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Chapter 2

Differentiation: Basic Concepts
2.1 The Derivative

If f(x) = 4, then f(x + h) = 4. The The slope of the line tangent to the graph
difference quotient (DQ) is offatx=1is f(1)7.
HohHHx) 44 (),
h h 2
If f(x)2x 3x5,then
f(X)limt € £ 0 2

f(xhy2(xh) 3(xh)5.
ho h

0
The slopeism f(0) 0. h h h

f(x) =3
The difference quotient is

f(xh)f(x) 3(3)0
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The difference quotient (DQ) is

L(xh)f(x),
h

Then f (x) 1im00.

ho
The slope of the line tangent to the graph

of fatx=1isf (1) 0.

If f(x) = 5x 3, then
f(x + h)=5(x + h) 3.

2
[2(xh)” 3(xh)5] [2x 3x5]

2 h
4xh 2(h) 3h
h
4x2h3
f(xh)f(x)
f(x)lim 4x3
ho h

The difference quotient (DQ) is
f(xh)f(x)[5(xh)3][5x3]




5h h
5
f(X)lime (05
ho h
The slopeism f(2) 5.
f(x) =2 7x
The difference quotient is

(x)f(xX)27(xh) (27 x)
h h

>

7
h

Then f (x) lim (7) 7.
ho

The slopeism f(0) 3.

2
6.f(x) x 1
The difference quoti%nt is

FOxh)£(x) ((xh) 1) (x 1)

h

2 2
x 2hxh 1x 1
h
T

2
hx h
2xh

h

Then f(x) lim@2xh) 2x.
ho

The slope of the line tangent to the graph
offatx 1is f(1)2.
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h
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X 3x h3xh h 1(x

2 2 3
3x_h3xh h
h

2 2
h(3x 3xhh )
n

2 2
3x 3xhh

f(x)lim  FXMT(X)
ho h

2 2
lim3x 3xhh
2

3x

2
Theslopeism f(2)3(2) 12.

3
f(x)x

The difference quotient is

fFOxh)£(x)  ((xh) ) (x)

h

3 2M233

X _3x _h3xh h x

h
2 2 3
3x h3xh h

h

3x 3xhh
Then

2 2
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4
t(t h)
g (t) lim g(th) g(t) 2
-2
ho h t
1
Theslopeismg 8.2
1
f(x)
10.
X2
The difference quotient is
1
f(xhf(x) —-=— ° =2
xh ) X
h h
1 1
T7 2whZ 32
h
2 2
X (xz 2hth )
(x2 2hxh_) x )
h
b
2 2 2
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2xh_ __ __ _
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Then f (x) lim ——2X0

ho(x 2hxh )x
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(x)lim(3x 3xhh )3x
ho

The slope of the line tangent to the graph
offatx=1isf (1) 3.

9.1Fg(t) &, theng(th) —=2.

t th
The difference quotient (DQ) is
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X3
The slope of the line tangent to the graph

offatx 2is f(2) .1
4

11 IfH@U) _L ,then H(uh) 1.

u u

j .
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The difference quotient is



89 Cinapter 2. Differrertitoon H3asi (OCnoegists

(xh)f(x)
h
11
o uu¥ Ynn
Jogum
o ol
W
h uh uu h
SR (U] ) —

N T

h fVuh ™ Juh

1

Juduh N Vun

HW I f(xh) f(x)

ho h

—1

lim

0 S
u uhu
1

Vi ard
1

uzi%

1

2u[”
1

TheslopeismH (4) ——=

f(x) x v

Y

uh

1

Chingpttar 2. Differertistion: Besic Conospis 89

Then f (x) lim i
ho Jxh x 2X
The slope of the line tangent to the graph
offatx=9isf(9) .
6

If f(x) = 2, then f(x + h) = 2. The
difference quotient (DQ) is

f(xh)f(x) 22
h h 0.

f(x)lim Lxh) T(x) lim0O0

ho h ho

The slope of the tangent is zero for
all values of x. Since f(13) = 2.

y2=0(x13),ory=2.

For f(x) 3,
X m lim 33
( )i f(xh)f(x) 0
0 0
h h h h

for all x. So at the point ¢ 4, the slope
of the tangent lineismf(4) 0. The
point (4, 3) is on the tangent line so by

the point-slope formula the equation of the

tangent line is y 3 O[ x (4)] or
3.

If f(x) = 7 2x, then
f(x+h) =7 2(x + h).

The difference quotient is

(xh) f(x)
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ho h
ﬁ::%! £ 4 0 The slope of the lineism f(5) 2.
h _;(__X/h j‘ Since f(5) = 3, (5, 3) is a point on the

curve and the equation of the tangent
lineisy (3) =2(x5)ory=2x+7.

For f(x) = 3x,
E{ or (X) X f(xh)f(x)

f(x) lim
h ho h

J )
hxh x lim 3x 3h 3x

JtHf SO

xh x for all x. So at the point ¢ = 1, the slope of
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the tangent line ism f (1) 3. The point

(1, 3) is on the tangent line so by the

point-slope formula the equation of the
tangent lineisy 3 = 3(x 1) ory = 3x.

2 2
17.1f f(x)x ,then f(xh)(xh)

The difference quotient (DQ) is
PO ) (xh)

h h
2
2xhh
h
2xh
f(xh) f(x)
f(x) lim 2X
ho h

The slope of the lineism f(1) 2.

Since f(1) = 1, (1, 1) is a point on the
curve and the equation of the tangent
lineisy1l=2(x1)ory=2x1.
2
For f(x)23x ,
(X) lin ¢ €58 £ (0
ho h
2 2
lim (23(xh) )(23x )
ho h

lim (6 x 3h)

ho
X

for all x. At the point ¢ 1, the slope
of the tangent lineism f (1) 6 . The

point (1, 1) is on the tangent line so by the

point-slope formula the equation of the

tangent line isy (1) 6( x 1) or
6x5.
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£(x) lim TRL00 2
ho h X2

The slope of the line is m f (1) 2. Since
f(1) = 2, (1, 2) is a point on the curve
and the equation of the tangent line

is y22(x(1))
2x 4

3
For f(x) —X2

(X) lim £0xh) (0 hro

33
2

2
(xh) x
m
W b

lim 843"

ho (xh) x
6

X3
1

At the point c 2, the slope of
1

the tangent lineismf 48.The

2
1

point , 12 is on the tangent line so
by 2

the point-slope formula the equation of

the tangent line is

1
y1248x ~ or y48x36.

2

N

f(x) £, then
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First we obtain the derivative of The difference quotient is

g()=x

19. If X f(xh).x h
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The difference quotient (DQ) is

f(xh)f(x)

h

xh *
h
< 4 x(xh)

h— X

h x(xh)
2x2(xh)

h( x)(x h)

2

X( x h)
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g(x+h)—g(x)
h
_ Nx+h —\/.\-'

h
_ \/x+h—\[;.\/x+/1+\/;
h \/.\'+/7+\/.X_‘

x+h—x

h(\/xTh x )
h
h(\/xTth \/:)

1

) \/x+h+\/;

'(x) = lim ! =
e H0x+h+x  24x

dy rioxd 1o
E/\'f(-\)J\ ch_f(-),

Then

Now since
f(x)2—i-_1
2Jx ¥
Theslopeism f(4)d , f(4) =4, the
2

equation of the tangent line is

y4—1(x4),0r yl X 2.
2 2

22. For  f(X)—,
Ix

f(X)limmt €8 £ (0
ho h

T
lim 2"

ho h
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So at the pointc =1, Ehe slope of the
tangent line is f (1) = The

point (1, 2

is on the tangent line so by the point-
slope formula, the equation of the tangent

lineis y1 l(xl)or y 1 x§.
2

2 2

1

2305 f(x) o+ thenf(xh) —t—(x

X h) 3
The difference quotient (DQ) is

Sx+h)- f(x)

h
1 A 3 3
_ (x+h) X (x+h)

h x3(.\' + /1)3
B X - (x+ 11)3
11x3(x + /1)3

iy ¥t = (x3 +3x2h 4 3xh + /73)
B hx3(x — h)3

= 2h—3xh? - b

B /1.\'3(x + h)3

B l1(—3x2 —3xh— /12)

- /1x3(x - ]7)3

3 “3x% —3xh— K

X (x+ /7)3

3
x (%)
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J_JT ‘

1 The slope ism f (1) -3 3.
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hO./ 2 N
[X xh\fx \\/W

1
Jx_zz{
1

X3/2
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4
1)

Further, f(1) = 1 so the equation of the line
isyl=3(x1),ory=3x+4.

From Exercise 7 of this section
2

f(x)3x . Atthe pointc 1, the slope



97 Chapter 2. Differentiation: Basic Concepts

of the tangent lineism (1) 3. The

point (1, 0) is on the tangent line so by the
point-slope formula the equation of the

tangent lineis y03(x 1) or
3x 3.

Ify =1(x) = 3, then f(x + h) = 3.
The difference quotient (DQ) is

(xh) f(x)33(.
hh

&Yy LX)

dx ho h

dy 0 whenx=2.

dx
dy .
26. For f(x) = 17, atx 14is

dx

f(14) lim-f@anta)
ho h

lim 17.(17)

Ify =1f(x) = 3x + 5, then
fx+h)=3(x+h)+5=3x+3h+
5. The difference quotient (DQ)
dsf(xh)f(x)3x3h5(3x5)

h h

3hh
3
dy limfm i jimss

dx ho h ho

dy
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29. If y = f(x) = x(1 x), or f(x)xx2,

thenf (x h) (xh) (xh)
The difference quotient (DQ)

is(xh)f(x)
h 2
](xh)(xh)2 TIxx
1h
h2xhh
2h
2x h

4y jim fomtogox

dx ho h
dy
dx 3whenx =1.
2 dy
30.For  f(x) x 2x, - atE)(lis
dx
f(1) Iim-f‘(-l—)—(‘)h-f L.
ho h
2 2
(@h)y 2@h)Qa 2x1)
lim -
h
ho 9
lim h_
ho h
0
1
Ifyf(x)x x, then —
_ 1,
f(xh)xh xh

The difference quotient (DQ) is

" 1 - |
fG+h)— f(x) _ -‘””m‘(*‘:—)
h h
1 1
h——gts x(x+h)
h x(x+h)
hvivieIDN—virva h
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dx 3 when x =—1.

dy _
28. Forf(x)62x, dxatx03|s

f(3) limf@w1E
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ho h
lim (623 h)) (6 2(3))
ho h
2h
lim —
ho h
2



Chapter 2. Differentiation: Basic Concepts Chapter 2. Differentiation: Basic Concepts 98

dy . f(xh)f(x) 1
lim-  f(0)
2
dX ho , h 34.(am 1o
limx hx1 2
ho _1 1 2 2
2 2 (200 )
x 1 -
dy 22 1
2 12. 2
- 1
Whenx =1, dx() 3
4~ 0
1 dy 1
32. For f(x) : atx 3is 3 2
2x dx 0
f(3) limtEh)iE) h 2
ho
L f(0 h) f (0)
f(0) lim
lim —2@n2@) . "
—
ho . h lim 2hh 0
lim——
ho 5(5 h) ho h
lim(2h
1 hO( )
25 2
The answer is part (a) is a relatively
2 2 good approximation to the slope of
3B3.@IfFf(x)x ,then (@2 4 the tangent line.
2

and f(1.9)(1.9) 3.61.The

slope of the secant line joining the 3
35. (@) If f(x)x ,thenf(l)=1,

points (2, 4) and (1.9, 3.61) on 3
the graph of f is f(1.1) (1.1) 1.331.
y2y1l _3.614 The slope of the secant line joining the
- points (1, 1) and (1.1, 1.331) on the
sec 3.9.
x2x] 19(2) graph of fis

2 y2y113311



Chapter 2. Differentiation: Basic Concepts Chapter 2. Differentiation: Basic Concepts 99

, then m
(B) I T(x) X sec 3.31.
2 2 2
f(xh)y(xh) x 2xhh . X2 x1 111
The difference quotient (DQ) is 3
) 29 Iff(x)x ,thenf

f(xh)f(x) x 2xhh x 3

’ (xh)(xh) .
h h
h(2x h)
. 2xh h h

h 2x h
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The difference quotient (DQ)

is
3 3

(xh) f(x) (xh) x

f(X) limf€xm £ (9
ho h

lim2xh

ho

X
The slope of the tangent line at the
point (2, 4) on the graph of f is

mtan f (2) 2(2) 4.
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h h
2 2 3
3x h3xh h
n
2 2
3x 3xh h
txhf 5
f (x) lim 3x
ho

Theslopeismtgn  f (1) 3.
Notice that this slope was
approximated by the slope of
the secant in part (a).
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I

fo f(1)
@)

36.(a) m

f(1h)f (1)

f(1) lim

ho h
1h

=

lim a1 11
ho h

1

lim
ho 2(h 2)
1

4

The answer in part (a) is a
relatively good approximation to
the slope of the tangent line.

2
37. (@) If T(x)3x x,
change of fis _f‘(_xz‘)ﬂ_xg .
x2x1
Since f(0) = 0 and

1 12 1 13
—f 3 ,
16 16 16 256

the average rate of
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(xh)f(x)

h
2 2
3(xh) (xh)@Bx x)

h

2 2 2

3x 6xh3h xh3x X
h

2

_6xh3h h

6 x 3h 1.

f(x)lim@®x3h1l)6x1
ho

The instantaneous rate of change

at x =01is f (0) 1. Notice that this

rate is estimated by the average rate in

part (a).

38. (a) ave

£(0) lim LI
(b)

ho h
m h(12h)0

§om
ho h

lim (1 2h)

ho
1

f(x)f(x) =
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—2 1 26 The answer in part a is not a very
X 10
2 1 16 good approximation to the
13
average rate of change.
16 1
0.8125. =

(a) Ifs(t) t 1 . the average rate of
s(tp)st1)
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2
(b) |ff(X) 3X X, then

change of s is

VAN
(xh)3(xh)2(xh). o1
The difference quotient (DQ) is sinees .
1
2 12
s() 91 1 4,
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tl
Ifs(t) ,then

tl

th)1
s(th)

(th)1

The difference quotient (DQ) is

=
=

t

s(th) s(t) thiT

tL

=

h h
Multiplying numerator and
denominator by (t + h + 1)(t + 1).

(th1)(t1) (1) (th1)
i h(th 1)(t 1)

t thtthlt thtthil
h(th 1)(t 1)

_ 2h
h(th 1)(t 1)
2

ThDED
2

st) lim ——=2 . __ 92—
ho (th1)t1)  (t1)

The instantaneous rate of change

when t 1_ is

Notice that the estimate given by
the average rate in part (a) differs
significantly.

1
s S os(1)

40. (a) ave _hI_

B |

A=
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s(1h) s(1)

s(1) lim

ho

lim —1h 1
ho h 1

m
0~1h1

1

2
The answer in part a is a relatively
good approximation to the
instantaneous rate of change.

(a) The average rate of temperature

change between t() and t( h hours

after midnight. The instantaneous rate
of temperature change t() hours after
midnight.

The average rate of change in blood
alcohol level between t() and

tQ h hours after consumption. The
instantaneous rate of change in blood

alcohol level tQ hours after
consumption.

The average rate of change of the
30-year fixed mortgage rate between

I~

o
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e rate of change of revenue when
the production level

changes from xQ to x() h units.

RO DOQSVTOHROD VD TNVCODPITIVD TV NI =D T UIOONTD+—HhD VW TDOL TOFQAITDO~

30-year
fixed
mortga
ge rate
10
years

after
2005.

@) ...

QU ~T o0 < Y DT
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... the instantaneous rate of change
of revenue when the production

level is x() units.

w I

... the average rate of change in
the fuel level, in Ib/ft, as the rocket

travels between x() and x() h
feet above the ground.
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... the instantaneous rate in fuel level
when the rocket is x() feet above the

ground.

... the average rate of change in
volume of the growth as the drug

dosage changes from x() to x() h mg.

... the instantaneous rate in the

g}:owth’s volume when x() mg of
the drug have been injected.

P(x) = 4,000(15 x)(x 2)
The difference quotient (DQ) is
P(xh) P(x)
—_—

[4,000(15 (x h))((x h) 2)]

h
[4, 000(15 x)(x 2)]
h
4, 000[(15 x h)(x h 2) (15 x)( x 2)]

4,000(17h 2xh

2
Ro)h
4, 000(17 2x h)

P(x) limE(xh) P(x)

ho h
4, 000(17 2x)

P( x) 0 when 4,000(17 2x) = 0.
17

X 2 8.5, or 850 units.

When P(x) 0, the line tangent to

the graph of P is horizontal. Since
the graph of P is a parabola which
opens down, this horizontal tangent
indicates a maximum profit.

(a) Profit = (number sold)(profit on each)
Profit on each
selling price cost to obtain

P(p) (120 p)(p 50)

Chapter 2. Differentiation: Basic Concepts 105

The average rate as g increases from

= =20i
g=0tog=20is 2
P(20) P(0)  [70(20) (20) 10
20 20

$50 per recorder

The rate the profit is changing at

g =20 is P(20).
The difference quotient

is P(q h) P(q)
e

2 2

[70(@h)(gh) 1[70gq 1

2 2
70q70hq 2ghh 70qq
h
2
70h 2gh h
h

2g h

P(q) lim 70 2q
ho h

P(20) 70 2(20) $30 per
recorder.

Since P(20) is positive, profit is
increasing.

q) =q[(120 q) 50]

O ONPF I|IIT - TONMNELIIOOD®DO S —™W]m

—~ T
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nge is

45, C(x)=0.04x" +2.1x+60

A mx e
t0(11)=0.04(11)" +2.1(11)+ 60 = 87.94

'(10) = 0.04(10)° +2.1(10) + 60 = 85

87.94-85 204
11-10

or $2,940 per unit.

w o®w»vw oL Dd SO S5

BOﬁ—h

@ ~+ v = PO O T~ DD WD @ > o -

el

>0
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or P(q) q(70 ) 70q q
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(b) C(x+h)

= 0.04(x + A1) +2.1(x-+ h)+60
So, the difference quotient (DQ) is
C(x + h)— C(x)

h

[0.04(.\- + /z)2 + Z.I(x + h) +60

h
~(0.04x2 +2.1x+ 60”

h
[0.04):2 +0.08x7+0.047% +2.1x
B h
2.1+ 60—0.04x% —2.1x ~60}

h

_ 0.08x/+0.04h% +2.1h
- h
= 0.08x +0.044+2.1

Q 0(3.100) Q(3.025)

46. () ave 3,100 3,025
3,100 100 3 [0FE

75
3,1001 L/ 55
75

28.01
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C'(x): 1im(0.08x+0.04h+2.1)

h—0
=0.08x+2.1
C'(10)=0.08(10)+2.1=2.90
or $2,900 per unit
The average rate of change is close to

this value and is an estimate of this
instantaneous rate of change.

Since ¢ (10) is positive, the cost will
increase.

The average rate of change in output is about 28 units per worker-hour.
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Q(3,025)  lim Q@.025 by 03.025)

ho h
limy 3,100 FYOPELIRNT 003.] 026
h

3,100
lim V-3.0250 55 37025 h 55
o h 3,025h

lim 3:100(3. 025h 3, 025)
ho h J,025h55

lim ——3.100_

ho E/S, 025h 55
3.10

110
28.2

The instantaneous rate of change is 28.2 units per worker-hour.

Writing ExerciseAnswers will vary.

(@) E(x)x D%x)

X 3% 200)
E E(5) E(4)
(b)ave 5 4

35(5) 200(5) (35(4)  200(4))

240
115

The average change in consumer expenditures is $115 per unit.

E (4h)E (4)

E(4) lim
ho h 2
lim35(4 h) 200(4 h) (35(4) 200(4))

ho 2 h
lim 35h __80h
ho h

lim (35h 80)
ho

80
The instantaneous rate of change is $80 per unit when x = 4. The expenditure is
decreasing when x = 4.
dV 6550 3
When t = 30, -
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dt 5030 4
In the “long run,” the rate at which V is changing with respect to time is getting smaller and
smaller, decreasing to zero.
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Answers will vary. Drawing a tangent line at each of the indicated points on the curve shows the
population is growing at approximately 10/day after 20 days and 8/day after 36 days. The
tangent line slope is steepest between 24 and 30 days at approximately 27 days.

dT _60
dh 2,000 1, 000
6
51. When h = 1,000 meters, 1000
0.006C/meter
a1
When h = 2,000 meters, dh 0C/meter.

Since the line tangent to the graph at
h = 2,000 is horizontal, its slope is zero.

52. P(t)= _6t7 +12¢ +151

(a) The average rate of change is P('-; )j(-tl' = P(zz):{;(o).

2

Since P(2):—6(2)2+12(2)+151:151

and P( -6(0 ) +12(0)+151=151

P(2)-P(0) 151-151 _
2-0 2
The populatlon s average rate of change for 2010-2012 is zero.

To find the instantaneous rate, calculate P*(2).
P(t+h)=—6(t+h) +12(t+ h)+151
G - P(t+h)-P(z)
h
(r+h) +12(2+h)+151- ( 612+121+151)

h

—6t% —12ht — 6k +12t +12h+151+ 61> —12¢ 151
h

so the difference quotient (DQ) is

—12ht —6h* +12h
h
= —12t-6h+12
P'(x)= lim DQ = lim (—127—6h+12)=—12¢+12
h—0 =0

For 2012, t = 2, so the instantaneous rate of change is P’(2) = -12(2) + 12
=-12, or a decrease of 12,000 people/year.
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2
H (t) 4.4t 4.9t
H(t+ h)
= 4.4t + h)— 4.9(t + h)*
= 4.4t +4.4h— 4.9(% + 2th+ 1Y)

(a) =441+4.8h— 4917 —9.8ih— 4.9
The difference quotient (DQ) is
H(t+h) - H(1)
h
 44t+4.4h—4.91" —9.8th

h H'(1)
—491* —(4.4t-4.9%) = lim Ll e
7 17.—>0 h
) = lim 4.4—-9.8/—4.9h
44h—-98th—49h h—0
= 7 =44-98¢

 h(44-9.81—49h)

h
Afted 1 $£80rd419/s changing at a rate of H (1) 4.4 9.8(1) 5.4 m/sec, where the negative

represents that H is decreasing.
H(t) O when4.49.8t=0, or

t 0.449 seconds.
This represents the time when the height is not changing (neither increasing nor
decreasing). That is, this represents the highest point in the jump.

When theélea lands, the height H(t) will be zero (as it was when t = 0).

44149 0
(4.44.9t)0

4.449t0

t 44 0.898 seconds
49
HA34 449848
At this time, the rate of change is 49 .
4.4 m/sec.

Again, the negative represents that H is decreasing.
() If P(t) represents the blood pressure function then P(0.7) 80, P(0.75) 77 , and P(0.8) 85 .

7780
The average rate of change on [0.7,0.75] is approximately 6 mm/sec while
8577 on 0.5
[0.75, 0.8] the average rate of change is about 16 mm/sec. The rate of change is

greater in magnitude in the period following the burst of blood.

Writing exerciseanswers will vary.
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2
D(p)0.0009p 0.13p 17.81 The

average rate of change is

D(p2)D(p1),
p2 pl

Singg

D(60) 2

0.0009(60) 0.13(60) 17.81
22.37

and

DL

0.0009(61) 0.13(61) 17.81
22.3911,

22.3911 22.37

61 60
0.0211 mm per mmff mercury

D(p h) 0.0009( ph) 0.13

So, the difference quotient (DQ) is
D(ph) D(p)

n

2
[0.0009(ph) 0.13(ph)
17.81 2

(0.0009p 0.13p 17.81)]

2 h

[0.0009 p 0.0018 ph 0.0009h

0.13p 0431 17.81
0.0009 p 0.13p 17.81]

h

2

0.0018 ph 0.0009h 0.13h

0.0018 p 0.0009h 0.13

D(x)

lim (0.0018 p 0.0009h 0.13)
hO

0.0018 p 0.13

The instantaneous rate of change
when p =60 is
D(60) 0.0018(60) 0.13

0.022 mm

Clhingpttar 2. Differertistion: Besic Conospis 100

0.0018 p0.130
p 72.22 mm of

mercury

At this pressure, the diameter is
neither increasing nor decreasing.

(a) The rocket is
h(6)=—-576+1200 = 624

feet above ground.

The average velocity between 0

and 40 seconds is given by

h(6)—h(0) 624

2% 104
6 6 feet/second.

(c) A'(0)=200 ft/sec and
1'(40)=—1080 ft/sec. The negative

sign in the second velocity
indicates the rocket is falling.

57. s(t)=4vt+1-4

— 41+ )24

1/2
s(t+h)=4|(t+h)+1| -4
o A=l

So, the difference quotient (DQ) is

4(t+h+1)" —4[4(”1)1/2 4}
h
4(t+h+1) —a-a(r41)% 44

per m mof 1/2
(”hrﬁelr ury. é(ﬁé“el)
D(60)is Multiplying the

positive, the  numerator and

r+ 5ot b?e; ,51 172 denominator by

mcre mg
when p = 60.



110 Chhapee 2 2D feraraiatoBaBasoGaemspts Clhingpttar 2. Differertistion: Besic Conospis 100

gives
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16(t+ 7 +1)-16(z+1)
/7[4(t +h+ 1)1/2 +4(f + 1)1/2}
161 +16h+16—-161—-16
_(t +h+ l)l/2 +(t + 1)1/2_

4

=

o 164 i
4h (f +h+ l)l/2 +(I - 1)1/2

(r +h+ 1)1/2 - (r - 1)1/2

s'(1)= lim 1/421 12
”_’0(t+11+1) +(1+1) o

2 2
Vins (t) - /

(1) Vo

(B) vy (0)= — 2 = == 2misecy2

: (0+1)" R

©) s(3)=4v3+1-4=8-4=4m

| b

2
Vins (3): \/m = 5 =1m/sec

(3(xh) 2) (3x 2)
(@) f(x)lim

Clhingpttar 2. Differertistion: Besic Conospis 100

The line tangent to a straight line
at any point is the line itself.

(@) For yf(x)x ,

(xh) (x h)2
The difference quotieﬁt (E)Q) is

S(xh)f(x) (xhl x
T h h

2xhh

h
2xh

dy
f
o X
lim L0,
0 h

h
X

2
Fory f(x)x 3,

2
f(xh)(xh) 3.
Theﬁiﬁere%e quotier§ (DQ)is [(
xh) 3](x 3)2xhh

h h
2x h
dy
f
ix (%)
lim f(xh) f(x)
ho h
2 X

2
Thegraphofy = 3is the graph
2
of y x shifted down 3 units. So the

graphs are parallel and their tangent
lines have the same slopes for any
value of x. This accounts
geometrically for the fact that their
derivatives are identical.

2

(b) Since y x 5 is the parabola
2
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Atx 1,y3(1)25and
(1, 5) is a point on the tangent line.

Using the point-slope formula with

Cliegptsr 2. Diffenemtistiom: Basic Conosps 100

x shifted up 5 units and the
constant appears to have no effect on

the derivative, the derivative of the

2

functiony x 5 is also 2x.
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m 3 gives y(5) 3(x (1)) or
3x2.
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2
60. (a) For f(x) X 3x, the derivative is
f(Xx) 2
lim_: [(xh) 3(xh)](x 3x)
ho ) h
lim___x_ 2hxh 3x3hx 3x
ho h

lim(2x h 3) 2x 3
ho

2
(b) For g (x) x , the derivative is

2 2
(xh) x

—_—

g(x)lim
Mo Moo

) X 2hxh x
lim
ho h

lim (2 x h)

ho
X

While for h( x) 3x, the derivative is
3(x h) 3x 3h
- 3

h(x) lim ™ lim
ho h ho h

The derivative of the sum is
the sum of the derivatives.

The derivative of f (x) is the sum of

the derivative of g ( x) and h( x) .

61. (a) Fory f(x) x2 ,

2
(xh)(xh)
The difference qu%tieé]t DQ)isf
(xh)f(x)(xh) x
h

NN

2xh

Chapter 2. Differentiation: Basic Concepts 111
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dx f(x)

limf(xhf(0
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33 2 2 3
(xh) x 3x h3xh h

2
3x 3xhh

dy
i f(x)

The pattern seems to be that the

derivative of x raised to a power (x )

power decreased by one (nx ). So,
4
the derivative of the function y x

is 4x and the derivative of the

27 26
functiony x  is 27 x
If y mx b then
dy [m(x h)b] (mx b)
lim
dx ho h
limxmh b mx b
ho h
mh
li
ho h
limm
ho

m, a constant.

When x < 0, the difference quotient (DQ)

is f(xh) f(x) (xh)(x)
h h

hh

1

So, f(x)lim11.
ho
When x > 0, the difference quotient (DQ)

IS £k} (xh) x 1.

Chapter 2. Differentiation: Basic Concepts 116
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ho h So, f(x)lirr?ol 1.
X
3 Since there is a sharp corner at x = 0
Fory f(x)x , (graph changes fromy = x to y = x), the

(xh)(xh) . graph makes an abrupt change in direction
The difference quotient (DQ) is at x = 0. So, f is not differentiable at x = 0.
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(a) Write any number xasxch . If

the value of x is approaching c, then h
is approaching 0 and vice versa. Thus

the indicated limit is the same as the

limit in the definition of the derivative.
Less formally, note that if
1(x)f(c)

XC

X ¢ then is the slope of

a secant line. s x approaches c the
slopes of the secant lines approach
the slope of the tangent at c.

lim[f(x)f(c)]
f(x)f(c)
lim xc Xc(xc)
lim[f(x)f(c)]
XC
lim £(x) £(c) lim (x¢c)
XC XC XC
()0
0
using part (a) for the first limit
on the right.

Using the properties of limits and the
result of part (b)
Olim[f(x)f(c)]

limf (x) lim f (c)
limf (x) (<)

so lim f(x) f (c) meaning f(x) is
XC

continuous at x c .

[

65. To show that f (X)x ] is not

differentiable at x = 1,

2
press ;'and input (abs(x

Chapter 2. Differentiation: Basic Concepts 114

2
x 1 (x1)(x1)
lim l lim
x1 x1 x1 x1
2
x 1
| (x1)(x1)
Im '—3 Iim 2
x1 x1 xt x1

;\

/N

Using the TRACE feature of a calculator

, 3 2
with the graphofy2x 0.8x 4

shows a peak at x 0 and a valley at

0.2667 . Note the peaks and valleys
are hard to see on the graph unless a
small rectangle such as [0.3, 0.5] [3.8,
4.1] is used.

To find the slope of line tangent to the

[ 2 T
graphof f(x)x 2x 3xat

x = 3.85, fill in the table below.
The x + h row can be filled in manually.

For f(x), pressfy =and input

\/_x’\22x \/_(3x)for %l

Use window dimensions [1, 10]1
by [1, 10]1.
Use the value function under the calc

menu and enter x = 3.85 to
find f(x) = 4.37310.

For f(x + h), use the value function under
the calc menu and enter x = 3.83 to find
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for 1))/ (x1
y1 )/ (x1) f(x + h) = 4.35192. Repeat this process for
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The abs is under the NUM menu X= 384, 3849, 385, 3851, 386,
in the math application. and 3.87.

Use window dimensions [4, The Txh) F(x) can befilled in
4]1 by [4, 4]1 h

Press Graph' manuglly given that the rest of the
We see that f is not defined at x = 1. table is now complete. So,

There can be no point of tangency. slope f(3.85) 1.059.
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2.2 Techniques of Differentiation

Since the derivative of any constant is
zero,
y2

dy
de

(Note: y = 2 is a horizontal line and all
horizontal lines have a slope of zero, so

dy
dx must be zero.)
y=3dy

0 dx

y5x 3

YL o0t

dx dx dx

dy

e 505
4.y=2x+7

dy

2(1)02

h

— xah 0.02 0.01 0.001
3833 384 3849

f(x)
437310 | 4.37310 | 4.37310
f(x + h) 435192 | 4.36251 | 4.37204
L0t 1.059 1.059 1.059
0 0.001] 0.01 0.02
3.85 3.851] 3.86 3.87
4.37310 4373100 4.373100  4.37310
4.37310 437415 438368  4.39426
undefined 1.058 1.058 1.058

Chapter 2. Differentiation: Basic Concepts 117

dy Zx 7/311X4/3
dx 3 3
x3.7
y dy 371 2.7
dx 3.7 x 3.7Xx
W,
y 4 x
dy 121 2.2

5 dx 0 (1.2) x 1.2x
yr

QY( 2
r r
1 3
dxy =@r

dy

470(3r2) 4zr 2
dr 3

3

1/2

ein
d‘._ (1 ‘/"2—\
Gl

(i)

dx 4 2 2

I©

BY g Ot v2
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dy 9 1ty
dx dx 2
4 1
.Y X O EL
2
9
or

2t3/2 J 1



t
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dy . 4
4x41 4X 5
dx X
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g2 F

y X 2x3
W (x4

dx dx dx dx
dy 2X 2

dx

5 3
y 3x 4x 9x6

dy

3(5x ) 4(3x )9(1)0
4 2

15x 12x 9

dx

9 8
y X 95X x12

9 8
dy d (xyd sy )4 (x4 (12

dx dx dx dx dx
dy 8 7
9x 40x 1
dx1 81 6
f(x) x X X2
42
171 5

f(x) 84_x 6_2x

7 5
102x 3x 1

3

d

f(x) _(002x ) (0.3%)
dxdx

2 2
f (x) 0.02(3x )0.30.06 x

f(x) 0.0éx 0.3x
3



3 0.3

20. f(u)0.07u 1.21u 3ub.2
3 2
f(u) 4(0.07u )3(1.21u )3

3 2
00.28u 363u 3
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(tl) (tz) ( tv2)
dt dt dt dt
1 2 1 1/21
it 2t t 2

MEx )@Ex )E) x ¢

& 9 3_4_
3X 4x 2x

3 4 2
2 4
xff?—

23.f(x) X3 x3'X§/2 X3/2,

(0 9 (2) 9 (@2

dx dx
_§X 31 3y a1
2 2

31/2 3 5/ 2
—_ X 2 2x
312 3 3 3
2 —_ 2 \/— —_—
X , or X
V5
2 2Xs12 2 2X

3 4
24, f(t)2‘/_:[ J_T ﬂ_
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2372 Mu2 2
(t) _
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3 (2t3/21) (4t

200 2 2
3ty2 2ts2

2
2
Ve

3
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X2 2 32 __l
X
25.y X
2
16 x 3x 3
Ly oo 1x3’21x21x,
16 3 3

dyv d 1 5\ d
P ol by
df1 ) df1)
+de3'\ _J+ dxbl}

3 3121
~—X

| d 3p
27—
)

R P &
= 16(21)+2( 1x )

Yy T—%125X21 Xi2

X21

dy
- 1.21 2.11

dx 1£(£x 1).f.1(5x )
8.4 x 10.5x

84
- 10.5Xl'1

Ehapter 2: Bifterentiation: Basic EBncepts 126

29. yXx 5 3x1
dy

2
3x 10x3
dx

Atx=1, QM .
X 10. The equation of the

tangent line at (1, 8) is
y+8=10(x +1),ory=10x + 2.
5 3

Givenyx 3x 5x 2 and the point

dy 4 2
(1,5),then  (x5x 9 5and

the slope of the tangent line at x 1 is
4 2
51 )91 )59.The equation of

the tangent line is then
y(B)9(x1)ory9x4.
1 1/2
ylg'E 2& 2X
WX
dy 1
2 2

dx X Xs/2

1
~The equation of
4 dx 16

L 1

the tangent line is y (x4),or

— 4 16
1
16x2.

3 716 2

Givenyx X and the point x

T

X 2 X 2andthe
3

(4,7), then ¥ 3

dx 2 X
slope of the tangent line at x 4 is

3~
—
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. 42432 11
. The equation
3
2 . 1 2 4 2
X X - -
2 1 of the taﬂent line is then 11
dy d{x )?(4)( ) y (7) (x4)or y x15.
dx dx dx 2 2

11
2X4(1x )
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2X

28. y

X

2
2X 4x
4
X2
2 3 5 3
X (x 6x7)x 6x 7
2dy 4 2

5x 18x 14x dx

Ehapter 2. Bifterentiation: Basic EBneepts 128

2 3 2
33. X X)(32x) 2x x 3x
o 5% N8

tix

Atx =1, dy 1. The equation of the
X
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tangent line at (1, 2) isy 2 = 1(x + 1),
ory=x+3.

4 3
34. Giveny 2x x  and the point
X
dy g_1 _3
(1,4),then  8X and the
dx ZJ; X2

slope of the tangent line at x 1 is

3 1 3

S L
ms8(1 ) ) . The equation
20 1

of the tangent line is then y49 (x1)
2

9y 1

ory =x
2 2

1
35. f(x)2x3_2- 2 x
X

2 2
f (x) 6x v3

Atx=1, f (1) 4. Further,

y = f (1) = 3. The equation of the tangent
lineat(1,3)isy3=4(x+1),or

=4x1.

4 3 2
36.f(x) x 3x 2x 6; X2

2

(x)4x 9x 4x

f(2) 16 24 8 6 6 50 (2, 6) is a point on
the tangent line. The slope is

f(2) 3236 8 4. The equation

of the tangent line is y (6) 4( x 2) or

Chapter 2. Differentiation: Basic Concepts 129

1 193

f'(2) 48 . The equation of

44

the tangent line is y 66 ﬁ(x4) or
4
193

X
y 4 127, 3

f(x) X 2 Xu2

NG

2B
i f
2 2
2

Atx=2, f(2)4
1
1

4
44

Further, yf(2) 43-The3

equation of the tangent line at 2, 3is

y4 3(x2),or y3x  22.

3 3
J
312
40.  f(x) x( xDX  x X 4
£(X) Zﬁﬁ 1
4x 14 .
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f 1 2 2 f (4) 8 4 4 50 (4, 4)is a point on the
X)X XX X
() tangent line. The slope is

f(4) 3 12. The equation of the

tangent lineis y 4 2( x 4) or
2x 4 .

N

4
(013 f(x)2x 3x1

3
Atx=1,
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f (1) 3. Further, f(x)8x 3
y=f()=0.

The equation of the tangent line at (1, 0)
is0=3(x1),ory=23x3.
3
/
38. f(x)x ) \1\/;;)(4
f(x) 3x
2k
f (4) 64 2 66 so (4, 66) is a point on the
tangent line. The slope is

Chapter 2. Differentiation: Basic Concepts 132

The rate of change of fatx =1
is f (1) 5.

3
42.f(x) x 123x5; X 2

f(x)3x 3
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f(x)x A 12 2
(x) 0 Y
43. X X2 X

F(x) 1——=— 2

2Xu2 X3
The rate of change of fatx =1

_ 3
isf(1y .9

4

Xu2 1

(0 L

2xu2
The rate of changeof fatx =1
isf(1) -2

x1

x

£(x) %i x/
X 2
) 22 2

46.1 (x) 2 X X;

2 2
3 2
47. T(x)2x 5x 4
2
(x)6x 10x

The relative ra? of change is

f(x) 6x 10X
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f(xy 3 2 4.
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1

f(x)x_xxl;f(l):1+1=2x
2 1

f(x)1x 1° ';f(1)2110
X

At c =1, the relative rate of change is
10 9
f(1) 2

;

f(x)x XX

X1/2 X2

X312 X2
f(x) 31/2 3
> .
2 2X X 2X
The relative rate of change is
) AVx2x 2 3 fllx
v I
2 2

f(x) XXX 2 2XXX

When x =4, f(x) _3!:/_!4@__ 11

f4) 24 4 42 24

11
50.f(x) (4 XX 4x 1L

ORI

3

2 4
f(x)4x ;f(3) 9

=

e relative rate of change is
4
3

Atc=3,t

13 =
FE)

IS

w_ o

2
(a) A(t) 0.1t 10t 20

A(t) 0.2t 10
In the year 2008, the rate of change is
A(4) 0.8 10 or $10,800 per year.

f(1)610
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Whenx =1, 4,
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A(4) = (0.1)(16) + 40 + 20 = 61.6,
so the percentage rate of change
is

f(1) 254

Chapter 2. Differentiation: Basic Concepts 126

o008 17.53%.
61.6

3 2
(@) Since f(x) x 6x 15x isthe

number of radios assembled x hours
after 8:00 A.M., the rate of
assembly after x hours is
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2
f(x)3x 12 x 15 radios per hour.

The rate of assembly at 9:00 A.M.

(x1)is

f (1) 312 15 24 radios per hour.
At noon, t =4,

£7(4)=-3(4)" +12(4)+15=15
and f’(l) =24. So, Lupe is correct:
the assembly rate is less at noon than

at 9 A.M.

2
(@ T(x)20x 40 x 600 dollars

The rate of change of property
tax is T ( X) 40x 40 dollars/year.
In the year 2008, x = 0,

T (0) 40 dollars/year.

In the year 2012, x = 4 and

T(4) = $1,080. In the year 2008, x =0
and T(0) = $600.

The change in property tax

is T(4) T(0) = $480.

125517
M (%) 2, 300 2
4,

X X
125 1034

M(x) ~

X2 X3

125 1034
M@ -7 T 0.125.Salesare

02 3
decreasing at a rate of approximately

1/8 motorcycle per $1,000 of advertising.

(a) Cost = cost driver + cost
gasoline cost driver 20(# hrs)

20 250mi

X
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cost gasoline
4.0(# gals)

11 ZOOX

4.0(250)

250 x
4,800

y 4.0 x dollars
So, the cost function is

9, 800

C(x) 4x.

The rate of change of the
cost is C( x).

1
C(x)9,800x 4x

C(x) ; 4 dollars/mi per hr

X

When x = 40,
C(40) 2.125 dollars/mi per hr.

Since C(40) is negative, the cost is
decreasing.

2
(a) Since C (t) 100t 400t 5, 000 is the

circulation t years from now, the rate
of change of the circulation in t
years is

C (t) 200t 400 newspapers
per year.

The rate of change of the
circulation 5 years from now is

C (5) 200(5) 400 1, 400 newspap

ers per year. The circulation is
increasing.

The actual change in th
circulation during the 6 year is

5,000
X
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C (6) C (5) 11, 000
9, 500
1, 500 newspapers.

() Since Gary’s starting salary is
$45,000 and he gets a raise of

$2,000 per year,
his salary t years from now will
be

S(#)=45,000+2,000 dollars.

The percentage rate of
change of this salary t
years from now is
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100 1) |_ygof 2000 )
S(r) L45,000 +2,000¢ J
200

= ercent per year
45+2rp Dy

44 -

‘ »

The percentage rate of change
after 1 year is

>
20 4.26%
47

200

In the long run, 45+ 27 approaches
0. That is, the percentage rate of

Gary’s salary will approach 0 (even
though Gary’s salary will continue to
increase at a constant rate.)

Let G(t) be the GDP in billions of dollars
where t is years and t 0 represents 1997.
Since the GDP is growing at a constant

rate, G(t) is a linear function passing
through the points (0,125) and (8,155) .
Then

G(t) 122125 ¢ 195 15 195
80 4
In 2012, t 15 and the model predicts a

GDP of G(15) 181.25 billion dollars.

(a) f(x) = 6x + 582
The rate of change of SAT scores is

(x) 6.

The rate of change is constant, so the
drop will not vary from year to year.

Ehapier 2. DRI Bt Comas 128

N (x) 18x 500 commuters per

week. After.8 weeks this rate is

N (8) 18(8 ) 500 1652 users
per week.

Tttﬁe actual change in usage during the

8 weekis
N (8) N(7) 15,072 13,558 1,
514 riders.

(@) P(x) 2x 4x 5, 000 is the

population x months from now.
The rate of population growth is

P(x)24 "
1/ 2

2 6X people per month.

Nine months from now, the population
will be changif? itthe rate

of P(9) 2 6(9 ) 20 people
per month.

The percentage rate at which
the population will be changing
9 months from now is

100 P(9) 100(20)
3/2
P(O) 29409 5,000
2,000
5,126
0.39%.
2 2

62.(a) P(t)t 200t10,000 (t100)

P(t) 2t 200 2(t 100)
The percentage rate of change is

100t ) 200(t 100% 200

3 3
pt) (t100) t 100
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The rate of change is negative, so the
scores are declining.

(a) Since N (x) 6 x 500 x 8, 000 is

the number of people using rapid
transit after x weeks, the rate at which
system use is changing after x weeks
is
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The percentage rate of changes

200
approaches 0 since lim 0.
11100
3 J.3 12
63. N (t) 10t 5t t 10t 5tt

The rate of change of the infected
population is

N (t) 30t 2 5—1 people/day.

2112
On the 9th day, N (9) 2, 435 people/day.

@) N(t)5,175t3 t8)
51 5'[48'[3
Sy

N (3)4(3 )83(3 )108 people
per week.

The percentage rate of change of N
is given by
00N_(t ) 100(4t 224t 2)

N () 5175t 8t
A graph of this function shows that

it never exceeds 25%.

Writing exerciseanswers will vary.

3 2
(a) T(t)68.07t 30.98t 12.52t

37.1
T(t) 204.21t  61.96t 12.52

T (t ) represents the rate at which
the bird’s temperature is changing
after t days, measured in C per day.

(b) T (0) 12.52C/day  since T (0) is

positive, the bird’s temperature

is increasing.

T (0.713) 47.12C/day

Ehapier 2. DRI Bt Comas 128

is T(0.442) 42.8C.

The bird’s temperature starts at
T(0) = 37.1C, increases to
T(0.442) = 42.8C, and then begins to

decrease.

(a) Using the graph, the x-value (tax rate)
that appears to correspond to a y-value
(percentage reduction) of 50 is 150, or
a tax rate of 150 dollars per ton

carbon.
Using the points (200, 60) and (300,
80), from the graph, the rate of change

is approximately

ar ~ S0 — 20 —0.2%
dl'  300—-200 100

or increasing at approximately 0.2%
per dollar. (Answers will vary
depending on the choice of h.)

(c) Writing exercise — Answers will vary.

2
(@) Q(t)0.05t 0.1t3.4PPM
Q(t) 0.1t 0.1 PPM/year

The rate of change of Qatt=1is
Q(1) 0.2 PPM/year.

Q(1) = 3.55 PPM, Q(0) = 3.40, and
Q(1) Q(0) = 0.15 PPM.

Since T (0.713) is negative, the bird’s
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68.P ~ T1
Q(2)=02+02+3.4= N
3.8, Q(0) = 3.4, and 3 3kT 9k
Q(2) Q(0) =0.4 PPM.
2 2 dP 4N 2T 2 4N
4n 4N
2
dt 9k okT

temperature is decreasing.

Find tZSO that T (t) 0.
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Since g represents the
acceleration due to gravity for

61.96 \/61.96) 4(204.21)(12.52)

2(204.21)

0.442 days
The bird’s temperature when t = 0.442
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the planet our spy is on, the formula
for the rock’s height is

1
H(t)=—=gt* + Vst + H,
Since he tRrows the rock from ground
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level, HO . O. Also, since it returns to the

ground after 5 seconds,
1 -
0= —Eg(S) +7,(5)
0=-12.5g+5V,
- 1285
(=——8-25g
The rock reaches its maximum height

halfway through its trip, or when 7 =2.5.

So,

375=— %g(z.s)2 +7(2.3)

37.5=-3.125g + 2.5V,
Substituting 7, =2.5¢

37.5=-3.125g +2.5(2.5g)

37.5=-3.125g +6.25g
37.5=3.125g

g=12 fi/sec?
So, our spy is on Mars.

2
70.(a) s(t)t 2t6 forot 2

v(t)2t2
a(t) 2

The particle is stationary when
v(t) 2t 2 0 whichisat time t 1.

(@) s(t)3t22t5f0r0t1

v(t)=6t+2and a(t) =6

6t +2=0att=3. The particle is not
stationary betweent=0and t = 1.

3 2
(@) s(t)t 9t2 15t 25 for0t6

v(t) 3t 18t153(t1)(t5)

The particle is stationary when
v(t) 3(t 1)(t 5) 0 which is at

Chapter 2. Differentiation: Basic Concepts 130

4 3
73.(a) s(t)t §4,t 85 forot4

v(t)4t 12t 8and

To find all time in given interval
when stationary,

43122 +8=0
48 -3t2+2)=0

£-32+2=0
(t-1D)(*-2t-2)=0

[_lort_zt./4—4-1.(-2)

2

Since 0<7<4, r:lort:l+\/§.

(a) Since the initial velocity is V() 0 feet

per second, the initial height is

0 144 feetand g 32 feet per second
per second, the height of the
stone at time t is
1

Hit) Ot2_vtH
2 0 0

2
16t 144.
The stoneéwits the ground when

H2(t) 16t 144 0, that is when

t 9 or after t 3 seconds.
The velocity at time t is given by H
(t) 32t. When the stone hits the

ground, its velocity is H (3) 96

feet per second.

(a) If after 2 seconds the ball passes you

on the way down, then H (2) HQ
,where H(t) 16tVtH.

times
tlandt5s.
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o 0
So, 16(2 ) (V)(2) H H,
0 0 0

642vQ0,orvy 32—t
sec

The height of the building is H() feet.
From part (a) you know that
2

H (t) 16t 32t HQ . Moreover,
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H(4) = 0 since the ball hits the ground
after 4 seconds. So,
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44X 6X haxh

h3

2
16(4) 32(4)HQO, or
0 128 feet.

From parts (a) and (b) you know that
2

speed of the ball is

H(t)32t32ft—.

sec
After 2 seconds, the speed will be

H (2) 32 feet  per second, where

the minus sign indicates that the
direction of motion is down.

The speed at which t?__(te ball hits the

Sec

Let (X, y) be a point on the curve where the

tangent line goes through (O, 0[). Then the
slope of the tangent line 1s equal to

yOy

— — . The slope is also given by
x 0 x
y

f(x) 2x4.Thus - 2x4or

2
2X 4X.

Since (x, y) is a point on the curve, we
2 .
must have yx 4 x 25 . Setting the

two expressions for y equal to each other

4
78. (@) If f(x) x then
4

h h
WGB3 55 34
X 4x hé6x h 4xh h f

3 22 3 4

(xh)f(x)4x h6x h 4xh h
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gives
2 2

X 4x 25 2x 4x
2

X 25
5

Ifx 5,then y70,theslopeis
14 and the tangent lineis y 14 x..
Ifx5,then y30, the slope is 6 and

the tangent line is y 6x .
f(x)ax bxc

2
Sincef(0)=0,c=0and f(x)ax bx.
Since f (5) =0, 0 = 25a + 5b.

Further, since the slope of the tangent is 1
when x =2, (2) 1.

f(x)2axb
12a(2)b4ab
Now, solve the system: 0 = 25a + 5b and
1=4a+b. Since 14a=h, using
substitution
25a 5(1 4a)
25a 5 20a

05a5
ora=landb=14(1)=5.

2
So, f(x)x b5x.

Chapter 2. Differentiation: Basic Concepts 133



Chapirapit€ri e Riftentionatizs BEsitcEoisca3? Chapter 2. Differentiation: Basic Concepts 133

h
n
If f(x) x then
nn on NOI)n22 nl n
(xh)(xh) x nx h x h ..nxh h
nl1 N(N1) n2 2 nl n
(xh)f(x)nx h x h ..nxh h

2
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and
f(xh)f(x) n1 n(nl n2 n2 ni
h 2
From part (b) nl
X)) py Tpad oy h
- n2 n2
h 2

The first term on the right does not involve h while the second term approaches 0 ash 0 .

Thus 160 ) jim LEAMEGE 0

dx ho h
(f 9)(x)
lim {L£920xN) (g )(X)
Iil:i .I.Mﬂﬂﬁ_MJ-u
Iir:m .I.(X_h)-f(_X).giﬁ).g_(_X)
Ii:g_f(xh)f(x) |ir:q(xh)a(x)
ho h ho h
(%) 9 (x)

2.3 Product and Quotient Rules; Higher-Order Derivatives

f(x) = (2x + 1)(3x 2),
1(3x2)

f(x)(2x1) o

d

(3x2) —(2x1)
(3x1)(3) 3x 2)(2)

12x 1
f(x)(x5d(12x)
f(X)(x5)_(12x)(12x)__(x5)
d dx

X
2(x5)1(12x)
114x
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y = 10(3u + 1)(1 5u),
dy

dud
—3u 1)(15u)
du

10 (3u 1) —15u 1 5u d (34 1)
du

10[(3u 1)(5) (1 5u)(3)]

300u 20

du

2
y 400(15x )(3x2)

2
dy 400 D15 %" )3x2)
dx dx 2

400 (15x ) -d

(3x 2) (3x 2)

2
400 (15X )(3) (3x 2)(2X)
2

400(9 x 4 x45)

5 3
5.f(x) + (x 2x 1)d x1

3 X
X —(xg 2x 1)

X dx

1 5 3 1
(x 2x 1)1 _

3 2

X
1 4
x —(5x 6X2)
X
34 _1-
X
3 3X

=

2x54x

3

=

2
3

6.1(x) 3(5x 2x5)( X 2X)

—45
24

3
f(x)3(5x 2x5)

Jx

105

X5/2 120x3 o 1/224x
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2
d (15x )
dx

2
2x(15x 2)

15

30

2X1/2
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(X2)di (x1) (x1)d (x2)

dx o (x2),
(x2)()(x 1)(1) (x2)
3

"
(x2)

x4) 9 (2x3) (2x3) (5% 4)
Qy dx dx
dx (5x 4)

2(5% 4) 5(2 x 3) (5%
4)

23

-2
(5x 4)

9.f(t) —L
t 2
t 2d(t)td(t 2)
dt ~t

f(t) 2 t 2

(t 2)Q)¢)Et) (t

f(x)gx2)§0) 1(1) 1

(x2) (x2)

(x5) 43 (x5)

d — dx ) ) _dx
dx (x5)
(x5)(0) 3(1) (x
5)

3
(x5)
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y Eg =1t
2
atz 2t t21 2t
dy (Lt @) 1)(2t) 4t
- 22
dt (1t ) (1t )
23x2
13.1(x) Xpore .
2x_ bx1
(2x~ 5x1)  d.(x 3x2)
dx
f(x) /4 2

(2x  5x1)

(x 3x2) d—(Zx 5x 1)

Adx N

14
2 (2x  5x1)

(2x  5x 1)(2x 3)

2 2
2x bx1
( )2

(X 3x2)(4x5)
2 2
(2x 5x1)

11x 10x7

2
14.9 (X) (x_x1)(4x)2x
1

2 xD[1( x2 x1) (4x)(2x1)] (x2 x 1)(4 x)(2)
g(x)
o @2x1)2
4x 9x 6{)2 11
(2x1)

15. f(x) (2 SXHZ (25x)(25x) f
(x) (25%) 25%)
dx

(2 5x) d-(2 5x)
dx

2(25x) —(2 5x)

2(2 5x)(5)
50x
10(2 5x)
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16.f(x) x

2
f(x)2x
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_to Lotue
17. g(t) ~ 7£

2t 5 2t5
(2t5) d (t tw2)

“ t2tU2)d (2t5)
N T
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g(t) 5
(2} ) 2 12
_(?ti_l-zﬂz(l —L—JQJ
2 12 @O
210t —= 2t
2 S
5 55) 32 2t 12
4t 20t 2t5
1/ 2 2
2t (2t
Ao Jt—
23!(215)
h( x) _4x
2
1x 1
2 2
(x DO)x2Xx) (x Q)4 XE(Z x)2
h (X) 2 9 (x 1)
(x 1)
2 2
x 1 x 8xi(
2 2
(x 1) X2 1)
y (5x 1)(4 3x)
dy
dx 30x17

Whenx =0,y =4and dy

dx 17. The equation of the tangent line at (0, 4)

isy+4=17(x0),ory=17x 4.
2
y (x 3x1(2x)
2
(x 3x1D(A)2x3)(2x)

AtxQ 1, y(3)(1) 3and

y (3)(1) (5)(1) 2 . The equation of the tangent line is then
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y32(x1)or y2x1.

21. y '2x3

& 3

Chapter 2. Differentiation: Basic Concepts 138
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2
dx (2x3)

Whenx=1,y=1and % 3. The equation of the tangent line at (1, 1) is

y+1=3(x+1),0ory=3x+2.
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X7
y "5 2x 2
(52x)(1) (x7)(2) (5G2x)
AtxQO0,y zandy 51—3 L
5 5 25

The equation of the tangent line is then

y3 \/xk/(;xz)

1/ 2 2

(3x X)(2x )

_3
X 3/2 2

dy 15
3x2

dx 2 Xu 2

Whenx=1,y=4and & &

dx 2

The equation of the tangent line at (1, 4) is

f(x)(xl)(x228x7)
f(x)l(x28x7)(x1)(2x8)
3 18x15
3(x1)(x5)

f(x) 0 whenx=1andx=5.

817)0
85 7)32

2
f (1) (11)(12
f(5) GG

The tangentzlines at (1, 0) and (5, 32) are horizontal.

f(X)(x1)(x x2)

f(X)(x1)2x1)(x x2)Q2)

Since f ( x) represents the slope of the

tangent line and the slope of a
horizontal line is zero, need to solve

Chapter 2. Differentiation: Basic Concepts 140

||—\
©
I—

yz B (xoyor y

5 25 25 5

ya 4

X2 X12
f(x) —
X 1x

26.
(x)

2
x1 (x  x1)(2x1)

2
(x x1)

2
(2x 1)( x

2% Ax—
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2
03x 33(x1)(x1) orx=1,1

When x =1, f (1) =0 and when x =
1, f (1) = 4. So, the tangent line is
horizontal at the points (1, 0) and

Chapter 2. Differentiation: Basic Concepts 140

(x x1)

(x x1)
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(1, 4). f(x)0 thenx=0andx=2
0 01

—2
f(o) 001
2 215
f@a
2
2 213
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3
The tangent lines at (0, 1) and 2,  are 3

horizontal.

‘I—‘

f(x)
x2x1
2 9x
f(x)

2
(x x1)
Since f ( x) represents the slope of the

tangent line and the slope of a
horizontal line is zero, need to solve
2

O X_2X
22
(x x1)

0x 2xx(x2)orxO0, 2.
When 5= 0, f (0) =1 and when x = 2,

f(2) . So, the

tangent line is 3

horizontal at the points (0, 1) and

1
2,

2
y (x 2)(x x)\/—

dy —1
(x22)1 2XX X \f
dx ié_
AtxQ 4,
dy 1

d>§(18)1 - %’;(6@ 70.5
y(x 3)52x )
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3
3. y X

2 4x
dy 1(2 4 x)(0) 3(4)

dx (24x)
dy 12
When x =0, 1 4
dx ()
2
y x 3x5
2x3

At x 0,y 3 so the slope of the 1

perpendicular line is m . The
3
perpendicular line passes through
the point (0, 5) and so has equation

1

x35.

2 .
y X _{le X2

dy 2 1
2
dx x 2X1/2
When x = 1,gM 2i —5.
dx 2 2
The slope of a line perpendicular to the
2

tangent lineatx=1is § .

The equation of the normal line at (1, 1) is

ylz(xl),or y2 xg.

dy » o
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dx 5 5 5
2 3 34_y(X3)1 X \/_
3)Ex )(B2x )2x) 1
y (x3) 1 x J
When x =1, 2 f
QY Atx1, y2 so the slope of the

dx (13)(6) (52)(2) 18. )









