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Chapter 2

2.1 Consider the signals displayed in Figure P2.1.Show that each of these signals can be
expressed as the sum of rectangularI1(t) and/or triangular A(t) pulses.

Figure P2.1
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2.2 For the signal x,(t) in Figure P2.1 (b) plot the following signals

a x(t-3)
b. x,(-t)
. x,(2t)
d. x,(3-2t)

Solution:

X, (t-3) X, (~t)

% (21) %(3-2)

2.3 Plot the following signals

a. X (t) =2I(t /2) cos(6mt)
b. x,(t)=2 1+£sgn[t)

2 2 |
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c. X(t)=x(-t+2)

d. x,(t)=sinc(2t)I1 (t/2)

Solution:
2 X, (t)
LA J
2
eoodl IR T R |
1 23456

0.8

T 0.6

X, (t %" o ]

-0.2

-0.4

2.4 Determine whether the following signals are periodic. For periodic signals,
determine the fundamental period.

a. x(t) =sin(mt) +5cos(4mnt/5)

Solution:

sin(rtt) is periodic with period T, = LY cos(4mt/5) is periodic with period
T

2t 5 T,

T, = = _. x/(t) is periodic if the ratio ~can be written as ratio of
/5 2 T,

integers. In the present case,

2x2 4

5 5

it
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Therefore. % (t) is periodic with fundamental period T such that

T,=5T =4T,=10
b. x,(t) =e’® +e’* +cos(12t)

Solution:

e'*is periodic with period T, = 2?“ . Similarly, e’*'is periodic with period

2n 2_1'[‘IT

T, = ; . cos(12t) is periodic with period T, = X, (t) is periodic with

12 6
21

fundamental period T, = LCM (T,,T,,T;) = 3

C. X, (t) =sin(2mt) + cos(10t)

Solution:

sin(2mnt) is periodic with period T, = é—ﬂ =1. cos(10t) is periodic with period
T

2t I,

T, = 10°-5° X;(t) is periodic if the ratio Ti can be written as ratio of integers.
2

In the present case,

T, _1x5_ 5

'ITZ moom

Since mis an irrational number, the ratio is not rational. Therefore, x,(t) is not
periodic.

d. x,(t) = cos 2nt—% +sin(5mt)
Solution:

cos| fmt -1 '|is periodic with period T = £ 1. sin(5mt) is periodic with
\ 4/‘ oom
. 2n 2 . . T . .
period T, = - X, (t) is periodic if the ratio T can be written as ratio of
2

integers. In the present case,
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1x5 5

2 2
Therefore, X, (t) is periodic with fundamental period T_such that

T
T2

T =2T, =5T,=2
2.5 Classify the following signals as odd or even or neither.
a. x(t)=-4t

Solution:
X(-t) = 4t = —(-4t) = -x(t) . So x(t)is odd.

b. x(t)=e™

Solution:
el =eT. So x(t)is even.

c. X(t) =5cos(3t)
Solution:

Since cos(t) is even, 5cos(3t) is also even.
d. uo:gmm—g)
Solution:

X(t) =sin(3t - g) = -c0s(3t) which is even.

e. Xx(t) =u(t)
Solution:

u(t) is neither even nor odd; For example, u(l) =1 butu(-1) =0 = -u(l).
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f. x(t) =sin(2t) + cos(2t)

Solution:

X(t) is neither even nor odd; For example,

X(/8) =+/2 but x(-1t /8) =0 % —X(1t /8).
2.6 Determine whether the following signals are energy or power, or neither and
calculate the corresponding energy or power in the signal:
a. x/(t)=u(t)

Solution:
The normalized average power of a signal X (t) is defined as

TI2 TI2
P =lim?® | ju(t)"dt = lim 1 [ 1dt=1im 1T_1
foTeeT e T T 2 2

Therefore, X, (t) is a power signal.

b. x,(t) = 4cos(2mt) +3cos(4mt)
Solution:

4cos(2mt) is a power signal. 3cos(4nt] is also a power signal. Since X, (t) is

sum of two power signals, it is a power signal.

T/2 T/2
P = lim * j 4cos(2mt) +3cos (4mt) 24t = lim = J' 4cos(2mt) +3cos (4mt) “dt
2 T—>ooT T—>ooT
-T/2 -T/2

T/2

_ Jim & J [16cos2 (2nt) +9cos? (4nt) + 24cos(2mt) cos[41rt)]dt
-T/2

T—)ooT

Now
1 T/2 8 T/2 8T
lim = J' 16.cos? (2mt)dt = lim — I [1+cos(4nt)]dt = lim — =8
Too T Too T Too T
-T/2 -T/2

T/2

lim J 9cos’ (4mt)dt = 4.5
T—»ooT A
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T/2 T/2

24 24
lim - _J/zcos(Znt)cos[4nt)dt = lim T 7f/z[cos(BTtt)+cos(27rt]]dt =0

Therefore,

P, =8+45=125

1
C. x3(t)=f
Solution:
E =Ilim 1/t| dt=1lim 24t = lim =~ =lim =~ =0

X3 - J. | - J. T_)OO( ) T_mok )
-T/2 -T/2 t -T2 T/2

T2 T2 T/2 \)
.1 2 1 . 101 1 /i\)
P =lim |1/t| dt = lim tdt = lim - = lim =0
T—>w
%3 T—-o0 J. T-o0 .[ ( ) Tooo ( }
T -T/2 T -T/2 T t -T/2 T T /2
X, (t) is neither an energy nor a power signal.
d. x(t) =e™u(t)
Solution: / \\
TI2 TI2 —2at 112
E =lim ‘e""‘u(t)‘zdt — lim [ edt = lim| - =L lim (e +1)= L
-t | fe*ufet=im [ -, - :
Xg T—ow 112 T-o 0 T—>oo’\ 2a 0 /| Za T-oo Za

Thus x,(t) is an energy signal.

e. X (t)=TI(t/3)+TI(t)
Solution:
Xs (1)

2
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-1/2 12 -1/2

1dt + ’[

/2

TI2 2

. =1im J |l'[(t/3)+l'[(t)| dt = J

/2

Adt + J 1dt

/2

=1+4+1=6
Thus x(t) is an energy signal.

f. o X(t) = 5e 1My (t)

Solution:
T/2

) ) ) T2 _
EX6 =_||_|m J. ‘58(—2t+110nt)u(t)‘ dt :1l|m j' ‘5e—2te110nt)

—T/L( \} 0 0
g [T/2
= 251im| -&— 2—5I|m( 2T+1):245

T-ooo 4 0 4 T-ooo

2 T/2
dt = lim 25 j e dt
Toow

Thus X,(t) is an energy signal.

g. X (t)= Z [(t—4n]/2

n=-o00

Solution:

X, (t) is a periodic signal with period T  =4.

1 "2 2 1 1!

PX7=; I[ t/2]2 T-[ I(l 2t +t2)dt

0 -T,/2

J o

E A

2.7 Evaluate the following expressions by using the properties of the delta function:

a. x(t) =48 (4t)sin(2t)
Solution:
8 (4t) = iS ®
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X (t) = i& (t)sin(2t) = }18 (t)sin(0) =0
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b. x,(t) =8(t)cos<301rt+ %D

Solution:
T Tt Tt
X, (t) = & (t) cos 301tt+Z =§ (t) cos 0+Z = C0S 7 8 (t)

C. Xg(t) =6 (t)sinc(t +1)
Solution:

X, () = 8 (t)sinc(t +1) = § (t)sinc(0 +1) = § (t)sinc(l) = 8 (t) x0 = 0
d. x,(t) =8(t-2)e"'sin(2.51t)

Solution:
X, (t) =8 (t - 2)e'sin(2.5mt)

=§(t-2)e%sin(2.5mx2) =§ (t-2)e sin() =0

<

e. X(t)= j § (2t)sinc(t)dt

-0

Solution:

X ()= §@sincdt= & (t)sinc(t)dt

- 3l

0

= %ja (t)sinc(0)dt = % j § (t)dt = %

-0

f. x(t) = TS (t - 3)cos(t)dt

-0

Solution:
X (t) = T § (t - 3)cos(t)dt = cos(3) ]'0 8 (t - 3)dt = cos(3)

9
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g %(t)= _T

Solution:

X7 )= Io = Io

00 (2]

- [3¢-2) L

1
= _2 - _=
7_L5(t )dt ;

123

h. x,(t) = T& (3t - 4)e ™ dt

Solution: \)
()= S@t-4)edt= & t-2le"gt

i % (0)=8' 1O

Solution:

(2]

X, (t) = jn(t ~1)8 '(x)dt = (-1);—Tn(t -1)

2o =0

=M (t)=5(t+05)-8(t-0.5)

2.8 For each of the following continuous-time systems, determine whether or not the system is (1)
linear, (2) time-invariant, (3) memoryless, and (4) casual.

a. y@)=x(t-2
Solution:

The system is linear, time-invariant, causal, and has memory. The system has
memory because current value of the output depends on the previous value of
the input. The system is causal because current value of the output does not

depend on future inputs. To prove linearity, let x(t) =ax (t) + B x,(t). The
response of the system to x(t) is
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y(t) =x(t-1) =ax (t-1)+Bx,(t-1)
=ay,(t)+ By, (t)
where x, (t) —— v, (t) and X, (t) —— vy, (t) .

To show that the system is time-invariant, let x, (t) = x(t - t,) be the system
input. The corresponding output is

Y () =x({t-)=x{t-1-t)=y(t-t)
b. y(t)=3x()-2
Solution:

The system is nonlinear, time-invariant, causal, and memoryless. The system is
memoryless because current value of the output depends only on the current
value of the input. The system is causal because current value of the output does
not depend on future inputs.

To prove nonlinearity, let x(t) = o x,(t) + B X, (t) . The response of the system
tox(t) is

y(t) = 3x(t) - 2 = 3[ax,(t) + X, (t)] -2
£y, (1) + By, (t) =« [3x, (1) - 2] + B [3x,(t) - 2]

To show that the system is time-invariant, let x, (t) = x(t - t,) be the system
input. The corresponding output is

y,(t) =3x (1) -2=3x(t-t))-2=y(t-t)
¢ () = [x(0)

Solution:

The system is nonlinear, time-invariant, causal, and memoryless. The system is
memoryless because current value of the output depends only on the current
value of the input. The system is causal because current value of the output does
not depend on future inputs.

To prove nonlinearity, let x(t) = ax (t) + B X, (t). The response of the system to
X(t) is

11
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y(t) = [oex (t) + B X, (t)] < orx, (£)[+ [B %, ()]

Because
e, (8)]+[B X, (1) = Jor ||, (0] + B[, (©)] £ 0y, (£) + By, (t) forall o and B,

the system is nonlinear.
To show that the system is time-invariant, let x, (t) = x(t - t,) be the system

input. The corresponding output is

Y, (0) =[x ()] =[x(t-t,)| = y(t-t,)

d.y(t) =[cos(2t)] x(t)
Solution:

The system is linear, time-variant, causal, and memoryless. The system is
memoryless because current value of the output depends only on the current
value of the input. The system is causal because current value of the output does
not depend on future inputs.

To prove nonlinearity, let x(t) = o x,(t) + B X, (t) . The response of the system
tox(t) is

y(t) = [cos(2t)] x(t) = [cos(2t)|[ax, (t) + B X, (t)]

= o [cos(28) ] x, (1) + B [cos(20)] x, (1) = ay, () + B Y, (1)
To prove time-variance, let x,(t) = x(t - t,) be the system input. The
corresponding output is

y,(t) = [cos(2t)] %, (t) = [cos(2t)] x(t -t,) # y(t-t,) =cos 2(t-t,) x(t-t,)

e. y(t)=e®
Solution:

The system is nonlinear, time-invariant, causal, and memoryless. The system is
memoryless because current value of the output depends only on the current
value of the input. The system is causal because current value of the output does
not depend on future inputs.
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To prove nonlinearity, let X(t) =X (t) + B, (t). The response of the system
tox(t) is

y(t) = €HOPBRO = g Oghe®) 4oy () + By, (t) = e ® + B

forall a and 3

To show that the system is time-invariant, let x, (t) = x(t - t,) be the system
input. The corresponding output is

) =ex0 =V = y(t-t,)

f.oy(t) =tx(t)
Solution:

The system is linear, time-variant, causal, and memoryless. The system is
memoryless because current value of the output depends only on the current
value of the input. The system is causal because current value of the output does
not depend on future inputs. To prove nonlinearity, let x(t) =ax (t) + f x,(t).

The response of the system to x(t) is

y(t) = tfoex (1) + B, (1)] = actx (1) + Bix, (1) =y, () + By, (1)
To prove time-variance, let x(t) = x(t - t,) be the system input. The
corresponding output is

y,(t) =tx (1) =tx(t-t,) # y(t-t,) = (t=t, ) x(t-t,)

t

g. y(t) = j x(2t)dt

—-00

Solution:

The system is linear, time-invariant, causal, and has memory. The system has
memory because current value of the output depends only on the past values of
the input. The system is causal because current value of the output does not
depend on future inputs. To prove linearity, let x(t) = ax (t) + B X, (t). The

response of the system to x(t) is
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t t

YO = [ lax,(20) + Bx,(20)]dr =a [ x (20)dr + B | X, (2r)dv = oy, (6) + B, (1)

-0 —00 -0

To check for time-variance, let x (t) = x(t - t,) be the system input. The
corresponding output is

t t t-t

0

W = [ x(2o)de = [x[2@ -t,)]dr = [ x(20)doc = y(t-t,)

-0 -0 -

2.9 Calculate the output y(t) of the LTI system for the following cases:
a. X(t)=eu(t) and h(t) =u(t - 2) -u(t -4)

Solution:
h(t)=u(t-2)-u(t-4) =1 %\/‘

y(t) = T h(t)x(t-t)dt :T e 2Oy (t )T ﬁ\

S

For t <2, there is no overlap and y(t) = 0.

T

t t-2 o [t-2 2(t-2)
For 2<t<4, y(t) = je'z("”dr — .[ efdr= | =18
2 0 _2 0 2
Fort=4,
y(t) — J‘e—z(t—t)dT — e—2t j‘ezt dt :e—2t | = e_2t _ e_z(t_z)
2 2 2 ) 2 2
1- e—Z(t—Z)
) 2<t<4
2
et - 1]
t) = |22 L— — t>4
y(t) 5
0, otherwise
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b. x(t) =e 'u(t) and h(t) = e *u(t)

14
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Solution:

[+ t

y(t) = J‘ e_Tu(T)e_Z(t_T)u(t —T)d‘[ :J-e"fe-Z(t—‘r)d,t

-0 0

For t <0, there is no overlap and y(t) =0.

t
y(t) = e‘”lerr =g

, = (et —1] =e'-e? t20

c. x(t) =u(-t) and h(t) = § (t) - 3e *'u(t)
Solution:

y(t) = Ih(r)x(t -T)dt = T[S(r)—3e'2ru(r) u(t -t)de

Now

TS(r)u(r ~t)dt = u(-t)

For t <O, 1[3 ey = & :§
2
K -2t K -2t E_ZT i o -2t
Fort=0, Ise u(r)u(r-t)dr:fse drt = =>e
—o t -2 t 2
§+1=§, t<0
y(t) = 3
“e™, t>0
2

d. x(t)=6(t-2)+3eu(-t) and h(t) = u(t) -u(t -1)

Solution:

15
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(2] 00

y(t) = j h(t)x(t-t)dt =j [6 (t-t-2)+3*u(-t+1) [u@)-u(r-1)]de

= J'S(t—t—Z)[u(t)—u(t—l)]dr + I3e3(“”u(—t+r)[u(t)—u(t—1)]dr

Now

Ta (t-t-2)[u@) -u@@ -D]dt =u(t-2)-u(t-2-1) =1 [t -2.5)

—00

Fort<0,

o0 1 1
j 2 Ou(-t+1)[uf)-u(t -1)]dr = j 3 dr = 3e3‘je‘3rdr
0

-0

For 0<t<1,

1

1
j FOu(-t+1)[ulr) -ulr -1)]dt = j 33Nt = 3™ j e~ 'dt

e

-0 t / t \\
1
-3t
— 3e3t e 3t -3t _ —1

T

-3

t

{eg‘(l——l\, t<0
e3} \
N P I _i
yt)={e"|e , O<t<1
’\ e }
1 2<t<3
0, otherwise

2.10 The impulse response function of a continuous-time LTI is displayed in Figure P2.2(b). Assuming
the input x(t) to the system is waveform illustrated in Figure P2.2(a), determine the system output
waveform y(t) and sketch it.

Solution:

For t <1, there is no overlap and y(t) = 0.
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Figure P2.2

vlr) (a)
I\\\.} 7
1
M S S R N S
(b)
h(t-T)
1
1<t<?2
i 2 3 3
h(t-t1) ©
1 5<t<6
0 1 2 3 4
t-1
Acchn B [Cra e o 1 + n
\S SITTUWITT II_IHUI Ul L=05 <2

For 2<t<3, y(t):![drzl

1
For 3<t<4, y(t) = jdr =1-t+3=4-t
t-3
t
Referring to Figure (c), y(t)=£dr =t-5 for5<t<7
t

For 7<t<8, y(t)= |dt=t-t+2=2

t

-2
7

For 8<t<10, y(t)= jdr: 7-t+3=10-t
t-3

ty(t)

oo L
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. _ a-05(t-2)
211 An LTI system has the impulse response N(®) =¢"*7u(t-2).

a. Isthe system casual?
Solution:
Yes. The system is casual because h(t) =0 fort<0.

b. Isthe system stable?

Solution:
0 o -0.5x |
The system is stable because J' Int)dt = J'e'°'5xdx =& =2
» | 0 -0.5,

c. Repeat parts (a) and (b) for h(t) =e**“2u(t +2).

Solution:

The system is not causal but stable.
2.12 Write down the exponential Fourier series coefficients of the signal
X(t) = 5sin(40mt) + 7 cos (80mt -/ 2) - cos (160mt + 1/ 4)

Solution:

Applying the Euler’s formula, we get the following terms:

ej40ﬂt _ e—j40nt j' [ejSOnte—jﬂIZ + e—jSOntejHIZJ [ejlﬁomejnm + e—leOnte—jnM -|
+7 -

X(t)zs[ 2] 2 2

— _j2.5ej40nt + j2.5€_j40m _ j3.5€j80m + j3.56_j80m _O.sejn/4ej160nt —O.5e_jﬁ/49_j160m

The Fourier coefficients are
C,=-]j25C_ =j25
C,=-j350C, =j35

C, =-05e™*,C, = -0.5¢ ™"

a. Is x(t) periodic? If so, what is its period?

Solution:
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1 T |
Yes. w =40m= f =20,T =~ . Theperiodis— =0.05sec.
° ° ° 20 20

2.13 Assignal has the two-sided spectrum representation shown in Figure P2.3.

Figure P2.3
10
7 €_r'11'-'“?- A Te— i
A A
4 E.F,_r-'.IT-"E -'11.3' —_f‘Tr.-'E
T = [ (Hz)
— 150 =30 0 50 150 f

a. Write the equation for x(t).

Solution:
L I
X(t) =14cos|100mt - 3 +10 +8cos| 300mt - 5

b. Is the signal periodic? If so, what is its period?
Solution:
Yes. It is periodic with fundamental period T, = é) =0.02.
c. Does the signal have energy at DC?
Solution:

Yes as indicated by the presence of DC termC, =10.

2.14 Write down the complex exponential Fourier series for each of the periodic signals shown in
Figure P2.4. Use odd or even symmetry whenever possible.

Solution:

xn

a T,=31f =1/3 : ’_
1 4+
| 1 I t

—1 1 3 4 5 |I5

=
[
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i3 [ 2mt 2 omt 3 |
3% 2 [Ze ¥ -e 3 J
X TN
0 2
=_i_[ze—j4nn/3 2 e jZT[r‘I —j41'm/3
2mn 7 \)
- j2mn/3 +j2mn/3 _ | -j2mn/3
__.li(e—j4nn/3 3e " " "
2mn
3_e—'|21'rn/3 21.[

= sink J n=+1+2 ...
mn 3

b. T,=2f =1/2 1

it 1 1) 1
=—|tt]=""] =_(1-1)=0
2|, | 22, 4

C = l[l te-jnntdt] _ _L[l td (e'j“”t)]
T T
2|, | izl ]

I

1
_ e—jﬂntdtJ

2nn | 1

_J_[e Jnn +jnn Le—jnnt

2 +j n
nnl T

jl—e—jnn e+j1rn e—jnn ejnn ]

= + + -
2[1‘[!’1 mn  ju’n’ jn2n2J

) m™Nn . n
e i(-1)
m™n
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Since X% (t) is an even function of time,

A |[ jl t)cos(rnt)dt |= J'cos(nnt)dt— J'tcos(nnt)dt

2 |_20 J 0 0

1 1

=0- _A[[td (sin(mnt))dt =A[—tsin(n nt) L+ Isin(n nt)dt
Thn T[n|_ 0

= A[o _ cos(mnt) [1 cos(mn)]

mn mn
(0, n even
|

= 12A
knznz : n odd

d. T, =3f =1/3

Since x,(t) is an even function of time,

A [ oA LS ] ZA[l 312 ]
|_ I x, (t) cos(2mtnt / 3)dt | = ; |'|'tcos(2n nt/3)dt + J' cos(2mnt /3)dt |

L I L : |
Now

: [+ [ : |

tcos(211nt/3)dt:i td (sin(2mnt /3)) -3 tsin(2nnt/3)|1— sin(2mnt / 3)dt
J. znnl.[ | 211n| ° |
: Lo I 0 |

-3 [sin(21t n/3)+ 3 cos(2m nt/3)[l]
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21N 21N

[

_3 3 _
=T sin(2mn/3) + 21Tn[cos(21tn/3) 1]

|

3/2
3 . 302 3 .
cos(2mnt/3)dt = ——sin(2mtnt/3 =-— sin(2ntn/3
,[ (2 ) 21Tn|(1T h 2T[n|(1T )
Substituting yields
x40r)
A
-1 |0 1 2 3 4 5 6
{d}
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e. X(t)= i: p(t-8n)

where

p(t)=n[(t-2)/2 +n|[(t-2)/4 -n[(t-6)/2 -n[(t-6)/4

The FT of the pulse shape p(t)over [0, T,] is given by

T

0

P(f)= i p(t)e ¥ dt

The FS coefficients of a periodic signal with basic pulse shape p [t] are given by
T,

1" .
C =— —j2mnfgt
=T l p(t)e "™ dt

Comparing yields

= =2 =3 49
— — —
—
|
N
—
~
AN
I
N
@
>
o
— — — —

Therefore,

P(f): 23inc(2f)e-j4ﬂf [1_e—18ﬂf +4SinC(4f )e—j4nf [1_e—j8nf
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The FS coefficients of a periodic signal %;(t) are now obtained as

1 _I_I_I
- | ! | ! | ! ! | .
1

© 2012 by McGraw-Hill Education. This is proprietary material solely for authorized instructor use. Not authorized for sale or distribution in any
manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted on a website, in whole or part.



C :—1 {ZSinC(an ]e‘j4‘rmfo [1_e—j8nnf0] +4SinC(4nf ]e‘j‘h’fnfo [1_ e—j81'rnfD ]}

|

T

0o
n 0 0

= i{sinc(n/4]e‘j““’2 [1— e‘j“”] +2sinc(n/2)e ™" [1— e‘j“”]}

2.15 For the rectangular pulse train in Figure 2.23, compute the Fourier coefficients of the new periodic
signal y(t) given by

a. y(t)=x(t-0.5T)

Solution:

The FS expansion of a periodic pulse train X(t) = Z I
e |T

3 [w] of
|

rectangular pulses is given by

X(t) — Z C:ejZTmfot

n=-o

where the exponential FS coefficients are

cr=1 sinc(nf t)
n T} (o]

Let the FS expansion of a periodic pulse train y(t) = x(t - 0.5T ) be expressed as
y(t) - Z CnyejZT[nfOt
where

Cny =_1 J'y(t)e—jhnfotdt =_1 J.X(t—O.STO)e_jznnf”tdt

o

To To TO T
_1 - j2mnf, (v +0.5T, - j2mnf, (0.5T, l —j
= J.X(V )e ] o c)dv =g} 0(0.5T) J.X(V)e JZﬂnfovdv
Tor, T,
Ca
=e ""C)

Time Shifting introduces a linear phase shift in the FS coefficients; their
magnitudes are not changed.
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b. y(t) = x(t)e’™™
Solution:

Cny :_1 J'y(t)e—jZTEHfotdt =_1 J'X(t)ejZHtfoe—jZanotdt
T 0

oT

-

T

[

i

- I X(t)e—jZT[tfc(n—l)dt

-

T

o

O

X
n-1

c. y(t) =x(at)
Solution:

(o -1 Iy(t)e‘iz“”fotdt - j X (oct)e™ 12 dit

=C”

Time Scaling does not change FS coefficients but the FS itself has changed as the
2f  3f
[0] i 0]

] i )
0 o

Q |

harmonic components are now at the frequencies +

2.16 Draw the one-sided power spectrum for the square wave in Figure P2.5 with duty cycle 50%.

Figure P2.5

xir)

Solution:

The FS expansion for the square wave is given by
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X(t) — n:ZOO Cnejzﬂnfot
where

n

C = 1 J‘ X(t)e—jZTrnfctdt

Ty 1
1 TO/Z . Tc )
= AI e—JZTH"ftdt_Aj' e—jZnnftdt%
TO 0 T,/2
T (- j2nnf ]{ o
- A giznniyt To/2 _p-izmnft T
o] 0 0
=_iA(e—jnn _1_e—j21'rn + e—jnn)
2mn
Therefore,
{-JZ_A, n odd
C,=| mn
0, otherwise

Average power in the frequency component at f = nf  equals |Cn|2 . Figure

displays the one-sided power spectrum for the square wave.

One-sided Power Spectrum of Square wave

Uy

0.87
0.77
0.6
0.5
0.47

0.3

One-sided Power
.

0.2

0.1

OT@@@W%m 15 20

Frequency (xf
o

a. Calculate the normalized average power.
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Solution:
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The normalized average power for a periodic signal x (t) is given by

T,/2
p =t J IX(t)Izdt=A—ar°—=A2

T T

o -T,/2 0

b. Determine the 98% power bandwidth of the pulse train.

Solution:

n | Total Power
including current
Fourier coefficient

0.8106

0.9006

0.9331

~N| O W

0.9496

9

0.9596

11

0.9663

13

0.9711

15

0.9747

17

0.9775

19

0.9798

21

0.9816

2.17

Figure P2.6

98% Power bandwidth = 21x f,

Determine the Fourier transforms of the signals shown in Figure P2.6.

xy(f
L

.1‘2{I:l

cos(2mt)

—0.25

=
0 0.25

(b)

.1'4[!]

(<

1] L

[

(d}

26
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Solution (a)
The pulse x (t) can be expressed as

x(t) = A|11 (t+0.5)- 11 (t-0.5)

Now

1 (t) —>sinc( f)

Applying the time-shifting property of the FT, we obtain

I (t+0.5) «—=—sinc( f)e™
I (t-0.5)«—>sinc(f)e ™
Adding

X (f)= A[sinc(f]ej1Tf -sinc(f)e_ , = Asinc(f)[ejth —€_i

= Aj2sinc( )sin(n f) = jor fA[sinc? ()]

Solution (b)
The pulse X, (t) can be expressed as
X, (t) = 1 (2t) cos ( 2mt)

Now
l'l(2t)<i>%sinc(f 12)

Cos(2nt)<i>%[8 (f-1)+8(f +1)

X, (1) = 3 {m(2t)} ® S{cos(2mt)} = %sinc(f /2)@%[5 (f-1)+8(f+1)

- i[sinc[O.S(f ~1) +sinc[05(f +1) ]

Solution (c)
The pulse x,(t) can be expressed as

27
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X5(t) = p(t)+ p(-t)

where

p(t)=e"[u(t)-u(t-1)
From Table 2.2, we have

1
elut) = ——
® 1+ j2m f

Using the time-shifting property of the FT, we obtain

-j2nf -(1+j2nf)
€

t(t 1) = p~la-tDy (t _ 3 -l _
ut-1)=ere R (t-t) e T T 1e jont
Combining

(1+jomf) -
p(t)(—s—)P(f): 1 _ € : _ l [l_e—(hJan]]
1+j2nf 1+j2nf 1+ j2nf

By time-reversal property,

1 -(1-j2m
p(—t)%P(—f):m[l—e (-i2 f)]

Xo(1)=P(1)+P(-1) =t oo Ly gtenn]

1+ jomf 1-jonf
1 (1+jomf (1-jonf
=———{(1- jenf)|1-e ™ |+ (1+ jom £)|1- e 70
1+(21Tf]{( J ][ ] FLe )[ ]}
=%[1— e cos(2n f )+ 2m fe*sin(2n 1)
1+(2n f)

Solution (d)
The pulse x,(t) can be expressed as

X, (t) =T (t/2)+T1(t/4)

Now
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M (t/2)«=>2sinc(2f)
M (t/4)«——4sinc(4f)

Adding
X,(f)=2sinc(2f)+4sinc(4f)

2.18 Use properties of the Fourier transform to compute the Fourier transform of
following signals.

a. sinc®(Wt)

Solution:

At /r)<_3_>125incz (kf_rz\/‘

Using the duality property, we obtain
Wsinc?(Wt) «=—> A f /2W)

sincz(\Nt)<i>WlA(f [2W)

Thus the Fourier transform of a sinc? pulse is a triangular function in frequency.

b. TI(t/T)cos(2mf.t)
Solution:

M (t/T)«=>Tsinc( fT)

cos(ar 1) Lo (£- 1 )5 (1 +1 )]
C 2 C C

X(f):‘3{1‘[(t/T)}®3{cos(21Tft)}:Tsinc[fT]®l[8 (f-f
i 2

c

)+8(f+ fc)]
= T[T (1~ ) wsine[T (1 £)]}

c. (e"cos10mt)u(t)

Solution:
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From Table 2.2,

1

etu(t) ="
® 1+ jor f

Now

S{(e‘tu(t)) colent} = ‘3{[e“u(t)]} ® 3{cos10mt}
1 1

1+ jont 8,181 -5)+3(1+9)

Y I S S

2|1+ j2m(f-5) 1+ j2m(f+5)]

2| (1+jemf)’-(jon5)

_ 1+ j2mf
(1+ j2mf)" +100m?
1+ j2nf
(1+200n?)+ jam f -4n?f?

:£[1+ jom(f +5)+1+ jom(f —5]]

d. te'u(t)

Solution:

Applying the differentiation in frequency domain property in (2.85), we obtain

te'u(t) —— Eln_ :—f feu(t)}

That is,
: =)
3 telu(t) = —j—dl[(1+ JZT[f)J ]: L j2n —1
{ } 21 df 2m (1+j21-[f]2
1
(1+jomf)’
e. e
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M —jomit ? —n(t2+j2ft]
X(f)=_|'e e dt:je dt

-0 —00

Multiplying the right hand side bye ™ e"' yields

0

X(f)=e"" J' g2 gy - g J' e (1 g

—-00 —00

Substituting t + jf =v , we obtain

X(f)=e™" ]:e‘“vzdv

-0

1

f.  4sinc’(t)cos(100mt)
Solution:

4sinc? (t) «=—4A a

2
cos(100nt)<i>§[5(f ~50)+6 (f +50)]

® 5 -50)+5(f +50)]

= i f
X(f) = S{4sinc’ (t)} @ S{cos (100mt)} = 44| -

A
=2{a[05(f -50) +a[05(f-50)]}

2.19 Find the following convolutions:
a. sinc(Wt) ® sinc(2Wt)
Solution:

We use the convolution property of Fourier transform in (2.79).
X(t) ® y(t)—— X (f)Y (f)

Now

SINC(2WE) S~ T1(  / 2W)
2W
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Therefore,

sinc(\Nt)®sinc(2Wt)<—8—>V—%/ I f /W)le‘l( £/ 2W)

1
2W?2

In(f /W)

b. sinc?®(Wt) @ sinc(2Wt)

Solution:

Again using the convolution property of Fourier transform

. . 1 1
2 (Wt 2Wt) = =A(f /2W m(f/2w
sinc” (Wt) ® sinc( )<——>W ( ]XZW ( )

- S A(f12W)

WZ

2.20 The FT of asignal x(t)is described by

1

X(f)=—"""
() 5+ j2nf

Determine the FT V (f) of the following signals:
a. v(t)=x(t-1)

Solution:
v(t)=x(5t-1) = x[5 t- ]

ol =

Let

i 1
5(j2rf/5)+5

ol -

y(t) = x(5t) —=>Y (f) == X ﬁ _

1
j2nf +25

1 —jomf 1 -jomnf
v(it) =y, t-= «<—>V(f)=Y(f)e 5 =—""¢
\ 5/ j2nf +25

32

© 2012 by McGraw-Hill Education. This is proprietary material solely for authorized instructor use. Not authorized for sale or distribution in any
manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted on a website, in whole or part.



b. v(t) = x(t)cos(100mt)
Solution:

X(t)e j100mt +X(t)e—'1001'lft

2

v(t) = x(t) cos(100mt) =

Now

[_LX(t)eJ " +X(t)e_J T[] 3 V(f)= _ X(f_50)+)((f+50]

2 2
_ 1 . 1
~jom(f-50)+5  j2m(f +50)+5

After simplification, we get

j2nf +5
j2om f +(n?10" + 25-4m*1?)

V()=

c. v(t) = x(t)e™

Solution:

v(t) = x(t)e!™ =SV (f)= X | f -

T
=]
~ .
1
P

d. V()= d—’;(tn

Solution:

Using the differentiation property of FT ix(t)<—3—> j2nfX (f), we obtain

V(f)=j2n fX(f):_Jz.L
5+ j2mf

e. v(t)=x(@®u(t)

Solution:
Using the convolution property of FT x(t) ® y(t)«—=— X (f)Y (f), we can write
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1 1 1

V(f)=X(f)U(f)= 5+ jor f 25(f)+ jor f

sy —Lt——1
2 5+ j2nf jomf(5+j2mf)

1 1
=—0(f
10 ( )+j2th(5+j21Tf)

2.21 Consider the delay element y(t) = x(t - 3).
a. What is the impulse response h(t)?
Solution:

Since y(t) = h(t) ® x(t) = x(t - 3), the impulse response of the delay element is
given from (2.16) as

h(t) =8 (t - 3)

b. What is the magnitude and phase response function of the system?

Solution:
H(f)=3{6(t-3)}=e*"
H(f) =1
(H(f)=-6mnf

2.22 The periodic input x(t) to an LTI system is displayed in Figure P2.7. The frequency
response function of the system is given by

2
H(f)=—"—
() 2+ jonf
Figure P2.7
x(t)
l
3=
4 -3 -2-1 ("1 2 3 4 5

34

© 2012 by McGraw-Hill Education. This is proprietary material solely for authorized instructor use. Not authorized for sale or distribution in any
manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted on a website, in whole or part.



a. Write the complex exponential FS of input X(t) .

Solution:
The input x(t) is rectangular pulse train in Example 2.24 shifted by T /4 and

dutycycle_II_ =0.5. Thatis,

x(t)=g (t-T /4)= i H{Lt—nTo:IO/Aﬂ

0.5T, J

[

The complex exponential FS of g, (t) from Example 2.24 with
T

T, =2(f,=05) and _ 0.5 is given by

0

g, (t)=05 i sinc(0.5n)e™

n=-oo

In Exercise 2.15(a), we showed that time shifting introduces a linear phase shift
in the FS coefficients; their magnitudes are not changed. The phase shift is equal

to e "™ for a time shift of u. The exponential FS coefficients x(t) are
C, = 0.5sinc(0.5n)e*"" (%) = g-i"'2 Bsinc(0.5n)
x(t) =0.5 Z [e' J'T”"zsinc[O.Sn)]e"“m

b. Plot the magnitude and phase response functions for H(f).

Solution:
2 1
H(f)= =
() 2+ j2nf 1+ jnf
H(nf )= L !

1+ jmf 1+ jmunf,
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c. Compute the complex exponential FS of the output y(t) .

Solution:

Using (2.114), the output of an LTI system to the input

X(t) = Zm: [O.Se'"““’Zsinc[0.5n]]e"”“t
4 N
is given by

® . 3 [O.SG_jmlz ]
y()=  C H(0.5n)e™ = sinc(0.5n) e™™

Z Zl + j05mn |
. nz_mll J05 J

FS coefficient of y(t)

2.23 The frequency response of an ideal LP filter is given by
Bg™Jo00zemT f|<1000 Hz
H(f)= ?' <

0, || >1000 Hz

Determine the output signal in each of the following cases:

a.  x(t) =5sin (400mt) + 2cos(1200mt -t / 2) - cos (2200mt + 1 / 4)
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Solution:

5, | f| <1000 Hz
|H(f)|=i

0, |f|>1000 Hz

-0.0025m f, | f| <1000 Hz

H(f)=
\O= || >1000 Hz

Since |H (200)| =5and (H(200) = -1t /2, the output of the system for an input

5sin(4001t) can now be expressed using (2.117) as 25sin(400tt - 1/2).
Next |H (600)| =5and (H(600)=-3n/2=m/2, the output of the system for

an input 2cos (1200mt -/ 2) can now be expressed using (2.117) as
10cos(1200mt -1t/ 2+ /2) =10cos(1200mt).

Now |H (1100)| = 0. So the LP filter doesn’t passcos (2200mt +/4). The

output of the LP filter is therefore given by

y(t) = 25sin (400mt -1t / 2) +10cos (1200mt)

in (2200mt
b, x(t) = 2sin(a00nt) + 5" )
I

Solution:
Since |H (200)| = 5and (H (200) = -1t/ 2, the output of the system for an input

2sin(4007tt) is 10sin(400mtt — 1/2).

sin (2200mt)

To calculate the response to —

, we note that

mLzﬂztﬂt*l=2200xsinc(2200t]<i>n( ! \

12200/

sin (2200mt)

In frequency domain, the output of LP filter to

mt
ul (L\) 5e—j0.00251tf I (L\\ =511 (L e—j0.00251'rf

12200 \ 2000 \ 2000
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Now

1| =L |e-2o0v 5, 2000sinc| 2000t - 0.00125) |

2000

The output of the LP filter is therefore given by
y(t) =10sin (400mt -/ 2) +10000sinc 2000 (t - 0.00125)

sin (1000mt
c. X(t) =cos(400mt) + (—)

Solution:
Since |H (200)| =5and (H (200) = -1t/ 2, the output of the system for an input

cos(400mt) is 5cos(400mt - /2).

sin (1000wt
To calculate the response to % , We note that
T

w[%ﬂ =1000xsinc (1000t) «—=—TI (L\\

11000/

sin (1000mt
In frequency domain, the output of LP filter to M is
f

_ £ _
5 —j0.00ZS‘I‘[fl—[(— :51—[(_\) —j0.0025m f
¢ 11000/ = > "\ 1000 /¢

Now

I ﬁ) eiomzsnt 5 ,1000sinc|1000(t - 0.00125) |

The output of the LP filter is therefore given by

y(t) = 5cos (400mt — T / 2) +5000sinc| 1000t - 0.00125)

d. x(t) =5co0s(800mt) + 26 (t)

Solution:
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Since |H (400)| =5and (H(400) = -, the output of the system for an input

5cos(800mt)is 25cos(800mt -1t ). The response of the system to § (t) is h(t).

The impulse response of the ideal LP filter is 10000sinc 2000 (t - 0.00125)] .
Combining

y(t) = 25c0s (800mt -1 ) + 2h(t)

= 25¢0s (800t -1 ) + 20x10°sinc 2000t - 0.00125)

2.24 The frequency response oT an ideal HP filter is given by
4, |f > 20 Hz,
H(f)=
0, | f| <20 Hz

Determine the output signal y(t) for the input

a. X(t)=5+2cos(50mt-m/2)-cos(75mt+m/4)
Solution:

y(t) =8cos(50mt -1 /2) -4cos(75nt + 1/ 4)
b. x(t) =cos(20mt -3m/4)+3cos(100nt + 1/ 4)

Solution:

y(t) =12cos(100mt + 1/ 4)

2.25 The frequency response of an ideal BP filter is given by

g™ Jo0005mt 900<| f| <1000 Hz,
H(f)=1" | 7]
0, otherwise

Determine the output signal y(t) for the input

a. X(t) =2cos(1850mt -1/ 2) - cos(1900mt + 1t / 4)

Solution:
|H (925)| = 2 and |H (950)| = 2.
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(H(f)=-0.0005mt f . Therefore,
(H (925) = -0.0005m f = -0.0005m x 925 = -0.462m

(H (950) = -0.0005m f = —0.0005m x 950 = -0.475m

y(t) = 4cos(1850mt -1 / 2 - 0.462m ) - 2cos (1900mt + 1t / 4 - 0.475m )
b. x(t) =sinc(60t)cos(1900mt)
Solution:

)@lZ[S(f—gso)+5(f+950)]
1 [n =950, 14950 ||
_120l 60 / \ 60 |

Y(f)=H ()X (f) /

il

X
120 60 60

Now

lx I ﬂ\\ <i>sinc(60t]e”9°°“‘

60 60

g~ 10.0005Tf é)x m \ f —69050 S Lsinc [lGO [t _ 0.00025]-“31190% (t-0.00025)
Similarly

1 Tl ﬂ\) 3 SinC(GOt)e_jlgoom

60 60

g 1000057 f é)x 1 \f"'69050\) ’ S L sinc [bo (t _ 0.00025]_'Jb-j1900n (t-0.00025)
Therefore,

y(t) =sinc [60 (t - 0.00025]] [ej1900n (t-0.00025) e—leOOn(t—0.000ZS)]
= 2sinc| 60 (t - 0.00025) cos[1900m (t -0.00025)]
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c. x(t) =sinc*(30t)cos(1900mt)
Solution:

f
60

o
Y(f)=H(f)X(f) /

e

x<f)=iA ®12K8(f—950)+8(f+950)]

60 60 60
Now
_1 f _950 /(_3_)Sinc2 (30t]ej1900ﬁ1
x A
30 60
e—j0.000S‘I‘[f _1 A f950\) 3 SInCZ 30 (t 000025] eleOOT[(t—0.000ZSJ
X —> —
30 60
Similarl
1 T f +950 S L ginc? (30t) o i1e00mt
30 60
@~ 10.0005m ix I \%\\ S, sinc? [BO (t _ 0.00025]”3—j1900n(t—o.00025)
Therefore,

Y(t) — SInCZ [30 (t _ 000025)] [eleOOH (t—0.00025) + e—leOOT[ (t—0.00025)]
= 2sinc? | 30(t - 0.00025) cos[1900m (t -0.00025)

2.26 The signal 2e'u(t)is input to an ideal LP filter with passband edge frequency

equal to 5 Hz. Find the energy density spectrum of the output of the filter. Calculate
the energy of the input signal and the output signal.

Solution:
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(2]

=1

’ -2t 2 N -4t e_4t
E = [2eu()[dt= de™dt=4"—

- [

X(t) = 2 %u(t) «——

0

2+ jor f

The energy density spectrum of the output y(t), |Y (f )|2 , Is related to the energy
density spectrum of the input x(t)

2

2 2 2 f_
Y (E)" =|H () [X(F)] =‘n 10

2
2+ j2n f

N

! _U | _U i _L \10/ 2+ jonf

2

E = yt)'dt= Y(f)df= [

5 1 2 5 1
“ger] O =2 e
-5 0

Making change of variablesmt f =u = df =i du, we obtain

2% 1 2 om 2

E =" — du=tan(u)]" =*(1.507)=0.9594

Y om £1+ u’ T o T
Thus output of the LP filter contains 96% of the input signal energy.

2.27 Calculate and sketch the power spectral density of the following signals. Calculate
the normalized average power of the signal in each case.

a. X(t) = 2cos(1000mt - /2) - cos(1850mt + 1/ 4)

% (1) % (t)
Solution:

TI2
1

T—o0 1 2 12 21

R,(r) =lim_"Cx@)x(t-r)dt=R, ) +R, (1)~ R,, (1)~ R, (1)
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T/2

R, =lim> [ x(Ox-vd

\ [ 1

~lim || 25 1000mt - "2cos 1000w (t-7)- " ot

Ly N

T/2

T—)oo

= 2lim > j {cos (1000mt ) + cos| 1000w (2t ) - [} it

= 2cos (1000mt )

The second term is zero because it integrates a sinusoidal function over a

period. Similarly,
TI2

R ()=limt [ %% -t -1 cos(1850mr)

’ Toe T -T/2 2

The cross-correlation term

1 T/2 1 T/2
R, (@=lm= [ xOx-1)=lm= | 2c0s (1000t -1t/ 2) cos [ 1850m (t -t ) +7 /4 [t
e =T 1 ToeT )

T/2

1 :
= lim = J/Z{cos (850mt ~1850mT + 31 / 4] +sin (2850mt - 1850t — 1 / 4)}dt

IS zero because it integrates a sinusoidal function over a period in each case.
Similarly, it can be shown that all other cross-correlation terms are zero.
Therefore,

=R,(t) + R, (r) = 2¢0s(1000mT +2l cos (1850nt )

G (f)=3R (r)}_ 5 2¢0s(1000mT ) + lcos[1850rrr)
X X - 2

=[5.(f -500) +5 +500)]+i[8(f —925) + 5 (f +925)]

The normalized average power is obtained by using (2.172) as

© 2012 by McGraw-Hill Education. This is proprietary material solely for authorized instructor use. Not authorized for sale or distribution in any
manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted on a website, in whole or part.



43

© 2012 by McGraw-Hill Education. This is proprietary material solely for authorized instructor use. Not authorized for sale or distribution in any
manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted on a website, in whole or part.



p = I 6.(f)df = m[&(f ~500) +8 (f +500)]df +i ’ [6(f -925)+8(f +925)]df

|

-0 —00 -00

+

=1+1+

N o

S
Sl L

o
©

Power Spectral Density
=} o
o o

©
N

0
-1 0.8 -06 04 02 0 0.2 0.4 0.6 0.8 1

Frequency (kHz)

b. x(t) = [1+sin(200m t)] cos(2000mt)
Solution:
X(t) = [1+sin(200mt)] cos(2000mt)
= €05(2000mt) + sin(200m t) cos(2000m t)
= €0s(2000mt) + lsin (22200nt] - lsin (15'30011t]

e % (1) % (1)

Now

T/2
1

T—-oo 1 2 3

T

R, (r) = lim _ TPxMx(-1t)dt=R @)+R ()+R, (T)

where

R (t)= lcos[2000rtr)
X 2

R (T)= écos (2200mt)

R, (1) = écos (1800m )
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Therefore,

R (1) = L , €08 (2000mT ) +8l cos(2200mt ) +8l cos (1800nt )

G (f)= s{R @)} = 3( cos(2000m)+lcos[2200m)+lcos(1800nrﬂ
: : 12 8 8 )

——[6(f ~1000) + 3 (f +1000)] + [5(f ~1100) +§ (f +1100)]

+E[8(f ~900) +6 (f +900)]

The normalized average power is obtained by using (2.172) as

lOO 0

:TG(f)df: j[a(f—1000)+5(f+1000)]df+ij[5(f—1100)+5(f+1100)]df
X _Oox 4_00 16_00
15 21113
+16_L[5(f—900)+5(f+900)]df_2+8+8_4

0.251

0.2

Power Spectral

0.1

0.05|
0

c. x(t) =cos®(200mt)sin (1800mt)

Frequency
(kHz)

Solution:
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X(t) = [1+ cos (400mt) sin (1800mt) = Lsin (1800mt) + Lsin (1800mt) cos (400mt)

2 2
sin (1800mt) + 4115"] (1400mt) + Alrsm (2200mt)

I\)II—‘I’\J

Now
R ()=R, (1)+R, (1) +R, (1)

where

R (T)= écos (1800mt )
R (t)= L os (1400mt )
X2 32

R, (1)= cos (2200t )
Therefore,

R (1) = . g 6% (1800mt ) +é cos(1400nt ) +3% cos(2200mt )

G (f)= ‘3{R @)} = S{ cos (1800mrt ) + L cos [1400m)+icos(2200m)1|
' ' 8 32 32 )
—[6(f 900) +5(f +900)] + [6(f—700)+8(f+700)]

+&[5(f -1100) + & (f +1100)]
The normalized average power is obtained by using (2.172) as

- I ¢ (F)df == T[S(f ~900) +8 (f +900)]df +if[5(f ~700) + 8 (f +700)] df

o 16 64

lli3

100
64[0[5(1‘ ~1100) + 8§ (f +1100)]df = a3 35" 16
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