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CHAPTER 1
FUNDAMENTAL PRINCIPLES OF COUNTING

Sections 1.1 and 1.2

{a) By the rule of sum, there are 8 + 5 = 13 possibilities for the eventual winner.

{b) Since there are eight Republicans and five Democrats, by the rule of product we have
8 x § = 40 possible pairs of opposing candidates.

{¢) The rule of sum in part (a); the rule of product in part (b).

By the rule of product there are 5 X5 X5 X 5% 5 x 5 = 5% license plates where the first
two symbols are vowels and the last four are even digits.

By the rule of product there are (a) 4 x 12 x 3 x 2 = 288 distinct Buicks that can be
manufactured. Of these, (b) 4 X 1 x3 x 2 =24 are blue,

(a) From the rule of product there are 10 x 9 x 8 x 7 = P(10,4) = 5040 possible slates.
(b) (i) There are 3 X 9% 8 X 7 = 1512 slates where a physician is nominated for president.
(ii) The number of slates with exactly one physician appearing is 4 x [8 x 7 x 6 x 5] = 2520.
(iii) There are 7 X 6 X 5 X 4 = 840 slates where no physician is nominated for any of the -
four offices. Consequently, 5040 — 840 = 4200 slates include at least one physician.

Based on the evidence supplied by Jennifer and Tiffany, from the rule of product we find
that there are 2 X 2 X 1 x 10 X 10 x 2 = 800 different license plates.

{a) Here we are dealing with the permutations of 30 objects (the runners) taken 8 (the first
eight Bniching positions) at a time.. So the trophies can be awarded in P30, 8) = 30!/22!

ways.
{b) Roberta and Candice can finish among the top three runners in 6 ways. For each of
these 8 ways, there are P(28,6) ways for the other 6 finishers (in the top 8) to finish the
race. By the rule of product there are 8. P(28,6) ways to award the trophies with these
two runpers among the top three.

By the rule of product there are 2% possibilities.

By the rule of product there are (a) 12! ways to process the programs if there are no
restrictions; (b} (4!)(8!) ways so that the four higher priority programs are processed first;
and {c} (45){51)(3!) ways where the four top priority programs are proeessed first and the
three programs of least priority are processed last. ‘
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(a) (14)(12) = 168
(b) (18)(12)(6)(18) = 18,144
() (8)(18)(6)(3)(14)(12)(14)(12) = 73,156,608

Consider one such arrangément — say we have three books on one shelf and 12 on the
other. This can be accomplished in 15! ways. In fact for any subdivision (resulting in
two nonempty shelves) of the 15 books we get 15! ways to arrange the books on the two
shelves. Since there are 14 ways to subdivide the books so that each shelf has at least one
book, the total number of ways in which Pamela can arrange her books in this manner is
(14)(15!).

(a) There are four roads from town A to town B and three roads from town B to town
C, so by the rule of product there are 4 x 3 = 12 roads from A to C that pass through B.
Since there are two roads from A to C directly, there are 12 + 2 = 14 ways in which Linda
can make the trip from A to C.

{b) Using the result from part (a), together with the rule of product, we find that there
are 14 x 14 = 196 different round trips (from A.t{o C and back to A).

{c) Here there are 14 X 13 = 182 round trips.

(1) act (2) a,tie (3) cat 4) ctia (8) tac (8) tca
(a) 8= P(8,8) (b) ™ 6! .

(a) P(7,2) =T/(T - 2)! =T1/5! = (7)(6) = 42
(b) P(8,4) = 81/(8 —4)! = 81/4! = (8)(7)(6)(5) = 1680

() P(10,7) = 101/(10 — 7)! = 101/3! = (10)(9)(8)(7)(6)(5)(4) = 604, 800
(d) P(12,3) = 12!/(12 — 3)! = 12!/9! = (12)(11){10) = 1320

Here we must place a;b,c,d in the positions denoted by x: exexeXxe xe. By the rule
of product there are 4! ways to do this.

(a) With repetitions allowed there are 40% distinct messages.

(b) By the rule of product there are 40 x 30 % 30 X ... X 30 x 30 x 40 = (40%)(30%)
messages.

Class A: (27 —2)(2% — 2) = 2,113,928,964

Class B: 214(2'® — 2) = 1,073, 709,056

Class C: 2%1(2®% — 2) = 532,676,608

From the rule of product we find that there are (7)(4)(3)(6) = 504 ways for Morgan to
configure her low-end computer system.

(a) 7! = 5040 - (b) 4x3x3x2x2x1x1={4)(3!) =144

() (B)E)4Y = 720 (d) (3)(4!)(2) = 288

(a) Since there are three A's, there are 8!/3! = 6720 arrangements.
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(b) Here we arrange the six symbols D,T,G,R,M, AAA in 6! = 720 ways.

(a) 121/(31212!21)

(b) [L1/(31212121)] (for AG) + [111/(31212121)] (for GA)

(¢) Consider one case where all the vowels are adjacent: §,C,L,G,C,L, OIOOJA. These

seven symbols can be arranged in (7!)/(2!2!) ways. Since 0,0,0,11,A can be arranged

in (61)/(3!2!) ways, the number of arrangements with all the vowels adjacent is
[ri/(22D)i6/(8121).

(Case 1: The leading digit is 5)  (61)/(2!)

(Case 2: The leading digit is 6) (81)/(2!)*

(Case 3: The leading digit is 7)  (6!)/(2!)? -

In total there are {(6!)/(2)][1 + (1/2) + (1/2)] = 6! = 720 such positive integers n.

Here the solution is the number of ways we can arrange 12 objects — 4 of the first type,
3 of the second, 2 of the third, and 3 of the fourth. There are 121/(4!131213) = 277,200

ways.

Pon+Lr)=@m+1){/(n+i-r)={n+1)/(n+1-r) -Bl/(n-r)]=
f(n+ 1)/(n +1—1)]P(n,r). )

(a) n=10 | (b) n=5
(c) 2nl/(n=2)1 450 = (2n)/(2n - 2} = 2n(n ~ 1) + 50= (2n)(2n— 1) = n® =25 =

n =35,

Any such path from (0,0) to (7,7) or from (2,7) to (9,14) is an arrangement of 7 R's and
7 U’s. There are (14!)/(7!7!) such arrangements. .

In general, for m,n nonnegative integers, and any real numbers @, b, the number of such
paths from (a,8) to (a+m,b+n) is (m+ n)l/(minl).

(2) Each path cousists of 2 H’s, 1 V, and 7 A’s. There are 10!1/{21117!} ways to arrange
these 10 letters and this is the number of paths.

(b} 101/(21117Y)

(c) ¥ a,b, and ¢ are any resl numbers and m,n, and p mmue@tmuﬁegas then
the number of paths from (a,b,¢) to {a+m,b4 n,c4p) is (m+ n+ p)/(minlpl).

() The for loop for i is executed 12 times, while those for j and k are executed 10~5+1 = 6
and 15 —8 4 1 = 8 times, respectively. Consequently, following the execution of the given
program segment; the value of counder is

0+ 12(1) + 6(2) +8(3) = 48.

{b) Here we have three tasks — T3, T, and Ty. Task T} takes place each time we traverse
the instructions in the ¢ Joop. Similarly, tasks T, and T take place during each iteration
dth}adkloops,mpectnrely Theﬁnalvaheﬁrthemgermmbkmionm
by the rule of sum.
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(a) & (b} By the rule of product the print statement is executed 12x6x 8 =576 times.

(a) For five letters there are 26 %26 x 26x1x 1 = 26° palindromes. There are 26X 26 X
26 % 1 x1x1=26° palindromes for six letters.

(b) When letters may not appear more than two times, there are 26 x 25 x 24 = 15,600
palindromes for either five or six letters.

By the rule of product there are (a) 9x 9% 8x 7x 8 x 5= 136,080 six-digit integers
mthnoleadmgmsmdm:epea&eddig't {b) When digits may be repeated there are
9 % 10° such six-digit integers.

(i} (a) (9%x8x7x6x5x1) (for the integers ending in 0) + (BX8X Tx 6 x5 x 4) (for
the integers ending in 2,4,6, or 8) = 68,800. (b) When the digits may be repeated there
are 9x 10 x 10 % 10 % 10 x 5 = 450,000 six-digit even integers.

() () (9x8x7Tx6x5x1) (for the integers endingin 0) + (8 X 8% Tx6x5x 1)
{for the integers ending in 5) = 28,560. {b) 9 x 10 X 10 x 10 X 10 X 2 = 180, 000.

(iii) We use the fact that an integer is divisible by 4 if and only if the integer formed by
the last two digits is divisible by 4. (a) (8% 7x6x5x6) (Inst two digits are 04, 08, 20,
40, 60, or 80) + (7 X7 %6 x5 x 16) (last two digits are 12, 16, 24, 28, 32, 36, 48, 52, 56,
84, 68, 72, 76, 84, 92, or 96) = 33,600, (b) 9 x 10 X 10 X 10 x 25 = 225,000.

(a) For positive integers n,k, where n = 3k, nl/(3!)* is the number of ways to arrange
the n objeets &y, &iy %1, T3 T3 T3y« «y Thy Thy Tp- This must be an integer. :
(b) ¥ n,k are positive integers with n = mk, then n!/(m!)* is an integer.

(a) With 2 choices per question there are 2'° = 1024 ways to answer the examination.
(b) Now there are 3 choices per question and 3 ways, ‘

(41/21) (No 7s) + (41) (One 7 and one 3) + (2)(41/2!) (One 7 and two 3s) + (41/2) (Two
7's and no 3s) + (2)(4!/2!) (Tweo 7’s and oue 3) + (4!/(2!21)) (Two 7’s and two 3's). The
total gives us 102 such four-digit integers.

{a) @ (b) Let A,B denote the two people who insist on sitting next to each other.
'I'hmthﬁew 3] (&tuthengi&tof31+5‘ {B to the right of A) = 2(5) seating

(a) Locate A, There ave two cases to consider. (1) There is a person to the left of A on
the same side of the table, There ave 7! such seating arrangements, (2) There is & person
to the right of A on the same side of the table. This gives 7! more arrangements. So there

ave 2(7!) possibilities. {b) 7200

We can seleck the 10 people to be seated at ﬁwﬁh&uﬁriamm mmmal
selection. there are 9! ways of arranging the 10 people around the

people can be seated around the other table in 5! ways. Cmmmmtlythue (:‘ﬁ#‘
ways to seat the 16 people around the two given tables.



The nine women can be situated around the table in 8! ways. Each such arrangement
provides nine spaces (between women) where a man can be placed. We can select six
oitheaephmandmtmeammmmhofthemm (5)5"-9 +8:7-6-5-4 ways.
Consequently, the number of seating arrangements under the given conditions s (8!)| (’ 8l =
2,438,553, 600.

procedure SumOfFaci(i, sum: positive integers; j k: nonnegative integers;
factorial: array [0..9] of ten positive integers)

faciorial [0] ¢ -1‘
fori:=1to9do
factorial [3] := 1 * factorial 5 - 1]

fori:=1to9deo
for j:= 0 to 9 do
for k:=0to 9do

begin
sum = factarial [t'] + factorial [3] + factorial [k}
if (100 * § + 10 * j 4 k) = sum then

print (100 %4+ 10*j+ k)
end

end

The unique answer is 145 since (1f) + (4!) + (5!) =1+ 244 120 = 145.

Section 1.3

() = ot/121(6-2)1] = 61/(21) = (O)®)/2 = 15
a b b )

o oo o
Be™ D Q6
& M e B
iy v D WD

LR O
"o fe

Order is not relevant here and Diane can make her selection in () = 792. ways.

(3) C(10,4) = 101/(4161) = (10)(O)(BYM)/(4)3)(2)(1) =210
) (7) = 120/7181) = (12)1)A0) NS/ EHANINHD) = 792 -
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() C(14,12) = 141/(12121) = (14)(18)/(2)(1) = 91
(@) () 151/(10181) = (15)(14)(13)(12)(11)/(B)(4)(3)(2)(1) = 3003

@2#-1=s O (=2 @ O+O+G=n

(a) There are P(5,3) = 5/(5~ 3) = 51/2! = (5)(4)(3) = 60 permmutations of size 3 for the
five letters m, r, 3, f, and t.

(b) There are C(5,3) = 5!/[3K5 — 3)1] = 51/(312!) = 10 combmatmns of size 3 for the five
Tetters m, r, &, f, and t. They are

afm afr abE am,r - Ayt
a,r,t fmr f,m,t £t mrt

(;) ("3 ) = GEtn =1+ G - D - 2= Gl = Dl + 0~} =
G)n—-1)2n—-2) = (n -1}
(=) (3) ®)()()
) ()0 (“*}(z women)+ () () (4 women)-+.. -+ (1) () (10 women) = 55, (3%) (,0%)

@ B0 e { ('}f’(‘f)‘{jff’* (51G] o+

e} 2:30 (m) (n-i)

@ ® () © GHOG @ GO
e) gé (3) ® (OE)E) = s
(®) ("){ (£){4)/2 (Division by 2 is needed since no distinction is made for the order

iu which the other two cards are drawn.) This result equals 54,912 = (“}(,)(*) 3744 =
(O

e -
® © ® © @ @+@+0
@ ) ‘

@ =m0 ® Qs () Gwotetns ()
(five of the first six) +{$){{) (all of the first six) = (15)(4) + (B)(6) + (1)(4) = 100,

{s) The first three books can be selected in (%) ways, The next three in (3} ways.
The third set of three in (;) ways and the fourth set in () ways. Consequently, the 12
books can be distributed in (%%} (5} (3 () = (120)/{(81)9 ways.

8
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o) (AEEE = eavieren).

Theletters M,1,LLP,PI can be arranged in [71/{41){21)] ways. Euch axrangement provides

eight, locations (one at the start of the arrangerent, one at the finish, and six between

letters) for placing the four nonconsecutive §'. Four of thicse locations can be selocted in
(‘)W Henee, the total number of these arrangements is (‘) 7 /(4tczt).

(1) = 12,376 when n=17.
{a) Two distinct poinis delermine & line. With 15 points, no three collineas, there
e () possibl e )
() Thereare (¥) possivle trianglos or planes, and (%) possible teteabedra.
(a) }fﬁﬁ"ﬂ)‘: = (P4 D2 F DB D) D462+ 1) $(67+1) = 245+10+17+26+437
ot
= 97
s
(B) U= =2~ U+ U=~ (0 = 1)+ (P~ 4 (2 ~1) = =02~ 14 04T
Fe3 .
=5
(e} }%{1 F(-1)1=24042+40+2+04+240424+04+2=12
an X '
(@) 01 = [+ (=T 4 (=M (1™ o [ (-1
B = 040+...40=0
{e) E}( ~1f==142~844-546=3

® &4 o %2 @ D B
@ 3 @ o o]
(s) 101/(ata3l) ®) (2 + D2+ ()

{c) (“') {four 1's,; six 0's) + ('ﬂ(l] (two 1's, one 2, seven 0's) +
(%) {emo 2s, eight 0s)

( (three 1s, seven 0" } +{3)() (one 1, one 2, eight 0s) +
{m 3, pine 0%) =

(‘“) +HH+ 6+ ("‘)(;) 0



