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Exercise Set 2.1
Answers to Odd-Numbered Exercises A7
1. () Mtan = (50 — 10)/(15 — 5) = 40/10 = 4 m/s.

! Exercise Set 2.1 (Page 000)
1. @) 4mis (b)

(m/s)

y

! 5 10 15 20
(b) Time (s)
3. (@0cm/is (b)t=0,t=2andt=4.2 (c) maximum: t=1;
minimum: t=3 () =T.5CM/S et Att=8s, mtan = (140 - 0)/(10 — 4) = 140/6 = 23.33
5. straight Ilne Wlth slope equal to the velocity

7. Answers may vary. 9. Answers may vary.

0,t=2t=%2, t = 8 (horizontal tangent line).
X

[/ (c) maximum:
d ()4 -18)/(4-2)d=) 4

inimum: t = 3 (slope < 0).
y (slope of estimated tangent line to curve at t=23).

gent line decreases  with increasing time)

. Tangent _ N
creasing (slope of tangent line increases  with increasing time)

-1 Tangent

B «
(c) imnxc-arxeiasysing (slope oft_ ine [l reases with increasing time)
Secant 4
15. (@) 2xo (d) decreasing — 3 line decreases with increasing time)
2 x
Responses to True—False questions may be abrldged to save space,
5. Itisa straight line with slope equal to the 'velocity.

19. True;seth=x-1,sox=1+handh — 0 is equivalent to x — 1.

21. False; ‘ée'gfiﬁ,},’c,:yﬁngea';iﬁlfmf?mfe(?{,‘?mf‘e?f;(‘hepos't")” to change in time. slope of the curve increases during that time. From time t g to
23. (&) 72 Fatabout4:30 pm. (b) 4 Fh (0~ 7°Fhatabout9

fime t,, the velociy, and P the slope, decrease. Attime t1, thevelocity, and hence the  slope, instantaneously drop

25. (a) first year so there is asharp fjend in the curve a((halpmnl(d) Growth rate (cm/year)
40|_

(b) 6 cm/ (c) 10 cm/yearsat about age 14 30
cm/year

10 20
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t (yr)
t
27. (a) 19,200 ft  (b) 480 ft/s () 66.94 f/s  (d) 1440 ft/s

/ t ot/
29. (@) 720 ft min (b)192, fu min

! Exercise Set 2.2 (PageVOO)
1.2,0,-2,-1 5. Ay / 7.y=5x—-16
3.(0)3 ()3 1| 9. 4x,y=4x -2

59
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) /
o W
10.
I(l) —f(0 2
11. (&) msec= - =1 =2
-
f(x)—-f(0) 2x2_—0
b) Man= lim — . 4=——- - ="fim™ ' = lim 2x1 =0
x1 —0 X1-0 x1—0 X1 —0 X1 —0
f(x)—-f(x) 2X 2-2x 2
() M= lim — - . — - = lim ° = lim@x +
2x0) = 4xo
X1 —XQ X1 — X0 x1—xg X1 — X0 X1 —X0
Secant
Tangent X
(d) The tangentlineisthe x-axis.
3_43
f(2 f(1 —2°-1=
12. (a) Msec = _(_)—(_) = ~ 7 =7

2-1 1



f(x )—f X -1 x D%+ x +

I —

(b) Mtan = lim Zﬁ- = lim = lim l_).‘_—_ = Iim(zx +x1  +1)=3
1

x1 -1 X1 —1 x1—1 X1 — 1xa—1 x1 —1 X1 1
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f(x1)—f(xo 33
© ma = lim) = lim 1 9= lim(3+x1x0 +x%)=3x%
X1 —X0 X1 —Xo0 x1—x0 X1 —X0  x —xo
4 Yy
D
- .""‘Tangent
I X
; f':Secant
13. (@) msec=1(Q3) =f(2) = 1B8-12= 1
3-2 1 6
fix1 )-f 1x1-1/2 2-x1 -1 1
(b) man= lim (2) = lim = lim = lim =
x1—2  X1—2 X1y X1 —2 x1—2 2X1 (X1 —2)  x1-2 2X1 4
fixa )=fixo 1/x1=1/xg — X0 =X1 -1
() Mman = lim ) = lim = lim = lim =—
L X1—ox X1 7X0 x1—xo X1 —X0 xL—xo X0 X1 (X1 —X0) X1 —xo XQ X1
4
secan —
1 Tangent
(d)
f2 —f (1 1/4 -1 3
14. (a) Msec = —( ) (_ = = -
2-1 1 4
fo )=f UxE-1 _1x* —0g 1+_1)
(b) Man = lim =~ = lim ° =lim , ° =lim T =2
X1 —1 X1-1 xi1 X1 —1 x1—1 X (Xl -1) X1 —1
fxi )=f (x ux=aand- _x (X #X
(c) man = lim X —x = lim 1 o= lim wox2 1) = lim X2 X2
1 e 01 o o M R Lo 01
LY
1=
] X i
\\2 \
(d) Tangent Secant
15. (@) mian = lim £ (x ) =l

Chapter612



) = 2Xp
lim (x1 + xo
lim 1 (;O o
02—x2i -
o X1 —

1) )
27 = lim . -
L‘_—l _X X1 —X0

X1 —X0

X1 —X0

=-2
_1) =
(b) Mtan =2(
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[ 1=t (x=3x 3 +2) (I3 o2 X" )1+3X 10 )
o _ (X —_ -
16. (@) M@= lim = lim ? * ‘L = lim ‘! 0 =
X1 —X0 X1 — X0 X1 —X0 ' X1 —X0 ' X1 —X0 X1 —X0

= lim . - -

w —xo (X1 +Xo +3)=2x0 +3 -
(b) Mtan=2(2)+3=7 -

\y
IJQE )_—f-(xﬂ_ S S D S 10_ —_ 4 _
)|
17. (@) Mmw= lim = lim — = lim 1+ \ =1+ 7
X1~xol X1§XO X1 —X0 X'1*X0 X1 —X0 X1 + Xo 2 Xo
() Ma=1+2 1= 2
NN I S
fx A= fx U x 1zl x. X0 = X B
18. (@) Man= lim > T = im T "= im NN
X1 —X0 X1 — X0 X1 —X0 X1 — X0 X1 —X0 X0 X1 (Xl _XO)
=lm = = —!
Vo =- 312
xi—xo X0 X1 (x1+ X0) 270
1 1
b) myn=— = —
(B) Man==5 0= 15

19. True. Letx=1+h.

20. False. A secant line meets the curve in at least two places, but a tangent line might meet it only once.

21. False. Velocity represents the rate at which position changes.

22. True. The units of the rate of change are obtained by dividing the units of f (x) (inches) by the units of x (tons).

23. (a) 72° Fatabout 4:30P.M. (b) About (67— 43)/6 =4° F/h.

(c) Decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7° F/h (slope of estimated tangent
line to curve at 9 P.M.).

24. For V = 10 the slope of the tangent line is about (0 — 5)/(20 — 0) = —0.25 atm/L, for V = 25 the slope is about (1 — 2)/(25 —
0) =—-0.04 atm/L.

25. (a) During the first year after birth.
(b) About 6 cm/year (slope of estimated tangent line at age 5).
(c) The growth rate is greatest at about age 14; about 10 cm/year.
4@ Growth rate

(cm/year)
3

24



10
t(yrs)
(d) 5 10 15 20

N

26. (a) The object falls until s = 0. This happens when 1250 — 16t2 = 0,s0t= p1250/16 = 78.125> 25=5;hencethe
object is still falling at t = 5 sec.

ORRIOETO) 6-5 =674 s
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2.1

= —176.
The
average
velocity is
=176 ft/s.
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2 2
. f(6+h)_f i 1250 -16(5+h - . =160h —16h ]
(c) Vinst = lim forh_ 1 = lim _[_u E = lim — = lim (=160 — 16h) =
h—0 5) h—0 850 h—0 h h—0
h h
—160 ft/s.
27. (a) 0.3- 403 = 19,200 ft (b) Vave = 19,200/40 = 480 ft/s

(c) Solves= 0.3t> = 1000; t = 14.938 50 Vave ~ 1000/14.938 ~ 66.943 ft/s.

3 a3 2 .3
@ Vinst = lim 03(40 +h)” ~03-40° _ .~ 0.3(4800N + 1200" +h" _ i 6 34800 + 120h + h2 ) = 1440 fils
h—0 h h—0 )- h—0
h

4.5(12) 1= 4.5(0)%

28. (a) Vawe :_1270 = 54 ft/s
4.5t-2-45(5] 4 B2 =30) 45(t1+ 6)(t1 —6)
(b)  Vinst= lim - = lim = |im ==———m———————= = |im 4.5(t1 + 6) = 54 ft/s
t1 —6 t1—6 t1—6 [1—6 t1 —6 t1—6 t1 6
6(4) L—— 6(2)24
29.(@) Vae =", = 2_ =720 ft/min
6t —6(2) 4 6(t4 —16) 6(t2 + 4)(t2—4)
(M v =lim —_ = lim  —1— = lim=—1 = lim 6(2 +4)t  +2) =192 fmin
™y ot —2 t1 o2t — 2 t1 —2 t1—-2 t —2 ! !

30. See the discussion before Definition 2.1.1.
31. The instantaneous velocity at t = 1 equals the limit as h — 0 of the average velocity during the interval between t = 1 and t
=1+h.
Exercise Set 2.2
1. 10(1)=2519@) =0, 5) =—25,% (6) =—1.
2. 10 <f20)<f0(2)<0<f0(-3).

3 (@ fo(a) is the slope of the tangent line. (b) £0 2)=m=3 (c) The same, f0(2) =3.
. 2 (1) 3
417 M=1 —(1) =2
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2.2

Ly

¥ x<

6.
7. y—(-1)=5(x—3), y=5x—16
8. y—-3=-4(x+2), y=-4x-5
_ 2 _
9. = Iim £ _T00 iy 2xrhl - x|
h—0 h h—o h hoo

byy—2=4(x-1),y=4x-2

. 4xh+2h?
1 P ——

li = 4x; 0 (1) = 4 so the tangent line is given

h

0= lm_f_(x+h) ¢ () U(x+h) 2_—1x = lim x2 ~(x+h) 2 = lim -2xh—h, =lim -2x—h
10. f° — . . = = im ; = - - —
9 ho h oo h hoo hx2 (x+h)2  hoohx? (x + h)2 hoo X2 (X + h)2
o .3
11, () = lim LOENFQ) iy G+ME =X 3@ e 3hen?) =310 (0) = 0 sothe tangent lineis
h—0 -hh—>0 h h—0

given byy—-0=0(x—-0),y=0.

f(x+h) —f(x)
?12;’0 10 (x) = lim h hoo = lim

h hoo

1=-1and f° (1) =6 so the tangent lineis given by y + 1 =6(x + 1), y = 6x + 5.
y y

[20c+ )&=+ 1] [2x — + 1]

=1im (6x% + 6xh + 2h*) = 6 ; f (1) = 2(-1)° +

\ \ \ \
. f e ® . HI 0N [ IN R 33K | !
13. ') = lime—m r —— = lim - SR =S — he e =
N e
h—0 h h—»o = h “/8ha0 h x+1+h+ x+1
lim hy = 7L - f8) = =+t =3and @)= 1 sothe tangentline isgiven by
h—0 h( T h+ e 2 X+ 1 6
_ 1 -1 5
-3= = (X—8),y==x+ 2.
y 5 (x-8),y e Xt 3
e 00 Y A== eI
fO x+oh+] o 2x+1 =2x+2h+1 e
14. (x) = lim s = lim N N -
h—0 hhoo h2x+2h+1+ 2x +1
= lim 2h =lim _ —2 -y =y _1—.;i(£)_=\/2- VoL sand
—— == 9
fo (4) = 1/3 so the tangent line is given by y — 3 = Ix—-4),y=  Ix+ 2.
33 3
_1 X —(X + AX)
1
15. 10 ()= lim Xx+AxTx o= fim XEEM o oA L — L




Ax—0

16. fo(x)=

AX—0

lim

AX - AX x>0 XAX(X + AX) B0 x(X + AX) X2
1 -—1 17 (X+1) —(X+Ax+1)

. (X + AX)+ X+ T x+D(x+Ax+1) X+1-Xx-Ax-1

lim | = lim | = =

- lim
Ax—0 AX Ax—0 AX Ax—0 AX(X + 1)(X + Ax + 1)
—AX . gl 1
lim =—

AX(X +1)(X + AX + 1)

Ax—0 (X + 1)(X + Ax+ 1) (x+ 1)2



2 2 2
. X + AX)—(X + AX)—(X — . 2XAX + (AX) £AX
17. 0= fim XEAEOCEANCT o) o 2XAXE(A) ZAX
AX—0 AX AX—0 AX Ax—0

= lim(2x—1+Ax)=2x—1.
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4 4 3 2 3
e X* Ax+6Xx 7 (Ax)° + 4AX(Ax) =+
18. 1000 = lim T _TX 0 SR S ) ___(_1 B
A 4
= lim (4x3 +6%x% AX + 4x(Ax)2 + (Ax)3) =453 )
AX—0 -
1 1 -
_1 g
X+ AX i x— X+ AX vooyx— (X+AX)
19, fo X) = im AX - am AXy oy - am AXy Xy N N =
Ax—0 AX—0 X X+ AX AX—0 X+ AX( X+ LAX)
-1
= lim v V____ v = 1 —
Ax—0 X X + X+ AX) 2X312
X+ AX( 1 v A N
R xo g — X X=1- x.. X—.. X+ Ax-1
009 = = lim M _X+Ax-1_ =
AX=0 AX AX0 x—1" X—1+ x+Ax—1
—AX -1 .
= lim - == ¥=- = = = lim_v - =
o0 AX x— 1 XFAX=1( X=14  iax- 1) AX—0 x— 1 x+Ax—1( X—1+ X+ AX—
1
2(x—1)se’
2 2 2 2 2
. A4t +h)y= _+ (t+h)] —[4t=— - -
E*}O h h—0 4 h—0 h
5 h
lim 8+4R" £ 0 = jim (8t + 4h + 1) =8t + L.
h—0 h h—0
4 3 4 3 & 3 2 2 3 3
22. @V = [im 3% 3= = [im3 dededet e im4e3r2 + 3rh+h?) = 4nr?
dr h—0 - h - h—0 h h—0 3
23. (a) D (b) F (c) B d C e A (f) E
24. f0( 2/2) isthe slope of the  tangent line to the unit circle at(\/ 212, 2/2). This line is perpendicular to the line

y = X, S0 its slope is -1.

Ty
T~ m=-1
‘ 1
ry
ay Ay




25. (a)

Ay

y ><

26. (a)

(b)

(b)

(©

©

Yy
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2.2

217.

28.

29.

30.

34.

35.

36.

37.

38.

False. If the tangent line is horizontal then £0 (@) =0.

True. f° (=2) equals the slope of the tangent line.

False. E.g. [x|is continuous but not differentiable at x =

True. See Theorem 2.2.3.

@ fo= \/lend a=1

. (@ f(X)=cosxanda=n (b)f(x):x7
dy = limf—perhy>- 3—a—@= lim —2xh = h?

0.

() f(x)=x% anda=3

anda=1

=lim (-2x — h) = —=2x, andgx =-2.
dX  h-o ) h—0 h h—0 X 1
h
X+2+h X+2
= = X(X+2+h) —(x+2)(x+ -2 =2 %)4
.= = lim p) = lim = and
dy=lim x+h X
dX  poo hx(x + h) ho X(x + h) X2
y=-2x+1 -3
(b) w 15 1.1 1.01 1.001 1.0001/| 1.00001
f—(m;fl(l) 1.6569 | 1.4355 | 1.3911 | 1.3868 | 1.3863| 1.3863
W_
w 0.5 0.9 0.99 0.999 [ 0.9999(0.99999
I%v)'___lf(l)‘ 1.1716 (1.3393 [1.3815 | 1.3858 | 1.3863( 1.3863
(b) w Z +05{%Z +01]% +0.04 2 +0.001 |2 +0.0001 {Z +0.00001
I 4 4 4. —[4. 4
fw) —f(n/4)
" 0.50489 | 0.67060 |0.70356 0.70675 |0.70707 0.70710

X=-2



T _ T o_ T I_ To_ To_
w 4 05 A 01 4 0.01 4 0.001 s 0.0001 4 0.00001

f(w) —f(n/4)
w— n/4

0.85114 | 0.74126(0.71063 0.70746 [0.70714 0.70711
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39, (a) fBLA) 227212 -gosf (2 F() 2387212 _gop £ (2 F(0) =234°058  _gg
3-1 2 2-1 1 2-0 2

f_(2)-f(0)
2-0

(b) The tangentlineat x = 1 appears  to have slope about 0.8, so

G -t gives the worst.
3-1

40, @ 005~ DO 21208 _, g,

1-0 1
f(3)—f(2) 22-2.34

3-21

gives the best approximation and f

(b) fo(2.5)= -0.14.

41. (a) dollars/ft

(o) £0 (x) is roughly the price per additional foot.

(c) If each additional foot costs extra money (this is to be expected) then fO(x) remains positive.

. f(301) —f (300)
(d) From the approximation 1000 = f  (300) = 301—-300 we see that f (301)f (300) + 1000, so the extra
foot will cost around $1000.

gallons

42. (@) dollars/gallon =gal|ons2 /dollar

(b) The increase in the amount of paint that would be sold for one extra dollar per gallon.
(c) Itshould be negative since an increase in the price of paint would decrease the amount of paint sold.
0 f (11) —f (10)
(d) From -100=f" (10) = 11-10 we see that f (11) = f (10) — 100, so an increase of one dollar per gallon

would decrease the amount of sold by around 100 gallons.
paint

43. (a) F =200 Ib, dF /d0 ~50(b) p = (dF /d6)/F ~ 50/200 = 0.25

44. The derivative attimet =100 of the velocity with respect to time is equal to the slope of the tangent line, which

12500 -0 T 7680982 Ib
is approximatelym= 140 — 40 =125ft/s 2 Thus the mass is approximately M (100) ~ dvidt = 125fi/s2 =
61000 slugs.

45. (@) T=115"F,dT /dt=-3.35 F/min (b) k=(dT /dt)/(T — To ) = (-3.35)/(115 — 75) = —0.084
‘\/3
y a
46.(a) limf(x) = limsx =0 =f(0), sof iscontinuous at x = 0. lim f(0+h) —IMU= |im h -0 =
x—0 x—0 h—0 h h—0 h
lim 1 +o0, 50 f 0(0) does not exist.
ho h?/3 1

N
[y
2

J

=¥
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_ 23
() limf(x) =lim(x-2) *=0=f(2)sofiscontinuous at x =2 |himI (2”;1) TPk jim  a <=

—0 h—0
lim __L — which does not exist so f ° (2) does not exist.

h—o h
Fl
5
\
1
\'\/ X
1 1 >

I
‘ 2
2
— 1+h)+1]—
47. lim f(x) = limf(x) =f(1), sofiscontinuous at x =1. lim fash -t lim J'(_)‘_]_
: : : ) : 2 _
x—1 x—1 h—0 h h—0 h
f(l+h) —f 2(1+h) — .
im@+my=2 tim g i BN T iz 00 @) =2
h—0~ h—0* h h—0* h h—0"
¥
5
X
-3 3
| | | | » )
48. lim f(x) = limf(x) =f(1) sofiscontinuous at x = 1. T ) R SRR oy gl 1
x—1 x—1 h—0 h h—0 h =
f(1 +h) —f 1+h) +2
lim(@2+h)=2; lim H = lim %# =lim1=1,s0f° (1) does not exist.
h—0~ h—0* h h—0* h h—0*
y 4
X
| 1| >
-3 3
49. Since —|x| < x sin(1/x) <|x| it follows by the Squeezing Theorem (Theorem 1.6.4) that lim x sin(1/x) = 0. The
Xx—0
f(x) —f(0
derivative cannot exist: consider T ” © = sin(1/x). This function oscillates between —1and +1 and does

not tend to any number as x tends to zero.
A
y




50. For continuity, compare with +x2 0 establish that the limit is zero. The difference quotient is x sin(1/x) and (see Exercise
49) this has a limit of zero at the origin.
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KL o ) Lo :
51.Let = fI° (x0)/2]. Then there exists 5 > 0 such that if 0 < [x — xo | < 8, then = —f"(x0) < . Since
0 0 (X ) o
f (xo)>0and =f (x)2it follows that . -2 >>0. Ifx=x1 <xo then f(x1)<f(xo)
and if
x=x2 >0 then f(x2)>f(x0). XX
X ,_+h)=a(x f(x_+mh) f (x
52. go(xl):”m g'(_-l_) 2 = lim Fim(xa+h)+b) —f(mx1 +Db) =m lim -LO - & 0 :mfo(xo).
h—0 ' S h—0 h h—0 ,),
h mh
53. () Let =|m/2.  Sincem =0, >0. Since f(0) =f°(0) =0weknow there  exists 5 > Osuch that

f(O+h)-f(0Q)<h  whenever 0<|h|<3. It follows that |f (h)| < l2 lhm| for 0 < |h| < &. Replace h with x to

get the result.

(b) For 0 < |x| <3, If (¥)| < 12 Imx}: Moreover mx| = |[mx — f (x) + f (X)| < [f (X) — mx| + |f (X)|, which yields [f (x) — mx| >
jmx| = [f (x)| > 2 [mx| > [f (x)], i.e. [f () — mx| > [f (<)}

(c) If any straight line y = mx + b is to approximate the curve y = f (x) for small values of x, then b = 0 since f (0) = 0. The
inequality |f (x) — mx| > [f (X)| can also be interpreted as |f (x) — mx| > |f (x) — 0], i.e. the line y = 0 is a better approximation
than isy = mx.

54. Letg(x)=f(x)—[f(xo)+f 0 (x0)(x —xg)]and h(x) =f(x) — [f (xo) + m(x — xg )]; note that h(x) — g(x) = (f 0 (x0) —
m)x —x0). fm=f0(xg)then there exists 5> Osuchthatif0<x—xg|<dthen L&L=Teo 1§04y o

X = X0
1 L . 1
71f% (o) ~ml. Multiplying by [x—xo|gives [g(x)| < ZIh(x) - g(X)|. Hence 2g(x)| < |(x) + (-g(x)) <
[h(X)] + [a(X)|, so |[g(X)| < [h(X)]. In words, f (X) is closer to f (Xg ) +£0 (X0 )(X —xp ) than itistof(xp)+m(x—xXo).
So the tangent line gives a better approximation to f (x) than any other line through (xo, f (x0)). Clearly any line

not passing through that point gives an even worse approximation for x near xg , so the tangent line gives the best linear
approximation.

55. See discussion around Definition 2.2.2.

56. See Theorem 2.2.3.

Exercise Set 2.3

1. 28x° , by Theorems 2.3.2and 2.3.4.



2. —36x , by Theorems 2.3.2 and 2.3.4.
3. 24x" + 2, by Theorems 2.3.1, 2.3.2,2.3.4, and 2.3.5.

4. 23 , by Theorems 2.3.1,2.3.2,2.3.4, and 2.3.5.
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5. 0, by Theorem 2.3.1.

6. \/Z by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
7. —L(7x % +2), by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
3

8. 2x, by Theorems 2.3.1,2.3.2, 2.3.4, and 2.3.5.
5

9. -3x *-7x 8, by Theorems 2.3.3and 2.3.5.
1 1

10. 2V'x— x2, by Theorems 2.3.3and 2.3.5.

11, 24x 2+ 1/\/x,T)y Theorems 2.3.3, 2.3.4, and 2.3.5.

12. -42x "~ 3~ by Theorems 2.3.3, 2.3.4, and 2.35.

\/

13, 1O ) =mx™ L~ 10x " V10 by Theorems 2.3.3 and 2.3.5.

14. fo(x) :—3Zx—4/3, by Theorems 2.3.3 and 2.3.4.2X

15. (3x% +1)% =ox* +6x% +1,50f% (x) = 36x% + 12x, by Theorems 2.3.1,2.3.2, 2.3.4, and 2.35.

16. 3ax% +2bx + ¢, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

17. Y2 =10x -3,y (1) = 7.
1
o YW= 2- Y @)=-32

2 % x2

19. 2t—1, by Theorems 2.3.2and 2.3.5.
20. 1- —T, by Theorems 2.3.3, 2.3.4, and 2.3.5.

3 3

21, dy/dx=1+2x + 3x% +4x3 +5x4 , dyldx|x=1 = 15.
dy -3 2 1 dy

22, = = — - S+ 1+2x+38, — = 0.
dx X X X dx x=1

23, y=(1-x2)A+x2)1+xt) =@ xM) @ +x4)=1-x8, L= 8’ dydxx=1

dx
24. dyldx = 24x2% +24x™ + 24x +24x°  dyldxix=1 = 96.
25. fo(1) LTAO1) (L) _0.999699 ~(=L) _ ) 1307 ang by differentiation, fo(1) = 3(1)2 —3 = 0.
0.010.01
26. 10 (1)~ I(LOL) (1) 0980296 -1 _ ;704 ang by differentiation, 0 (1) =213 =2,
0.01 0.01

27. The estimate will depend on your graphing utility and on how far you zoom in. Since f 0 (x)=1- L the exact

0 X
valueisf ™ (1) =0.
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28. The estimate will depend on your graphing utility and on how far you zoom in. Since f 0 x) = —%Jr 2. the exact
2X
value is f 0 (1) = 5/2.

29. 32t, by Theorems 2.3.2and 2.3.4.

30. 2m, by Theorems 2.3.2 and 2.3.4.

31. 3mr?, by Theorems 2.3.2and 2.3.4.

32. 20 %+ 1, by Theorems 2.3.2, 2.3.4, and 2.3.5.

33. True. By Theorems 2.3.4and 2.3.5, dxg [f (x) —8g(X)] = 0 (xX)— 890 (X); substitute x = 2 to get the result.

d

34, True. dx[ax®

+bx2+cx+d]:3ax2 + 2bx + C.

35, False. 4 [4F()+x3] =@f%()+3x%) =4f0(2)+3. 22232
dx X=2 X=2
36. False. F()=x® —x% s0f9(x)=6x°-3x% and % (x) =30x* - 6x, which is not equal to 2x(4x° — 1) = 8x* — 2x.
dv v
7.@ =t ) =46 =100n
dr
d a4 +As 1 d 1 A +6)8
38 - ——_—— S 00+ 28) = —(00 +6)5) = - .
dA2 - A0 220 di 2-20 2-20

39. y—2=5(x+3),y=5x+17.

40. y+2=—(X—-2),y=-X

41.(a) dyldx =21x? —10x + 1, d y/dx? = 42x — 10 (b) dy/dx = 24x — 2, d y/dx® = 24
() dyldx = —1/x%, d? yldx? = 2/x3 (d) dy/dx = 175x* —48x% — 3, d° yldx® = 700x° — 96x

42. (@) y0 =28x8 — 15x2 + 2, y00 =168x° — 30x (b) yO =3 y00 -0
2 4

© Y= 5,y =53 @ y0=8x3 +9x? —10,y% = 24x% + 18x

43. (a) Y0 =-5x O +5x*, y00 =30x 77+ 2053, y?00 = —210x 78 + 60x®
(b) y=x1 yP=—x2 (00 2p3 (000 __g 4
(c) yO =3ax? +b, y00 = 6ax, y000 = 6a

44. (a) dyldx = 10x — 4, d2 yldx® = 10, d° yldx® = 0
(b) dy/dx = —6x 3—4x 2+1,d° y/dx2 =18x 4 +8x 3, P y/dx3 =—72x 2 —24x4
(c) dy/dx = 4ax3 + 2bx, d? y/dx2 = 12ax% + 2b, ¢ y/dx3 = 24ax

45. () FO ) =6xFPx)=6 1290 (x)=0,£90 (2)=0



72Exercise Set 2.3 Chapter72

46.

47,

48.

49,

50.

51.

52.

53.

54.

55.

2 2
dy dy d”y
(b)y dx = 30x* 8x, @ = 120x% - 8, dx% x=1 =112
2 3 4 4
(©) d X3 = 3x74, a4 X3 = 12x75, £ X-3 = —60x’6 ,d— X-3 = 360)(7, 4 X-3 =360
dx dx? x> dx* dx* =1
@ y =16 +6x2,y00 =48x? +12x,y0% = 96x + 12,y (0) = 12
dy 2 3 4 4
(b) y=6x*t, T =-24x°, “—gF120x°, *—=-720x ', = =5040x %, *— o’ = 5040
dx dx dx® dx* x=1

y0 = 3x2 +3, y00 = 6x, and y000 =650 y000 +xy00—2y0 = 6+x(6x)—2(3x2 +3):6+6x2 —6x% —6=0.
y:x_l,yozfx_z,y00 =2x 3 sox3y00+x2y07xy:x3(2x_3)+x2(fx_2)fx(x_1):27171:O.
dy dy

The graph has a horizontal tangent at points where dx = 0, but dx = X 3x+2= x-1D(x—-2)=0ifx=1, 2.

15
f

- /3

0

Find where O (x) =0: 9 (x) = 1 - 9/x? = 0, x2 = 9, x = +3. The tangent line is horizontal at (3, 6) and (-3, —6).
14

-7 — 7

-14
The y-interceptis —2 sothe  point (0, —2) is on the  graph; —2= a(O)2 + b(0) + ¢, ¢ = —2. The x-intercept is 1 so
the point (1,0) isonthe graph; 0=a+b—2. The slope is dy/dx = 2ax + b; at x =0 the slopeisbso b= -1,
thus a=3. The function isy= 3 —x-2. ;
y
Let P (X0, Yo ) be the point where y = X2 +kis tangent to y = 2x. The slope of the curveis g = 2x and the slope
of the line |zs 2thus atP,2xg = %so X0 = J2 But P is on the line, so yo = 2xp = 2. Because P is also on the curve
wegety =x- +ksok=y -x"=2-(1)" =1.
0 0 0 0
The points (-1, 1) and (2, 4) are on the secant line so its slopeis (4 —1)/(2+ 1) =1. The slope of the tangent
linetoy= x2 isy0 =2xs02x=1,x=1/2.
The points (1, 1) and (4, 2) are on the secant line so its slope is 1/3. Theslope of the  tangentlineto y=  is
0_ 1oV " - -
y = U2 xyso1/(2 x)=1/3,2 x=3,x=9/4, ;
y = —2x, so at any point (x ,yD)onyzl—x the tangent lineisy -y = —2x c(X=Xx)ory=-2x , x+x +1

The point (2.0) isto be\t;n the line,so0=-4x + X2 + 1, X% —4x +1=0. Usethe quadratic formula to get

~ 16 J J
xo =—4& 164 o4 3. The points are 2+ 3,-6-4 3)and (2~ V3 —6+4 3)
2
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56.

S7.

58.

59.

60.

61.

62.

Let P, (x ,axz) and P (x ,ax2) be the points of tangency. y0 = 2ax sothe tangent lines at P ,and P , are
. 2 .
y—ax21 =2ax1(X—x1)and y—ax22:2axz (x—x2). Solveforxtogetx= % (x1 +x2)which is the x-coordinate

of a point on the vertical line halfway between Pi1 and P2 .
0 _ 2 . . _ . _ 2 _ .3 .
y  =3ax” +b;the tangentlineat x =x isy-y = (Bax"+b)(x—x ) where y =ax” +bx . Solve with
0 0 0 0 0 0 0
y:ax3 + bx to get
0, 0
ax 3+bx—ax3—bx0023ax 2x—3ax3+bX—bXo

x32— 3x20 x+2x3o =0
(X=X (X" + xx 0—2x2)=0
0

(x—xo)z(x+2xo):0, S0 X =—2X( .

Let (X0, Yo ) be the point of tangency. Notethatygp = 1/xg. Since y0 = —1/x° , the tangent line has the equation
y-y = (—1/x2 Jx-x)ory—  1=- 1x+1ory=— 1x+ 2,withinterceptsat 02 =(02y0)and
0 0 x X X g X X 0
o o 0-
(2xo, 0). The distance from the y-intercept to the point of tangency R IS (X0 —0)2 +(yo —2yo0)?, and the distance
from the x-intercept to the point of tangency is P (x0 —2x0)” + (yo —0)” so that they areequal (and equal the

o+y2 from the point of tangency to the origin).

WO -—1 ; the tangent lineat x=xp isy—yo=— L(x—xp),ory=— X +2 _ The tangent line crosses the
X X
X 0 Xo

0 1
x-axis at 2xg , the y-axisat 2/xg, so thatthe area of the triangle is 2(2/x0)(2x0) = 2.

0 x) = 3ax? +2bx+c; there is a horizontal tangent where f 0 (x) = 0. Use the quadratic formula on 3ax? +2bx+c =0

togetx=(-b=+ b? — 3ac)/(3a) which gives two real solutions, one real solution, or none if

(@) b%—3ac>0 (b) b2 —3ac=0 © b®-3ac<0
F=cmMr2, 9 - ogmmr3=-- -2GmM
drr3
dR/dT = 0.04124 — 3.558 x 10 ° T which decreases as T increases from 0 to 700. When T = 0, dR/dT = The

0.04124 Q/° C; when T = 700, dR/dT = 0.01633 Q/° C. T resistance is most sensitive to temperature changes at
=0° C, least sensitive at T = 700° C.

B

63,f0(x)=1+1/x2 >Qforallx=0 -6

(-1,2) 2



72 .
64. 10 (x)=3x% —3=0whenx = +1; £0 (x) > 0 for o< x <1 and 1 < X <+ -2
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65. fiscontinuous atlbecause lim f(x)= limf(x)=f(1);also lim £0(x) = lim (2x + 1) =3 and lim +f0(X):
lim 3=3sofis differentiabléaét 1, and tﬁ:lderivative equals 3. - - -
X—>:|_+
y
—_—X
1
66. f s—at-x-= Qbecause  lim f(x) =—63and lim f(x) =3. fcannot be differentiable at x =09,
X9~ x—9"
for if it were, then fwould also be continuous, which it is not.
67. fiscontinuous atlbecause lim f(x) = limf(x)="f(1). Also, lim 1 —10) equals the derivative of X at
x—1" x—1* x—=>1" x—1
o 0 f() - \ ] 1_ 1
x =1, namely 2x| el =2, while XJ:11+ X — 1 equals the derivative of X at  x=1 namely 2 N = 2
Since these are not equal, fisnot  differentiable at x = 1. ) Xx=1
68. fiscontinuous at 1/2 because lim f(x) = lim f(x) =f(1/2);also lim £0 x)= lim 3% =3/4and
) 0 ) x—1/2” x—1/2* o . x—1/2” x—1/2”
lim f7()=lim f is differentiable 1/2.
x—v2" x=12"  3x/2 = 3/4 50 £° (1/2) = 3/4, at x =
and
69. (a) f(x) =3x—-2ifx>2/3,f(x) = Of3x +2ifx<2/3sof s differentiable0 everywhere except perhaps at
2/3. fis continuous at 2/3, also lim f"x)= Ilim (=3)=-3and Ilim f ()= lim (3)=3sofisnot
x—2/3” x—2/3” x—2/3* x—2/3*
differentiable at x = 2/3.
() F) =x2 —4if|x>2 f(x) =-x?+4if[x|<2sofis differentiable everywhere except perhaps at +2.
f is continuous at —2and 2,also lim fo(x) = lim(-2x)= —4and lim fo(x) = lim(2x) =4 sof isnot
o 2 x—2* x—2*

differentiable at x = 2. Similarly, f ignot differentiaBIe atx =—2.

70. @ FO00=-x 2,100 =@ x>, 1900 =-@- 2. )x ;1 (x) = (" ML -2 -]

n+1
X (n+1)(n)(n-1)-- -2
(b) fo(x)=—2x-3,foo(x) = (3 - 2)x-4, fooo(X) =—(4- 3 - 2)x-5; fm (X) =(—1)n

71. (a)

xn+2

d? d d d d d d d?

S [eF (0] = dx aX[F()] = dx COK[Fe] =c dx X[FOI] =c ILLF (9]

d? d d d d d d? d?
—I[f () +9(x)] = —_— [ +9(] —— I+ o] = — X1+ 9]
dx dx dx dx dx dx dx dx

(b) Yes, by repeated application of the  procedure illustrated in part (a).

0w —£2
72 tim L) @) 2 £005).£0 () = g — 2,190 (x) = 56x® , 50 £ 20 (2) = 56(2° ) = 3584,

w—2 w-—2



73.() o0 =nx"1 00 =nm-1x"2 %% ) =n(n - -2x"3,. Lt =nn-D(n-2) -1
) From part @), F® ) =kk-1)k-2)---1s0f & D y=0thus ™ x)=0ifn>k

() From parts (a)and (b), f ") (X)=ann(n—1)(n-2)---1.
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74

. (a) Ifa function is differentiable at a point then it is continuous at that point, thus f 0'is continuous on (a, b) and

consequently so is f .

(b) fand all its derivatives up to f (n-1) (x) are continuous on (a, b).
75. Let g(x) = x", f () = (mx +b)". Use Exercise 52 in Section 2.2, but with fand g permuted. Ifxg =mx1+b
then Exercise 52 says that f is differentiable at x and f° x )= mg0 (x). Since g0 x )= nx""L, the result follows.
1 1 0 0 0

76.F(x) = 4x% +12x+ 9500 (x) = 8x + 12.= 2 - 2(2x + 3), as predicted by Exercise 75.

77.

78.

79.
80.

81.

82.

f(x)=27x° —27x% +9x— 150 (x) =81x% —54x +9=3 - 3(3x — 1)?, as predicted by Exercise 75.
F =11 s0f%()=(-1) - 1x - )2 =-1U(x - 1)
f(x)=3@2x+1)2 s0f0(x)=3(-2)2(2x + 1) 3 = -12/(2x + 1)°.
f(x) = XE: 1-(x+1)1, and £O(x) = —(-1)(x + 1) 2 = 1(x + 1)°.
X+1
f(x) = 2X2+42X—+2+1 =2+ (x+1) 2, 50fo(x)=—2(x+1)a=—2/(x+1)s. (x +
1)

(@) 1fn=0then f(x)= xO =1sof 0 (X) =0 by Theorem 2.3.1. Thisequals Oxo_1 , S0 the Extended Power Rule
holds in this case.
®) 0 (x) = lim f(x +h) —f(x) L(x +h)™ — 1/xM X —(X +hym
= lim = lim

h—0 h h—0 h hoo  hx™ (x +h)™

m m
=lim Xt X - lim - — -1 . d: -m(X ) 71— = me_l - _1 = me_m_l = anil

h0 h hso XM (x+m™ dx x2m x2m

Exercise Set 2.4

L@ feo=2x¢ +x-1,100=4x+1 b O =(x+1) @) +@x—1) (1)=dx+1

2@ feo=3x* +5x% -2f%00=123 +10x (b)) FO()=(3x® —1)- (29 + (2 +2) - (6x) = 12x> + 10x

3@ fe)=xt —1,£0 =233 b)) fO0=02 +1)- (20 + (% —1)- (20 =4
4 () FO)=x3 +1,10x)=3x° () _FO ) = (x+1)@x—1)+ (% —x+1)-(1)=3x2
d 1 1 d 1 3

5 00=Gx +6)dX  2x—s  + 2x—4 AXGF +6)=(3 Le@)+ 2x— ¢ (6x)=18F - 2x+12

d d
6. fO(X)7 5:(2—x—43x3)dx2 (7+x5)+(7+x5)dx(2*X*3X3) :(27x73x3)(5x4)+(7+x5)(7179x2) =
—24x" —6x” +10x" —63x° —7

7. 1900 =G+ 7x% - 8) dxg Ex 3+ x M)+ 2x 2+ x ) dxg 0+ T7x%—8) = (63 + Tx2 —8)(—6x *—4x 0 )+



+(2X 3+ X 4)(3x% + 14x) = —15x 2 — 14x 3+ 48x * +32x 2
d d
8 f.x) = (x *+x2) dx B3 +27)+ (3 2 dx(X T+ X 2)= (X L4+ x 2)Ox) + (3 +27)(—x 2-2x %) =
3+ 6x—27x 2 —54x 3

0.F, (=1 (X2 +2x+4)+ (x—2) - (2x + 2) = 3x2
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10.FO00=@x+ DOC—x) + (% +x)(2x-1) =4  —2x
(x: +1) d(3x+4) (3x+4) ¢ (x2.+ (X2=+1)-3-(3x+4) -2x —3x3-8x+3

11L.1°09= ) o s . u |

(x2 + 1)2 (x2 + 1)2 (x2 + 1)2
Xetx+1) o (X=2) —(x=2) 4 (X ¢+x+ y—t+ X+1)-1-(x-2)-(4x 3+ 1) —3x 4+ 8Xx » +3
12.1°00= o o I
(x4+x+1)2 - (x4+x+1)2 - (x4+x+1)2
£0 (3x —419 (x: ﬂu (3x—4) (3x—4) - 2X—X =3 —3x-2 =8x
13. (x)= dx dx =
(3x — 4)2 (3x — 4)2 (3x — 4)2 .
(Be4) $(2x2 +5) —(2x 2 +5) 0 (3x— (3x—4) - 4x —(2x2 +5)-3 _ fx 2-16x —~15
0 _ _ -
14. 17 (x) = dx (3 - 4) dx = (3% — 4)2 T (Bx- 4)2

15. f(x) = 22 +x=2x2 -1 50

X+3
) (X +3) & (2x =32+ X —2Xx =—1) — (2x 3R+ x —2x —1) -* (X + 3)
Fx= dx (X + 3)2 dx =
(x+3) ~(3x—+ 1 —x =L )=rpx—#7 x 2x—2-1) .1 _x¥r10x? 1 g
) .
(x+3) _3x=12
(x +3)?
16. f (x) = 2% x+4ax Y242 50
X2+ 3X
(X2+3x) & (=2X_3L—X+4X A2, +2) —(—2X - X+4Xx 12 +2)- (X 2 +3X)
fo (X)= dx 02 +3x)? d =
(X 2+3x) (3X-A2-1+2x L) —(—2X —M—x+4x A2 +2)-(2x+ 3)
N (X2 +3x)° -
Z 52 12 982 4y 12 g
(x2 + 3x)2
17. This could be computed by two applications of the product rule, but it’s simpler to expand f(x): f(x) =14x +
21+7x T+ 2x 2 +3x S+ x? sof0 (x)=14 - X 2—4x S -ox t-ax®

18. This could be computed by two appllcatlons of the product rule, but it’s simpler to expand f (x): f (x) = —6x" — 4x% + 16x°
—3x2-2x3+gxt sof (x)——42x 6 _ 24x° + 8ox* + 6x 3+6x A3

19. In general, ddx 9(x)? = 29(x)g°(x) and d 900° = L g0%g(x) =g()?g°(x)+gx) L& g(x)? =92 ® (x) +

dx dx
909 - 29(9° () = 3909 ¢° (x); -
Letting g(x) =x +2x— 3, we have f ° (x) = 3(x’ +2x-3)°(7x°  +2).
d d dh 21 d
20. In general, dx g(x)2 = Zg(x)g0 (x), so dx g(x)4 = dx g(x)2 = 2g(x)2- dx g(x)2 = Zg(x)2 -Zg(x)g0 x) =

49x)° o° (%)



Letting g(x) = X2 + 1, we have f 0 x) = 4(x2 + 1)3 - 2X = 8x(x2 + 1)3 .

o1 dy =t 2-@xD1 =T _sogy = 1.
5 2 dx
dx (x+3) (x+3) x=1 16

22. dy =(F-5)-4—(4x+1)-(2x)  =_ax*2x20  ,S0dy




dx

(x* —5)°

o —5)°

x=1

16
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23, dy= 3x+2 d xP+14xP+1 8 3x+2 = X+2 5645y XE) (X 2)d)
dx x dx dx x X X
Xt2. 56 xSy —2 g WY = 5(-5) + 2(~2) = 29,
X X2 ax -
U2y 7 2
dy d xz1 x-1 d XT)= (X =x%)  (x+1)(1) —(x=1)(1)
24. dx =@x —x¥)dx  x+1 + x+1 dx (2 (x + 1)° +
x—1 * 6 7 2 __22 + X_—l dJl -9 T
x +1 (14x  —-2)=(x -x )- (x+1) x +1 (14x® —2x);50 dx =2-1) 4 +0(14-2)=2 .
x=1
(0pge Bitlldoxe2x Lo x?
25. © ot T = = ,sff@=o
(x +1) (x +1) —
X2+ 1) - 2 —(x2=1) - 2 ax_
26. fO(X)=2L '_(_2 =—3" 3,50fp(1)=1
(x +1) (x +1)
v 1 1
27. @ 0= xi’®+2x F), P @=@(5)+ 4 (3)=-37/4.
K00~ (4)(-5) -3
0oy — 0
by 9-(x)= 9" (4= = -23/16.
(b) 2 g 4 16

28. (a) 9°(x)=6x—5F°(x), o (3)=6(3) - 5(4) = 2.

0 2009 Z@x+f ' 2(—2)-7(4)
(b) 9" (Xx)= N OE =-8.

£2(x) (-2)?
20. (@ F°x) =5F%x)+20° x), FC(2)=5(4)+2(-5) = 10.
0 FOm) =12 -3¢°x), F°(2)=4-3(5)=19.
© F200=fxe° () +909f° (), F° (2) = (-1)(-5) + ())(4) =9.
@ F2)=[0f° (x) - F(98° (lig® (), F° (2) = [D)@) - (DB = 1.
30. (@) F2x)=6f%x) -59° ), FO ()= 6(-1) - 52) = -16.
) FO0)=f()+g)+x(f )+ (), FOm)=10-3+n(-1+2)=7+x

© FOx) =2fx)g° (x) +2F % (x)g(x) = 2(20) + 2(3) = 46.

@ FOp)=4raedf () fxe _ @4-3)--10Q0 = o
) .
(4 +9(x)? (4-3)° J
dy  2x(x+2) —(&-1) dy , 4t — N
31.dx = (x+ 2)2 dx =0ifx® +4x+ 1=0. By the quadratic formula, x = 2 =2+ 3.

27




3.
. The tangent line is horizontal when it has slope 0, i.e. x2—2x-1=0

The tangent line is horizontal at x=-2%
dy  2x(x-1) —(x +1) pz2x-1
2. % = -1 =" (- 1y2
= V
has solutions x = —2& 4414 2, the tangent line is horizontal when
2

which, by the quadratic formula,

A -
x=1% 2
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dy  2x(x+1)—(x 4 X +2x=-1

33. The tangent line is parallel  to the line y = x when it has slope 1. 1)’ = £ +1) =1
dx (x + 1)
ifx2 +2x—1= (x+ 1)2 , which reduces to—1=+1, impossible. Thus the tangent line isnever  parallel to the
liney=x.
x+2+1 1
34. The tangent line is perpendicular to the line y = x when the tangent line has slope —1. y = ¥z =1+"x7Z,
dy 1 ) )
hence OX =— (x+2)° =—-1when (x+2)° =1, x“+4x+3=0, (x+ 1)(x +3) = 0, x = -1, —3. Thus the tangent

line is perpendicular to the  liney =xat the points (-1, 2), (-3, 0).
35. Fix X0. The slope of the tangent lineto the curve y= 1 at the point (xo, 1/(xo +4)) isgivenby dY_ =

X+ 4 dx
=1 o=l e, )
(x + 4)2 = (x +4)- The tangentlinetothe curveat (xo,yo)thus hasthe equation Y—Y0= (x 142,
X=X0 0 1 —X0
_ 1 L 0
and this line passes through the  origin if its constantterm Y0 — X0 (xo + 4_)2 iszero. Then X0 +4 =(x0 +4)° ,s0

X0 +4=-X0, %0 =—2.

2X+5 2Xx+4+ =2+ __1,and hence dy —t—thus the tangentlineat the point(x0,yo)
36.y= "x+2 = 1 X +2 X = (x+2)°
X+2 — 1 1
isgiven by y-yo = (XO +2)2(x —x)o, Where y = 2+ T2 If this line isto pass through (0, 2),
— 1l _ =1 X_ 0
2-yo = 2(-x0),x +2 = (X +2)2 ,—X0 —2=Xg,S0X0 =-1.
(Xo+2)o 0

37. (@) Their tangentlines at the intersection point must be perpendicular.

(b) They intersect when 1 =_1_  x=2-xx=1,y=1. The first curve has derivative y=— -1_, sothe
X 2—x 1X2
slope when x = 1 is —1. Second curve has derivative y="2-x? sothe slope when x =1 is 1. Since the two
slopes are negative reciprocals of each other, the tangent lines are perpendicular at the point (1, 1).
38. The curves intersect whena/(x — 1) = X2 —2x + 1,0r(x— 1)3 =a,x=1+ al3. They are perpendicular when
their slopes are negative reciprocals of each other, i.e. —2_ (2x — 2) = =1, which has the solution x = 2a + 1.
(x-1)?
Solve x=1+a'® =2a+ 1, 2a%% = l,a= 2732 Thus the curves intersectand  are perpendicular at the point
(2a + 1, 1/2) provided a=22

39. FOp)=xfO0+F(x), FO ) =xF% (x)+ O (x) + £O (x) = xF %0 (x) + 2 ° ().

40. (@) Fooo (x)=xfooo (x) + 3f oo (X).
(b) Assume that F ¢y () = xf m) (X) + nf (n-2) (X) for some n (for instance n = 3, as in part F ¢+1) (X) = xf n+1y  (a)). Then
(X) + (1 + n)f @) (X) = xf (1+2) (X) + (n + 1)f ) (X), which is an inductive proof.

41. RO =p-fO(p)+f(p)-1=F(p)+pf(p), so R® (120) = 9000 + 120 - (~60) = 1800. Increasing the price by a small
amount Ap dollars would increase the revenue by about 1800Ap dollars.



42. RO (p)=p- £0 () +f(p)-1=Ff(p)+pf 0 (p), so RO (120) = 9000 + 120 - (—80) = —600. Increasing the price by a small
amount Ap dollars would decrease the revenue by about 600Ap dollars.

0 — —n-1
" s0fr(x) = =— = —nx .

43. f(x) =
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Exercise Set 2.5
1. fo(x):—4sinx+2cosx

2. fo(x): _—10+ oS X

%3

3 fO(X):4XZSinx—8xcosx

4, fO(X)=4sinxcosx

sin x(5 _+ sin x) —cos X(5_—cos 1 + 5(sin X —COS
5. 7000 = X = 3 (5+sinx)?
(5 + sin x)°
6.1°(x) = (X_2 + 5in X)_Cos X —sin X(2x+ cos _ x—.C0S X — 2xsin X
. _% (2 +sinx)2 (X~ +sinx)
7 () =secxtan X —  ysec2 x

8. fo(x) = (x2 + 1) sec x tan X + (sec xX)(2x) = (x2 + 1) sec x tan x + 2x sec X

9. fO(x):—4cscxcotx+csczx

10. fO(x)=—sinx—cscx+xcscxcotx

3

11. 0 (X) =sec x(sec2 X) + (tan x)(sec x tan X) = sec” X + sec X tan? x

12. 0 (x) = (csc x)(— csc? X) + (cot X)(— csc x cot X) = — cscd x — csc x cot? x
0 (1 +csg X)(csc® X) —cot X(0 —cSCX GOt CSC XE-CSC X —CSC %=X + cot 2-x) ) )
13.F7(x) = x) (1 + csc x)° = (1 + csc X) , but 1+cot® x = csc” x
(identity), thus cot? x —csc®x=-1,50f0 (x)= esCx(zescx—1) = CEX
2
(1 +cscx) 1+cscx
0 (1 +tan x)(sec_xtan 'sz_ sec xtan  x + sec xtan_£x—sec x
14.17 (x) = X) (1 + tan x)? = (1 + tan x)? =
2 2
— sec x(tan x + tan X _SeC_)_()_ — _sec x(tan x —1)
(1+tan x)2 (1 +tan x)2
15. f (x) = sin® x + cos® x = 1 (identity), so f 0 (x) = 0.
0 2 2sin X M ) 2 A A
16. " (x) =2secxtanxsecx —2tan xsec” x= ~ 3~ —2 = o~ =0;also, f(x) =sec” x —tan” x =1 (identity), so
0 c0s” X c0s” X
fY (x)=0.
tan x
17.f(x) = 1+ xtan x (because sin x sec x = (sin x)(1/ cos x) = tan x), so
(1 +xtan x) (sec2 X) —tan x[x(sec2 X) + (tan sec2Xx —tan&x _—__1
0 — 2
f7(x) = X)) (1 + x tan )2 = @+xtanx)’> = (L+xtanx)® (because sec”x—

tan? x = 1).



18. f(x) = M (because cos x csc x = (cos x)(1/ sin x) = cot X), S0
3 —cot X

2 2 2 2 2 2
fO () = (3 —cot x)[2xcot x —(X__+ 1) csc ‘X'|‘ jx + 1) cot xcsc 6xcot x —2xcot  x —3(x__+1) csc
X X

(3 —cot x)2 = (3 —cot x)2
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19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

dy/dx = —x sin X + €os X, ¢ y/dx2 = —X €0S X — 8in X — sin X = —X €0S X — 2 sin X

3X'*'CSCXCOt2 X

dy/dx = — csc x cot X, d? y/dx2 = —[(cse x)(— csc? X) + (cot X)(— csc x cot x)] = csc
dy/dx = x(cos x) + (sin X)(1) — 3(—sin X) = X cos X + 4 sin X,
d? y/dx2 = X(—sin x) + (cos x)(1) + 4 cos x = —x sin X + 5 cos X

2

dy/dx = X2 (—sin x) + (cos x)(2x) + 4 cos X =—X“ sin X + 2x €0s X + 4 €0S X,

d? y/dx2 = —[x2 (cos x) + (sin x)(2x)] + 2[x(—sin x) + cos X] —4sin x = (2 — X2 ) cos X — 4(x + 1) sin X

2 2

dy/dx = (sin x)(— sin x) + (cos x)(cos X) = cos“ X — sin“ X,

d? y/dx2 = (cos x)(— sin X) + (cos x)(— sin x) — [(sin x)(cos X) + (sin X)(cos X)] = —4 sin X cos X
dy/dx:sec2 X, d2y/dx2:25e02xtanx
Let f (x) = tan x, then fo(x):sec2 X.
@ f(0)=0and f®(0)=1s0y—0=(L)x-0),y=x.
) f % =1land 0 2 =2,s0y-1=2x- % y=ox- F 4+
4 4 4 2
z o & T
(cf -4 =-landf” -4 =2,s0y+1=2 x+ 4 .,y=2x+ o—-1
Let f (x) = sin x, then £0 (X) = cos X.
@ f@O)=0and f2(0)=1,s0y-0=(L)(x—0),y=x

() f(m)=0and fO(m)=—-1,s0y—0=(-1)(x—7m),y=—X+m

T 1 T 1 1 1 n 1 Tyl
© [ = adf  — = T soy-{ —_—— . = N — .
4 2 4 2 2 2 4 2 4 2

(@) Ify=xsinxthen yO: sinx +x cosx and yOO =2 c05x—xsinxsoy00+ y =2 coS X.
(b) Differentiate the result of part (a) twice more to get y(4) + y00 =—2C0S X.
(@) Ify=cosxthen y0 =—sin x and yoo =—COS X, SO y00 +y=(—cos x) + (cos x) = 0; if y = sin x then yO =C0S X

and yOO =—sin X S0 y00+y:(—sin x) + (sin x) = 0.

0_ _ ; 00 _ _Acinvy_ 00 — (LA ciny ; -
(b) y"=Acosx—Bsinx,y - =—Asinx—Bcosx,soy "~ +y=(—Asinx—Bcosx) + (Asin x + B cos x) =0.
@) fO(x)=cosx=0atx=in/2,i3n/2.

® fO(x)=1-sinx=0at x=-3n/2, w2



(© £0 x)= sec? x > 1 always, so no horizontal tangent line.

(d) £0 (x) = sec x tan x = 0 when sin x = 0, X = £2x, #m, 0.
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30.

3L

32.

33.
34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

(b) y =sinxcosx =(1/2) sin 2x and yO =cos 2x. So y0 =0when 2x =(2n+ 1)n/2 forn =0,1, 2,3 or

X = n/4, 3n/4, 5n/4, Tn/4.

x =10sin 0, dx/dd =10 cos 0; if 6 = 60", then dx/d® = 10(1/2) =5 ft/rad = /36 ft/deg ~ 0.087 ft/deg.
v v v

5= 3800 csc 0, ds/d = —3800 csc 0 cot 6; if 6 = 30", then ds/df = —3800(2)( 3) “=-7600 37ft/rad=-380 3n/9
ft/deg =~ —230 ft/deg.
N

D =50 tan 6, dD/d6 =50 sec? 0; if 0 = 45", then dD/d® = 50( 2)2 = 100 m/rad = 57/9 m/deg = 1.75 m/deg.

(a) From the right triangle shown, sin 8 =r/(r+ h)sor+h=rcsc 6, h=r(csc 6 — 1).

\/

(b) dh/de =—r csc 0 cot 0; if = 30", then dh/d® = —6378(2)( '3) ~—22, 094 km/rad ~ —386 km/deg.

False. go (xX)=f(x)cosx + f 0 (x) sin x

h) —g(0 f (h) sin sinh
True, if f(x) iscontinuous at x=0, then g0 ©) = lim a9 = lim Tq'LL = limf()-lim = =
h—0 h h—0 h h—0 h—oh
£(0) - 1=f(0).
True. f(x)= SINX =tanx, sofO(x) = sec? x.
CoS X

False. gO (x)=f(x)- d(secx)+f 0 (X)secx=f(x)secxtanx + f 0 (x) secx, so gO (0)=f(0)secOtan0 + f 0 (0)sec0=
dx B
8:1:-0+(-2)-1=-2. The second equality given inthe problem iswrong: lim I@%hf o . —2 but

lim &eech=l) "
h—0 h

ds dax ds7 & daz &
——sSinX=s8iNX, S0 —SiN X=5IiNX; —7SINX= ———78iN X= ——5in X =— COS X.
dx dx dx dx dx dx

d1oo dax

X100 cos x = dX “ £OS X = COS X.

f 000 (x

fo(x) =—sinx, {9 (X) =—cosx, ) =sinx, and £ (x) =cos x with higher order derivatives repeating this

pattern, so f () (X)=sinxforn=3,7,11,...

f(x) =sinx,f0(x) =cosx, £ (x) =—sinx, £ (x) =—cos x, f @ (x) = sin x, and the right-hand sides continue
with a period of 4, so that f (") (x) = sin x when n = 4k for some k.

(@ allx (b) allx () x=n/2+nm, n=0,+1,+2, ...



(d x=nm, n=0,%1,+2,... (&) x=m/2 +nm, n=0,%1,+2, ... (f) x=nm, n=0,+1,£2,...

(9) x=@n+LDr,n=0,%1,+2,... (h) x=na/2,n=0, +1,£2,... (i) allx
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44. @) d[cosx]= lim Cos(x+h) —cosx = [im COS XC0s h —sin xsinh —cosx  _
dX h—0 h . h—0 h
=lim cosx cosh_1 _ sin x sinh  _ (cos x)(0) — (sin X)(1) =—sin x.
h—0 h h
=2 2 2
(b) dJcotx]= d hcosxi -_sinx(=sin X) —cos x(cos =-sin X—C€0s X ==1 =-CSC X,
dx dx sinx S X sin? x
sin® X
sin? x
d d _1 = o-cosx—(Dsinx SN
() [sec x] = X =sec x tan x.
dx dx cosx cos? x —
d 1 =(sin x)(0) —(1)(cos x) €os
d) T [esex]= = — ) =-
dx sinx sin™ X X = — CSC X Ccot X.
sin2x
d sin w —sin x 2sin ¥ cos sin =X W+ X
45, sinx = lim = lim 2 2 = |im _-—2 2 =1-c0SX=COS X.
cos
dx wox WX wox w—X wox %
d —C0S W—c0S X =2 sin( =X ) sin( W+ X sin("* )
46. [cos x] = lim = lim -~ - 2 ., =-—limsin lim __ =-sinx
dx WX w— X WX W — X Werx 2 wox WX
sinh e sinh
47. (@) limtnh = |im cosh __ = lim h =1 =1
h—0 h h—0 h h—0 cosh 1
tan x+t§n_hf___ _—tan x -
(o) ¢ [tanx]= lim fan(x+h).Ztan X = jim 1 _gan xtan_h___ = |im tan x +tan -h—tan__ X& tan” xtan =
c
dx h—0 h h-o H—h—0 h h(1 —tan x tan h)
Cc Cc
tanh(1+tan 2 x) tanhsec, x tanh lim tanh
lim = lim_ _ = x lim h =%  Xhoo h _=se? x
- > 9 .

se

h—0 h(1—tan x tan h)

h—

h—0h(1 —tan x tan h)

48, 1im tan(x +vy) —tan y ~ lim tan(y+h) —tany _ d
X0 X hs0 hdy

49. By Exercises 49 and 50 of Section 1.6, we have  lim sinh__
h—0 h

h—0 1-tanxtanh

(tany) = sec? y.

lim (1 —tan x tan h)

= 0. Therefore:



@ d[sinx]= lim X+ =sinX =ginxlim SN ™1 4 cosxtim S0 = (sinx)(0) + (cos x)(n/180) =

7rdx h—0 h - h—0 h—0

—=_ COS

1gg “®*

(b) d [cosx] = lim cos(x+h) —cosx = lim cosxcosh —sinxsinh —cosx _ =cosxlim cosh -1 -sinxlim sinh =
dx b0 nBo h  noo h o

0-cosx—XI sinx===% n

Lo si X
180 180
50. Iffis periodic, then so is f O Proof: Suppose f (x+p) = f (x) for all x. Then £0 (x+p) = lim f(x+p+h) F (x+
_ h—0 h

lim Lierh) 1 g " 0 (X).  However, £0 may be periodic even if fisnot. For  example, f(X) =x + sin X is not

h—0 h

periodic, but £0 (X) =1 + cos x has period 2.
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1 (Fo9)° (0 =12 (90)g° (), s0 (F=9)° 0) =% (g(0))s° ©) =% (O)(3) = 2)(3) =6.
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2. (F-9)° 2 =10 (g(2))¢ (2) = 5(-3) = ~15.

3.@) (Feqx) =fgx) =@x-3)° and (Fog)° () =1 (g)g° (x) = 5(2x - 3)* 2) = 10(2x — 3)*.
0 (g°f)x) = g\(/f ) =2x° —3and(g-°)° () =g° (F )F° (x) = 2(5x*) = 10x* .

5
4. (a) (Fog)(x) =5 4+cosxand (f- g)° (x) = f° (909)e° (x) = N (= sin x).

4 + cos X

V. V. 5
() (g°f)x) =4+cos5 x)and (@-F)° ) =g’ FENF)=—sinG x) 2x .

5.() F200=F°@xe® ), FO@)=2@@)g’ @) =-1(7)=-7.
) 62x)=a°F (), c° @)=’ ()% @) =4(2)=-8.
6.( FO00=F0)e° 0, FO (1) =12 (g(-1))° (-1) = % (2)(-3) = (4)(-3) = 12.

) G°00=g®(F %), &° (1) = ¢° (F(-1)F° (-2) = -5(3) = -15.
. 3 36 ds 3 36 2
7.f (X)=37(x +2x) dx(x +2x)=37(x +2x) (3x +2).

, 2 5d2 2 5 2 5
8.f(x)=6(3x +2x—1) dx(Bx +2x—1)=6(3x +2x—1) (6x+2)=12(3x +2x—1) (3x+1).
7-3 d 7 7 -3 7
0. fO x)=-2 X3 —X dx XS X =-2 X3 X 3X2 + x2
g4
10-5f(><)=(>< -X+ 1) - B S 5 005 (X —x+1)=-9(x —x+1) 5 -0 (5x 4_1) = = .
dx (x5 - X+ 1)10
2 -3 . 2 -4 d» 2 -4
11.f(x) =4(38x —2x+1) ,f (x) = —12(3x —2X+1)  gx(x —-2x+1)=-12(3x —2x+1) (6x—2)=
24(1 - 3x)
(%% —2x + 1)
1 — X2
2 f000="T, 08 2ce5)- J |
X3 —2Xx+5dx J 2X3—2x+5

13100 =p 1y —J4+ Feo= 3=

2 4+ 3x dx 4 x 4+ 3x

\/

14, £0(x) = l3 12+ 'x 28, Zl—%lx :ﬁﬁz—ﬂlx)z/a VX .

15. 9 (x) = cos(1/x?) dxg (Ux?) = —yzg cos(1/x?).
Vo dv V. 1

16. f0x) = sec?  x dx x=sec® x 2y .



17. £0 (x)=20 cos® x d)(g (cosx) =20 cos* x(—sin x) =—20 cos® x sin x.

18. 0 xX)=4+ 20(sin3 X) d)(g (sinx)=4+20 sin® x cos x.
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\/- d \/_ \/- \/_ d \/ 3 cos(3 x)\/ sin(3>\</)
19. f%0) = 2053 x) dx[cos(® X)]=-2cos(3 X)sin@ x) dx(3 X)=- Ny
20. 0 x)=4 tan® (x3) d)(g [tan(x3 )]=4 tan® (x3 ) sec? (x3 ) d)(g (x3) = 12x% tan® (x3 ) sec? (x3 ).
21. f0 x)=4 sec(x7 ) d)(g [sec(x7 )N=4 sec(x7 ) sec(x7 ) tan(x7 ) dxg (x7 )= 28x8 sec? (x7 ) tan(x7 ).
d 1)(1) —x(@1
22.f0(x):3cos2 i _  CcoS = = 3 cos? = —sin = M =
x+1 dx x+1 x+1 x+1 x+1)
3 2 X X
=— cos sin
(x+1)° x+1 X+ 1
( 1 d 8sin(bx)
2. f (= pi_ pi
2 cos(5x) dx [cos(5x)] = — 2 cos(5x) .
1 , 3-8sin(4x) ._cos(4x)
24109 = g L gy (B sin (40] = o
2 3x—sin (4x) 2 3x —sin (4x)
25. fO(x) = 3 X+ csc(x3 +3) 44 gy csc(x3 +3) =
dx
-4 d

=-3 X+ csc(x3 +3) 1- csc(x3 +3) cot(x3 +3) dx (x3 +3) =

=-3 X+ csc(x3 +3) 4 1-3x2 csc(x3 +3) cot(x3 +3).
-5 d
4 .

26.f0(x)= -4 x* —secd® —2)  dx x*

- sec(4x272) =
5 d
X
=—4 x - sec(4x2 -2) 4x3 — sec(4x2 -2) tan(4x2 -2)dx (4x2 -2) =
= —16x x* —sec(dx® —2) ° x% -2 sec(d),(xz —2)tan(@x® - 2) .

27. gM: X3 (2 sin 5x) d(sin 5X) + 3 2sin25x =10 3sin 5X €os 5X + 3xzsin25x.
dx dx
dy v Vo1 1 v 3 v 1 V
28. _\[' = . X 3t.an2( %) sec? ( %) ) + V_tan 3 ( %= - taﬁ 2/ . Xsec? ( X) + v _tan 3 .
dx 2 * 2 X 2 2 X
1 1 =
dy _ .5 1 1 d 1 1 4y_ .5 1 N =
29. g- =X sec 51 tn T g x T (5x)=x"sec = tan = 2 5X” sec
=—x3sec _ tan 1 +5x%gec 1
X X X
dy sec(3x + 1) cos x —3 sin x sec(3x + 1) tan(3x + . .
30. 17 = = €0s X cos(3x + 1) — 3 sin x sin(3x + 1).
dx sec? (3x +1)

31. v, d_ (cos x) = — sin(cos x)(— sin x) = sin(cos x) sin x.



dx =—sin(cos X) dx
32. dv. = cos(tan 3x) d(tan3x)=3 sec? 3x cos(tan 3x).
dx dx

33.9Y =3 cos? (sin 2x) d—[cos(sin 2x)] =3 cos? (sin 2x)[— sin(sin 2x)] %(sin 2x) = —6 cos? (sin 2x) sin(sin 2x) cos 2x.
dx dx
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dy (1 —cot X2 )(—2xcsc x% cot X2 ) —(1 +csc x? )(2x 2 1+cot X%+ csc

— R 2 _
34. o2 ) = —2X CSC X X= , since csc Tx T

242
dx = (1—cotx“) 22
1 —cot X
1+ cot? x2. ( )
%) _ \/

35 N =(5x+8)/ d@- \/-x)ﬁ +(1- v 8 4 (5x+8)7 =6(Bx+8) (1- A= 751 0 (51 8 -

dx dx dx 2 x

=3 7 \_ s \ 5 6

X(5x+8) (1- % +35(1- x) (bx+8) .

36. Q¥ = (¢ +x)°=0_sin® x + (sin® %) & (¢ +x)° =80 4+ %5 sin” x cos x + 5(sin® x)(2 + )* (2x + 1).

dx dx dx
dy _ x 524 x5 x 5, 11 33(x-5)2
37 = 3 = 3 ’ : 2 = 4 .
dx 2x+1 dx 2x+1 2x+1 (2x + 1) (2x + 1)
2 16 2 2 16 2 2 1+x2 6 2y
38 dy e d_ +x +x =17 )(72)(_);_ @ x )@2x), 1+ x - - 17 —_
dx T1-x dx 1-% 1-x2 @-x2)? 1-%  (1-%)
2 16
68x(1+x )
@)% 8 3 2 T 2 42 7 2
dy (@2 -1)° (3)(2x + 3)2 2 —(2x +3)” (8)(4x" 1) 2(2x +3)° (4x® —=1)" [3(4x" 1) —32x(2x +
39. (8x)= I -1
dx = (4x2 - 1)16
— 22x+3)3(52x% +96x +3) .
@2 —1)°
40. 9¥. = 1271 + sin® ()11 _d_[1 +sin® (®)] = 12[1 + sin® ()] 3 sin? (x°) _d sin(x®) =
dx dx dx
= 180x* [1 + sin® (x° )] sin? (x° ) cos(x® ).
dy
41. & =5 Xsin2x -tan* (x7) 4 dx xsin 2x tan? (x7) =
4 d d 7
=5 xsin2x+tan? (x’)  xcos2xdy (2X) +sin2x+4tan’ (x”) dx tan(x ) =
=5 xsin 2x + tan? (x7) 2X 08 2X + sin 2x + 28x° tan® (x7 )sec” (x').
N ! N !
dy g (o0Taers o (-9 3rS
42. =4 tan 2+ 3 sec” 2+ 3
dx X +sin X X +sinx
. !
\ ===
X —l/'——+3\/ (7 — x)x - 2w ] : ==
3 .+5 (7-x) 3x? +5(3X  +cosx)
x3 +sin x 3x2+5 (x3 + sin x) (x3 +sin x)2
43, 4y, ) ) dy =_1and y = —m, so the equation of the tangent line isy + n = —(X — x),
dx =cos 3x —3xsin 3x; if x=mthen (x
ory=-—x
. . d . .
44, %)\f = 32 cos(1 + X3); ifx =—3then y =-sin 26, (_jyx = 27c0s26, sothe equation ofthe tangent line is

y + sin 26 = 27(cos 26)(x + 3), or y = 27(cos 26)x + 81 cos 26 — sin 26.



d d
45. de‘ = -3 sec® (W2 — X) tan(w/2 — ); if x = —m/2 then T = 0, y=-1, sothe equation  ofthe tangent line is



y+1=0,ory=-1
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dy 1 2 1 27 dy 95 135
46.7x =3 XX 1+x% ;ifx:123ghen yZ:7 B dx =327 =TI ,sothe equation of the tangent line is
y—27/8=(135/16)(x — 2),ory= 16x— 2.
dy 2 242 ) 2 o dy \/ 2 7\/_\/ 7 o
dx ) dx d_XXS:\/ n
the equation of the tangent line isy = 8\/ (X — % )=8 ;:/ X — 8m.
dy 3 ¢ 3. 2, W .
48. =12cot” x - cotx = —l2cot” Xcsc” X, (gx = —24. When x =m/4,y=3, sothe equation of the
dx dx e/

tangent line isy — 3 = —24(x —g/4), or y = —24x + 3 + 6.
X
Vo 20, dy

dyP . =

49. dx =2x B=x "2 =X dx x=1 =4 -12=7/2. When x = 1,y =2, so the equation of the tangent
lineisy — 2= (7/2)(x — 1), ory = ;—xf %

50, ¥ - vV E - Xx(@- x2)32 (—2x), dy =1. When x =0, y =0, so the equation of the tangent line is y = x.
dx == 2 2 dXx x=o
dy d d

51. dX = x(—sin(5x)) dx (5x) + cos(5x) — 2 sin x dx (sin X) = —5x sin(5x) + cos(5x) — 2 sin x cos X =

= —5x sin(5x) + cos(5x) — sin(2x),

ﬁl_ = —5x cos(5x) L (5x) — 5sin(5x) —sin(5x) d.(5x) —cos(2x) A (2x) = —25x cos(5x) — 10 sin(5x) — 2 cos(2x).

dx dx dx dx
2
52. dY = cos(3x%) 4 (3x%) = 6xcos(3x? ), 42 =6x(—sin(3x?)) d (3x?)+ 6 cos(3x? ) = —36x2 sin(3x2 ) + 6 cos(3x? ).
dx dx d® —
dy Lxrr  __2- L, ¢ 3 3
53, X = _ = (1=x)® =2(1-x “ and y = 2D -x) =4(1-x) 7.
dx (1 -x)° 1 dx2
_ sec? 1
54. dy =X sec2 1 d 1 + tan 1 + tan 1 ,
dx 1
d: X dx X X X = X X 1
- 2 o | 1 21 d 1 2 )
—=-— sec T sec +  sec + sec =~ sec tan
ix° X X dx X % X X dx  x X3 X X

55. y= cot® (m—0)=- cot® 050 dy/dx =3 cot® 0 csc? 6.

au+b5ad—bc

56. 6 cu+d (cu+ 0)
d

57. &3 [a cos?

7o + b sin? w] = —2ma €os T Sin 7w + 27th Sin T cos o = w(b — a)(2 sin o cos o) = n(b — a) sin 27w.



58. 2 csc? (n/3 —y) cot(n/3 — ).
2



X

A
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2
—X P 4-2x
© f20)=x \ v 4-x2= v e
4-x° 4-x2
\/
(d) f())= Tand fO (1) =—— sothe tangent line has the equation y — 3=+ - x—1).
3
60. (a) 0
1.2
\\ \\ 6
0 — 2 o . .2 /
() 7 (x)=2xcos(x”) cosx—sin xsin(x~). 2

(d) f(1)=sin1cos1and 70 =2 cos? 1 — sin? 1, so the tangent line has the equation y —
sinlcos1=(2 0992 1 —sin? D(x—1).
0'8

6
0
d vV 1 9 (x)
61. False. = [ yl=dy = p—.
dx 2 ydx 2 f(x)

62. False. dy/dx =% u)g® () = 2 (g(x)) o° (x).

63. False. dy/dx = —sin[g(x)] g° (x).
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dy dydvdu
64. True. Letu=3x> and v =sinu, so y= v3.Then dx =dvdudx =3v°- (cosu) - 9x? = 3sin? (3x3 B cos(3x3) - 9x? =

272 sin? (3x3 ) cos(3x3 ).

65. (a) dy/dt = —Aw sin ot, d2 y/dt? = —~Aw? cos ot = —o? y

(b) One complete oscillation occurs when wt increases over an interval of length 2z, or if t increases over an interval of
length 2n/.

© f=1T

(d) Amplitude =0.6 cm, T = 2xn/15 s/oscillation, f = 15/(2x) oscillations/s.

66. dy/dt = 3A cos 3t, d2 y/dt2 = —9A sin 3t, so —9A sin 3t + 2A sin 3t = 4 sin 3t, —7A sin 3t = 4 sin 3t, —7A = 4, and
A=-4/7
dh i 1+f O 4 11
67. By the chain rule, x+f(x) = p . From the graph, f(x) = x+5forx<0,s0f(-1) = -
dx2 X + T ()= 3
4 _ dp i 73 L6
f9-1)= , and x + £ (X) = p =
3 dX x=—1 2 83 24
68.2sin(n/6) = 1, sowecan assume f(x) =-.x+5 Thus for sufficiently small values of |[x — /6| we have
d =10 2sinx)d 5 83 = 5V
[f (2 sinx)] 2sin x == 2c0s x == 2 == 3.
dx X=n/6 dx x=n/6 2 x=n/6 2 2 2
69.(a) p=10 Ib/in? , dp/dh = -2 Ib/in? /mi. (b) dp =dpdh ___=~ (-2)(0.3) = -0.6 Ib/in? /s.
dt dhadt
.45 45(=sin 6+ 0.3 cos )
70.@) F = dE = 0) (cos 0 +0.3sin ;if0 =30 ,then dF /d6 = 10.5 Ib/rad = 0.18 Ib/deg.
cos9+03sin6 dd — ¢),

by @ =3dFd0 - g 18)-05)=-0.09 Ib/s.
(b) i T (0.18)(-0.5) s

d d & du d COS X, u>0_ cosx, sinx>0
71. withu=sinx,dx  (|sinx]) = dx(u))= du (u) dx = du(lu]) cosx = —COSX, u<0 —cosX, sinx<0

COS X, 0<Xx<m

—CcosX, -t<x<0

72. E(d (cos x) =1jxd [sin(n/2 — x)] = — cos(n/2 — X) = — sin X.

73. (@ Forx=0,|f (X)|<[x|, and lim |x| = 0, so by the Squeezing Theorem, lim f (x) =0.

X—0 x—0
0 f(x) —f(0)
(b) 1ff7(0) were toexist, then the limit (asx approaches0) ___, g =sin(1/x) would have to exist, but it
doesn’t.



() Forx=0,f)=x cosl -_1 +sin Ll =— 1cos 1 +sin ].
2
X X X X X X
1

(d) Ifx= == foranintegern =0, then 0 (X) =-2an cos(2rn) + sin(2xn) = —2xn. This approaches +oo as

n — —oo, so there are points x arbitrarily close to 0 where f © (x) becomes arbitrarily large. Hence lim £ © (x) does
X—0

not exist.
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74.

75.

76.

7.

78.

79.

80.

81.

€) —x? < X2 sin(1/) < X2 , S0 by the Squeezing Theorem lim f (x) =0.
X—0
(b) 00 =lim f QFO  _jimx sin(1/x) = 0 by Exercise 73, part  (a).
X—0 X— O X—0

(c) Forx=0,f 0 (x) = 2x sin(1/x) + X2 cos(l/x)(—l/x2 ) = 2x sin(1/x) — cos(1/x).

(d) I1f £0 (X) were continuous at x =0then sowould cos(1/x) = 2x sin(l/x)—fo(x) be, since 2x sin(1/X) is
continuous there. But cos(1/x) oscillates at x =0.

@ ¢°0=3F01° (), ¢° (2)=3[F @17 (2) = 3(1)? (7) = 21.

B ' 9=126)) " @ =12 ®)2) = (2y12)= 30

P e—
FOx =0 = 30x®-1)+4 .2x=2x 3x*+1.
\/ 3 — 3
FOM=10ul 0= sx=y == = I S
23x-1 (3x-1)+12 3x-1 2X
d
A =12 (x2)(2x), thusfO (x2)(2x) =x% s0f9 (x2)=x/2ifx = 0.

2 d 2[f
l[f(sx)]:fo(:ix) —d (3%)=3f% (3x) = 6%, 50 F° (3x) = 2x. Letu=3xto get f o= v T (x)]:f"(x):_x[
dx dx 3 dx 3
@ Iff(x)=Ff(x), then d[f(x)]= LI[f 0L 00D =10, FO(x)=-f2x) sof isodd.

dx dx

(b) f(x)=—Ff(x), then AF(x)]=— dIFLFO (1) =-F2(), FO(x=F" x) s0f? iseven.
dx dx

For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at (a, f (2)) is the negative of the
slope of the tangent line at (—a, f (—a)). For an odd function, the graph is symmetric about the origin; the slope of the
tangent line at (a, f (a)) is the same as the slope of the tangent line at (—a, f (-a)).

y
1 f(x)
F(x) /

’\/X
X ‘ o
N /////////*/'

f(x)

82.dy=_dy du_dv dw.

83.

dx du dv dw dx
d d d du o o du 0 0 0

dx [FheoN]= dx [Few)l U=hed. du FEWIdx =f @ W dx=F @hENI (M ().

84. 0 (=f0 E_y . d 1_y =0 1_4 ,s0g? isthe negative of the co-function of f° .

dx 2 2

The derivatives of sin x, tan x, and sec x are cos X, sec? X, and sec x tan x, respectively. The negatives of the co-functions

2

of these are — sin X, — ¢sc” X, and — c¢sc x cot X, which are the derivatives of cos X, cot X, and csc X, respectively.
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Exercise Set 2.7

dy dy Gx= —y-l
1.(a) 1+y+x dx 6X2:0, dx = X
2+2X7 = 2 dy 2
= x. =" 1, .
(b) vy X o 4 22 d -2 TH
dy 1 1 11 2 2

(c) From part (a), dx =6Xx— X — Xy=6Xx— X — X X +2x% =1 =4x- X2,

,\/
2. (a) ly-l/2 d—Y—COSXZOOI‘ A =5 yeosx.
2 dx dx

. _ . d .
(b) y:(2+smx)2 = 4+ 4sin x + sin X S0 —de:4cosx+23|nxcosx.

dy
(c) From part (3), dx =2 YCOSX=2cosXx(2+ sinx)=4cosx+ 2 sinx cosX.

3 ox+2y =g A¥ X
) ady 2 dy dy  3P-3x® yZox?

4 3x +3ydx =3y +6xy B = 3P -Bxy  y2- 2

2 dy 2 dy 3 2 2 dy 3 dy 1-2xy-3ys
5 x dX +2xy+3x(3y ) &« +3y —1=0,(x +9xy )dx =1-2xy-3y »S0dx :x2+9xy2 )

,odv. . advs . v z R iuvian

6. x (2y) +3xy —5X —10xy +1=0, (2x y-5x =10xy-3xy — 1, 8$0—m= 3 2
)
dx dx dx dx 2xy—5x
dy.

7. —_.—l - =0,so_'dJ=—-33L/2'.

2X3/2 2y3/z —_ dx X3/2

= — — d -y +
g ox= KXW+ dvidd(x+y)(I  —dvid) oy y2 = gysox g R (S A
(x—y)* dx dx X
dy _dl_z 1 2 cos(xy) 2

9. cos(x2 y2 ) X2 2y)d&x + 2xy2 =1, sodx =2x° y COS(X2 y2 )

2 2
10. fsin(xyz) y2+2xy d_y = w g0 — =i



dx

dx

12.

13.

dx 3(2xy + 1) tan? (xy2

dy
dx

dx dx 2xy sin(xy2 )+1
. 3tan’ (xy2 +y) sec? (xy2 +y) 2xy = +y2+ “— =150 = =
dx
(1 +secy) [3xy2 (dy/dx) + y3 ] —xy3 (sec y tan 3
v)(dy/dX) (1 + sec y)© =4y
dytoget dy = : V(1 +secy)
dx dx 4yl + sec y)2 —3x(l+secy) +xysecytany
¥ oL 2 ] iz d:
¥
4x — 6y =0, , 4-6 -6y 2 =0,s0 2
dx dx 3y dx dx dx

1

—

, multiply through by (1 + sec )2 and solve for

2

2

3ytan (xy+y) sc

2

3y

A
sy JI.

+y) sec? (xy? +y)
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dy ok | yu20 ox. Quivdd | 2yi e woxilvi) P EXE pu @ gyd g
4.0 =-y2 Yy Y )
2
5
dx
dzy 2% y
S
X X2 X2 X2
5 &V OV = ey oy =2
x=" ¥ dy y dy d%y dy
dx? —
) 2
dy dy d°y d°y

16. y+xdx+2y&=0, dx :—x+2y,2dx+XdX2+2 dx +2y&2:0, dx” =

_ 2 _ .
17. dy =@ +cosy) t, S = (+cosy)2( siny)dy = __siny__
dx dx? dx (1 + cos y)3

dy cosy ' dz‘ (1 + xsin y)(=sin y)(dy/dx) —(cos y)[(xcos y)(dy/dx) +
= siny] (1 + xsin y) =

18. dx:l+xsiny’ \
dx2 -

2sinycos y + (xcos y)(2sin & y+cos—t

y+ y=1,5s0

y)

—2 (1+xsin y)3 ,but xcosy=y, 2sinycosy =sin 2y, and sin cos?

gz—y =— sin 2y+y(sin2—y+ 1).
dx® (1 +xsiny)®

Xy - i
19. By implicit differentiation, 2x + 2y(dy/dx) = o0 dy =—  a (e 32), @ = Dz at (U2, 3/2),
dx dx

dy V. v gy -X 172 v

dx =+ 3{//3 Directly, at the upper pointy= 1 x2, dx =3J—4:=x2 =Pz =-1/ 3and at the lower

pointy = — 1-x2 QY = i_x_ =+1/ 3.
dx 1-x2

N
20. Ify? —x+1 = 0, then y = v X=T goesthrough the point (10,3) sody/dx= 12" —x_1) By implicit

differentiation dy/d x= 1/(2y). In both cases, dy/dx|(10,3) =1/6. Similarly y=— x — 1 goes through (10, —3)

so dy/dx =—1/(2 "x — 1) = —1/6 which yields dy/dx = 1/(2y) = —1/6.
21. False; x = y2 defines two functions y = + ' x. See Definition 2.7.1.

22. True.

23. False; the equation is equivalent to X2 = y2 which is satisfied by y = |x].



24. True.

25. xXMx M=1xM d)(g My —mx ™1xM=o, dxg M) =x™ mx ™ )xM = mxm L
26. XM= (x" )", mx™ L = n(x "L ng <), ng () = mn XML (Y = L

3 3dJ QM X3 _1

27.4x +4y OX =050 gx  ys—— 15% ~ 01312,

2dy  2dy dy dy — v+l

=-2x
28.3y dx tXx dx +2xy+2x—-6ydx =0,s0dx 3y2+x2—-6y =0at x=0.
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dy ﬂ dy x[25 —4(x+y)] dy
20. 40 +y?) 2x+2y dx =25 2x—2y dx TR =y[25+40¢ +y?)]:at(3, 1) Ox = -9/13.




Exercise93 Set 2.7 Chapter932

30.

31.

dt

32.

33.

dx

34.

dy

35.

36.

dy

37.

38.

dx

the

5
ENE
& sey1Y =0, dy =-¥ = 3at (1,3 3).
3 dx dx X3
3 _ ——2
128 4% =6 a2 +2a 9 solvefor 8 toget B =TTy T
it dtdt 2a° — at
1 du 1 du T
2u12 gy + v 2 =050 gy —— .
2 —
2a2md—w+2b2x:0,so b e,
dr a2 0]
1=(cosx) dx,so dx = 1 =secx.
dy  cosx

dy dy
2X+X 7 +y+2y g =0. Substitute y= —2xto obtain —3x ax =0. Since x =1 at the indicated points,
4y = 0 there.
dx
(a) The equation and the point (1, 1) are both symmetric in x and y (if you interchange the two variables you get
the same equation and the same point). Therefore the outcome “horizontal tangent at (1, 1)” could be replaced
by “vertical tangentat (1,1)”,and these cannot both be the case.

2X —

(b) Implicit differentiation yields o= FZy_y , which is zero only if y = 2x; coupled with the equation x2 —xy +

] v

- A
2 2 +4x% =1,0r3x% =1,x=( 33,2 3B¥)and(- " 313 -2 313).

y“ =1 we obtain X2

(b) Implicit differentiation of the curve yields (4y3 +2y) & =ox— 150 & =oonlyifx=1/2but y*+y? >0

S0 X = 1/2 is impossible. dx dx
E—)
(C) X —x— (y4 + y2 ) =0, so by the Quadratic Formula, x = -_— =1+ y2 or —y2 ,and we have
2
the two parabolas x = —y2 ,X=1+ y2 .
2
By implicit differentiation, 2y(2y2 +1) W=y 1, dx _2v@y+l) o 0 only if 2y(2y2 + 1) = 0, which can only
dy 2x— 1
hold if y = 0. From y4 + y2 =x(x — 1), if y=0then x =0or 1, andso (0, 0) and (1, 0) are the two points  where

tangent is vertical.



39. The point (1,1) ison the graph, so 1+a =b. The slope ofthe tangent line at (1,1) is—4/3; use implicit
differentiationtoget dY =— _2XY soat(1,1),- _—2 =—4_ 1+2a=3/2,a=1/4andhenceb=1+1/4=
" ixx* +2ay 1+2a 3
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40. The slope of the line x + 2y — 2 =0 is m1 = —1/2, so the line perpendicular has slope m = 2 (negative reciprocal).
X
The slope ofthe curve y3 = 2x% canbe obtained by implicit differentiation: 3)/2gM = 4x, ¥ 2. Set
dx dx 3y
dy 4x 3 2 2 A
& =237 =2,x=(3/2)y>. Usethis inthe equation ofthe curve: v =2x2  =2((32)y%)? = (92)y* ,y =
2
29,x=3 2 =2,
2 9 27

2 _xy+y? =4toget x2—x2 +x2 =4, x=+2,y = x = +2, s0 the points
Q}[: y—2X . When x=y =2, QM =-1; when
dx  2y—x dx

41. Solve the simultaneous equations y = X, X
of intersection are (2, 2) and (—2, —2). By implicit differentiation,

dy
x=y=-2, dx =-1;the slopes are equal.

Suppose a2 — 2ab + b% = 4. Then (fa)2 —2(-a)(-h) + (fb)2 =a?-2ab+b%=450ifP (a, b) lies on C then so does
dy y—2X dy b-2a
Q(—a, —b). By implicit differentiation (see Exercise 41), dx 2y — x. When x = a, y = b then dx 2b-a,and

42,

when x = —a, y = —h, then dy - b-2a , S0 the slopesat P and Q are equal.

dx 2b-a
43. We shall find when the  curves intersect and  check that the slopes are negative reciprocals. For the intersection
1
solve the simultaneous equations X2 + (y— c)2 =¢2 and (x— k)2 + y2 = k2 to obtain cy=kx= r(Xz + y2 )- Thus
x2 +Y* =cy+kx, ory> - cy = -x% + kx, and YL - Xk  Differentiating the two families yields (black)
X
by x &y x=k Y
dx =— y-c,and (gray) dx =— 'y .But itwasproven thatthese quantities are negative reciprocals of each
other.

44, Differentiating, we get the  equations (black) x %L +y=0and (gray)2x —2y %1 =0. The first says the (black)

X X
slope is — ¥ and the second says the  (gray) slopeis X ,andthese are negative reciprocals of each other.

X y

45. (a)



(b) x=0.84

(c) Use implicit differentiation to get dy/dx = (2y — 3x )/(3y? — 2x), so dy/dx = 0 if y = (3/2)x2 . Substitute this into x°

— 2xy +y3 = 0 to obtain 27x% — 16x3 = 0, x% = 16/27, x = 2*/3 /3 and hence y = 253 /3.
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46. (a)

(b) Evidently (by symmetry) the tangent line at the point x = 1, y = 1 has slope —1.

(c) Use implicit differentiation to get dy/dx = (2y — 3x2 )/(3y2 — 2x), so dy/dx = =1 if 2y — 3x2 = —3y2 + 2x, 2(y — X) + 3(y —
X)(y + x) = 0. One solution is y = x; this together with xs + y3 = 2xy yields x =y = 1. For these values dy/dx = —1, so that
(1, 1) is a solution. To prove that there is no other solution, suppose y = X.
From dy/dx = —1 it follows that 2(y — x) + 3(y — x)(y + X) = 0. But y =X, so x +y = —2/3, which is not true
for any point in the first quadrant.

dy dydt dy 2y3 + 3t2y

47. Bythe chain rule, OX = 'd't'gﬂ? ) Using implicit differentiation for 2y3t+t3y= lweget gt =— “B- v, but

48.

dt 1 ay 2y +3t y
_ _ 2 ,.3
dx =cost,so dx =-— (6ty” +t°)cost .

Let P (xo , Yo ) be a point where a line through the origin is tangent to the curve 22 — 4x + y2 + 1 = 0. Implicit
differentiation applied to the equation of the curve gives dy/dx = (2—-2x)/y. At P the slope of the curve must equal the slope

of the line so (2 — 2xg )/yo = yo /X0 , or y2 =2x0(1—x0). But 2x2 - 4xp + y2 + 1 =0 because (X0, Yo ) is on
0 0 0

H;I(e curve, and elimination  of y? in the latter two equ ations gives =4x —1,x = 1/2 which when substituted
- 0 0

0 0
into yi =2x0 (1 —xo0 )\)//iel_ds y2O =172, soj& = Q/ 2/2. The  slopes of the lines are (£ 2/2)/(1/2) = v “and
+

their equations arey = 2xand y=— 2x.

Exercise Set 2.8

1 dy-gdx

dt dt
dy dx dx

@ 4t =3(=6. (b) -1=3 g, dt =-

2.0x +4dy =0

dt

dt dt
(@ 1+4dy =0so dy =— 1 whenx=2. (b) dx +4(4)=0s0 dx =-16whenx=3.
dt 4 dt dt

3. 8xdx + 18y dy0

dt

dt
1 1 dy dy 1 dx Vs dx \

o 18 ___ 80, =6 5.

2 2 3 2dt dt 3 dt 9 dt



4. 2xdx +2y dy =2dx + 4dy

dt gt dt  dt
(@) 2-3(-5)+2-1 dy =2(-5)+4 dy, dy =-10.
dt dt dt
v dx v dx dx 13 v
() 21+ 2)— +2(2+ 3)-6=2 -- +4.6, =-12 v =3 3

dt dt dt 2 2
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5. (b) A=x°.
dA _dx
(c) dt=2x dt.

dA dx dA
(d) Find dt xs giventhat dt xe3 = 2. From part (c), dt x3 =2(3)(2)=12 t2 /min.

6. (b) A=m?.
dA _dr

(© dt=2mr dt.

A a A :
(d) Find dt s giventhat dt s =2.From part (c), dt r=5=2n(5)(2) =20mcm”/s.
d
7. (a) V=mlhso & =g pdy o L
dt dt dt
v . d dr . av 2 v
(b) Find given that =1land = —1. From part (a), %% = n[10°(1)+2(10)(6)(-1)] =
dt h=s, dt s, dt 1= dt n=s,

=10 r=10 =10 =10

—20m in3/s; the volume is decreasing.

d
8. (a) ‘2:x2+y2,sod—:l- xd—x+y¥
dt “dt dt
(b) Find _d giventhat dX =1 and %L =— 1 From part (a) and the fact that * =5 when x =3 and y = 4,
Ot x=s, T 2 t 4
y=4 b
1 1
d - -1 3 1. +4 - ' . . .
dt - s 2 4 =10ft's;  the diagonal is increasing.
y=4
XQY — y dx 00S 2. _ _
9.(@) tanO= , ,sosec’04 = _at i L0 == XY -y«
x dt 2 a2 dt dt
() Find 40  giventhat 9X  =1and dy =- 1 When x=2and y=2,tan0=2/2=1500= T
dt x=2, dt x=2, at x=2, 4 4
y=2 y=2 y=2 \/ 2 : :
- & =@ 2 2 -1 =— 5 rad/s; 0 is decreasing.
and cos 0 =cos _ = = i
= . Thus frompart (a), R - —-2(1) —
42 dt 2 4 16
y=2
dz ehx dy dz dy 2 20X dz
10.Find df «. giventhat dt .. =-2and dt ., =3. dt = 2x3 ydt +3x y 0T ,dt . = (4)(3) + (12)(-2) =
y=2 y=2 y=2 y=2

—12 units/s; z is decreasing.



11. Let Abethe area swept out, and 6 the angle through which the minute

12. Letrbethe radius and Athe area enclosed by the

dt
dA

dt
o = 1r,0=80,50 dA  do  4m ,
dt = 30 rad/min;A=7 “dt =8dt =15 in /min.

dA

A:nrz,so 48 = opy g—{ . Because risincreasing at the constant rate

2

hand has rotated. Find

dr

ripple. Wewant dt =10 giventhat Ot

dA given that

= 3. We know that

of 3 ft/s, it follows that r = 30 ft after 10



t=10

seconds SO dt—

= 27(30)(3)

= 180n ft

/s.
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13. Find dr_ giventhat dA =6. From A=m? we get dA =2mrdr sodr = 1 dA . IfA=9thenar? =9,

dt A=9 dt dt dt dt 2nr dt
v dr 1 v

dt
r=3/ mso A® = 2x(3/ m)(6)=1 =mih

4 D
14. The volume V ofa sphere ofradius r isgiven by V = =l or, because r = where D isthe diameter,
3 1 dD 3 1 2 dv 1
L D « v - d
V="n = aD%. We want = given that =3. FromV = aD° we get __ :_nDz—,
3 256 - r=1 dte dt 2 dt
b _=2__dV sodD_ = =__2 (3)= _3ft/min.
2 dt 2
dt nD” dt r=1 n(2) 2n
15. Find 4V giventhat 9r =—15 From vV = 4mr® weget AY =4m? dr g GV_ = 4n(9)? (~15) = —4860m.
dt r=9 dt 3 dt dt dt r=9
Air must be removed at the rate of 4860x cm® /min.
dy dx
16. Let x and y be the distances shown in the diagram. We wantto find  dt y=sgiven that dt = 5. From x2+y? =177
dx dy dy x dx ) ) ) 5
weget 2x @ +2y o =0,s0 dt = ydt" When y=8,X +8 =177 ,x° =289 —-64 =225 x =15s0
dy 15 75

dt y=8=-8()=-8 /s the top of the ladder is moving down the wall at arate of 75/8 ft/s.

b — dy dx dy dx ydy

17. Find dt y=sgiventhat gt =-2.Fromx® +y*=13" weget2x dt+2ydt =0so0 dt = x dt . Use x° +y> =169

to find that x = 12 when y =5 so dx = —5(—2) = 21ys,
at y=5 12 6
2 N\
) N\
1] BN
— —
18. Let 6 be the acute angle, and x the distance of the bottom ofthe plank from the wall. Find dFet = given
that d_{ = 1 ft/s. The variables 6and x are related bythe equation cos6= X so—sin6do =_1dx,
dt x=2 2 10 dt 10 dt

ao dt =~ —



\/
10 sin 0 dt - When x = 2, the top of the plank

({6 : _=1 = L ~0.051 rad/s.

- J N
dt x=2 9% 2 2 96

is 102—22 =

\/

96 ft above the ground sosin 6 =

96/10
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dx dy
19. Let x denote the distance from first base and y the distance ~ from home plate. Then x? +60°=y?and 2x @F = 2y T .
V. dy  xdx 50 125
When x =50 then y=10 61 so = = == =" ~N_(25)=V _= fis
dt ydt 10 61 61
First
dx dy 5 o dx dy dx ydy )
20. Find = given that = = 2000. From x“ + 5° = y2 weget2x — =2y —so — =g .Usex“+25 :y2
s . s N dt dt dt
\ dx . —41 v
dt
to find thaty = 41 when x =4 so x=4 = 4 (2000) =500 41 mi/h.
Rocket
Y - «
Radar 1 [ )
atonm | 5 mi I
dy given that  dX 2 . ) dy dx dy x dx
21. Find dt dt =880. Fromy =x +3000 weget 2y gt =2X gt SO gt =y dt- If
x=4000 dy x=4000 4000
X = 4000, then y = 5000 o
) dt xea000 = 5000 (880) = 704 ft/s.
Rocket
y ¢ X
Camera -~
"- wUUU I'l
22. Find lj_x given that 'de =0.2. Butx=3000tan pso dx = 3000(sec2 ¢) do ,dx =3000 sec? 1 (0.2)=
dt o=n/4 dt ¢=nl4 dt dt dt o=nl4 4
1200 ft/s.

23. (a) If x denotes the altitude, then r — x = 3960, the radius of the Earth. 6 = 0 at perigee, so r = 4995/1.12 ~ 4460; the altitude
is X = 4460 — 3960 = 500 miles. 6 = & at apogee, so r = 4995/0.88 ~ 5676; the altitude is x = 5676 — 3960 = 1716 miles.

(b) 1f6=120", then r = 4995/0.94 ~ 5314, the altitude is 5314 — 3960 = 1354 miles. Therate of change of the
altitude is given by dx =dr = drdf =4995(0.12 sin ) 40 . Use = 120" and do/dt = 2.7° /min = (2.7)(/180)

dt dt do dt (1 +0.12 cos 0)? dt
rad/min to get dr/dt = 27.7 mi/min.



. - - . - dX
24. (a) Let xbethe horizontal distance  shown in the figure. Then x = 4000 cot 6 and = 4000 csczed_e, o

dt
.2
do - _ sin"0 dXx  ysep = 30° and dx/dt= 300 mi/h = 300(5280/3600) ft/s =440 ft/s to get do/dt =

dt 4000 dt



Exercise98 Set 2.8 Chapter982

—0.0275 rad/s ~ —1.6" /s; 0 is decreasing at therate of 1.6° /s.

(b) Let ybe the distance between the observation point and

the aircraft. Then y =4000 csc 6 so dy/dt =
—4000(csc 6 cot 0)(d6/dt). Use 6 = 30° and

do/dt = —0.0275 rad/s to get dy/dt =~ 381 ft/s.

25. Find dh giventhat dV =20. The volume of water inthe tank at adepth hisV :1nr2 h.  Use similar
dt n=16 dt ) 3
r 10 5 1 5 25 dv 25 dh dh
triangles (see figure) to get h iz r9: 12hthus v =37 12h h= 432°, dt :mnh2 dt; dt =
s dveodh 184 og - fymin
25t dt  dt 5  257(16)

—-1_(‘)—-_'_'_'_:;

24

dh dv

dv 1 1 1 h? 1 v 1
26. Find dt n=s given that dt =8. V = 3aPh but r = 2hsoV = 3T 5 = 12q40°, d = 47h% dt’
@ = 42d , @ = —4 2(8): _8 ft/min. — dh
dt
dt  mh, dt h=6  71(6) 9n
h
=
. = =
dv dh 1 1 1 h 2 1 dv 1 av
27. Find — giventhat dt =5.v =3 ~mr?h,butr= 2hsov= 3% 2 h= 12z, dt =4« O, dt =
1 h=10 dh _ h=10
2 3
4n(10) (5)=125zft  /min.
h
T L= - — —
28. Letrand hbeasshown inthe figure. If Cisthe circumference of the base, then we want to find qgt given
dv 1 dc dh 1 1 "
that — =10. It isgiventhatr = Zh, thus C = 2ar=zh so =n . UseV =3ar’h= 1pmh° toget
&

dt —_—t



av. 1  2dn dh 4 dv dh dC dC 4 dv dC 4 5

dt
dt =4mnh dt,so dt = 7h? dt .Substitution of dt into dt gives dt =h? dt so h8 =64 (10)=8
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2.8

ft/min.

r

-3l — —t

29. With™ Sand hasshown in the figure, we want to find

so 40 = 185 = L(500) = 250 mish.
dt 2dt 2

N,

" 300

Ground

dx dy

dh given that ds = 500. From the figure, h = ssin 30° = 1s

dt dt 2

dx dy dx ydy

30. Find dt y=125 giventhat dt =-20. From X2 +10% =y we get2x dt =2y dt so dt =x dt.Use x? +100 = y?

N R

15,525 =15 69 wheny =125 so

to find that x =

500

V__

the dock atthe rate of 3 69 ft/min.

Pulley

10

dt dt

to find that x = 15, 525 =15

the rate of xl/ 89 ft/min.

25
Pulley

= 12. From x? + 102

69 when y =125 so

dx 125 500
dt —20)=—+ . Theboat is approaching
=
y=125 15 '69( 3 69

dx dy dy xdx ’
:y2 we get 2x e = 2y — GO mmm —mmmm |Jse X +1OO:y2
J dt de ot y dt
dy 15 69 36 69
dt = 125 (-12)=— 25 . Therope must be pulled at



10
X “.w Boat

32. (a)Letx and y be as shown in the figure. It isrequired to find % , given that gd% = —3. By similar triangles,
X =X*Y 18x=6x+6y, 12x=6y,x= Ly so & =1dy =13 =— 3 fus

6 18 2 dt 2dt 2 2
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Light
.
e
18
Man &
Shad\c)\iv", 6
v/.'».
X ]

(b) The tip ofthe shadowisz =x +y feet fromthe  street light, thusthe rate at which it is moving is given by

dz =dX + dv  |npart (a) we foundthat 9X =—3 when dY =-3s0 9Z = (-3/2) + (-3) = —9/2 ft/s; the tip
dt dt dt dt 2 dt dt

of the shadow is moving at the rate of 9/2 ft/s toward the street light.

33. Find dX giventhat 90 =2 =T rad/s. Then x =4tan 0 (see figure)so  9X = 4 sec? 0 40 X =
dt o=n/4 dt 10 5 dt dt dt  o=mwa
4 sec? E I =8n/5kmis.
4 5
X
4 9
‘,
Ship
34.1fx, y,and zare asshown inthe figure, then we want %Zt given that OIFxtz—GOO and %\4[ =-1200.
X=2, X=2,
y=4 y=4

z 1 dx dy
dz dx dy

But 22=x2+y2 02z~ =2x  +2y , = X +y . When x=2and y:4,z2 =22+4%=
2
0
dt dt dt dt z dt dt
v_ oW dz 1 3000 Y
z= 20=2 550 = N [2(-600) + 4(-1200)] = — N =-600 5milh; the distance between missile
dt 3% 2 5 5
and aircraft is decreasing at the rate of 600 5 mi/h.
P X _Aircraft
y
z
Missile _ _
35. We wishto find dZ  given dX =-600and dy = 1200 (see figure).  From the law of cosines, z> =
dt X=2, dt dt X=2,

- - dz dx dy dy dx dz



x2 +y? —2xyc0s120° =x°  +y2 —2xy(-1/2)=x? +y? +xy, 502z gr = Xt t2dt +Xdt +Y dt.dt =

N N

1 @x+y) d_X+(2y+x) dy . When x=2and y:4,z2 =22 442 +(2)(4) =28,s0z= 8 =2  7thus
2z dt dt

dz Zb 32 00
dt [(2(2) + 4)(600) + (2(4) + 2)(~1200)] = —

=-600" Zmi/h; the distance between missile




7
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\/
and aircraft is decreasing at the rate of 600 7 mi/h.
P x _ Aircraft

N< conNE

i

36. (a) Let P bethe pointonthe helicopter’s path that lies directly above the car’s path. Let X, y, and z be the

distances shown in the first figure. Find ldzt given thatdX _ —75and dy = 100. In order to find an equation
= dt dt
y=0

relating X,y, and z, first draw the line segment that joins the point P to the car, asshown inthe second

figure. Because triangle OP C is a right triangle, it follows that P C has length Pe+ (1/2)2 ; but triangle HP C is

alsoa

P —— dz d¢ dy dz 1 dx dy
right triangle so 22 = X2 + (1/2)2 + y2 =x% + y2 + 1/4 and 2z =2X +2y  +0, = X +y
N dt dt dt d z dt dt
Now, whenx=2andy =0, 2= (2)2 + (O)2 +1/4=17/4,z2= 1712 so déd = 4(_1_ [2(=75) + 0(100)] =
t w2 17/2)
y=0
—300/ \/17 mi/h.
North
1
2mi
v/
West - East &JC_
H
(b) Decreasing, because % <0.
37. (@) We want _dtgy given that %—)t(_ = 6. For convenience, first rewrite the equation as xy3 = §8+85 y* then
x=1, x=1,
,dy 3dx 16 dy dy yFZ 3 dx _dy 23
YT AYTT =Ty, T =g .80 o =16 (6) = —60/7 units/s.
B o dt dt 2
dt dt 5 dt dt 5y — 3xy 2 5(2) 3(1)2
(b) Falling, because %Y <0.
t
_dx dy 3 2 2 dx dy dx =_2ydy,
38.Find dt (25Qiventhat dt (25 = 2. Square and rearrangetoget x =y —17,s03x dt =2ydt, g4 32 dt

dx 5 5

at 25 = g (2)=3units/s.

p
39. The coordinates of P are (X, 2x), so the distance  between P and the point (3,0)is D = (x—3)7 +(2x - 0) =



N dD dx dD 5x —3dxdD _ 12
5x2 — 6x +9. Find given that = - =T (2)=-4

Y
dt =\ 5x° —6x+9 dt.so 36

units/s. dt

x=3

1

|
N
[«
—

x=3 dt ¥=3

40. () Let D be the distance between P and (2, 0). Find
p

x—-2) +x X —3X + 4, s0



giventhat @% =4 D= (- bYsyl =
dt x=3
x=3 \/
dD
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x=3

3
= 231 4 = 3 units/s.
dt 2 X —3x+4dt dt 24
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L ., do . dx v X
(b) Let 6 bethe angle of inclination. Find = given that == = 4. tan@ = - = , SO
dt Xx=3 dt x=3 X_2 X*2
do X dx do —x +2 _dx 1 do
secZG =—\/ + 2 , :—00529 \ . When x=3,D =2s0cos 0= and dt -
~te )
dt 2 x(x-2) dt dt 2 x(x-2) dt 2 -
~L15 N(4) =- _\]5_ rad/s.
42 3 2 3
dx _ dy . _ 2 2 _ : e ; 2 d _
41. Solve 7 =32 given y = x/(x“ +1). Then y(x“ +1) = x. Differentiating with respect to x, (x“ +1) &  +y(2x) = 1.
dy dy/dt 1 2 ;dx 2 2 2 10,2 2 2 2 2
But —= = 3s0(X" +1) +2xy =1, xX“+1+6xy=3,X“"+1+6X°/(x“+1)=3, (X" +1) +6x“°—3x"—-3=

dx dx/dt 3

0, x4t +5x2 —2=0. By the quadratic formula applied to X2 we obtain W —= (=5 5 +8)/2. The  minus sign is

q —

spurious since x2 cannot be negative, SO X2 =(5+ \73_3)/2, and x = % (-5+ 33)2.
dx dy dy  dx ehx -16 2 256 2
42.32x dt + 18y d =0;if @ =Tt =0,then (32x+18y) dt =0,32x+18y=0,y=— 9 x,5016x +9~ BT x =144,
4
0
0 81 9 16 9 16 9 16
T xe =144,x%> = T, x=+ 5 . Ifx= 5, then y=— 9 5= 5. Similarly, ifx=— 5 ,then y= 5 . The
points ares ,—_16 and -9, 16 .
5 5 5 5
43, Find 95— given that dsa = 2 From 1+ =1_ e get -1O8 _1—d— =0, so
dt s=10 5-10 s S 6 s2dt S? dt
s __ S—Zﬁ. If s =10, then 1 41 -1 which givesS =15. So ds = - 225 (-2)= 4.5 cmls.
dt S 10 S 6 dt s=10 100

The image is moving away from the lens.

44, Suppose thatthe reservoir has height H and that the radius at thetop isR. Atany instant of time let hand
r be the corresponding dimensions of the cone of water  (see figure).  We want to show that %{ is constant and

independent of H and R, given that dV =—kA where V is the volume of water, A is the area of a circle of radius
dt

r,and Kkisapositive constant. The volume of a cone of radius rand heighthisV = Larh. By similar triangles

— 3 —

r R R 1 R 2 dv R , dh dv

m =g,r= zhthus V= =n g h ,SO ¢ =W H hZT. But it is given that dt = —kA or, because
R2 AVR 2 av

A=m‘ =g H ' dt =z H h% which when substituted into the previous equation for Ot gives

—«r RZ h?2=n R_zhz—h,and dh _ k.

H H dt dt



T

45. Let r be the radius, V the volume, and A the surface area  of asphere. Show that & isa  constant given

that d—V_ = —kA, where Kk isa positive constant. Because V

v dt av

t
=43, dY = 4n® AU Byt itisgiven that

3 dt dt dv



= KA or, because A = dr? ot < 4r? k which when substituted into the previous equation for —

dt Gt gives
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@
—471:[‘2 k= 471:[‘2 dt - and dt = —k.

46. Let x bethe distance between the tips of the minute and hour hands, and o and P the angles shown in the

da 2
figure. Because the minute hand makes onerevolution in 60 minutes, § =-%0 = /30 rad/min; the

hour
hand makes one revolution in 12 hours (720 minutes), thus th :%0 = n/360 rad/min. We wantto find
((jj)t( given that 92 = /30 and 9B = /360. Using the law of cosines on the triangle shown in the
uﬁ:ﬁ;{/z dt dt
figure, X° = 3% +42 —2@3)4)cos(a — ) =25-24cos(o —P), S0 2xdx _ do 4B
dt = 0+24sin(a —B) dt — dt |,
dx = 12 do — dB sin(a — ). When o =2z and B =3n/2, X2 = 25— 24 cos(2n — 3n/2) = 25, X = 5; S0
t x dt dt
dX 12 1z
dt aer . =% (n/30 —n/360) sin(2x — 3n/2) = 150 in/min.

47. Extend sides udf éﬁp to complete the cone and let Vobe the volume ofthe portion added, then (see figure) =

wher 2 1 3_ av,. _1 2
V:,lanh,VO e == =2 - —150r: ih and V = in 2 h—-Vo 27" = Vo dt = "9 =h
3 h 1 3 3 303 dh:
dh 9 dv dh 9
_ == =— (20) =— cmfs.
dt  zh dt dt no =(9) 9n
4
6 SEETSE
| N ']

Exercise Set 2.9
1 () F)=f@Q)+FO@)(x—1)=1+3x-1).

() FL+Ax)=~f(L)+f0@Q)Ax=1+3Ax.



(c) From part (2), (1.02)%3 ~1+3(0.02) = 1.06. From part (b), (1.02)3 =1+ 3(0.02) = 1.06.
2. (@) F)=F@)+f0Q)x—2)= 12 + (-12%)(x — 2) = (1/2) — (U4)(x — 2).
(b) F@2+Ax)~f(2)+f0@2)Ax=1/2 - (L4)Ax.

(¢) From part (a), 1/2.05=0.5-0.25(0.05) = 0.4875, and from part (b), 1/2.05= 0.5 —0.25(0.05) = 0.4875.
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0 v .
3. @ FO)=fxo)+f"(xo)x—x0)=1+(U(2 1)(x—-0)=1+(1/2)x 50 with Xo =0and x =-0.1, we have
0.9=f(-0.1)= 1+ (1/2)(-0.1) = 1 — 0.05 = 0.95. With x = 0.1 we have 1.1=f(0.1) = 1 + (1/2)(0.1) = 1.05.
Ay
Ay oy
] dy
X
(b) 0.l 0.1
oA A 1 v 1 N
4. (b) Theapproximationis X= "Xo + 7~ (x —xg), soshowthat  xp+ —— (x—xg)>—x which is equivalent
l/ 2 X0 j 2 X0
Vo ey X X0 1 1
togx) = x-— 2 \/xo < 2 . But g(xo)= 2 ,and go(x) == 2x 2\/xo which is negative for x > xo and
positive for x < xg . This shows that g has a maximum value at X = X , so the student’s observation is correct.
5. f()=(L+x) andxg =0.Thus (L+x) =f(xo)+f% (x0)(x—x0) =1+ 15()™ (x - 0) = 1 + 15x.
6. f()= ¥=2 —andxo =0,50E  =f(x0)+f°(x0)X-X0)=1+ — 1 (x—0)=1+x2
1-x 1-x 2(1 - 0)%2
7. tan x~=tan(0) + sec’ 0)(x—0) =x.
1 -1
8. 1+x~1+ (1+02(x-0)=1-x
9. x* = ()% +4(1)% (x—1). Set Ax=x—1; then x=Ax+ Land (1 +Ax)* = 1 + 4Ax.
10. ¥z ¥+ _ 1 (x—1),and x=1+ AX, so \/1+—A'X‘:"1+Ax/2.
2 1 1
11. 1 = _1 - 1 (x—1),and 2 +x =3+ AX, SO 1 =1-_Ax
2+x  2+1 (2+1) 3+ AX 39
12. 4+ x)3 ~(4+ 1)3 +3(4+ 1)2 (x—1) so, with 4 + x =5+ Ax we get (5 + Ax)3 ~ 125 + 75AX.
v 1 1 vl .
13. f(X) = x+3and xo =0,s0 x+3~= T 3FVEX-0)= 73+ﬁlx,and f(x)— T3+ \/x <0.1if
2 2 i
IX| < 1.692. 3 3 3
0
-2 - , 2




—30 ~v¥= —(x-0)= + x,and + X

14. f(x)=V 9-X 9-x 9 2(9-0)32 3 54 f(x)—- 3 54 < 0.1if x| < 5.5114.
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15.

0.06

|

' =/ 6
0

|10 (& -5t

tan 2x =~ tan 0 + (sec2 0)(2x —0) = 2%, and |tan 2x — 2x| < 0.1 if |x| < 0.3158.

\fxn2x\
1 1 -5(2)

16. 1+2x)° =~ (142.0° + (1+2:0)°(x—0)=1— 10x, and [f (x) — (1 — 10%)| < 0.1.

17.

18.

0.12

|
|
|

[f()-(1-10x)|

-0.04— +—/0.04

(a) The local linear approximation sin x =~ x gives sin 1° = sin(n/180) ~ 7/180 = 0.0174533 and a calculator gives sin 1° =
0.0174524. The relative error | sin(n/180) — (n/180)|/(sin ©/180) = 0.000051 is very small, so for such a small value of x the
approximation is very good.

(b) Usexo = 45° (this assumes you know, or can approximate, '2/2).
o _ 4A4mn o _ 45t 1 i Adn pis . . . .
(c) 44 = T radians, and 45 = T — = " radians. With x= and X0 = ~ we obtain Sin44 =sin ~
180 o180 4 180 4 180
sin  + cos i
= + = 0.694765. With a calculator, sin 44 = 0.694658.
o7 44— T 2 2 -7
4 4 180 4 2 2 180
(a) tanx =tan 0+ sec? 0(x—0) =x, sotan 2° = tan(2n/180) ~ 21/180 = 0.034907, and with a calculator
tan 2° = 0.034921.
(b) Usexg =n/3 because we know tan 60° = tan(n/3) = 3
1 60n 6ln 61z 1 o 1 V- oz
(c) With xo = 3 =180 andx= 180 Wehavetan61’=tan180 ~tan3 + sec 3 180- 3 = 3+4180 =

1.8019, and With a calculator tan 61° = 1.8040.



19. F () =x*, 1O (x) = 4x3, xp =3, Ax=0.02; (3.02)* ~ 3%+ (108)(0.02) = 81 + 2.16 = 83.16.
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20. f(x)=x>,f9(x)=3x%, x0 =2, Ax = —0.03; (1V97)3 ~ 23 + (12)(-0.03) = 8 — 0.36 = 7.64.

21. T(X)= " x, 0 (x) = —1_ . =64, Ax=1; 65~ 64+ A (1) :8+—1 = 8.0625.
- y
X 2 x 16 16
v . v NT
22. fx= x f000= 1 xo=25 Ax=-1: 24~ 25+ (-1)=5-0.1=4.9.
2 X 10
N N A
23 fp0= x | FOM)=—L_ xo=8LAx=-01  Fu~ BT +1 (-0.1)~8.9944.
2 X 18
A \ 1
+—  (0.03) =6+ 0.0025 = 6.0025.

24 t00= x  T0()= T x,=36Ax=0.03;

2 X 12

25. f(x)=sinx, 0 (xX) =cos x, xo =0, Ax =0.1; sin 0.1 = sin 0 + (cos 0)(0.1) = 0.1.

26. f(x)=tanx, fO(x)=sec?x, xo =0, Ax=0.2; tan 0.2 ~ tan 0 + (sec? 0)(0.2) = 0.2.

0 o o T
27. f(x)=cosx,f (X)=-sinx,x0 =u/6, AX=n/180;cos31 ~cos30 + — 1 I = ' - ~ 0.8573.

28. (a) Let f(x) = (1 +x)¥and xg = 0. Then (1 + x)K =~ 1K+ k(0)* T (x — 0) = 1 + kx. Set k = 37 and x = 0.001 to obtain
(1.001)%" =~ 1.037.

(b) With a calculator (1.001)37 =1.03767.
(c) Itisthe linear term of the expansion.

N v
29. 3824=833 103~2(1+130.03) ~ 2.02, and 4.08%2 = 432 1.02%2 = g(1 + 0.02(3/2)) = 8.24.

T
30. 6° = /30 radians; h = 500 tan(n/30) ~ 500[tan 0 + (sec2 0) 30] = 5007/30 ~ 52.36 ft.

31. (a) dy = (~1/x° )dx = (-1)(-0.5) = 0.5 and Ay = 1/(x +AX) - 1/x=1(1-05)-11=2-1=1.

voooAp VA
xX)dx = (1/(2 - X+AX— x= 9+ (-1)-
3)(-1)=-1/6 9=
~-0.167 and
Ay =

8§ 9 (b)



8-3
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33. dy= 3x2 dx; Ay = (X + Ax)3 -x3 =x® +3x% Ax + 3x(Ax)2 + (Ax)3 —-x3 =3x% Ax + 3X(AX)2 + (Ax)3 .

34. dy = 8dx; Ay = [8(X + AX) — 4] — [8x — 4] = BAX.

35. dy:(2x—2)dx;Ay:[(x+Ax)2—2(x+Ax)+1]—[x2—2x+1]:x2+2xAx+(Ax)2—2x—2Ax+1—x2+2x—1:2x
AX + (Ax)2—2Ax.

36. dy = cos x dx; Ay = sin(x + AX) — sin x.

37. (@) dy=(12x% — 14x)dx.
(b) dy=xd(cos x) + cos x dx = X(— sin X)dx + cos xdx = (=X sin X + ¢cos X)dXx.
38. (a) dy = (~1/x% )dx.

(b) dy=5 sec? x dx.
V X 2 -3x

A

3. dy= 1-x-2 Ll-x dx=2V1—xdx

(b) dy=-17(1+x) Bax.

- = i) - ° dx
40.(a) dy= & 12 o3 - 1) - 3o
@-0E3x)dx -1 3 )(ndx 2x3 6% +
(b) dy= 2-%)° = 1@2-%° dx

41. False; dy = (dy/dx)dx.

42. True.

43. False; they are equal whenever the function is linear.

44. False; if 0 (X0 ) =0 then the approximation is constant.

45, dy= 2#3x3——2 dx,x=2,dx=0.03; Ay~ dy = §4 (0.03) = 0.0225.
46.dy= v x_dx,x=1,dx=-0.03; Ay = dy = (1/3)(-0.03) = —0.01.

x2+8
2

47.dy = —zll;-dx, x=2,dx=-0.04; Ay~dy= - 3

(~0.04) = 0.0048.
x +1) 25

48. dy= N _4X _+ 8x+1 dx, x = 3, dx = 0.05; Ay ~ dy = (37/5)(0.05) = 0.37.
8x=+1

49. () A=x% wherexisthe length of aside; dA = 2x dx = 2(10)(0.1) = +2 ft? .



dx 0.

(b) Relative grrorin xiswithin "x = 10 = +0.01 so percentage error in x is £1%: relative error in A is within
dA 2x dx A dx

—

~ =2 x =2(x0.01) = +0.02 so percentage error in A is +2%.
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50. () V =x> where xisthe length of a side; dV = 3x? dx = 3(25)° (+1) = 1875 cm®.

dx 1
(b) Relative errorinxiswithin ~ x =25 =0.04so percentage error in X is +4%; relative errorinV  is within
dv 3% dx dx -
V = x3 =3 ; = 3(+0.04) = +£0.12 so percentage error in V is +12%.
!
51. @ x =10sinH, y = 10cos 6 (see figure), dx = 10cos6d6 = 10 cos & +T =10 3 + T =
6 180 2 180
+0.151in, dy=-10(sin 6)d6 =-10 sin L +I =-10 1 + I ~ £0.087 in.
6 180 2 180
\
(b) Relative error in x iswithin - =(cot 0)dd=  cot= i" = 3 +*— = 0.030, so percentage error
X q 6 180 _ 180 1 I
in X is = £3.0%; relative error in y is within N — _tanedo=— tant L -
6 180 =— V3 +180 =+0.010,s0
percentage error inyis=+1.0%. y - 3
. = 4
52. () x=25cotH,y=25cscH (see figure); dx = —25 csc? 0d = 25 csc? & +£.- =-25 - +n ~
- 3 ~ 360 3 ~360
T T n 2 1 T
+0.291 cm, dy = —25 csc 0 cot d6 = —25 csc 3 cot 3 +360 =-25 13 3 £360  ~:0145cm.
25¢cm
\_26
dx csc 26 4/3 T
(b) Relative error inx iswithin - = = =do=- N . ~+0.020, so percentage error inx is
cot 6 1/ 3 360
dy 1 i
~ +2.0%; relative  error inyiswithin y =-—cot0do=— V3 iBGd ~ #0.005, so percentage  error inyis
~ 10.5%.
drR  (=2k/r ®)dr dr dr drR o
53, — =—— — =-2 —,but — =20.05s50— = —2(%0.05) = +0.10; percentage error in R is £10%.
R (kir?) ‘ r R

54. h =12sin 0thus dh =12 cos 6d0 so, with 6 =60

= 7/3 radians and d6 =-1"= /180 radians, dh =
12 cos(n/3)(—/180) = —n/30 =~ —0.105 ft.

1 o - o
55 A= 7(4)2 sin 20 = 4 sin 20 thus dA = 8 cos 26d6 so, with 6 = 30° = n/6 radians and d6 = +150 = +1/4° = +2/720



radians, dA = 8 cos(n/3)(xn/720) = +x/180 ~ £0.017 cm?.
) dA  xdx  dx X dA
56. A=X" where xisthe length ofaside; A = X2T =2X ,but x  =+0.01,s0 A = 2(+0.01) = +0.02;

percentage error in A is +2%
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av 2 dx

3y & uv
57. V =X where xisthe length ofaside; y = X =3x ,but  x =+002,s0 V = 3(x0.02) = +0.06;
percentage error inV is £6%.
2

X
o
<

dV _ 4nr_dr _,dr dv _ dr _ dr _ . : e ;
58. V - 43 T 3 . but Vi +0.03s03 —_— +0.03, . +0.01; maximum permissible percentage errorinr
is +1%.
1 ’ dA (=D[2)dD dD dA dD
59. A= 4nD” where Disthe diameter of the circle;, A = ~ = =21D , but =+0.01s02  =20.01,

A D

D

60. V =x> wherex is the length of a side; approximate AV~ bydVifx=1and dx=Ax=0.02,dV= 3x° dx =
3(1)2 (0.02) = 0.06 in°..

dD =+0.005; maximum permissible percentage error in D is +0.5%.

61. V = volume of cylindrical rod = ar® h = mr (15) = 15712 ; approximate AV by dV ifr=2.5and dr=Ar=0.1.
dV = 30nr df = 30n(25)(0.1) = 285619 om?.
2n

:\]Z;n%é: T dP 1dL 1

62. P =Vg L,dP g2 LdL=  gVLdL, P =2L sothe relative error inP =2 the relative error in L.

o1 __ .
Thus the percentage errorinP is= " the  percenfage errorin L.

63. (3) o= AL/(LAT)=0.006/(40 x 10) = 1.5 x 10 /" C.
(b) AL=23x10°(180)(25)~0.1cm, sothe  pole is about 180.1 cm long.

64. AV =7.5x 10 % (4000)(—20) = —60 gallons; the  truck delivers 4000 — 60 = 3940 gallons.

Chapter 2 Review  Exercises
f4) £@3) @2-BF 2 1
2. (@) Msec = 4-3 = 1 =2

0 ma = lim £ =@ = |im w2 12 912 = lim% =9 - |imW+IW-3) - |jy w+3 -3

wo3  W-3 wo3  W-3 wo32W=3) wo3  2(w-—23) wo3 2
- f(w) —f(x W+ X
© mean = tim = L0 i 202 22 i w22 = i =X
W—X W—X W—X 2(W_X) W—X 2

(d)

3. () M@n=lim “fw) fo) = lim e 62—+ = limw? 52 = |im (W + %) = 2x.

W—X W—x W—X 1) W—X W—X  woX
w—X

(b) Mtan =2(2) = 4.
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4. To average 60 mi/h one would have to complete the trip in two hours. At 50 mi/h, 100 miles are completed after two
hours. Thus time is up, and the speed for the remaining 20 miles would have to be infinite.

_ 3(h+ 1)>°+ 580h -3 1 d
5. Vinst = lim ( ) =58+— = 3x25 :58+—1 (2.5)(3)(1)1'5: 58.75 ft/s.
h—0 10h 10 dx x=1 10
2500
6. 164 ft/s [
3G
7.(a) Vave =
2
. 3t t,) — . (3t - .
(b) vinst = lim @it 4 _ ||m(*1_+ AL, D g (3t1 + 4) =7 mi/h.
t -1 t1-1 -1 t1-1 tg -1
&v oY= 9 ~4(x + h) ~(9 ~4x)
9. (a) = lim . - == - = lim p Vo =
dx  hoo h h—oh( 9—4(x+h)+ 9—-4x)
—4h —4 —2
=lim ¥ \V =¥ = .

h—»oh(9 4(x +h) + 9-4x) 2 9-4x 9 —4x

_x+h __X
(x+h)(x+1) X(x+h+ 1) — |im h 1

(b) dy= limx+th+1 7~ x+1 = |im

dxh—oh o h(x+h + 1)(x + 1) h—oh(x + h + 1)(x + 1) (x +1)

10. f(x) iscontinuous and differentiable atany x =1, so we consider x = 1.
@ lim (x2 —1) = limk(x—1) =0 =1f (1), so any value of k gives continuity at x = 1.
X—>17 X—>l+
(o) lim £0 (x)= lim 2x=2,and lim £0 (x)=limk=k,soonlyifk =2isf(x) differentiable at x = 1.

x—1" x—1" x—1* x—1*

11. @) x=-2,-1,1,3 (b) (=00, —2), (-1, 1), (3, +x0) (c) (2,-1),(1,3)

@) 9% () =9 () sin x + 2 (x) cos x — f (x) sin x; g% (0) = 2% (0) cos 0 = 2(2)(1) = 4

12.
10 -2.2

13. (a) The slopé of the tangent line ~ 2050 — 1950 = 0.078 billion, so in 2000 the world population was increasing at the
rate of about 78 million per year.




dN/dt _0.078 = 0,013 = 1.3 %/year
Ne

(b)
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14. When X-x-1> 0, f(x)= x*—2x— 1; when xP-x-1< 0, f(x)= 4+ 1, and f is differentiable in both cases.
The 4 4 . b2, )
X X = —4x
and x*— x - 1<0on (x x). Then lim %)= lim@&3-2)=43 ~2and lim fox) = lim—4 3
1 2 - - 1 +

X—X X—X X— X—X

which isnot equal to 453 2,s0fisnot differentiable at x=x ;similarly fis notdifferentiable at x=x .

1 1 1

1 1 2
1
5
15 } 2
15
15. (a) 0 (x):2xsinx+x2 oS X () 700 (x) =4xcos x + (2—x2)sin X
\/
. 0 (x) =L~ L__\g_ sin 2x () foo(x): _ L/ZCOSZX
2X 4x312
17. @) o= .8l +8x 17 (© fO @ ——Ll8
=(3x + 2)2 (3x + 2)3
2 2
18. (a) 0 (x) = (L+x° )sec x—2xtan X
(1+x°)?
(c) 00 X)) =2+ 42+ )se‘czmﬁj(:;' s+ 4x3 ) sec? XF(2+ 6x° Jtan x
(1+x?)3
19. (a) 9W_ =200(t - 15); at t=5, dW = _2000; the water is running out at the rate of 2000 gal/min.
dt dt
() WG -W(@Q) = 10000 —22500 = -2500; the average rate of flow out is 2500 gal/min.
5-0 5
43 23 _ 56 2 2
20. (a) = =L=-2g b) @v/id) =3 =3(5)2 = 75
4-2 2 = 5
0 _ 0 _ 0 — 2 2 0 __ —
21.(a) O =2x%(18)=36 ) £0(x) = % —4ax)i(x—2)%, 0 (3.5) =—7/9 ~—0.777778

2. fPm=3% -2¢f0@3)=1127 () O =1-x®)x?+1)%,1°(-05)=048

23. f is continuous at x =1because itis differentiable there, -thus limf(1+h) =f(1) and sof(1) =0 because

ho
lim faz exists; T © (1) =lim (lz-(ﬁm-i = lim LV i 5.
h—0 h) hoo ) — oo D
h h h
24. Multiply the given equation by lim (x —2) =0to get 0 = lim (x3 f (x) — 24). Since fis continuous at x =2, this

X—2 X—2



equals 23f(2) 24,50 (2) = 3. Now let g(x) =x3f (x). Then g 0 (2) =lim ax) —a(2) = "mﬁ'ﬁ L(X) - 2£ﬁ=

X—2 X — X—2 X—2
lim £ tfﬁz‘i =28. But g (x) =x3 0 (x) + 32 f (x), 5028=¢°(2) =239 (2) +3-22F(2) = 8% (2) + 36, and
X—2 X —
02 =-1.
25. The equation of such a line has the form y = mx. The points (Xo , yo ) which lie on both the line and the parabola

and for which the slopes of both curves are equal satisfy yg = mxg =X~ — 9x% - 16xg, so thatm = X2 — 9x0 — 16. By
0 0 0



differentiating, the slope is also given by m = 3x° — 18x — 16. Equating, we have x2 ~9x — 16 =3x° - 18x —

16,
0 0 0 0 0
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or 2x20 -9 , =0 The root x =0 corresponds to m = —16, y=0 and the root X = 9/2 corresponds to
m = —145/4,y0 = -1305/8. Sothe line y= —16xistangentto the curve at the point (0,0), and the line
y = —145x/4 is tangent to the curve at the  point (9/2, —1305/8).
26. The slope of the line x + 4y = 10 ismy = —1/4, so we set_the negative reciprocal 4 =my = d (2x 3_ x2) = 6x% — 2x
N dx
and obtain 6x% — 2x — 4 = 0 with roots x = et l+2d 1, -2/3.
6
0 2 2
27. The slope of the tangent line is the derivative y~ = 2x =a+ b. The slope of the secantis - *w- + =
a+hbh, x=1 (a+b) a-b
so they 4 are equal. 2
y
(b.03/
(a,2)) .
ath b
2.0
0 0
af’ @) —fMa” (1)  =2(3)-1(=1) 5
28. @ o+t W=+ UD=T () _ = -
o(1)° (-2)° 4
A o0 1 3 0 /-
() n = V@) = 3 (d) O (because f(1)g~ (1) is constant)
2 —f)2 —2 2
2. (@ ol 3 15x by 2-20102x + 1)100(5x% — 7) + 10x(2x + 1)101 = (2x+ 1)190(1030%° + 10x— 1414)
2—%
30. (@) cosx—6 cos®x sinx (o) (1 +secx)(2x— sec? X) + (x2 —tan X) sec x tan x
— 3 (x—1)(15x + 1)
2
3L (@ 2(x—-1) 3Xx+1+ = — (x-1) = ~N
2—3x+1 2 3x+1
3x+1 X2 (3) - (3x+. =—3(3x+1): 3x+ 2)
(b) 3_1)(2x)
x? x* x/
322_ @ - 2X_CSC 2X :2(x_3’+_ 5) csc 2xcot ?xj3x2 cse_, () — 2+3sin? XC0S X
X3 +5 3 +5)2 (2x + sin® x)2

33. Setf? (x)=0: 0 (x) =6(2)(2x + 7)5 (x- 2)5 +5(2x + 7)6 (x- 2)4 =0,s02x+7=00rx—2=0 or, factoring out
(2x + 7)5 (x— 2)4 , 12(x —2) + 5(2x + 7) = 0. This reducesto x = —7/2, x =2, or 22x + 11 = 0, so the tangent
line is horizontal at x = —7/2, 2, —1/2.

_ 3 — 4
34, SetfO x)=0: 0 x) = Ax A=+ 2(x =3) (2x+ 2)(x — 3): ,and a fraction can equal zero only if its numerator

(x2 + 2x)2
equals zero. So either x —3 =0 or, after factoring out (x 73)3 , 4(x2 +2X) — (2\)/( +2)(x—3) =0, 2%+ 12x+ 6 =
—h+ _A.
0, whose roots are (by the quadratic formula) x = 643643 =-3+ 6. Sothe tangent line is horizontal
at 2
x=3,-3% \/ .
35. Suppose the lineis tangenttoy = x2 +1at (X0, yo) and tangenttoy = —x?-1at (x1,y1). Sinceit’s tangent to

y= X2 + 1, its slope is 2xg ; since it’s tangentto y = X2 - 1, its slope is —2x1 . Hence X1 =—xpand y1 =-Yp.
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36.

37.

38.
39.

40.

41.

42,

43.

2

LYy z2yg yg Xatd Xorl
Since the line passes through both  points, itsslopeis x 1 “xo~ = —2x0 X0 = Xo CThus 2x0 = xo SO
2x20 = x20+ 1, xzo: 1,and xp = +1. So there are two lines which are tangent to both graphs, namely y =2x and
y = —2X.
() SUPpose y=mx+bistangentto y=x"+n—1at (xo,yo)and to y=—x"-n+1at (X1,y1). Then
n— -1, . . - . _ L . n
m=nx ~=-nx °;since nis even this implies that x =—X . Again since niseven,y =-x —n+1
Xn 0 1 n 1 0 1 1

-9 —n+l =—-xg+n-1) = —yp. Thus the points (xo,yo) and (x1,y1)are symmetric withrespect to
the origin and both lieon the tangent line and thus b= 0. The slope m is given by m = nx"g.1 and by
m=y /Xo=x"+n-1)x 0 “ chencenx"=x"+n-1,(n-1)x"=n-1,x"=1. Sinceniseven, x , ==l
One easily checks that y = nx istangenttoy = x" +n—1at (1,n) and toy=—x"—n+1at (-1, —n), while
y=-nxistangenttoy=x"+n-1at (-1, n)andtoy=—x"—n+1at (L, —n).
(o) Suppose there is such a common tangent line with slope m. The function y = x"+n-1is always increasing,
som>0. Moreover the function y=-x"—n+1isalways decreasing, som <0. Thus the tangent line has
slope 0, which only occurs on the  curves for x = 0. This would require the common tangent line to pass through
(O,n-1)and (0,—n+1)and do so with slope m = 0, which is impossible.
Theliney—x=2hasslopem; =1sowesetmy = g(3xftanx):375eczx:1,orseczx:2,secx:ir 2
S0 X =nn + /4 wheren =0, 1, £2, . ... dx
Solve 3x% — cos x = 0 fo get x = +0.535428. y y
3=f(n/d)= (M+N) 2/2and 1 =0 (w/4) = (M-N) ‘2/2. Add these two equations to get 4= 2M, M = 232

V. V_ V. V. 3n o
Subtract to obtain 2 = 2N,N = 2. Thus f(x) =2 2sinx+ 2cosx. f . 4 = -3, so the tangent line is

3n
y—-1=-3 x—- 4 J
f(x)=Mtanx+Nsecx f0(x) =yMsec? x +Nsecx tan x. Atx=n/4, 2M + " 2N,0=2M + 2N . Add to get
_ N y - A __ N = 0/ = _ ;

M= 2, subtracttogetN = "2+ M/ 2=22, f(x) =—2tanx+ 2 secx. f~ (0)=-2,so0the tangent line
isy—2  2=-2x. 2

£0 (x) = 2xf (x), F (2) = 5
V. \

@ gx)=f(secx),g®x)=F0(ecx)secxtanx=2-2f(2)-2- 3 =40 3.

£ 2 o200 () § et |, 220 1@

() ho()=4 h0(@2)=4 = 4.5%.3.5 = 7500.

x—1 x - 1)° 1 1 1

dx = 4©x—5 (@)

dxglz 13 (x2 + x)_2/3 (2x + 1).

dy X2 (4/3)(3-2x) (-2 2x@ —2x) 4




4

44, dx = X .
dy dy 2-y-3x 2
45. (a) 3x% + x dx +y—-2=0, dx = X
(b) y=(1+2x- X YX=1x+2 - X2 dy/dx = ~1x% - 2x.
dy 2— (Ux+2-x%)-
© 3% = —1x% - 2x.

dx X
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46.

dx

47,

48.

49,

dx

50.

51.

750

52.

dx
dy

53. —

54.

(@ xy=x-y,x dy +y:1—m‘ ’gy: 1y .

dx dxx+1
X 0 1
(b) yx+1)=xy= ——,y = .
x+1 (x +1)2
1-X
dy 1-y=—
© = - x+1:——1-?.
dx Xx+11+x (x+1)
2
—&—%:Osody—:—yﬁ—-.
y dx X ax x
.d & . dy o'

=6(X S0 = :
x —3y dx (dX +y),-By tX)dx =ey-3x O  y2+2X

xdy +y sec(xy)tan(xy) = dy dy= ysec(xy) tan(xy)
dx dx 1 - xsec(xy) tan(xy)

(1 +csc y)(fcsc2 y)(dy/dx) —(cot y)(—csc y cot ’ ) ) dl
2X = v)(dy/dx) (1 + csc y)° , 2X(1+cscy)® = —cscy(cscy +Csc” y —cot” Y) gy,
but csc?y - cot? y=1,s0 Ay =— 2x(L+cscy) |
dxcscy
dy % O (4y)(3) = (3X)(4dy/dx) 12y — 12x(3x/(4y)) 12y 2 -9x>  —=3(3x *-4y’}
— —-— — .. . . . 3 3
& = dy,y = 16y° = 16y° =16y = 16y but3x2—4y? =
dx2
2
d2 371
3 .
yo= 16y - 16y3
dx? v
(y—x) =
r d2._
e y—X y = _ (y=x)(dy/dx) —y(dy/dx —1) = _Vx
dx =
v 3 (y—x)? X)? (y-x°
dy
2xy = -3, s0 2 == 3.
(y—x)
dy dy dy y 2
= tan(ny/2) + x(n/2) __sec (myl2), ___~ =1+ (nd)__ ), . =
dx
dx dx dxy=1/2 y=1/2 y=1/2 2—-1
Lzet P (3X0 ,Y0) bethe required point.  The slope of the line 4x —23y +1=0is 51/3 so the slope of the tangent fo
y" =2x" at P must be —3/4. By implicit differentiation dy/dx = 3x” /y, soat P, 3x Iy o =-3/4,0ory =—4x".
But y? 2x® because P isonthe curve y? =2x%. Eliminationofy gives16x*  =2x%,x% (8x -1) =0, so

=



xo =0or 1/8. From p =—4x o it follows that yo = 0 when xo =0, and yo =-1/16 when xo =1/8. It does not
follow, however, that (0, 0) is a solution because dy/dx = 3x2 ly (the slope of the  curve as determined by implicit
differentiation) is valid onlyify=0.  Further analysis shows thatthe curve istangenttothe x-axis at (0, 0), so

the point (1/8, —1/16) is the  only solution.

55, Substitute y= mx into X2+ Xy + y2 = 4to get X2 +mxl+me X% = 4, which has distinct solutions x =
+2/ m~ + m + 1. They are distinct because m? +m+l=(m+ 1/2)2 + 3/4 > 3/4, so m? +m + 1 is never zero.
Note that the points of intersection occur in pairs (Xg, Yo ) and (—xo , —yo ). By implicit differentiation, the slope of
the tangent line to the  ellipse is given by dy/dx = —(2x + y)/(x + 2y). Since the slope is unchanged if we replace
(x, y) with (—=x, —y), it follows that the slopes are equal at the two point of intersection. Finally we must examine
the special case x = 0 which cannot be written in the  formy = mx. If x =0 then y=+2,and the formula for

dy/dx gives dy/dx = —1/2, so the slopes are equal.

56. By implicit differentiation, e - y— xy0 + 3y2 y0 =0, so yO = (3x2 - YI(x - 3y2 ). This derivative is zero when



y= 3x2 . Substituting this into the original equation X3 —Xy +y3 =0, one has x3 —3x3 +27x8 = 0, X3 (27x3 -2) =0.

The  unique solution in the first quadrant is x = 21 /3 y = 3x? = 223 /3,
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57.

By implicit differentiation, 3x% - y— xyO + 3y2 y0 =0,s0 y0 = (3x2 - yI(x - 3y2 ). This derivative exists except when
X = 3y2 . Substituting this into the original equation x3 - Xy + y3 =0, one has 27y6 - 3y3 + y3 =0, y3 (27y3 —2)=0.The
unique solution in the first quadrantisy = o113 3, x= 3y2 =223 3

58. By implicit differentiation, dy/dx = k/(2y) so the slope of the tangent to y2 =kxat (xo,Yo)isk/(2yp)ifyp =0.
The tangent line in this caseisy—yp = K (x—=x0),0r2yoy—2y0 =kx—kxg. But 2 =kxo because (x0,Y0)
. 2yo0
ison the curve y2 = kx, sothe equation of thetangent line becomes 2ygy — 2kxg = kx —kxg Wwhich
givestyo y.=k(x +x0)/2. Ifyg =0, then X0 =0;the graph of y2 = kx has a vertical tangentat (0, 0) so its
equation “is
x =0, but yo Y = k(x + xg )/2 gives the same result when xg =yp =0.
59. The boom is pulled in at the rate of 5 m/min, so the circumference C = 2rm is changing at this rate, which means
dr dc 1 dr dA dAdr
that dt = T -2 =-5/(2n). A= ar? and dt =-5/(2n),s0  dt =dr dt = 2nr(—5/2m) = —250, so the area
is shrinking at arate of 250 mZ /min. \/
60. Find 49  given 92 =aand dv = —b. From the figure sin 0 = y/z; when x =y = 1, z = =2. S0 0 = sin_* (y/z)
dt dt dt
y=1
- lg% =-b- ?awhenxzyzl.
22 dt 2
0
X
- - Ay = -1_ - 1__ —0eE - 1__ 1 —9_ 1=
61.(a) Ax=15-2=-05;dy=  ————AX= ———— (-05)=05;and Ay= —=—~—— : =2-1=1.
(x — 1)2 2 -1) 15-1)  (2-1)
(b) Ax=0-—(-n/4) =n/4; dy = sec? (—n/4) (n/4) = n/2; and Ay = tan 0 — tan(-n/4) = 1.
—X -0 \ \
() Ax=3-0=3;dy= [V A— p 3)=0; and Ay = 25-3° - 25-0° =4-5=-1,
25 — x2 25 — (0)2
461 T 467
62.cot46 =cot 180;letxo =4 andx= 180 . Then
cot46 =cotx~cot I-— csc?Z x- I =1-p  48F . I =0.9651; with a calculator, cot 46° = 0.9657.
4 4 4 180 4
63. (a) h=115tan ¢, dh =115 sec? o do; with ¢ =51" =-2L 7 radians and dp=2%05" = 0.5 f80 radians,
180

h £ dh = 115(1.2349) + 2.5340 = 142.0135 + 2.5340, so the height lies between 139.48 m and 144.55 m.

(b) If|dh|<5then |do| < :|_:|_55 cos 2_18051 7~ 0.017 radian, or |dg|<0.98".

Chapter 2 Making Connections



1. (a) By property (ii), f(0) =f (0 + 0) = f (0)f (0), so f (0) = 0 or 1. By property (iii), f (0) =0, so f (0) = 1.
(b) By property (ii), f (x) = f g +2£ =f ; i >0.1ff(x)=0,then 1 =f(0)=f (x+ (X)) =f ()f (—x) =

0 - f (—x) =0, a contradiction. Hence f (x) > 0.
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© O =lim f(ﬁ-);f(xl = lim fOOf ih) D= 1im £ (x) fLF—l—f(x) lim T Q-
h

h—0 h—0 h—0 h—0

f ()% (0) = f (x)

d
2. (a) Bythe chainruleand Exercise 1(c), y0 =0 (2x) - g (@) =f(2x) - 2=2y.

d
(b) Bythechainruleand Exercise 1(c), y° =0 (kx)- G (kx) = kf O (kx) = KF (kx).

(c) Bythe product rule and Exercise 1(c), y° = f (x)a° (x) + g0 © () = f ()a(x) + () (X) = 2f (X)g(X) = 2y,
sok =2.

0 (X)f—_(& —f (x)a ‘L) QIL)LOQ_—f (x)a(x)
(d) Bythe quotientruleand Exercise 1(c), h™ (x) = g(x) g0 =0. Aswe

will see in Theorem 3.1.2(c), this implies that h(x) is a constant. Since h(0) =f (0)/g(0) = 1/1 = 1 by Exercise
1(a), h(x) =1 for all x, so f (x) = g(x).

3. (a) For brevity, we omitthe  “(x)” throughout.
(f-g-n’= d [(F g n=(fg den. dF-g)=f-g-h° +n. f.dg +g.df
dx dx dx dx dx
= 0-g-h+f-go-h+f-g-h0
() (Frg-h-K)° =L[f-g-h)K=(fg-h k- d(f-g-h)
dx dx dx
=f-g-h-Ko+k-F% - g-h+f-g® h+f-g-n%)=f%g-h-k+f- g% h-k+f-g-h% k+f-g-h-kO

(c) Theorem: Ifn>1and f1,---,fn aredifferentiable functions of x, then
n
X
(fL-f2--- f)0= " A £ fiar
i=1
Proof: For n =1 the statement is obviously true: £0 =fo. If the statementistrue forn —1, then
(fL-f2--- fn)° = dx x [(fL-f2e - fn-1) - fal=(f1-f2- - fn-1) - fn+fa-(fr-f2. - fo-1)°
n-1 n
=f f -.-.- f £0 4+ f fooo... fo.f9.F ... f = fooo.. f 0.8 L. f
1 21 n n lia i i+1 n-1 1 in i i+1 n
i=1 i=1

so the statementistrue for n. By induction, it’s true_for all n.
0

gfo—f.g- _ il
0 B jge-g o —-— £ 0g h-fgOh fg. 1
4@ [FrmP = - o - -
h? } . .
@ - g h-T i +hg0)

0 _ a0 _ _ _
® Hom’ =fig-nP = 9 . 2 -
= o hrg% ho—g gh2

g0 gt otan? i N B EI L NN,
c = = =
© [F g o T O .
@A = [ gl = TR0 = 1790’ netg

‘gz



g-(f-h0
+
h
.fo)
f.g%n

gZ
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d B = 0
5. (a) Bythe chain rule, 01t = g1 2 g0 (x) = 7 () . By the product rule,
dx ok
0 d d Foof 00 i) a00f (0 —f()F
dx dx [9(x)] 9(¥) &) [9(0]

d
(b) Bythe productrule, ° () = 3¢ [h()g0)] = h)g® (x) + g()h? (x). So
o 1 . o _1 o fo  aef?00 fg0

h = I ) —h()g (]=

— gx) T g (x) [9(x)]
9(x)
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