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CHAPTER 2
Limits and Their Properties

Section 2.1 A Preview of Calculus

1. Precalculus: (20 ft/sec)(15 sec) = 300ft

2. Calculus required: Velocity is not constant.
Distance ~ (20 ft/sec)(15 sec) =300 ft

3. Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

4. Precalculus: rate of change = slope = 0.08

5. (a) Precalculus: Area = bh= 1(5)(4) =10 sq. units
2 2

(b) Calculus required: Area = bh

~2(2.5)
=5 sq. units
6.f()= /X
(b) slope=m = Vx-2
Xx—4
JX=2
"\-\J'I'_
(e)(2)
1
= ——— x#4
JX+2
x=1m= 1 -1
i~
f
1+2 3
Xx=3m= 1 ~ 0.2679
I - Y
X =5ms= L ~ 0.2361
'\."ig + 2
i 1 -l
(c) AtP(4, 2) theslope is ——— = —= 25.
Jav2 o4

You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

7.F(x) = 6x— X2
(a) Y

(6x-x) -8 (x=2)(4=)

X—2 X—2
=(4-x),x#2

Forx=3, m=4-3=1

(b) slope = m =

Forx=25 m=4-25=15= g

Forx:1.5,m=4—l.5:2.5=5

(c) AtP(2,8), the slope is 2. You can improve your
approximation by considering values of x close to 2.

8. Answers will vary. Sample answer:
The instantaneous rate of change of an automobile’s
position is the velocity of the automobile, and can be
determined by the speedometer.
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82 Chapter 2 Limits and Their Properties

9. (a) Areaz5+555+§ , ~10417

Areax L5+ 5 1845 15,85 15,5 914§

2 15

N

25 3 35 4 45
(b) You could improve the approximation by using more rectangles.
10. (@ Di=+(5-1°+(1-5" = 16+16 ~ 566

\/1+(%2+\/1+(Z— g)z \/1+(%— g)z \/ g 2

+ + 1+(g—1)

(b) D, =

~2.693 +1.302 + 1.083 + 1.031 ~ 6.11
(c) Increase the number of line segments.

Section 2.2 Finding Limits Graphically and Numerically

Lix |39 399 | 3999 | 4001 | 401 |41
f(x) XO_.2241 0.2004 0.200‘0‘ 0.2000 | O, ??6 0.1961
lim ~ 0.2000
- Actual limit is .
x>4X —3X—4 5
2.
X -0.1 -0.01 -0.001 | 0 | 0.001 0.01 0.1
f(x) | 05132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881
0 10
lim Jx+1_1 ~ 0.5000
E— pActual limit is -
x>0 X 0 20
3. X -0.1 -0.01 -0.001 | 0.001 0.01 0.1
f(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983
lim sinX. 4 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
x—0 X
4. X -0.1 -0.01 -0.001 | 0.001 0.01 0.1
f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500
. cosx-1 o .
lim ~0.0000 (Actual limit is 0.) (Make sure you use radian mode.)
x—0 X
>[x |-01 |-001 | -0001| 0001 | 001 |01
f(x) | 09516 | 0.9950 | 0.9995 | 1.0005 | 1.0050 | 1.0517
lim=— ~1.0000  (Actual limitis1.)
x—0 X
61w |01 |-001 |-0001|0001 |001 [o0.1

f(x) | 1.0536 [ 1.0050 | 1.0005 | 0.9995 | 0.9950 | 0.9531

lim ML) 10000 (Actual limitis 1.)

x—>0 X

Section 2.2 Finding Limits Graphically and Numerically
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83 Chapter 2 Limits and Their Properties Section 2.2 Finding Limits Graphically and Numerically 83

X 0.9 0.99 0.999 1.001 1.01 11
f(x) XO;2§64 0.2506 | 0.2501 | 0.2499 107.2494 0.2439
Tim ~ 0.2500
- DActual limitis .
x>1X +X—6 0 40
8. X -4.1 -4.01 -4.001 | -4 | -3.999 -3.99 -3.9
f(x) | 1.1111 | 1.0101 | 1.0010 ? 1 0.9990 0.9901 0.9091
lim —X+4  ~10000 (Actual limitis1.)
x>-4x2 + OX + 20
9 X 0.9 0.99 0.999 1.001 1.01 11
f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015
X - O 20
lim = 0.6666 pActual limit is .
xo1xX —1 0 30
10.
X -3.1 -3.01 -3.001 -3 | —2.999 -2.99 -2.9
f(x) | 27.91 27.0901 | 27.0090 | ? | 26.9910 | 26.9101 | 26.11
3
lim £ 2L 270000  (Actual limit is 27.)
x>-3 X +3
11.
X -6.1 -6.01 —6.001 -6 | -5.999 -5.99 -5.9
f(x) | -0.1248 | -0.1250 | -0.1250 | ? | —0.1250 | —0.1250 | —0.1252
. 0 .1
lim /10 -x-4 ~=-0.1250 Actual limit is —
—_— 0 -0
X6 X+6 0 810
12.
X 19 1.99 1999 | 2 | 2.001 2.01 2.1
f(x) | 0.1149 | 0.115 | 0.1121 | ? | 0.1111 | 0.1107 | 0.1075
) | 10
lim x/x +1) 23 ~ 01111
pActual limit is —.
X—>2 X—2 0 9N
13.
X -0.1 -0.01 -0.001 | 0.001 0.01 0.1
f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867
lim sin2x. 2 0000 (Actual limit is 2.) (Make sure you use radian mode.)
x—0 X
14.
X -0.1 -0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950

a 1n
pActual limit is+

lim tanx = 0.5000
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x—0tan 2x O 2]
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Section 2.2 Finding Limits Graphically and Numerically

85

X 1.9 1.99 1.999 2.001 2.01 21
f(x) | 0.5129 | 0.5013 O'SOO]'H 0.4999 O.f9H88 0.4879
—nx—InZ_~ 0.5000 :
lim S
pActual limitis .
X—>2 X—2 0 20
X -0.1 -0.01 | -0.001 | 0.001 | 0.01 | 0.1
f(x) | 3.99982 | 4 4 0 0 0.00018
lim— i
a1 4 e does not exist.
lim (4 -x) =1 25. (a) f (1) exists. The black dot at (1, 2) indicates that
lim sec x =1 f(1) =2
e (b) lim f (x) does not exist. As x approaches 1 from the
lim f(x) =lim(4-x) =2 left, f (x) approaches 3.5, whereas as x approaches 1
X2 o2 from the right, f (x) approaches 1.
limf (x) = lim (x*+3) =4 (c) f(4) does not exist. The hollow circle at
x—1 x—=1
(4, 2) indicates that f is not defined at 4.
lim X=2_|does not exist. (d) limf(x)exists. As x approaches 4, f(x) approaches
x>2X—2 x> 4
2:limf(x) =2.
‘ X—2 ‘ X 4
For values of x to the left of 2, =——— =—1, whereas
(x-2) 26.(a) f(—2) does not exist. The vertical dotted line
[x=2]
for values of x to the right of 2, x=2) =1 indicates that f is not defined at —2.
A (b) lim f (x) does not exist. As x approaches -2, the
X —>-2
jmm does not exist. The functionapproaches values of f (x)do not approach a specific number.
2 from the left side of 0 by it approaches 0 from the left () f(0) exists. The black dot at (0, 4) indicates that
side of 0.
f(0) =4.
1[“0005(3/ x) does not exist because the function (d) limf (x) does not exist. As x approaches 0 from the

oscillates between —1 and 1 as x approaches 0.

lim tan x does not exist because the function increases

X —>m/2

without bound as x approaches Z from the left and
2

decreases without bound as x approaches X from
2

the right.

1 whereas as x approaches 0

left, f (x) approaches

from the right, f(x) approaches 4.

(e) f(2) does not exist. The hollow circle at
(Zzl) indicates that f (2) is not defined.

(F) lim f(x) exists. As x approaches 2, ¢ (X) approaches
ﬁe 2 A 1
1 limf(x) ==
2

X—2

(9) f(4) exists. The black dot at (4, 2) indicates that

f(4) =2,

lim f (x) does not exist. As x approaches 4, the

X—4
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values of f (x)do not approach a specific number.
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27. y X

1 _
32. You need ‘ f(x) - 1\: ‘—— - 1‘= ‘ 2 X <0.01.
61 x—-1 -1
o
] — —1. If0< ‘ —
2 Let &= X—2 \< then
14 101 101
-2 -1, 123 . —£X—2<l:>1_—l<x—l<_l+l _
2 101 101 101 101
100 102
= <x-1<
101 101
100
= ‘ X —H >
28. 101
and you have 1
/
| f(x)_HL_l‘: ‘u <L
x-1 x -1 100101 100
= 0.01. ‘

33. You need to find & such that 0 < x| 1 < & implies

lim f () exists for all values of ¢ . ‘ 1
(-1 | -1

<0.1. That is,

. . 1
29. One possible answer is 01< ~-1<01
X

1
‘) 1-01< <1+01
. X
41
™~ 9 1 _1
< <
2+ 10 X 10
H 10 10
i . > X >
-2 7171 12345 9 11
T —-1>x-1>" -1
30. One possible answer is 9 11
y =>x-1> ——1.
4 9 11
3t 1
Nl Sotake = - Then0< |y _ 1k §implies
L 11
Y4 1 — 1
) - T<x-1< -
3-2-1 12 11 11
. 1 1
- <x-1<_.
T 9
31. Youneed | f(x) -3 [(x+1) -3f [x-2|<04. Using the first series of equivalent inequalities, you
So, take 5 =0.4. 1f0 < |x—2 | <0.4, then obtain

[x=2|={x+1)-34 |f(x)-3]<0.4,asdesired. £ (x) - 1] ‘l _1l<o01.
X




88 Chapter 2 Limits and Their Properties Section 2.2 Finding Limits Graphically and Numerically 88

34. You need to find o such that0 <x— 2 | < & implies
[f(0)-3kxf-1-3=x-4  |<02 Thatis,
-02<x*-4<0.2

4-02< X2 <4+02

38 < x < f42

“ 38 -2 <x-2<-f42 -2
Sotake & = ~/4.2 —2 ~ 0.0494.

Then0 < |x—2 | <dimplies

—(“-J"E— 2) <X -2<~f42 -2
+38 -2 <Xx-2</42-2

Using the first series of equivalent inequalities, you obtain
| f(x) -3Fxf-4<d2

35. lim(3x+2)=3(2) +2=8=L

X—>2

|(3x+2) -8 £0.01

| 3x- 6| <0.01
3x-2 | <001
0<%-2 |<®%~00033=38
So,if0< |x-2438 :O%l,youhave
3 x —2| < 0.01
3x ~ 6| < 0.01
|(3x+2) -8 <0.01

| f(x) -L|<0.01.

36. O X6

|-36=6) | < 0.01

| x-6|<0.03
0kx-6]<0.03=3

37. limg*-392°-3=1=L
|(¢-3) - 1001

x? — 4 < 0.01

|
‘dx + 2)@( - 2)‘ < ‘0.01

X+2 x—2 <0.01

0.01
X+2 ‘

|x-2<

If you assume 1 < x < 3, then & ~ 0.01 5 =0.002.

So, if 0 < ‘X—ZJFS ~0.002, you have

2 |* 0.002 = §(0.01) <

\x+2\

(0.01)

|x+2[[x-2 <001
|%*—440.01
|(¢-3) - 1001

f(x) L <0.01.

38. lim 2+6=)42+6=22=L

X— 4

‘(xz+6) 22 ‘<0.01
\xz—ls \ <0.01
\(x+4)(x—4) |<001 |

|x+4 |

0.01

If you assume 3 < x <5, then 8 = o ~0.00111.
0.01

So, if 0 < ‘X_4T8 ~ you have
9
X—4 <0.01< 0.01

‘ S
0 |
9 X+4
‘(x+4)Fx—4) ‘<0.01
X2 —16‘ <001
|(x* +6) ~22| < 001
| £(x) -L|<0.01.
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So,if0< |x-648 =0.03, you have

\—i(x -6) # 0.01

2-%l<o001
T
X
Ye-*"-4 |< 001
0 50

| f(x)-L|<0.0L

Section 2.2 Finding Limits Graphically and Numerically
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90 Chapter 2 Limits and Their Properties

39. lim(x+2)=4+2=6

X— 4

Given € > 0:

|(x+2)-64e
|x-4fe=9

So, letd=¢.50,if0< [x-4%8

|x — 4 <&
‘(x+ 2)—q<8
‘f(x)—Lka.

40. lim(4x+5)=4(-2)+5=-3
X—>-2

Given € > 0:

‘(4x+ 5) - (—3)‘ <g
|4x + § <e

4/x +2|<e

| +2\<83=8
4

So, IetS:g._
4
€
So, if 0 < \X+2f5= , you have
' 4
‘x + 2‘ <§
4
|4x + § <g

|(4x + 5) -9

[f(x) -L <e.

1 1
41 lim(,x-1)= (-4)-1=-3

X —>—4

Given £ > 0:

(%x—l)—(—s)‘< €

‘%X+2‘<8

fx () <o

‘X—(—4)‘<28
So, let 8 =2¢.
So,if0< |x—(-4)k8 =2¢,youhave

‘x—(—4) < 2¢

Section 2.2 Finding Limits Graphically and Numerically

42. Iim(gx + 1) =33 +1=12
4

x—3 4

Given € > 0:

3 _ 1
(4x+1) 4‘<a

=g, you have

tk-3de
x-3k* ;e

So, let 8| =%

So, if0<x‘—3<g =4, you have

|x-3k4 N:
Sk-34e

3,9
‘4X 4‘<8

‘(S’X-rl)—E <
4 4‘
[f(x) -L|<e.

43, lim3=3

X—>6

Given € > 0:

‘3 - é <e

0<eg
So, any & > 0 will work.
So, for any & > 0, youhave

‘3—3‘<8

f(x) -L <e.

44, lim(-1)=-1

X—>2
Giveng >0: ‘—1—(—1) ke
0<eg

So, any & > 0 will work.

So, for any & > 0, youhave

[EE P

‘f(x)—L‘<s.

90

X +2
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2
(1x-1)+3[<°
< €

[ f(x)-L|<e.
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45. lim 3% =0

x—0

Givene>0: °x -0<c¢

‘-{,&_‘<8
o
X<g’=0
So, letd=¢°
i
So, for 0k — 0| =¢ 2 you have
‘*<83
’x <eg
‘3.-&_—0%8
‘f(x)—L‘<s.

46. Iim\l.f_ = J4=2
X— 4
Given € > 0: ‘w'{_X—Z‘<8

|\.-'f_XE‘j—|[\.-'f_X+2|<8 x+2|
|x—4| <8|J_x+2|

Assuming 1 < x <9, you can choose 8 =3¢ . Then,
0<%-4<p =38:\x—4<s‘ﬂ+2‘
2‘&—2‘<8.
47. lim 5= ‘ ‘ ‘ 10‘—10
.x~>—5‘x_ h (_5)_5: - B
Given g > 0: Hx—3—10‘<8
‘—(X—S)—lq <¢  (x-5<0)
‘ —x—§<a
‘X—(—5)‘<8
So, letd =¢.
Sofork—(-5)48 =¢g,youhave
‘—(x+5)$8
|-(x-5)-10ke
|x =5|-10|< & (because x — 5 < 0)
‘f(X)—L‘<8.

48. limk-3+ |3-3}0

Given € > 0: x-3-0«<eg

|
- q<e

So, letd=c¢.

So, for0<x-3<d =g, youhave

H X—%<8

x—ﬁfoﬁs
f(x)-Lke.
|

49. Iim(2+1:)12+1:2

x 1
Given £ > 0: ‘(X2+l)—2F8
‘xz —1‘< €
|(x+1)(x -1) <e
g
SRS

If you assume 0 <x< 2,then § =¢B.
£

So for 0 < \x—lk& = 3,youhave

‘x —1‘< le < 1 €
|
3 X+ 1|
‘xz —1‘ <g
(X2+l)—2<8
| f(x)-2<e.

50. Iim><z+4x=()4)2+4(_4):0

X —>—4

Given & > 0: ‘(x2+4x) —0‘< g
|x(x + 4) <e

€
X+4«~
[ Xref x|

(<]

If you assume — 5 <x < —3,then 6 =

Sof0r0<x—(—4)<é :%
|

‘ | x +4'

|x(x +4)|
‘(x2 +4x) - 0‘
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Section 2.2 Finding Limits Graphically and Numerically

<&

<Eg.

51, lim f(x) = lim4=4

X—T X—>T

e
2. fim 109 = fipx=

93
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Section 2.2 Finding Limits Graphically and Numerically 94

x/5 -3 F(x) X2
53. f(x)= 55.
=, X -3
Iimfx=1 Iimf(x)‘i";
X 4 ( ) 6 X— 9
10
05 The domain is
[-5,4) U (4, ).
e— The graphing utility /_/—/—*‘f
-6 6 does not show the hole 0 0
0 10 0
- 0.1667 at4, o
6 The domain is all x > 0 except x =9. The graphing
utility does not show the hole at (9, 6).
x -3
4. f(0) =2 ax+3 71
Iimf(x):l 56. f(x) = —
X—3 2 . J.
limf(x) =
4 The domain is all cs0 () 2
L x # 1, 3. The graphing
2
» 5 utility does not show the
— 0o 10
hole at 3. -
20 2 2
-4
-1
The domain is all x = 0. The graphing utility does not
0 10
show the hole at [0, Z
57. C(t) = 9.99 — 0.794(t — 4
(@) 1
O===@
o—=e
O
O=—0
Oo—e
p—=e
0 6
b
(b) t |3 33 34 35 3.6 3.7 4
C | 1157 12.36 12.36 12.36 12.36 12.36 12.36
lim C(t) = 12.36
t— 35
©f¢ ]2 2.5 2.9 3 3.1 35 |4
C | 10.78 11.57 11.57 11.57 12.36 12.36 12.36

The lim C(t) does not exist because the values of C approach different values as t approaches 3 from both sides.
t—>3
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58. C(t) = 5.79 - 0.99%(t - 1)y

(a) 12
O_.O—.
0 6
4
() t 3 3.3 3.4 35 3.6 3.7 4

C | 777 8.76 8.76 8.76 8.76 8.76 8.76

lim C(t) = 8.76

t—35

© [ ]2 25 2.9 3 31 35 4

C | 6.78 7.77 7.77 7.77 8.76 8.76 8.76

The limit lim C(t) does not exist because the values of C approach different values as t approaches 3 from both sides.
t—>3

59. IiIT;f (x) =25 means that the values of f approach 25 62. (a) No. The fact that  f (2) =4 has no bearing on the
as x gets closer and closer to 8. existence of the limit of f (x) as x approaches 2.
60. In the definition of lim f (x), f must be defined on both (b) No. The fact that lim f (x) = 4 has no bearing on
X—c X2
sides of ¢, but does not have to be defined at c itself. The the value of f at 2.
value of f at ¢ has no bearing on the limit as x approaches c.
63.(a) C=2nr
61. (i) The values of f approach different numbers as x C 6 3
approaches ¢ from different sides of c: = o i 0.9549 cm
y 2n E
A (b) When C = 5.5:r = ~ 0.87535cm
.l 6 521[
24 When C=6.5:r="" ~1.03451 cm
— T % 2n
ch-s-2el, ] 1234 S0 0.87535 < r < 1.03451.
] () L'g)n (2mr) =6;¢ =05;8 ~0.0796

(if) The values of f increase without bound as x

43
=nr,V _
approaches c: 64. vV 2.48

3
4 3
a) 248= —mr
(@) 3
186
T
r~0.8397 in.
(by 245< V <251
<251
245 <
3
numbers ag'x approaches c: 05849 < 3 < 05992
y
08363 < r < 08431

3 (c) Fore =2.51-2.48=0.03,56 ~0.003
/
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x 65. f(x) = (1 + x)"

—4-3-2 234

m(1+ x)" =e~271828

li
-3 x—0



97 Chapter 2 Limits and Their Properties

Section 2.2 Finding Limits Graphically and Numerically

68. lim f (x) exists for all ¢ = -3.

X—>C

lim f (x) exists for all ¢ = -2, 0.

X—>C

(@)
(b)

69. False. The existence or nonexistence of f (x) at
X = ¢ has no bearing on the existence of the limit

of f(x) asx > c.

70. True
X f(x) X f(x)
71. False. Let
01 2867972 | | 0.1 2.593742
*x-4 5.2
0,01 2731999 | | 0.01 2704814 fE)yo
v0, X =2
~0.001 2.719642 | | 0.001 2.716942 £(2)=0
-00001 | 2718418 | | 00001 | 2718146 lim £ (x) = lim(x— 4) = 2 %0
-0.00001 | 2.718295 | | 0.00001 | 2.718268 o2 X2
-0.000001 | 2.718283 | | 0.000001 | 2.718280 72. False. Let
*X—4 x 22
(hx=
v0, x=2
X+1|-[x-1
66. f(x) = X limf(x) =lim(x—4) =2and  f(2)=0%2
X—>2 X— 2
x | -1]-05]-01]0 01]05]10 73 f(x) = X
fx) | 2 |2 2 Undef. | 2 2 2 lim -/x =0.5is true.
X — 0.25
limf (x) =2 1 Lo
X550 As x approaches 0.25 = 4from either side,
Note that for f(x) = X approaches i =0.5.
1)+(x -1
Lax<lx0,1(x) - B,
X 74. f(x) = /X

67.

0.002

(1,999, 0.00T)
\/ (2.001, o.oo/
\

1.998 2.002

Using the zoom and trace feature, 3 = 0.001. So

(2-5,2+8) =(1.999, 2.001).

2

lim-/x =0 is false.
x—>0

f(x) = /X is not defined on an open interval

containing 0 because the domain of fis x > 0.

75. Using a graphing utility, you see that

. sinx
lim— =1

x—>0 X
. sin2x —
lim2neX =2, etc.
x—0 X

sin nx

So, lim
x—0 X
76. Using a graphing utility, you see that
tan x
lim__ =1
x—0 X

|im—tan 2X — 2, etc.

No

97
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e X i oforxe2. 0

x'X s tan(nx)
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77. If limf (x) = Lyand lim f (x) = Ly, then for every € > 0, there exists 3; > 0 and 8, > 0 such that

X—>C X—>C

[x—c4 8= (k) —Li<epndx—c 48, =[f (x) - Lok &. Let & dqual the smaller of 5, and .
Thenfor [x—c | <8, youhave |Li—Lp [=fi— f(x)+ f(X)-Lo|<Li— F(X)|+|F(x)-L|<e+e.
Therefore, | Ly — L, | < 2¢ . Since & > 0 is arbitrary, it follows that Ly = L,.

78. f(x) =mx+b, m=0. Lete> 0 be given. Take

5=%.
u

Ifo< ‘x—cT:éS: §,then

|m|
Mk —c<k
| mx—me § &

|(mx+b) —(mc+b) 4¢

which shows that lim (mx + b) =mc + b.

X—>C

79. limX f(x) - L= 0 means that for every € > 0 there

X—>cC

exists & > 0 such that if

0<f-c<p,

then

‘(f(x) —L)—O‘<s.

This means the same as | f (x) — L | < & when
0<*—c<§.

So, limf (x) = L.

X—>C

1
80. (a) (3x + 1)(3x — 1)x* +0.01 = (9’ - 1)x’ + 100

I
100

_1 2 2
= 5010x - 1)(90x - 1)
So, (3x +1)(3x — 1)x* + 0.01 > 0 if
10x* —1 <0 and 90x* - 1 < 0.
Let (a,b)= - ;1 ,
D .
NN

Forall x = 0 in (a, b), the graph is positive.
You can verify this with a graphing utility.

(b) You are given lim g(x) =L > 0. Let

e= lé_. There exists & > 0 such that

0<k-c | <dimplies that

g(x)-L <g= % That is,

<g(x) -L< L_2

(Ll O o

< g(x) < L

2 2
For x in the interval (c -8, c+ 8 ), x =, you
L

0, as desired.
have g(x) > , >0 asdesi

81. The radius OP has a length equal to the altitude z of the

. h h
triangle plus - So,z=1- .
Area triangle = _ho
b1
20 207
Area rectangle = bh
10 ho
Because these are equal, b-1— = bh
2 2
1-_ =on
2
5
h=1
2
2
h= .
5
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Chapter 2 Limits and Their Properties

Section 2.3 Evaluating Limits Analytically

82. Consider a cross section of the cone, where EF is a diagonal of the inscribed cube. AD =3, BC = 2.

EE  AG

BC  AD
xﬂ=3 - X

2 3
Solving for x,

(32 +2)x=56
1. 6

-4 8

Let x be the length of a side of the cube. Then EF =x 2./

By similar triangles,

A\

-6

(a) Iim4h(x) =0

(b) limh(x) =-5

2.10
h_——‘—\—._
0 10
-5
)
g(x) - x—-9

(@ limg(x) =24

(b) Iimog(x) =4

N
. <.

f (x) =x cos x

(@ limf(x)=0

32X =6 — 2x

?s’f2+2

Section 2.3 Evaluating Limits Analytically

~

©

10.

11.

12.

10

10

fO=tf-4 |

-10

(a) limf(t)=0

(b) lim () =

Climx® =23=8

X—2

X —>-3

limx' =(-3)* =81

Aim (2x-1) =2(0) - 1=-1

x—>—4

lim

X —>-3

X—>2

lim

x—>-3

x—=1

lim (2x+3) =2(-4) +3=-8+3=-5

2

(x2+3x):(—3) +3(-3)=9-9=0
lim(—x® +1) = (-2 +1=-8+1=-7

(2x2 +4x+1) = 2(-3)* + 4(-3) +1

=18-12+1=7

3

lim (2x* — 6x +5) = 2(1) —6(1) + 5

S

93
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: =2-6+5=1
lim ~

(6) tim, 1(x) ~ 0524
U_ml] 13. lim /X + = 3+1 =2
e X

14. lim 3A2x+3 " = 2(2) +3

=324+3 =327 =3
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Chapter 2 Limits and Their Properties

lim (x +3° = (-4+3)° =1

X —>—4

lim (3x - 2) = (30) - 2)* =(-2)* =1

x— 0

101

lim~ =

x—>2 X 2

lim—2—_ -5 _ 5

Xx>5X 4+ 3 -5+3 2

im_ X 1 1

x>1x2 44 1244 5

“m3x+5:3(1)+5:3_+5:§:4

x-1 X + 1 1+1 2 2

. 3x

lim = =
3(7) _1:7

x=7 /X +2 7+2 3

lim /X +6 _ 8 +6 _ 39:3
X3 X4 2 3+2 5 5
T

limsinx=sin =1

Xx—>1/2 2

limtanx=tanmt=0

X =T

. T X o
limcos _~ =cos _=

x—>1 3 3 2

X n(2)
limsin = = sin =0
X2 2

limsec2x=sec0=1

xX— 0
limcos3x=cos3n =-1
X—T
5n 1
limsinx=sin = _
X—5m/6 6 2

41. (a) (b)

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Section 2.3 Evaluating Limits Analytically

. 5n
lim cos x = cos

x> 573 3 2
OmTX] 3rn

limtang__g=tn _ =-1

x—3 4004
[TTX[] T

limsec = sec =23/

o7 61 6 3

lime*cos 2x=e"cos 0 =1

Xx— 0

lime*sintx=e"sin0=0

Xx— 0

lim (In 3x+ex) =In3+e

x—1

. X0 10

limin 2" =i % —mel=-1

x—1 e* e

(@ limf(x)=5-1=4

x—1

(b) limg(x) =4° =64

X—4

© limg(f(x) =9(f(1)) =9(4) =64

(@ lim f(x)=(-3)+7=4

() limg(x)=4* =16
(© Jim g(f(x) =9(4) =16
(@ limf(x)=4-1=3

V31
(b) Iimsg(x) = =2

(© limg(f(x))=9(3) =2

(@ limf(x)=2(4")-3(4) +1=21

X—4

(b) Iinrllg(x) =321+6 =3
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(© limg(f(x)=9(21)=3

limY59(xy
=51im

9(x) =

5(2) = 10

X—>C
X—>C

limY f (x)
+9(x)y'=
limf(x) +
limg(x) =
3+2=5

X—>C
X—>C

limyf
(x)9(x); =
Tim £ (xy

Timg(x)

)

6

IN

X—>c /ﬁxac Cf‘yﬁx»c f

@ limfe) _Amf(x) 3

X—>C

oegx)  limg(x) 2

Section 2.3 Evaluating Limits Analytically

96
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42. (@) limY4f(xy=4limf(x)=4(2)=8

+

(o) Nimef(x) + g(x)f = limf(x) + limg(x) = 2

X—>C X—>C X—>C

© limyf(x)g(xy'=Vlimf(xyTlimg(xy'=2 180 =3

><~>cS f '§x~>c ﬂfvﬁxac ?P :4: E
f(x) limf(x) 2 g
(d) lim — x>¢ — —
woegl)  limg(®  (34) 3
3
3
43.(a) limrf(x)* = Timf(x) =@ =64 47. f(x) = x’_g and g(x) =x + 2x+ 4 agree except

- 2

< f /gxac ?) "‘ul'l X_2

(b) )!Lnl/f(x):\/W: 4 =2 atx=2.

lim f (x) = lim g(x) = Iim(x2 2%+ 4)

(¢) imBf(x) = 3limf(x) = 3(4) = 2 x2 K2 K2
e T e Ty =2°+2(+4=12
/
@ limre(xy = Timf(x) = (4)°* =8
/ /
X—>C f /SXA)C % /
44.(a) lim3f(x) = ]imcf(x =327 =3 X
lim f (x - ’
®) limi&) - (‘): 23 — ’
x>c 18 lim18 =~ 18 2 () - a1 () =¥
X ¢ 48. f(x) = X+l andg(x) =x" — x+ 1 agree exceptat
(© limrf(x)’ = Nimf(x) =@ =729 X+1
><~>cS f 'ﬁxac ?0 x=-1.
23 . . .
@ limyf(y" 7 = Timf(x) | = (27)" =9 Jimf(x) = Jimg() = Jim@-x+1 )
X—>c 'SXﬁC ?C

=(-1)?-(-1)+1=3
5. f(x)= ¥ =1 _(al)x=1) 7

X +1 Xx+1 \

g(x) =x— 1 agree except at x =—1.

limf(x)= limg(x)= lim(x-1)=-1-1=-2 » .
X—-1 X —>-1 X—>-1 ]
3
- - ‘ Lﬂlzl_niﬂ) and g(x) = In(x +6)
49. f(x) = X —16 X—4
' a&rge except at x = — 4.
4 In2

lim f(x) = lim g(x) = ~-0.0866
46, oy = 3¢ +B5x—2_ (x+2)Bx-1) g o
X+ 2 X+ 2
g(x) =3x — 1 agree except at x = 2.

lim f x) = X“_ng(x) = XIiﬁr[12(3x -1) \
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=3(-2)-1= -7

3

/

/

Section 2.3 Evaluating Limits Analytically

98
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50.

51.

52.

57.

58.

59.

60.

Chapter 2 Limits and Their Properties

f(x) = ¢** —1 and g(x) =e + 1 agree except at
x=0. e-1

limf(x) =limg(x) =e’+1=2
Xx—>0 x— 0

Section 2.3 Evaluating Limits Analytically

8B fim X T4 o it —
(x+4)(x-4)
xa4x2—16 X—4
= lim 1 = 1 = 1
~>4x+4  4+4 8

2 54, lim5-x_ =lim=Xx6 )
x>5x*=25  x>5(x—5)(x +5)
/ =lim - =_-=1 1
_;—'—'_'-F'/ [ fr—
-2 2 x>5% + 5 5+5 10
- 55. lim X% +x =6 lim (x+3)(x=2)
, =
lim = lim =lim 1 = 1 = -1 x>-3 X°—-9 x~>—3(_X;— 3)(X—3)
xoox2—x  x-0x(x=1) xoox—1  0-1 —lim*_ = =3-2_ 5
x>-3X—3 -3-3 )
im 2 im0 < lim
x> 0X 4 4x x>0X(Xx+4)  xsox+4 56. limx2+2x-8  =lim (x=2)(x +4)
2 2 1 x>2x2 —x -2 x>2(x-2)(x+1)
=i 3 o :Iimx+4:2ﬂ=§:;
x=>2 X+ 1 2+1 3
Iim§[x+5—3 - i k45 -3 X/ +5 +3
x4 X—4 x>4  X—4 X + 5 +3
_ lim—(x+5)-9 — im o1
H“(x—4)(\/x+5 +3) i /x+5 +3 +f9+3 6
lims/XH1 =2 —jim K+1=2 . X[+ #2 —im X3
x>3  X— x»3 X—3 Jx 31 42 (X—3)< 2 /
— lim——= S N
-3/ x+1+2 JE+2 4
vV \JII'_
imyX 45 = 8 _|jm x5 - 5 J/x45+ /5
x>0 X X0 X Jx+5++5
J imEESS i L W 4.5
HOx(\/x+5 +-\;{E) =0 /x+5 ++/5 54318 25
J N N v
lim 2 +X — 2 — lim 2 +X — Z.V/2+x+w,-"2
x>0 X x>0 LN 2 +x\/n—} e
—lim—222 i 1 1 1 AP
S
HO( 2+ X+ 2)x x>0 2 + X+ 2 2+ 2 22 4

99
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3-(B+x) i, _ _ 1
61. |im3+X 3 =lim =lim =lim__1 1 =-_
X—0 X x—0 (3 +X)3(X) xao(s + X)(S)(x) X—0 (3+ X)3 (3)3 9
11 4 ~(x+4)
62 limx+4 4 _jimA(x+4)
X—0 X X0 X
-1 1
= lim=1 L
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2Ax
2(X + AXx) — 2x - i = lim2=
lim (x+ Ax) _ fim&Xt2MX-=22_ lim = lim2=2
Ax—0 AX Ax—0 AX Ax—>0AX x>0
22 2 2,2
fim QM) X XEADAX () =X F g AKX _ iy (0 4 ax) = 2x
AX—0 AX AX—0 AX Ax—0 AX AX— 0
lim (x +A%)" =2(x +Ax)+1 —(x2 —2x +1) _ lim 2 +2xAX +(AX) —2x —2AX +1 —x? +2x -1
Ax—0 AX Ax—0 AX

=lim (2x+ Ax—-2) =2x -2

AX—> 0
lim (x +Ax) “x : lim X $3x AR +3x(Ax) +(Ax) —x * @
AX—0 AX AX—0 AX
Ax(:%x2 + 3XAX + (Ax)z)
=lim = lim (C%x2 + 3XAX + (Ax)z) = 3x?
AX—0 AX Ax— 0
- lim sin X :”mlmsinxmjly (1)DlD 1 76. . 1 —tanx . €0S X_—sinx
x> 05X w0y O0gho R xhrk sin x — cos x x kA sin x cos x — cos X
[im=(sin x —cos x)
im3(t=cosx) _ . T " xomcos x(sin X - cos X)
. lim =1lim'3] (oo — (3(9_ 0
x—0 X x»O'S‘ ‘ X (f —lim -1
. . x>1/4,C0S X
limsinX(1—c0sx) _ i, vsinx 1-cosx =lim (=secx)
X—0 X2 x>0 X X 7: X —>T/4
= (1)0)=0 =2
cos Otan O — |j sin O : —x : X .
o lim&tan Y = him =1 77. lim1=e™ =lim 1-e> = |im (1 —e> %*X
050 0 0500 x>0 ¥ —1 x>0 -1 e . xo0 1-¢"
e*X
Ysinx / =lime*=1
lim sinzx_ =lim sinx =(1)sin0=0 X0
) f
x>0 X oo X o
4(e*-1) 4(e=1)(e+1)
tan? x sin? x Ysinx _ sinx/ 78. lim ox 1 =lim e _1
_ 2 X
. Iim+:|im*6652_,ezlimrx COS X =limde +1 =4(2)=8
xX— 0 x—>0
XHOS f x— 0
=(1)(0) =0 3
79. ,._sin Hsln 3tﬂ 30
(L - cos h)z Y1-cosh ILszt —Um [ —(1)_
Cdim——— =lim ,7(1—cosh)/ U i
h—0 h ho<  h f
Tisin2x(111003x [V
=(0)(0) =0 80. |jm SiN2X = lim 2 ool o

x-08in 3x x—0g D2x DD3 [y sin 3x f

4!@[4) sec¢ =n(-1)=-n B 2(1) (1) -



€oS X =limsinx=1
75. lim X —>1/2
x—»n/2cot X



98 Chapter 2 Limits and Their Properties

x 42 = 2
81 f(X): X +2 2
X

Section 2.3 Evaluating Limits Analytically

X -0.1 -0.01 | -0.001 [0 | 0.001 | 0.01 0.1
f(x) | 0.358 | 0.354 | 0.354 ? | 0354 | 0.353 | 0.349
It appears that the limit is 0.354.
2
The graph has a hole at x = 0.
-3 _— | 3
-2
- - — B - ~/ — .
Analytically, lim NIEVER, = lim>2% t2 - N2 X2+ 2
X0 X x—0 X VX +2+ 2
—lim—22 2 i 1 =_1
o
‘J-— erX(\/ X+2+ 2) x—0N X +2 +\.|"2 22
g2. f(x)=4—_X
x—16
X 15.9 15.99 15999 | 16 | 16.001 | 16.01 | 16.1
f(x) | -0.1252 | -0.125 | -0.125]| ? -0.125 | -0.125 | -0.1248
It appears that the limit is —0.125.
1
The graph has a hole at x = 16.
0 —( 20
4 - _ )
Analytically, lim——7x =I|m_(4_ x) S lim =1 1 _
x—>16X — 16 X%le(\"ll’; +4)(\.||"; _4) xelG"’I{; + 4 8
11
83. f(x) = 2+4x 2
X
X -0.1 -0.01 -0.001| 0 | 0.001 | 0.01 0.1
f(x) | -0.263 | —-0.251 | —-0.250 | ? | —0.250 | —0.249 | —0.238

It appears that the limit is —0.250.

|

71l

Analytically, lim

x—0

2 +X

X

=

2

The graph has a hole at x = 0.

2-(2+%)

=lim

1 .
.= = lim

x>0 2(2+X) X

x202(2+ x) X x=02(2+ X)

1 .
-= = lim =

98
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5_
84. f(x):XX—_322

X 1.9 1.99 1999 | 1.9999 | 2.0 | 2.0001 | 2.001 | 2.01 | 21

f(x) | 7239 | 79.20 | 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.

100

/ The graph has a hole at x = 2.

-4 3
-25
_ X =2)(x_+2x +4x +8x +16 .
Analytically, lim*—32 - ,im( e ) lim * +2x° + 4% + 8x + 16 = 80)
X—2 X—2
5 4 3 2 T
X -2 X -2

(Hint: Use long division to factor x° — 32. )

g5, f(t)= s@
t | 01| 001 | 0001 |o0]oo00x 001 [o1
f) | 296 | 2.9096 | 3 2 |3 2.9996 | 2.96

It appears that the limit is 3.

The graph has a hole att=0.

26 [vmmeems -"‘U u’-\u"‘ %

-1

sin 3t [sin3t[]

Analytically, lim = lim3n ::@)1: 3.

t->ot t->013t[]

cosx -1
86. f(x)= »

X -1 -0.1 -0.01 | 0.01 0.1 1

f(x) | —0.2298 | -0.2498 | -0.25 | —0.25 | —0.2498 | —0.2298

It appears that the limit is —0.25.

1

The graph has a hole at x = 0.

G _— G
-1
cosx —1 cosx +1 cos?x -1 —sin? x sin? x -1
Analytically, ——— - = = =
2 2
EX cosx+1  2x(cosx+1)  2x°(cosx +1) e 2(cos x +1)

Ysin?x -1 010 1
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lim’ o0
oo x 2 2(cos x + Iy

=17 p=- =-025
40 4
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sin x?
87. f(x)= <
X -0.1 -0.01| -0.001 0| 0.001| 0.01] 0.1

f(x) | -0.099998 | -0.01| —0.001 | ? | 0.001 | 0.01 | 0.099998

It appears that the limit is 0.

1

/\ The graph has a hole at x = 0.
J.Juﬁl'll'llllll ML s
Hab U"'”""“'""

-2G

-1

Analytically, lim SINX2 _ Jim xsinx®- _g(1) = .

x>0 X x—>0 X

sin X
88. f(x)=
N4
X -0.1 -0.01 -0.001 | 0 | 0.001 | 0.01 0.1

f(x) | 0.215 | 0.0464 | 0.01 ? | 0.01 0.0464 | 0.215

It appears that the limit is 0.

The graph has a hole at x =0.

s ,
TR o
, in x
Analytically, lim > * = 1im 3‘:;_8 =(0)(1) =0.
X — 0 x— 0 0,0
T‘k—_ oX
AnX
89. f(x)="7",
X 0.5 0.9 0.99 1.01 11 15

f(x) | 1.3863 | 1.0536 | 1.0050 | 0.9950 | 0.9531 | 0.8109

It appears that the limit is 1.
Analytically, lim InX_ — 1,

x>1X —1
> -8
90. f(X): er _4

X 0.5 0.6 0.69 0.70 0.8 0.9
f(x) | 2.7450 | 2.8687 | 2.9953 | 3.0103 | 3.1722 | 3.3565
H-appears-thatthe- Hmitis-3:

3x X 2x X 2x
Analytically, lim e -8 _ lim (e =2)(e_+2e +4) jim e

Section 2.3 Evaluating Limits Analytically

S

X

+2e +4  4+4+4

x—>h2g2X— 4 x—In2 (ex_z)(ex+2) x—In 2

et +2 2+2

101
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91.

92.

93.

94.

95.

96.

97.

98.

Chapter 2 Limits and Their Properties

lim HOA0—£09) _

AX

f(x+ax) =f(x)

Ax—0

lim

Ax—0

AX

lim f (X +AX)-f (x)

Ax—0

AX

i EAX)-f (X)
AX

Ax—0

x—>0

4<limf(x) <4

x—=0

Therefore, lim f (x) = 4.

x—>0

limYb—x —a limf(x) < lim

X—a X—>a

— lim

=lim

o0 ax(Nx + ax + x) o sxor A+ X

. 2 : . 2
lim(4 —x )slxlTof(x)slerTL4+x )

Section 2.3 Evaluating Limits Analytically 102

. 3% +3A%—2—3%+2 Iimw:S
lim =

AX

3x+ AX) _7_(':zy_'))
lim ™% 7 \ =
Ax—0

AX Ax—>0 Ax— 0 AX

(x + Ax)° = 4(x + Ax) — (® — 4x) X2 + 2XAX + AXE — 4X — 4AX — X2 + 4

lim =lim

Ax—>0

AX(2x +Ax —4)

AX

AXx—>0

AX

_ lim(2x+Ax-4) =2x-4
AX—0 AX AX— 0
1 1
lim X +AX+3 X +3
Ax—0 AX

lim X +3 —(X +Ax +3)1

T Moo (x+ AX +3)(x+ 3) " AX

=lim —AX
AHO(X+AX+31,)(X+3)AX
lim B 1
M-0(x + AX + 3)(X + 3) B (x + 3 S
lim X Ax— x _ Iim;zi;&—ﬁx X+ AX +adX
AX — 0, AX—>0 AX m + ﬂ
X+ AX —X = lim =

24

99. f(x) ~xsin?
X

0.5

-05

[x-a%

X—>a

b<limf(x)<b -
x->a lim xsin*" =0
O -
Therefore, lim f (x) =b. x-07] XU
X—>a
1

f(x) = X|sin x

6

N
Y

IimP<§inx=O

x—> 0

26

f (x) = |x[cos x

6

-2G 26

100. h(x) =xcos
X

0.5

>\,(f/ im- lﬂ_o
oe limxoos x; =

05 x= 0[]

0.5

101. (a) Two functions f and g agree at all but one point

(on an open interval) if f (x) =g(x) for all x in the
interval except for x = ¢, where c is in the interval.

2_ p—
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\{ g(x) =x+ 1 agree at all points except x = 1.

6 (Other answers possible.)
lim|x ¢os x =0

x—0
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102. An indeterminant form is obtained when evaluating a 103. If a function f is squeezed between two functions hand
limit using direct substitution produces a meaningless g, h(x) <f (x) <g(x), and h and g have the same limit
fractional expression such as 0 0. That is, . .

L as x — c, then lim f (x) exists and equals L
f (X) X—>C
lim
x> eg(x)

for which lim f (x) = lim g(x) =0

104. (a) Use the dividing out technique because the numerator and denominator have a common factor.

X2+ x-2 (X +2)(x-1)
im— = [|m—7mriom————
X2 X+2 x—>-2 X+2

=lim(x-1)=-2-1=-3
X —-2

(b) Use the rationalizing technique because the numerator involves a radical expression.

Iim\/x+4—2 - lim K44 -2 __X/+4 +2
x>0 X x>0 X X+ 442

_ lim (x+4) -4
Hox(\/ X+4+ 2)

1 1

. 1
lim =
x>0~/ X+4+2 J4+2 4

105. f(X)=x g(x) =sinx, h(x) =" >*— 107. s(t) =—16t2 + 500
X s(2)-s(t) ~16(2)° + 500 — (~16t* + 500)
3 lim = lim
f t-2 2 -t to2 2-t
g h ,
- |, _ lim 236 +16t_-500
t—2 2—t
-3 - |im16!t2—4!
When the x-values are “close to” 0 the magnitude of f is to2 2-t
approximately equal to the magnitude of g. So, "mﬂﬁﬂ)_(ﬁ)
‘gmf%lwhenxis“closeto”o. T2 2t
=lim -16(t + 2) = —64 ft/sec
sirt x s

106. f(x) =x, g(x) =sin’x, h(x) = The paint can is falling at about 64 feet/second.

A
7

2

X

When the x-values are “close to” 0 the magnitude of g is
“smaller” than the magnitude of f and the magnitude of
g is approaching zero “faster” than the magnitude of f.
So, ¢ |/| f4 0 when xis “close to” 0.
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108. s(t) = —16t? + 500 = Owhent = (900 = > sec. The velocity at time a= > > js»/_

16 2 ”
U550
S —5(t
QZE © 0 - (~16t2 +500)
im 0 im
., & 55 -t i B
2 v ,
2 2
16 t2- 12"
. . 4 -
= lim&/&—=
o 5.5,
2
5_\5@] SE{Q
lGDt+ _Q_:Dt_ Y=
= lim iy
1 2F 5.5
2 gu"__t
= Iim'—IGt +_ b5/ _ gy ftisec
14)5_5' 0 2\&’0 5
T ]
) ~—178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

109. s(t) =-4.9t* + 200

. S|
lim ~
t—>33 t—3 3-t

2
_ Iim4.91t -9)
t—3 3—t
. 49(t-3)(t+3)
=lim

t—>3 3-t
= IliLnSY”S—4.9(t +3y

=-29.4 m/sec
The object is falling about 29.4 m/sec.

(3)-s(t) _ - =49(3) © +200 —(-4.0t %200)
—t

110. —4.9t2 +200 = Owhen t = 200 _ @%ec. The velocity at time a = L\'s_js
' 4.9 7 7

im @S i _0-Y AXH

a—t
toa g _t t—a
. 49(t+a)(t-a
=lim
toa a_t
— qim ¥ g L 2087 _ 55 mMmisec
! o0 5
t—>205 -
: 7 B v
Z"I'-<
i ~—62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

105
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10¢  Chapter 2 Limits and Their Properties

111. Let f(x) =1xandg(x)=-1/x limf(x) and
o 109 =1xandg( )Yl . 1LJX/HO( ) lim g(x) do not exist. However,
limg f(x) +g(xyf=lim "+ -~ "=Ilim[0] =0 *°

ngb

x—0 X x—0

x—=0
< 0oof

and therefore does not exist.
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112. Suppose, on the contrary, that lim g(x) exists. Then, 118.(2)  Iflim| f(x)| =0, then lim - | f(X)Vf 0.
because lim f (x) exists, so would I|m¥f(x) + g(x); —‘f (%) f f(x) < ?(x)‘
which is a contradiction. So, I:Tcg(x) does not exist. limY-| f(XX /<limt(x) < lim | (x)
f
113. Given f (x) =h, show that for every & > 0 there exists 0< "ijc(x) <0
ad>0suchthatf(x) b |<e&whenever Therefore, lim f (x) = 0.
|x—c4 8. Because f (x) — b =b|-j =0 <[ for (b) Given lim f (x) = L:

every € > 0, any value of & > 0 will work. .
For every € > 0, there exists o > 0 such that

114. Given f(x) =x", n is a positive integer, then | f(x) —L| <&whenever0< |x—c |<8.Since
lim X" —Iim(xx”*l) Hf(x)‘—‘_ Hsf(x)—L | <& for
Y|Im)(Y|Ian Vo chlm(xx y [x—c[<3, thenlim| f()|=} |
Sose ‘f<xac f Sxose P
= cVlimx Ylimx"% = o(c)lim(x¢") 119. Let
/ﬁxac ?f'ﬁxac ?0 X—c &4, ifx>0
=..=c" fEre
w4, ifx<0
115. If b = 0, the property is true because both sides are !lng‘ f (X)\ = "X”l‘g =4

equal to 0. If b = 0, let € > 0 be given. Because

lim f (x) =L, there exists & > 0 such that fim f (x) does not exist because for

x>e x<Of(x)_—4andforx>0f(x) 4.

| £(x) - Lk & bjvhenever 0 < x - c| | <3. So,

whenever 0 < x\— c< $ , we have 120. The graphing utility was set in degree mode, instead of
radian mode.

b|| f(x) - I <& or [bf(x)-bL<e
121. The limit does not exist because the function approaches
which implies that lim Ybf (x)/=bL. 1 from the right side of 0 and approaches —1 from the
e left side of 0.

116. Given lim f (x) = 0:

X—>C

For every € > 0, there existsd > 0 such that

-3 3
| f(x) —0| <&whenever 0 < |x—c |<8.
Now| f (x) -0 | f(x)|= | f(x)|-0|< & for -2
|x—c | < 8. Therefore, 1|an‘ f (x)‘ =0 199 Ealse. limSiNX sinx _0_ 0
' x-n X E
117. -M[F () k(a0 <M () | 123. True.
Iim(—M‘ f(x) ‘) <lim f (x)g(x) <lim(M q(x) )‘
x> X ¢ X ¢ 124. False. Let
-M (0) <limf (x)g(x) <M (0) X X#1
. F() = c=1.
Oglixnlfc(x)g(x)éo v3 x=1

Therefore, lim f (x)g(x) = 0. Thenlimf(x) =1but f(1) 1.
X—>C

x—1
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125. False. The limit does not exist because f (x) approaches

3 from the left side of 2 and approaches 0 from the right
side of 2.

4

-2
126. False. Let f (x) =1>§2 and g(x) = X2.

Then f (x) < g(x) for all x = 0. But

lim f (x) =lim g(x) = 0.
X—>0 X—>0

1-cosx 1-cosx 1+cosx
lim =lim ’
127. X—0 X X0 X 1+ cos x
~l-cos’x sin? x
=lim =lim

Hox(1+cosx) Hox(1+ cosx)

. sin X in X
- [jm3dnXx  _sinx
x>0 X 1+ cos x
_Y  sinx/Y  sinx/,

B xieg 4 cosx

< f

- (W) =0

&0, if x is rational

128. f(X)=o
vl, if xisirrational

&0, if x is rational

9) o

vX, if xis irrational

lim f (x) does not exist.

xX— 0

No matter how “close t0” 0 x is, there are still an infinite
number of rational and irrational numbers so that

lim f (x) does not exist.

x—>0

limg(x) =0

x—=0

when x is “close t0” 0, both parts of the function are
“close to” 0.
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129. f(x) = secx—1

XZ

(@) The domainoffisall x=0, /2 +nm.

T

The domain is not
36 obvious. The hole at

m ’ x =0 is not apparent.

3G

R

(© Iimf(x) = !

x—>0 _2

-2

secx—1 secx—1 secx +1  sec?x-1

(d) =

X2 X2
an®x 1 gsin’x] 1

'secx+1:x(secx+1)

o, 1
=x(secx+1I) Tos*x j“ TQ:ecx+1

secx — 1 1 Osin?x0 1

=lim ,0 ,O

x-0COS X []X

So, lim .
x—0 X

isec X + 1
10 1
= 1(1)]

2
0 2

—CO0S X
130. @) im = lim

1 1-cosx 1+cosx

X0 2 1+cosx
X X

lim—L.=cos” x

x—>0x*(1 + COS X)

=2
lim sIn” X .Djl 1+
x>0 X2 cos X

=01
=(1 -
( )Hzﬁ 2
(b) From part (a),

1
1-C0SX ~=—1-cosx

X2 2
1 2
~ " X* = cos X
2
1
~1- xforx
~ 0.

(c) cos(01) ~1- i(o-l)2 =0.995

(d) cos(0.1) ~0.9950, which agrees with part (c).
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Section 2.4 Continuity and One-Sided Limits

1. (a) limf(x)=3 2. (@ Nm f(x)=-2
X — 4" x—>-2"
i = lim
(b) XILIT}f (X) 3 (b) X_L ” f(x)=-2
(c) limf(x)=3 (c) limf(x)=-2
X—> 4 X —>-2
The function is continuous at x = 4 and is continuous The function is continuous at x = —2.

on (—oo, oo).

106
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limf(x) =0
x— 3"

(b) limf (x)=0

3.(d)

(c) limf(x)=0

The function is NOT continuous at x = 3.

4.@ lim f(x)=3

x—>-3"

(®) N §(x)=3

(c) limf(x)=3

X —>-3
The function is NOT continuous at x = —3 because
f(-3)=4% lerg3f (%)

5.(@) limf(x)=-3

x— 2"

(b) limf(x)=3

x— 2"

(c) limf(x) does not exist

X—>2

The function is NOT continuous at x = 2.

6. (@ limf (x)=0
(b) limf(x)=2

(c) limf(x) does not exist.

x—>-1

The function is NOT continuous at x = —1.

1 1 x—(x+AX) 1

15, |im X+AX X - lim =

AX—0" AX a0 X(X+ AX) AX

16. lim ( )

lim

lim
a0~ X(X + AX)

-1
“X(x+0) X
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7. lim 1 _ 1 _ 1
xset X+8 8+8 16
2 2 1
8. lim = ==
x52" X+ 2 242 2
9. lim>X=5%_ —|im —x5%
x5t X2 — 25 x—5* (X +5)(X - 5)
. 1
= lim =
x»>5tX+5 10
10. lim-4=X_ —jim —=(x=4) = lim—
xf4+x2—16 xoat (X +4)(x - 4) x4t X + 4

. . X
11. lim U—does not exist because ﬁ

X
X2-9 x2-9

x—>-3"

decreases without bound as x — —3".

12 lim X2 i X2 Axe2
\J'I._
x—4~ X —4 x4~ X—4 X +2
. X =4
= lim——
o (x - 4)(Wx +2)
v 1 1
= |lim 1 = =
x4 X+2 . 4+2) 4
X
13. lim|=| lim== __1
x— 0 X x—0 X
14, lim|X=10] i x=10_
x—10t X — 10 x—10t X — 10
_A 1

m-0- X(X+ AX)  AX

1
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108 Chapter 2 Limits and Their Properties

() +(x X +2X(A0)+(AX)” +X +AX —x2 =X
+AX)—  x?

+X .
— =lim
AX Ax— 0" AX

2X(AX)+(AX)*+AX

Ax—0"

= lim
Ax—0* AX
= lim (2x+ Ax +1)
Ax— 0"

=2X+ 0 +1 =2x+1
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

Chapter 2 Limits and Their Properties

limf(x) = |imX2_% -
Xx—>3 x—>3" 2 2

limf () = lim (@ - 4x+6) =9 -12+6 =3

X— 3" X—>3

X—3

Since these one-sided limits disagree, lim f (x)
x—>3

does not exist.

lim cot x does not exist because
X —T
lim cot x and lim cot x do not exist.

X T X—>T

lim sec x does not exist because
X an/z

lim sec x and
x> (n/2)" x> (n/2)”

lim (5ixi - 7) = 5(3) -7 = 8

X—> 4"

(it = 3for3 < x < 4)
Jim.(2x — ) = 2(2) -2 = 2

lim(2 - #-xf) does not exist because

X—>3

lim(2 —#xf) =2-(-3) =5

and
lim (2 —#-x) = 2 - (-4) = 6.

x— 3"

o
lim 1 - \_x D=1 (1)=2
X \ ZhI:

limIn(x-3) =In0
x> 3"

does not exist.

limIn(6 —x) =In0
X—6"

does not exist.

Yx?(3-x) =InY4(1y=In4
Iim_Ingx( X)/ n E)/fn

imf ()= Jim (- +4x-2) =-9+12-2=1
x— 3

lim sec x do not exist.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

f(x)= 21
X+1

has a discontinuity at x =—1 because  f (-1) is not
defined.

f(x)=M+x

2
has discontinuities at each integer k because

lim f (x) = lim f (%)

x>k~ x>k
%X x<1
f(x) = x = 1 has a discontinuity at
® ‘Zix—l x>1 y
v
x=1because f(1)=2=limf(x)=1.

x—1

g(x) = /49 —x? is continuous on [-7, 7].

f(t)=3- ~/9-t? is continuous on [-3, 3].
limf(x)=3= limf(x).fis continuous on [-1, 4].
Xx—> 0" x— 0"
9(2) is not defined. g is continuous on [-1, 2).
& has a nonremovable discontinuity at x =0
f(x) =
=
because lim f (x) does not exist.
x— 0
_4
= has a nonremovable discontinuity at
) x—6 Y
x = 6 because lim f (x) does not exist.
X—> 6
f (x) = 3x — cos x is continuous for all real x.
f (x) =x* - 4x + 4 is continuous for all real x.
1 1
has nonremovable

=4 ¢ " @xgex )

discontinuities at x = +2 because lim f (x) and

X—>2
lim f (x) do not exist.

X —>—2

T X
f (X) = C0s - is continuous for all real x.
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=In _=In5
1

28. limiIn
x— 5" X—4

1
has discontinuities at x =-2 and x = 2
because f (-2) and f (2) are not defined.

Section 2.4 Continuity and One- Sided Limits

X
43. f(x) = y2_y_ isnotcontinuous atx =0, 1.

forx=0,x=01is

X
Because =
X2 —x  x-1

a removable discontinuity, whereas x =1 is a
nonremovable discontinuity.

110
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X
X -4
x=2and x=-2because limf (x) and  limf(x)

44. f(x) = has nonremovable discontinuities at

X—>2 X —-2

do not exist.

X . .
45, f(x) = 1 is continuous for all real x.

X%+
46, f(x)==——_X __ x5
-5
x> =25 (x+5)(x-5)
has a nonremovable discontinuity at x = — 5 because

lim f (x) does not exist, and has a removable

X —>-5

discontinuity at x = 5 because

limf(x)=lim _1_ 1

X—>5 x->5X + 5 - 10
X+ 2 X+ 2
4. f()= ——————= ———————
-1
¥ =-3%-10  (x+2)(x-5)

has a nonremovable discontinuity at x =5 because
lim f (x) does not exist, and has a removable

xX—5

discontinuity at x = —2 because

limf (x) = lim —2— :—1_

X—>-2 x>-2x — § 7

48, f(x): 2x +2 _Dx +2
X" =X-6" (x-3)(x + 2)

has a nonremovable discontinuity at x = 3 because
lim.f (x) does not exist, and has a removable

discontinuity at x = — 2 because

1 1
limf(x)= lim -
X —>-2 X—>-2 ¥ — 3 5
*X+l
A <2
53. f(x) = &2 X
M -x x>2

has a possible discontinuity at x = 2.

2+1:2
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49, 1(x)= XL

X +7

has a nonremovable discontinuity at x = —7 because
lim f (x) does not exist.
X —-7

\x—S\

50. f(x)= E

has a nonremovable discontinuity at x =5 because

lim f (x) does not exist.

X—>5

X
s1. f(x) =4, *=1
X x>1

has a possible discontinuity at x = 1.

1. f(1)=1

2. limf(x)= limx=1«
x Kot *limf(x) =1
limf(x)= limx’ - 1% x
x—-1t x—1t 0

3. f(-1)= Iimlf (x)

f is continuous at x = 1, therefore, f is continuous for
all real x.

w—2Xx+3 x<1
52. f(x) =
() ‘,xz, x>1

has a possible discontinuity at x = 1.

1. f()=1=1

2. limf(x) =lim (-2x +3) =1

xo1 xo1 Hlimf(x) =1
limf(x)= mx =1 a Ol
x—1" li N 2

X —1 T

3. 1=l f(x)

f is continuous at x = 1, therefore, f is continuous for
all real x.
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1. f(2)= 5

2. limf(x) =lim Ny 2 2,
x> 2 w20 O lim f (x) does not exist.
limf(x) = X“m(3_ x) =1 & o2
x— 2" x—2" ‘

Therefore, f has a nonremovable discontinuity at x = 2.
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'YI—ZX, X <2

54. (fx=

*
v -4x+1 x>2

has a possible discontinuity at x = 2.
1L f(Q)=-2(2)= -4
2. limf(x)= lim(-2x) =—4

X— 2" X— 2"
limf (x) = Iim(xz—4x+1)=— 3:HZ

x—>2 * x—2" T

Therefore, f has a nonremovable discontinuity at x = 2.

& X
55. f(x) = ptang- |x<1
X, |x}>1
& X
atan— -l<x<1
=
A
vX, x<-lorxx1
has possible discontinuities at x =-1, x = 1.
1. f(—l) =-1 f(l) =1
2. limf(x)=-1 limf(x)=1
X —>-1 x—1
3. f(—l): Iimf(x) f(l) :Iimf(x)
X —>-1 x—1
f is continuous at x = +1, therefore, f is continuous for
all real x.
& X

~3%2
56. f(x)= 4 6 [x-3%

42 \X_3T2
& X
aCsC _,1<x<5
=% 6
A
v2, x<lorx>5
has possible discontinuities at x =1, x =5.
1. f(1)=csc=2 f(5) —ose2E =2
6 6
2. limf(x) =2 limf(x) =2

X—>5

£(5) =lim¢ (x)

X—

3. f(@)=limf(x)

fis continuous at x = 1 and x = 5, therefore, f is
continuous for all real x.

Section 2.4 Continuity and One- Sided Limits 113

lim f (x) does not exist.

ah(x+3 x>0
57. f(X)=¢~1_X21 X <0

has a possible discontinuity at x = 0.

1. f(0)=In(0+1)=In1=0

f(X)=1-0=1c»
im
9 x50 lim f (x) does not exist.

Jim f(x) =0 )
’
So, f has a nonremovable discontinuity at x = 0.

510 - 3% x>5
58. () = ¢35
~10 - X X<5

has a possible discontinuity at x = 5.

1. f(5)=7
5-5
lim f (x) =10 — 3e =7
x—>5" Qllmf X)=7
2. Ilm f(x)zlo_(5)27x~)5‘& ()
X—5" 5 T

3. f(5)=limf(x)

f is continuous at x = 5, so, f is continuous for all
real x.

59. f(x) =csc 2x has noryemovable discontinuities at

integer multiples of & 2.

T X
0. f(x)=tan 7has nonremovable discontinuities at each

2k + 1, k is an integer.

61. f(x) = #x — 8thas nonremovable discontinuities at
each integer k.

62. f(x) = 5 — fxthas nonremovable discontinuities at
each integer k.
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63. f(1)=3
Find a so that lim (ax — 4) =3
x—>1"
a(l)-4-=3
a="7.

65. Find a and b such that  lim (ax+b) =-a+b=2and

X —>—1 X— 3
a—-b=-2
(+)3a + b = -2 * 2, x<-1
A
P Y— F(¥) = 4x+1 _1<x<3
)
a=-1 v o Xx>3
b=2+(-1)=1
66. limg(x) = limx*-a’ 71.
X—a x>a X—a
=lim(x+a)=2a
X—>a
Findasuch2a=8=a=4.
72.

67. f(1)=arctan(1-1)+2=2

Find a such that Iimﬁ(aex t4+3) =2

X T
ae'™ +3=2
a+3=2
a=-1

68. f(4)=2e"-2

Find a such that Iim+ln(x—3)+x2 =2e"_2

X— 4

In(4 - 3)+4° =% _2

16 =2e* — 2
9:e4a
In9 = 4a
N9 In3® In3
a:_ =_ = _
4 4 2

69. f(g(x)) = (x -1
Continuous for all real x

70. T(9(%)) -
x—1

Section 2.4 Continuity and One- Sided Limits

64.

73.

74.

75.

Nonremovable discontinuity at x = 1; continuous for

all x>1

limg(x) = |y 450X _4
x>0 x—0'X
limg(x)= lim(a-2x)=a
x— 0" x— 0"

Leta=4.

lim(ax+b)=3a+b=-2.

f(9(x)) = =
(X*+5) -6
Nonremovable discontinuities at x = +1

f(g(x)) =sinx*

Continuous for all real x

x2-1

y =it — x
Nonremovable discontinuity at each integer

-15

h(x) = 1 1
(= — _
X*+2x-15 (x+5)(x-13)

Nonremovable discontinuities at x =-5 and x = 3

T
ST

2

ax?-3x, x>4

3= o

N2X -5 x<4

Nonremovable discontinuity at x =4

114
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#C0s x —1
76. f(x) = t X x <0
45X, X >0
f(0) =5(0) =0
(cosx -1)
limf(x)=lim =0 -7
x— 0" x—0"X
limf(x)=lim(5x)=0
x— 0" x—0"

Therefore, lim f (x) =0 =" £ (0) and f is continuous on the entire real line.

x—0

(x =0 was the only possible discontinuity.)

[Ix
77. f00) =)
X+ X +2

Continuous on (—eo, )

X+1

f(x)= E

78.

Continuous on (0, )

79. f(x)=3- Jx
Continuous on [0, «)

80. f(x)=xVx+3

Continuous on [—3, )
X
g1, f(x)=sec™
4
Continuous on:

oo (-6,-2),(-2,2),(2,6),(6,10), ..

g2. f(x)=cos L
X

Continuous on (-, 0) and (0, )

ax?-1

g3. f(0) = gx=1 **1

42, x =1

2
x° -1 X—=1)(X+1
Since lim f (x) = lim =Iim( ey

x—1 x>l x—=1 x-1 x-1
=lim (x+1) =2,

x—=1

22X -4

84. fEke

X #3
X =3

Since limf (x) =lim (2x-4) =2 =1,
X—3 X—3
f is continuous on (—oo, 3) and (3, ).

sin X

g5, T(x)= __

116

The graph appears to be continuous on the interval

[-4, 4]-Because f(0) is not defined, you know that

f has a discontinuity at x = 0. This discontinuity is

removable so it does not show up on the graph.

3

X —2

\_

4 4
0

8. fry

The graph appears to be continuous on the interval

[4. 4]. Because f (2) is not defined, you know that

f has a discontinuity at x = 2. This discontinuity is

removable so it does not show up on the graph.
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f is continuous on (-0, ).
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In(>®+1) —e*+1
87. 1) = —— 8. (0=
3 b
[
v 4
-4 4
-3 -2
The graph appears to be continuous on the interval The graph appears to be continuous on the interval
[4, 4]. Because f (0) is not defined, you know that f [-4. 4]. Because f (0) is not defined, you know that f
has a discontinuity at x = 0. This discontinuity is has a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph. removable so it does not show up on the graph.
ERVINE 3 8

89.

90.

91.

92.

93.

94.

f(x)=,, —x +4iscontinuous on the interval [1,2]. ~ f(1) = ,and f(2)=- , By the Intermediate VValue Theorem,

there exists a number ¢ in [1, 2] such that f (¢) = 0.

f(x)=- = +tan = is continuous on the interval [1.4].
X 13310[: 5 02m ] . .
f(1)=-5+tan =~ ~-47andf(4) =—"+tan~ =  ~1.8. By the Intermediate Value Theorem, there exists a number
10° 4 01570
cin [1, 4] such that f (c) = 0.
Y n/ ol
h is continuous on the interval /0, o h(0) =-2<0and hny 5~ 0.91 > 0. By the Intermediate Value Theorem,
< Je

Yn/~
there exists a number ¢ in /0, 5% such that h(c) =0.
<

g is continuous on the interval [0, 1].9(0) = —2.77 <0 and g(1) ~ 1.61 > 0. By the Intermediate Value Theorem,
there exists a number c in [0, 1] such that g(c) =0.

f(x)=x+x-1 95. g(t)=2cost-3t

f () is continuous on [O, 1]. g is continuous on [0, 1].

f(0)=-1land f(1)=1 g(0) =2>0and g(1) ~-1.9<0.

By the Intermediate Value Theorem, f (c) = 0 forat By the Intermediate Value Theorem, g(c) = 0 forat
least one value of ¢ between 0 and 1. Using a graphing least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you findthat utility to zoom in on the graph of g(t), you find that

X = 0.68. Using the root feature, you find that t~ 0.56. Using the root feature, you find that

x = 0.6823. t~ 0.5636.

f(x)= o2 +3x—1 96. h(0) = tan® + 30 — 4 is continuous on [0, 1].

f (x) is continuous on [0, 1]. h(0) = -4 and h(1) =tan(1) -1 ~ 0.557.

f(0)=-land f(1)=2 By the Intermediate Value Theorem, h(c) =0 for at

By the Intermediate Value Theorem, f (c) = 0 for at least one value of ¢ between 0 and 1. Using a graphing
least one value of ¢ between 0 and 1. Using a graphing utility to zoom in on the graph of h(6 ), you find that

utility to zoom in on the graph of f (x), you find that 0 ~ 0.91. Using the root feature, you obtain



x ~ 0.37. Using the root feature, you find that 8~ 0.9071.

X~ 0.3733.
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97.

98.

99.

100.

Chapter 2 Limits and Their Properties

f(x)=x+e"-3

fis continuous on [0, 1].
f(0)=e’-3=-2<0and
f(l)=1+e-3=e-2>0.

By the Intermediate Value Theorem, f (¢) = 0 forat

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you findthat
X ~ 0.79. Using the root feature, you find that

X~ 0.7921.

g(x) =5In(x+1) -2

g is continuous on [0, 1].

9(0)=5In(0+1) —2=-2and

9(1)=5In(2) -2>0.

By the Intermediate Value Theorem, g(c) = 0 forat

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(x), you find that

X ~ 0.49. Using the root feature, you find that
X =~ 0.4918.

f(x) =x*+x-1
f is continuous on [O, 5].

f(0)=-1landf(5) =29
-1<11<29
The Intermediate VValue Theorem applies.
X¥ex-1=11
X +x-12 =0
(x+ 4)(x-3)=0
X=-4o0rx=3
¢ =3(x=—4isnot in the interval.)

So, f(3) =1L.

f(x) =x*—6x+8
fis continuous on [0, 3].
f(0)=8andf(3)=-1
-1<0<8
The Intermediate Value Theorem applies.
X2 — 6x+8 =0
(x-2)(x-4)=0
X =20rx =4
¢=2 (x=4isnotin the interval.)

So, f (2) =0.

Section 2.4 Continuity and One-Sided Limits

101, f(x)=x}-x*+x-2
f is continuous on [0, 3].
f(0)=-2andf(3) =19
-2<4<19
The Intermediate VValue Theorem applies.
¥ —x2+x-2=4
X -x2 +x-6=0
(x-2)(x* +x+3)=0

X=2
(x2 +X + 3 has no real solution.)
c=2
So, f(2) =4.
2
102.
x -1

ﬁi 4" The nonremovable

!

<2 %

gis@nligﬁiiya Xt J(Asieis itside the interval.

f is continuous on

2 6 3
35 <b< 20_
6 3
The Intermediate VValue Theorem applies.
X% +X
x-1
X2 +X=6x—6
X2 —5x+6 =10
(x-2)(x-3)=0

X =20rx=3
¢=3(x=2isnot in the interval.)

So, f(3) =6.

103. (a) The limit does not exist at x = c.
(b) The function is not defined at x = c.

113

(c) The limit exists at x = ¢, but it is not equal to the

value of the function at x = c.
(d) The limit does not exist at x = c.

104. Answers will vary. Sample answer:

=N oW s o
P S

| X
—2-1 | 1 /34567
21

P

The function is not continuous at x = 3 because
limf(x)=1=0= X3
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lim f (x).

X—> 3"
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105.

106.

107.

108.

109.

Chapter 2 Limits and Their Properties

If f and g are continuous for all real x, then so is f +g
(Theorem 2.11, part 2). However, f g/might not be

f (x) =xand

9(x) =x* — 1. Then f and g are continuous for all real

continuous if g(x) = 0. For example, let

X, but f g/is not continuous at x = 1.

A discontinuity at ¢ is removable if the function f can
be made continuous at ¢ by appropriately defining (or

redefining) f (c). Otherwise, the discontinuity is
nonremovable.

4
@ f(x)= ‘)’:—_4 |

b) f()- M)

z-é, X>4
_N A<x<4
(c) f(x)_gl .

0 X < -4

X =4 is nonremovable, X = —4 is removable

6 -4 -2 246
11

21

True
1. f(c) =L is defined.

2. limf(x) = L exists.
3. (o) =limf(x)

X—>C

All of the conditions for continuity are met.

True. If f (x) =g(x), x=c, then

lim f (x) = lim g(x) (if they exist) and at least one of
X—C X—>C

these limits then does not equal the corresponding
function value at x =c.

False. A rational function can be written as

P(x)/Q(x) where P and Q are polynomials of degree m
and n, respectively. It can have, at most, n
discontinuities.

Section 2.4 Continuity and One-Sided Limits 115

111. The functions agree for integer values of x:

112.

113.

114.

g(x) =3-Fxt=3-(-x) = 3+ x3

for x an integer
f(x) =3+md=3+x 'y J

However, for non-integer values of x, the functions
differ by 1.

f(x) =3+8d=g(x) —1=2-#x
For example,
f(3)=3+0=379(%)=3-(-1 =4

limf (t) ~ 28

t—>4

limf (t) ~ 56

t—at
At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 o0z. At the beginning of day 4,
more chlorine was added, and the amount is now about
56 oz.

§0.40, 0<t<10

C(t) = #0.40 + 0.05t — 9%,  t> 10, tnot an integer
$0.40+0.05(t— 10), t> 10, tan integer

0.7+
0.6
0.5+
0.4 e
03—+
0.2+
0.1+
4

oo
oo
oe
o
o

| 24681012140

There is a nonremovable discontinuity at each integer
greater than or equal to 10.

Note: You could also express C as

2040, 0<t<10
C(t = ¢
~0.40 — 00510 — ¢ t>10
OKi+2u
N(t) =25 _otF -t
® U
2 ff
t 01 [|18| 2] 3]38

N(t)| 50| 25| 5 | 50|25/ 5

Discontinuous at every positive even integer. The
company replenishes its inventory every two months.

N

40

Number of units

24681012
Time (in months)
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115. Let s(t) be the position function for the run up to the «1,ifx<0
sguX)=,n, ifx=0
campsite. s(0) = 0 (t = 0 corresponds to 8:00 A.M., 120. 90 *Q s 0
, >
s(20) =k (distance to campsite)). Let r(t) be the Y
position function for the run back down the mountain: (@ limsgn(x) = -1
x—0

r(0) =k, r(10) =0. Let f (t) =s(t) — r(t).
When t=0 (8:00 A.M.),

f(0) =s(0) -r(0) =0 -k <0. (c) limsgn(x)does not exist.
When t = 10 (8:00 Am.), f (10) = 5(10) — r(10) > . r

(b) limsgn(x) =1

Because f(0) <0and f(10)> 0, then there must be a A
value t in the interval [O, 10] such that f (t) = 0. If 3
2L
f (t) =0, then s(t) — r(t) =0, which gives us e
s(t) = r(t). Therefore, at some time t, where e
0 <t <10, the position functions for the run up and the :2 |
run down are equal. -4l
116. LetV = = be the volume of a sphere with radius r. 121. (8 s
3
V is continuous on [5,8]. V(5)= ~523.6 and

V(8) = 3 ~ 2144.7. Because

523.6 <1500 < 2144.7, the Intermediate Value t

51015202530
Theorem guarantees that there is at least one value r o )
between 5 and 8 such that V (r) = 1500. (In fact, (b) There appears to be a limiting speed and a possible
cause is air resistance.

r~7.1012.)
117. Suppose there exists x, in [a, b] such that 122. (a) f{(T . #0,0<x<b
f (xl) > 0 and there exists x izn [, b] such that wbh,b<x<2b
f (x2 ) <0. Then by the Intermediate Value Theorem, v
f (x) must equal zero for some value of x in ®
[X1, %] (or [Xz X1] if X, < x1). So, f would have a zero in i .
[a, b], which is a contradiction. Therefore, f (x) >0 for
all x in [a, b] or f(x) <0forallxin [a, b]. ¢ "
118. Let ¢ be any real number. Then lim f (x) does notexist NOJF continuous at x = b.
because there are both rational arig icrrational numbers X
arbitrarily close to c. Therefore, f is not continuous at c. (b) )= O<x<b
X
119. 1fx=0,then  (0) =0 and lim f (x) = 0. So, Fis :b—.é b<x<2b
continuous at x = 0. y

If x = 0, then lim f (t) = 0 for x rational, whereas

t—>x

lim f (t) = limkt = kx = 0 for x irrational. So, f is not 1

t—ox t—>x

. b
continuous for all x # 0. :
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Continuous on [0, 2b].
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al-% x<c

123. f(x)=z X, X>C

f is continuous for x < ¢ and for x > c. At x = ¢, you

need 1 — ¢ = ¢. Solving ¢? + ¢ — 1, you obtain

I RV S N ]
2 2

C

2_
125, f(x)=>DHC € ¢>0

X

Domain:x+¢* > 0 = x > —¢’and x = 0, Y-, 0) U (0, «)

(x+c 2)c 2 1 1

limSXHe e oa/xse’e /X +C4C
x—0 X x—0 X

/

Define f(0) =1 (2c) to make f continuous at x = 0.

126.1.  f(c)isdefined.

2. limf(x)= limf(c+Ax)= f(c)exists.
X—>c Ax— 0

[Letx =c+ AX. AsX — ¢, Ax = 0]
3. limf(x) = f(c).
X—>C

Therefore, f is continuous at x = c.

128.

Section 2.4 Continuity and One-Sided Limits 118

124. Lety be a real number. If y =0, then x=0. If
y >0,thenlet0< X% <m 2 such that

M =tan xo >y (this is possible since the tangent

function increases without bound on [0, TE/Z)). By the

Intermediate VValue Theorem, f (x) =tan x is

continuous on [0, X] and 0 <y <M, which implies

that there exists x between 0 and X, such that
tan x =y. The argument is similar if y < 0.

= lim =

—

X+C2 +c anXY; /[X+TC +C/ x>0 X+C2+C 2c

f

127. h(x) = xixt

15

h has nonremovable discontinuities at
Xx=41,+2, £3,....

(a) Define f(x)= fy(x)— fi(x).Because frand f;are continuouson [a, b],soisf.
f(a)= fi(a) - fi(a)>0and f(b) = fy(b) - fi(b) <0

By the Intermediate VValue Theorem, there exists ¢ in [a, b] such that f (c) =0.

f(c) = fc) - fi(c)=0= fi(c) = fxc)

(b) Let fi(x) =xand f(x) = cos x, continuous on [0, w 2], fy(0) <  f,(0)and fi( 2)> fo( 2).

So by part (a), there exists c in [0, /2] such that ¢ = cos(c).

Using a graphing utility, ¢ ~ 0.739.

129. The statement is true.

T / T

Ify>0andy<1,theny(y-1)<0< x°, as desired. So assume y > 1. There are now two cases.

Casel: Ifx< y—* then2x+1<2yand
y(y-1=y(y+1)-2y
< (x+1)° -2y
=X +2x+1-2y

Case 2: If x> y-1

2

(-3

=y -y +

XZ

v

<X242y-2y
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=x >y -y

In both cases, y(y - 1) <x’. =y(y-1)
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1

130. P(1) = P(0? +1) = P(0)° +1

P(2) = P(1® +1) = PQQ)* +1 =2
PG) = P(2* +1) = P(2) +1=5

Continuing this pattern, you see that P(x) = x for infinitely many values of x.
So, the finite degree polynomial must be constant: P(x) = x for all x.

Section 2.5 Infinite Limits

1. lim2 ‘=°0 6.f(x) = _71
w2t Xe—4 X—4
lim 2 X . As x approaches 4 from the left, x — 4 is a small
X2 | X2 —4 negative number. So,
lim f (X) = oo,
1 X— 4" ( ) ®
2. lim = o . .
x>2t X+ 2 As x approaches 4 from the right, x — 4 is a small
lim 1 = —0 positive number. So,
x>-2" X + 2 Iimf(x):—oo,
x> 4"
X
3. lim tan =—© 1
x>—2t4 7.T(x) =
. 0=
limtan _ =
oz 4 As x approaches 4 from the left or right, (x — 4)2 isa
4. limsec X _ © small positive number. So,
xo>-2* 4 limf(x) = limf(x)=oo.
X x— 4t X— 4~
limsec  —_wo
X—>-2" 4 -1
8.f(x) =
1 2
- X — 4
5.5(00= 3 4 (x-4)

. 2.
As x approaches 4 from the left, x — 4 is a small As x approaches 4 from the leftor right, (x — 4)"is a

negative number. So, small positive number. So,
lim f (x) = -0 limf(x) = limf(x) =—o0.
X—> 4 X— 4 x— 4"

As x approaches 4 from the right, x — 4 is a small
positive number. So,

lim f (x) =
x~>4+
1
9.f(x) = 2 9
X -35 -3.1 -3.01 | -3.001 | -2.999 | -2.99 -2.9 -2.5

f(x) | 0.308 | 1.639 | 16.64 | 166.6 | -166.7 | -16.69 | —1.695 | —0.364

XI—EET;_ f (X) -® 1 F
M0 == ° J’{ ‘L ’
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10.

11.

12.

13.

14.

Chapter 2 Limits and Their Properties Section 2.5 Infinite Limits
X
f(x) =
W=
X -35 -3.1 -3.01 | -3.001 | —2.999 | -299 | -29 | -25
f(x) | -1.077 | -5.082 | -50.08 | -500.1 | 499.9 | 49.92 | 4.915 | 0.9091
lim =
Jm £ () == M
lim _ k k
x—>-3* f(X) =® ] — \: 6
-2
X2
f(x)=—,
( ) X2 _ 9
X -35 | =31 | -3.01| -3.001 | —-2.999 | -299 | -2.9 -25
f(x) 3.769 | 15.75 | 150.8 | 1501 -1499 | -149.3 | -14.25 | -2.273
lim f (X) = 4
x—-3" | f
lim f(X):—OO ,-—)'i E‘l\..
x—>-3" -6 :/, \\: 6
f (x) = cot =
X -35 -3.1 -3.01 -3.001 | -2.999 | -299 | -29 | -25
f(x) | -1.7321 | —9.514 | -95.49 | —954.9 | 954.9 | 95.49 | 9.514 | 1.7321
lim _ 4
o f(X) —©
lim _ | !
X —>-3" f(X) = -6 K E\ l\ E\ 6
-4
=" 5oy = X o X
1 X 1 -4 (x+ 2 - 2)
|im7 == |im7 X2 X2
L2 2 lim =ooand lim
x—>0 X x— 0" X w s X—4 xa—2+X2—4 =-w
Therefore, x = 0 is a vertical asymptote. Therefore, x = —2 is a vertical asymptote.
2
2 L X— X
f(x)= lim — % and lim , = o
(X—3)3 x>2X —4 x>2tX—4
lim 2 =0 Therefore, x = 2 is a vertical asymptote.
_ 3
Xx—3 (X —23) 3x
lim = o 16. T(¥) = 25

o3 (X — 3)3

118
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No vertical asymptotes because the denominator
Therefore, x = 3 is a vertical asymptote. is never zero.
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t-1
17. 9 = ,
t°+1

No vertical asymptotes because the denominator
is never zero.

18. 3s +4 [13s +4
h(s) = » =
s°—16 (s—4)(s+4)

“m35+4 =-wandlim 3s+4
s 54 5°— 10

Therefore, s =4 is a vertical asymptote.

s> atS2— 16"

lim 38 44__and lim 38+4 -

s >4~ Sz— 16 s >4t Sz_ 16

Therefore, s = — 4 is a vertical asymptote.

3 3
X +x-2 (x+2)(x-1)

19. f(x) =

lim 4:ooand lim 4: -0

x>z X+ X —2 x>-2t X4 X — 2
Therefore, x = — 2 is a vertical asymptote.
3 3

lim =—o and lim -
P
xo1" X" +X—=2 x->1" X" 1 x—2

Therefore, x =1 is a vertical asymptote.

20. o) = =8 (x—2)(x+2x+4)

X—2 X—2
=X+ 2X+ 4, X£2
limg(x)=4+4+4=12
X—2
There are no vertical asymptotes. The graph has a
hole at x = 2.

X’ —2x-15
21. f(x) =
X -5 +x—-5
_ (x=5)(x+3)
 (x -5)(x*+1)

X+3,x¢5

]
5+3 15
Imf) = 5251 26—

There are no vertical asymptotes. The graph has a hole
atx=>5.

22. h(x) =

Section 2.5 Infinite Limits 120

X2 -9
x+3x%¢-x-3

C(x =3)(x+3)

T (x-1)(x+1)(x+3)
x =3
= ,X# =3
x+1)(x-1)
lim h(x) = -0 and lim h(x) = «
X —>-1 X —>—1
Therefore, x = -1 is a vertical asymptote.
lim h(x) = oo and lim h(x) = —

- +

x—1 x—1

Therefore, x = 1 is a vertical asymptote.
limhoo = 23 _8
x—>-3 3+D(-3- 7

Therefore, the graph has a hole at x =— 3.

23, f(x)= &2
x—1
lim f(x)=—candlim=o

- +

x—1 x—1

Therefore, x = 1 is a vertical asymptote.
24. g(x) =xe -

The function is continuous for all x. Therefore, there are
no vertical asymptotes.

In(t2+1)

500~

lim h(t) =—o0and lim= o
t—o-2" to—2"

Therefore, t = — 2 is a vertical asymptote.
26. f(2) = In(2* — 4) = In¥(z + 2)(z - 2)
=In(z+2) +In(z-2)

The function is undefined for -2 <z < 2.
Therefore, the graph has holes at z = + 2.

27. f(x) = o1

lim f(x)=—wcandlim f(x)=w
>0t

x—0" X
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Therefore, x = 0 is a vertical asymptote.

28.f(x) =In(x+3)

XIl)nj3 f(x) = -

Therefore, x = — 3 is a vertical asymptote.

121
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2 oy _
29. f(x)=cscmx= -1 34, lim w=00 )
sinT X x>1"  X+1 0 ,r /
2 i
Let n be any integer. lim X=2X=8__ / y/

. x—-1% X+1
lim f (X) = —0 Or o

x—>n Vertical asymptote at x = -1
Therefore, the graph has vertical asymptotes at x = n. 2 .1 8
X<+
. 35, lim 1 =
St X+
30. f(x)=tanmtx= S o
COSTX G| -3
2n +1 ) ) lim-y41  =-o :
cosmt x =0 for x = , Where n is an integer. x—>-1 k
vl
) 2 Vertical asymptote at x = -1 P
lim  f(x)=o0 or —o Y
x> 2L ) Inx +1
. - - o©
Therefore, the graph has vertical asymptotes at 36. X"j} X+1- °
« = 2n +1 ) n k
T2 lim nG° 1) i
X —>—1" X+1 i
3L s(t) = t Vertical asymptote at x = -1 5
sint
. . . . 1
sint=0 for t =nm, where n is an integer. 37. lim = o
lim s(t) = oo or —oo (for n = 0) xott X+ 1
t—>nn
-1
Therefore, the graph has vertical asymptotes at 38. lim =—o
_ 2
t=nm, forn=0. -1 (x = 1)
lims(t) =1 X
t=>0 39. lim = o
Therefore, the graph has a hole att = 0. x> 2t X =2
tan 6 .
32. 9(0)= = _sin@ 0, lim—**— __4 _1
2
0 0 cosO xs2X +4 44+4 2
yis . .
cos® =0for® = p+nm,wheren isan integer. 41 lim X +3 —lim X+3
lim X3 (x2 + X - 6)
BT o 9(0) =0 or —o
- x5 (X +3)(x-2)
. 1 1
z = lim = -
x—>-3" X— 2 5

Therefore, the graph has vertical asymptotes at

T
0=""nr. 24X — (3x = 1)( )
2 2. im ﬂLi lim 3x—1)(2x+1
/ /
(1 dx? —4x -3 -2 (X =3)(2x+1)
limg®)=1
00 = i =20 = _

Therefore, the graph has a hole at 6 = 0.
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X -1
33. lim

=lim(x-1)=-2
X—>*1X+1 X —>-1

Removable discontinuity at x = -1

2

e

Section 2.5 Infinite Limits
0 1D X—>7(12)
43. limbl+  =-w
x>0 [] X O
. 10
44, lim6— " =—°
x—0"[] X
0, 20
45. lim x+ [=-%
- X+4 -
x—>—4 [] O

a6 lim X 4cot™X oo
*30 253"

123
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47. lim 2 = ®© 57. f(x) = 1 0.3
x - 0 SiN X X2 — 25 J k
lim f(x) = —o 8l s
8. lim=2_,, xos //_W
><a(‘r[/2)4r COS X os
. ex X
lim —_ f(x)=sec __ —
49. X—>8~ (X - 8)3 * 58. ( ) 8 Ek‘)i
IiT+f(X)=—oo 79_'\E Famr
X— 1 1
50. lim In(x* - 16) =—o : )
x> 4
-6
L T
51. Hl(irf;)— Injeos x | =N £0S 2| = 1n 0 = o 59. A limit in which f (x) increases or decreases without
bound as x approaches c is called an infinite limit. o is
52 Iim+ e 0% gin x = 1(0) =0 not a number. Rather, the symbol
x>0 limf(x) =0
X—>C
X
53. lim Xsecmx = lim = o says how the limit fails to exist.
oGy x-(y2)"C0S T X . . . .
60. The line x = c is a vertical asymptote if the graph of f
54. lim x2tan Tx=—o0 approaches +oo as x approaches c.
x>(12)" .
61. One answer is
X -3
55. f(xX)= x®+x+1 X+ x+1 f(x) = =  x-3
3 = 2 _
=1 (x=1)(x+x+1) (x-6)(x+2)  xX*-dx-12
lim f (x) = limm=w
N 1 .
X1+ xor X =1 62. No. For example, f(x) =~~~ has no vertical
’ asymptote.
=] L 5 63. T
' — I
1 I
: N X
I
3 ’d\l |
3 _ 2 | | ! | X
o1 (x-1)(¥ +x+1) = —
-2 B :
56. f(X)_x2+x+1 X +x+1 ; :/
limf(x)= lim(x-1)=0
x—1" x—1"
4
/ 64.m = =
1— (V2
, : (ve*)
. Mo
limm=lim —— =
» Vo Vo 1—(V202)
65 (@) X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | = = =
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0.5

-15 15

-0.25
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() X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = =
0.25 . X=SInX
lim———=0
x— 0" X
-15 15
~0.25
© X 1 0.5 0.2 0.1 0.01 0.001 0.0001
f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667
0.25 lim X=SINX =0.1667 (]_ P)
—r x—>0" X3
-15 15
~0.25
d
@ X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001

f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0

. . X—sinx
15 IimX—SInX =ooo0rn>3,lim =0,

4 n
L x—0" X x—0" X
-15 ﬁ 15

-15

limP = o .
66. Voot 68. (@) Average speed = W
Total time
As the volume of the gas decreases, the pressure 2d
increases. 0= ——— ——
(%) +(dH)
67.(@) r :D_LZ)— Lt sec 50 =2
/
625 —49 12 y+X
2(15) 3ft$e 50y + 50x = 2xy
b) r= =" C
OV = e om 2 50x=2¢y 50
2x 50x =2 y(x — 25)
(©) lim —
x—25" /625 — X2 25x
x-25 7
Domain: x > 25
(b)
x| 30 | 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
© lim —2=&X— -

x—>25" X—25

As x gets close to 25 mi/h, y becomes larger and
larger.
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1 1 1 1
69.(a) A=_bh-"_r%® =_ (10)(20tan0)= _{10) 0 =50tan-500
2 2 2 2
Omld
Domain: 10, —3
0 20
(b)
0 03 |06 |09 |12 |15
f(0) | 047 | 421 | 180 | 686 | 630.1
100
0 15

) limA=o
0 ->mpe”

70. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700 2/ = 850 revolutions per minute.

(b) The direction of rotation is reversed.

. . ) _ 0
(c) 2(20cot ¢ ) +2(10 cot ¢ ): straight sections. The angle subtended in each circle is 2m — T dz,j =7+ 2¢.

2 Ui
So, the length of the belt around the pulleys is 20(7 + 2¢ ) + 10(7 + 2¢ ) =30(m + 2¢ ).
Total length = 60 cot ¢ + 30(7 + 2¢)
omd
Domain: 10, —7
2
d
@ ¢ | 03 0.6 0.9 1.2 15
306.2 | 2179 | 1959 | 189.6 | 1885
(&) 4s0
00 $
(f)) lim | —g0n ~1885
o —>(12)
(All the belts are around pulleys.)
limL=o
@ Jim,
71. False. For instance, let 73. False. The graphs of y = tanx, y =cotXx, y =sec X
2 -
X" -1 and y = csc x have vertical asymptotes.
F(x) = or y ymp
x—-1
74. False. Let
X
9(x) = , w1
1 )
X+ f (X) _ ‘.X_ x=0
72. True 43, x=0.

The graph of f has a vertical asymptote at x = 0, but
f(0) =3.
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1 1
- = —,andc=0.
75 Let f(x)= 24909 =
1 1 0110 X2 -100
lim ,=wandlim _, =, butlim_, __, =iy _,=—0=0.
x—>0X x—>0X x—0[ X X[ x>0 X 0

76. Given lim f (x) =ccand lim g(x) =L:

X—>C X—>C

(1) Difference:

Let h(x) = —g(x). Then limh(x) = -L, and lim¢f(x) — g(x); = lim¥f(x) + h(x); = oo, by the Sum Property.

(2) Product:

If L >0, then for & = L 2 >/0 there exists &; > 0 such that |g(x) —L | <L 2 whenever0< [x—c|<3,.
So,L2< g(x) <3L2. Because lim f (x) = oo then for M > 0, there exists 8, > 0 such that

f(x) > M (2L) whenever |x—c | <3,. Let & be the smaller of 3; and &,. Thenfor0 < |x—c¢ | <38,
you have f(x)g(x) >M (2L)(L2) =M. Therefore lim f (x)g(x) = c. The proof is similar for L <0.

(3) Quotient: Let £ > 0 be given.
There exists 6; > 0 such that  f (x) > 3L 2& whenever 0 < \ X—C \ < 8, and there exists 3, > 0 such that

|9(x) =L | <L 2 whenever 0 < |x—c | <&, This inequality gives us L Z < g(x) < 3L 2. l/et  be the
smaller of 6, and &,. Then for 0 < \ X—C \ <, you have
() < M/: €.
f(x)] 3L/2e
9(x)

Therefore, lim =0.

et ()

77. Given lim f (x) =0, let g(x) = 1. Then 7. T(x) = is defined for all x> 3.

X X-3
lim =0 by Theorem 1.15. Let M > 0 begiven. Youneed > 0 such that

x> cfk)

f(x) = LS M whenever 3 < x < 3+5.
X

= 0. Suppose lim f (x) exists and equals L. -3

78. Given lim 1
xof (X) x>c Equivalently, X -3 < - whenever
Then, lim —— _ Hml 1_o X-3 <d,x>3.
x—cf (X lim f (x L 1
) x->c ) Sotake 5= __ . Then for x >3 and
This is not possible. So, lim f (x) does not exist. M 1 1
x=e ‘x—3‘<6,= >'=Mandso f(x)>
x-3 8
80. f(x)= . : is defined for all x <5. Let N < 0 be given. You need & > 0 such that f(x)= L g < N whenever
X_

X -
1 1
5-0 <x<b5.Equivalently, x -5 > — whenever ‘ X—5 ‘ < &, x <5. Equivalently, = L “whenever
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N Xx—-5 N

‘X_5‘<6,x<5.Sotak66=—1.%otethat6>0becauseN<O. For |x-5 | <8and

1
x <5—1 >t o N —— _ 1y

- <
x-5| & x-5 | x-5|
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Review Exercises for Chapter 2

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly longer
than the distance between the two points, approximately 8.25.

11

-9 9
-1

2. Precalculus. L = \/(9 ~1) +(3-1° ~825

X =3
X2 — X + 12

3.f(x) =

X 2.9 2.99 2.999 3 | 3.001 3.01 3.1

f(x) | —0.9091 —-0.9901 —0.9990 ? | -1.0010 | -1.0101 | -1.1111

lim f (x) ~—1.0000 (Actual limit is ~1.)
X—=>3

X -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1

f(x) 0.2516 0.2502 0.2500 ? | 0.2500 | 0.2498 0.2485

(Actual limit is ;.)

x—0
lim f (x) ~ 0.2500 !
\\\ 05
T S——
-5 5
0
dx-x* x(4-x) In(t+2)
5. h(x) = = =4 X X# 6.f(t) =
0 t
X X
(@ limh(x)=4-0=4 @ limf(t) does not exist because lim f(t) = —oo
x>0 t=0 t—>0"
(b) limh(x)=4-(-1)=5 and lim £ (t) = .
X —>-1 t>0"

(6) fim () - 'f—llzo
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7.lim(x+4)=1+4=5

x—1

Let >0 be given. Choose 5 =¢.Thenfor0< |x-1kd8 =g, youhave

\x—l%a
|(x+ 4)-5|<e
| f(¥) ~L|<e.

8. IIm.J_ = \.u-"§ =3
x—9

Let € > 0 be given. You need

‘ﬁ—3‘<8 :>“J-)G+3Hﬁ—3%8 “‘&JFSP |x-9%e ‘ﬁwtﬂ

Assuming 4 < x < 16, you can choose 8 = 5¢ .

So, for0< [x-9&8 =5¢,youhave
|x — 9| <5e< ‘ﬂ"’?)%

‘ﬂ—3‘<s

[f(x) -L|<e.

. 2_Yy _ 92 _
9.I|an¥—x _)l 2 =-3

Let € > 0 be given. You need

1
‘1—x2—(—3) ‘<s:> ‘xz—H: |x=2||x+2|<e= ‘X_2‘<\x+2\8
Assuming 1 < x < 3, you can choose 6 = £ .
5
So, for0< [x-248 :%youhave
\x—2\<g <—E
5 |x+2]
Ix-2||x +2| <&
X2 -4|<e
‘4—X2‘<8
‘(1—x2)—(—3)‘<8
| f(x) -L|<e.

10. lim9 = 9.Lete > 0 be given. § can be any positive 13. Iim(x—2)2 = (6 2)2 =16
Xx—>5 xX— 6 - -
number. So, for0 < |x—5 | <&, you have

14. |im\3/x_3 =¥ 53 :‘;f_::_g
‘9—9‘<8 X —-5

| f(x) -L|<e.

15 lim—4_ __4 _4
3

11. limx* =(-6)> =36

X —>—6
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12. lim(5x—3) =5(0) -3=-3

16 lim_~ __2 __2 _2
wox> +1 2241 441 5
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17.

18.

20.

21.

22.

23.

24.

217.

28.

29.

Chapter 2 Limits and Their Properties Review Exercises for Chapter 2
t+2 li 1 1 ; ;
lim =m__=-_ 19. lim_x=3-1 =lim _x-3-1 x=3+1
t>2t2-4 to-2t— 2 x>4V x -4 x>4  X—4 m+l
- 16 (t=4)(t+4) Cli—x=81
lim = lim X4
- —4 X—3
1oat—4 o0 t—4 (x )( +1)
=It|Ln§t+4)=4+4=8 — lim 1 :17
x4 /X—-3+1 2
b +x-2 NA+x-2 A+ x+2 —1 1
lim =lim . = lim = _
x>0 X X0 VA + X +2 x50 44+XxX+2 4
YA(X +1)r-1 1— —lim— = _
Gl L) =lim T =
x>0 X x>0 x(x+1) x->0X+ 1
lim (/55 ) = — i (ML (W/I5s)
=lim Xl/(1+ SYf 4 = lim
50 seo(l+s)Y + 1/( \2
SN A (y H)
x|
1-cosx =lim X 2 COSXD_(l)(O) 0 25, lime*tsin® —sinTo1
Jimv gin x osinx x - x>1 2 2
2
lim X =4rh) =n 26. lim I_n(u) = lim &Q(—_l)
x=>(m/4)tan X 1 X —2 |n(X—1) x—2 |n(X—1) =|§m2=2
/
lim Singm6)+Ax; —(13  _ . sin(7 6)cos Ax + cos(m 6)sin Ax — (1 2)
AX—>0 AX / AX—> 0 AX
1 (cos Ax -1) 3 2
_ lim ) 4 Iim‘if.'_sln AX =0+ (1) =
AX—02 AX Ax—0 2 AX 2 2
cos(T + Ax)+1 C0S T COS AX — sin 7 sin AX + 1
lim =lim
AX—0 AX Ax—>0 AX
.1 (cosAx-1 Y sin Ax/
= lim ( Y lim 5sin AX®
_2Axe0<_ — (_6)(1) - _
--0-(0)(1) =0

Ilef(x)g(x)/ Tiim £ (x)Vlim g(x)’

X—>C <xﬁ»c

Fooe P

128
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0
AX
Ax—0<

f(x) limf(x) _6
30. lim___ _

xeg(x)  limg(x) 1

31 lim¥f(x) + 29(x)

X—>C

Review Exercises for Chapter 2

limf(x) + 2 limg(x)

X—>C X—>C

-6+ 2(3) = -5

32, limrf(x)’* = Tlimf(x) 2

X—>Cc~

f

’SX*)C ‘f

(-6 =36

129
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33.

f(X) _ 2 +: -3

1

The limit appears to be 1_
3

X -0.01 | -0.001| 0 | 0.001 | 0.01

f(x) | 0.3335 | 0.3333 | ? | 0.3333 | 0.331

lim f (x) ~ 0.3333

x—>0

lim2x+9-3 JIx +9 43 _ lim (2x +9) -9 —lim 2 _ 2 _1
< / / A

x>0 X 2Xx + 9 +3 x>0 xJ 2x+g+3/f X—0 2X+9+3 9+3 3

/
s () = o)

J The limit appears to be — 1
;(r 16
-8 1
-3
X -0.01 —-0.001 0 | 0.001 0.01
f(x) | -0.0627 | —0.0625 [ ? | —0.0625 | —0.0623

lim f (x) ~ - 0.0625 = — 1
x—0 16

1 1 -1 1
lim X +4 4 :"m4—(x +4) = lim ==__
x—0 X x> 0(X + 4)4(X) x->0(x + 4)4 16

35. f(X) = lim M

x—0 x—1

The limit appears to be 0.
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131 QQQ)otebgésipit%_%@%Thed.rofd’é)per_t&@loo 201013  -1.1394 Review Exercises for Chapter 2 131

lim f () ~ 0.0000

x—0
i 20(e7* -1) _ 20(e” - 1) o
o0 x -1 0-1 -1

=0




36. f(x)= In(x+1)

X+1

The limit appears to be 0.

Review Exercises for Chapter 2

X -0.1 -0.01 —-0.001 0 | 0.001 0.01

0.1

f(x) -0.1171 —-0.0102 —0.0010 ? | 0.0010 | 0.0099

0.0866

lim f (x) ~ 0.0000

x—0

lim In(x+1) _In1_0_,
x>0 X +1 1 1
s(4)=s(t)
37. v = lim
t—4 4 —t
2
— lim 15—4.9(16)+250’£ﬂ§—4.9t +B —t

4 4.9(t? - 16)
lim 4t

t—4
- 49(t-4)(t+4)
=lim

t>4 4 —t
=1lim -4.9(t + 4)'=-39.2 m/sec
t—>4-

The object is falling at about 39.2 m/sec.

—4.9t2+250:03t:505@
38. ;

When a = 59,_the velocity is
7

lim s(a)-s(t)

E-4.98 +250; —1-4.9t 24250/
a-t

= lim
toa a—-t toa
im 22(t=2,)

t—oa a-t

. 4.9(t-a)(t+a)
=lim
t—>a a—t
= lim -4.9(t + a)
to>a~
=-4.9(2a) ,2900
O 71

=-70 m/sec.

The velocity of the object when it hits the ground is about 70 m/sec.

) 1
39. lim -1 1 40.

x— 3t X+ 3

lim —x=6

XHG_X2_36

=lim X6

x—6" (X —6)(X + 6)

= lim
x>6 X+ 6

129
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sfx=2 lim w'{;—Z. X + 2

41. lim
X —>4 x—4 x >4 x—4 \Jl,*JrZ
lim _ xS
=4 (x-4)(++2)
lim L
\.l'f_

x4 X+2
1

4

R T I ) B

x—»3 X _3 x—>3 X _3

43, lim (2 +1) = 20) +1=3

X—2

44. lim #x — % does not exist. There s a break in the graph

X— 4

atx =4.

45, lim f(x) =0

46. Iim g(x)=1+1=2

x—>1"

47. limh(t) does not exist because limh(t) =1+1=2

t—1 t—-1"
and lim h(t) = l(:|.+:|.)::|..
2

to1t
48. lim f(s)=2
s —>-2

49. f(x)=x*—4is continuous for all real x.

50. f(x) = x?—x + 20 is continuous for all real x.

56. lim(x+1)=2
X~>1+
lim(x+1)=4

x— 3"

51. f(x)=

52.

53.

54.

55.

4

X—-5

x =5 because lim f (x) does not exist.

X—>5

fog - b oot

XX =9 7(x— 3)(x +3)

has a nonremovable discontinuity at

has nonremovable discontinuities at x =+ 3

because lim f (x) and lim  f (x) do not exist.

x—3 3

[Ix 1

f(X) = —X-_-—:—’x;to
3 2

X —x  xX(x -1) (x-1)(x+1)

has nonremovable discontinuities at x = +1

because lim f(x) and lim f (x) do not exist,

x—>-1 x—=1

and has a removable disantinuity at x = 0 because

limf(x) =lim ———— — =-1.
x— 0 an(X—l)(X+l)
X +3
f)= 7 —
X —3x-18

X +3
T (Xx+3)(x—6)

has a nonremovable discontinuity at x = 6
because Iimg (x) does not exist, and has a
X—>

removable discontinuity at x = — 3 because
. 1 1
limf(x)= lim ==
X —>-3 x>-3X — 6 9

£(2) =5

Find csothat lim (cx +6) =5.
x— 2"

c(2)+ 6 =5
2c = -1

1

C=-_

2

Findbandcsothat Iim (}+bx+c) =2and i, (¢ +bx+c) =4

xX—-1
- x— 3

Consequently you get l+b+c=2and9+3b+c=4.

Solving simultaneously,
57.

f(x)=-3x+7 b

Continuous on (—o, «)

=-3 and
c =
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2. _
f(X) — ﬂ 7+7X 2 !4X -1 NX+2!
= X +2
X+
2

Continuous on (-, — 2) U (— 2, o). There is a
removable discontinuity at x = — 2.
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59. f(x)= /x-4 X 4 Yx—2/
67. f) =1 =(x+2)| |,
Continuous on [4, «) |x-2 =205

@ limf(x)=-4

(b) Iirr;j (x)=4

60. f(x) =#x + 3

lim #x + 3 = k + 3wherek isan integer.

x— Kkt
lim #x + 3 = k + 2wherek is an integer. ©) IX'Tzf (x) does not exist.
x— K
Nonremovable discontinuity at each integer k
68. f(x) = /(x—1)x

Continuous on (k, k + 1) for all integers k

() Domain: (o, 0] U [1, )

61. g(x) = 2¢™ * is continuous on all intervals (n, n + 1), (b) limf(x)=0
Xx—> 0"
where n is an integer. g has nonremovable discontinuities .
) limf(x)=0
at each n. Cort
62. h(X) =-21In 5‘—X ‘ 3
69. f(¥)=_
Because $ —x | >0 except for x =5, h is continuous 3 X
_ lim ~ _ _
on (-, 5) U (5, ). o 0

.3
6 E—x -2 (3x+2)(x-1) lim = _

foy = = = 8
¢ x -1 x -1 X 0K
limf(x) =lim (3x+2) =5 Therefore, x = 0 is a vertical asymptote.
x—1 x—1
Removable discontinuity at x =1 70. f(x) = 5 :
Continuous on (~», 1) U (1, ») (x-2)
lim =00 = i
%5 -X, X<2 ><42’(X—2)4 va*(X—2)4
f(x) =
64. f() ;ZX -3, x>2 Therefore, x = 2 is a vertical asymptote.
lim (5 - x) = 3 o s
X2 7. f(x) = =L
lim(2x-3) =1 ¥ =9 (x+3)(x-23)
x— 2" ) 3 ) X3
Nonremovable discontinuity at x = 2 lim — = —oo and lim = ©
x—>-3-X—9 x>-3X2—9
Continuous on (0, 2) U (2, ) Therefore, x = — 3 is a vertical asymptote.
65. f is continuous on [1, 2]. f (1) = -1 < 0 and lim —X— = —wand lim—%— = »
f (2) = 13 > 0. Therefore by the Intermediate Value o x” =9 k>3 X' =9

. . Therefore, x =3 i rtical asym .
Theorem, there is at least one value c in (1, 2) such that erefore, x =3 1s a vertical asymptote

2¢*-3=0. 6X _ 6x
72. f(X)= ——— = —
o =3¢ = x+6)x-6)
66. A = 5000(1.06)" 6X 6x
lim =ooand lim =
-36 - X x—>6" 36 — X
Nonremovable discontinuity every 6 months X6

Therefore, x = — 6 is a vertical asymptote.

lim —&—and lim % =

9000



O
M s 36— X2 x5 36 — X
Therefore, x = 6 is a vertical asymptote.

4000
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2x +1
XZ
-64 (x+8)(x-18)
lim 2x+1 ——oandlim 2x+1
_ 2 2
x—>-8 X — 64 x—>-gt X — 64

Therefore, x = -8 is a vertical asymptote.

2x +1 2x +1
lim 2 =—o0 and lim =
_ L2
x>8 X —64 x>8 X — 64
Therefore, x = 8 is a vertical asymptote.
1

74 f(x)=cCTX= simmrx

sin 7t x = 0 for x = n, where n is an integer.

lim f (x) = o0 or —0

X—>n

Therefore, the graph has vertical asymptotes at x = n.

75. 9(x) = In(25 - x*) = In¥(5 + X)(5 - %

lim In(25 —x =)O

X—5

le—,ln (5 —x2 =})

Therefore, the graph has holes at x =+ 5. The graph

does not have any vertical asymptotes.

76. f(x)=7e3f
lim 773/ = o
X— 0"

Therefore, x = 0 is a vertical asymptote.

X2+ 2x+1
77. lim—— -

x—1" Xx—1

78. lim X =

xo(y2)2x =1

Problem Solving for Chapter 2

xo-1tX + 1 xo>-1tX — X+ 1

3

X+1
lim = lim
80. x—>-1" xt—1 X —>-1" ((2 + 1)(X - l)
X
+X 1
8L lim o w
x—0 3U
| |
. 1
g2, lim — o

Rt ] v

8. Jim

X—0
5x x>0 54X

<

sec X
84. lim

x— 0" X

Il
8

85. |im CSC 2x _lim

x—0t X x— 0+ X Sin 2X

2
86. lim CoSs™ X

X—0" X

= —00

87. limIn(sin x) = —0

x— 0"

lim 12 %% = o
88.

x—=0

80,000p
89. C= 55 0< p<100

(@) C(15) ~$14,117.65
(b) C(50) = $80.000

(c) C(90) =$720,000
@) lim 80.000p _

100100 —p
00. f(x)= B
@ | ¢ | 01 | -001 | 0001|0001 |00L |o01
f(x) | 2.0271 | 2.0003 | 2.0000 | 2.0000 | 2.0003 | 2.0271

sin 4x _ ”mY_A\ = sindx/_4

5

4

132
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. tan 2x
lim—— =

x—>0 X

2

stan2x  x£0
(b) Yes, define f(x) =14 x _
b2, x=0

Now f (x) is continuous at x = 0.

Problem Solving for Chapter 2

133
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Problem Solving for Chapter 2
1.(a) Perimeter APAO = (y-1)° +

JEF
X2 +(x2 1)2+\/{<7
SET a1

Perimeter APBO = \/(x —1)° + y2 +
:\/(x—l) NN N |

(b) r(x) = 2
(x—l) +xt Ut
X 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 210 | 2.01

Perimeter APBO 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 098 |[095|1 | 105/ 1.005
©) Iimr(x):1+0+1= %1
x— 0" 1+0+1 2

2.(a) Area APAO = 1_bh = 1(l)(x) =X
2 2
AreaAPBO= Tbh=" (1)(y) =¥ = X’

=N

2 2 2 2
Area APBO _ x*/2 _
() a(x) = "——c—

Area APAO X/

X 4 | 2 l/ 0(/1 0./01
Area APAO 2|1 1//2 1720 1//200
Area APBO 812 1/ 2 1200 1//20,000
a(x) 41211 110 1/ 100

(© Ilma(x)— limx=0

x— 0" x— 0"

3. (@) There are 6 triangles, each with a central angle of 60° = & 3. S0,

33
Area hexagon = 6" bif - GYl(l)siny= - ~2.598.

' /
2 f <
o h=sin0

2 3f 2

Problem Solving for Chapter 2
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Error = Area (Circle) — Area (Hexagon) = i — 33 ~~ ~0.5435
2

(b) There are n triangles, each with central angle of 6 = 27 n./So,

R, / Tl 2/ nsin(2mn)

n nvézbh? = nviz(l) sin 0 wf: )

Problem Solving for Chapter 2

135
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©
n 6 12 | 24 48 96

An 2.598 3 3.106 3.133 3.139

sin(2ep)  sin(2nn)  sinx
i ;l ] _sm X
2/n (2m/n) X

(d) As n gets larger and larger, 27 1y approaches 0. Letting x = 21t n, A, =

which approaches (1)t = .

12
4.(a) Slope= 4=0_4 5.(a) Slope=-—"_
3-0 3
3 3 5
(b) Slope=— Tangentline:y-4=- (x-3) (b) Slope of tangent line is
4 4 5 12
y:—73x+§ y+12="__(x-5)
4 4 12
5 LWT I
(c) LetQ = (x,y) = (x, V25 — xz) y="X- angent line
12 12
o N25x 4 © Q=(xy) = (X,—\/169—x2)
“ x—3 /
mo —V69 —x*+12
@ limm, = i LB S T s
= lim -
X3 x>3 . N25 - X +4 - ,
X —3 12 - /169 -x° " 12 + 169 —x
2
=lim 25-x —16 (@) limm, = lin X =5
o 12 + /169 — x?
x> 2
3(><—3)(V25‘X +4) 144 - (169 - x*)
_ (3=x)(3+x) = lim :}Ti 169—x)
- ||m X—5 \/ 2
P (x -3V X +4) .
( X —25
__(M)_ __6 3 = IImH_ 69 —x )
- o *—5d2+—1
- IIm - - X—>5 / 2
3 J2E-X +4 4+4 4
This is the slope of the tangent line at P. lin (x +5) 10 5

=512 1 692 12+12 12

This is the same slope as part (b).

6. [a+bX —./3 _afbx = ./3 Ja+bx +./3 (a +bx)-3
N N

X X a+bx + 3 x( a+bx 4 3)
Letting a = 3 simplifies the numerator.

x.l"_
so, imY3+x= By bx — lim b
x—0 X anX(\/ 3+bx+ 3) xs0N 3 +bx + \J{é
b
Setting —— = = ~/3, you obtain b=6. So, a=3 and b = 6.
N 343~ MEyouona
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7.@ 3+x920 (@) fim £(x) = lim 802 3 ox¥ 2
(s g x-1 x—1 x-1 J3 + X +2
=
x> 27 R —
X1 / 1/3
Domain: x > -27, x = 1 or [-27, 1) U (1, ) - 1)( 3 ;; 2)
x; =1
(b) 05 = lim /

ot (xl/3 - 1)(x”3 +x03 4 1)(\/ 3+ %3 4+ 2)

1
lim
=t (X + X2 + 1) V3 + X3 4 2)

1 1

=,

-0.1

/

@ limf(x)= \/m_zzi_l_ (1+1+1)2+2) 12

N o 27-1 28 14
~0.0714

8.limf(x)= I|im (aZ_g) —a’-2 11. y

Xx—> 0" x—0 2

ax - NI

limf(x)= lim___ _ a-pecauselim fan x 17 A4

X~>0+ X4>0+tan X : X0 X H -O—O—O-OT?—O—O—O—O-

Thus a2 -2=a -4-3-2-1 1 1234 X

,277

a?-a-2-=0

(a-2)(a+1) =0 -
a=-1,2
_ @ fQ=m+rB=1+(1)=0
9. (@) lﬂf(X):S-g,lg . f(0)=0
| f(i):0+(—l):—l
(b) f continuous at 2: g; f(-27)=-3+2=-1
(c) limf(x)=3:010s 0
x> 2" (b) limf(x)=-1
x—1"
10. y limf(x) =-1
o x—>1"
e, limf(x) =-1
/
. o R x—12
—— 0 (c) fis continuous for all real numbers except
— 14 x=0,%1,+£2,£3, ...
Oo—e 21
o-e

(@ f(3) =t =4

f(3) = ’l@": of
O ==1
(b) Iimf(X):l

x—1"
limf(x) =0
x—1"

lim f (x) = oo
x— 0"

lim f (x) =
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x— 0"

(c) fis continuous for all real numbers except

1 1
=0 +1 +% +L
X O,_l,_z_g...
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192000

12. (a) Vi= +V2 —48
r
192r000 — Vv 248
_ 192,000
T vP-vi148
. 192,000
limr =
Vo0 48 — V2

Letvy = J48 = 4*-"; mi/sec.

2 1920 2

O v oy, 217

;

=Ly 24217

1920
V2 —v2 +2.17
lim r 1920
oo 217 —vg?
Letvy = ~/2.17 mi/sec

10,600
(© M= v=v/+699

10,600

(= 1.47 mi/sec).

limr=
Vo0 6.99 ~ V2

Let vo = ~/6.99 ~2.64 mi Aec.

Because this is smaller than the escape velocity for

Earth, the mass is less.

13. (&) |

14.

Problem Solving for Chapter 2 139

° X

k4 B

(b) () limP_ (x)=1

(ii) limPy 5 (x)=0
(i) limP (x)=0

x—b" ab

iv) limPyp(x)=1
(v) 117 Pa v ()
(c) P4 pis continuous for all positive real numbers

except x =a, b.

(d) The area under the graph of U, and above the x-axis,
is 1.

Let a = 0 and let € > 0 be given. Thereexists
81 >0such thatif 0 < |x— 043, then
‘f(x)—Lks.LetS =&, Al Then for

[ /|

0<xl0<d =8, a‘,youhave

As a counterexample, let

1
a:Oandf(x):':’ _
v2, x=0

x =0

Then limf (x) =1 =L, but

Xx—>0
limf (ax) =limf(0) =lim2 =2.
Xx—0 x—>0 x—>0



