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CHAPTER 2
Matrices

Section 2.1 Operations with Matrices

2.x=13,y=12
4, X + 2 =2X+6 2y=18
—4 =X y=9
2x =-8 y+2=11
X=-4 y=9
([6 1] [1 4] [ 6+1 -1+4] [ 7 3]
6.(a A+B="2 | |1 o) 4+ =2
| 4]+|- 5| |2 51 9

I3 5l |L110|+ F—3+15+10|J l|215]]

| |~ 5| =
ll-6 10!] I 1 10]l L|45 110-10]! -7 ol]

© B+1A:u gLJS _ﬂ:u ‘51]+|(3 : AR [ ﬂ|
S PR B B PR R I

B:‘Fs 2 —ﬂlro 2 p |F3+0 2+ 2 —1+p |F34OT

A [6 —ﬂ| ‘I—l 4 6(—11) —£11—41| |r5 51|
- 2-(- -
® | 57| 5|20 3 1)
-8 5l IL110)) |ls-15-10) -4 -sl|
||—6 -11] 6) 2(-1)1 [j12-2]
© 2" 22 4= HES 2(4;|—||4 |8||
N 2(-3) 2(5) |-610 |
DA [1‘21 -2] Fl 4] (12 ; —g—ﬂ [11 -6]
@ 2A- 8 -[-1 . 4-(-1) 8_ | ||5 3||
|

8. (3) 2 4 5 5 472 2| =17 |

o1 2l l12 1 0] |L0+2 1+1 240/ 222l

[ —1] [0 2 1] (3 2-2 - 1] [30 -2]

| 5 5 4 2 || 3

() A-B=

o1 2l l210)f llo-2 121 2.0 I20 2]
’ A |F3 2 -1 ﬂ F‘ 2(3) 2(2) 2(-1) ﬂ 6 4 21|
© 22 4 5.=12(2) 2(4) 2(5)|= |J18 10|

[0 1 2] LZ(O) 2(1) 2(2)J [0 2 4]

‘Fs 2 —|ﬂ|ro 2 |1—|||—6 4 —|21|ro 2 |1—|||—62—3—||
(d 2A-B= 22 4 5|-|5 4 2|=|4 8 10|-|5 4 2|=}1 4 8
o1 2yl l2 10l ljo2 4 |L2 1 0]l |}—2 1 4l
(o 2 1] [3 2 1] [02 1] [s 1 31]
(&) B+1A=

| Iz 2
+ 1 = + =|66°
|54 2 |2 4 5| |542| |12 5| =166
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10. (a) A + B is not possible. A and B have different sizes.

(b) A — B is not possible. A and B have different sizes.
[3] [6]

(c) 2A = 2||2 |4‘||

=R

(d) 2 A—Bis not possible. A and B have different
sizes.

(e) B +1Azis not possible. A and B have different

sizes.

12. () ¢ =5a+2b  =5(2) +2(11) =32
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14. Simplifying the right side of the equation produces

[WXT [4+2y 3+2wl.
al 2+2z -1+

y X
> )L |
By setting corresponding entries equal to each other, you
obtain four equations.

w= —4+2y —2y+w=-4
x=  3+2w  X— 2w =3

y= 242z |y — 2z =2

X =-1+2x [le

The solution to this linear systemis: x=1,y = 3

23 23 23 z=-1,andw=-1.
(b) c:2 =5az+2bz = 5(1)+ 2(4)=13 4
_[2 =24 11 _T2(4)+(-2)(2) 2(1)+(-2)(-2)1_T4 6]
16. (a) N | | I |
-1 4l2 2] |4 +42) AY+4-2) | 4 -9]
o) BA:|F4 HF 2 —21| [4(2)+1(-1)  4(-2)+1(%) L |r7 —41|
2 -2][-1 4] L2(2)+(—2)(—1) 2(-2) + (-2)4)] 6 -12]
_[1 1 7 1)+ (-1)(2)+7(1) 1)+ (1)) +7(-3) 1(2)+(-1)1)+ 6 —21 15
wo 27 3 Al LA G G A S i ]
3 1 -1fl1 3 2 L3(1)+1(2)+(—1)(1) 3(1) +1(1) + (-1)(-3) 3(2)+1(1)+(—1)(2)J a7 sl
J[ror 2 a7 [ u0+1)+23) (D)UY U7)+U8)+ 2] [9 0 13]
(b) BA‘[z 1 11|2 -1 8—l:| 21)+1(2)+1(3)  2(-1)+1(-1)+1(1)  2(7) +1(8)+1(- |1)| |7 2 21
1 3 2lll3 1l L1(1)+(-3)(z)+2(3) 1(-1) + (-3)(-1) + 2(1) 1(7)+(—3)(8)+2(—1)J 1 4 -10]]
N3 2 1Tt 21 [13@)+22)+1(2) 3(2) + 2(-1) +1(-2) Tr s 21
20.(a) AB= _3 0 | 3(1) +0(2) +4(1) -3(2) +0(-1) + 4(-2) = 1- 14
a2 12 IO s (20 (a0 4+ o)+ o) Ta
411 2] |- 18]

41
L

(b) BA is not defined because Bis3 x 2 and A is 3 x 3.

P PP I UG _Zlgﬂzlr_zﬁl %% _42]
2. (@) o —2(2) 20) -23) -2)! l-a-2.6 |
| 2] | | Y
U1l 12 1) 13 12 l2 1 3 2l
[-1]
BA=[213 2]| |—F2( 1) +1(2) + 3(=2) + 2(1) | = [-4]
(b) i

|
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I 1l

24. (a) AB is not defined because Ais2 x 2 and B is 3 x 2.
2 1T2 -31 |2(2)+1(5)  2(-3)+1(2) | [9-4]

o sl @ weae |

BA=1 ls 2) |1 =117 3
12 -11) L2(2)+(—1)(5) 2(—3)+(—1)(2)J TR
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26. (a) r‘z 1 21ﬁ4 0 1 3|1

AB = 3 -1 - 12 3
| 2t 2 2

2 1-2)l|2 1 4 3l

|—‘ 2(4)+1(-1)+2(-2) 2(0)+1(2)+2(2) 2(1) +1(-3)+2(4) 2(3) +1(-1)+ 2(3)

I

HGERGERS G BESE RGBS

L ]
3 4 7 11]
=17 -4 -2 4’
5 0 -13 -13]
(b) BAis not defined because Bis 3 x 4and Ais 3 x 3.
28. (a) AB s not defined because Ais 2 x5andBis 2 x 2.
®) ga _ ‘I—l 6—”1 03 -2 4]
14 2]6 13 8 -17 20]
| [ 1(1)+6(6) 1(0)+6(13) 1(3)+6(8) 1(-2)+6(-17) 1(4) + 6(20)1 |
|4(1) + 2(6) 4(0) + 2(13) 4(3) + 28) 4(-2) + 2(-17) 4(4) + 2(20)]
‘ 37 78 51 -104 124 ||
[16 26 28 -42 56]
30. C + E is not defined because C and E have different 40. In matrix form Ax = b, the system is
sizes. [2 3Tx] [ 5]
e T
32. -4 Ais defined and has size 3 x 4 because A has size 1 4]x| [10]
3 x4 Use Gauss-Jordan elimination on the augmented matrix.
34. BE is defined. Because B has size 3 x 4 and E has size P 3 5—’ - [1 0 _2—’
4 x 3, the size of BE is 3 x 3. [1 4 10] [0 1 3]
o _ %] [-2]
36. 2R\ Gs defiped and has size 4 x 2 because 2D and C So, the solutioniis |~ =
) L3
38. As asystem of linear equations, Ax =0 is 42. In matrix form Ax = b, the systemis
X1+ 2X2+ X3+ 3x4=0 -4 9] x -13
)1(1—X22 ? +4X4 =0. |— T 1—”— ” —”

|1 3]%] [12]

X2 —X3+2Xa=0

Use G_auss-Jordan elimination on the augmented matrix |-| 4 9 _13-||:> ||'10 -23]
for this system. _35
M 2 130 [100 20] L1 -8 12) 01 s

1-1 | | | [x] [-23]
{ 0 10/=]0 10 10] So, the solution is | 1| | l
o 1120l lpor -0l L) Ls

Choosing x4 =t, the solution is
X1=—2t,x2 =-t,x3 =t andxs =t wheretisany
real number.

Use Gauss-Jordan elimination on the augmented matrix.
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44. In matrix form Ax = b, the systemis
I
|-1 2 0f|xe| =] 1}
L1 aflx] 2

Use Gauss-Jordan elimination on the augmented matrix.

‘[11 3 -3, —ﬂ:JloozT 3'

010 3

1 1 1 21| |LO 01 2|J
[ xi] H 21|
So, the solution is .pgh E| |

46. In matrix form Ax = b, the system is

[1 -1 4]Tx] [ 17]

| [ I
1130 e|=| 11
llo =8 3llx] ol

Use Gauss-Jordan elimination on the augmented matrix.

ml _133 _17] (1 00 4]

11|=]010 -5|
065 40/l loo 1 2l
[ x 4

| 1] H

So, the solution IS'LXZ |ﬂ Lij

48. In matrix form Ax = b, the system is

[1 1 0 0 0] ij [0]

‘OllOOHX2‘ ‘O‘

lo 0o 1 1 ollxl=lol
| [ ||
|0 0 0 1 1| ‘X4| |0|

|-11 -11 1] [X%] L5]

Use Gauss-Jordan elimination on the augmented matrix.

0 0 0 0 [10000 —1] |
100 ¢ 01000 4|

lo 01 1 0 ol=loo100 -1l

| | | |
000 1 1 0 00010 1

|-11 -11 -1 5] L00001 1]
So, the solution is [ x|
Lz | [ 1|
X, ’ Il

X4| 1

!
%] L[]

50. The augmented matrix row reduces as follows.
124 1 10-2 -3]

\‘1 02 3/=(01 3 2
10132]] loo o o
There are an infinite number of solutions. For example,
PIOMTRRIT] 2] [
So, b =|3|=-3-1|+20]+02].
2l ol lal (3]
52. The augmented_matrix row reduces as follows.
Pls g5 —22*n Fl -3 1OSW

| | |
3 4 4
| =10 9 g

4 8 320 o4 g

[1 -3 10] [1 0 4]

| | \
0 1 2|01 -2|
o 1 2l] loo ol

[-22]  [-3] [5]

[ | |
=| 4]=4 3|+ (2)|
|L32|J [ 4] IL—SJ\

=

1

54. Expanding the left side of the equation produces

{2 —1] A {2 —1ﬂ{an a1ﬂ|
|_3 _ZJ |_3 _ZJ |_a21 aZZJ
:|—| 2a11 —az 2a12 — a2 | L |—1‘ 0]

|3a11—2ax 3aw — 2az] [01]

and you obtain the system

2a11 - ay =1
2a12 - an =0
3au —2az =0
23(:11 —2a2 =1.

Solving by Gauss-Jordan elimination yields

air=2,a2=-1,ax1=3,and ax=-2.

So, you have A =| rg -1 |—|.
L 2]
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56. Expanding the left side of the matrix equation produces [[3 0 0l[-7 0 0]

AB =
[a bl2 11_T2a +3b a+b] _[317] 60. - g4
| . | | | 5 0 0f
lc d13 1] [2c+3d c+d] |4-1] |L0 00|JL0012|J
You obtain two systems of linear equations (one ( 3(-7)+ 0t o +0+00+0+0l
involving a and b and the other involving ¢ and d). = O+O+OO+( g4+00+0+ 0 |
2a+3b=3 |L 0+0+0 0+0+00+0+0‘J|
a+b=17, [-21 00]
and = ’ 0 —20 o|
2c +3d = 4 Ll 0 00|J
¢+ d=-L Similarly,
Solving by Gauss-Jordan elimination yields a = 48, |'| -21  00] |
b=-31,c=-7,andd=6. BA= 0 -
| 200
s 12 0 olfj2 o0) [400] o ool
-7 7 10-30)10-30|=|090|
llo o olflo o ol] looo]
N 0 0—\|—b11 by, b13—|| | [ayby,; b, a11b13|—|
| " b b '='lab ab
a
62.(a) AB= |0 2 O|lba 2 = |22 22 @bz
ﬂ 0 0 assjtbn b, b33h Laaabm Ay  Agby, |J
The ith row of B has been multiplied by aii , the ith diagonal entry of A.
BA — |—b11 b12 b13—| ’—aUI 0 0—| |—allb11 a'22b12 aKSb13—| |
21 22 23 22 1 21 22 22 3323
(b) {b b bﬁOa 0|:Lab ab ab|
by by, by L 0 0 assJ 303 Ay, assbsaJ
The ith column of B has been multiplied by aii , the ith diagonal entry of A.
(c) If a1 =az =ass, then AB =auB = BA.
64. The trace is the sum of the elements on the main 66. The trace is the sum of the elements on the main
diagonal. diagonal.
1+1+1=3 1+0+2+(-3)=0

68. Let AB=[c ,wherec=, n ab.Then, Tr( AB) =D} ¢ :E(i 3

L] ij ikkj i | by |

k=1 i=1 i=1\ k=1 \

Similarly, ifBA=[d,d ~ =Xba.ThenTr(BA)=> n ¢ = Y (yba =Tr(AB).

Lil ik kj i | ik ki |}

k=1 i=1 i=1\ k=1

0. AB - |F(:os a -sina —|||Fcos B -sinP '||||— cosa cosP —sina sinB cosa (-sin B) —sin o cos P —I‘

Lsino cosalsin B cosP J||sina cosB +cosa sin B sino(=sinB ) +cos ocos B[]
A |I'cos B —sinBllcosa -sina T||—cos B cosa —sinB sina cos B (-sina ) —sinB cos oﬂ‘
Lsin B cosP Isina cosa |||sinf cosa +cosP sino sinf (-sino ) +cosP cos a ||

cos(a +B) -sin(a +P)]1
So, you see that AB = BA = |

[Isin(le +B) cos(a+PB)]l
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a a b
72. LetA:r 1 12—|andB:|— b ]

| | P
8 @y | [ 021 ba |
[10]

Then the matrix equation AB — BA = | | is equivalent to
01

’7311 alz_wbn blZﬂ | [bu b12||—| [ai1 alT—| 4 M1 O|—|
[ an|lbx bp]| [by bpllan ap] [01]
This equation implies that

a11b11'|' a12b21_ buan_ b12a21= a12b21_ b12a21= 1

A0y + Aoy — By — Dy, =8y — bpap=1

which is impossible. So, the original equation has no solution.

74. Assume that A is an m x n matrix and B is a p x q matrix. Because the product AB is defined, you know that n = p.
Moreover, because AB is square, you know that m = g. Therefore, B must be of order n x m, which implies that the product
BA is defined.

76. Let rows s and t be identical in the matrix A. So, a5 =aijfor j =1, ..., n.Let AB = [cj ], where

n n n

Cij = Z aikb. Then, ¢ = Z askbyj , and ¢y = Z awbyj. Becauseaw  =awfork =1, ..,n, rowsSandtof AB
k=1 k=1 k=1

are the same.
78. (a) No, the matrices have different sizes. 80 12||—70 50 25—} ||—84 60 30—‘|
(b) No, the matrices have different sizes. T 135 100 70| a 142 120 84]

(c) Yes; No, BA is undefined.

82. (a) Multiply the matrix for 2010 by-X '3-&535 produces a matrix giving the information as percents of the total population.

3w WR ys ne o

1354 2.
Al 1 27700 72075 1a085!<1d00 3335 F8|
|

2000 | |

5698 13,717 2710 | |1.84 444 0.88]
(12222 31867 01| 306 1031 g1

Multiply the matrix for 2013 byfl31 0his produces a matrix giving the information as percents of the total population.

(12,026 35,471 8446—\ [3.81 11.23 2.67]

15,772 41,985 97%1| 44.99 13.%9 3.10|
B=1 '27,95473,703 16,727 z|8.85 3.325.29

3160
5710 14,067 3104 181 445 0.98

12,124 32,614 6636 | [3.84 10.32 2.10]

(b) {3.81 11.23 2.67] {3.98 11.40 2.53] (—0.18 -0.18 0.14]
| | -022 -025 0.17

499 1320 310| |52l 1354 293| | | |
8852332529 -19.0023.334.85/=' —0.15-0.001 0.44

w
|
>
|

1.81 445 0.98’ 1.84 4.44 0.88‘ ‘—0.04 001 o011

|3.84 10.32 2.10] |3.96 10.31 1.91] [-012 001 0.19]

(c) The 65+ age group is projected to show relative growth from 2010 to 2013 over all regions because its column
in B — A contains all positive percents.
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‘ro 0 10”12 34 |1 23 4
” AB=| 0 7 8 |5 6|7 8
I_l 0 00”12 3 4] |1 _3_4||

|
o -100l/ll56 78] [|-5-6-7 -8l

86. (a) True. The number of elements in a row of the first matrix must be equal to the number of elements in a column of the
second matrix. See page 43 of the text.

(b) True. See page 45 of the text.

Section 2.2 Properties of Matrix Operations

2.||—6 81|+|Fo 51|+|F—11 -ﬂ|=|r6+0+(—11) 8+5+(7)—|| |r5 6—||

-1 0] [-3 -1 [ 2 -1 |-1+(=3)+2 0+(-1)+(-1)| [-2 -2]

4.([5-240] +[146-189]) =1[|5+14 2 +64+(-18) 0+9]1=1[19 4 ~149] =192 797
2 2 2 L2 2]
| [411] 5 -1 7 5 -4 11 5+7 -1+5
6. 1| -2 1|+6| |¢3 4—‘+|(9 —1D|—(2 —'|+5|3+(9) 4+(-1)
o 3l Lo 13J L6 -1] [—9 -3] 0+6 13+ (-1)

\

L J
-1 2 4 -4 -11] ;3 2]
1}‘4—2{—6 3] :{ 2 1|||+(—1 |1?|

=3] [612] |[-9 -3] |12
-4+1 —1%+ 2] [11 31'|

(Ql\)-b

1

| +(-3 3 3 |
! S
| 9+1 -3+2] | -8 -1]
[1 2] [0 1] [1 3]
8. A+ B=| | +] | =] |
3 4] [-1 2] [2 6]
[0 1] o 1] fo -1]
10. (a+b)B = (3+(-4)) | =(-1) | =1 |
L1 2] -1 2] [1 -2
2 (a0 - @) | I- -l
. (ab)o = (3)(- = =
Lo [0 o] [0 0]
14.(3) X=3A—28B (b) 2X=2A—B
[—6 —3—’ {O 6—’ [-4 2] [0 3]
= 0 4 0 2X | 0| | |
| 3 |- | =12 |-]2 0
|9 —12/l l82|l 16 8|l lj—a-1]l
L -zl a2 Le 8l Iles
| | ox | |
-1 o |0 o
ll17 —10l] o —71]
{—2 5]
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(©) 2X+3A=B (d) 2A+4B=-2X
oy -6 -31 [0 3] [-4 -2] [012] |
t, 0l=l2 0 | | lg o =2X
| | | | ok | |
o 12y lj—aql l6 —8)l I-16-4]
6 6] -4 10]
2X = -1 10 0'=-2X
| | |
1311 Il —10 121!
331 L|F2—5{|
\ -5 =X
=), 0|| 0
= 1) e
16. ccB = 20 1j1 3N ABc=(-4 2I[1 _g5y [-34]
() ) | | || Nlgy |
\(-10]-12]) 2@ () | 1452 3 N \
3
:(_2)/'_1 2'\ (L 1 |——34TU||-_11|J
|-1 -3] =826 6]
=[2-4] 7-14 ¢J|01\ |
2 6l I
L | |_F180—|
[o11M 1317 01T I
18. €O = | bhajidoy ) P 0 5 o rsan
e A o asc _[ T W oq Il
|, | 5_ | () |4 - I I
L10]L L 1] L 3J\[-2 33 | )
[131fp 11, Tool [-3 ﬂ -1d)
20. B(C + O0)= i I { _]
_ _ |
e e ol
-1 2]|-1 0] [-2-1] L12 5J
_f13r 12 3D noan 1] e
22.8A) | 12/l 4l 26.AB |3 z|[22[=]8 4| 4
C13l24 6 J) > 10 o 7 2l ZJ|| 2 _|§
B LlZﬂLO -2 2—‘J {2 OlOJ—’ oA [_1 1—’||12E |8rrAB
2 all2 2] a4 8]
1 2 3Jo 00] [12 -6 9
R L R B
28. |0 5 4]0 00|=|16-812]
3 21l[ja 23l 4 2 3l
L“ —6JL31|[0 ojo] L .
=| 5 4 4|0 00|=8C

-1 o1ljja 23]

But A= B.

37



38  Chapter 2 Matrices

[24T1 -2] T[oo0]
3.AB=| |, =] =

(2 4|7, 1] [00]
But A= Oand B =0.

o
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32.ATJ1 2}[1 0}:[1 2} 36.A2J1 2](1 2]:(101|:|2
0 -1]0 1] |0-1 0 -1Jo0 -1] |01
. I—llﬂ Jl—l LOTMJ 2] SO,A“L:(AZ])JL:IZ:JI L Hlm
34. A+ IA= + 2 2=
| | [ | [0 1]
[0 -1] [01]0 1]
1 2 1 2 2 4—‘ 38. In general, AB = BA for matrices.
{o —J*[o —Jz[O—zj 16 -7 19 [ 6 -7 19]]
40.D"= -7 0 923 = -7 0
| I 23|
|19 23 -32] |19 28 -32]
M 21-8-1N" T 1 1T T[1-4]
42. (AB) =1 [ | =1 | =1 |
o -2 2 1) [-4 2] [1 -2]
[-3 171 2T _[-3 2|[1 0] _[1-4]
BTAT | |l | [ |~ |
L2 1][0 -2] |-11]2 -2] |1 -2
ABT:ﬂzl—ﬂFl'?—ﬂ\ I {4 0 —qT {4241 |
44.( ) |0 1 3j|21-2|| =12 4 7|=|042]
a0 2o 1 sff laz2 2f la79
|F10 -1Tf21 11 [ 1 2 o|1|r2 041| F| 4 2 41|
A= —2||||o 1 3= |0 1 1j110|= 042
o L 3ll0 2]l sl s | 772
L 1 L]
[1-1]
46. (a) ATA:H 3 0] | [1011]
|4 13 4= | |
L ZJ‘LO ] |11 21]
[1 A[1 3 ol [[2 -1 2]
(b) PA = 3 4 = -125-
| 14 8|
lo ot 2l 2 g 4]l
[4 2 14 6—”4 -3 2 OW [252 8 168 -104]
18.(a) AA= |-3 9-3, 8 |||2 011 - L 8 77 -70 50
| —5|| 14 212 —9|| || 168 -70 294 —139||
[lo -1 -9 4]l[6 8 -5 4]l [|-104 50 -139 98]
Fﬂ —301% 0—‘||—4 2 14 6—’ [29 30 86 —101|
(b) AAT:‘| 2 T1|-3 0 -2 8|_| 30126169 47|
|14 2 12 —9”|| 2 1112 —5|| : 86 169 425 —28||
e 8 —5 4Jllo -1 -9 4] [[-10-47-28141]
0|

50. ‘@ o o o |
|

O " o o o|

(10000—’

39
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0100
| 0]
A= 1o o (@ o ol =001 0 0
| 0 0 0 (_1)17 0 | lo 0 0 -1 0||
||0 1o 0o 0 0 1]
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20
52, [(1)0 0, 0 0 o] [rooool |
(9" o o o, 0 1000
- 1O 0 @F o loo1ool
|
‘ 0 0 0 (_1)20 0 r ‘0001 0l |
| | 00001
o 0 0 0 1 L J
I I
' o ol N[22 0o o] 2 00]
o | s | |
54. Because [0 -1 0= | 0 (1) o | you have A=|0-10|.
o ozl o o o o3l
1 1]

[10]

41

56. (a) False. In general, for n x n matrices A and B it is not true that AB = BA. For example, let A = t , B = .
0o |10

[20] [11]
Then AB 3 |¢ | = |BA.
[0 0] 11
(b) False. Let A= | 4] B = g O{, 20l
| |
L0 0] [1 0]

(c) True. See Theorem 2.6, part 2 on page 57.

58. aX + A(bB) = b( AB + IB)
aX + ( Ab)B =b( AB +B)
aX + bAB = bAB + bB

aX + bAB + (-bAB) = bAB + bB + (—bAB)
aX =bAB + bB + (~bAB) ax
=bAB + (-bAB) +bB aX =

. Then AB= [201

[0 o]

AC, butB =C.

| |
[0 0]

Original equation
Associative property; property of the identity matrix
Property of scalar multiplication; distributive property

Add — bAB to both sides.
Additive inverse
Commutative property

bB Additive inverse
b
X= 2 Divide by a.
60. f A —_ [[LOO] [[21-1] [2 1 Ap |[21-1F
() 100 1 0[+510 2/-210 2| +|10 2
oo 1lp Tz 1 3l ljza 1 3yl 11 3yl
[10 0 o] (105 —5] [21 —1]F21 =101 [ 21 —1]F21 -1p
--7010 . ~ 10 + 10 [ o |
| 0] | 5010 210 2] 2| | 2] 2]
o ool |55 15) |21 311 3 [21 3211 3
FZPS_S —5]_ [ 6 1 —3]+|F1201 _ﬂrsol_? |
| 1010 2 0 3 5 || 3|
|5 5 5| l-4212l] |11 3]-4 2 12

FPS_S —sw {12 2 —6—\

[ 163 —13]
- +' -2 5

10 10 0610' 21|
5 5 5| |-8 4 24| I8 8 ml]

4 6 -12
-1 2



42  Chapter 2 Matrices

3 1
l-15 9 25l]
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62. (cd)A = (cd )[aij] = [(Cd )aij] = [C(daij)} = C[daij:l = ¢(dA)
64. (c+d)A = (c+d)aj] =[(c+d)aj] =[caj + daj] = [caj] + [daij] = [aj] + d[aj] = cA + dA

66. (a) To show that A(BC) = ( AB)C, compare the ijth entries in the matrices on both sides of this equality. Assume that A has

size n x p, B has size p x r, and C has size r x m. Then the entry in the kth row and the jth column of BC is

Z::l bcij. Therefore, the entry in ith row and jth column of A(BC) is

p r

z aikz byc; = z ay bycy .
k=1 1=t k.1 Z,:l il il

The entry in the ith row and jth column of (AB)C is d ¢, where d is the entry of AB in the ith row and the Ith
column.

So, dii = z o, by for each I =1, .., r. So, the ijth entry of ( AB)C is
rop

zz ayby G _zalkbkl ij*

i=1k=1

Because all corresponding entries of A(BC) and (AB)C are equal and both matrices are of the same size (n x m), you
conclude that A(BC) = ( AB)C.

(b) The entry in the ith row and jth column of ( A + B)C is (aii+ bii )c1j+ (@2 + biz )czj+ O + (@in+ bin )cnj, whereas the entry
in the ith row and jth column of AC + BC is (aucu + CF ainCnj ) + (bilClj + 3 binCrj ) which are equal by the distributive
law for real numbers.

(c) Theentry in the ith row and jth column of ¢(AB)is dlaihj + aizbej + E3+ ainbj |- The corresponding entry for (cA)Bis
(caiz)bs j + (caiz )bz j+ 3 (cain )onj and the corresponding entry for A(cB) is aiz(cbs j ) +aiz(cbz ) + L3 ain(chn; ).
Because these three expressions are equal, you have shown that ¢( AB) = (cA)B = A(cB).

68.(2) (A+B)’ (b] [bD —[a-+b] la +bl=la Tl AT+8"
ji ji i Il

@ 4@D—M]—M]wb}dm

(4) The entry in the ith row and jth column of (AB) isab+ab+0ab. Onthe other hand, the entry in the ith row

it i j2 2 jnni

and jth column of BT AT is biiaji + bzia j2 + O + bnia jn , which is the same.

o 1T-1 1] [ 1 01|

70. (a) Answers will vary. Sampleanswer: | | | = |
(1 oJL1 o] [-1 1]
(b) Let A and B be symmetric.

If AB=BA, then (AB)' =BT AT = BA = AB and AB is symmetric.
If (AB)" =AB, then AB=( AB)' =BT AT =BAand AB=BA.
[21]

72. Because A = | |= AT, the matrix is symmetric.
1

[0-21]
|

74. Because — A= ‘2 03

| |
‘|_1 _30|J

= AT, the matrix is skew-symmetric.

76.1f AT =—AandB' = -B,then (A+B)' =AT+BT =-A-B=—(A+B), whichimpliesthat A+ B is

skew-symmetric.






Section 2.3 The Inverse of a Matrix
78. Let A=lau a, a3 0O ay, |
| a a Oa |
|81 2 2 lZ"
| :
Lanl anZ an3 O ann U
A- AT =[an ar awsO ay, |l ay Ay ay O ay]
a a a 0O a I a a a 0O a |
21 22 23 2"|||| 12 22 32 n2
1§
law @ 8s Che|| L2 3 8n O &l
0 a—ax amr-—azld g, —ay | |
5 | 81—y, 0 az—ap Uan—ap| |
| |
U am —am @~ 8;n an—as0 0 U
[ 0 ap—ay A3~ ay O a,—-am rD
|~(a2 — az) 0 s —ax lam 2 |
= ‘ . . ‘
\
L—(aln - anl) —(aZn - anz) _(a3" - a"3) = 0 U
So, A — AT is skew-symmetric.
Section 2.3 The Inverse ofa M trix
110211 [ 2-1 1-11 T[1 0] 8. Use the formula d _b]
2. AB=| | |=| =1 1
-1 2 +2 -1+
L 2jl1 1] | 2] [0 1] At = | l
BA:Fz 1—|F1—1—|:|—2—1 -2 +2T:F1 0] ad—bc|—ca |
| | 1 | | |0 1| where
1 1]- 2 1-1 -1+2] L ]
111~ 2 | J fa b1 [2-2]
-1l 3 11 11 0] A =] | =1 |
aome=] s, sl=] ] lc d] [2 2
L23 ?J Issf | 101 So, the inverse is
[ 3 11 —1] T[10] F1 17
BA=| s sl |=] | a0 1 221 | 4 4l
-2 52 3] [0 - | =1 .
. 22)-(-2)@)l-2 2] |_11]
(2 -17 11[1 1 2] |r10 0] 4 4
6. AB= -1 11 =15 4 —J="01 0\
U 0 3 _z‘nﬁ 6 _5J [0 0 1|J 10. Use the forn‘nu&a _
ar="1 bl
{1 1 21Hr2—17 1] 10 0] ad — bc —¢ a|
BA=' 24 31 11 7=, | L i
| I || 0] where
36 slis 6 -2l oo 1) o[l [12]

Y 2y

41
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So, the inverse is ( 1)(-3) - (-2)(2) - | |

pr 1 [32] [-sl2p 1] L2



12. Usingthe formula

a1 1 d-b]
A = :
where - @
a-la L= 0
L 1L 3]

you see that ad — bc = (-1)(-3) — (1)(3) =0. So, the
matrix has no inverse.
14. Adjoin the identity matrix to form

f1 2 2100]
[ 13 7 9010.

l-1-4 —7001]]

Using elementary row operations, reduce the matrix as
follows.

TS
| | 010 |

loo1 -5 2 1]]

16. Adjoin the identity matrix to form

[105-7100] |

[AI]:~|—5 L 4010,

132-2001
Using elementary row operations, reduce the matrix as

follows.
[100 -10 —427]

[ A—ljz}o 10 2 1-5
ll001-13 535l
Therefore, the inverse is

F‘ -10-427] |
Al = 2 1 -5 .
| |
|-13 53]

18. Adjoin the identity matrix to form

Al =13 2
22

[ ] |

0 ol
10|
|

5 1
4 0
4 4 0 0 o 1!

Using elementary row operations, you cannot form the

identity matrix on the left side. Therefore, the matrix has
no inverse.

Section 2.3 The Inverse of a Matrix 43

20. Adjoin the identity matrix to form
[c5 1 w1 10 0l

[AI]:||| b 2 %010 |
[ 121 = 001
2° 2 J
Using elementary row operations, you cannot form the
identity matrix on the left side. Therefore, the matrix has

no inverse.

22. Adjoin the identity matrix to form
Al =Il_01 02 03 10 0f

[ 1 1030202010
[l 05 05 05 0 0 1]

Using elementary row operations, reduce the matrix as

follows.

M at_fr oo 0 -2 o08f
L] (010 -10 4 @44

00 1 10-2-32]

Therefore, the inverse is

[ 0 -2 08]
A*1:||—10 4 44
Il 10-2-32]!

24. Adjoin the identity matrix to form

Al=1100 100l
[ 1 13000 10
25 5 001l

Using elementary row operations, you cannot form the
identity matrix on the left side. Therefore, the matrix has
no inverse.

26. Adjoin the identity matrix to form
[1 0 001000]
| |
|02 00 0 10 O]

[A1]=],, -200010] |

l0oo 0 300 01l

Using elementary row operations, reduce the matrix as

follows.
{100010 00]
|
[HAt=10 1 00 0% _? 8
0 0 1 oo ,
LOOO 00 013J

Therefore, the inverse is
[1 0 0 0]
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28. Adjoin the identity matrix to form
[48-7141000]

[A1]=135 4

lo 2
| 1 70010! |

|3 6 -5100001]]

60100 |

Using elementary row operations, reduce the matrix as

follows.
{1 0 00 27 -10 4 —29]
|
01 00 -16 5 -2 18
[A1]=10 0 10 17 1 2 20l

| |
looo1 -7 2 -1 g

Therefore the inverse is
27 -10 4 —291|
-16 5 -2
A*1=| | _2 18 |
=17 4 20
|

’L -7 2 -1 8]
30. Adjoin the identity matrix to form
| [13 -201000]

a11=1%08 480498,

llo 0 050001
Using elementary row operations, reduce the matrix as

follows.
1000 1 -15 -4 26]
| |
) 1000 05 1 -08
[1 A : 0 3 —0s 34

looo 10 0 0 02

Therefore, the inverse is
{1 -15 -4 26
Al = |0

1-08
| 05 {|

[lo 0o o o.zlj

Section 2.3 The Inverse of a Matrix

[1-2]
32. A=| |
-3

| 2]
ad ~bc = (1)(2) - (-2)(-3) =4
_ |—2 2—| |___1 _l—|
b= -Ths bEl 2o
L4 4]
[-12 ]
. A= _
AT sy

ad —bc=(-12)(-2) -3(5) =24 -15=9

a1l 31=-% _ii
oL )|

36,A:| 4 4

=|{ 143143|

143 143T

8 A= AL _(i6 7]V LJ1| —56'\

() la | 2200

5 2 40 -31
4 }3& 5611U rk—scﬂ .

A-2 —(A2 = =1
[-40 1] 20 [40 —31J
The results are equal.

o (] [ 83 ~1604]
40. A2 = (AT) = _J 24 8 42 n ‘J|| 1Y 3 1
2470 |
\ )
. ot |48 4 32t ([ 873 228 -1604]
A? = (W) =720 48 17 =1 8 112

22 9 15!
The results are equal.

1317 344 2420)!
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42. (a) (AB)" = BIAl

:‘Ilé 112W7g]—17—|
3 _1 32

‘_11 llj‘_ 7 7U
=]

Lot aaT 2 2]

0 (A)" =(A) =1 7 7 =1 7 7
\ ) ;| ; ;
|_ 7 YJ L 7 7J
4 o[-z fon
© (2A) =1A =1 77|=| 714 |
T B T
44. (3) (AB)" = BlA

Iigg Sy

| 1]0 13|
13 aljla 21l]

| F—6—2524—’
=|-6 10 7|
17 7 15]
4 T [1-42T [104]
® () =AYy _| |l |
10 13 |4 12
s 2 1 L2 31l
[1-42] F% -2 1
-1 | |
(©) (ZA) :11,671:1;‘321 2|:|0 12 §2|
a4 21l |L2 1 §J|

46. The cqe!ficleln]t matrix for each system is
A =l |

and thtezformlujla for the inverse of a 2 x 2 matrix

produces

il 11l [

Al= | | aay

2+2[-22] |33yl

s Faalrs)
@ x=Ab=[ 4l | []

48. The colffificieft_r?ﬁ[rix for each system is

|11 -2 1]

11
Using the algorithm to invert a matrix, you find that the

inverse i
SF 11-11
| |

-1 |

w N w

]
IT11 alfof [1]
@ x=Ab=[3 3 -1 0f=[L]
Y EUREY

The solution IT ? =11, xﬂ_l,ﬁnd >131_| =1.
| |
‘ 1

— A-lp =
(b) x =A"b = 1| 2|=]0]

2
3

s 8 -1 o] |3

The solution is: x1 = 1, x2=0, and xs = 1.

50. Up?)ipg Bgraphing utility or software program, you have

[1]

||

| 2]

x=At=|1l

4

L1

where

M1 -1 3 -1 [x] [ 3]
21 1 1 |1| | ||2\ | ‘|4|
A=yt -1, 201 k=lxal addb =l 3LI |
1] | 4 | -1
| | I |
31 1 -2 17  [%] L 3)
The solutionis:x =1,x =2,x =-1,x =0,and

X5:l.
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14,/ L7 (5

The solution i% x1= 11.Tr|3d1y_|: 5.r 1
) x=Ab=| & ¢ | | |
L5 23] L1

The solution is: x=-1and y =-1.
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52. Using a graphing utility or software program, you have

Ax=Dhb
Y
2
X A*1b=|1|
- | 4]
|
| O]
1l

where

M4 2 4 25 -11  [xl

3 65 -6 3 | |]
| 3
| 2 3 1 3 -1 =2 X3
A= |,x:| |,and
-1 4 -4 -6 2 4 Xa
|
| 3 -1 5 2 -3 _5| |X5|
2 3.4 6 1 2] Iy
L el
1
(|_11|—|
|
|
o] 9
| -9
1
|12
Thesolutionis: x1=-1, X2=2,x3 =1,Xs =3,
x=0,and x=1.
5 6
54. TRglinfrs_ezof‘A is gi—‘fﬂ’}. by
=X —4|_ 1 2J

Letting A= A, you find that—1 =-1.

So, x=3.

56. The matrix | [x 2] ) .
- | will be singular if

L34]
ad — bc = (x)(4) - (-3)(2) = 0, which implies that
4x=-6orx=-3%,

58. First, find 4 A.

e Y

I 4123 2] Iz

60. Using the formula for the inverse of a 2 x 2 matrix, you

have

:er -b]

ad - bcL—c aJ
M [ | secO —tan6 ||
=2 2

A—l

SeC O — tan OL—tan 0 sec OJ

[ sec®—tan 0 ]
= | |
|-tan ©  sec O |
62. Adjoin the identity matrix to form

[0.017 0]
| 0.010 0.008 1 0 |

[F 1]=]0.010 0012 0010 0 1 gl.
0.010 0017 0 0 |

Using elementary row operations, reduce the matrix as

follows.
[1 0 0 11556 -100 4.44]

(1 Fﬂ_l 10 -100 250 —10o|

0
P00 1 44410011556
{115.56 -100  4.44
,1 |

37.5].
-151]

So, F —-100 250 —1qO\and
| 4.44-100 11556
W 1 [115656 -100 4.44}[ OW [ _151
T -100 250 - _
| 100/ 015/ |
| 444 10011556/ o]
64. " =(ATA) =1T =1and
T
A (1AT )T _ (AA—l)T — T2
(A
A
So = T-1 " "
(A) =(»)

66. (1-2A)(1-2A) =12-2IA-2 Al + 4 A2

=1-4A+4A

=1-4A+4A (becauseA= AZ)

So, (1-2A) "=1-2A.

68. Because ABC =1, Ais invertible and A1 = BC.
So, ABCA= AandBCA=1.

Then, multiply by ! to obtain
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So, B1=CA.

70. Let A>= A and suppose A is nonsingular. Then, A
_ _ 1 -1 1—1 i ing.
A=1 £4 A) = % 71—|| 3 7—|16 exists, and you have the following
4 i3 1 3 AJ' Al(Az) = AA
16 sJ 64 32
(AA)A =1

A=1
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72. (a) True. See Theorem 2.8, part 1 on page 67. 74. A has anrirlverse ifai =0 for aL’ i=1..nand
(b) False. For example, consider the matrix |1 1] 0 0 ..
lo ol Em 0 (
1
which is not invertible, but 1 -1—-0-0=1 0. ar-lo 8 0. o |

(c) False. If Ais a square matrix then the system ) o | |
Ax = b has a unique solution if and only if Ais a : o :

nonsingular matrix. |O 0 oo ;1wl
L i
1 2]
76. A= |L—2 1J|
@@ A2-2A+51 _|[-3 4] [24] [50] [0Q]
A ST e

(b) A(i(ZI - A)) = 1})(2A - A?) = 1})(5|) =
Similarly, (1(21 - A))A = 1.0r, (21 - A) = 11 -2]_ At directly.
5 5 5| |

2 1]

(¢) The calculation in part (b) did not depend on the entries of A.

78. Let C be the inverse of (I — AB), that is C = (I - AB) . Then C(I — AB) = (I — AB)C = .
Consider the matrix | + BCA. Claim that this matrix is the inverse of | — BA. To check this claim,
show that (I + BCA)(I - BA) = (I - BA)(I + BCA) =1

First, show (1 - BA)(I + BCA) = | - BA + BCA — BABCA
| — BA+ B(C —ABC)A

I—BA+E((IE—E,IASI§A

=1-BA+BA=1
Similarly, show (1+BCA)(1-BA) =1.
80. Answers will vary. Sample answer:
[1 0] [1 0]
A= 1 o lor A=| |
= [1 o]
82. bl 1 1 Md b 1 ablyd  b_ 1 fad-be 0 ]_[p0] |
cd ad-bc ¢ a ad -bcc d —c a ad — bc 0 ad — bc
N A ] LI ] L 1 10 1]
AtA= 1 [d -b]fab]] 1 [ad-hc 0 ]_fpol |
ad— bc —C ad — bc 0 ad — bc
L ajle d L 1 101
Section 2.4 Elementary Matrices
2. This matrix is not elementary, because it is not square. 8. This matrix is not elementary, because two elementary

row operations are required to obtain it from I4.
4. This matrix is elementary. It can be obtained by

interchanging the two rows of I2. 10. C is obtained by adding the third row of A to the first
row. So,
6. This matrix is elementary. It can be obtained by {1 0 1"’
multiplying the first row of Izby 2, and adding the result
to the third row. E=|010}

lloo1l]
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12. A'is obtained by adding —1 times the third row of C to the first row. So,

{1 0 —1}

E=10 1 0}
oo 1]
14. Answers will vary. Sample answer:

Matrix Elementary Row Operation Elementary Matrix
1 -1 2 _ZW Ri <> R2 [0101 |
0 3 -3 6 ’ { 100]
00 2 2] Lol
1 -1 2-2] 100]

IV 1 -1 | (1)R2 —>R2 1—0 ; O||

|0 2] 3

llo 0 2 2l lloo 1]l

[ 1 -1 2 - 2|1 100]

|0 1 -1 2 | 010

1
|\_0 0 1 lu (§)R3 - Ry LOO JZ.J

0 o]fo 10[0 3 -3 6 1 -1 2 -2]
o 11 0 o 0 offo 1o 1] |

0 10]/0 501001 1 2 -2]={0 1 -1 2|
00 oo loonlo o 2 2l foo 1 1

S

16. Answers will vary. Sample answer:

Matrix Elementary Row Operation Elementary Matrix
[1 3 o} [1 0 0}
|0 -1 -1] (-2)Ri+R2 »>Re |-210]
l13-2 -a4l] oo

{1 3 OW [ 10 o]
|0 -1 -1 [010|
|Lo -11 —4|J (-3)Ri+Rs > Rs -3 0 ﬂ
(1 3 o} (1 0 o]
|0 1 1] (-1)R2 >R2 |0-10]
llo-11-4]! llo o1l
[1 3 0] 1 001|
|0 1 1|| (11)R2+Rs > Rs |0 1 0]
lloo 71 llo 11 1]
[1 3 0] . [1 0 0]

R - R

0 1 1 (;)3 5 01 0]
lloo1l] Loo ;J

[1 0 oft o oft 0 o] 20 0][ 2 ool[t 3 O] [130]

So, | | [N Il | L
|0 1 0j0 1 0[j0 -1 0] 0 10[-2 10[2 5 -1]=[0 1 1]

lo o 3Jo 11 1o o 1-3 0 1 00 iz -2 -4 [o o0 1

47



48  Chapter 2 Matrices

18. Matrix Elementary Row Operations Elementary Matrix
|F1 -6 0 Zﬂ |'|1 OOOT|
3 3 9 0 100
‘\o -1-3/|  Rs+(-2)Ri—>Rs \ 2010] )
4 8 -5 1 0 0 01
L _{ }_ ]
|F1 —6 0 2] 1100 O—||
3 9 0100
\|0| 17 —1_—|3|| R+ —4R \0 0 It 0\
032 5 7 a+ ()2 >R -4001
L ] L ]
1 -6 0 2] [1 0 0 0]
| | | |
0 1 -1-3 —1)R >R 0_1 00
lo 17 -1 3 ()RR, lo ¢ 10!
0 32 -5 -7 | |
L ] [lo 0 01]]
|F1 -6 0 2|—| |—|1 0 OO—||
0 1 -1 -3 1 00
‘o 0 16 48| Rs+(-17)R2 —Rs 0-1710] \
0 32 -5 -7 0 0 01
L J L
(1 -6 0 2] [1 0 ooT|
|o 1 -1 —3| 0 1 |
8 8 %e8  Riu(3R SR 839011 Ol
L J
[1 -6 0 2|1 F|1 0 001|
0 1 -1 -3
‘o 0 1 3 (L)R3_>R3 \o 0 1 o‘
0 0 27 89 16 | 16 |
L ] [Lo00 1]
|(1 -6 0 2|1 100 01|
0 1 -1 -3 01 0 0
| | || 0 1 \
0 0 1 3
00 o 8 Ra+(=27)Rs >R Y _2719
L ]
1 -6 0 2] 11 00 0l
01 -1 -3 |o 10 o|
lo 0 1 3] 0
0 0 0 1 1 | 0 O|
R—->R 0
] I (e U295
So, {1 0 0 oﬂ|F1 0 0 owl 0 0 0}[1 o}
010001 0 0'0100 0
oo s s ooy dlo o 1d
00,
|0 S0 0 =27 1]lo 1J|Lo -32 0 1]
r1 0 oo”lOOO[loooV 0001
B 37 9 @10 3 0 g g 9 gllo,1g09
‘O 0 1 0|
| | | [ |
0 0 0 1fljo o 0 1l)[-4 0 01J[0 O O 1]
|F1 -6 o ﬂ I—bl -6 0 2ﬂ
0 -3 -1

-3
= | |
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Iz 5 11 |0 0 1 3

|
la 8 -5 1] Looo”|
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20. To obtain the inverse matrix, reverse the elementary row operation that produced it. So, multiply the
first row by-Lfo obtain

B

[[01]]

22. To obtain the inverse matrix, reverse the elementary row operation that produced it. So, add 3 times
the second row to the third row to obtain

(1 0 OW
EZ =010}
o]

E—l

24. To obtain the inverse matrix, reverse the elementary row operation that produced it. So, add —k times
the third row to the second row to obtain

(1 0 0 o]

|01 kO
E™ —;o 0 10]

[loo 0 1

26. Find a sequence of elementary row operations that can be used to rewrite A in reduced row-echelon form.
1 ol (YR — R [10]
| ]2 E, =2 |
[1 1] [0 1]
[1 o] [10]
E= [_ |

0 1JR2— Rt — Rz L11]
Use the eIementTry mi[l[lcis to flndﬁhe 1|nverse
A1:E2E1—‘ ||2 | =1 |

-1 1o 1 [ 1l

28. Find a sequence of elementary row operations that can be used to rewrite A in reduced row-echelon form.

| rlo—g]; . :(1091 |
01 LR >R 1 10,0

|LOO 1|J ||_001|J
[100]R1+2Rs > R1 [1 0 2]
\012\ Ez=|010||
lloo 1l o]

100 [1 0 O]

‘|0 1 g' Rz—(l)Rs —> Ry Ez= ‘0 1 —1‘

oozl oo 1]

Use the elementary matrices to find the inverse.

A-EEE - |F(%lO _?ﬂr&loozﬁ[)ﬂlo 0—1|I.0| |

321 2 ||

|
Lo szDl 0 onLOT %0”2
- o1 ‘zHO 20|_|0 |

oo 1lfj0oo0 1l |Loo 1)l
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For Exercises 30-36, answers will vary. Sample answers are shown below.

[01]
30. The matrix A = | 10 | is itself an elementary matrix, so the factorization is
[01]
A= |
[10]

[11
32. Reduce the matrix A = \2 1 | as follows.

Matrix Elementary Row Operation

-
[EEN
[y

_

Add -2 times row one to row two.

[0 -1]

(1 1—‘ Multiply row two by —1.

[0 1]

1 0]

| | Add —1 times row two to row one.
[0 1]

So, one way to factor A is
A-eregs it (ﬂﬁl mnrl ﬂr

[21]l0-1][01]

(12 3]

34. Reduce the matrix A= | 256 as follows.
|1 3 4

Matrix Elementary Row Operation
[1 2 31
[0 1 0] Add -2 times row one to row two.
|1 3 4l
(1 2 3 ﬂ
[0 10| Add —1 times row one to row three.
o1 1)
(1 2 3}
| 010 | Add -1 times row two to row three.
oot
[120]
[0 10| Add -3 times row three to row one.
lloo 1l
10 0]
010 Add -2 times row two to row one.
| |
| 1001 U

So, one way to factor A is

[1 0 0—||[1 0 O—||

A — E—lE —lEl—lE—lE -1

Elementary Matrix

10
e -0
[-2 1]
E,_1t 0
[0 -1]
[1 -1]
E; = | |
[0 1]

Elementary Matrix

[100]
E; =’|—2 1 O’
10 0 1l
Eo=| 0 1 0
l-1 0 1))
(1 0 o]
Es=(0 10
lloa1]!
|f10—31 |
E4=|0 1 O|
oo 1]
{1 -2 0]
Es= 0 1 |
| 0]
llo 0 1l

[1 0 01|ﬁ1 0 31|[1 2 01

2515 [210(|010(|010(|010(|010]

lo o 1t 0o 1o 1 1o o 1o o 1

51
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36. Find a sequence

[1 0

|
|01

—
o -
O

—
oo
oo

o O - O

[0

100
ILoo

fl)f ﬁjﬁwenta% row operations that can be used

0 [1000]
2| 4 |3 |
0 1] _lo 1 00|
-1 2] t loo1o!
0 -2l [0 00 1J
0
0 ﬂ |[1 00 0]
| E= 010 0
-1 2
0 g”?4—R1%R4 ~_(1 8 6 9"
2] L ]
0 Q| [1 00 o]
0 1] , 1010 0
4 2 e =001 0)
01l] (-?)R >R 000 -
) 5 L 5J
0 2] [1 0 0 o]
0 1 =lo 1 00
1 5! -R>R B« 0o-10l
| 3 3 | |
0 1l loo o0 1]
0 0 R-(HR >R [to0 13
| 2 | 2|
0 1| g 1010 0
1 _2‘ 5 ||00 1 0
0o 1l lloo o 1l
0 OW [1 0 8 o]
0 R,-R—R 0 1
= i 1361 ol
| |
0 1] [lo0o 0 1]
0 0]
0 0| e [1 00 0
| " 010 o
1 0] B+2R:s >Rs |00 1 2
0 1) [loo 0 1l

So, one way to factor A is
A=EEJEE,'E 'E E !

{4 0 0 oﬂh 0 00]

_18

[lo 0 otl/ [1 0 0 1000

1
0

0 00
10 00

[1 00 0%1 0 ooW%oo

10 O||010 0||O 1 0 ||
100010

-5llo o

| [
o1ljjooo1l]lo00

to rewrite A in reduced row-echelon form.

171 0 o 010 O

3|| 10%010 0
? 0 1 0 1-2"

[ ||
tlJloo o

0l
|

\
11
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38. (a) EA has the same rows as A except the two rows that are interchanged in E will be interchanged in EA.
(b) Multiplying a matrix on the left by E interchanges the same two rows that are interchanged from I»in E.
So, multiplying E by itself interchanges the rows twice and E 2 = In.
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|—1 0 0 r1 -a 0W
‘|—100—|-1|—|1|00—|-1|—1 a| | o I 10011-a0] | | |
40. a1 _
Al—‘ |0 10[[b 10/[0 10 =0 1 0||-b 10[0 10|=|-bl+abO0}
o chloo alloo oyl I \'LO o 1o o 1l | |
00 1 |O 0 1|
I |l cl]
42. (a) False. It is impossible to obtain the zero matrix by 48, Matrix Elementary Matrix
applying any elementary row operation to the [2 0 0 @"
identity matrix. -21-1 =A
{© True. IfA=EEl...2E,wr|2ereeachEisani 6 2 1 ol
elementary matrix, then A isinvertible (because | |
every elementary matrix is) and Lo o0 0 -1l
ALEL.EE L P 0 0 01 |FlOOOT ‘
© True. See equivalent conditions (2) and (3) of |01 -1 0 |t 100
Theorem 2.15. |lﬁ 2 1 0|| ' :O 01 0|‘
44. Matrix Elementary Matrix 00 0 -1l I[0 00 1]
[—21] 2. 0 0 0] [1000] |
| |=A 01 -1
|-64] | 0] e 10100
| | 2 |- |
[-21] E:F 10] 02 1 0 3010
| kU col oo o | | ooo1| |
_ IL 1] L ]
L01] | 31]
L [1oT=2 1] (20 0 of [1 0 0 0]
EA=U => A=E U = | I |=LU ’o 1 -1 o. )0 10
131 01] |,o 0 3 o|= 3=||0—210 ‘
46. Matrix Elementary Matrix 00 0 -1l [0 o001l
2 o0], EsE2E:A=U = A=EEIE U
1 23
‘0—31|:A {10001(20001
10123 I |
L | ||Iloo{|o‘1( -10|
|r2 001| |F1001 | =| 32 OHOO 30 |
E =
|0-31] 1 | 010] lLooo1l)l[oo0 -1]]
llo 12 3] |5 0 1l] -LU
2
12 00 . :|F1 00yl [1 00 0y [4]
|0-31|=U 2 ’01 0 Ly_b_|—|1100||yz|_|"—4|| |
| | 041| e 3 2 10'ys 15
o 07] a1 | 11

E:EiA = U = A=EEY

[1 0 (ﬁTZ OOW
0 10|/0-31]
s —4 1o
=LU

07

|
|
Lo oo iy [~

yi=4,-yi+y2 =-4=y>=0,

y1+2y2+ys =15=y3=3,andys =-1.
29 0 OTx] [4]
Ux=y:

—y: Pt O||Xz’:|0‘
lo o 3 olx 7] 3

| [ 3] [ ]
o0 0 0 —1llx] [I-11]

xa=1, x3=1,%X2—-X3 =0=>x2 =1andxi=2.
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So, the solution to the system Ax =b is: x1 =2,
X2=X3 =X4 =1






50. A2 JO 1“0 q Jl (ﬂli A

[1 0]1 o] |01]

Because A2z A, Ais not idempotent.

52. A2 = 100 1

[o 1 o]go Fo] |F1001 |

[
|Lo 0 1|J|LO 0 1l] Tooal]

Because A2z A, Alis not idempotent.

54. Assume A is idempotent. Then
AZ=A
(W) = &
(ATAT) =AT
which means that AT is idempotent.
Now assume AT is idempotent. Then

ATAT =AT

) = ()

AA=A
which means that A is idempotent.

Section 2.5 Markov Chains
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56. (AB)° =( AB)( AB)

=A(BA)B
= A( AB)B

- (An)(EB)

=AB

2
So, (AB) = AB, and AB is idempotent.

58. If A is row-equivalent to B, then

A = Ex O E2E1B,
where Ey, ..., Ex are elementary matrices.

So,
B =E “E “10E 1A,

1 2 k

which shows that B is row equivalent to A.

60. (a) When an elementary row operation is performed on
a matrix A, perform the same operation on | to obtain

the matrix E.

(b) Keep track of the row operations used to reduce A to
an upper triangular matrix U. If A row reduces to U

using only the row operation of adding a multiple of
one row to another row below it, then the inverse of
the product of the elementary matrices is the matrix
L,andA=LU.

(c) For the system Ax = b, find an LU factorization of
A. Then solve the system Ly =b for y and
Ux =y for X.

2. The matrix is not stochastic because every entry of a stochastic matrix satisfies the inequality 0 < ajj < 1.

4. The matrix is not stochastic because the sum of entries in a column of a stochastic matrix is 1.

6. The matrix is stochastic because each entry is between 0 and 1, and each column adds up to 1.
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8. 60% 70%

>~
0% /3096

1 150%
CR

The matrix of transition probabilities is shown.
=N
G L S
060 0 0 | G]

P= 040070050 |L¢|To
L 0 030 050 S

1)

The initial state matrix represents the amounts of the physical states is shown.

0.20(10,000)[1  [2000
Xo = [0.60610,000%)| _[2000]

| | 6000
l0.20(10000)| 1| 20001]

To represent the amount of each physical state after the catalyst is added, multiply P by X o to obtain

[1200]PX

[060 0 01 [2000]
1o 040 070

=P
0.50 | | 6000 || 6000 |

o 030 050l] I[2000]] 2800

So, after the catalyst is added there are 1200 molecules in a gas state, 6000 molecules in a liquid state, and 2800 molecules in a

solid state.
o6 02 o] [i] fozs]
Xi= PXo = 02 07 o.1|||31||:|31 |=| 0.3]
02 0109 =1 g4l

EINET.
ro6 02 oll4l ry
| ||15| (7_5—‘ |—|0226;||
X2=PXi= 020701 | 1lII=] o |= 0326
| 10.20.110.9 | Lg ‘hg’ lo.446

5J |_150J
ro6 02 o]l [] [g2013]
Xa=PXz =02 0.7 01| |-|# \|=|||0.318Fr||

10201 09/ 0.48
IR B

12. Form the matrix representing the given transition
probabilities. A represents infected mice and B

noninfected.

From
B

P=| [0.2 0-1—|| Al To

10.8 09| BJ

The state matrix representing the current population is

{O.S—IA
Xo = [ .
[0.7]B

(a) The state matrix for next week is
[0.2 0.17/0.3] [0.13]
Xi=PXo = | =0
|0.8 09]|0.7] 10.87]
So, next week 0.13(1000) = 130 mice will be
infected.

&) Xz = PX: = [0.2 0.1] [0.13] _ [0.113]
l0.8 0.9][0.87] [0.887]

[0.2 0.1][0.113] [0.1113]
X3=PX2 = | Il | =1 \
[0.8 0.9][0.887] 10.8887]

In 3 weeks, 0.1113(1000) ~ 111 mice will be
infected.
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14. Form the matrix representing the given transition probabilities. Let S represent those who swim

and B represent those who play basketball.

Fogn
S B
0.30 0.40] S
pP= To
|0.700.60] BJ
The state matrix representing the students is
[0.4]s
Xo = | .
[0.6]B

() The state matrix for tomorrow is

[0.30 0.40]0.4] [0.36]
X1=PXo = | I 1=

[0.70 0.60]0.6] |_O.64J.

So, tomorrow 0.36(250) = 90 students will swim and 0.64(250) = 160 students will play basketball.

(b) The state matrix for two days from now is

037 0.36J04] [0.364]
X2=P2Xo = | [

1063 064]0.6] [0.636]

So, two days from now 0.364(250) = 91 students will swim and 0.636(250) = 159 students will play basketball.

(c) The state matrix for four days from now is

X oo PAYX {0.363637 0.363637—[0.4—\ {0.36364—’
4= 0 = =

[0.636363 0.636363] 0.6

So, four days from now, 0.36364(250) ~ 91 students will swim and 0.63636(250) ~ 159 students will play basketball.

16. Form the matrix representing the given transition

probabilities. Let A represent users of Brand A, B users

of Brand B, and N users of neither brands.
=Fomg

A B N

{0.75 0.15 0.10] A\

|
P= ]0.200.750.15|B} To

1005 0.100.75 ]

The state matrix representing the current product usage is

| 1]

X, |2 |B
JE} N
L11]
(@) The state matrix(f&lr?ge%.tfgmg}li@‘\fl"l I'0.2227—||
| | 11 -
Xi= PXo =020 0.75 0.15|1| =| 0.309

005 010 075ll:5] | 0372
So, next month the distribution of users will be
0.2227 - 110,000 = 24,500 for Brand A,
0.309 - 110,000 = 34,000 for Brand B, and
0.372 - 110,000 = 41,500 for neither.

0.2511
(b) X2=P2Xo =~ |0.3330

| 03251

In 2 months, the distribution of users will be
0.2511 - 110,000 = 27,625 for Brand A,

0.3330 - 110,000 = 36,625 for Brand B, and
0.325 - 110,000 = 35,750 for neither.
[0.3139]
| |
() Xis=P®¥Xo =~ [0.3801 |
[o.zlslj

In 18 months, the distribution of users will be
0.3139 - 110,000 ~ 34,530 for Brand A,
0.3801 - 110,000 ~ 41,808 for Brand B, and
0.2151 - 110,000 ~ 23,662 for neither.

55
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18. Thestochastic matrix

[003]
n !

[10.7]

is regular because P? has only positive entries.

px=x _ 1903 g1 T ]

L L2 L2
0.3x=x
— 2 1
X1+ 0.7%2 = X2
Because x+x =1, the system of linear equations is
1 2
as follows.

—x1 +0.3x2=0
X1 —0.3x2=0

X1+ xe=1

The solution to the system isx2 = Vand

13
x=1-10 _3,

13

13
4
RE

2]

20. The stochastic matrix
[0.2 0]
P=| |
0.8 1]

So, X

is not regular because every power of P has a zero in the

second column.

[02 0T xa] [xd]

_ j—y =
PX = X |0.8 1”x| IXI

B.ZXl JL ZJ :X|I ZJ

= 08X1 + X2 =X2

Because x1+ x2= 1, the system of linear equations is

as follows.
—0.8x =0
1
0.8x1 =0
X1+X2=1

The solution of the system is x1 =0 and x2

22. The stochastic matrix
27
hHJ|
lss |

510 ]
is regular because P* has only positive entries.
2 7
B B
|

[33x | |

PX=X =

X
s ol Lal
2 7
X1+ .4 X2=X1
5 10

3x +3x =X2
571 TR

Because x1+x2 =1, the system of linear equations is

as follows.
—3X14+x2=0
5 10
3x1—Tx2=0
5 10
X1+ Xe=1

The solution of the system is x2 =5and

13
X1:176 _7
13 7 13
_ _[4]
So. X " |6
L13]

24. The stochastic matrix
]
!
11
loa3
is regular because P* has only positive entries.
21 T
_ =il
Px=x 33| | ||
EHLES

— 1
[ENCeIN]
I Bl
o

P =

B
N

2x+1x  + x=x
91 42 3 3 1
1y + Ix + x=x
31, 4% 1% =3
9 4 3
Because x1+ X2 + x3 =1, the system of linear
equations is as follows.
—Ix+ix+1x=0
91 4 2 33

Ixai—txe+1x3=0

3 2 3
A1+ 1% +2x3=0
9 4 3
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X2+ x3=1

The solution of the system is xs = 0.33, x2
x1=1-0.4-0.33=0.27.
{0_27" =0.4, and

So, X =| 04|
ll0.33]]
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26. The stochastic matrix

|F1 P

p -1 %o
3 5 |
130
le 5 J

is regular because P? has only positive entries.
b 1y
25 |l Ik

= 110lx =x

PX ss |

Il
>

|3
[ 2olX%] [
1
£l
%

X+Ix+x=x

5 2 3 1

X + X =X,

,X1+ §X =X3
6 52

Because x1 + X2 + x3 =1, the system of linear

equations is as follows.

-1x + Ix +x=0

1 2 3
gX1 - =0
Ix1+ %2 —x3=0
6 5

X1+ Xe+xz=1

The solution of the system is

=55
X3 =2 =5
X2 (17 22 >

22 22
{—6] {0541
So, X —\ 5 |~0J227 |
|

51 027
2] | ]

28. The stochastic matrix

30.

[0.1 0 o.ﬂ
07 1 03
102 0 04l]

is not regular because every power of P has two zeros in
the second column.

px=x=! 01003kl Ix]

07103 o NI

P =

102 004lxs!l |xsl
L 11 L |

0.1xa +0.3x3=Xx1

0.7, +X%2 + 0.3x3=x2
0. 2x +0.4x=Xx
3

Because X1 + X2 + X3 =1, the system of linear
equations is as follows.

0.9 +03%6 =0
0.7x, + 03x3 =0
X1 —0.6x3=0

X1+ X2 + x3=1 _ _ _

The solution of the system is x3 0, x2 1 0 1,
andx1=1-1-0=0.

The stochastic matrix

1000
|(0010—=

10100||

[0 0 0 1]

is not regular because every power of P has three zeros

in the first column.
100 oTxﬂ rxﬂ

— 1o 0 10| xz‘
PX =X = 01ooi ' |X3|

000 11 Lx]

X1 = X1
X3 = X2
X2 = X3
X4 = X4

Because X1 + X2 + X3 + X4
equations is as follows.
0=0

=1, the system of linear

—-X + X3 2
2 — X3X
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0=0

X1+ Xo+ Xz+Xa=1

Letxs =sand x4 =t. The solution of the system is
Xa=t, X3 =5, X2 =Ss,and x1 =1 - 2s —t, where
0<s<1,0<t<l,and2s+t<1.
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[ x1 |T

32. Exercise 3: To find XTIet X :|f(2| . Then use the

X3

matrix equation PX =X to obtain
[0.3 016 025Tx71 [x]
03 IR

| 0.6 0.25| x2| = | x2|
los 016 o.5|{X3 %3

or
X1 +0.16x2 +0.25x3=x1

03x + 06x + 0.25x = x

1 2 3 2

0.3x1+0.16 X2 + 0.5X3=X3

Use these equations and the fact that x1 + X2+ x3=1
to write the system of linear equations shown.

—0.6%1 + 0.16 %2 + 0.25x3 = 0

0.3x1—0.3x2+0.25x3=0
0.3x1+0.16 X2 +0.5x3=0
X+ X2 + x3=1
The solution of the system is
x==,x="° andx =%,
1 13 2 13 3 13
So, the steady state matrix is

[3]
1
~x =%,
|13
| 4|
L13]
|—|X1—|
|'2]
Exercise 5: To find X- let X— = x - Thenusethe
|x |
|
[ x4

matrix equation PX- = X-to obtain

100 OW Xl] h}
(0 1 OA|X2|: X2 |

0
0 1
| 0 1 O||X3| | X3
[0 0 0 1x| [xJ
or
X1 = X1
X =
2 2.
X3 =X3
X4 = X4

Use these equations and the fact that

X+X + X+Xx = 1towrite the system of linear
1 2 3 4

equations shown.

Xt+X2+X3+Xa=1

Let x2=r,x3=s, and x4 =t, wherer, s, and t are
real numbers between 0 and 1.
The solution of the system is

X1=1-r—s—t, x2 =r,x3 =s,andxs =t, where

r, s, and t are real numbers such that
0<r<1,0<s<l,0<t<l,andr+s+t<1.

So, the steady state matrix is

[1-r-s—t]
N
- 5 |
I t []
[ X1 ]
||xﬂ\
Exercise 6: To find Xi, letX X3.‘Then use the
LXAJ

matrix equation PX= X to obtain

EEE L
Ee [
(68 8 sla] [l
or

Ix+2x  +Ix+4x=x

s & S .

611 282 14 %4 154 2

X+ X+ X+ X=X

6 1 92 4 3 15 4 3
Ix1 42X +2ixs+1xa=Xa
6 9 4 5

Use these equations and the fact that
X1+ X2+ X3+ Xa= 1 to write the system of equations
shown.

—1x1+2x2+ x5 +4x4=0

2 9 4 15
1x1—2X2+Ix3+4x4=0

3 4 15
?X1—3X2—§X344‘X4:0
6 29 1 44 15
Ix14+-Xo+-X3—-x4=0
6 9 4 5

X + X + X+ x=1
1 2 3 4

The solution of the system is

x=2 x =18 =1 andx=2

1 732 1 3% 713 413
So, the steady state matrix is

[2¢] [0.3288]

| ]0.2466 |
X =| Rl .
61 1021921
73 |

) l10.20851)
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34. Form the matrix representing the given transition probabilities. Let A represent those who received an “A” and
let N represent those who did not.

EOE
A N
P F?Jo 0.10] A] Tb
[0.300.90 | N M
To find the steady state matrix, solve the equation PX = X_, where X _ = ! | and use the fact that x + x=1
1 2
[X
to write a system of equations.
0.70x1 + 0.10x2 = X1 -0.3x1 +0.1x2=0
0.30x1 +0.90x2 =x2= 0.3x1 —0.1x2=0
X1+ xe=1 X1+ x2=1
The solution of the system is x1 =, and x2 = 4. S0, the steady state matrix is X =| 4| This indicates that eventually 4

1)

of the students will receive assignment grades of “A” and %pf the students will not.

36. Form the matrix representing transition probabilities. Let A represent Theatre A, let B represent Theatre B, and let
N represent neither theatre.
=Fomn
A B N

(0.10 0.06 0.03|TA]

P = |0.050.08.0.04|B} To
||0.850.86 0.97 g}

%]
To find the steady state matrix, solve the equation PX = X:/vhere X T = X2 and use the fact that x1 + X2+ x3=1
[Xs
to write a system of equations.
0.10x1 + 0.06x2  + 0.03x3 =x1 —0.90x1 +0.06x2 +0.03x3=0
0.05x1 + 0.08x2  +0.04x3 =x2= 0.05x1 —0.92x2 +0.04x3=0
0.85x1 + 0.86x2  + 0.97x3=x3 0.85x1 + 0.86x2 —0.03x3=0
X1 + X2 + x3=1 X1 + X2 + x3=1
4
4 5 110 |Fm]
The solution of the systemisx1= ,x2= ,and xs = . So, the steady state matrix is X~ =l 5 |. This indicates
119 119 119 110 |
|m
|_1ng
that eventually- ~ 3.4% of the people will attend Theatre A2~ 4.2% of the people will attend Theatre B, and

119 119

% ~ 92.4% of the people will attend neither theatre on any given night.

38. The matrix is not absorbing; The first state S1is
absorbing, however the corresponding Markov chain is
not absorbing because there is no way to move from Sz
or Sz to S1.

40. The matrix is absorbing; The fourth state S4is absorbing
and it is possible to move from any of the states to Ssin
one transition.
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42. Use the matrix equation PX = X7, or
01 0 onl ’7Xl
02 1 0fxz| =]x
lo7 0 1lxl |x]

||
zlflong with ﬂl1e equation X + X + X = 1 to write the

1 2 3
linear system
-0.9x1 =0
0.2x1 =0
0.7% =0

Xt+X2+x3=1
The solution of this systemisx1=0, x2=1-t, and
x3 =1, where t is a real number such that0 <t<1.

[0]

So, the steady state matrixis X l1-t |,vvhere
=
it

0<t<1.

44. Use the matrix equation PX =Xor
{0.7 0 02 01fx X1

01 1 05 06%
; 0 0 02 0.2”||X3

[02 0 01 04fxe| [xa]

B
I

along with the equation X1 + X2+ X3 + X4 =1 to write

the linear system

—0.3x1 + 0.2x3 + 0.1xsa =0
0.1x1 + 05x3 + 0.6x4a =0

—0.8x3 +0.2x4
0.2x1 +0.1x3 —09x4=0

X1 + X2 + X3 + xa=1

0.

The solution of this systemisx1=0,x2 =1, x3=0,
]
N L
and x4 = 0. So, the steady state matrix is X = | 0 ’

Ilol]

46. Let Sn be the state that Player 1 has n chips.
=-Eom g
So S S S8

107 0 0 0]Sol (0]
F,_||0 0 07 0|0|||sl‘\ {o‘\
0 03 0070S Toand X  —[1]
1o 0 03 ool " o)
| ||
0 0 0 03 1S4 LoJ
So,
[4_9
58
||0
P"Xo—PXo =| 0l
||9|
|
L s8]

So, the probability that Player 1 reaches S4 and wins the
tournament is—gsg 0.155.

48. (a) To find the nth state matrix of a Markov chain,
compute Xn = P" X o, where X o is the initial state
matrix.

(b) To find the steady state matrix of a Markov chain,
determine the limit of P" X o, as n — oo, where X o
is the initial state matrix.

(¢) The regular Markov chain is PXo, P2Xo, P®Xo, ...,

where P is a regular stochastic matrix and X o is the
initial state matrix.

(d) An absorbing Markov chain is a Markov chain with
at least one absorbing state and it is possible for a
member of the population to move from any
nonabsorbing state to an absorbing state in a finite
number of transitions.

(e) An absorbing Markov chain is concerned with

having an entry of 1 and the rest 0 in a column,
whereas a regular Markov chain is concerned with
the repeated multiplication of the regular stochastic
matrix.



50. (a) When the chain reaches Sior Ss, it is certain in the
next step to transition to an adjacent state, Sz or Ss,
respectively, so S1 and S4 reflect to S or Ss.

(b) {o 04 00]
1 0 aaoﬂ

p | |
006 01

l[lo 0070l
© [t ot ol
|6 s |

‘|0—1§ 0 1—3'
5

8_9\

L1z 2
Other high even or odd powers of P give similar

results where the columns alternate.

~ =
(d) x:|24EJ
12

7

24

Half the sum entries in the corresponding columns of
P" and P" +! approach the corresponding entries in
X
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52. (a) Yes, itispossible.
(b) Yes, it ispossible.
Both matrices X satisfy PXX = X . The steady state

matrix depends on the initial state matrix. In general,
[6—tl
||

5_
the steady state matrix is X _ |11 £l

where t is any real number such that 0 <t <. |n

part () t=0and in part (b), t=° 1.
54. Let
P=1 a b

|L1—al—bj|

Qﬁt?aﬁdhg pt?cgg@t.ic matrix, and consider the system of

IR IR

[1-a 1- blxo] [*]
You have

ax + bx = x

1 2 1

(1-aya+(1-bx=x
or
(@-1)x1+ bx2a =0
(l— a)Xl - bx2 =0.

Letting x1 =b and x2 =1 — a, you have the 2 x 1 state
matrix X satisfying PX = X

56. Let P be a regular stochastic matrix and X o be the initial state matrix.

limP" X o = lim P" xa( + X2 + O + X )

n —ow n —owo
=limP"-x1+ limP"-xo+ 0+ lim P - Xk
n —w n—ow n —w

=Px1+Pxo+0+Pxx
=P(x1+ X+ 0+ X )
:P7Xo

= Xi, where X is a unique steady state matrix.
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Section 2.6 More Applications of Matrix Operations

2. Divide the message into groups of four and form the uncoded matrices.
HEL P _I S _COMII NG

[8 512 16] [0 9 19 0] [3 15 139] [14 7 0 o_]

Multiplying each uncoded row matrilx on the right by A]yields the coded row matrices
-2 3 -1 -1

-1 1 1
[8512 16]A=[851216] 1 4 1 él||

T |

13 1 =2 -4

=[1533 -23 -43]
[09190]A=[-28-1028 47]
[315139]A=[-72072]
[14700]A=[-3549-7-7].
So, the coded(mlessa%ﬁ is 15, 33, -23, — 43, — 28, -10, 28, 47, -7, 20, 7, 2, -35, 49, -7, - 7.

4. Find A = | ’ and multiply each coded row matrix on the right by A~ to find the associated uncoded row matrix.
_4 3372]
85 lZOF 4 3T=20 15=T,0
[ ] L]
[ 3-2]

[68]At=[02]=_B

[1015]A*=[50] = E, _
[84117]A1=[1518] = O,R
[4256]A1=[014] = _, N
[90125]A1=[1520] = O, T

[60 80]A =[0 20]= _, T

[30 45]A =[15 0]= O, _
[1926]A1=[25] = B,E

So, the message is TO_BE_OR_NOT_TO_BE.

11 2 -8
6.FindA‘1:[4 1_1 *
| 3|, and multiply each coded row matrix on the right by A to find the associated uncoded row matrix.
-8 -1 6]l
[11 2 -8]
-8 -1 6]
[19 —2513]A* = [5 0 1] = E _, A
[72 76 61]A* = [0 718 = |, G R
[5 -118 71]A* = [5 120] = E A, T
[20 21 38JAY - [0 23 5] = , w, E
[35 -23 36]JA' = [5 11 5] = E K E
[42 -48 32]At - [14 4 0] = N, D, _

The message is HAVE_A_GREAT_WEEKEND _.
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ab
. Let A*1:|— | 1and| find that

lcd |

rab] -
[19 -19]  |=[019]

lcd |

UE

[ab]
[37 6] cd |=2[15. ]

L]
This produces a system of 4 equations.
—-19a —-19c =0
—-19% -19d=19
37a + 16¢ =21
37b +16d =5.

Solving this system, you finda=1,b=1,c=-1, and
d=-2. So,
ar 11

IER
L -2]

Multiply each coded row matrix on the right by A to
yield the uncoded row matrices.

[31], [143], [512], [015], [184],
[5 18], [190], [0 19], [21 5].

This corresponds to the message

CANCEL_ORDERS_SUE.
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10. You have

wX]
[45 —35]| |= [10 15]and
W
[38 —30] = [8 14].
| |
R
So, 45w -35y =10 and 45x — 35z =15

38w-30y=8 38x — 30z = 14.

Solving these two systems givesw=y =1, x=-2,
and z = -3. So,

A,1_|—1_2—|

=1
[1 3]

(b) Decoding, you have:
[45 -35]At = [10 15] = J, O
[38 -30]A* = [8 14] = H, N
18 -18]At = Jo 18] = _, R
35 30]At =[5 201 => E T
[61 -60]A* - [21 18] = U, R
[42 -28]At = [14 0] = N, _
[75 —55]A* = [20 15] = T, O
[2 2]~ = [0 2] = _, B
[22 -21]At = [1 19] = A, S
[15 -10]A* = [5 0] = E _

The message is JOHN_RETURN_TO_BASE_.

12. Use the given information to find D.

Ben
A B
[0.300.20] A
D =] | b Supplier
| 0.400.40] BJ
The equation X = DX + E may be rewritten in the
form (I -D)X =E, thatis
[| 0.7 -0.2] [10,000]
-0.4 [X =] |
L 0.6 120,000
Solve this system by using Gauss-Jordan elimination to
obtain

[29,412]
X =~ | |
| 52,941 |
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14. From the given matrix D, form thelinear system

X =DX+E, which can be writtenas (I-D)X  =E,
that is
[08 -04 -04] Pooo]

-04 08 -

| 0.2 |X ~ 2000

0 —02 o8l I|s000l]

< [21,875]

Solving this system, | 17,000 |
24,250

16. (a) The line that best fits the given points is shown in
the graph.

(b) Using tF% r_nﬁrices

| [0]

| |
|1-1] IJI
X:|l 1|andY :|1|’
| | ||
I[1 3] [12]]

you have X TX _ {4 01’ XTY = [4|—,|and
020 L6]
a LEJ 0lf4] [ 1]
A=(XTX) XY =t wfle)=lp )
2]

So, the least squares regression line is y =2 xg 1.
c) Solving Y = XA for E, you have
(€) Solving Y XA+ E for £,y

E-vy-xa=| "1
|-0.3]

1l 0.1l] _
So, the sum of the squares error is ET E=0.2.

18. (a) The line that best fits the given
points is shown in the graph.

y
- 5.2)
T @),
3, 1) (6 2)
'=@a,0) @, 1)

6

(2,0)(3,0)°

(b) Using the matrices

B P

12 0
13 0
13 1
X = andY =1 |
|14 1]
|14 | 2
15 2
[16]] 121
you have
XTX:|—8 28| =|—87,and
| XY ||

28116
L ] r TL37J

A= (xTx)(xTY)_I 4],
L0

2
So, the least squares regression lineisy = 1x -3,

(c) Solving Y = XA + E for E, you have
1 1 3 1 1 3 1 1

.
E=Y-xA=l|, -, 44 444 ~ 4]

and the sum of the squares error is E E=1.5.

20. Using the matrices

[11] [0]
|
|13andY ’
ol
youhave
xTx _[111M1 13 g
| |1 3l =] !
L135J|L15|J 1935]

xTy [111] | o] [9]

= [|3]=] |and
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1 3 5J||_6|J [39]

[_3]
A=(XTX) (X TY):] ;\
L2]

So, the least squares regression lineisy=3x,- 3%,
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22. Using rPatrlc«is

o

\1 ~2|and Y _I 0
1 2l | 4l
\ | |
youhal1 4“ L5l
[8]
X T X :‘|—4 0—|| xTy=| 1and
[0 40] |32]

A=(XTX) (xTY)=4rl, olf8] 2]

- ! | -

|L0 . ‘JLsz 10.8]

So, the least squares regression line is y = 0.8x + 2.

24. Using matrices 4

=N

1 1
X:| |andY 2
1 1l B
i s 1ol
you have

XTX _(4 O—’ XTY:r\ﬂ,apd

[0 20] [-13]

A=(xx)(x )=l ollag)=I{ k|

So, the least squares regression line is
y =—0.65x + 1.75.

26. Using Tgtric&s

[ 6]
1 4 ’3||
x =l1 slandv=! o,
1 8 —4|:
[1 10] L 5]
you have
[1 0]
1 11 1 ﬂ'l 4] [ 5 27]
XTX = | l1 sl ]
1045810 Jl1 8l [27205]
| |
{Liwloj
1 111 ﬂ' |
XTY = | | o|J0W |, and
|
0 458 1oj~|_4|‘ 170
5]

[205 —271[ 0]

A=) ()] 5]

[1890]

29% ? nlz
So, the least squares regression is
y=— 105y + 945

148 148

28. Using matrices

{1 9 0.721|
0 0.92
Jhlj( abdy =l 17l
112 1.34
[1 13] [1.60
you have
XTX = |F 551| and XTY F|5.75 1|
|55 615] | 65.43]
; -1.248
A= (XTX)'XTY = 1
0.218 |

So, the least squares regression line is
y =0.218x — 1.248.

30. (a) To encode a message, convert the message to numbers and partition it into uncoded row matrices of size 1 x n.
Then multiply on the right by an invertible n x n matrix A to obtain coded row matrices. To decode a message,

multiply the coded row matrices on the right by A~ and convert the numbers back to letters.
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(b) A Leontief input-output model uses an n x n matrix to represent the input needs of an economic system, and
an n x 1 matrix to represent any external demands on the system.

(c) The coefficients of the least squares regression line are given by A = (XT X )AXTY.
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Review Exercises for Chapter 2

[1 2] P ﬂl {—2 —4] [56 8—’ [54 4]

2. _2\5 4|+ 81 2|=|-10 8|+ | 8 16| =|-2 24|
\|_6 O|J ‘Ll 4|J |L—12 0|J ||_832|J ||__432|J

o M1 5T6 281 _T1(6)+5(4) 1(-2)+5(0) 1(8)+5(0)] _[26 -2 8]

[2 -414 0 0] [2(6)-4(4) 2(-2)-4(0) 2(8) - 40)]

[2 17 4 ZLIM 412[5 5]+|F—2 4] {3 9]

6.1 | |

[6 0]-3 1] [0 4] |24 12 | 0 4] |24 16]

8. Letting A =2 L1 x =[xT andb = [ 57 e
| | | |
3 2] 1% ] | -4

system can be written as
Ax=b

2 -Txl _[ 51

| I
13 2]lx] [4]

Using Gaussian elimination, the solution of the system is

X =[ d|
|-z
L7]
‘rz 3 ﬂ| IFXJI |r101|
10. Letting A= |F_3 -3}, x=|x La‘ndl b=| 22|,
4 2 3| 1 -2,
the system can be written as
Ax=Db

2 3 1lx 10
{2 -3 —3||[:2L [ 22].

o 2 3l

Using(Gal_J’ssian elimination, the solution of the system is
5

X=12 |
o
[32]
12. AT = | |
-1 0]

ATAJLS_?FSJ[%L&S_SES 1

AAT :Ff —lWﬁZT :FHO 61 |
[2 oJ[-1 0] L6 4]

I |
-4 —4 16]

[1]

S
14.A = 2|

3]

ara 1] 11281

= 21 2 3- 2 4 &6

| | \
-3 3 6 ol
[1]
AAT = [1 -2 —3]| -2 | = [14]
16. From the formula

5
o1 d

At =54 —be| ¢ 8
L ]

you see that ad — bc = 4(2) — (-1)(-8) =0, and so the
matrix has no inverse.

18. Begin by adjoining the identity matrix to the given
matrix.

[111100]
[A 1T ¥l01 1010
loo100 1]

This matrix reduces to
ioa M0 01y ]

L ] 0100 1]
0010 o 1l
So, the inverse matrix is
[1 -1 0]

Ai=l0 1-1)
o o 1]



200 A X b
[320pal T
(1 4][x] [-3]
- [4 21 [2-1]
Because Al = = 57 5| solvethe

10‘L—1 3J| L__l 3 J
equation Ax = b as follows. 0o
Lo zar T
X=A b=|71 1=l
U 10 10] L_?’J [-1]

22. A X b
(11 2]fx] [0
|[1-11||x2|=]-1]
21 allx 12l
L L L]
Using Gaugs-Jordan glimination, you find that
Gl‘ﬁ_éﬁ 5 sfrﬂ
1 1y
s 0l
|_ 5 5 SJ

Solve the equation Ax = b as follows.

BN S LR

x=Alp=|1-3 L]-1]=] 1|
|5 5 8

3. 1.2 |_|2J |

Ls 5 s -1

24. A X b
Fz—ﬂM:FST

s byl [

[ 41
Because A =-1 | |= ||— 1411ﬁlolve the

1-32] ||_—%1 11j |

equation

Ax = b as follows.

N Y - R

x=A b =] @ﬂ_J:LlélJ

11 11|- 2 11
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26. A X b
Fg ] 2]HT:| _F |oT

| Ly |1
|4 —3-all) [

Using Gauss-Jordan elimination, you find that
[ 5 1 1]
R
(z 3 3
|_ 18 9 GJ

Solve the equation Ax = b as follows.
5 1 1[0 [ 28]
x =Atp=|8 A il k) ot )
|8 -2 il I-H
Lis o 6] | 18]
4 2 4]

28. Because (2A) = | |, you can use the formula for

the inverse of a 2 x 2 matrix to obtain

(2411 111 -4] 1[1-4]
2A:L | = = _| |
01] 2-0[0 2] 20 2]
11 4] H —11
So, A = L |=’ ’
40 2 1]
I lo _I
2]

2x]
30. The matrix [ | will be nonsingular if

L14]
ad —bc =(2)(4) - (1)(x) =0, which implies that

X # 8.

32. Because the given matrix represents 6 times the second
row, the inverse will be Ltimes the second row.

|F1001| 6

1090,

100 1]

For Exercises 34 and 36, answers will vary. Sample answers are shown below.
34. Begin by finding a sequence of elementary row operations to write A in reduced row-echelon form.

Matrix Elementary Row Operation
_ 1 _4—|| Interchange the rows.
3 13]
}tl —4%
| | Add 3 times row 1 to row 2.
[0 1]
[10]
| | Add 4 times row 2 to row 1.
L0 1]

Then, you can factor A as follows.

Elementary Matrix

E - (o ﬂ|
\rl 0
10

E, = | |
3 1]
[14]

E, = |
L0 1]
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Review Exercises for

36. Begin by finding a sequence of elementary row operations to write A in reduced row-echelon form.

Matrix Elementary Row Operation Elementary Matrix
102 lF; 0 0]
[O 2 O] Multiply row one by *. E: =]0 1 0’
3
| | |
(10 3] 0 0 1
(1 0 2] F| 1001|
|0 2 0] Add -1 times row one to row three. E2=| 0 1 0]
Lo 0 1]] -1 0 1]
FlOOT| lﬁo-ﬂ
[0 2 0] Add -2 times row three to row one. Es=(0 1 O
oo 1l oo 1)
[1 0 0] [100]
‘O 1 O' Multiply row two by 1, E4=.O 2 O.
llool] lLoo]

So, you can factor A as follows.
[300][1 0 OT|F1 0 2”W1 0 OW

A= E—lE —lE—lE -1 | || |
1 234 [010[010[[010[[020)|

lo o 1)t 0 1o o 1o o 1

[ab]
38. Letting A = | cd |, you have

L]
AzJa b"wa b1:|ra2+bcab+bd1| [00]

2A=1 F

lcdllcd] Ilac+dcch+d |] loo]

So, many answers are possible.

rooffo1]
|1 |, etc.
LooJLoo]
40. There are many possible answers.
0 1] [1 0] [0 1]1 o |00
A=| | B=] [|=A=[ | I =1 =0
[0 0] Lo o] L0 0jo o] [00]
[1 ollo 1] [o1]
But, BA = | | | =| |# 0.

lo olo o] [o0]

Chapter 2

69
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42. Because (A‘1 + B‘l)(A‘l + B‘l) = 1,if (A*1 + B*l)_lexists, it is sufficient to show that (A‘1 + B‘l)(A(A + B)le) =1
for equality of the second factors in each equation.
(At + B-l)(A(A + B)’ls) = A-l(A(A + B)*B) + B-l(A(A + B)’ls)

= AA(A+ B)'B + BA(A+ B) "B

-~ 1(A+B)'B+BAA+B)'B
=1+ B*lA)((A + B)’IB)

= (BB + B-lA)((A + B)’ls)

- BB+ A(A+B)'B

- BYA+B)A+B)'B

-BUB

-B1B

=1

Therefore, (A*1 + B*l)f1 = A(A+ B)le.

44. Answers will vary. Sample answer:

Matrix Elementary Matrix
-31]
= A
120
F304; "1 00
| l=u E=| |
L 0 4] -4 1]
EA=U
{ 1 OWP 1]
A= E | l-LU
[41] 04

46. Matrix Elementary Matrix
F|11 1|1
|122]|=A
1123l
11 1] ||_1 0 0]
|0 1 1] Elz’—l 10|
12 3 Lo o 1l
111 [| 100,
|011| E2=|010|
llo1 2] -1 0 1
{1 1 1" (1 00
0 1 1]=U Es=[0 1 0]
lloo1l] llo1 1]l

1 00] r(lﬁl 1]
EsE:E:A=U = A=ElEIEW 1 10 =

1 23 | || |

l11jjooal]
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48. Matrix Elementary Matrix
[2 1 1 —1]
0 3 1 —l~
=A
o2
2 1 1 -2
12 1 1 -1 [10 00l
3 1
0 -1 0100
0 -2
loooo!:U E21001o!
Lo -1] [-1 0 0 0]
[1 00 0][2 1 1 =}l
EA=U = A =
‘o 01 oHo 0 -2 o’
[1 00 1J0O 0O 0 -1]
(1 00 OT|||—yﬂ| (7 (7
0100 ] -3
00 B0y 2 | 2]
(1 0 0 1fy.] [ 8] L 1]
2 1 1 -1Txl 7] [ 4]
| SINY R I Iy
Ux =y e Z1-8] = x =1
io 0 -2 OHX3|| I 2|| i—1||
00 0 —1fxe [ 1] [-1]
[100 90 70 301_|—110 99 77 33] 56. The matrix is not stochastic because the sum of entries in
50.1.4) 40 20 60 60] | 44 22 66 66| columns 1 and 2 do not add up to 1.
L L ]
58. This matrix is stochastic because each entry is between
52. (a) In matrix B, grading system 1 counts each midterm 0 and 1, and each column adds up to 1.
as 25% of the grade and the final exam as 50% of
the grade. [0.307]
Grading system 2 counts each midterm as 20% of 60. X1=PXo =| 693|
the grade and the final exam as 60% of the grade. p. i
[78 82 80—’ [ 80 80—’ X=PX  _0.38246]
2 1 =10.61754
84 88 8 85.5 854” | ]
91.25 = 0.3659
| o203 90 P0.25 0,201 | X=PX , _[[03659]]
®) Ag -] 1025020=] | | 0.6341
88 86 90| | | 88.5 88.8’ : :
| l050 0.60]
478 80| 78784 (&1 [o04
T4’ 20 | 9672 4' [ |r 1|
L | L 62. Xa=PXo =[5]~l0.185]
(c) Two students received an “A” in each grading system. 27| ‘ ol
0370
54-fA:|—2 1B f2 l—| [1 0—| Hﬁazﬂj 456
o I 1-3 +2 | 81|

L10] [-1o0] o] X2 = PX1 = 12| ~l 02716
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:[ 4 ﬂl—[ 0 3%(2 OWI ’S_;H ~O.2716\
-3 2] [-3 0] [0 2] Laa) L ]
00 (1921 1042397

-0 T
00 X3=PX2 =% [~ |0.2428|

|243|

12 Lo.sjl



64. Begin by forming the matrix of transition probabilities.

ffanRebry
1 2 3
(0.85 0.15 0.101| 1]

P=0.100.800.10|2} To Region

1005005 0.803])

(@) The population in each regi?nfﬁer 1 year is given by
[0.85 0.15 0.10] 1 Tossl

3
Px:|?.1o 0.80 o.1oi£|=| 3(#.3 |.I - I
0.05 0.05 0.80]1
L iH

| 03]
|—0.36—|| 110,000 Region 1

So, 300,000 0.3 |= |100,000| Region 2.
[ 03] (/90000 || Region 3

(b) The population in each region after 3 ye sﬂs given by

1
{0.665375 0.322375 0.24351||§| n0.41041|

PSX =| 0219 0562 0219'l=| 03]
|0.115625 0.115625 0.5375 | 1 [ | | 0.25625 ]
3
[| 041041 [123,125]Region1
0,300,000  _ | _| |
03
’ | ‘100,000 Region 2.
1025625!] 1176875 ||Region3
66. The stochastic matrix
[14]
p=I 7
Lo 2

is not regular because P" has a zero in the first column

for all powers.

To find X begin by letting X— ~ [xa ]
L |. Then use the
X2

atrix_equation PX_ = Xto obtain
BT ]

|7 o
o
2]

Use these matrices and the fact that x1 + x2

Lo %]

=1 to write

the system of linear equations shown.
4x2=0
_by, =
soXe= 0

X1+x2=1
The solution of the systemisx=1and x=0
1

g
o]

So, the steady state matrix is X

Review Exercises for Chapter 2 73

68. The stochasticmatrix
0 0 0.2]

P=]05 09 O
ll05 01 08l

is regular because P? has only positive entries.
Tofind X, let X = [x,% x ]'. Then use the matrix

equation PX = X to obtain.

[0 © o.2ﬂrxl] [xﬂ

0.5 09 e
| 0|| X2 | | X2 |
05 01 08 x X

L 1 L]

Use these matrices and the fact that x FX+X =1to

3

write the system of linear equations shown.

—X1 +0.2x3=0
0.5x - 0.1x =0
1 2
05x1 +0.1x2 —0.2x3=0
X1+ X2 + x3=1
The solution of the system isx1=%,x2 =3 and
11 11
X3 =2

11

Wil Bl

So, the steady state matrix is X = {
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70. Form the matrix representing the given probabilities. Let C represent the classified documents, D represent the declassified
documents, and S represent the shredded documents.

ESlim]
C D S
[070 020 0] C)

P=10.100.750|D} To
02000515}

|F X1 |
Solve the equation PX = X', where X~ = x2 and use the fact that x1+x2+X3 =1 to write a system of equations.
anj
0.70x1 + 0.20x2 =X1 -0.3x1+ 0.2x2 =0
0.10x1+ 0.75x2 =X2= — 0.25%2 =x0
0.20x1 + 0.05%2 + X3 =X3 + 0.05x2 =10
X1
X1 + X2+X3=1 X1+ X2+x3=0

&l

So, the steady state matrix is X = / 0]
1]
This indicates that eventually all of the documents will be shredded.
72. The matrix
{1 0 0.38]
T10 030 0 |
Lo 0.70 0.62/]

is absorbing. The first state Si is absorbing and it is possible to move from Sz to S1 in two transitions and to move from Ss to
S1 in one transition.

P

74. (a) False. See Exercise 65, page 61.

[10 [-1 0]
(b) False. Let A = | | and B =| |
[0 1] L0-1]
[00]
Then A +B = ‘
L0 0]

A+ B is asingular matrix, while both A and B are nonsingular matrices.

76. (a) True. See Section 2.5, Example4(b).
(b) False. See Section 2.5, Example 7(a).

78. The uncoded row matrices are
BEA M_M E_ U P_ S COT TY
[2 51] [130 13] [5 0 21] [16 0 19] [3 15 20] [2025 0]

Multiplying each 1 x 3 matrix on the right by A yields the coded row matrices.
[17620] [0013] [-32 -16 -43][-6 -37][11-2  -3][11545155]

So, the coded message is

17,6, 20, 0, 0, 13, -32, -16, — 43, -6, -3, 7, 11, - 2, -3, 115, 45, 155.
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80. Find A1 to be
-3 —41
1 1]

Afl

and the coded row matrices are
[11 52], [—8 —9], [—13 —39], [5 20], [12 56], [5 20], [—2 7], [9 41], [25 100].

Multiplying each coded row matrix on the right by A~ yields the uncoded row matrices.
SH OW _ M E_ THE_ M O NE Y_
[19 8] [15 23] [0 13] [5 0] [20 8] [5 O] [13 15] [14 5] [250]

So, the message is SHOW_ME_THE_MONEY _.

82. Find A1 to be
5 0% b
Al=18 -8 &)
5_4_2 |
13 13 13

and multiply each coded row matrix on the right by A~ to find the associated uncoded row matrix.

4 2

13 13
[6627 -31]a-!=[66 27 —31H\§ -9
13 13 13
|75 4 2 7|

Ll
Pl[5114] > v, A N

3 13 13]

[37 5 -9]At =[11 5 5= K E E
[61 46 -73]A1 = [19 0 23] = s, _, W
[46 -14 9]A' =9 14 0]= I, N, _
[94 21-49]A1 =[231518] = W, O, R
[32 4 12]aA' = [12 4 0= L D, _
[66 31 -53]A" = [19 5 18] = s, E R
[47 33 67]A' = [9 5 19] = I, E S

[3219-56]A1=[0914] = _, I, N

[43-9-20]A1=[0195] = _,S,E

[6823-34]A1=[22514] = V,E, N

The message is YANKEES_WIN_WORLD_SERIES_IN_SEVEN.

84. Solve the equation X = DX + E for X to obtain 86. Using the matrices

(1= D)X = E, which corresponds to solving the [12] [1]

augmented matrix. |1 :ﬁ || 3\

{0.9 —0.3-0.2 3000 x:’ lalandY =12),

| 0 0.8-033500] | ’1 5 ’4\

| | |

|-04 -01 09 8500 16 14

The solution to this system is you have
[10,000] T [ 5 20] - [14]
| | X X = XY =

X = 110,000 | L2000} | &

115,000 ] 1 18 -04T[14] [0]
A=(XTX) XTY =| =11
|-0.4 0.1]63] [0.7]

So, the least squares regression line is y = 0.7 x.
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88. Using the matrices

1320 [

11 O,andY:| :1|,|y|ou have

‘1 1] -2

1 2] -3

Lrs JoT L FJZT 4 [T oT 2T 04

XTX = XY o= (0 Yadpa=xTx o xtvy=Is o
[010] |-18] |10 L]-18}+18 |
10

So, the least squares regression lineis y = -1.8x+ 0.4, ory =-*x+% s

{1 8—’ {29 ]
' 1 9 ‘ ' 3.00 ‘
1 10 3.01
90. (a) Using the matrices X = | | andY = | you have
\1 11’
|1 12| |3.21
ll113) l13.30]]

[+ 7]

; "1 1 1 1 1 l—||1 1%.:|—6 63 ]

X X | |
|8 9 10 11 12 13J|1 11’ 163679
|1 12|
11 13
and
[2.931
|
11 1 1 1 13'00| 18.64
XTY=[ 1||3.01|:{ o

8 9 10 11 12 13J||3.1o\ 1197.23]

13.21
l1330]]

Now, using (XT X)f1 to find the coefficient matrix A, you have
ey (18647 [2.2007]

A
2 3197 23] [0.0863]
5

So, the least squares regression line is y = 0.0863x + 2.2007.

A=(xTx) XY =

(b) Using a graphing utility, the regression line is y = 0.0863x + 2.2007.
(©)

Year 2008 | 2009 | 2009 | 2010 | 2011 | 2012 | 2013

Actual 293 | 293 | 3.00 | 3.01 | 3.10 | 3.21 | 3.39

Estimated | 2.89 | 2.89 | 298 | 3.06 | 3.15 | 3.24 | 3.32

The estimated values are close to the actual values.
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Project Solutions for Chapter 2

1 Exploring Matrix Multiplication [O 0 1'|| [0 1 1]

1. Test 1 seemsto be the more difficult test. Theaverages

were:
Test 1 average = 75
Test 2 average = 85.5

2. Anna, David, Chris, Bruce

3. Answers will vary. Sample answer:

[1]

M ‘Lé Jrepresents scores on the first test.

[o]

M| hrepresents scores on the second test.

4. Answers will vary. Sample answer:
[1 0 0 O]M represents Anna’s scores.

[0 0 1 O]M represents Chris’s scores.

5. Answers will vary. Sample answer:
[1]
M| l| represents the sum of the test scores for each

student, and LM | ] |1—|represents each students’ average.

2 1]

6. [1 11 1]M represents the sum of scores on each test;

4 1[1111]M represents the average on each test.

1
7. [111 1]M( —|represents the overall points total for

|
1]
all students on all tests.

1
8.1111 1]|\/|r 18025

8 )

2 Nilpotent Matrices

1. A2 #0and A® =0, sothe index is 3.

2. (a) Nilpotent of index 2
(b) Not nilpotent
(c) Nilpotent of index 2
(d) Not nilpotent
(e) Nilpotent of index 2
(f) Nilpotent of index 3

3./000 [index 2;| 00 1 [index 3
lloool| lloool|

[0001] [0011]

|0000]. [0001.
4, index 2; index 3;

|0 0 0 0 |0 0 0 0]
[lo o 0 ol [loo o ol
[0 1 1 1]
|0011L '

index 4
Io 001

[loo 0ol

o
|0

1 1]
1 1]
11l
0 1|

00JI

o
=)

O O O O

O O O kb Bk

6. No. If A is nilpotent and invertible, then A% = O for

some k and A1 = 0. So,
1 1k -1 k-1 k-1

AA=1=0=AA :(AA)A =IA =0,

which is impossible.

7. If A'iis nilpotent, then (Ak)T = (AT)k =0. But
(AT)kf1 = (AH)T # 0, which shows that AT is
nilpotent with the same index.

8. Let A be nilpotent of index k. Then
(I-A) AT+ A2+ D+ A2+ A+ ) =1 - Ak=1,

which shows that
(A< T+ A2 40+ A7+ A+ 1)

is the inverse of | — A.



