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Exercises for Chapter 2

Exercises for Section 2.1: Statements

2.1 (a) A false statement.
(b) A true statement.
(c) Not a statement.
(d) Not a statement (an open sentence).
(e) Not a statement.
(f) Not a statement (an open sentence).

(9) Not a statement.

2.2 (a) A true statementsince A= {3n—-2: neN}and s03:-9-2=25€ A

(b) A false statement. Starting with the 3rd term in D, each element is the sum of the two
preceding terms. Therefore, all terms following 21 exceed 33 and so 33 € D.

(c) A false statement since 3-8 —2 =122 € A.
(d) A true statement since every prime except 2 is odd.
(e) A false statement since B and D consist only of integers.

(f) A false statement since 53 is prime.

2.3 (a) False. @ has no elements.
(b) True.
(c) True.
(d) False. {0} has @ as its only element.
(e) True.

(f) False. 1isnot a set.
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24

2.5

2.6

2.7

(@ x=-2and x =3.
(b) All x € R such that x = -2 and x = 3.

@)
(b)

@)

(b)

(©

{xXezZ: x=>2}
{XezZ: x=<2}

12

A can be any of the sets 9, {1}, {2}, {1, 2}, that is, A is any subset of {1, 2, 4} that does not

contain 4.

A can be any of the sets {1,4},{2,4},{1,2,4},{4}, that is, A is any subset of {1, 2,4} that

contains 4.

A=0¢and A= {4}.

5, 11, 17, 41, 59.

Copyright © 2013 Pearson Education, Inc.



13 13

28 () S1=1{1,25 (b) S;={0,3 4}
29 P(n) : ”T_l is even. P (n) istrue only forn =5and n =9.

2.10 P(n) : 3 is odd. Q(n): ﬁgﬂ is even. or Q(n): n? +9is a prime.

Exercises for Section 2.2: The Negation of a Statement

211 (@) 2 is not a rational number.

(b) O is a negative integer.

(c) 111 is not a prime number.

2.12 See Figure 1.

P Q ~P ~Q
T|T| F | F
TI|F| F | T
FlT| T | F
FIF| T |7

Figure 1: Answer for Exercise 2.12

2.13 (a) The real number r is greater than 2.
(b) The absolute value of the real number a is at least 3.
(c) At most one angle of the triangle is 45°.
(d) The area of the circle is less than 9x.
(e) The sides of the triangle have different lengths.
(f) The point P lies on or within the circle C.

2.14 (a) At most one of my library books is overdue.
(b) My two friends did not misplace their homework assignments.
(c) Someone expected this to happen.
(d) My instructor often teaches that course.

(e) It’s not surprising that two students received the same exam score.

Exercises for Section 2.3: The Disjunction and Conjunction of Statements

2.15 See Figure 2.

2.16 (a) True. (b) False.  (c) False. (d) True. (e) True.

Copyright © 2013 Pearson Education, Inc.
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217 (@) P vQ: 15isodd or 21 is prime. (True)

Copyright © 2013 Pearson Education, Inc.
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P Q ~Q PA(~Q
T|IT[F F
TIF|T T
FIT|F F
FIF|T F

Figure 2: Answer for Exercise 2.15

(b) P AQ: 15is odd and 21 is prime. (False)
(©) (~P)vQ: 15is not odd or 21 is prime. (False)
(d) P A(~ Q) 15iso0dd and 21 is not prime. (True)

2.18 (a) All nonempty subsets of {1, 3, 5}.
(b) All subsets of {1, 3, 5}.

(c) There are no subsets A of S for which (~ P (A)) A (~ Q(A)) is true.

Exercises for Section 2.4: The Implication

219 (@) ~ P: 17 isnoteven (or 17 is odd). (True)
(b) P v Q: 17 is even or 19 is prime. (True)
(c) P AQ: 17 iseven and 19 is prime. (False)
(d) P = Q: If 17 is even, then 19 is prime. (True)

2.20 See Figure 3.

P Q ~PP=2QFP>0Q>(FP)

el

=4
—H| ] M| T
= | = |~
— |||

Figure 3: Answer for Exercise 2.20

V_
221 (@) P = Q: If 2 isrational, then 22/7 is rational. (True)
(b) Q = P: If 22/7 is rational, then 2 is rational. (False)

V_
(© (~P)=(~ Q) If 2isnotrational, then 22/7 is not rational. (False)

V_
(d) (~ Q) = (~ P): If 22/7 is not rational, then 2 is not rational. (True)

Vv
222 (@) (P AQ) = R: If 2isrational and 2 is rational, then

3 is rational. (True)

(b) (P AQ) = (~ R): If "~ isrational and ? is rational, then is not rational. (True)

Copyright © 2013 Pearson Education, Inc.
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© (~P)AQ) =>R:If

d PvQ) = (~R)If

2 3 3
_ is not rational and 2 is rational, then 3 is rational. (False)
3
_ v_. .
is rational or 2 is rational, then is not rational. (True)
2 3

3

Copyright © 2013 Pearson Education, Inc.
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2.23 (a), (c), (d) are true.

2.24 (b), (d), (f) are true.

2.25 (a) true. (b) false. (c) true. (d) true. (e) true.
2.26 (a) false. (b) true. (c) true. (d) false.

2.27 Cindy and Don attended the talk.

2.28 (b), (d), (f), (g) are true.

2.29 Only (c) implies that P v Q is false.

Exercises for Section 2.5: More On Implications

230 (@) P(n) = Q(n): If5n + 3 is prime, then 7n + 1 is prime.
(b) P(2) = Q(2): If 13 is prime, then 15 is prime. (False)
(c) P(6) = Q(6): If 33 is prime, then 43 is prime. (True)
231 (@) P(x) = Q(x): If [x] =4, then x =4,
P (-4) > Q(-4) is false.
P (-3) = Q(-3) is true.
P (1) = Q() is true.
P(4) = Q(4) is true.
P (5) = Q(5) is true.
(b) P(x) = Q(x): If x> =16, then |x| = 4. True for all x € S.
(c) P(X) = Q(X): If x> 3, then 4x —1 > 12. True for all x € S.

2.32 (a) All x € S for which x = 7.
(b) All x € S for which x > —1.
(c) Allxes.
(dy Allxes.

2.33 (a) True for (x,y) =(3,4) and (x, y) = (5,5) and false for (x, y) = (1, —1).
(b) True for (x,¥) = (1,2) and (X, y) = (6, 6) and false for (x, y) = (2, —2).
(c) True for (x,y) € {(1,-1), (-3, 4), (1,0)} and false for (x, y) = (0, —1).

2.34 (a) If the x-coordinate of a point on the straight line with equation 2y + x —3 = 0 is an integer,
then its y-coordinate is also an integer. Or: If —2n+3 € Z, thenn € Z.

Copyright © 2013 Pearson Education, Inc.
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(b) If nis an odd integer, then n? is an odd integer.

(c) Letn e Z. If 3n+7 iseven, the n is odd.

Copyright © 2013 Pearson Education, Inc.
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2.35

2.36

2.37

2.38

2.39

2.40

241

242

2.43

(d)
Q)

If f(X) = cosx, then f'(x)= —sinx.

If a circle has circumference 4x, then its area is also 4.

() Letn € Z. If n® is even, then n is even.

Exercises for Section 2.6: The Biconditional

P © Q: 18isodd if and only if 25 is even. (True)

The integer x is odd if and only if x? is odd.

That the integer x is odd is a necessary and sufficient condition for x> to be odd

The inequality [x — 3| <1 is satisfied if and only if x € (2, 4).

That |[x — 3] <1 is necessary and sufficient for x € (2, 4).

(@)
(b)
(©
(d)
©)
()
(@)
(b)
(©

@)
(b)

~P(X): x=-2.True ifx =0,2.

P(x) VQ(X): x=-2o0r x> =4. True ifx = -2, 2.

P(X) AQ(X): x=-2and x> =4. True ifx = -2,

P(x) = Q(X): If x= -2, then x2 = 4. True for all x.
Q(X) = P(x): If x> =4, then x = =2 True if x =0, —2.
P(x) © Q(X): x =-2ifand only if x> =4. True if x =0, —2.
True for all x € S — {—4}.

True for x € S — {3}.

True for x € S — {—4,0}.

True for (X, y) € {(3,4), (5,5)}.

True for (x,y) € {(1, 2), (6, 6)}.

(c) True for (x,y) € {(1,-1), (1, 0)}.

True ifn = 3.

True ifn = 3.

P (1) = Q(1) is false (since P (1) is true and Q(1) is false).
Q(3) = P (3) is false (since Q(3) is true and P (3) is false).
P (2) © Q(2) is true (since P (2) and Q(2) are both true).

2.44 (i) P (1) = Q(1) is false;
(i) Q(4) = P (4) is true;

Copyright © 2013 Pearson Education, Inc.
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(iii) P (2) © R(2) is true;
(iv) Q(3) @ R(3) is false.

Copyright © 2013 Pearson Education, Inc.
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2.45 True foralln € S — {11}.

Exercises for Section 2.7: Tautologies and Contradictions

2.46 The compound statement P = (P v Q) is a tautology since it is true for all combinations of truth
values for the component statements P and Q. See the truth table below.

[PTQ[PVQ T PS(PVQ)]
I I I I
T|F T T
F|T T T
F|F

F T

2.47 The compound statement (P A(~ Q))A(P AQ) is a contradiction since it is false for all combinations
of truth values for the component statements P and Q. See the truth table below.

PTQ]~QTPAQTPACFEQ [ PAGFANAPAQ) ]
T T F I F F
T F| T F T F
F| T| F F F F
FIF| T F F F

2.48 The compound statement (P A (P = Q)) = Q is a tautology since it is true for all combinations of
truth values for the component statements P and Q. See the truth table below.

PTQ [ PSQ [ PAPSQ [ (PAFPSQ)ISQ
I I I I I
T|F F F T
F|T T F T
F|F T F T

PAP =0Q) = Q: IfP and P implies Q, then Q.

2.49 The compound statement (P = Q) A (Q = R)) = (P = R) is a tautology since it is true for all
combinations of truth values for the component statements P, Q and R. See the truth table below.

PTQR|[PSQ [0SR PSQOAQRSR [PSR[(PSQOAQSRYS (PSR
I I I I 1 1 I 1
T|F| T F T F T T
FlT| T T T T T T
FlF| T T T T T T
T|T|F T F F F T
T|F|F F T F F T
F|T|F T F F T T
F|F|F T T T T T

(P=>QQAQ=R) = (P =R): IfP implies Q and Q implies R, then P implies R.
250 (a) RVv S is a tautology. (b) R AS is a contradiction.
() R = S is a contradiction. (d) S = R is a tautology.

Copyright © 2013 Pearson Education, Inc.
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Exercises for Section 2.8: Logical Equivalence

Copyright © 2013 Pearson Education, Inc.
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251 (a)

(b)
252 (a)

(b)

253 (a)

(b)

18

See the truth table below.

[PIQ[~P~Q[P=Q[(=P)5(=Q) |
T T F F T T
T F| F T F T
FlT| T F T F
FIF[ T T T T

Since P = Q and (~ P) = (~ Q) do not have the same truth values for all combinations of
truth values for the component statements P and Q, the compound statements P = Q and
(~ P) = (~ Q) are not logically equivalent. Note that the last two columns in the truth table
are not the same.

The implication Q = P is logically equivalent to (~ P) = (~ Q).

See the truth table below.

PITQI~PT~Q[PVQ[~PVQY [ =P)V(~Q) ]
T T F F T F F
T|F F T T F T
FlT| T F T F T
F| F T T F T T

Since ~ (P vQ) and (~ P)V (~ Q) do not have the same truth values for all combinations
of truth values for the component statements P and Q, the compound statements ~ (P v Q)
and (~ P) v (~ Q) are not logically equivalent.

The biconditional ~ (P vQ) < ((~ P)V (~ Q)) is not a tautology as there are instances when
this biconditional is false.

The statements P = Q and (P A Q) & P are logically equivalent since they have the same
truth values for all combinations of truth values for the component statements P and Q. See
the truth table.

[PTQ[PSQ[PAQ PAQYSP |
I I I 1 1
T |F F F F
F| T T F T
F|F T F | T

The statements P = (Q VR) and (~ Q) = ((~ P) Vv R) are logically equivalent since they
have the same truth values for all combinations of truth values for the component statements
P, Q and R. See the truth table.

P Q| R ~ P ~Q | QVR P = (QVR) (~P)VR (~Q) = ((~P)VR)
T T]T F F T T T T
T F T F T T T T T
F T | T T F T T T T
F F T T T T T T T
T, T F F F T T F T
T F F F T F F F F
F T F T F T T T T
F F F T T F T T T

Copyright © 2013 Pearson Education, Inc.
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2.54 The statements Q and (~ Q) = (P A(~ P)) are logically equivalent since they have the same truth
values for all combinations of truth values for the component statements P and Q. See the truth
table below.

Copyright © 2013 Pearson Education, Inc.
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PITOQ~P I ~QTPACP) [ Q=>FPACEP)
I I F F F I
T|F| F T F F
FlT| T F F T
FIF| T T F F

2.55 The statements (P v Q) = R and (P = R) A (Q = R) are logically equivalent since they have the
same truth values for all combinations of truth values for the component statements P, Q and R.
See the truth table.

PIQ  R|PVQ| PVQ=SR|P=>R|Q=>R] P>RAQR=R)
T T T T T T T
T|F|T T T T T T
FlT| T T T T T T
FIlF| T F T T T T
T|T|F T F F F F
T|F|F T F F T F
F|T|F T F T F F
F|F|F F T T T T

2.56 If S and T are not logically equivalent, there is some combination of truth values of the component
statements P, Q and R for which S and T have different truth values.

2.57 Since there are only four different combinations of truth values of P and Q for the second and third
rows of the statements S;, S;, S3, S4 and Sg, at least two of these must have identical truth tables
and so are logically equivalent.

Exercises for Section 2.9: Some Fundamental Properties of Logical Equiv-
alence

258 (a) The statement P v (Q A R) is logically equivalent to (P v Q) A (P Vv R) since the last two
columns in the truth table in Figure 4 are the same.

P O RPVQ PVR OAR PV(@QAR PVQAPVR
T T : :
T|T|T T T T
TI|F|T T T F T T
FIT|T| T T T T T
Elel 1l e T F F F
T T F T T
TITFT 1 T F T T
F|F F F F E
el lEl T
F FF F F F F F

Figure 4: Answer for Exercise 2.58(a)

(b) The statement ~ (P v Q) is logically equivalent to (~ P) A (~ Q) since the last two columns
in the truth table in Figure 5 are the same.

Copyright © 2013 Pearson Education, Inc.
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259 (@) Bothx=0and y=0.
(b) Either the integer a is odd or the integer b is odd.

Copyright © 2013 Pearson Education, Inc.
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2.60

2.61

2.62

2.63

2.64

2.65

2.66

2.67

2.68

2.69

22

PQ ~P~QPVQ ~(PVQ (~P)A(~Q)

F
T
F
T

m|lm| 4|
M| 4| |

n| |4 |4

—|(d |7 |Tm
—| | MM
—H|T|m|m

Figure 5: Answer for Exercise 2.58(b)

(@) x and y are even only if xy is even.
(b) If xy is even, then x and y are even.
(c) Either at least one of x and y is odd or xy is even.

(d) x and y are even and xy is odd.

Either X2 =2and x= 2orx= 2and x2 =2.

The statement [(P VQ)A ~ (P AQ)] is logically equivalent to ~ (P < Q) since the last two columns
in the truth table below are the same.

PTQ [ PVQ [ PAQ [ ~(PAQ) [PEQ [ PVOA~FPAQ) [~ FaQ)
T T T T F T F F
T F T F T F T T
F1 T T F T F T T
F1F F F T T = =

If 3n + 4 is odd, then 5n — 6 is odd.

n is odd if and only if 7n + 2 is even.

Exercises for Section 2.10: Quantified Statements

vx € S, P (X) : For every odd integer x, the integer x> + 1 is even.

3Ix € S, Q(x) : There exists an odd integer x such that x? is even.

Let R(x) : x> +x +1liseven. and let S = {X € Z : x is odd}.
vx € S, R(x) : For every odd integer x, the integer x? + x + 1 is even.

3x € S, R(x) : There exists an odd integer x such that x> + x + 1 is even.

(@) There exists a set A such that AnA = ¢.
(b) For every set A, we have A 6S A.

(a) There exists a rational number r such that 1/r is not rational.

(b) For every rational number r, r2 = 2.

(@) False, since P (1) is false.

Copyright © 2013 Pearson Education, Inc.



(b) True, for example, P (3) is true.

270 (@) T

() T () F

@7 ©@T OF @T (MF
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271 (a)
(b)
(c)

(d)

20

Ja,be Z ab<Oand a+b>0.

vx,y € R, x =y implies that x? +y? > 0.

For all integers a and b, eitherab=0o0ra+hb=<0.

There exist real numbers x and y such that x =y and x? +y? <0.

Va,be Z ab=0o0ora+b=<0.
ax,y€eR, x=yand x* +y? < 0.

2.72 (d) implies that (~ P (X)) = Q(x) is false for some x € S (in fact, for all x € S).

2.73 (b) and (c) imply that P (x) = Q(x) istrue forall x e T.

274 (a)
(b)
(©)
(d)
(e)

For all real numbers x,y and z, (x —1)2 +(y —2)? + (z — 2)? > 0.

False, since P (1, 2,2) is false.

Ix,y,zER, (X =12 +(y—-22+((2-2?=<0. 3x,y,Z€ER, ~P(X,Y,2).)
There exist real numbers X,y and z such that (x — 1) + (y —2)? + (z — 2)?> < 0.

True, since (1 =12 +(2—-2)2+(2-2)2=0.

2.75 Let S = {3,5,11}and P (s, t) : st— 2 is prime.

(@)
(b)
(©
(d)
(e)

276 (a)

(b)
(©

277 (a)
(b)
(©
2.78 (a)
(b)

vs,te S, P(s, t).

False since P (11, 11) is false.

3s,t€ S, ~P (s, 1).

There exist s, t € S such that st — 2 is not prime.

True since the statement in (a) is false.

For every circle C; with center (0, 0), there exists a circle C, with center (1, 1) such that C,
and C, have exactly two points in common.

3C, € A, ¥C, € B, ~ P (Cy, Cy).

There exists a circle C; with center (0, 0) such that for every circle C, with center (1, 1), C;
and C, do not have exactly two points in common.

There exists a triangle T, such that for every triangle T,, r(T2) = r(Ty).

VT, €A, 3T, € B, ~ P (Ty, To).

For every triangle Ty, there exists a triangle T, such that r(T,) < r(T,).

For every a € A, there exists b € B such that a/b < 1.

For a=2,letb=4. Then a/b=1/2 < 1.
For a=3,letb=4. Then a/b=3/4 < 1.
For a =5, letb=6. Then a/b =5/6 < 1.

Copyright © 2013 Pearson Education, Inc.
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2.79 (a) There exists b e B such that for every a € A, a —b<0.

Copyright © 2013 Pearson Education, Inc.
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(b) Letb=10. Then 3-10=-7<0,5-10=-5<0and 8-10=-2<0.

Exercises for Section 2.11: Characterizations of Statements

2.80 (a) Two lines in the plane are defined to be perpendicular if they intersect at right angles.

Two lines in the plane are perpendicular if and only if (1) one line is vertical and the other is
horizontal or (2) the product of the slopes of the two lines is —1.

(b) A rational number is a real number that can be expressed as a/h, where a,be Z and b=0.
A real number is rational if and only if it has a repeating decimal expansion.

2.81 An integer n is odd if and only if n? is odd.

2.82 Only (f) is a characterization; (a), (c) and (e) are implications only; (b) is a definition; and (d) is
false.

2.83 (a)-(d) are characterizations. (d) is the Pythagorean theorem. (e) is not a characterization. (Every
positive number is the area of some rectangle.)

2.84 (a) and (b) are characterizations.

Additional Exercises for Chapter 2

2.85 See the truth table below.

[~P Q=P [PAQRS(=P)]
F F

2.86 Statements R and P are both true.

n—4n+HQ
4T
-4

nn-H4+47
uuk

2.87 PV (~ Q)
288 @ T (M T (©F (F (T (fF

2.89 (a) (1) A function T is differentiable only if f is continuous.
(2) That a function f is differentiable is sufficient for f to be continuous.
(b) (1) The number x = —5 only if x> = 25.
(2) That x = =5 is sufficient for x> = 25.
290 (@) For S={1,2,3,4},vne€S,P(n) istrue, 3n € S, ~ P (n) is false
(b) For S ={1,2,3,4,5}, vn € S,P (n) is false, 3n € S, ~ P (n) is true.

Copyright © 2013 Pearson Education, Inc.
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(c) The truth value of vyn € S,P(n) (or an € S, ~ P (n)) depends on the domain S as well as the
open sentence P (n).

Copyright © 2013 Pearson Education, Inc.
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291

2.92

2.93

2.94

2.95

2.96

2.97

24

(@) See the truth table below. (b) can be similarly verified.
P1TQ R ~Q | ~R PAQ| PAQ) =R PA(~R) PAFR)=>((~Q) |
T T T F F T T F T
T F T T F F T F T
Fl T | T F F F T F T
FIF|T T F F T F T
T T F F T T F T F
T F F T T F T T T
F| T|F F T F T F T
F| F|F T T F T F T

If n is a prime and n is even, then n < 2.

If n > 2 and n is even, then n is not a prime.

If m is even and m + n is even, then n is even.

If n is odd and m + n is even, then m is odd.
If f'(x)=3x2 —2x and f(x)=x3 —x2 + 4, then £(0) = 4.

If £(0) =4 and f(x)=x3 —x% + 4, then f'(x) = 3x% — 2x.

Consider the open sentences
P(n) : ﬁ;ﬂ isodd. Q(n) : (n—2?>0. R(n) : (n+1)"1isodd.

The statement P (n) is true for n = 2,3; Q(n) is true for n = 1,3; and R(n) is true for n = 1, 2.
Thus the implications P (1) = Q(1), Q(2) = R(2) and R(3) = P (3) are true and their respective
converses are false.

No. Since Q@) = P (a), R(b) = Q(b) and P (c) = R(c) are false, it follows that
P (a), Q(b) and R(c) are false and Q(a), R(b) and P (c) are true.

At least two of the three elements a, b and c are the same. If a = b, then Q(a) and Q(b) are both
true and false. This is impossible for a statement. If a = ¢, then P (c) and P (a) are both true and
false, again impossible. If b =c, then R(b) and R(c) are both true and false, which is impossible.
Observe that

(1) P(x) istrue for x = 1, 3,5 and false for x = 2,4,6, (2)

Q(y) istrue fory =2,4,6 and false fory =1,3,5,7, (3)

P(X) = Q(y) is false if P (x) is true and Q(y) is false.

Thus |S|=3-4=12.
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2.98 (a) For every x € A and y € B, there exists z € C such that P (x, y, z).

(b) For every x € A and y € B, there exists z € C such that x =yz.
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(c) For x=4and y =2, let z=2. Then x =yz.

@)
(b)
(©

@
(b)
©
(d)
(e
()
)
(h)

For x =4and y =4, letz =1. Then x =yz.
For x =8and y =2, letz = 4. Then x =yz.
For x =8and y =4, letz=2. Then x =yz.
Therefore, the quantified statement in (b) is true.

Idx e A IyeB,vzeC, ~P(X,Y,2).

There exist x € A and y € B such that forall ze C, ~ P(x,Y,2).

For x =1and y=3,letz=2. Then x +z =Y.

For x =1and y=05,letz=4. Then x+z =vy.

For x=1and y=7,letz=6. Then x+z =y.

For x =3 and y=3,letz =0. Then x +z =Vy.

For x=3and y=5,letz=2. Then x+z =y.

For x=3and y=7,letz=4. Then x +z =y.

Therefore, there is no pair x, y of elements with x € A and y € B such that x+z =y for every
z € C. Thus the statement in (b) is false.

If a triangle has two equal angles, then it is isosceles.

If a circle C has diameter p2/—n, then the area of C is 1/2.

If n is an odd integer, then n* is odd.

If the slope of a line ¢ is 2, then the equation of € is y = 2x + b for some b € R.
If a and b are nonzero rational numbers, then a/b is a nonzero rational number.
If a, band c are three integers, then at least one ofa +b,a +c and b +c is even.
If the sum of two of the angles of a triangle T is 90°, then T is a right triangle.

If r= 3, then r is irrational.
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