is a vertical asymptote.

1

sin Tx
sin T1x = 0 for x = n, where n is an integer.

limf (x) = o0 or — o

74. f(x) =cscTix =

X-=n

Therefore, (the graph )has vTrticaI asymptot?s atx =n.
75.g(x) =In 25 -x>  -In[(5 +x)(5 - X)]
x=5 ( )
limin 25-x* =0
lim In(25 —xz) =0

X —=5

Therefore, the graph has holes at x = + 5. The graph

does not have any vertical asymptotes.

/

f(x) =7e73%
lim7e™3) =
><—~0_

Therefore, x = 0 is a vertical asymptote.

2
77.lim X £2x+1 - _o
x -1 x-1
78. lim ———=o
~d - 1

ReviewExercisesfor Chapter 2133

79, lim XL . gim  —L— =1
3" +2_—x+1 3
x--1 X +1 x--1 X
x+F —- L1 __ 1
80. lim , = lim (, Y o) =-
x—--1 X =1 x--1 X+1x-1 4
( 1)
81. lim | X - _3| = -0
x~0+L x )
g2 lim 1 =-o
x=2 :Xz -4
sin 4 x [4[sin4x\] 4
83. lim == = im|~ I ==

. SEC X

lim = o0
Xx-0

85. lim £€2X = |im —1 =

x-0"  x x—0' Xsin 2x
COS X

lim —2— = -o0
Xx=0

87. limIn(sin x) = —co

x—-0
-2 X
88. lim 12e =
x~0_
g9. c = 22000 o . <100

100 - p
C(15) = $14,117.65

C(50) = $80.000
C(90) = $720,000
@ lim 80.000p _

( ) p-100 100-p
=tan2 x
90. f x
X
(@) X -0.1 -0.01 ]-0.001 | 0.001 0.1
f(x) | 2.0271 | 2.0003 |2.0000 | 2.0000 2.0271
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Iimtan2x -9
x-0 X
[tan 2 x
(b) Yes, define )., x xFoo
|2, x =0

[

Now f (x) is continuous at x = 0.

ReviewExercisesfor Chapter 2134



Problem Solving for Chapter 2
1.(a) Perimeter APAO =/x* +( y-1)% + x> + y2 +1
A[ X2 +(X2 —1)2 e Foxe +1

Perimeter APBO =~/ (x — 1)%+y2 + /X2 +y? +1
=/ x-1 X+ )
( )z X +x +1

(b) r(x) = \/mz ale +x +1

X 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 098 [095 |1 1.05 | 1.005
@) limr(x)= 1x0+1 - 2 -1
x=0" 1+0+ 1 2
(@) Area APAO = l2bh = l2(1)(x) = x2
1 1 y= x
Area APBO = 2bh = 2(21)( =2 2
Area APBO X
(0) alx) = SUAAEEQ _XE
Area APAO X2
X 4121 0.1 0.01

Area APAO | 2|1 | 12 | 120 1/200
Area APBO | 8| 2 | 1/2 | 1/200 | 1/20,000

a(x) 421 1/10 | 1/100
() lima x =limx=0
x~0+ () X*’0+

(a) There are 6 triangles, each with a central angle of 60° = 1 3,/So,

[ N O [
Areahexagon =6 |1bh | =6 (1)sin |=

(b) There are n triangles, each with central angle of & = 21 n/ So,

=, [ébh [ n[=1(1) sin—zm‘ :mﬂ) ,

A

2 | [2 nJ 2

ProblemSolvingforChapter2
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(c)
n 6 12 24 48 96
3 3
i i
A P ] B _ o _sing2mn .
(d) As n gets lrRe598d lafge8 2 approachgs 8.188ingP x [=2mn, A = mim J == 7= ginxm
n
()=
which approaches 1 1
4.(a) Slope = 4-0 -4 5.(@) Slope = - 12
3-0 35 / 7 /
/ /
3 : 3 [ B
(b) Slope = — = Tangent line: y -4 = -2(x - 3) (b) Slope of tangent line is
1
4 42
3 2
y=-= x+ 2 y+12=12(x—5)
4 4 5 169
(c) LetQ =(x,y) = (x, 25‘X2) y = ;x - 12 Tangent line
25-x% -4(c) Q=(x,y)=(x,— ’ 169—X2)
my =
Y
- m o169 = +12
_25-X, =4 _25-x_+4 o= '
d) limmy =lim 25-%% +4 x-5
x-3 x-3  X—3 —— 12— 169-x* 12+ 169 -x?
- lim /_ZZ_X Y S R S s
X — X -3 25 - x 7’4)
3 ( ) 2 . B (2_1697/7
=¥Yim- - -
_{3-x)(3+x) - s(x -512+ 169-x
( )
x~3x(73 :25—X2 + 4 -
() . ——25 _
= m Y
-3+ x\é‘:i L
. - (x -5)12+ 169 - )
- . 25-x% + 4 4+4 4 —
X+5
Esisthes!opeofthelanfyju&aL B e — - HB— -
x-512 + 169 - X 12+12 12

This is the same slope as part (b).
a+bx- 3 a+bx- 3 a+bx+ 3 (a+bx)-3

6.  ~ =x/ Jarbx+3 =x a+bx+3)

Lettinga = ?ﬁmph ifies the numerator. ./ Na [
\?E S , lim v
]

3 + bx - 3
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bx b
= lim .
3) = lim
x=0 X X_'0X(3 + bx + X=0 \/_ 3+bx+ 3
b __
\/_
Setting 3, you obtainb =6.So,a =3andb =6.

J3+ 3



@ 3+ x>0
K3 5 _3

[ ) (
Domain: x > =27, x #1or -27,1U 1«

(b) 05

e

0.1

T
©lim f(x):Ma_z _-2 _+

X—-27 . =27 -1 -28 14
0.0714
8. lim_f(x) = lim (@-2)=a? -2
x—-0 X =0 :1|
lim f(x) = |imi = a( because lim 20X
| |
x-o'tanx | 1= 0% )
Thus, a2 —2=-a
az -a-2=0
(@a-2)a+1)=0
=-12

(@) limf(x) =3: 91,04

f continuous at 2: g1
lim-f(x) =3:91,03, 94
-2

limf(x) =1
-1
limf(x) =0
><—~1+
lim f(x) = -
Xx-0_
lim f(x) = o

+
x=0

f is continuous for all real numbers except
=0, #1, izl, f31,4.4

x -1 x—1 x- 1
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(d) fimf(x) = lim_S2X=2 . 34X _+2

g dF
3+x13 42
3+xP -4/ /
= lim EX_).(—l  _3+X t?).
Xx—1 N :{3

= lim X =1

!
/ / /

-1 (X13 - l)(X23+X13 +1) 3+xt3 +2
(

vr X3 axtd e ] +2-
( ) )

1 7/ 1
= (1+1+1)(2+ 2) =12

f(1)=atb+a-1b=1+(-1)=0

f(0) =0

t(2) =0+ (-1)= -1
f(-27)=-3+2=-1

limf(x) = -1
-1

limt &) = -1

xﬂ1+

lim f(x) = -1

x—1/2 ()

(c) fis continuous for all real numbers except
x=0%1,£2,+3, ...

)
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12. (a) 2= 192,000 +vo® - 48

r

192,000 = V2 vl + 48
r
192,000
r= f —Vﬂ + 48
limr= 192,000

ve o 48-vo?

Letvo = ~48 =4\/_3 mi sec.

1920

" X
¢ r—

(b) (i) limPa p(x)=1

x—a'

(ii) lim-Pa p(x)=0

X—=a

(iii) 1imPa, b () =0

X=b

(iv) limPa p(x) =1

X -



1920

_ "7 _Z . 540
r= v -v°+217

0
limr =20,
e T2a7 - v2

/ ~ 1.47 mi/sec .
Let vo /2 17 mi sec ( )

© 10 600
v2 -vo?2 +6.99

limr = —10600
v 0 6.99 - vo 2
Lefvo = 6.99 ~/2.64 mi sec.
Because this is smaller than the escape velocity for Earth, the mass is less.



Pa , b is continuous for all positive real numbers except x = a, b.

The area under the graph of U, and above the x-axis, is 1.

Leta # 0andlete > 0 be given. There exists
81 > 0such thatif 0 < fx - 0 | < 31 then
| f(x) -L| <e.Letd=25y|a]. Then for
0<|x-0 <d=0y|a|, you have
01

Ix] <%

12

ax | < &1
@) -L]<e.
Asacounterexamp!le, let
a =0andf(x) ={[ " ox #0,

| 2, X =0

Then limf(x) =1 =L, but

0

limf () = limf (0) = lim 2 = 2.



