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CHAPTER 2. DIFFERENTIATION 7. Slope of y D pxC latxD 3is
Pic n JiC nhce
2mD lim
Section 2.1 Tangent Lines and Their Slopes heo 4h c o 4ChC2
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(page 100) Dlim p
h'toh " hChC 2
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1. SlopeofyD3x 1lat.1;2/is Dlimp_____ D
hto 4ChC2 4
31 C_hy 1 3 1 1
1/ 3h Z
me LiTo h - ﬂno h D 3: Tangent lineisy 2D 4 X 3/,orx 4yD 5.
1
The tangent lineisy 2D 3.x 1/,oryD 3x 1. (The 8. TheslopeofyD p atxD9is
tangent to a straight line at any point on it is the same X
1
straight line.) 1 1 1
mD lim 7 pP— -
2. Since y D x=2 is a straight line, its tangent at any point h¥o C_ h 3 _
.a;a=2/ on it is the same line y D x=2. b i 3 Qg 3 C Qg
im
Ch Ch
P P

3. SlopeofyD 2x2 5at.2;3/ is heo 3h 9Ch 3C 9Ch

- 9 9 h __
D—tm P P
D i 22 C h/Z 5 h'ro3h 9C h.3C 9Ch/
m Im 9 92 5 1 1
h1o h D D ™
8 C 8 C + =
D lim 2 8 3.3/.6/
h1o h The tangent lineat .9; '/ isyD ! '.x 9/, or
3 3 54
D lim.8C 2h/ D 8 yD1 1y
h¥o 2 54
9. Slopeof y D —=_ atx D 2 s
Tangent lineisy 3D 8.x 2/oryD8x 13. - olopeory D —m— atx
4, TheslopeofyD6 x x?>atxD 2is 22 C h
2 C h C 21
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lim
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3h h?
v }I1|r!no h D Mno.B h/ D 3:

The tangent line at . 2;4/ isy D 3xC 10.
5. SlopeofyDx3C8atxD 2is

mD lim —2-C h/> C 8
hE0 .8 C 8/
h
,38.C _12h, 6h*—C
m=—C 38 13)

v lim
h¥o h

D lim 12 6hCh? D 12
h¥o0

Tangent lineisy 0D 12.xC 2/ ory D 12x C 24.

6. The slope of y at .0;1/ is
D
x2
c1
1 _ 1 h
. 1 . :
me WMh nectr 1 Yatonzc1P O

The tangent line at .0;1/ isy D 1.
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D
wio h.2ChcC2/

D lim_—" _ pl.

hroh.4Ch/ 4

L 1
Tangent lineisy 1D 2 2/,

orx 4yD 2

P :
10. Theslopeofy D 5 x?atxD 1is

D

Dlmp———

Pe——+¢ w2 2
lim
hi0 h
2
5 1 C h/ 4
lim P

h%0h 5 1Ch/2C2

2 h

D 1
2

heo 5 .1Ch/?C?2

The tangent line at .1;2/ isy D 2 '.x 51/, or

11.

yD% le.

Slope of y D x

ZatxD Xo IS
% C h/% 2xch C h?
v |!Ir(§1 h D 2xo:

mD lim
h¥o
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14.

15.

16.

17.
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Tangent line isy x4 D 2x9.x X0/,

ory D 2xpx x%.

1 1

The slope of y D . at.a; / is

1

1 1
mD lim~ .
— C
htoh aCh a

. _a
Dllma1 h D

hio h.aCh/.a/

1 1
The tangent line at .a; =/ js y D — ZX a/, or
a a

2 X
yDa2

B .
. . j0 C hj_ .0
Since limy, u ¢ " D—tim

does n ot

h¥o jhjsgn.h/

exist (and is not 1 or 1), the graph of f.x/ D = jxj

has no tangent at x D 0.

The slope of f.x/D .x 1/43 atxD 1is

D limh'3 D o:
h¥o h h¥o
The graph of £ has a tangent line with slope 0 at x D 1.

Since £.1/ D 0, the tangent has equation y D 0
The slope of f.x/D .xC 2/ atxD 2is

. .2 C h C . 225
mD lim _ D limh D 1:
h¥o 2/3%5 0 nro
h

The graph of £ has vertical tangent x D 2atxD 2.
The slopeof f.x/ D jx*? 1ljatx D 1is

. jl C h/ 1j i1 j2h C
m D |Imh!011 D i h_z_[
Im
h¥o h '

h
which does not exist, and is not 1 or 1. The graph of
f has no tangent at x D 1.

P
X if x
P -
x ifx<0

If f.x/ D 0 then

lim

41
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19. a) SlopeofyDx3 atxDais

.a Ch/ a3

mD lim = —

huo h

gfg—c 3a2h C 3ah®>-C h3

h¥0 h

2 2 2
D lim.3a C3ahCh /D 3a
h¥0

b) We have m D 3 if 3a2 D 3, i.e,ifaD ~1.
Lines of slope 3 tangenttoy D x3 are

yD1C3x 1/andy D 1C3xC 1/, or
yD3x 2andyD 3xC 2.

20. Theslopeofy D x> 3xatxD ais

Ih i
mu lim .aC h/® 3.aCh/ .a® 3a/

h
1
u]lugno—a3c3a2hc3a%c% 3a 3h% a C3a

h

D di{no(E?uaz C3ahCh?® 3mD3a® 3:

At points where the tangent line is parallel to the x-axis,
the slope is zero, so such points must satisfy 3a> 3D 0.
Thus, a D ~1. Hence, the tangent line is parallel to the

x-axis at the points .1; 2/ and . 1;2/.

21. The slope of the curve y D x3 xC latxD a is

.a_ C h/3 .a C h/ C 1
oAt a C 1/
mD lim
heo h
3a2h C  3ah?-C a3~ h
u1!|;n0 h
2 2 2

D lim.3a C3ahCh 1/D3a 1
h¥0

The tangent at x D a is parallel to the liney D 2x C 5 if
2

3a 1D 2, thatis, if a D ~1. The corresponding points
on the curve are . 1;1/ and .1;1/.
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f .0 C h Qh
f .0/ 9_ lim —D

cagHAMNN

X Il = O< o

2

O x

is
h1oc h

£0Ch/ f£.0/ h
"D lim

h¥0 h

lim D1

huo h

Thus the graph of £ has a vertical tangent x D 0.

18. Theslope of y D x> 1atxD x is
mD lim 0 23.
h¥0 h
2xoh C h?
v Lll;n h D 2xo

Ifm D 3,thenxy D 3. The tangent line with slope
mD 3at. 3%/isy D 5 3xC 3/ thatis,

2% 4" 2 -
yD 3x 1—4.
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1 1
a .a C h/
.~ aCh a
mD lim == = "D im D ,:
"y hvo ah.aC h/ a

The tangent at x D a is perpendicular to the line

y D 4x 3if 1=a® D 1=4,thatis, ifa D ~2.
The corresponding points on the curve are . 2; 1=2/ and
.2;1=2/.

The slope of the curve y D x at x D a is
a C h/A— a2
m v lim D lim.2aC h/ D 2a:
hi0 h hio

The normal at x D a has slope 1=.2a/, and has equation

X
a/; or

1
2p =
y a X 2a

1. 2
CyD~Ca*
2a’ y 2 a

42
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Thisisthe linex C y D kif2a D 1, and so
kD .1=2/C .1=2/? D 3=4.

The curves y D kx? and y D k.x  2/2 intersect at .1;k/.

The slope of y D kx? at x D 1 is

k.1 ck h/?

mi v }Illgno h D k!l;no.z C h/k D 2k:

The slope of y D kx 2/? atx D 1is

2
my v lim k.2 1 C h{)/ Iim.l—(ZC h/k D 2k:
hi0 h h¥0

The two curves intersect at right angles if
2k D 1=. 2k/, thatis, if 4k? D 1, which is
satisfied if k D ~ 1=2.

Horizontal tangents at .0;0/, .3;108/, and .5;
0/.

Fig. 21-25

26. Horizontal tangent at . 1;8/ and .2; 19/.

y

20 +

y D 2x3 3x? 12xC

| 1 2 X
-10 |

41

28.

29.
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lyDjx? 1j x

-3
Fig. 21-27

Horizontal tangent at .a;2/ and . a;
No tangents at .1;2/ and . 1; 2/.

2/ foralla > 1.

y 'Y
yDjxC1 jx 1j
21
\ s s 1 s s .
-3 2 -1 I 1 2 X
1l
21
-3
Fig. 2.1-28

Horizontal tangent at .0;
vertical.

1/. The tangents at . = 1;0/ are
Vs

yD.x2 1/18 5|

4

Fig. 2.1-26
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.2; 19/
-3
Fig. 2.1-29
27. Horizontal tangent at . 1=2;5=4/. No tangentsat . 1;1/ 30. Horizontal tangent at .0;1/. No tangents at . 1;0/ and
and .1; 1/. .1;0/.
42
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2.
y
< 0
yDg.x/
1 O
1 o0——o
Fig. 2.1-30
31. The graph of the function f.x/ D x?=3 (see Figure 2.1.7 3.
in the text) has a cusp at the origin O, so does not have ys D h'.x/
a tangent line there. However, the angle between OP and 1 y ’
the positive y-axis does ¥ 0 as P approaches 0 along the
graph. Thus the answer is NO. ’ # # # i
32. The slope of P.x/ at x D a is T
P.a C h !
F.a i
mv llxlr!no h : T
SinceP.aC h/ D ag C a;h C a;h?C  C ayh" and T
P.a/ D ag, the slope is L
m o lim 2-C aith C azh®>C __ C ash™4 ag
h¥o h
D lina; Ca;h C  Caph” 1D a;: X

Thus the liney D *x/ D m.x a/ C b is tangent to
yDPx/atx D aifandonly if m D a; and b D ag,
that is, if and only if

Px/ ‘x/Dayx a/>Cazx a/®C Capx
a/" h

Di.x a/> azCaz.x a/C Capx a/"
2

D.x a/?Qx/

where Q is a polynomial.

Section 2.2 The Derivative (page 107)

<

o
P
¥

N
[e]

4
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Xy

D k'.x/

5. Assuming the tick marks are spaced 1 unit apart, the func-
tion f is differentiable on the intervals . 2; 1/, . 1;1/,
and .1;2/.

6. Assuming the tick marks are spaced 1 unit apart, the func-
tion g is differentiable on the intervals . 2; 1/, . 1,0/,
.0;1/, and .1;2/.

7. y D f.x/ has its minimum at x D 3=2 where f’.x/ D 0

44 Copyright © 2018 Pearson Canada Inc.
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yD f.x/D jx3 yl
yDfx/D3x x* 1

Xy

y
y D flx/
y D flx/

1 Fig. 227\ Fig. 2.2-9

10. y D f.x/is constant on the intervals . 1; 2/, . 1;1/,
and .2; A /. It is not differentiableat x D ~2 and
xD " 1.

y %

y D f.x/ has horizontal tangents at the points near 1=2 y

and 3=2 where f'.x/ D 0
y

4 ' ' ' X
T yDfx/Dx? 3x2C2xC1 i
| , /
y D flx/
\1\ / | | | | | ¥
) X

yD fx/Djx? 1j tjx? 4j

MR
—t—
IR R
1+
W

v

BT x '

Fig. 2.2-8

y D f.x/ fails to be differentiableat x D 1, x D 0, D lim h
h¥o2xh C h%- 3h

and x D 1. It has horizontal tangents at two points, one

45 Copyright © 2018 Pearson Canada Inc. 45
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D2x 3
h

between 1 and 0 and the other between 0

46

and 1. dy D .2x

Copyright © 2018 Pearson Canada Inc.
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P———m
12. fx/D1C 4x 5x%? 7. Ft/D 2tC1 o
1 C 4x C h/ 5x C h/? 0 ) 26 C h/ C 1 2t C1
1 C  4x 5x2/ F.t/D lim
f'x/ D lim
h¥o h h¥o h
4h 10xh 2t C 2h C 1 2t 1
&Z
D lim D4 10x D lim p
h¥o h h¥op 2.tCh/C1Cp2t01
df.x/D .4 10x/dx 2
D lim p P
hro 2ZTCh/C1C ZtCT1
1
Dp
2 1
3
13. fx/Dx 1
« C h/3 dFt/D p. © lat
f'.x/D lim * 3 2t
h¥o X~
. h
D lim 2
n30 3x?h C  3xh? D 3%
C h3
h
df .x/ D 3x? dx
8. fx/D3 2 x
LUZ X C h/ 3fI—QZ X
f'x/oTim * 4
1 h¥0 h #
14. sD3 4t ! 3 2 X h 2 C x
[ =4
ds 1 1 1 h1o4 h. 2 xCh/C 2 x/
v lim 3
dt hwxoh 3C4.tCh/ 3C 4t D P —
3 C 4t 3 4 8 2 x
It Zh
D lim D 3
nhroh.3C 4t/(E3C .4tC .3C 4t/?
neg / / df.x/D P dx
4 8 2 x
ds D dt
3e4t)/?
1
2 X 19 yDxC -
15 g.x/DZC X 1 1

g:
XN
=
@]
=
@]
=g
=
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¥'D lim c X
0 . 2CxCh 2C x h¥o h
g.x/Dhll!m0 h N «
. T ho
oim i % W2 C x/ .2 D lim 1C 1 xC hyx
C x C h/.2 x/
h1o0 h.2CxCh/.2C . 1 1
4 x/ D 1C lim D1
D hvo.xC h/x x2
2Cx/? 1
4 dy D 1 , dx
dg.x/ D d X
gx/ 20 x/? X
16. yDix3 X 20 D S
5 h i - "Tacs
y'D lim - 1xCch/® xCh/ .2x* x/ dz L —sC _s
hioh 3 3 H
0N ds “ My 1csCch 1Cs
: 2 2 ~ 11,3
D lim x*hCxh’C 'h® h s ﬁ‘/-é s/ cs'lc 1
hsoh 3 D lim D 2
D limx?CxhC Lh? 1/Dx* 1 het E./le/.lCSC ACs/
h1o 3 1
dy D x2 1/dx 2D 4 g pds
48
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21. F.x/u ,_,—1 25. Since f.x/ D xsgnx D jxj, for x & 0, £ will become
1C x? continuous at x D 0 if we define £.0/ D 0. However,
1 1 £ will still not be differentiable at x D 0 since jxj is not
o) . .
0 . 1 C x C h/2 differentiable at x D 0.
F'.x/D lim p
1 C x? 2
hao h 26. Since g.x/ D x*sgnx D xjxj D % ifX>0,gWi|I
Ql C  x2- Ql C x2 ifx<0
x C hy/?
D lim p P become continuous and differentiable at x D 0 if we define

h¥ 0 h 1C xCh/2 1C x2 20/ 0. .
1¢C x2 1 x2—__ 2hx e — o _ _
) 27. h.x/ D jx* C 3x C 2j fails to be differentiable where

IJ}llgnohplC Ch 2plC 2 P 2 P 2
xCh/ X 71Cx2C 1C xCh/ x2C3xC 2D 0, thatis,atx D 2andx D 1. Note:
2x X both of these are single zeros of x> C 3x C 2. If they
D.ic x2 /32 D e were higher order zeros (i.e. if xC 2/™or .x C 1/™ were
X2/3=2
X a factor of x> C 3x C 2 for some integer n ~ 2) then h
dF x/D X2/3=2dX would be differentiable at the corresponding point.
28. yDx3 2x
1
22 yD — f x/ f x/
X f 1/ f .1/
0 1 1 X X
y D lim- — — x 1 x 1
0:9 0:71000 1:1 1:31000
htoh xCh/2 x2
2 0:99 0:97010 1:01 1:03010
.ox2 x C 2 a-aa0l 0 cozan 4 ana 4 60200
D lim h 2 D 3 UTTTT UT77700 00T 100000
n1oh/c X 0:9999 1:0001  1:00030
2 hx2.xC h/? 0:99970
dy D —dx
X
1 d 3 : . .1 C hp 2.1 C
23. D x> 2x4 D lim
y plT—x dx o1 hE¥o h/ . 1/
1 1 _ h
o D"m_hcs_z—c h3
0 . 1 C x C h h¥o h
y.x/D lim p
1 Cx
h1o h DIim1C3hCh?®D1
Bl Ql h¥o
C x Ch

49 Copyright © 2018 Pearson Canada Inc. 49
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D lim
hto hp1CXChp1Cx 29. f.x/D 1=x

. 1 C x 1 X h
D lim 7p P P P £y f x/ £ .2/
h*oh 1CxCh 1Cx 1CxC 1CxCh X - X
1 x—2 2
D lim p P P P 1:9 0:26316 2:1 0:23810

hto 1CxCh 1Cx 1CxC 1CxCh

1 1:99 0:25126 2:01 0:24876
1:999 0:25013 2:001 0:24988

3=2
2.1 CIX/ 1:9999 2:000 0:24999
0:25001 1
—d
RISV —— 2 2 C by
£.2/D lim 2 - -
/DNm T2 DM 2
h
2 . 1 1
= D lim
24. 3ft/D C3 heo 2Ch/2 4
t t2—_3
% t C h/?
£t/ v ) :
ntoh tCch/2C3 t2C3 30. Theslopeofy D5C4x x? atx D 2is
_@®t C _h2 3842 C 3/ 2 V
D lim dy . .. 5 C 42 C h/
h1o 3/t C h/? C 3\ D lim
_ dx heo .2 C hy?
h.t2C 3/CE.tC h/z2 C 9h
3@ =
. 12th C  6h? 12t xD2
D lim 2
D — 212
ygoh.t? C3/E.tCh/2C  .t2C3/? D lim 0
? ) 5
12t h¥o0
df.t/ D _tz—zdt
Cc3/ Thus, the tangent line at x D 2 has the equation y D 9.
50
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31. yD pxC 6. Slope at .3;3/ is

Tangent lineisy 3D s 3/,orx 6yD 15.

t
32. TheslopeofyDt2 attD 2andyD 1is

2

d 1 2 C
S Dilimg .1/
dtvtD , hroh . 2Ch/? 2

2 C._h C C. 2 C
/=2 3
D lim D

n¥0 " hCE. 2C h/? 2’

20

Thus, the tangent line has the equation

yD 1 3tC2/ thatis,yD 3t 4.
2 2

33. yD Slope at t D a is

t2Ct

mD lim 2 C h/2C .aC
h¥0 h/ a2
D lim Cah
222 C a a® 2ah
h? a h/

hro hCE.aCh/2CaC hB.a%C

D lim 4a 2h 2

nro(E.aCh/2CaC hm.a2C

a/
4a C 2
.a2C a/?
. 2 2.2a C
Tangent line |5yDT 1/ .t oa/
Ca .a2cC

2
3. flx/D 17x ® forxamo &/

D :
h "9ChcC3 6

44,

45.

46.
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The slope of y D p)?at xD xg is

dy 1
ax o, P
xDxq

Thus, the equation of the tangent line is

— 1 . x C x
yD PwC— x Xo/, thatis, y D pro ¢
pro

1 1 1

Slopeof y = -, -
D atxDais . D
X ) a2
xDa
2 1 2

Normal has slope a , and equation y a Da.x a/,

2 3 1

oryDax a C
a

The intersection points of y D x? and x C 4y D 18 satisfy

4x*Cx 18D O

4xC9/x 2/DO0:

Thereforex D % or x D 2.

The slope of y D x? is m; D dy D 2x.

- dx
9 9
Atx D 4,mlD 2.A‘[xDZ,m1D4.
The slope of x C 4y D 18,ie.y D  4x C 18 is
1
sz =.

51 Copyright © 2018 Pearson Canada Inc. o1
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37.

38.

39.

40.

41.

42.

43.

BETRONTOR SBABE TIONS MANUAL

gl.t/ D 22t%! for all t

d
e 2= forx 0
D x o
dx 3
dy 1 43
D forxa 0
dx 3 X X
Q t 2:25 3:25
D 2:25t fort>0
dt
d 11924 119 115,
4sS D 45 fors >0
dp_ 1
s
1
D p: D
ds VSD9 2s sD9 6
1 1 1
Fx/D ;Flx/D ;F! D 16
X 4
v 1
2 53
f'8/D _x : D
3 «D8 48
. 1 -
dy ¢ 34 1
. D . D p
dt tD4 4 tD4 8 2
52

47.

ADAMS SEC HSSEX2CAPAGEUSH

Thus, at‘; D 2 the product of these slopes is

4/. ‘i/ D 1. So, the curve and line intersect at right

angles at that point.

Let the point of tangency be .a;a%/. Slope of tangent is

d ,

dxX

<<

D 2a
xDa

This is the slope from .a;a®/ to .1; 3/, so
a?C3

D 2a, and

2 2
a C3D2a 2a

a? 2a 3DO
aD3or 1

The two tangent lines are
(foraD3):y 9D6x 3/oré6x 9

(foraD 1)y 1D 2xC1/oryD 2x

Copyright © 2018 Pearson Canada Inc.
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2a -~ I 152 pP__

y
= 2
4D
y D x2 -aa?/ Hence t D ) Da"~ a b.p
2 2
Ifb<a,ieea b=>0thentDa- a%2 b
has two real solutions. Therefore, there will be two dis-
x tinct tangent lines Bassing through .a; b/ with equations
v 3 yDbC2a~ a2 b .x a/. Ifb D a? then
N t D a. There will be only one tangent line with slope 2a
N and equationy D bC 2a.x a/.
If b > a?, then a2 b < 0. There will be no real solution
for t. Thus, there will be no tangent line.
Fig. 2.2-47
48. The slope of Dlat Da i
: siop yLgaxban 51. Suppose f is odd: f. x/ f.x/. Then
D
. ) D lim f .x C hy/
d 1 - X/ h¥0 f.x/
. h
: D : f x h
2 .
B 2 DI TE xy/
1 1 dethD k/ h
If the slope is 2, th — D 2 D "~ =. There- . fx C k
the slope is 2, then " ,0ra p—z ere D Iim >} < D flx/
fore, the equations of the two straight lines are k20 N ’
Thus £0 i .
b 41 p us £’ is even
yD 2 2 x p__ andyD 2 2 xCp Now suppose f is even: f. x/  f.x/. Then
' D
2 2
b= 0 . f .xy
oryD 2x 2 2. f.x/DhII!m0 h
: f x h
_ - D lim XN/
49. Let the point of tangency be .a; IDa/ h'!mo f x/
v h
- _f x C k/ f x/
Slope of tangent is d Py —1 D lim
D p
p_dx a2 @ k10 k
1 a D flx/
Thus — 0 ,50aC 2D 2a, anda D 2. so £ is odd.
p D~
2 a aC?2
. . 1
The required slope is .
aied sope s 267

y 4

53 Copyright © 2018 Pearson Canada Inc. 53
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ADAMS SEC HSSEX2CAPAGEUSH

/ atay 52. Letf.x/Dx ™ Then
P_
yD X . .x C h/n x "
, 0
; X /0 I,
. 1 1 1
Fig. 2.2-49 v lim —_— —
hroh xCh/ xn0
D lim xn x C h/n
50. If a-line is tangent to y D x? at .t;t2/, then its slope is h®0 hxn.xC h/n
dy . X x C h/
d v D 2t. If this line also passes through .a;b/, then D lim
X

) xDt oo
its slope satisfies

52

t a

D 2t; thatist®> 2atCbD 0: D

54 Copyright © 2018 Pearson Canada Inc.

h o0 hx"..xC h/"

x" 1Ccx®2xCh/C CxCh/1?

1

x2n

nx" 1D nx

.nC1/,

54
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ADAMS SEC HSSEX2CAPAGEUSH

53. f.x/D x!*3 If £'.aC/ is finite, call the half-line with equation
. _ x C_ h/i=3 y D _f.a/C flaC/x a/, (x a)., t.he rigljt taUn-
f'.x/ D lim (173 gent line to the graph of £ at x D a. Similarly, if f".a /
hro h is finite, call the half-liney D f.a/C f'.a a/
% C 123 , y . .a /X ,
—rshlﬁ;
U lim (x a), the left tangent line. If f.aC/ D 1 (or 1),
h20 h the right tangent line is the half-linex D a, y f.a/ (or
X Cl-gh{-23:3 C _x C xDa 'y fa/) Iffla /D 1 (or 1), the right
h/7x ™ C  x tangent line is the half-linex D a, y f.a/(orx D a,
xC h/2=3 C .xC h/1=3x1=3 C x2=3 y f.a/).
I x C h X The graph has a tangent line at x D a if and only if
~ p20 hCE.x C h/2=3 C x C h/1=3x1=3 C f'.aC/ D f'.a /. (This includes the possibility that
x2=3[ both quantities may be C1L or both may be 1.) In this
" 1 case the right and left tangents are two opposite halves of
im
“ h10xC h/Z3 C xC h/1=3x1=3 C x2-3 -
1 1,3 2:3 0 2 1=3
5, DX the same straight line. For f.x/Dx ,f .x/D ,x
3x2=3 3

54. Let f.x/D x!=", Then

At .0;0/, we have f°.0C/ D C1 and f°.0 / D 1.
In this case both left and right tangents are the positive
y-axis, and the curve does not have a tangent line at the
origin.

For f.x/ D jxj, we have

"1 ifx>0
) . x C h/1=n fO.X/ D sgn.x/ D 1 ifx<o0
f'.x/D lim i (let xC h D an, x D b") =0
h
D lim —2 At .0;0/, f°.0C/ D 1,and f'.0 / D 1. In this case
b
a¥bah bn the right tangentisy D x, .x 0/, and the left tangent is
1 yD x,.x 0/. Thereis no tangent line.
lim
“arba® 1Ca” 2bCa" 3b2C Cbn !
1 1 41 Section 2.3 Differentiation Rules
X .
nb™ 1 " n (page 115)
1. yD3x*> 5x 7; y'Dé6x 5:
5
2. y D 4x'? < y'D 2x 72 C 5x ?
n n 2 0
d . . x C h 3. fx/DAx CBxCC; f .x/D 2AxCB:
55. X lim X
d b h 6 2 18 4
X h¥o 5 4 . 0 10 x
1 n 4. fx/D ,C~, 2, f'x/D 4 3
v 1
 lim hohx"cC x" h
55 55

Copyright © 2018 Pearson Canada Inc.
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Xn X X
1 2 212
h X X
- s? ig
dz
n.n 1/.n c C o n
X
C;LXH 3h3
1 2 3
. n.n
D lim ﬂ“ Ich x" %h
hto 1 2
1
n.n 1/.n c Chn !
C;L n 3h2
1 23
D nx" 1
56. Let
0 i f . a C h
f.aC/Dh!lr;r)\C f .a/
h
f .a C h/ f .a/
fla /D lim
hto h
56

10.

ADAMS SEC HSSEX2CAPAGEUSH

y D ¥ x yU D 45x* C 45x ¢
g.t/ D t1=3 C 2t1* C 3t1=°

1 . 1 . 3 -
glt/D-t ¥ Cc-t 3 cit

3 2 5

yD3 ¢ p_ D3t*® 2t 3?2

Fx/D.3x 2/.1 5x/

F“.x/D3.1 5x/C 3x 3/ D13

Copyright © 2018 Pearson Canada Inc.

30x

56



BETRONTOR SBABE TIGNS MANUAL

2 o 1
11 pr)? 5 x % D5p; x¥2 Sx52 23.
3 3
5 3P 3=2
5
0
yD Py 2 X X
1 . 2
- .t/ D
12. gt/D gt/
3 .2t 3/7
1
13. D
Y'Y x2 ¢ sx 24,
1 2x C
0
y X C 5y 2xC5/ D ac sys2
4 4
. 0
WoyDg Y Y g e
15. f/D5— 25,
2
f't/ D . D
/ .2 t/Z / 2 t/Z
16 /D 2, gy/D__ W
- BY/ Ry 1 y2)2
21174% 3 26.
. a D
7. fx/D X .
x>— 3

flx/D 3x *C4x D x*

ugﬁ
3 1=2 2
18. gu/ D , Du 3u -
1 4, 52 27.
u u
3
go_u/ D —-u Cé6u D oyl

7 Copyright © 2018 Pearson Canada Inc.

ADAMS SEC HSSEX3CAPAGEUSS)

1/.3x%/ x3 4/.1/

Py g tG e C2 U t C 7t
: /- /
D

2 tC1/
2 C 18t

Te

D 2 2

t tC1/

fx/D.1Cx/.1C2x/.1C 3x/.1C 4x/

f'.x/ D .1C 2x/.1C 3x/.1C 4x/C 2.1Cx/.1C3x/.1C4x/

57
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C3.1Cx/.1C2x/.1C 4x/C 4.1Cx/.1C 2x/.1C
2 C t PIPRS © E
19. yD & 2 D2t '™cC tCt* 3x/
T? OR
dy sy 1 3p. 3t C fx/D (E.1C x/.1C 4x/B (E.1C 2x/.1C 3x/8
t 2
Dt C C tD
dt P~ 5P D.1C5xC 4x°/.1C 5xC éx /
D 1C 10x C 25x C 10x%.1C 5x/ C 24x*
X
20.  zD b i 2 D 1C 10x C 35x2C 50x3C 24x*
2 3
0
dz 1 553 2 54 fz—c f'x/ D 10C 70x C 150x C 96x
d D x C 3x 35-3
x x 28. fr/D.r 2Cr 3 4/r2Cr3C1/
3 4x 0 3 4.2 3
2. fx/D f'r/D. 2r 3r */r“Cr°C1/
C 4x 2 3 2
3
3 C 4x/. 4/ 3 Cor Cr 4/2rC3r /
ix/.47
f'x/ D
x/ 3C 4x/2 or
24 fr/D 2Cr 'Cr ?2Cr 3Cr 4r? 4r3
.3C 4x/? flr/D r? 2r% 3r*c1 8r 12r?
t2 C 29. yD .x?’C 4/.p)‘<c 1/.5x%=3 2/
22. z D 2t 2 _
&t
y'D 2x.Pxc 1/.5x%%3 2/
1 1
t2— 1/.2t C 2/ .t =
P 2
Ap  C2tLIt] X . .
12 1p C p__ x“C4/.5x° 2/
Hz—lC t 10 413 P
D 2 1,2 v X X c4/. xC1/

58 Copyright © 2018 Pearson Canada Inc. o8
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W

éL 1/.x

30. yD
Y'Y x2c2/x3C 1/

LC XLQ
2x2—C 2

D
x°C2x3Cx%2C2

& 62 g ., x*C 2/.5x*

0
y D x5 3 2 2
C2x Cx C2/
x> C x3 C 2x*2 C 2/.5x*
C 6x* C 2x/
x3C2x3Cx%2C 2/2
2x7 3x° 3x*
6x%2 C  4x

Xx5C 2x3C x2C 2/2

e 3 3x*
D

1/2

x2C2/2x3C

3. yD D

c C
xC 3xc1

.6x§—C 2x C 1/6x C 1/
Ix—C x/12x C 27

y'D

6x2C 2xC 1/2
__6x C 1

D ex2c 2xc 1,2

P

x/.1 x2/

32. fx/D
/ px.3 2x/

50

Copyright © 2018 Pearson Canada Inc.

36.

37.

38.

ADAMS SEC HSSEX3CAPAGEUSS)

d f x/
dx x2Cf.x/
xD2
2 0 0
x C f x//f x/ f x/.2x C f
D x// -
x2Cfx/f ‘o
D
¢.4 []_')f; /2//f 07_2/ f .2/.4 18 14
r—z77
C C
D D D
ACf.2//? 62 9
d x* " — .
ix D M
dx X2C4JD2 dx X2C 4 D 2
8
D «2C 4IE.ZX/V
xD 2
o 2p 1
64 2
" #"
d t1c Py
dt 5 t
tD4
“ 4~
g t C t3%2
D
dt 5 t ., )
5t/ 21 3=2
D -C ,t / t C t /. 1/
> y
5t/ tD4
A/.4/ A2/. 1/
172 D 16
p
X
50
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C
3 4.
dx fx/
34 d . f x/
dx  x2

d
35. x“fx/

dx

51

2x3=2.3C 2x/

C
2 X
x3 v
cC 1
3 2x
2x/. 1 4x C  3x%/
X 2x*2 C  x3/.2/
.3C 2x/2
A
1
4_XLC 2
x 7
3C2x/
2
f .X/.Zx/ x2f
0—&
Ef VxDZ
x/@2 4
4f t2[
f %2/ b
1 Ef.2/@2 4
x*f Lx/
2xf x/
x* )
xD2
4f 1.2/ 4
af 2/
D
16 16 4

2xf.x/  x*flx/

C

xD2
D 4f.2/C 4f'.2/D
20

Copyright © 2018 Pearson Canada Inc.

ADAMS SEC HSSEX3CAPAGEUSS)

39. f.x/D
X ©

x C 1/ p x.1/
VAR«

[°)
N
[uny

s0. 4 /.1 gty 3ty 4/

(E.1 3
C C C C v
dt tDO
D.1/.1C2t/.1C3t/.1C 4t/C .1C t/.2/.1C 3t/.1C 4t
/C .
.1Ct/.1C2t/.3/.1C4t/C.1Ct/.1C 2t/.1C 3¢
/4]
tDO0
D1C2C3C4D 10
2
41. vy ) 2 4
'y
D P D 5 p
3 4 x 3 4p 2 x
X
. 8
Slope of tangent at .1; 2/ is 4
D D
. 1722
Tangent line has the equationy D 2C 4.x 1/ or
yD4x 6
x C1
42. Fory D we calculate
x 1
1/.1 2
' D x Cl/ /u
x  1/2 x 172

51



43.

44,

45,

46.

BETRONTOR SBABE TIGNS MANUAL

AtxD 2wehavey D 3and y’ D 2. Thus, the equation
of the tangent lineisy D 3 2x 2/,oryD 2xC7.
The normal lineisy D 3C x 2/, ory D 1xC 2.

yDxC l,yUDl 1—2
X X

. 1
For horizontal tangent: 0 D y' D 1 X; so x? D 1 and
xD "1

The tangent is horizontal at .1;2/ and at . 1; 2/

If y Dx%2.4 x2/, then
y'D 2x.4 x?/ Cx%. 2x/ D 8x 4x°D 4x.2
x?%/:

The slope of a horizontal line must be zero, so p-

4x.2  x%/ D 0, which impliegjhat x D 0 orx D ~ 2.
AtxDO;yDOandatxD - 2yD 4.

Hence, there are two horizontal lines that are tangent to
the curve. Their equationsare y D 0 and y D 4.

1 2x C
D, ~..yyD 7T —
}I: xxcxc1 Y b1
or 2 2
x4CxC1/ 2% C
— —
horizontal tangent we want 0 D y' D .
g y X2 CxC 12
Thus 2xC 1D O and x D
. . 4
The tangent is horizontal only at ‘
23"
x C1
If y D < C 2,then
x C 2/1/ X 1
C 1/.1/ -
'D D = .
y xC 2/2 x 22

In order to be parallel to y D 4x, the tangent line must
have slope equal to 4, i.e.,

1 D 4;

- 1 2 1
xC 22 ; or. xC2/°D 3

52

48.

49.

50.

Copyright © 2018 Pearson Canada Inc.

ADAMS SEC HSSEX3CAPAGEUSS)

Fig. 2.3-47

. 1 -
Since y  x? x%%2 1, therefore x 1 at

p-D D D D D
X
the intersection point. The slope of y D x? at x D 1 is

2X%. D 2. The slope ofTb—p; atxD 1is

xD1

The product of the slopes is .2/ 4 D
two curves intersect at right angles.

1. Hence, the

The tangent to y D x3 at .a;a%/ has equation

y D a® C 3a2.x a/, ory D 3a’x  2a%. This line

passes through .2;8/ if 8 D 6a% 2a® or, equivalently, if
3

a® 3a?C4D 0. Since .2;8/ liesony D x , aD 2 must
be a solution of this equation. In fact it must be a double

root; .a  2/2 must be a factor of a3 3a? C 4. Dividing
by this factor, we find that the other factor is a C 1, that is,

a3 3a°C4D.a 2/2aC1y/:

The two tangent lines to y D x3 passing through .2;8/

correspondto a D 2 and a D
yD12x 16andy D 3xC 2.

1, so their equations are

The tangent to y D x?=.x 1/ at .a;a®=.a 1// has slope

X 1/2x x%.1/ aZ— 2a

m Y :
x 1/2 v 2

52



47.

BETRONTOR SBABE TIGNS MANUAL
1/

HencexC2D ~Y,andxD 3or °. AtxD 3,

2z 2 2 2
yD 1l,andatxD 3,yD 3.

Hence, the tangSeﬁt is parallel to y D 4x at the points
3

5 1 and 53

Let the point of tangency be .a; 1 /. The slope of the tan-
. a

1 _
gent is lz Db—a. Thusb ! D' and a%D _ .
a 0 a a b
a
bZ . bZ
Tangent has slope _4 so has equation y D b ™ 4 X.

53

ADAMS SEC HSSEX3CAPAGEUSS)

The equation of the tangent is

(S}

X a/:

1/7?

y D

s8]
=
>

This line passes through .2;0/ provided

or, upon simplification, 3a2 4a D 0. Thus we can have

either a D 0 or a D 4=3. There are two tangents through
.2;0/. Their equationsare y D 0 and y D 8x C 16.

Copyright © 2018 Pearson Canada Inc. 53
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B
dp f x C h/
51 f.
x/ Ef x/
D i
dx hl!lr(r)1 h
{ x C h/ f x/
D lim
h¥o h pf.xC h/ C pf.x/
flx/
D p—
2 fx/
d P

x2C1DT2¢Dp¢
dx 2 x?

C1 x2C1

3 -
52. fx/Djx’jD X X 0 Therefore f is differen-

x3 ifx<0

tiable everywhere cept possibly at x D 0, However,
ex

lim D lim h?D 0
h¥0C h h10C

f .(l_c % ; h/
. . 2 .
hl;ng h D hléng . h*/ Do:

Thus £°.0/ exists and equals 0. We have

,
flx/D 3% ifx 0
x/ 3x2 ifx<0.

d _ n __
53. To be proved: ~ x"™? “x™2/ lforn 1,2 3, :::.
D D
dx 2

Proof: It is already known that the case n D 1 is true: the
derivative of x'=2 is .1=2/x 172,

Assume that the formula is valid for n D k for some
positive integer k: —

d
x52 o EX'k:z/ L
dx 2

54 —

ADAMS SEC HSSEX3CAPAGEUSS)

Proof: The case n D 2 is just the Product Rule. Assume

the formula holds for n D k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate

f£f ff /)

12 k kC1

D CE.fifz fie/fic1 @

D .fif2 fi/'fic1 € .f1fz  fi/Flct
D.f'f, f.CHf" £f,C Cfif, f%fc

1 2 k
C.fi1fz fi/ficy
0
D , £ £l ©F fz N

Cfif, f'. {CHf Ffif'

fc kC1

so the formula is also true for n D k C 1. The formula is
therefore for all integers n 2 by induction.
Section 2.4 The Chain Rule (page 120)

y D .2xC 3/% y'D 6.2xC 3/°2 D 12.2xC 3/°

X 99
D1 X
Y 3
ng l ng
y'D99 1 3 pa331 3
2 10

fx/D.4 x/

f'x/ 5104 x*/° 2x/5 20x4 x*/°

dy gme 6x b p 3x
D e B—
dx  dx 3 2 1 3x2 1 3x2
2 3 10
Ft/D  C,
3 11_3 30 3 11

Copyright © 2018 Pearson Canada Inc. >4



BETRONTOR SBABE TIGNS MANUAL

Then, by the Product Rule and this hypothesis,

d xciy=2 d

1=2 k=2
X
dx dx

X

Thus the formula is also true for n D k C 1. Therefore it

is true for all positive integers n by induction.
For negative n D m (where m > 0) we have

Xn=2 i 1
dx dx xm=2
—1 m m=2/
D m 2x
m  jm=2/ n ,2/1
D ZX D 2x
54. To be proved:
fify £,/
D f'f, f,Cfif' f,C Cfif, f!
1 2 n

10.

11.

ADAMS SEC HSSEX3CAPAGEUSS)

0, 2C D 2C

Flt/D 10 . 2D .

zD .1C x%73 /372

2'D %.1C x23 /1= 2% 1=3/ Dx 31cC x 23 j1=2
2

3
—3—

5 4x
3 12
0
YD 5 4y Y Dg gy

yD.1 2t?) 32

y'D 2.1 2t?/ 52, 4t/D6t.1 2%/ >
2x3—2

2

yDj1 x%; y'D 2xsgn.1 x%*/ D
i1 oxj
f.t/ D j2C t3j
0 3 2 ﬁz'z Cc
f'.t/ D (Esgn.2C t°/@.3t“/ 3
D 2/
j2C t3j

y D 4xC j4x 1j
y'D 4C 4.5gn.4x 1//

8 ifx>
0 ifx<

4

D

RPaR |

55 Copyright © 2018 Pearson Canada Inc.
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12 yD.2Cjxj /
y'D $.2C jy?/ 233jx//sgn .x/

2 3 223 X 3 2-3
Djxj .2Cjxj / D xjxj.2 C jxj /

‘<o
o

[\S)
T

2p3XC4 2Cp3XC4

r
x1 2
14 fx/D 1C
3
3
r 1 r 1
X 2 1 3
1
flx/D4 1C
2 x 2 3
3
r r
2 3 1 X 2
C
D
3 x 2 3
1 5=3
15. zD uC
u 1
dz 5 1 8 1
— D = C
du 3 "1 u 1/2
8=3
5 _ 1 _1
D Y1 c
3 u 1/ u 1
2
z593 C
Kﬁ
16. yD 4C

56 Copyright © 2018 Pearson Canada Inc.

19.

I

20.

21

22.

23.

24,

25.

ADAMS SEC BSSEX4CAPSGEUS®)

lope 8

yD4xCj4x 1j

slope 0

d
T f2tCc3/D2f.2t C 3/ -

dt

9 fx x*/ D .5 2x/f'5x x%/
dx

d

dx X X X x2

0 0
4Pscorx/ DX/ fx/

56
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Rs
(04

2f
x/

o

N O W

I

~

p
41 2P x* 3 x6 x

4 C x2/6

5 3x

0
D
Y p3C x®

sP———
x> 3Cjx® 3.4C
x?/%.2x/

h i

4Cx?%/ 5x*.3Cx%/C3x10
ACx2/4 3Cx6

60x4— 3x6—C  32x10 C
Ixi2

x3.3Cx%/.6x/
D

o)
4Cx?%/% 3Cx°
17.

yDj2Ct3j

21=3

7 Copyright © 2018 Pearson Canada Inc.

ADAMS SEC BSSEX4CAPSGEUS®)

d P P 2
26. f. 3c2t/Df'. 3C P
dt 2y 23 2
C
DPp~_ b, 3€2t/
3C 2t
2 *F3c2Pmp ptr c2Pyr
dx 03

d
28. - f 2f 3f.
e 3f.x/

D f! 2f 3f.x/ 2fY 3fx/ 3flx/

De6f'.x/f’ 3f.x/ f' 2f 3f.x/

29. sz 3f.4 5t/

dx
Df'2 3f4 5t/ 3f'4 5t/ .5/

D15f'.4 5t/f' 2 3f.4 5t/

57
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p v
“xvZ
30. d 1°xZ 1 a7.
dx x2C1
xD 2
X
2 2
o5/ 1/ P x
XL
D :
x2C 1/2 O 2
2 P-
5/ —= 3. 4/ 38.
Qﬁ _ 2
D D _
25 2573
dp. . 3 3
3. 7 3t 7
dt b p
: D p :
s 23t 7. 22
1
32. fx/Dp—or
2xC 1 .
1 ) 1
£.4/D )
/P e 1/32 27 39.
xD4
33. yD x3C 9172
. 17 . 17
v b _x’c9fThRT U , 12/ 102
xD 2 2 xD 2

34. Fx/D.1Cx/.2Cx/?3Cx/3.4C
x/4
F'x/D .2Cx/?.3Cx/3.4C x/%C
3
)2()4%)(/.2C x/.3Cx/>.4C

3.1Cx/.2Cx/?.3Cx/%.4C
x/*C

58 Copyright © 2018 Pearson Canada Inc.

40.

ADAMS SEC BSSEX4CAPSGEUS®)

Slope of y D .1C x?73/3=2 atx D 1 is

3 2=3 1=2 z 1=3 R

ACx / X D 2
2 3

The tangent line at . v

xD
p 1;23%2/ has equation
yD232 ' 2xC1/.

b
Theslope ofy .ax b/%atx = is

D C D
a

- :
: D 8a.axC b/, D 1024ab’ :
dX - v
X =a
xDb=a
b
The equation of the tangent line at x D~ and

a
y D .2b/8D 256b® is

8 7

(on

y D 256b C 1024ab x a , or
y D 21%b7x 3 28b8.

Slope of y D 1=.x*> xC 3/32 atxD 2is
3 2 2 M 3 5=2 5

5= JE—
X xC3/  2x 1/ D 9 /.5/D,

2 62

xD 2
1

The tangent line at . 2; 27/ has equation

1

yu27C5 xC 2/.

162

Given that f.x/D .x a/™.x b/"then

f'x/Dmx a/™ x b/Cnx a/x b/ !
1m 1 n 1
Dx a/ x b/ .mx mbCnx na/:

41Cx/.2Cx/?3Cx/%4Cx/3

58



35.

36.

BETRONTOR S SABE TRONS MANUAL

F'.0/ D .22/.33/.4%/C
2.1/.2/.33/.4*/C

3.1/.22/.32/.4%/C

4.1/.2%2/.33/.43/

D 4.2%2 33 4%/ D 110;

592
< =2 6
yD x C .3X/ 2
o 7
y'D 6 xC .3x/°> 2
1 5 3=2 4
1 5 3x/ 0 2 5.3x/ 3
15 4 5 3=2
D 61 2.3x/ 3x/ 2

=2 7
xC .3x/°> 2

P .
The slopeof yD  1C 2x* atx D 2 is

Thus, the equation of the tangent line at .2;
yD3C%x 2/,oryD#xCi:

3 3 3

59

41.

42.

43.

44,

45.

46.

3/ is

Copyright © 2018 Pearson Canada Inc.

ADAMS SEC BSSEX4CAPSGEUS®)

If x @ aand x @ b, then fl.x/ D 0 if and only if

mx mbCnx naDO0;

which is equivalent to

m

x D an:

n
mC na c
This point lies lies between a and b.

x.x* C 2x? 2/=x?C 1,

4.7x*  49x® C 54/=x"

857,592
5=8

The Chain Rule does not enable you to calculate the
derivatives of jxj? and jx?j at x D 0 directly as a com-
position of two functions, one of which is ij’ because ij
is not differentiable at x D 0. However, jxj 2 D x? and

jx?j D x2, so both functions are differentiable at x D 0
and have derivative O there.

It may happen that k D gxC h/ g.x/ D 0 for values

of h arbitrarily close to 0 so that the division by k in the
“proof” is not justified.
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11

12.

13.

14.

15.

BETRONTOR S SABE TRBNS MANUAL

Section 2.5 Derivatives of Trigonometric
Functions (page 126)

d d _cos
cscx X

- D cscxcotx
SInN”® x
2 2
_COS_ X

dx

sin_x

. D «c¢sc x
sin“ x

y D cos3x; y'D 3sin3x

—

X X

Dsin ; y'D _cos :
y 50 Y E 5%

2

yDtan x; y'D sec® x

y D secax; y' D asecax tanax:

y D cot.4 3x/; y'D 3csc?.4  3x/

d 1

<
>

) cos
sin

dx 3 3 3

f.x/D cos.s f'x/Drsins rx/

rx/;

y D sin.AxC B/; y'D Acos.AxC B/

4 gin. x?/D 2 xcos. x2/

dx
d [ 1 v

cos. x/ sin. x/

b _
dx 2px
sinx
prlccosx- y'D
' 2P 1Ccosx

- sin.Zcosx,{D c0s.2cosx/. 2sinx/
dx

D 2sinxcos.2cosx/
f.x/D cos.x C sinx/

60

25.

23.

24.

26.

27.

28.

29.

30.

3L

32.

33.

ADAMS SEC BSSEX5CAPSGEUSE)

d tanx C cotx/D sec?x  csc? x
dx
d
dx .secx cscx/D secxtanx C cscx cotx
d
—.tanx x/ Dsec’x 1D tan’x

dx
itan.3x/cot.3x/ Di.l/ DO
dx dx
d

.tcost sint/ D cost tsint costD tsint
dt

sint D tcost

d tsint C cost/D sint C tcost
dt

d sinx .1 cosx/.cosx/ csinx/. sinx/
D E—
dx 1 Ccosx 1C cosx/?
CoS x 1
C 1
D D
.1C cosx/? ~ 1C cosx
d _cosx b .1 C sinx/. sinx/ €0s.x/.cos x/
2
dx 1C sinx .1C sinx/
_sin x -1
1
D . D .
.1Csinx/? ~ 1Csinx
d

2

2

x €0s.3x/ D 2xc0s.3x/ 3x sin.3x/

dx

P .
g.t/D .sint/=t
gU.t/Dr_il t _cost

2" .sint/=t sin t¢2

tcost sint

N o
2632 sint

v D sec.x?/tan.x?/

Copyright © 2018 Pearson Canada Inc.
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f'x/D .1C cosx/sin.x C sinx/

16. g. /D tan. sin /
gl. /D sin C cos /sec?. sin /

3

17. uDsind. x=2/; u'D . cos. x=2/sin?. x=2/

2

18. yDsec.l=x/; y'D .1=x?/sec.1=x/
tan.1=x/

1
19. F.t/Dsinatcosat .D Zsin 2at/
F'.t/ D acosat cosat asinat sinat
.D acos2at/
sina
20. G. /D
/ cosb
a cosh cosa C b sin
a_sinb
G. /D
/ cos? b
d . .
21. sin.2x/ cos.2x/ 2c0s.2x/ 2sin.2x/
D C
dx
. d
9 4 os2x sin?x/D € cos.2x/
dX dX

D 2sin.2x/ D 4sinxcosx

61 Copyright © 2018 Pearson Canada Inc.

34.

35.

36.

37.

38.

39.

ADAMS SEC BSSEX5CAPSGEUSE)

v! D 2xsec.x? /téh %k / C 2x3ec?x /

2,
=]

sinpx
DT —— P
z 1C cos
X
p .
.1 C cos x/.cos x=2 x/ .Sin - x/.
X=2 X p
.1Ccos x/2
EM 1
X

D D
Pxic cos px/2 2Px.1¢ cos px/

d sin.cos.tant D .sec® t/.sin.tant// cos.cos.tant//

dt//

f.s/D cos.sC cos.s C coss//
fls/D
CEsin.s

(E1 .sin.sC coss//.1 sin
s/@

Differentiate both sides of sin.2x/ D 2sinxcosx and

C cos.s C coss/ /@

divide by 2 to get cos.2x/ D cos?x  sin®x.
2 2
Differentiate both sides of cos.2x/ D cos x sin x and

divide by 2 to get sin.2x/ D 2sinx cosx.

Slope of y D sinx at. ;0/iscos D 1. Therefore
the tangent and normal lines to y D sinx at . ;0/ have

equationsy D x /andy D x , respectively.
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40. The slope of y D tan.2x/ at .0;0/ is 2sec.0/ D 2.
Therefore the tangent and normal lines to y D tan.2x/ at
.0;0/ have equations y D 2x and y D  x=2, respectively.

41, Thbglope ofy o p2 cos.x=4/at. ;1/ is
arid 2=4/sin. =4/ D __1=4. Therefore the tangent

normal lines to y D p2 cos.x=4/ at . ;1/ have equations
yD1 x /=4andyD 1C 4.x /, respectively.
42, The slope of y u‘_c,gsz x at. =3;1=4/is
sin.2 =3/ D 3=2. Therefore the tangent and normal

lines to y uta&ZX/ at .0;0/ have equations

y D .1=4/ 3=2/x . =3// and
y D .1=4/C .2=p3/.x . =3//,
respectively.
X X
43. Slope of y usin.x'/ usin is y' o
p y usinx'/ u y' o 180005 180

At x D 45 the tangent line has equation
1

D C X 45/.
yep 180p2 /

2
X
44, Fory D sec.x*/ D sec ~ we have
180
d
& ot X
D sec
dx 180 180 180
o]
P3,p- 3,
90

At x D 60 the slope is 2
180

. 90 .
Thus, the normal line has slope —p; and has equation

90
yD2 —B?x 60/.

45. The slope of y D tanx at x D a is sec?a. The tan-
gent there is p‘ggllel toy D 2x ifsecka D 2, or

cosa D ~1= 2. The only solutionsin . =2; =2/
are a D = =4. The corresponding points on the graph are
. =4;1/and . =4;1/.

46. The slope of y D tan.2x/ at x D a is 2sec®.2a/. The
tangent there is normal to y D  x=8 if 2sec?.2a/ D 8,

62
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ADAMS SEC BSSEX5CAPSGEUSE)

y D x C sinx has a horizontal tangent at x D because

dy=dx D 1C cosx D 0 there.

y D 2x C sinx has no horizontal tangents because
dy=dx D 2C cosx 1 everywhere.

51. y D x C 2sinx has horizontal tangents at x D 2 =3 and
x D 4 =3 because dy=dx D 1C 2cosx D 0 at those
points.

52. y D x C 2cosx has horizontal tangents at x D =6 and
x D 5 =6because dy=dx D 1 2sinx D 0 at those
points.

tan.2x/ sin.2x/ 2
53. lim 2L * 12 2
lim ——————
D D D
x10 X x¥0 2X  C0S.2x/

54.  lim sec.1C cosx/D sec.1 1/ DsecOD 1

X 2
2 X 2 2
55. limx cscxcotx D lim cosxD1 1D1
x %0 x%0 sInx
2 2
. co! . i
86. lim cos * Jimcos M cos
) D D D
x %0 X x¥0 X
2 2
1 | 1 sin.h=2/

B@s hlim ~— = -

v o h? D lim b2 D lim 5 he2 D

] h¥o h¥o
58. £ will be differentiable at x D 0 if
2sin0C 3cos0D b; and
Q.ZSinx C 3cosx/~ D a:
dx xDO0

Thus we need bD 3 and a D 2.

59. There are infinitely many lines through the origin that are

tangentto y D cosx. The two with largest slope are
shown in the figure.
Yy a
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47.

48.
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or cos.2a/ D ~1=2. The only solutions in . =4; =4/
areaD - =6. The corrg_ggonding points on the graph are

. =6;p3/ and . =6; 3/

d §inx D cosx D 0 at odd multiples of =2.
dx
d
= cosx D sinx D 0 at multiples of
X

* secx D secxtanx D 0 at multiples of
X

cscx D cscxcotx D 0 at odd multiples of =2.

'Flzm(us each of these functions has horizontal tangents at
infinitely many points on its graph.

d tanx D sec? x D 0 nowhere,
X

oo

cotx D csc? x D 0 nowhere.
dx

Thus neither of these functions has a horizontal tangent.

63

60.

61.

ADAMS SEC BSSEX5CAPSGEUSE)

y D cosx

Fig. 2.5-59

The tangenttoy D cosx at x D a has equation

y D cosa .sina/.x a/. This line passes through
the origin if cosa D asina. We use a calculator with

a “solve” function to find solutions of this equation near
aD and a D 2 as suggested in the figure. The so-
lutions are a 2:798386 and a  6:121250. The
slopes

of the corresponding tangents are given by  sina, so they
are 0:336508 and 0:161228 to six decimal places.

1

2 C3.2 3?2 4 C3/=
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62. a) As suggested by the figure in the problem, the square

of the length of chord AP is .1 cos /2C.0 sin /2,

and the square of the length of arc AP is 2. Hence

.1Ccos /2Csin? < %

and, since squares cannot be negative, each term in
the sum on the left is less than 2. Therefore

0 j1 cos j<jij 0O jsinj<jij:

Since lim woj j D 0, the squeeze theorem implies

that

lim1 cos DO; limsin DO:

LN} LY

From the first of these, lim sgcos D 1.

b) Using the result of (a) and the addition formulas for

cosine and sine we obtain

lim cos. ¢ C h/ D lim.cos gcosh sin osinh/ D cos o

h¥o h¥o
lim sin. ¢ C h/ D lim.sin gcosh C cos osinh/ D sin q:

h¥0 h¥0

This says that cosine and sine are continuous at any
point .

Section 2.6 Higher-Order Derivatives
(page 131)

2x/7
2x/°

1. yD .3
y'D 14.3

y"D 168.3 2x/°

o 1680.3
%X/Q

10.

11

12.

ADAMS SEC BSSEX6CAPAGEUSY

3 3
0 5-3 7-3
D
Y52 ¥ 9
10 28
o 8=3 10-=3
YD g T X
y D x10 C 2x8 y00 D 90x® C 112x°

y' D 10x°C 16x7 y® D 720x7C 672x°

yD x2C 3/p?( D x52 C 3x172

15 3
00 1=2 3=2
D x X
Y 4 4
15
YDy 12 9 52
8
% 4
D 0
Py y'Po s
eC
2 12
0
D 0
y x 1/ y" D 4
c xC1/
yDtanx  y?D 2sec’xtanx
y'Dsec?x  y™ D 2sec* x C 4sec? x tan? x
y D secx y" D secxtan®x C sec® x

y' D secxtanx  y™ D secxtan®x C 5sec’ xtanx

y D cos.x?/ y"D 2sinx?/ 4x?cos.x?/
y'D 2xsinx?/ y™D 12xcos.x?/C 8x3sin.x?/

D sinx
y X
)~ COS X sinx
y
X x2

64
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, 1
y Dx ; y00 D2 —3
X
1 6
0 0
y'D 2xC =z y" D ”
6
2
D D6x 1
Y'Y x 1/2 x 1/
y'D 12x 1/ 3
y'D36x 1/ *
y"D 144x 1/ °
P 2
yD axChb y' D 4
a 4.axC
b /3-2
y'D p—nn 3a3—
2 axChb WD)
y B.ax b/

65
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y? D .2 x*/ 2 _cos
sin x X x2
y" D x? ) 3.x%2 2
.6 x“/ sin x
cos XX3 c <4
,1 1
13. fx/D Dx
X
f'x/D x 2
fOU.x/ D2x 3

f¥%x/D 3% *
f4/ x/D 48x °

Guess: f/.x/ . 1/
D nSx ./

.nC1/

Proof: (*) is valid for n D 1 (and 2, 3, 4).
Assume ¥/ x/D . 1/5kSx *€1/ for some k 1

Then £kC1/ x/D . 1/Kk§ .kC 1/ x *C1/ 1

.
Therefore, (*) holds for n D 1;2; 3;::: by induction.

Copyright © 2018 Pearson Canada Inc.

1/“‘31.1<C 1/8x -KC1/C1/ which is (*) for 5 kcl.
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15.
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fx/ D lZDx2
X
flx/D 2x 3

fP%x/D 2. 3/x *D35x * 5
f3/x/D 2. 3/. 4/x °D 48x
5

Conjecture:

f/ x/D. 1/°.nC 1/8x "%/ fornD 1;2;3;::

Proof: Evidently, the above formula holds for n D 1; 2
and 3. Assume it holds for n D Kk,

ie., f-k/_X/ D. 1/k.kC 1/§X -kC2/.
Then

f.kcl/.x/ D if-k/.x/

dx

D. 1/%kC 1/SCE. 1/.kC 2/Bx
kC2/ 1

D. 1/%°tkC 2/5x
OE.kCl/CZ:

Thus, the formula is also true for n D k C 1. Hence it is
true for n D 1; 2; 3; ::: by induction.
1
1
fx/D D.2 x/
2 X

x/2

x/3

f'x/D C.2
fP'x/D 2.2

£0°°.x/ D C35.2 x/

Guess: f-"/.x/DnS.2 x/ MmCl/

/

Proof: (*) holds for n D 1;2;3.

Assume f-¥/ x/ D kS.2 x/ K€V (ie. (*) holds
for

n D k)

'{pen fkCl/ x/DkS kC1/2 x/ K¢/ 1,

66 Copyright © 2018 Pearson Canada Inc.
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Thus, the formula is also true for n D k C 1. Hence, it is

true for n 2 by induction.
7. fx/D L b achx 1
. x/ aChbx 02 x/

f'x/D b.aC bx/ 2

f%x/D 2b%.aC bx/3?
f¥x/D 3Sb%.aCbx/ 4

Guess: f/.x/D . 1/™nSb™.aC bx/ "¢/ ./
Proof: (*) holds for n D 1;2;3

Assume (*) holds for n D k:

f*/ x/D. 1/%kSb¥.aC bx/ KCV/
Then

kC1/ 1

ke1y kC 1/ .aCbx/ b/

x/D. 1/"k3b

D. 1/X¢lkCc  *ClacC bx/-kC1/Cl/

1/5b

So (*) holds for n D k C 1 if it holds for n D k.
Therefore, (*) holds for n D 1;2; 3; 4;::: by induction.

18. fx/px*3
0 2 13
f .x/D ;x
f"x/D 2. Llx 43

3 3
f%x/D 3. 3/. £/x 73
Conjecture:

£ x/ 2.1/ 1
B3

Proof: Evidently, the above formula holds for n D 2 and
3. Assume that it holds for n D k, i.e.

1 4 7 3k 5/

£ x/D2. 1/ 1 x 3k 2/,

66



BETRONTOR SBABE TEINS MANUAL

D .kC1/8.2 x/ ~KC1/C1/,
Thus (*) holds for n D k C 1 if it holds for k.
Therefore, (*) holds for n D 1;2; 3;::: by induction.
6. f.x/D Pz D x1=2
flx/D %x 1=2

fOD.X/ D 1 i 1/X 3=2
5 7
000 1 1 3
oX/D = =/ 2/x
21 21 2 3 5
M x/D ot 30 0 x

. 2 2 2
Conjecture:

1 3 5
'n/.X D. 1 n — —+~ - .2n 1/=2 .
P/ G n

2n

Proof: Evidently, the above formula holds for n D 2;3 and
4, Assume that it holds for n D k, i.e.
1 3 5

f'k/_ 1 k 14—~ 2k 1/=2,
Xé o83 X '
Zk
Then
d
kC1/ ks
£C1 x/ D £ x/
1 3 s 2Kk
D. 1/5 Y5 3 i x CE.2k 1/=28
2K 2
13 5 2k
p. 1V 7@k ¢ 1/ xaz <Y

2kC1

67 Copyright © 2018 Pearson Canada Inc.
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3
Then,
£kC1/.x/ D d £5/ x/
dx b
_131 4 5/ 7 .3k 2
2. k1 ¢ E3k 2/=38 1
6/ 3k 3
3‘?@’3.1(1 C 4i/ e --:3K 26E3-kC1/
D2. 1 X
/ 3KC 1/

Thus, the formula is also true for n D k C 1. Hence, it is

true for n 2 by induction.

19. f.x/D cos.ax/

f'x/ D asin.ax/
fOU.x/D azcos.ax/

f%.x/ D a®sin.ax/
4 x/p a* cos.ax/p a*fx/

.n/ 4 n 4/
It followsthat f .x/Da f x/ forn 4, and

n

8

a cos.ax/ ifnD 4k

a"sin.ax/ ifnD4kC 1
n

f'“/.X/D kDO; 1; 2; :::/

a cos.ax/ ifnD 4kC 2

a"sin.ax/ ifnD 4kC 3
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Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the

overall formula.

20. f.x/D xcosx
flx/Dcosx xsinx
f'x/D 2sinx xcosx
f"x/D 3cosxC xsinx

-4/ x/D 4sinx C x coSx

This suggests the formula (for k D 0; 1; 2; :::)
8 . .
2nsme xcosx ifnD 4k
ncosx xsinx ifnD4kC 1
n/
2 .x/D nsinx xcosx ifnD 4kC 2

ncosx C xsinx ifnD 4kC 3

Differentiating any of these four formulas produces the one

for the next higher value of n, so induction confirms the
overall formula.

21. f.x/D xsin.ax/
f'.x/ D sin.ax/ C ax cos.ax/

f%x/ D 2acos.ax/ a®x sin.ax/

f"x/D 3a’sinax/ a’x
cos.ax/

f4/ x/D 4a’cos.ax/C a*x
sin.ax/
This suggests the formula

8
na" ! cos.ax/ C a"xsin.ax/ if nD
4k
< n 1 n )
£/ x/D na sin.ax/C a xcos.ax/ ifnD4kC1

na® lcos.ax/ a®"xsin.ax/ ifnD 4kC
2

" na" lsinax/ a"xcos.ax/ ifnD 4kC

3

68
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The pattern suggests that
.nC1/

sgnx if n is odd
£&/ D ’

nC1/ if n is even

nSjxj
Differentiating this formula leads to the same formula with
n replaced by n C 1 so the formula is valid for alln 1

by induction.

23. fx/D pl 3xD .1
1

flx/D . 3/.1 3x/1?

3)(/1=2

1 1 .
 x/D—~ = .3/1 3x/°?
2 2
3
1 1
f%x/D . 3/31 3x/ 52
2 2
2
1 1 3 5 .
f4x/D- = = = . 3/%1 3x/772
/ 2 2 2 2 / /
5 .2n

1 3 B
Guess: f"/.x/D 37 _
21’1
A 3x/ 2m /2y
Proof: (*) is valid for n D 2;3;4; (but not n D 1)

Assume (*) holds for n D k for some integer k 2
1 3 5 = 2k 3/
3k
Kk

1 3x/ 2k /=2

ie., f¥x/D

1 3 5 2k
Then £¥C1/ x/D -
3/ ax
2k
2.k
1/ 1 3x/ kU2 3
1/ - / /
2
1 35 2k 1/ 1
C 1 kC1
D Jkc 3
for k D 0; 1; 2; :::. Differentiating any of these four

formulas produces the one for the next higher value of
n, so induction confirms the overall formula.
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1 3x/ 2.kC1/ 1/=2
Thus (*) holds for n D k C 1 if it holds for n D k.

1. d. .
22. fx/D .~ Djxj !. Recall that | Jjxj D sgnx, so
1XJ dx

fO.X/D ixj Zsgnx:

If x @ 0 we have

d 2
sgnx D 0 and .sgnx/“ D 1:
dx

Thus we can calculate successive derivatives of f using

the product rule where necessary, but will get only one

nonzero term in each case:

fx/ D 2jxj 3.sgnx/? D 2jxj 3
f3/x/D 3Sjxj *sgnx

4/ x/ D 45jxj
5.

69 Copyright © 2018 Pearson Canada Inc.

24,

25.

26.

ADAMS SEC BSSEX6CAPAGEUSY

Therefore, (*) holds for n D 2;3;4;::: by induction.
If y D tan.kx/, then y' D ksec?.kx/ and

y" D 2k%sec?.kx/tan.kx/
D 2k?.1C tan?.kx//tan.kx/ D 2k?y.1C y?/:

If y D sec.kx/, then y’ Dk sec.kx/tan.kx/ and

y" D kZ?.sec?.kx/tan?.kx/ C sec3.kx//

Dk y2Zsec .Bx/ 1/D K’y.2y* 1/

To be proved: if f.x/ D sin.ax C b/, then

k n
£/ x/D - 1/ asin.axCb/ if nD 2k

. 1/%a"cos.axCb/ ifnD2kC 1

for k D 0; 1; 2; ::: Proof: The formula works for k D 0
(nD2 0DOandnD2 0C 1D 1):

f% x/Dfx/D. 1/%°sin.axC b/ D sin.axC b/
f/x/Df'x/D. 1/%%'cos.axC b/ D acos.axC

b/
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Now assume the formula holds for some k 0. Section 2.7 Using Differentials and

IfnD 2.kC 1/, then Derivatives (page 137)
n/ d n 1/ d .2kC1/ 0:01
ax dx D 2 dx D 92 D 0:0025.
d k 2kC1 If x D 2:01, theny 0:5 0:0025D 0:4975.
D .1/ a cos.axC b/
dx _ 3dx 3
B BEfx/ dfx/ o °  -.008/D 0:06
D
P/. 1/k01aZkC2 sin.ax C 2 3xC1 4
£.1:08 f.1/C 0:06 D 2:06.
and ifnD 2.kC 1/C 1D 2kC 3, then / / ; ) 1
i in — -.1/—D —.
d 3. =1h.t/ dht/DB-sin 7 dt ) 1/ m 20
4
£ x/u . 1/KC1a2kC26in ax C
dx b// h2c X h2/ Lp L.
D. 1/KC1a2kC3 o5 ax C 10 40 40
: 1 1
b/: 1 28 4 1

Thus the formula also holds for k C 1. Therefore it holds

for all positive integers k by induction.

4. Zlu dubD 4sec

D ,-2/- 0:04/D 0:04

IfsD 0:06,thenu 1 0:04 0:96.

27. If y D tanx, then If y D x%, then 1y dy D 2xdx. Ifdx D
.2=100/x,then =1y  .4=100/x2 D .4=100/y, S0
y'Dsec?xD 1Ctan?x D 1C y? D P,.y/; y increases by about 4%.
where P, is a polynomial of degree 2. Assume that 6. Ify D 1=x, then Zly dy D . 1=x?/dx. If
y™/ D Pic1.y/ Where P,c; is a polynomial of degree dx D .2=100/x, then 21y . 2=100/=xD .
2=100/y, so
n C 1. The derivative of any polynomial is a polynomial y decreases by about 2%.
of one lower degree, so 7. Ify D 1=x2, then 21y  dy D . 2=x3/dx. If
d dx D .2=100/x, then =1y . 4=100/=x’D .
ync1/p 9o, y/pp gy B Pny/ACy*/D  2y/i 4900y,
dx °© 4k c S0 y decreases by about 4%.
a polynomial of degree n C 2. By induction, 8. Ify D x* then Zly dy D 3x*dx. Ifdx D
.2=100/x, o
.d=dx/"tanx D P,c;.tanx/, a polynomial of degree then Z1y  .6=100/x> D .6=100/y, so y increases by
nC 1in tanx. about 6%.
0 0 0 U I 00 0 9Ipohd le—ZQdIf
28. .fg/"D .f'gCfg/Df'gCf'gCf'g'Cfg . y x, then dy ly 1=2""x/dx.
D fUUg C Zfﬂgﬂ C ngO d
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=Z1x D .2=100/x, then =1y .1=100/
S0 y increases by about 1%.
20, fg/3/ | fg/"
D dx
d 0 00 00
D dx(Ef gC2f'g C fg

D f3/gc fODgO C 2f00g0 C szgOO C ngUU C fg3/

D f-3/gcC 3f"’C 3f'g" C fg3/:

d
fg/ fg/3
D dx’
X 0 0 0w 3/
d 3/
D gC3f gC3fg Cfg
dX
CEf

D f*/gC f3/g'C 3f3/g' C 3f"g" C 3f"g"
C 3f'g3/C f'g3/C fg*/
D f*/gcC 4r-3/g' C 6f"g" C 4f'g3/ C

fg'4/:
nS
fg/™ Df"gCnfn 1/g" . £ 2/gh
c ZS.vn
2/S
nS
C———fn3/g3/Cc Cnflg™ ¥C
3S.n fg“/
3/8
N y
k#nS n K/
<
D

“ g
oo kS k/ §
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13.

14.
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x D .1=100/y,
If yDx 273 then Ely dyD. 5-3dx. If
2=3/x
dx D .2=100/x, then Z1y . 4=300/x*73 D .
4=300/y,
so y decreases by about 1.33%.
4 3 2

|fVD3r,then =V dV D 4 r dr. Ifrin-
creases by 2%, then dr D 2r=100 and 21V 8
r3=100.

Therefore Z1V=V
about

6%.

6=100. The volume increases by

If V is the volume and x is the edge length of the cube

thenvV D x3. Thus =1V dv D [=Ex. If
3x?
=1V D .6=100/V, then 6x3=100  3x%dx, so

dx .2=100/x. The edge of the cube decreases
by about 2%.

Rate change of Area A with respect to side s, where

dA i .
AD s?, is g D 2s: When s D 4 ft, the area is changing

at rate 8 ft2/ft.

p___ P__

IfAD s? thens D Aandds=dA D 1=.2 A/.
2

If A D 16 m , then the side is changing at rate
ds=dA D 1=8 m/m?,
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19.

20.

21.
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The dli_meter D and area A of a circle are related by
D D 2° A= . The rate_of change of diameter with respect

to area is dD=dA D p1=. A/ units per square unit.

Since AD DZ2=4, the rate of change of area with respect
to diameter is dA=dD D D=2 square units per unit.

4
Rate of change of V. D 7 r3 with respect to radius r is

dv
_r D 4 r2, When r D 2 m, this rate of change is 16
m3/m.

Let A be the area of a square, s be its side length and L
be its diagonal. Then, L> D s? C s® D 2s? and
dA

ADs?D 312 so L D L. Thus, the rate of change of

the area of a square with respect to its diagonal L is L.

If the radius of the circle is r then C D 2 r and

AD r2. r__
A p—P
Thus C D 2 D2 A.
Rate onghange of C with respect to A is
dC
—D D -
dA pX_ r

Let s be the side length and V be the volume of a cube.
ds 1 2:=3

ThenV D s3 ) s D V13 and aw D,V . Hence,

the rate of change of the side length of a cube with re-
spect to its volume V is LV 273,
Volume in tank is V.t/ D 350.20 t/2 L att

min. a) At t D 5, water volume is changing at

rate

D 70020 t D
/

10;500:

tD5 tD5

Water is draining out at 10,500 L/min at that time.

At t D 15, water volume is changing at rate

62
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The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. F D k=r? implies that dF=dr D 2k=r3. Since

dF=dr D 1 pound/mi whenr D 4;000 mi, we have
2k D 4;0003. If r D 8;000, we have
dF=dr D .4;000=8;000/> D 1=8. Atr D 8;000 mi F

decreases with respect to r at a rate of 1/8 pounds/mi.

24. If price = $p, then revenue is $R D 4;000p 10p2.
a) Sensitivity of R to p is dR=dp D 4;000 20p. If
p D 100, 200, and 300, this sensitivity is 2,000 $/$, 0
$/$, and  2;000 $/$ respectively.
b) The distributor should charge $200. This maximizes

the revenue.

25. Cost is $C.x/ D 8;000 C 400x  0:5x>

manufactured.

if x units are
a) Marginal cost if x D 100 is

€".100/ D 400 100 D $300.

b) C.101/ C.100/ D 43;299:50 43;000 D $299:50
which is approximately C°.100/.

26. Daily profit if production is x sheets per day is $P .x/
where

P.x/D 8x 0:005x%> 1;000:

a) Marginal profit P".x/ D 8 0:01x. This is positive if
x < 800 and negative if x > 800.

b) To maximize daily profit, production should be 800
sheets/day.

27. CD ——

(@ nD 100; . D

2. Thus, the marginal cost of
dn
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> D 70020 t/
tD15 tD15

dt D 3;500:

Water is draining out at 3,500 L/min at that time.
b) Average rate of change between t D 5 and t D 15 is

vV.15/ vV 350 .25
.5/ 225/ 7;000:
D D
15 5 10

The average rate of draining is 7,000 L/min over that

interval.

22. Flowrate F D kr*, so (ZIF  4kr3 =r. If (A F

D F=10, then

4
= K p

40kr3 40kr3
0:025r:

63 Copyright © 2018 Pearson Canada Inc.
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production is  $2.

dC 82 .
® np 3000 D _ 9:11 Thus, the marginal cost
“dn

of production is approximately $9.11.

2
28. Daily profit P D 13x Cx D 13x 10x 20 1XT)

%2

D3x 20

1000
Graph of P is a parabola opening downward. P will be

maximum where the slope is zero:

dp
v b3 2 4xD 1500
dx 1000

Should extract 1500 tonnes of ore per day to maximize
profit.
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One of the components comprising C.x/ is usually a fixed
cost, $S, for setting up the manufacturing operation. On a
per item basis, this fixed cost $S=x, decreases as the num-
ber x of items produced increases, especially when x is
small. However, for large x other components of the total
cost may increase on a per unit basis, for instance labour
costs when overtime is required or maintenance costs for

machinery when it is over used.
Cx/

Let the average cost be Ax/ D ~ The minimal av-

erage cost occurs at point where the graph of Ax/ has a
horizontal tangent:

gﬁl xC tx/

0D D

dx X2

C.x/
Hence, xC’.x/ C.x/ D 0 C'x/ D D Ax/.

Thus the marginal cost C°.x/ equals the average cost at
the minimizing value of x.

If y D Cp T, then the elasticity of y is

Q(_ly Db r 1

D . C Dr:
y dp Cp * r/Cp

Section 2.8 The Mean-Value Theorem
(page 144)

fx/Dx%* flx/D2x
b>— a2 f b
.a
bCaD D
b b a
b C
a
Dflc/D2c DcD )
1 1
If f.x/D o and f’x/D - then

1 1 flc/

64
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If f.x/ D cosx C .x2=2/, then f'.x/ D x
forx > 0. By the MVT, ifx > 0, then
fx/ f.0/ D flc/.x 0/ forsomec > 0, so
fx/ > f.0/ D 1. Thus cosx C .x2=2/ > 1 and
cosx > 1 .x%=2/ for x > 0. Since both sides of the
inequality are even functions, it must hold for x < 0 as
well.

Let f.x/D tanx. If 0 <x < =2, then by the MVT

sinx > 0

fx/ £.0/D fc/.x 0/ for somecin.0; =2/.

Thus tanx D xsec? ¢ > x, since secc > 1.

Letf.x/D .1Cx/f 1 rx wherer >1.
Then f'x/Dr.1Cx/r 1 r.
If 1 x<O0then fl.x/ <0; if x >0, then f'.x/ > 0.

Thus f.x/>f.0/DO0if 1 x<O0orx>0.

Thus .1C x/f >1Crx if 1
r

Let f.x/D .1C x/ where 0 <r < 1. Thus,

x <0orx=>0.

f'x/ D r.1C x/° 1. By the Mean-Value Theorem, for
X 1, and x @ 0,

f x/ £ 0/
Dfc/
x 0

1 X/t~ 1
D Dr.1Cc/ !t

X

for some c between 0 and x. Thus,
A1Cx/"D1Crx.1Cc/m 1.

If 1 x<O0,thenc<0and 0<1C c<1. Hence
ACc/m '>=1  sincer 1<0/;
rx.1Cc/f ! <rx .since x < 0/:
Hence, .1C x/" <1C rx.
If x > 0, then
c>0
1Cc=>1
ACc/ <1
r 1
rx.1C c/ <rx:

Hence, .1C x/" < 1C rx in this case also.
Hence, .1C x/" <1C rx foreither 1 x<O0orx=>0.

Iffx/ D x® 12xC 1,then f'x/ D 3.x> 4/.
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The critical points of f are x D "2 fis
increasing on

where ¢ D p? lies between 1 and 2.

3. fx/Dx3 3xC1 flx/D3x* 3,aD 2,bD2 9.
f b/ ff .2/ f .2/

-a/ D 4
b a 8 6 C 1 . 10
,8C 6C 1/ '

4
4

Dle

flc/D3c2 3 1L

[

3¢2 3D1D>3c2D4)ch - p3
(Both points will be in . 2;2/.)
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1; 2/ and.2; 1/ where fl.x/ > 0, and is decreasing
. 0
on. 2:2/ where f_X/< 0.

If f.x/ D x?> 4, then f'.x/ D 2x. The critical point of

f isx D 0. f is increasing on .0; 1./ and decreasing on
1;0/.

Ify D1 x x5 theny’D 1 5x* < 0forall
x. Thus y has no critical points and is decreasing on the

whole real line.
If y D x3 C 6x2, then y" D 3x2 C 12x D 3x.xC 4/. The
critical points of y are x D 0 and x D 4. y is increasing

on. A; 4/ and.0; 1/ wherey’ > 0, and is decreasing
on. 4;0/ wherey' <0.
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If f.x/Dx2C 2xC 2then fl.x/D 2xC 2D 2.xC 1/.
Evidently, f'.x/ > 0ifx > 1and f'x/ <0ifx < 1.

Therefore, £ is increasing on . 1; 1./ and decreasing on
a; 1/.

fx/Dx3 4xC1

flx/ D 3x? 4

fO.x/>0ifjxj>|52)
—

£, 0 if jxj
x/ < jXj < p=

- . 2 2
f is increasingon . 1; Ia?/ and p; 1/

[\S}

f is decreasing on . p23: pz?/:

If f.x/ D x3 C 4x C 1, then f'.x/ D 3x? C 4. Since
£'.x/ > 0 for all real x, hence f.x/ is increasing on the
whole real line, i.e, on. 1;1/.

fx/D x%2 4/2

f'x/D 2x2.x* 4/D 4xx 2/xC2/
f'x/>0ifx>20r 2<x<0
f'x/<0ifx< 20r0<x<2

f is increasingon . 2;0/ and .2; 1 /.

f is decreasingon. 1; 2/ and .0;2/.

X .
. Evidently,
x2C 1/2

If f.x/ D then f.x/ D

x2C1

flx/>0ifx <0and fl.x/ < 0 if x > 0. Therefore, £
is increasing on . 1;0/ and decreasing on .0; 1./.

fx/Dx3.5 x/?

f'x/ D 3x%.5 x/2C2x35 x/.
1/

D x2.5 x/.15 5x/

D 5x2.5 x/.3 x/

flx/>0ifx<0,0<x<30rx>5

flx/<0if3<x<5
f is increasingon . 1;3/ and .5;1/.

f is decreasing on .3;5/.

If f.x/ D x 2sinx, then fl.x/ D 1 2cosx D 0 at
xD ~ =3C2n fornDO0; " 1; ~2;:::.
f is decreasingon. =3C2n ; C 2n /.

f is increasing on . =3C 2n ;
integers n.

=3C 2.nC 1/ / for
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There is no guarantee that the MVT applications for
and g yield the same c.

CPs x D 0:535898 and xD 7:464102

CPs x D 1:366025 and x D 0:366025
CPsx D 0:518784and xD 0
CP x D 0:521350

If x; <x; <:::<xybelongto I, and f.x;/ D 0,
.1 i n/, then there exists y; in .x;;Xjc1/ such that
flyi/DO0,.1 i n 1/by MVT

For x @ 0, we have f'.x/ D 2xsin.1=x/ c0s.1=x/
which has no limitasx ¥ 0. However,

1.0/ D lim, s f.h/=h D limyyohsin.i=h/ D 0
does exist even though £° cannot be continuous at 0.

If £0 exists on (Ea; bl and f'.a/ = f'.b/, let us assume,
without loss of generality, that f'.a/ > k = f'b/. If
g.x/D f.x/ kx on (Ea; b@, then g is continuous on
(Ea; b because f, having a derivative, must be continuous
there. By the Max-Min Theorem, g must have a maximum
value (and a minimum value) on that interval. Suppose the
max- imum value occurs at c. Since g'.a/ > 0 we must
have

c > a; since g'.b/ < 0 we must have ¢ < b. By Theorem
14, we must have g’.c/ D 0 and so f'.c/ D k. Thus f°

takes on the (arbitrary) intermediate value k.

x C 2x%sin.1=x/ ifx =0

f.x/D
x/ if x D 0.
f 0 C h/ f .0/
U -
a) f .O/Dhll!m0
. h C 2h? sin.d1=
D,fim, h/
h
D Ii'm.1C2hsin.1= D 1;
h¥o0 h/

because j2hsin.1=h/j 2jhj ¥ Oash ¥ 0.

b) For x & 0, we have
f'x/ D 1C 4xsin.1=x/ 2c0s.1=x/:
There are numbers x arbitrarily close to 0 where

flx/ D 1; namely, the numbers x D ~1=.2n /,
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If f.x/D x C sinx, then f'.x/D 1C cosx 0
f'.x/ D 0 only at isolated points x D = ; ~3 ;:u.

Hence f is increasing everywhere.

If f.x/ D x C 2sinx, then f’.x/ D 1C 2cosx > 0
if cosx > 1=2. Thus f is increasing on the intervals

. 4 =3/C2n ;.4 =3/C 2n / where n is any
integer.

f.x/ D x3 is increasing on . 1;0/ and .0; 1L/ because
flx/ D 3x% > 0 there. But f.x;/<f.0/D 0<f.xy/
whenever x; < 0 < xp, S0 f is also increasing on inter-
vals containing the origin.

67 Copyright © 2018 Pearson Canada Inc.
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where n D 1, 2, 3, :::. Since £.x/ is continuous at

every x 0, it is negative in a small interval about
jo)

every such number. Thus £ cannot be increasing on

any interval containing x D 0.

Let a, b, and c be three points in T where f vanishes;
that is, f.a/D f.b/D f.c/ D 0. Suppose a <b <c. By

the Mean-Value Theorem, there exist points r in .a;b/ and
s in .b;c/ such that f'.r/ D f’.s/ D 0. By the Mean-
Value Theorem applied to £ on (Er; sB, there is some
point

t in .r;s/ (and therefore in I) such that .t/ D 0.

67



BETRONTOR SSABE THINS MANUAL ADAMS SEC HSSEXSCAPSGEUL4)

32. If £-0/ exists on interval I and £ vanishes at n C 1 dis- 3. x*CxyDy3
tinct points of I, then £-7/ vanishes at at least one point Differentiate with respect to x:
of I. 2xCyC XgUD3y2yU
2x Cy
Proof: True for n D 2 by Exercise 8. 'D
Assume true for n D k. (Induction hypothesis) y 3y x

Suppose n D k C 1, i.e.,, £ vanishes at k C 2 points of I

and £-kC1/ exists. 4, x’y Cxy®> D2
By Exercise 7, £! vanishes at k C 1 points of I. 3x%y C x3y'C y® C 5xy*y' D 0
By the induction hypothesis, £-¥C1/ D _£?/-K/ vanishes at y'D 3x 2y y®
a point of I so the statement is true for n D kC 1. x3 C 5xy*
Therefore the statement is true for all n 2 by induction.
(case n D 1 is just MVT.) 5. Xzy: D2x vy :
. 2xy> C 3x D 2
33. Given that £.0/ D £.1/D 0 and £.2/ D 1: A Y
0 -
a) By MVT, Y " 3xey2 1
fi(sz ,}_Q 6. x2C4y 1/2°D4
fla/D D D «
2 0 2 0 2 2xC8y 1/y'D0,s0y’D
41 y/

for some a in .0;2/.

2 2
b) By MVT, for some r in .0;1/, 7 2 ¥y ¥ pxC
xCy y Yy
f .1/ f .0/ 8 Thus xy y? D x3Cx?yCxy Cy?, or x3Cx?yC2y2 D 0
0 N .
flr/D 10 b 1 0 D 0: Differentiate with respect to x:
3x2 C 2xy C x°y'C 4yy' D 0
Also, for some s in .1;2/, 3x2 C
y'D T —=
f2/ £/ 1 Zxyx* C
0 4y
fls/ D D D 1: b
2 1 2 1 8. x xCyD8 xy
Then, by MVT applied to £ on the interval (Er;sf, Prcy yC x_pl_ ACYY/D vy xy'
for
some b in .r;s/, 2 xCy P
2xCy/Cx1Cy'/D é xCy.yC xy"/
Lg f lr/ 0 3x C 2y C 2y x Cy
) . & y'D P
)
f7.b/D s r DS r xC2x xCy
1 1
— - 9. 2x2C3y2D5
D
s r 2
4xC 6yy'D 0
since s r <2. At.1;1/: 4C6y' DO, y'D 2
c) Since f.x/ exists on (E0; 2@, therefore f'.x/ is con- 2 3

68 68
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tinuous there. Since fl.r/ D 0 and f'.s/ D 1, and

since 0 < 1 < 1, the Intermediate-Value Theorem

assures us that f'.c/ D % for some c between r and
S.

Section 2.9 Implicit Differentiation

(page 149)

xy xC2yD1
Differentiate with respect to x:
yCxy'! 1C2y'D O

1

y
Thus y' D )
C
x¥3Cy3D1

3x*C 3y%y"'D 0,50 y' D

']
[N]

10.

11.

ADAMS SEC HSSEXSCAPSGEUL4)

Tangent line: 'y 1D x 1/or2xC3yD5

3

2xy3 C 3x%y?y! 3x%y? 2x3yy'D O
1 0

ypizC go g8 7
12C4 16 4

Thus, atio fth tangent line is
thegqu no e

yD2C7xC1/,0r7x 4yC 15D 0:
3
c ¥ 7p2

y
4

B

3
x Cy D2xy
4x3 C 4y3y' D 6x%y C 2x3y’

at. 1; 1/: 4 4y'D 6 2y
2y'D2,y'D1

Tangent line: yC 1D 1.xC 1/ ory D x.
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2
-y 19. x3 2 3
xC2yC1iD ¥oyoy pr
x 1 1 3x?
3x% 2yy’C3y?y'D 1Dy’
X 1/2yy"2 D
Y_-]—-i_ / Yy 2
1C2y'D 3y 2y
y x 172
6x 2.5/ 2yy"Cé6y.y'/? C3y’y"D 0
At.2; 1/wehae1C2y'D 2y’ 1soy'D 1. 1 3x2_2
2
Thus, the equation of the tangent is 0 2 6y /.y" /2 uﬂ 3y2—2y/2
yD 1 lx 2/,0rxC2yDO: y'Dg 6x
- D
- 2
2xCy P2sinxy/D =2 ) 3y ] 23’1 3y2 2y
3x 2/2 ox
P 0 D 3y2  2y/3 3y2 2
2Cy 2cos.xy/.yCxy'/DO -y y y y
4.1/ 0 —4 /o)
At . —4,1/. 2C y .1C. —4/y/ D 0, 20. X3 3xyCy3D1
ch . 3x2 3y 3xy'C3y%y'Do0
y' D 4=.4 /. The tangent has equation 6x 3y' 3y 3xy"C 6y.y'/2 C 3y2y" D 0
4
yD1 < : Thus
4 4
2
y X
YU D5
tan.xy?/ D .2= /xy y X ,
sec2.xy2//.y%C 2xyy'/ D .2= /.y C xy'/ 0 _2x C_ 2y
. . .' 0. . 0. y D M
At. ;1=2/: 2.1=4/ y'/D.1= | 2y .
y X
SO 2#
y'D. 2/=4 . 1//. The tangent has equation w2 y y %2
x2
xC y
D
1 y? X y? X y> x
2
D _C X
yb,C, 1/ 2 __4xy
2xy
D 2 2
y2ox y? x/2 0 x y?/?
xsinxy y?/Dx* 1 21. x*Cy?D a2
sin.xy y?/C x.cos.xy y?//.yCxy" 2yy'/D 2x. 2xC2yy'D 050 xC yy' D 0 and y' D
At.1;1/: 0C.1/.1/.1 y'/D2,s0y"'D 1. The
tangent
has equatony D1 .x 1/,oryD2 x. 1Cy'y'Cyy” D 0so ,
X
2 2 1C —
17 3B
cos ~ DX y" D L C 3/ ¥
X 2 y y
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2,0 2

sin D
X _ X y

o)

N
At 3;1/: 23—'3519—6[6 9y,

3

p P

soy' D .108 3 /=162 3

has
equation
108 E§

Di1C
Y 162 3p3

xyDxCy

y 1
yCxy'D1Cy' D y'D 1
y'Cy'C xy? D y"

Therefore, y* D D
y 1 x .1 x/2

x2C4y? D 4; 2xC8yy'D 0;

Thus; y° and

4y

£

71

/. The tangent

3/:

2C 8.y'/2C 8yy" D 0.

22.

23.

24.

25.

26.

ADAMS SEC HSSEX9CAPSGEULY)

D D
y? y3
Ax?CBy?’ D C
Ax
2AxC 2Byy'D 0 y!' D
By

2AC 2B.y'/?C 2Byy" D 0.

Thus,

00
D D
Y By By

Maple gives 0 for the value.

. 206
Maple gives the slope as

55

Maple gives the value 26.
. 855; 000

Maple gives the value .

371;293

Copyright © 2018 Pearson Canada Inc.
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Ellipse: x> C 2y? D 2
2x C 4yyD DO

o p X
Slope of ellipse: y§ 2y
Hyperbola: 2x> 2y? D 1
4x 4yy"'D O
X
Slope of hyperbola: y?; D v
2 2
At intersection points X C2¥ D2
2x* 2y*D1

3x*D3s0x*D1,y?D

S

X X 2

Thus y' y* D D
Yelu 2yy 2y?
Therefore the curves intersect at right angles.

D 1

x2

The slope of the ellipse ™
a2 C b2 D

2x 2y b?x

0 .
2y PO 2

2

Similarly, the slope of the hyperbola X—Z —

X;y/ satisfies

2x 2y B2x

BzyDDO; ory' D

A2 Ay

ie. yYD ——:

2
¥ 1 is found from

If the point .x;y/ is an intersection of the two curves,

then
XZ y2 XZ y2
a2 ¢ b2 ~ AZ B2
2 _1 1 , 1 1
A2 a2 PV p2C 2
2 2 ¢ 2.2
Thus x D 2 —
’ y2 B_
B2b2 aZ AZ'
Since a2 b% D A% C B?, therefore B2 C b2 D a?

72 Copyright © 2018 Pearson Canada Inc.
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I
1>
[N
N
N
N

D C . D C C C
xCy y

x2C 2y’ Cxy D 0
Differentiate with respect to x:
2xC4yy'CyCxy'DO0 D y'D C x

However, since x?> C 2y2 C xy D 0 can be written

1 7 y 7
xCxyC "y?C y?D0; or xC ~/2C"y?D 0;
4 4 2 4

the only solution is x D 0, y D 0, and these values do not
satisfy the original equation. There are no points on the

given curve.

Section 2.10 Antiderivatives and Initial-Value
Problems (page 155)

4
5dx D 5xC C

3
x>dx D 'x3CC

PraxD 2x2cc

7 13
x2dxD 1xBcCc

1
x>dx D x*CcC

4

z
x2

x C cosx/ dx D 9 CsinxC C

72
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2

ADAMS SEC HSSEX9CAPSGEULY)

and %> D A72° s, the product of the slope of th z z
yZ = BZbZ’ us, the product ot the slope ot the 7. tanx cosx dx sinx dx cosx  C
. D D C
two curves at .x;y/ is
VA VA
b2x BZx  bZB? A%a? g L1C costx 2
aly Ay D A2A2 B2b2 D 1 cos? x dx D .sec xCcos x/ dx D tanxCsin xCC
Z 1
Therefore, the curves intersect at right angles. 9. a2 x%/dx D a’x 3X3 oC
29. If zD tan.x=2/, then 7
B C
- o=
, . 1dx 1¢C 1C 22 10. .ACBxC Cx’/dxDAxC 4?2 JX° oK
1D sec”.x=2/ 5 tan2.x=2/ dx b dx
2 dz 2 dz 2 dz Z
1=2 1=3 4 3=2 9 4=3
Thus dx=dz D 2=.1C z2/. Also 1. 2x C3x dxD x C 4X cc
2
VA
2 6.x 1 - -
cosx D 2cos?.x=2/ 1 DsecZ.x=2/ oy —de 6x 1 6x 43 dx
x4=3 D
2 %2 D 9x?=3C 18x *Cc ¢
1Cz2 1D 1C z2
z 3 2
2 tan.X=2/ 27 X= X= l 4 l 3 l 2
sinx D 2sin.x=2/c0s.x=2/ D D : 13. C 1 dxD C CcC
X x=2/008.x=2/ Dy o tanz a2/ P 1C 22 3 X VR S L
73 73
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4

P_ )
0 3=2
14, 105 1Ct2Ct*Ctf/ 29, ¥'D3 x> yboECC
2
dt x
y.4/D1 ) 1D16CCsoCD 15
D 105tC it®cit®clit’/CcC Thus y D 2x3<2 15 for x > 0.

5 7

3
3 5 7
D 105t C 35t° C 21t> C 15t C C 30. Given that

0 1=3
D
7 1 y Dx
15. cos.2x/dx D 2 sin.2x/ C C y.0/D 5;
VA < - _
6. sin X dx 2c0s ©  C theny D x3dx D 3x*3C Cand5D y.0/ D C.
2 D 2 c 4
7 Hence, y.x/ D 2x*3 C 5 which is valid on the whole real
dx 1 . 4
17. C line.
D C
.1C x/? 1C x
z 31. Since y' D Ax* C Bx C C we have
18. sec.1 x/tan.1 x/dxD sec.l1 x/CC A5 B
yb ;xC sz C CxC D. Since y.1/ D 1, therefore
7 1
Po—— B 3=2 A B A B
3 3 2 3 2
and
dP_ D, theref A s B
20. Since = @ x~1 » therelore yD_x* 1/C_ ¥ 1/CCx 1/C1forall x
. C 2 xol 3 2
dx
z 4 p 32. Given that B
— 8 x 1 C y'Dx %7
dx
P D cC C
xC1 y.1/D 4;

4
Z

then y D =Tdx D Zx 7 CcC.
21 2xsinx?/dxD cos.x?/C C ybox oo X

Also, 4D y1/D JCC,s0C D ,% Hence,

7 2=7 1 B B P .
d P D p—X therefore yD 3x =, which is valid in the interval .0; 1 /.
22. Since —  x?-1 x2C 1’ ’ ?
dx
0
y' D cosx h
z 2% P 33. For y. =6/ D 5 we have
D2 x2C1CC:
z
p dx
x2C1
A Z yD cosxdx D sinxC C
23.  tan’xdx D .sec’x 1/dxDtanx xCC _ 1 3
2bsin _CCD _CC —=— CD
6 2 2
z z 1 1 3

24. sinxcosxdx D 2sin.2x/ dx D ) cos.2x/C C

74 Copyright © 2018 Pearson Canada Inc. 74
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y D sinx C ) (for all x):
z 1 C X . sin.2x/
25.  cos’xdx D dxD-C™ ~“~cCcC
€0s.2x/ 2 4 0 i
2 34. For Y D S|n.2x/’ we have
z z 1 sin.2x/ y. =2/D1
. 1 X . .=
26. sinfxdx D cos.2x/ dx D ) 4 CccC ,
2 1
( ! D i dx D C
- y¥'Dx 2 DyD x 2xCC y sin.2x/ dx 2cos.2x/ C
2 1 1 1
y.0/ D 3 D 3D 0C C therefore C D 3 1D Zcos CCD —CC — CD-
1
Thus y D EXZ 2x C 3 for all x. 12 2 2
Ll
1 cos.2x for all x):
28. Given that Y2 / ( )
y0 D x 2 X 3
y. 1/ D 0;
= 0 2
z 2 35. For Y DSeCX. ye have
thenyD x % x3/dxD x 'C!x 2CCcC y-0/D1
z
and 0Dy. 1/D . 1/ 'C-. 1/ 2CCsoCD 3. yD sec’xdx D tanxC C
1 1 23 ?
Hence, y.x/ D —C - > which is valid on the 1btanoCCDC —= CD1
interval . 1;0/. X X yDtanxC1 (for =2<x< =2/.

7 Copyright © 2018 Pearson Canada Inc. 7
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"D sec? 8 v D cosx
36. For Y X we have <y
y. /D1 41. For _y.0/D 0 we have
5 “yl.o/D1
Z

yD sec?xdx D tanxC C .
YD cosxdx D sinxC Cy

1Dtan CCDC —=— (CD1
yDtanxC1 (for =2<x <3 =2/: 1bgnoCC, —= (D1
yD sinxC1/dxD cosxC xC Cy
37. Since y¥ D 2, therefore y' D 2x C C;. 0D c0s0C0CC, —=— (D1

Since y'.0/ D 5, therefore 5D 0C Cq, and y* D 2x C 5.
Thus y D x? C 5x C C,.
Since y.0/ D 3, therefore 3D 0COCC,, and C; D 3.

yD1Cx cosx:

Finally, y D x2 C 5x 3, for all x. 8
y" D x C sinx
38. Given that 8 42. For _y.0/D 2 we have
<y"Dx * “y'.0/D O
_y'.1/D2
"y.1/D 1 z 2
' i x cc
z y D xCsinx/dx D 2 Cosx 1
theny'D x *dxD !x 3cCcC.
3 0DO0 cosOC Ci, — D1
Since 2D y'.1/D _! C C, therefore C D 7, Z _3
andyUD 1y 3¢ 73. Thus 3 y D X cosxC 1 dXDX sinxCxC Cy
3 3 2 6
z 2D0 sin0C0CC, —=— (D2
Yb lX3C7— dx D 1x 2C ZxC D; v x3
3 3 6 3 y 6 sinx C xC 2:
and 1D y.1/ D 571 C/CD,sothatD D, % Hence,
yx/ D 1x 2C Zx 32, which is valid in the interval B B 2B
° 2o 43. Lety D AxC . Theny’D A dy"D
.0;1/. . Lety xC . en 'y X2,atn y <3
1 Thus, for all x = 0,
39. Since y" D x3 1, thereforey* D -x* xC C;.
N 2B B B
i 0 p— — —_
Since y'.0/ D 0, therefore0 D 0 0 C Cq, and 2y C xy! yD C Ax Ax D 0:
1
y0 D ZX4 X X X X
Thus y D 1 <5 le cc, We will also have y.1/ D 2 and y'.1/ D 4 provided
20 2 '
Slncey.O/D18,we;1ave8D0 0C Cz. ACBD?2 and A BD 4:
Hence y D 2_0x5 ;X C8forallx.
40. Given that These equations have solution A D 3, B D 1, so the

76 76
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8
ygg D 5X2 3x 1=2
<

y'.1/D 2
“y.1/D0;

we havey" D 5x* 3x 2dx D §){3

Also,2D y".1/D £ 6CCsothatC D
y0 D 5X3 6X1:2 C 19

3 3,and

z
5 3 1=2 _ 19 5 4
yD ;x 6x C 4 dxD ,x 4x

Finally, 0D y.1/D 2 4C 2CDsothatD D

12 3
Hence, y.x/ D 3x* 4x32C 18x 11,
12 3 4

77

44,

6x% C C.

19
3" Thus,

3=2 19

C 3XCD:

11

4

ADAMSBOT IEBSEXOCAPAGEUSS)

initial value problem has solution y D 3x .1=x/.

Let r; and rp be distinct rational roots of the equation

arr 1/CbrCcDO
Let y D Ax™ C Bx"2 x>0/

Then y' D Arix™ 1 C Brpx™2 1,

and y* D Ary.ry 1/x™ 2C Brprz  1/x% 2. Thus
ax®y" C bxy' C cy

D ax?.Ar;.r; 1/x™ 2C Bryar, 1/x%2 2
C bx.Ar;x™ 1C Br,x™ !/ C c.Ax"™ C Bx™2/

DA ar;r; 1/Cbr; Cc x™
C B.arp.r; 1/Cbr, Cc x2

D 0xCO0x2 0 x>0/

Copyright © 2018 Pearson Canada Inc.
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8
<4x2y"C 4xy'

yD0O ./ DaD4bD4cDh 1
.y.4/D2
“yl4/D 2
Auxilary Equation: 4r.r 1/C4r 1DO
4r* 1D O
1

rD "7
2
By #31, y D Ax'*2 C Bx '*2 solves . / for x > 0.
A 1=2 B 3=2

Now y' D X

2% 2

Substitute the initial conditions:

B B
2D 2AC 1DAC
2 2 4
opA B 5 gpaB_.
4 16 4

Hence 9D =, 50 B D 18,AD
2 2
Thusy D -x122C 18x 172 (for x > 0).

Consider
8

<x*y" 6yD 0O
y.1/D 1
“y).1/D 1
LetyDx"; y'Drx" 1; y"Dr.r 1/x" 2. Substituting
these expressions into the differential equation we obtain

x?Er.r 1/x" %@ 6x° D

0
GEr.r 1/ 6Bx" D O0:

Since this equation must hold for all x > 0, we must have

rr 1/ 6DO

> r 6DO

r 3/xrC2/D
0:

There are two roots: r;y D 2, and r; D 3. Thus the

differential equation has solutions of the form
y D Ax 2C Bx3. Theny'D 2Ax 3C 3Bx?. Since
1Dy.1l/DACBand1Dy'.1/D 2AC 3B, therefore

AD %2and BD % Hence, y D % 2C k3.

78
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d) never accelerating to the left

e) particle is speeding up for t > 2

f) slowing down for t <2

g) the acceleration is 2 at all times

h) average velocity over 0 t 4 is

x.4/ x.0/ 16 16 C 3 3
D 0 D
4 0 4
2. xD4C5t t3,vD5 2t,aD 2.

2

a) The point is moving to the right if v > 0, i.e., when
t<?.

b) The point is moving to the left if v < 0, i.e., when
t>3

3.
¢) The point is accelerating to the right if a > 0, but
a D 2 at all t; hence, the point never accelerates to
the right.

d) The point is accelerating to the left if a < 0, i.e., for
all t.

e) The particle is speeding up if v and a have the same
sign, i.e., for t > 57

f) The particle is slowing down if v and a have opposite
sign, i.e., for t < 3.

g) SinceaD 2atallt,aD 2attD 3 whenvD 0.

h) The average velocity over CEO; 48 is

x.4/ 8
4 D1

4 dv
dx QT

3. xDt® 4tC1,vD At D3t2 4aD D et

<
> o

a) particlednoving: to the right for t < 2=p3 or
t>2= 3,

p__ o)

Copyright © 2018 Pearson Canada Inc. 8
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Section 2.11 Velocity and Acceleration
(page 162)

dx

2
xDt 4tC3,VDdt

D 2t 4,aDd—VD2
dt

a) particle is moving: to the right for t > 2

b) to the left for t <2

¢) particle is always accelerating to the right

9 Copyright © 2018 Pearson Canada Inc.
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b) to the left for 2= 3 <t<2= 3

c) particle is accelerating: to the right for t > 0
d) to the left for t <0

e) partigg is speeding up for t > 2=pST or for
2= 3<t<0

3
f) particle is slosving down for t < Zzp_ or for

0<t<2=p

. P .
g) velocity is zero at t D ~2=" 3. Acceleration at these
timesis ~12= 3.
- 4 4 C 1

N

=1

h) average velocity on (EQ; 4 is 4 0 D 12

79



BETRONTORIS GRGE IBRS MANUAL

x —— Db L2 C 171/ 2_1
D R p
C1 2 C 1/2 2 C 1/2
2 2 2
270G 1" 4oy 1t 5t
ab t2C 1A Y wc1

a) The point is moving to the right if v > 0, i.e., when

1 t2>0,0or 1<t<l.

b) The point is moving to the left if v < 0, i.e., when

t< lort>1.

¢) The point is accelerating to the right if a > 0, i.e,,
when 2t.t?> 3/ > 0, that is, when
P

P 3<t<.

t> 3or

d) The p%'nt is accelerating to the left if a < 0, i.e., for
t< 3or0<t< 3.

e) The particle is speeﬂjng up if v and a have the same
sign, i.e, fort < 3,or 1<t<Oor

1<t<p3.

f) The particle is Ming down if v and a have opposite

signd@., for 3<t< l,or0O<t<Tlor
t>" 3.

) 2.2/, 1
ggvDoattD 1. Att D 1,a D 2/3 5"
2.2/ 1
AttD 1,a D D .

Y& 2

h) The average velocity over CEO; 42
is

4
x.4 7 0 1
X.
D D
4 4 17
y D 9:8t  4:9t? metres (t in seconds)

dy

70
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D D t%, D in metres, t in seconds
db

velocity v 2t

DdtD

Aircraft becomes airborne if
200; 000 500
v D 200 km/h D D m/s:
3600 9

250

Time for aircraft to become airborne is t D s, that is,

about 27:8 s.

Distance travelled during takeoff run is t  771:6 metres.

Let y.t/ be the height of the projectile t seconds after it is
fired upward from ground level with initial speed vo. Then

y%.t/D 9:8; y.0/ D vo; y.0/ D 0:
Two antidifferentiations give

2

yD 49t CvotDtwvo 4:9t/:

Since the projectile returns to the ground at t D 10 s,
we have y.10/ D 0, so vop D 49 m/s. On Mars, the

acceleration of gravity is 3.72 m/s? rather than 9.8 m/s?,
so the height of the projectile would be

y D 1:86t2 C vot D t.49 1:86t/:

The time taken to fall back to ground level on Mars would

be t D 49=1:86 26:3s.

The height of the ball after t seconds is

y.t/ D .g=2/t> C vot m if its initial speed was vo
m/s. Maximum height h occurs when dy=dt D 0, that is,

at t D vo=g. Hence

Copyright © 2018 Pearson Canada Inc. 70
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velocity vD — D 9:8 9:8t
dt

d
acceleration a D d—‘t] D 98

The acceleration is 9:8 m/s2 downward at all times.
Ball is at maximum height when v D 0, i.e,, at t D 1.

10.

Thus maximum height is y~ o1 D 9:8 4:9D 4:9 metres.
t

Ball strikes the ground wheny D 0, .t > 0/, i.e.,

0D t.9:8 4:9t/sotD 2.

Velocity at t D 2 is 9:8 9:8.2/D 9:8 m/s.

Ball strikes the ground travelling at 9.8 m/s (downward).

11.

Given that y D 100 2t 4:9t2, the time t at which the
ball reaches the ground is the positive root of the equation

y D0, ie., 100 2t 4:9t2 D 0, namely,

p

2 C 4 C 12.

t - 4:318 s:

46:9[.100[

9:8

100

The average velocity of the ball is 23:16 m=s.

4:318

Since 23:159DvD 2 9:8t,thent ~ 2:159

S.

71
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An initial speed of 2vy, means the maximum height will
be 4vi=2g D 4h. To get a maximum height of 2h an
initial speed of = 2vq is required.

To get to 3h metres above Mars, the ball would have to be
thrown upward with speed

q 0

p P
VM D 6th D 6gMV2=.2g/ D Vo 3gM=g!

Since gy D 3:72 and g D 9:80, we have vy
m/s.

If the cliff is h ft high, then the height of the rock t sec-
onds after it fallsisy D h 16t 2 ft. The rock hits

the P
ground (y D 0) attimet D ~ h=16s. Its speed at that

timeisvD 32tD 8ph D 160 ft/s. Thus ph D 20,

1:067vq

and the cliff is h D 400 ft high.
If the cliff is h ft high, then the height of the rock t sec-

onds after it is thrown down isy D h 32t 16t2 ft. The
rock hits the ground (y D 0) at time
P 2
¢ 32 C 32 C  64h 1P
D D 1C 1 hs:
32 4 16Chs

Copyright © 2018 Pearson Canada Inc. n
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Its speed at that time is

o)
vD 32 32tD 8 16ChD 160 ft/s:

Solving this equation for h gives the height of the cliff as
384 ft.

Let x.t/ be the distance travelled by the train in the t sec-
onds after the brakes are applied. Since d2x=dt? D 1=6
m/s? and since the initial speed is vo D 60 km/h D 100=6
m/s, we have

100
ltzC_t:

/D
xt/D o, 6

The speed

of the train at time t isv.t/ D .t=6/ C .100=6/ m/s,
so it takes the train 100 s to come to a stop. In that time
it travels x.100/ D 100%2=12C 1002=6 D 100%=12
833

metres.

x D At2 C Bt C C;v D 2AtC B.

The average velocity over (Etg; t,@ is

X.t2/ X.t1/

t2 t1

At C Bty C .C At~ Bty C

2 t

Atf#— , t*/ C
B2t/

D .t_C tl’uz_

t2 t1/
D At; Ct1/ C B.
The instantaneous velocity at the midpoint of (Ets; t2@ is

t2 Ct1 2 Cy
2

D

B.ty t1/

>

4/ C Bty  t/

2A CB DAt Ct/CB.
Hence, the average velocity over the interval is equal to
the igstantaneous velocity at the midpoint.

t2 0 t 2
<

sD_ 4t 4 2<t<8

68C 20t t* 8 t 10
Note: s is continuous at 2 and 8 since 22 D 4.2/ 4 and
48/ 4D 68C 160 64

ds (Zt ifo<t<?2
velocitvaaD 4 if2<t<8
Since 2t _ 4ast 20 2 if8<t<10
L| v 2 th®%fore, v is con tinuous at 2
(.v.2/ D 4).

Since 20 2t ¥ 4ast ¥ 8C, therefore v is continuous
at 8 .v.8/ D 4/. Hence the velocity is continuous for

0<t<10 (2

dv ifo<t<2

72
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18.

19.

20.
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4

Fig. 211-16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 96=4 D 24 ft/s.

The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from
its maximum height to the ground is the area between the
velocity graph and the part of the t-axis where v < 0. The
area of this triangle is .1=2/.14 7/.224/ D 784 ft.
This

is the maximum height the rocket achieved.

The distance travelled upward by the rocket while it was

rising is the area between the velocity graph and the part
of the t-axis where v > 0, namely .1=2/.7/.96/ D 336 ft.

Thus the height of the tower from which the rocket was
fired is 784 336 D 448 ft.

Let s.t/ be the distance the car travels in the t seconds

after the brakes are applied. Then s%.t/ D t and the

velocity at time t is given by

z t2
s't/D . t/dtD —C Cy;

2

where C D 20 m/s (that is, 72km/h) as determined in
1

Example 6. Thus

z (3

C Cy;
6 2

I+
[N]

st/D 20 dt D 20t

72
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acceleration a D Frs D 0 if2<t<8

o . 2 if8<t<10
is discontinuous at t 2 and t D 8

Maximum velocity is 4 and is attained on the interval
2 t 8

This exercise and the next three refer to the following fig-
ure depicting the velocity of a rocket fired from a tower as
a function of time since firing.

3 Copyright © 2018 Pearson Canada Inc.
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where C, D 0 because s.0/ D0. The time taken to come
L o P
to a stop is given by s.t/D 0, soitist D =~ 40s. The

distance travelled is 1

P— .
sD20 40 6403-2 84:3 m.
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Review Exercises 2 (page 163)

1. yD.3xC 1/?

3x C 3h C 172
3x C 1/2
h

d
b lim
dx h¥o

9x> C 18xh C 9h%? C 6x C

6h

1 9x2 C 6x C 1/

h¥o h

o —
-
<)

1 x C h/Z>— 1

. _4
Dllmh

h10.2C h/?2

pP-
1C t
4 C h
9] 1
0 .1 C 9 C
g.‘)/DhII!rTE)h
h
74
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Q(lic x C x*C x3

8 3 2 1
’ e 4
dx ” DdxX Cx Cx Cx /
D 4x 5 3x * 2x3 x ?
4 C 3x C 2x* C x3
D 5
X
9 Q 2=5 5=2 5 2=5 7=2 2 3=5
4
dx x / D 24 x / 5X
Dx 3=5_4 XZ:S/ 7=2
— P iR xC0S X _sin x €0S X
d
10 __ 2Ccos?xD p Dp
dx 2 2C cos?x 2C cos? x
d 2 2 2 2
11. .tan sec® /D sec sec 2 sec” fan
d
D 2 sec? tan
[
d 2
1 4 1 C t 1
dtPicect
P p_t — t
1Ct2C1/p ice yp
1 C t 1 C t
D .p1C2t2C1/2
2t
D
Pict Picec 1/
2.
x C hy?° d
13, lim 5 D < x20 D 20x1°
L) x27
h
lim 4
P _p__ ah 3
u im 2 1
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3 C é 99 C h/3 C
C 9 C h/
D lim

h1o h.1Cp9C h/.3C hcp9C h/

9 C _6h C h?
9 C h/

D lim
h!Oh.le9C h/.3C th9C h/

5 C h

D lim
h!0.1Cp9C h/.3C th9C h/
5

D —
24
5. The tangent to y D cos. x/ at x D 1=6 has slope

dy
: D sin—D —
dx <D16 6 2
Its equation is
Ps 1
D — — _
Y72 2 % 6

6. Atx D the curve y D tan.x=4/ has slope

.sec2. =4//=4 D 1=2. The normal to the curve
there has equationy D 1 2.x /.

d 1
7 d__ 1 _1

0S X

[}

dx x sinx X sinx/?

75
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X 2 hio0 4h
d P 4 2
(5 [
5 . M9 7 3
dx
-
xD9
15 lim €0S.2X c_:%s =3/ 2h/ cos
1=2 lim 2=
D
x1 =6 X =6 h¥0 . 2h
-d
D2 cosxi
dx xD =3
P
D 2sin. =3/D 3
1 1
. 1=x2/ . aC a/?
16.  ljm_ 1=a?/ Ddl;ﬂo h/2
xC a d . h 2
1 .
D D
2 3
dx x o a 4
17. L¢3 x2/D 2xFl3 P/
dx
d p pP— P £ Bsr Py
2 Y S —
0
18. d)((Ef x/ D2f. x/f". X/2|JX v b
d f 2x/g' x=2/
19. p f UZf p
.2x/ g.x=2/ .2x/ gx=2/
D
dx 4 gx=2/
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20.

21.

22.

23.

24.

26.

RETIRUCERRREC SESJT | ORSOEANIAL

d f x/
gx/

dx f.x/C g.x/
—1 fix/C gx//f'x/ g
b fx/C
gx//?
fx/ gx//f'x/C
g'.x/
2.f Lx/gx/

-X

D

f .x/g!

fx/C
g.x//?

d ¢xC.gx//?/ AC2gx/g'x//f C
dx D 0 x

2 2 2 0 2 2

d gx /

£ 2xgx/ gx/ gx /

0
dx X b x2 f X

d .
&f.sm x/g.cosx/

D .cosx/f'.sinx/g.cosx/ .sinx/f.sinx/g".cos

x/

s
d cosf
dx sing.x/
s
1 sin g.x
2 cosf.x/
f "x/ sinf .x/ singx/ gl x/
cos f x/ cos g.x/
sing.x//?

If x3yC2xy3 D 12, then 3x2yCx3y!C2y3Céxy2y! D

At .2;1/: 12C 8y'C 2C 12y’ D 0, so the slope there is

y" D 7=10. The tangent line has equation
yD1 [J,x 2/or7xC 10y D 24.

SSZXSin. y/ C 8yg0s. x/ D 2
3" 2sin. y/C3  2xcos. y/y"C 8y’cos. x/

8 ysin. x/ DO p
At .1=3;1=4/: 3C_ y'C 4y’ 3D 0, so the
slope

76
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32. If g".x/ D sin.x=3/ C cos.x=6/, then

g.x/D 3cos.x=3/C 6sin.x=6/C C:

If.;2/ liesony D g.x/, then .3=2/C 3CCD 2, so

CD 1=2and g.x/ D 3co0s.x=3/C6sin.x=6/C .1=2/:

33. d xsinx C cosx/D sinx C xcosx sinx D xcosx
dx

d . . .
d—x.xcosx sinx/ D cosx xsinx cosx D xsinx
z

xcosxdx xsinx cosx C

D o C
z

xsinxdx D xcosx C sinxC C

34. If f'.x/ D f.x/and g.x/ D x f.x/, then

g'x/ fx/ xf'x/ 1 x/fx/

D C D C

g"x/Dfx/C.1Cx/f'x/D.2C x/f.x/
g"x/Dfx/C.2Cx/f'x/D .3C x/f.x/

Conjecture: g™/.x/D .nC x/f.x/ fornD 1,2, 3, :::
Proof: The formula is true for n D 1, 2, and 3 as shown
above. Suppose it is true for n D k; that is, suppose

g*/ x D .k Cx/f.x/. Then
/

[

d
kC1/ d
g x/ dx kCx/fx/

B

thereisy’D — 3

3
C4’
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I

30.

31
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Df.x/C .kCx/f'x/D.kC1/C x/f

X/
z 1 Cc x* 1 1 . x3
D lcxz axp “c¥ ¢
x2 2 X 3
VA VA
1C 1=2 1=2 b 3=2
2
p dxD Cx /J/dxD2 XC3X ccC
X
z 2 C 3 ainx
X .2sec®>x C 3secxtanx/ dx
cos? x
D 2tanx C 3secx C C
VA VA
2xC 1/%dx D .16x*C 32x3C 24x*C 8xC 1/

5
léx 4 3 2

D 5 CB8x C8x C4x CxCC
or, equivalently,

4 2x C ![5
2xC 1/dx D 10

z

If fl.x/ D 12x2 C 12x3, then f.x/ D 4x3 C 3x* C C.
If f1/ D 0,then4C3CCD 0,s0C D 7and

f.x/D 4x3C 3x* 7.

77
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Thus the formula is also true for n D k C 1. It is therefore
true for all positive integers n by induction.
35. Thetangentto y D x3 C 2 at x D a has equation
yDa3C2C3a%.x a/, ory D 3a2x 2a® C 2. This
line passes through the origin if 0 D 2a3C 2, that is, if

a D 1. The line then has equation y D 3x.
P

36. Thetangenttoy D 2C x2 atx D a has slope

a=p2 C a? and equation

p
yD 2Ca2Cp . X a/:

This line passes through .0; 1/ provided

10 Pac a2 p—2—
2C a2

P

2Ca?D2Ca® a’D2

2Ca’?D4

R P-
The possibilities are a D 2, and the equations of the

corrresponding tangent lines are y D 1 ~ .x=p2/.

Copyright © 2018 Pearson Canada Inc. "
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38.

39.

40.

41.

RETIRUCERRREC SESJT | ORSOEANIAL

~sin"xsin.nx
dx /
D nsin" !xcosxsin.nx/ C nsin"x cos.nx/
D nsin" ! x(Ecosxsin.nx/ C sinx
cos.nx /[
D nsin® 'xsin.nC 1/x/
y D sin"x sin.nx/ has a horizontal tangent at
xDm =.nC 1/, for any integer m.

dx
D nsin® ! xcosx cos.nx/

sin™ x cos.nx/

nsin" x sin.nx/

D nsin® ! x(Ecosx cos.nx/ sinx

sin.nx /0@

D nsin® 'xcos..nC 1/x/

d .
. cos"xsin.nx/
X

D ncos® !

x sinx sin.nx/ C n cos" x cos.nx/
D ncos" ! xCEcos x cos.nx/

D ncos" 'xcos.nC 1/x/

sinx sin.nx /0@

cos" x cos.nx/

dx

D ncos" !xsinxcos.nx/ ncos"xsin.nx/

D ncos"” !xCEsinxcos.nx/C cosx
sin.nx /0@

D ncos" xsin.nC 1/x/

Q D .0;1/. If P D .a;a?%/ on the curve y D x?, then
the slope of y D x? at P is 2a, and the slope of PQ is

.a%2 1/=a. PQ isnormaltoy D x? ifaD 0 or
(E.a®? 1/=a@.2a/ D 1, thatis, ifé_D 0ora? D
drtankRe points P are .0;0/ and .~ 1=" 2;1=2/. The
from these points to Q are 1 and I03=2, respectively. The

distance from Q to the gurve y D x? is the shortest of
these distances, namely = 3=2 units.

The average profit per tonne if x tonnes are exported is

P .x/=x, that is the slope of the line joining .x;P .x// to

the origin. This slope is maximum if the line is tangent
to the graph of P .x/. In this case the slope of the line is
P '.x/, the marginal profit.

( mgR?

F.r/D rz ifr R

78
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Observe that this rate is half the rate at which F de-
creases when r increases from R.

42. PV D KT. Differentiate with respect to P holding T

43.

constant to get

VCPd_VDO
dP

Thus the isothermal compressibility of the gas is

&
O
=

vV p L
P P

< |~
(=9
a~]
<

Let the building be h m high. The height of the first ball
at time t during its motion is
y1 DhC 10t 4:9t%:

It reaches maximum height when dy;=dt D 10 9:8t D

0, that is, at t D 10=9:8s. The maximum height of the
first ball is

100 4.9 100
100
DhC Dh ;
i 9.8  .9:8/2 19:6

The height of the second ball at time t during its motion
is

y2 D 20t 4:9t%:
It reaches maximum height when dy,=dt D 20 9:8tD 0,
that is, at t D 20=9:8s. The maximum height of the
second ball is

400 4:9 400 400

Y2 9.8

D H
.9:8/2 19:6
These two maximum heights are equal, so

100 400

hC D ;
19:6  19:6

which gives h D 300=19:6
the building.

15:3 m as the height of

mKkr if0 r<R

Copyright © 2018 Pearson Canada Inc. 8
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44, The ball has initial
first height 60 m

a) For continuity of F.r/ at r D R we require
mg D mkR, so k D g=R.

b) As r increases from R, F changes at rate

d mgR? 2mgR? 2mg
. D D ——-:
3
dr rz o R R

As r decreases from R, F changes at rate

d mg

dr.mkr/ DR D mkD

9 Copyright © 2018 Pearson Canada Inc.
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and initial velocity 0, so its height at time t is

y1 D 60 4:9t% m:

The second ball has initial height 0 and initial velocity vg,
so its height at time t is

y2 D vot  4:9t> m:

The two balls collide at a height of 30 m (at time T, say).
Thus
30D 60 4:9T?

30D voT 4:9T2:

79
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Thus voT D 60 and T2 D 30=4:9. The initial upward
speed of the second ball is

r
vo D 6—0 D 60 —9 24:25 m/s:
T 30

At time T, the velocity of the first ball is

dy; .
dt 5

tDT

D 9:8T 24:25 m/s:

At time T, the velocity of the second ball is

dy,

M Dvyp 9:8TD 0 mifs:
dt or

45. Let the car’s initial speed be vy. The car decelerates at 20
ft/s? starting at t D 0, and travels distance s in time t,

where d2s=dt2 D 20. Thus

ds Dvy 20t
dt

x D vot 10t2:

The car stops at time t D vo=20. The stopping distance is
s D 160 ft, so

The cgs initial speed cannot exceed
oD 160 40D 80 ft/s.

46. P D2 pL:gD 2 Lls2g 1=2,
a) If L remains constant, then

dp

80
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Challenging Problems 2 (page 164)

1. The line through .a;a?/ with slope m has equation
yDa?Cm.x a/. Itintersectsy D x? at points x
that satisfy

x*!Da’?Cmx ma; or

x> mxCma a’DOo0

In order that this quadratic have only one solution x D a,

the left side must be .x a/?, so thatm D 2a. The
tangent has slope 2a.
This won’t work for more general curves whose tangents

can intersect them at more than one point.

2. f'x/D 1=x, f.2/D 9.
%fxz 5/ f ;3 4h  hZ/
e _— c
a) lim D lim
x 12 x 2 h¥o h
f.9 C 4h C

mﬁ#—

D lim
h¥o 4h C h? hf
D]!iﬁno 9 C k/ f .9/ olim
4 h/k huo
[] 4
Df.9/ 4D9
Qf x/ 3 Qf 2 C h/ 3
b) lim D lim
x12 x 2 h¥o h
D Iimf .2 C - 1
h/ 9
h¥o h f2Ch/C3
1 1
0
Df.2 D :
/ 6 12

3. f'4/D3,g'4/D7,8.4/D 4, gx/a4ifx a4
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=1P =ZlgDh L ¢
=g 48
1P _ Ll2g 10g

D :
P 2 Ll=2g 1=2 g 2 g

If g increases by 1%, then g=g D 1=100,
and

P=P D 1=200. Thus P decreases by 0:5%.

b) If g remains constant, then

dP 1=2 1=2
=P ZILD L g
=1L
Jied o L g 1 =L
- — __ __r=LDb_—_
P 2 Ll2g 1=2 2 L

If L increases by 2%, then L=L D 2=100,
and
P=P D 1=100. Thus P increases by 1%.

81
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a) lim f.x/ £.4/ lim f x/ f.).(4z4/
D
x4 x ¥4 X 4

f'4/4 4/ o0

D D
b) lim XL b gim X2 L
) lim- F 4y L Y
x2 16 X 4
D f'.4/ ot 3
8 8
f .Xé f x/ f .4/ P
moPy o, Pl Ly xcz/
f'.4/ 4D 12
D
lim £/ D lim £/ X
£ .4/ £ .4/
x4 1 1 x94 X 4 4 x/=4x
X 4

Df'4/ . 16/D 48
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f x/
¢) lim f x/ f 4/
x4 gx/ 4 x148x/ g4/
X 4
f Y47 3
D, D
g'.4/ 7
f Iimf .gx// f .4/
x 14 x 4
f .gx g.x/
D lim =4/ 8.4/
x¥4 gx/ 4 X 4

Df'g4// g'4/Df'4/ g'4/D3 7D

21

N if x D1; 1=2; 1=3; :::
fx/D X ! Lo A=a A=
x/ x2  otherwise

a) f is continuous except at 1=2, 1=3, 1=4, :::.
continuous at x D 1 and x D 0 (and everywhere else).

Note that

limx?D 1D f.1/;

x¥1

limx* D limx D 0D f.0/

—-
[\
@]

=

=
=

o

If 1=3 < x < 1=2,then f.x/ D x? < 1=4 < 5=12.

Thus the statement is FALSE.

¢) By (a) £ cannot be differentiable at x D 1=2, 1=2,

;1. It is not differentiable at x D 0 either, since

h*— 0

82

7.

Given that

CHALLEMGINGFROBEESSX2 CAPAGE 184

g’.0/DkandgxCy/Dgx/Cg.y/,

thena) g.0/D g.0C 0/ D g.0/C g.0/. Thus g.0/

D 0.
b) g'x/D lim gx C h/ g.x/
h¥0 h
. x/ C .h . g.h/
D h“gno gx/ D }y;no g.0/
0 h
Dg.0/Dk:

¢) Ifhx/ D gx/ kx, thenh’x/Dglx/ kDO

for all

h.0/ D g.0/

X, and

a) flx/

x. Thus h.x/ is constant for all x. Since

0 D 0, we have h.x/ D 0 for all
g.x/ D kx.

f x C k/ f x/

D lim (letk D h)
k%0

X/ f

. f
—x7 h/
D lim D lim

f x C h/ f x/

f x/ f x h/

f x C h/ f

b) The change of variables used in the first part of (a)
shows that

. f x C h/
lim

h¥o0

are alw

and Iim ==L £
f x/ hro X h/

h h

ays equal if either exists.

c) If f.x/ D jxj, then £.0/ does not exist, but

Copyright © 2018 Pearson Canada Inc.
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limh OhD 1= 0D lim
h¥o h'o h

f is differentiable elsewhere, includingat x D 1
where its derivative is 2.

If h @ 0, then
- . p_
f .hy LE . jhj
£ 0/ h/j
v ‘D . > LB
h jhj jhj

ash ¥ 0. Therefore £1.0/ does not exist.

Given that £°.0/ D k, £.0/ = 0, and

fxCy/ D fx/f.y/, we have

f.o/D f.0oCo/D f.0/f.0/ —

Thus £.0/ D 1.
. f x C h/

f'x/D lim ¢ </
h¥o h
i f x/f .h

D lim —f%L D f.x/f".0/ D kf.x/:

h¥0 h

83

f0/D0 or f.0/D 1:

CHALLEMGINGFROBEESSX2 CAPAGE 184

£f.0C hé jhj jhj 0
- | )
|I£n0 oh |I[n0 h v lim h DO

3

The tangent to y D x> at x D 3a=2 has equation

<
0
>

If a = 0, the x-axis is another tangent to y D x3 that

passes through .a;0/.

The number of tangents to y D x3 that pass through
Xo;Yo/ 18

0

three, if xo & 0 and y, is between 0 and x3;
3

two, if xo = 0 and either yo D 0 or yo D x,;

Copyright © 2018 Pearson Canada Inc. 83



10.

11

12.
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one, otherwise.

This is the number of distinct real solutions b of the cu-

bic equation 2b3®  3b%x, C y, D 0, which states that the

tangent to y D x3 at .b; b3/ passes through .xq;yo/.

By symmetry, any line tangent to both curves must pass
through the origin.

y
Dx?C4xC 1

X
7/ yD x2Ci4x 1

Fig. C-2-10

The tangent to y D x> C 4x C 1 at x D a has equation

yDa?C4aC1C.2aC4/x a/
D.2aC4/x .a%2 1/,

which passes through the origin ifa D ~1. The two
common tangents are y D 6x and y D 2x.

The slope of y D x? at x D a is 2a.

The slope of the line from .0;b/ to .a;a?/ is .a?
b/=a.

This line is normal to y D x? if either a D 0 or
%a..a2 b/=a/ D 1, thatis, ifa D 0 or 2a® D 2b
There are three real solutions for a if b > 1=2 and only
one (aDO0)ifb 1=2.

The point Q D .a;a?/ ony D x? that is closest to
P D .3;0/ is such that PQ is normal to y D x? at Q.

Since PQ has slope a®=.a 3/ and y D x? has slope 2a

at Q, we require

84
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The curve y D Ax? C Bx C C has slope m D 2Aa C B
2
at.a;Aa CBaCC/. ThusaD.m B/=2A/, and the

tangent has equation

yDAa’CBaCCCmx a/

b c 2 B.m—gé m.m
™EB2 L 2A B/
4A 2A

-m -m

DmxCCC B_fz B_{z

4A 2A

D mx C f.m/;
where f.m/ D C .m B/?=.4A/.

Parabola y D x? has tangent y D 2ax a? at .a;a?/.

Parabola y D Ax? C Bx C C has tangent
y D .2AbC B/x Ab%*CC
at .b; Ab% C Bb C C/. These two tangents coincide if

2AbC B D 2a ./
Ab%Z C D a?:

The two curves have one (or more) common tangents if

./ has real solutions for a and b. Eliminating a between
the two equations leads to

.2Ab C B/% D 4Ab? 4C;

or, on simplification,

4AA 1/b?C 4ABb C .B2C 4C/ D 0:

This quadratic equation in b has discriminant

2 2 2 2

DD16AB 16AA 1/.B C4C/D 16AB 4.A 1/C/:

There are five cases to consider:
CASEI.IfAD 1, B =@ 0, then . / gives

BZ C B?
bD 4C ;o a D ﬂ
4B 4B
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a2 1
a 3 2a

which simplifiesto 2a3 Ca 3 D 0. Observe thata D 1

is a solution of this cubic equation. Since the slope of

y D 2x3C x 3is 6x% C 1, which is always positive,
the cubic equation can have only one real solution. Thus
Q D .1;1/ is the point on y D x? that is clggst to P.
The distance from P to the curve is jPQj D * 5 units.

The curve y D x? has slope m D 2a at .a;a?/. The
tangent there has equation

B,

yDa’Cmx a/ D mx

85
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There is a single common tangent in this case.

CASEIL.LIfAD 1, B D 0, then . / forces C D 0, which
is not allowed. There is no common tangent in this case.

CASE lll. f Am 1 but B2D 4.A 1/C, then

____B
b

D : D
2.4%1/
There is a single common tangent, and since the points of

tangency on the two curves coincide, the two curves are
tangent to each other.

CASE IV.If Az 1and B> 4.A 1/C <0, there are no
real solutions for b, so there can be no common tangents.
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CASE V. If A= 1and B> 4.A

1/C > 0, there are

two distinct real solutions for b, and hence two common

15. a)

b)

c)

86

y j Y: b
X
one common
two common

tangent
tangents

y y+4
X X
no common

tangent

Fig. C-2-14

The tangent to y D x3 at .a;a3/ has equation

y D 3a%x 2a3:

For intersections of this line with y D x3 we solve
x> 3a’xC2a°’DO0

x a/?xC2a/D
0:

The tangent also intersects y D x3 at .b;b3/, where
bD 2a.

The slopeof y D x3 atx D 2ais3. 2a/? D
12a2, which is four times the slope at x D a.

3

If the tangentto y D x> at x D a were also tangent

at x D b, then the slope at b would be four times that
at a and the slope at a would be four times that at b.

This is clearly impossible.

Copyright © 2018 Pearson Canada Inc.
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The tangent to y D x*  2x? at x D a has equation

D 4a.a® 1/x 3a*C 2a%

Similarly, the tangent at x D b has equation

y D 4b.b? 1/x 3b*C 2b%:

These tangents are the same line (and hence a double
tangent) if

4a.a® 1/ D 4b.b? 1/
3a* C 2a®? D 3b*C 2b2%:

The second equation says that either a> D b? or

a® Db3Da b,or equivalently, a2 C ab C b2 D 1.

Ifa Db,thena D b (a D bisnotallowed).

Thus a> D b? D 1 and the two points are .~ 1; 1/
as discovered in part (a).

If a2 Cb? D 2=3, then ab D 1=3. This is not
possible since it implies that

0D a?Cb® 2abD.a 2=0:

b/

Thusy D 1 is the only double tangent to

y D x* 2x%
Ify D Ax C B is a double tangent to
y D x* 2xCx,theny D .A 1/xCBisa

double tangent to

y D x* 2x% By (b)wemusthave A 1D 0

d) No line can be tangent to the graph of a cubic poly-
nomial P .x/ at two distinct points a and b, because
if there was such a double tangent y D L.x/, then
X a/?x b/? would be a factor of the cubic poly-
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and B D

1. Thus the only double tangent to

yDx* 2x*CxisyDx 1.

a) The tangent to

yDfx/Dax*Cbx®Ccx*CdxCe

at x D p has equation

a)

87

nomial P.x/ L.x/, and cubic polynomials do not
have factors that are 4th degree polynomials.

y D x* 2x? has horizontal tangents at points x
satisfying 4x® 4x D 0, thatis, at x D 0 and

x D ~1. The horizontal tangents are y D 0 and

y D 1. Note thaty D 1 is a double tangent; it is
tangent at the two points .~ 1; 1/.

Copyright © 2018 Pearson Canada Inc.
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y D .4ap3C3bp?C2cpCd/x 3ap* 2bp3® cp?
Ce:

This line meetsy D f.x/ at x D p (a double root),
and

D
2ap b - bZ— 4ac
[
4abp 8aZp2
X 2a

These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under the
square root is 0, that is, if

8a’p? C 4abp C 4ac b%*D
0:
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b)

c)

88

This quadratic has two real solutions for p provided
its discriminant is positive, that is, provided

16a’b? 4.8a%/.4ac b?%/ >0:

This condition simplifies to

3b? > 8ac:
For example, fory D x* 2x?>C x 1, we have
aD1,bDO0,andcD 2,503b2D 0> 16D 8ac,
and the curve has a double tangent.

From the discussion above, the second point of tan-

gency is
- 2ap P b:
qb ™~
2a 2a
The slope of PQ is
f .q/ f b3~ 4abc C _ 8a?d
-n/ D 8a2 '
q p

Calculating f'..p C q/=2/ leads to the same ex-
pression, so the double tangent PQ is parallel to the
tangent at the point horizontally midway between P

and Q.

The inflection points are the real zeros of

f%x/ D 2.6ax?C 3bx C c/:

This equation has distinct real roots provided
9b?% > 24ac, that is, 3b% > 8ac. The roots are

3b 9_9_
b2 24ac
rD
12a
3b C_Q9_—Z
24ac
sb 12a

Copyright © 2018 Pearson Canada Inc.
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so the formula above is true for n D 1. Assume it is
true for n D k, where k is a positive integer. Then

dkCl

— 4 2k cos k
dxkC1 cos.ax/ D dx 2 ax C -

D ak asin axCi

2
D akClcos ax C %

Thus the formula holds for n D 1; 2; 3; ::: by induc-
tion.

d® D 1 sin C -
dx® sin.ax/ sin ax

b) Claim: )

Proof: For n D 1 we have
d . .
—sin.ax/ D acos.ax/ D asin axC— ;
dx 2

so the formula above is true for n D 1. Assume it is
true for n D k, where k is a positive integer. Then

d k€1 . d K k
sm.ax/DOlX a“sin ax C 2

kaCl

k
D aK acos axC -

D akClsin ax C

k C 1/
2

Thus the formula holds for n D 1; 2; 3;::: by induc-
tion.

¢) Note that
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The slope of the line joining these inflection points is

r 8aZ2

so this line is also parallel to the double tangent.

. d"
18. a) Claim: — D a™cos ax an .
COS.
ax/ dxn

Proof: For n D 1 we have

dx

89 Copyright © 2018 Pearson Canada Inc.

d
—co0s.ax/ D asin.ax/ D acos ax C7 ;
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d 4 ind 3¢ oi in3
OlX.cos x Csin*x/ D 4cos’xsinx C 4sin® x cosx

D 4sinxcosx.cos® sin®x/
2sin.2x/ co0s.2x/
D
D sin.4x/ D cos 4x C—
2

t now follows from part (a) that

n
Q 4 4 n 1 n

d L-cos xCsin x/ D4 cos 4xC
X
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3;39:2
40 /

30
20
10

12; 49/

Fig. C-2-19

a) The fuel lasted for 3 seconds.
b) Maximum height was reached at t D 7 s.

¢) The parachute was deployed at t D 12 s.
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m/s?.
e) The maximum height achieved by the rocket is the
area under the t-axis and above the graph of v on

that interval, that is,

122 2.49;/ 492 < 1.15 1D 197:5m:

f) During the time interval CEO; 70, the rocket rose a
dis- tance equal to the area under the velocity graph
and above the t-axis, that is,

1
;.7 0/.39:2/ D 137:2 m:

Therefore the height of the tower was
197:5 137:2D 60:3 m.
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