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Chapter 2

Free Vibration of Single Degree
of Freedom Systems
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@ 2000
m=—,
386.4

Let wy = 7.5 rad/sec.

-V

20
kg =m i = [—33%} (7.5)* =291.1491 Ib/in =4 k

where k is the stiffness of the air spring.
Thus k = 2921491 _ 79 7873 11 /in.

x = A cos(&ﬁ,.,\':—g) s i;_asnA sin(caht._%),

x = — YA cos (w,t )

= . - 2T
@) B A= o1 ‘m/,gec_ : Th = @, = 2sec, W, = 31416 ra.aVse.c

N
. &
@) x, = x(t=0) = A cos (‘?@Q@%?“%Z m
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g = 51. 0724-0 \)&Qi%@ 6‘2’&\:@(\2&\%{\
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(C ) p 4 = &i S/ N 2
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For small angular rofation of bar P& about P,
2
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Keq =m Wi = [ 500 ] (62.832)* = 20.1857 (10*) N/m =4 k

9.81
so that k = spring constant of each spring = 50,464.25 N/m. For a helical spring,
4
K = Gd -
8nD
Assuming the material of springs as steel with G = 80 (10°) Pa, n = 5 and d = 0.005
m, we find
9 4
k = 50,464.25 = 20 (10) (0'205)
8(5)D
This gives
-3
p3 = 1250(10°7) _ o, 7700 (10™°) or D =0.0291492 m = 2.91492 cm

50464.25

WM

@ (1) with springs %, and *,: === J__'“ 1 I
Let Y., 35 , ;’;’l be deflections o b=1| ls"‘\
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1 z z 2 & @Qq‘\\o(\fep
O .
2z 6('7-) Ho=p Rk Fut g ke S Sl
2 oQA 6\9\9’6 o‘\ggfb
. (¢}
., (Kn)ey = % _@) g “fg%‘f& F
< o
3 ﬂ ‘,\@6%90& &\Q&QQ & a ‘x -_—‘l l
F S @&@0 & —
¥= rx (3 { x) e601é§0q6 d}\\é“ L 2
G E I F %‘c}'\Q}A %®%®g$z®® T~ -
= &Et'oo g &< ~~a
= : S
@ xX= QU » ya.v g\é Qjo‘b(\Q’b{\ \Q’\\' )
@ x= b -’\“6" ) @f—
’ ‘et &5
@ rx= 1 ) ?t = Ff&%%\
TS ,
2 2 >
%, K3 (_?3_) + Ky Kz (_ﬂ_ 2 3EI
W, = b 7 where % 73
bea.m J4

i (3€1) of Bh-2)+ %, (3e1) b* (34-4)°
ml®{x,a* Gl-a) + w2 b (30-b)" + 12 €2 £}

(if) without springs «k, and %,

Kbeam _ ’361: ‘
™ w L3
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PulLejs' {, 2
A= 2% + 2 %y ---- (&)
Let P = tension in rope. P P
For e.su-:'l.'!:rium of Puucj i, fx‘
2P='k'x| -—— - (Ez) j_ —
For eeu:‘ufarlum of P“ued 2, &y
L i
W"Iel"e *l_‘fk+‘fﬁ-2k 5 'kl-'-"z‘k P P
and  kp= K+ K= 2%
Combining Egs- (E1) to (E3) :
2P 2P 41:(—'— + N o 4P
x=2m 2z = 2(B) 42 (1) = 4P ) = %
Let keaz e,&u.u'vPaJ.e.nf spring constant of the system:
- _ k
kp= = = 7
gua.i'lon af motion of mags wm: mz + ‘keﬁé{' =0

- - E
\ O
& \° N
Oe ‘Q @

PR
&
Q2 K Pl ol P .
For a dlspla.cement of x of mass m, pull@iss;\oé‘ S O\QQ’ .
S ¢ O
QN \ b\
1, 2 and 3 undergo displacements of 3& o‘gy &

and 8x, respectively. The equation Q?mqﬂgﬁ

\.
of mass m can be written as 7, & (SO
R \4@% & ’b{\ Q’q\\
. O Q,\o %Qjo *Q \K‘\\
mx+Fy=0 &(\\66@ AR (1)

where Fg =2F; =4 F, = 801\'@ as shown in figure.
Since F; = (8x) k, Eq. (1) can be rewritten as

mX+8F; =8(8k)=0 (2)

from which we can find
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@) = \Jax/m

(B)  as, = VARLH 4w

Z_l_:rzi_-i:_;‘g_;!,_ _c_o_n_d i_f(on.’:‘: AC
Velac.‘é_y a;_ JC;ZL:;‘; mass m = V= \J?_gf (’.' ‘U"'._'t‘# = 2},2)
x=0 at Atatic ezuflibrium Porff:bn-
Xo= x(E=0) = _ weight = = mgz

‘keg 4 &
Conservation of momentum: (m+ ™) X, =mV =™ \/z;ﬁ
- xo= #(t=¢) = n:;m 291
cqmlal.e.be. solution : x (t) = Ao sfn(wnt -+ 'da)
where Ao = J“az'f' (%_>2_ _ m*g* N )
n 16 «* 2k (M+m)

and ¢=fw;|(aca&3n>= ! - Vg
xg J;i'k (M+m)

(&) Velocity of anvil = v = 50 ft/sec‘= 600 in/sec. x,= O at static equilibrium

e . QS ()
position. S N

2 O &
. %\rz}\i ) @ﬂ&‘é\@c‘)&@
Conservation of momentum: SN
A\)(\&i\"&@éo@& mv
M + m) %o = Q% erexs = x(t=0) =
( : &Q‘%ﬁ (oé’%.fi%‘e M+m

Natural frequency: < &eiobié‘z\\*o

‘(\\6 $~06 Q‘Oi P *io\{\\,ev4—k

ISRV i

N 9 \@
Complete solution: S&°
x(t) = Agq sin (w t + ¢o)
where
1
23 1
\ %0 2 m? g2 m? +2 5
=X — = -+
Ao =1x0 | - 6k  (M+m4k
and
f,bo=t3.n—1 X_o_UJl; =tan—*1 __IE_g_ 4k (M-l—m) =t -1 [__g M+4+m
Xo ik V M+m) mv vVi4k
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Since v = 600, m = 12/386.4, M = 100/386.4, k = 100, we find
1

2 2
12 (386.4) | (12(600)|" 3864 1" _ia0ein
Ao =117 (100) (386.4) 386.4 | 112 (400)

bo = tan™! [- \Fsss.z; “ ;1\2/ — tan~! (—0.01734) = — 0.9934 deg
386.4 (600) V400

(b) x = 0 at static equilibrium position: X = x(t=0) = 0. Conservation of

momentum gives:

- . mv

Complete solution: _
x(t) = Aq sin (wy t + ¢o)

where
2L 1
. 2 -
) %o m? v2 ™M) |2 mv _ 12 (600) "V 386.4 .
A0= X0+ —_ =——2"‘—“—"— =v_ V =1-8314m
wy M* 4k 4k M 386.4\ 4 (100} (100)
o O F
b0 p |F0 % &\ip&\;\b
=tan™ |~/ | =488 =0
xo %00 0(}0 QOi@ g &\\\@Q’ )
z "5@{ (\és &‘Q (\’& &
IR
3E I SICFCHED L
@ ‘ki = lgl (a;& ‘t‘fF) ; 0\\\)1\ ;&3’ c}\;{jz_.f.%._.i (q;k rm“dd[e)
« 1' \ef’@\be}*&o;"é\f&é;dgo 2
eg = #,+ Kz L L LS

NG >
L3 Qé\o"* L2 w
Qg'%ue o
= AE _ ™ (. zo}ﬁb_ 14
by 2 {Fleo FzoTxot 5120 x10° Wm
20

c \Y2
- & — 0‘312-9 X (0 - .51 a-‘[ ‘gec
Iy P LR

Xe = 2 ™3, % =0 (suolale.r\lj stopped while & has velocity)

2T 27

Period of ensuing vibration = Th = G, = 73504 = 0.2204 fec

AmPlE{:u.Je = A= 7'Cc./c.s,, = 7—/2&-5”4 = 007015 wm

]

Wy= 2 Hz = 12:5664 rad/sec [%"

Vk = 12.-5664 Vm

"= /4‘/ —’—-k— = ¢.2832 vad/sec
@y, — = JmFi 6-2832 /
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J¥ = 6.2832 [m+l
12.5664 Jm

_ 1
wri =2m , wm= 3 g

4= (12- 5‘664—)2 m= 52:¢381 N/m

Cable stiffness = k = %E = % [” (0. 01)2] 2.07 (10'!) = 4.0644 (10°) N/m
1 2T
Tan = 0.1 = E— = _CATE_
k
wn = ..2_1 = 20 T = —
0. m
Hence
8
m=K _400400) _ (120 ) _ 1029.53 kg
w? (20 )
b=2f sne o
l. \’S (}Q\ 18\'\0 (7
Neglect masses of links. RS

2 _ 2 A
@) “kea— *® (41 b ) (—99-@‘9“@9—‘#

T o S
&ﬁg@_&q,&@e L 7
L &S
NN NPRN kb
(‘\,\@ QJQ)&\}&QS\%
&

cos* o y
- (sc’nzg ) 0\\\) ‘@eoé@t’.\\ {{_ré\
WG = - * c’\Q}J\éﬁ" \ go@ From solution )
= XD T E ( of ProLIEm {8

keﬁ
m B
S EL
(&) W, = ’*W'Z %ﬁg@o&%Q = k.

N
A be,

& 2
y =12~ sing-x* -1 cgs@; J!z (cos? @ + sin? @) — (I sind — x)* — I cos®

=\ﬁ2coszﬁ—xz +21 xsing -1 cos@

x2 ‘ 2 £ x sin ¢
— — : _..f se
_fCOSHVI — + 7 ook § o

1 1 1
E’keq"2='2"k1}'2+§'kzyz

. 2 .
with Yﬁfcosg[l—-l X 1 2¢€xsiné — leos f

2 Beo?f 2 € cod B

=xtan § (since x*<< x, it is neglected)

__ xsgind
cos
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Thus k., can be expressed as

Hquation of motion:

Natural frequency:

@ (a) Neglect masses of rigid links. Let x = displacement of W. Springs are in series.

k
2
Equation of motion:
mx ={
+keg x y \&vp\
- QRS
Natual frequency: @""i&% Q% S

(b) Under a displacement of x of m@‘s %Q’ <E-&l:Psg;ring will be compressed by an an
amount: 60\\ é@
\Q ‘\ @\Q o) ®~$
&0\0 \Q} (o@‘b & OK\‘Q
2
< 2 _ D%
«\*&@i@@(’ t’i\ ¢ 4
@ o‘,\fo \
Equivalent spring cons}aﬁg; 5 \«o
Y
7 x? = 5 k x2
2
X, 4 b?
or ke =2k |—| =2k || |? - —
e« x b? 4
Equation of motion:
mX +keggx=0
Natural frequency:
. = _ki _ 8 k fz bz
3 - 2 -
m b* m 4
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Fi= F3= %, % wof45° A . Fi
(]
F,

= Fu= 4, cos 135° 4

45°
° x
F= force a_lonj x = F M45°+ F, <5135 £ #
+F o545° + By coni35” Fs 5
= 2% (& 0s*45° + K, ws*135°)
F f %
’ke%'; T Z(_i!‘f— —zz')‘—' kK + Kz
Ezuo.'h'dn Of Tﬂafl‘oﬂ: ™ 'x + Ckl-‘- ‘kz) x = O
@ Let o, denote the a.ngle
made l? Jt Apring with
respect o X axis.
lLet x= c!lS‘fla-Ceme.n‘& of
mass a.f.nm.j, tre dirnetiom ¥
Iy keﬂ= cg}.'..:wlomi Apring
constant, The e&u:’k:.ﬂbh-&
o Pst-nifa.l emangies Gives
< oS (6 -, ) & o\\o
T ke ® Z ke {* % %\\;@;@
S \<‘Q
k%"—Zk cos (e__a() Z%@\QQQ gg?d -{—&1.:\9410-0(')
&:-—-1 4. &'06 bQ,. 6\(0
6 z Z &4““ )
= = .k._(cai «; cgse&é%*?:%* )
=1 Q‘ < 90\\‘@
2 Z (et oA, Aog{ %)
= SRR kep
Natural freguency = Cs\,s\z%o@% —=
(4
For @9, to be independent of &, Z‘k Z w; wirat;(E)
i=1 i=1
anrd ZG k; ef X Al = o '"(Ef.)
izt

(Ey) and (E) can be vewritten as

6 \ _
é k‘:(i,—_q.ii cos z«;) = E‘:,i ‘kz(-i,:—i cos zq‘)

=1
a.:ﬂ‘l L %‘ ‘f(c gin 7-0(‘: = 0
= (=1
e é %, S 2ef; = O --- (Ei)
=1
amd. é k; Sin 24; =0 =77 &
i=1
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In the pre.sen'lt E.XO-THP(E, (Es) and (64) become

K, cos GO° + K, cos 240"+ k3 €3 283 + Ky CoS 420°+ Kz cof 600
+ Ky 0F5 (360" + 2«3) = ©

k, sin 60" + 4z Sin 240" + 43 sin 2otz + K, Sin 420° 4 *, Sin coo’
+ k3 sin (360 + 24¢3) = ©

2 k3 cof 203 = kz— ¥i...(Es)

(e -‘kl - Ky + 2 *3 oS 2«3 = O }
3 .
=] , 213 Sin 203 = V3 (*2 - k|>-.(E‘)

NEY *,—J?‘kz + 2 k3 sin 23 =

Sguaring (Eg) and (Eg) and a-dc':'ns,
b k3 = (- +)* (1+3)
i ‘kg = + ("k:_-' k|) = 1(3 = I‘kz-‘ L3

Dl'Vt'c:ll'nﬂ (Eg) B‘y (Eg),
fo.n 20(3 = VE]

ooy = —'z ‘ta.nx-’i (\f?) =

o e’ .2°. B
160 1b—sec? S L% &
= — - 5 éﬁn o D
@ o 386.4 inch k 19&4\ ?}‘D ST

Velocity of jumper as he fﬁf M@\Eﬁoo ft:
mgh= % mv?: or ¥ ,—f‘\é\\ ="V/2 (386.4) (200 (12)) = 1,361.8811 in/sec

S\

About static equilibrium position:
xg = x(t=0) = 0, X = x(t=0) = 1,361.8811 in /sec

Response of jumper: x(t) = A{, sin (wy t + &)

where
1
2 —
Ay =lud & % || _% X Vm _13618811 v 160 | _ v 1981 in
e v = Ve 386.4
X
aﬂ.d ¢0=tan_1 _u}n_ =0
Xg
2-11
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The natural frequency of a vibrating rope is given by (see Problem 2.26):

T (a +b)

“ = mab

where T = tension in rope, m = mass, and a and b are lengths of the rope on both
sides of the mass. For the given data:

1
T (80 +160) |2

10=4| 120
[386 ](so) (160)

="VT (0.060375)

which yields
T=—190 16563147 1b
0.060375
T
WEEn W=o, tofa-[. | 1
vertical keight:zl-!-fq, Fe 6
when 5= o, total <~ ™No
vertical {\e.n'ah‘tz(zf cos e+£) T
spring force = K[2f+ h- (2] s 0+ A)] mg
= 2{:1 ( {— o 9) o
0 = x
‘ For verttca.l. eeu.lufpnu.m o_-f-' ma.fré@\ﬁ‘l,g Fc ;‘
& N z= Lin @
mg + T s 6 = Ty 5‘:@@?‘@%
For horizontal e mLquum@ N (T-P'Tz.) sin ©

T = (Fe — Ty sin 'Gyﬁ<\§§ --- (&2)

From (E,_) (EI) M‘@\&%&E@sred as

f-T 5'113«37 cose® = T, cos @
m3+ ( sin 6

cot © \'ng-q-mwtlc‘se

: = ™M+ R
e TL— 3
2 cos O 2 ws e
4
m .
T, = fo — Ty sin e _mxcsl_ "_"_‘g::{'a,.e__i—-S'mG‘
2 Sin € S\in @
2
= -.:__a_s_ - _mi'_—-
2 2¢08 ©

“se=<zkf-+mg ) o= (&)

2&f + m!ﬁg"
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This aaua.a‘:wn defines the azu:i?l:r:‘um position of mass ™.

For small oscillations about fﬁzee}‘:.&bm fEEZ ,

Newton's second flaw gives

L] - Lk_
am Yy + kKF=0 a9, = =

n

(a)

(b)

Let P = total spring force, F = centrifugal force acting on each ball. Equilibrium
of moments about the pivot of bell crank lever (O) gives:

P | 12
100 2 |100
1
= 10* |——| = 100 N, and
When P = 10 [100]

2 2
F—mrw2=mr[27TN] . 25 lm][sz‘ — 0.004471 N2

50 |  9.81 |100
where N = speed of the governor in rpm. Equation (1) gives:

0.004471 N? (0.2) = 12—0 (0.12) or N =81.9140 rpm

o tical position.
Consider a small {{Wéﬁggj of the ball arm about the vertical p
Equilibrium about poﬁ\@&l 9;5‘ :

(mD?) 8 + (k asin 6) a cos 6 =0 (2)
For small vallues of 6, sin 6 =~ 0 and cos § = 1, and hence Eq. (2) gives
mb?f+ka’bf=0

from which the natural frequency can be det,ermi:t;ed as

1 ) )
ka? |z _ «|012) 9811 _ 375851 rad/sec
uy ={ — bz} =100 {o.zo 2
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~le.

so’'= — , 90 = L,
.@ V2
L wire stretches by % let tke

when eac

resulting vertical J.isp!a..cemem': of the

Pfa.tform be x -
05 + X5 = /(4.-{-1)"_{.

z az
'x“‘-: 4\+—-£—

EJ
‘Mj

~ £
For small x, amd Vi+e = 1+ :

and hence . . .
N P i+ x --:L] e %
xKg = ""4'%' [ (4‘?-_‘,_9;) f"'-;-g;-;

Potential energy ezu..‘vale,nce gives

Lk, X = 4 (,_ Xy © 06
2 eﬂ {‘z @ & @\b
4- & SRS 5 ‘\é &
eﬁ 4 k (——— (11’_‘,- 43.0 (}é & @0 g
N
SIS
Evu:ra'n of molien of M FEE S
- \){;\@ & 6‘2’(\\\0&(\05@

L. ————%O\Q ‘\'9 &
’C’n = 691,‘ (“‘%/oyf§>% Q “._

3 3 <~°« S OA
Equation of motion: LEI
. o&s&b
mx =Y Fy

i.e., (LAp)iE=—-2(Axpg)

. 2
i&,x+7%x=0

where A = cross-sectional area of the tube and

— density of mercury. Thus the

natural frequency is given by:

2g
“=V 1
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Assume same area of cross section for all segments of the cable. Speed of blades = 300
rpm = 5 Hz = 31.416 rad/sec.

2 = L (2 (31.416))% = (62.832)*
m

Keq =m w3 = 250 (62.832)% = 98.6965 (10*) N/m (1)
AD = Vo052 +05% =07071m , OD =V2? + 0.70712 =2.1213 m

Stiffness of cable segments:

9
kpo = *;*E =A (2071) (207) _ 907 (10°) A N/m
PO g
Kop = AE _ AR0) (0) _ 675617 (10°) A N/m
Zop 2.1213

o
A _ o5 m B
- ~ -~ - o ‘g m
T 2w | ©
2 ¢ D
m
o) :
_L S A 07t m
X N N\
&\Q’é\(\.ee@ ¢é$b' -t (o707
OOQ (}é 0\%$06‘\\'& 6= ‘l’:a-h —_7__-)
TSN 9.4710°
‘@é%zé\i\ég“qo\%(\o =1 ©
0*0(:@@02\"610&\1‘?&
SO O
Q}ﬁ::Q?i;&i \‘QQ,\*
& o\\‘@o
fedcables (ki) is given by:
k 24 RS 5(0\@@
ki. =4 oD COoS > N @ O
=4 (97.5817) (10°) A co%i@ﬁﬁﬂ" = 346.9581 (10°) A N/m
Equivalent stiffness of vertical and inclined cables is given by:
1 1 1
ke kpo -;kick
PO Bic
bes ke = oo T
9
(207 (10°) A) (346.9581 (10°) A)  _ 109 6494 (10°) A N/m @)

- (207 (10%) A) + (346.9581 (10°) A)
Equating keq given by Eqs. (1) and (2), we obtain the area of cross section of cables as:

4
_ 98.6965 (10%) _ 76126 (107%) m?
129.6494 (10°%)
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= 4 (m)? (25) = 986.9651

NI|'_‘

3

R
| -]
| 2

1 k.]_ ? kl _ 9 _
—4.0825 ; ————— =4 (m)?* (16.6668) = 657.9822
27r{m+5000} ’ 'm + 5000
. E
Using k; = 7 we obtain
1

ki  AE _ A(207) (10%) — 086.9651

m ¢ m 2m
e, A =29.5359(107°)m (1)

Also
kh ______AE = 657.9822
m + 5000 ¢, (m + 5000)
= 6.3573 (1079) (2)

L€ T+ 5000

Using Egs. (1) and (2), we obtain
A = 9.5350 (10~°) m = 6.3573 (107%) m + 31.7865 (107°)
ie, 3.1786 (107°) m = 31.7865 (107°)
ie, m=10000E523g" (3)
& F SN
Equations (1) and (3) yield ooq‘i:é\(‘.\%e; o‘\;&b-
A =9.5359 (107%) m = 9.5359 4;?3}@9@\@.1573) =0.9536 (107*) m?
» . o NI &QA N
Longit udinal Vibratio 2*$*®°;°bi°°\i\fb

@ @) A@\é“\q S
Let Wy = Fa_rb of we-'ght¢&°1f®6%\-&&d by lenjﬂ- a of shaft
. & o O Sy
Wy= W— Wy = wegk{g&@%{:@%&& by length b

- S 0O W; @
z= Elongation of Ees&}ﬁb&a) = 1
S AE

E= ‘r’oung} rnoaf uf.us

A= area of cross-section

7=Shor‘fem‘ng of zen_c]H—a b= (W‘ ;‘ré-)(f"a‘) _ #4%
Since x= %, W, = W(i-a)
! Wa (L- a.)
x = elongation or static de flection of Ienj{-l-. a = —T

Consfden‘nj the shajft of fengﬂn a with end mass Wi 3 as a
SPrfna-meSS Sgsfem,

on = % = ( fri?ia-) )1/2
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Transverse Vvibration:
spring censtant a_-F a fixed — fixed beam with off-center foad
= k = 3EI E - 3EL 1_
2 b2 P (f_a')g
e JE = {_;:‘_51_&’_2_ oo ah 1= (T4%4)
” W o (2- w)3 :

Torsional vibration:

=moment of nertia

15 {lywheel is given an angular deflection o, resisting
torgues offered by fengths o and b are GJ@ and G3€.

b
Total resisting torgue= M_t'_' Ga—(a_ i)e
m 1 Jf
ke = 'Et = G7 ("aT"' ‘t‘) where 7= L5 = polar

moment of inertic.

1
WSn= ..k_".'.'- = G:f _1.___'__1;_ /2'
Jdo (77 b)

where J5 = wnass Pola.r moment ji@ %(1;'5@»- of the §ljwheet
OQ'DJ\\(\ID$\GU—

mMe,_, = equivalent mass of a uniform beam s@th% \é tid (see Problem 2.38) =
\® \$ \0@ e}
33 IR 66
0.3107
140 140 { ggéz 6‘2’@’6&36 386 4} 310
\(\q
Stiffness of tower (beam) at free egﬁ\\A 2 \\
SE L. @W;» ﬁ@@) (35 (1) (%)

L? 5‘;\« (150 x 12)°
Length of each cable: i&\b

ky =

= 0.001286 lb/in

—V2 —14142ft , OB =2 15 =21.2132 ft , AB = OB — QA = 19.7990 ft

TB = VTA? + AB?2 =V 100% + 19.7990% = 101.9412 ft

tan 0 = AT _ 100 =5.0508 , 6 =78.8008°
AB 19.7990

Axial stiffness of each cable:

AE _ (05)(30x10%) _
¢ (101.9412 x 12)

Axial extension of each cable (y.) due to 2 horizontal displacement of x of tower:

k=

= 12261.971 lb/in
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=0t +3x? —2¢xcos (180° —f) = &2 -{-.’:2-1]—-245’:{(:05

2
x
or & =¢ 1+[:;] +2?—c059

~¢ |1 1"2 (2)——0055
Ycﬁfl—_fﬁ" -+-§- 82

=€+xcosb‘-—€-—xcosﬂ

Equivalent stiffness of each cable, keqop, ina horizontal
. direction, parallel to OAB, is given by

. 2
! 1 e (Xe) 2 2
5 ky? = 5 k.08 x? or kypp =k (—;—J =k cos” &

Equivalent stiffness of each cable, keqx, in @ horizontal

direction, parallel to the x-axis (along 08), can be found as -

1 l 2
= 2450 == =~k cos” &
keq.r = K08 COS 45 2 kerB 2

. . <0 :
(since angle BOS is 457) & O
. 2 &L
This gives ST
S glve OOQ* & O\% @0‘ %Q)

O .
Qjo \@ ,\(\Q ,&Q; &

b =L (1226197 cos® 78.8008325560a0%tb/in

2 <‘ ?Q c@iy%os 2
In order to use the relation ¥ ag;ga\f}ﬂ{c@ﬁ 4 E{.
Q@be S S YL
08;\6 & ‘b(\b(b S 2
yi  |FLi (3;.@%@331‘:_&"@ L% —Ly)
o BE B o o L 2 L®
_ 100”3 (&8@@ 100) _ 05185 . Thus
2 (150) o
ke, =ky +4 k . (0.5185)* = 0.001286 + 4(231 .2709)(0.5185)*
= 2487015 Ib/in ) o f
. )
Natural frequency: - Ke& -
— ‘F’}//’
% . L .| T"‘
. L -—-—-—7{
1
2 1
Keam - (M) 2 =28.2923 rad/sec
Wo =1m 0.3107

m‘quci
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@ Sides of the sign:

AB ="V8.8% + 882 =12.44in ; BC =30 —8.8 — 8.8 =12.4in
1 ,
Area = 30 (30) — 4 (E- (8.8) (8.8)) = 745.12 in

. 3
Thickness = % in ; Weight density of steel = 0.283 lb /in “_ g.8"

1
Weight of sign = (0.283)(—8-)(745.12)=26.64 Ib

1
Weight of sign post = (72) (2) (Z) (0.283) = 10.19 b
Stiffness of sign post (cantilever beam):
3EI
53

Area moments of inertia of the cross section of the sign post:

——()( 2y - 384 it
Ty = (4)()3=—'m

Bending stiffnesses of the sign post:

6 \(\Q\(\ @Q‘
spy, 30000 ))(@% ¥

k =

Sl S %1877 Ib/in
e TR e
31, o (2 é‘fw& ib‘“)
= = = = 0.6279 Ib/in
k==
7 8
\{;\6\6?’
«\Ao& O &

Torsional stiffness of the sign post: \*{/
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b4
a b’ _ B, —_——
i =5.33 25— G1— 083 2 [ - aJ

McGraw-Hill, New York, 1984,

(See Ref: N. H. Cook, Mechanics of Materials for Design,

N
@

p. 342).
Thus
1 1 (+)*
? 8
(W () {115 (10%)) 11 — (0.63) () |1 —
k, = 5.33 728 (@15 ( )) 3 o,
— 1531.7938 Ib—in/rad
Natural frequency for bending in xz plane: 1
1 | 401877 |3
ke |7 _ 1 (gppa) =24.1434 rad/sec
Nl 2 L 386.4
1 i 4 \(\Q\(\ @Q‘lo
Natural frequency for bending 1D yZ p}ane. & i%i;\ ¥ %‘\;\c@
k] 3178 rad fsec
L« s

SO
By approximating the shape of th(g@g&@gﬁ;@ 3,;@

we can find its mass moment of@ﬁé‘e UEasy

IOO = ’73 (ba h +h’b(§,\):,b\0: «386.4 3 8 8
&

N
D

4,

Natural torsional frequency:

1
1 —
ke |7 _ 15817938 1% _ 78790 rad /sec
we =11, [ | 247189

o) Pivoted: _ . 12 EE
( ) | = = 4 (Eﬁl)s ,t"-‘ [umns
€ - fve mald Ju-b + ,QJ‘_ u-ugﬂi- O'g— co

x = QO

Let 1= 4.

Let et w .4
E comn o'g- motion: (‘3’ + mz;fi) x + eg

{ZET
. N = &, =
Nakural freguency of horigortal vibro£ion j;(.tgmw)

Ll
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(b) Fixed:
since tThe _joa‘nt between column and }'[om»
does not permi:’: rotation, each column

will bend with ‘nflection Iaor'n‘}' at middle.
When force F is a,w,l«'eol ot ends,

x= 2 F(%‘)g = F‘ag

3EI l2EL 49ET
EL % = * umn = 3
kcolumn = E:q—_;~ A ke?f = & cal z

nd
Let Wepp, = effective mass of each column ok top e

Eguai’;‘an of motion: (% + "j'e;y:z) x o+ ‘ke& x = O Z7EL
Nat ural freguency of {.orESOnf:a,L vibration = &y= 13(%4- mgﬂz)

¥ a r) ]
Ef_fe.c_-kive ma.ss (cfue‘i:::_—s_e_l._f__\_u_e_igbj:_)__, E:/ 2, m M
“Fdm oo 1 l
@) Let m,, = effective partof 7 F
& ‘\Q‘O .“\.
mass of beam (m) ak 6nop- \\'§®§i‘§~\6®\$ 5
. S oS
Thus vibrating inertia forceooq%%%g(&&b
is due to (M-(— ‘mc’r_;,)- IS

ISR, L
OIS S tion same as the
AsSume Jef Ie ction sf-.a-re\)&zgpgﬁ: b\%v:bra.

static d EQC Iec.t(o n S ’1 a@y‘%k@“ﬁé&s S c

NI sz (3f_,x) '
y(x,t) = Y@ c.a-f.%@gao\f@c??\%* where  Y(x)= T——
& &S 'b{\oeo? 3 . lection
%, S & N wkere Yo: FE - maX- {.'IP u‘Eff
Y(x) = z‘_r’;_;__ x’\°,§63ff%§\§§@ 3EI
%&"é;?e%\ 2 (evD
y(x,%:) = ‘I% (301&1_- x ) Cos @.9,.,#—¢)
21
Max. strain energy of beam= Max. Work by force F
- L . 3 ET 2 (Ez>
= ZFT = 5 743 o
Max - kinetic energy due to destributed mass of beam
L .2 . 2
=4 = ,t d= + (2 Mm
Z Q J: y (7( )}mu Z( max
2
2 2 (33 L Y N (Ea>
=z O % (‘,’;3'" + 2 °
33
. = — m= 0:2357™m
© Meff1 T g0 o
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xz' s, *

(b) Let Y(x)= an+@®¥ ¥37+ %%
Y -
Y)=o0, %_‘i_(a)zo, Y(E):Yo,_g;(!l)-o

3
This leads to Y (x) = BﬂYo o — Z.__\_f_O_z

23
$(xt)= Yo (3 7;' - __ﬂ> cos(asf—?f)
Max imum Strain energy = f ) ax
GEI Yo (e5)

= T L . 2

i ’ m\ 2 [ (22 -E5) 4

Max. kinetic enerjgy = -’—M. @, Y + Ji(f >Yo On L(Ez 13) *
(B

= -'z 0.9:- Yoz (m+ -'-""rn>

= 13 = 0-3714 ™M

v Meppa T 3
Stiffnesses of segments:
2 _dl) = T T (2% — ;6753»1@@363 in?

.
Ay =— D g
4 &, \Q%@\«
_ A Ey _ (0.7363) (18 <~)>‘ &i@%ss (10*) Ib/in
s L‘ @g’gb&\\ 2) = 0.5400
g _ N 1 252) = 0. in?
Ay = (DF — da)¥5 &ﬁg“%

ﬂé\w‘ 497 _ 540 (104) Ib/in

Lo 577 \“\io
\E\%‘ég ‘bob 9 ‘\\ﬂ, 9
T S ad 2 __ = Q. 3436 111
ho = FAEHE T (1 - 075
AsBeS . 3436) (107) _ 499516 (104) Ib/in
ka = L o@\

Equivalent stiffness (springs in series): 1
1
ettt , -
— 0.0162977 (10~*) + 0.0185185 (10 0—*) -+ 0.0232820 (107*) = 0.058098 (

or ke =17.2122 (10*) Ib/in

Natural frequency:

Keq keq g ‘\/ 17.2122 (10*) (386.4) _ 5575 9157 rad /sec
m

Wy = 10
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| ™
| Thw= 2T —;'—"
f—t — : S
y4 1 _ 1 B X o5 = gmr [T
|'——£z —!——é"‘ K potal ff;_-._k—,g-zk: 'T":‘{"T'F
H <
k,= 4% *3 | 4t
b4 Kiotal ko k3 4% R %
PAAMADIE Y
e
’C’,.=7.1T\J—:—:-"' where  kep = 4k+-3i1<=?f<
7/ & ‘
3 /" \ = o0-4330 sec
y = 2TCVT 0 _ 2T ( )
LG 2T ?6"; = = o -
Let p= coeffic cent of Friction =
v ——
"= dst'e-cemenf of C-G. of

block
F, 5= net reactions between
roller and block on

1:}'1‘.’ amd ngl-.t sides .

W are
Reactions at .le_-Fi‘ and mg‘ﬁ? (\;? t‘o static L:a.o(( a
w (c-x)/2¢ and o 5 %{f\ )/zc respectively.
M= moment about G\L‘?{&%\%‘ d%o-han of block = = F,_—/"F>aa

Reactions ab Leglséh cp? Wkt to balance m=1L = o (Fa- !:)
- ‘L"__(.‘;:-C—Q & \\@#,__ q ; R = W(zr:g-x)+ tz_::(Fz- :

subtraction 9ives F - F = _\%:_5 + /-‘—‘:-(Fz-—F'u)

Restoring force = m(Fe= F) = ( éu;: }

Egua_:l:.or- of motion : /,Lw .

FET
W= 0= [ LI J—r
'W'(c-—/*&) Yy

Solving this, we get W = [C w/(? + > )]
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.@ x, %, =
~ 1, L
- U

t
C ) ()
TR N S e
:-W\\\ ™~ \'\\\\\\\\\"‘\ =

tion:
Newton'’s second law of mo ) )
® F(t)-——klx—kzx=mii or m¥ +(k; +kg)x=0
(b) D'Alembert’s principle:

F(t) —mXx =0 or -—klx-—-kgx-—mx=0
Thus mX + (k1 +ko)x=0

(c) Principle of virtual work:

When mass m is given 3 virtual displacementkﬁx’_*_ k) x 6
Virtual work done by the spring fforces =" ((mlii) &:‘

inertia force = - . ces
Virtuaci WOl;k gﬁn;:?li::;‘elz?v;:tual work, the total virtual work done by all for
According to the
must be equal to zero:

= %+ (ky +ko)x=0
—m¥ b —(ky +k)x & =0 or mx + (ks t 2)

)

& S

. . TS
(d) Principle of conservation of energy: S

IS g , 1 "
i i k]_ x“ 4+ — Ko X
U = strain energy = potentizé\e} Tey &Sy 2
S G 2 — ¢ = constant
T +U = wade St +k)x =c
PPN

=0 or m% +(ky +k)x=0

=
dt »&\“’&7} E3

=(t)

T
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(a_».) S'ba'ffness of e cantilever beam of W

ﬂ(‘kb)a}- locn.t’cno’& the wmasig :

ERE E1)
23

Since any fransverse force F applied fo the vass m

is felt by each of the three springs f, K, ord K3,

I the springs (K, %2, 3 amd KL) can be

C,onsiderE'J to be in series: The eiuivM /fla?ufv-.?

constant | ‘kez , of the system s given by

*, =

{ A -
—1'5— = '{‘:, * Tk Y Tk
K Kk, K3 Ky + ki K3 kp ‘f:"‘z"b + ) K2 K3
— \,f@j?,\;\"(\;@_ (E2)

ol K%{\ \J‘Q\égz

1]

oY

kep = RERE 4 kyoKkg K, + K K2 K3
8 'kz 1‘3 ‘kL \Q‘th;}\o«k;\!\ié‘iiigg + \ 2 b (53>

(OIS &
(4
¥ ¥ P

a&@ﬁ?;g%&ﬁgicj of vibration of the
(b) Noturak SEegs
KIS Sk
systeréi&%g@&s‘lveh L_y
858 (£4)
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The stiffness a’& the beowm (given system) due t
ﬁcrceFaﬁ((LLcl of C is
x = F - EL - 94-339¢E1L
c

0-0106
SCI"\

3
. 05
Here E = 2017 *toq Pov o,.J I:—-"2 (" 05)(° )

= 521 “;s m45 EI= 107,847

Nounal [reguercy ot the Ayﬂ»?

*c 94.3396 (107, 847
Gn - 50
™

- 451.0930 rod(z

1
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C
=0-83 wm A% .

b=o02m }L L
oy ___>l
fL=10wm l

x
- ,Q —e
F 7
*® .
-
Iz = (za-%)
cEX .
' 8 ,
Ip = AB!,(-;o-S GET
o-17067 F .
- \go (‘\\QQ;QO(\ \%@
E I ¢\%\@®°@o®$©®
&’\é\(\' %& o"\b )
SRS
* F o _Bf e85 937 EI
B - - . g\\o e;b Qo (\6\-
dg T o &L
5 O
@Q&ﬁ@%&l&*
- 50 ks & & @
h" - Q@ o"ob‘béo\’&\ OK

e%
— (o 78 ¥o

N
«. = 5.85937 (107,840 ) = €31915-4764 o
5 =

g [¢31,915.- 4764
v ™ J 50
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Egu{vwleh‘l /SL-_W o} Apvng K ok Socokion ol

mastl m:

o O )
Assume the beam oas o (§ié%°§:;®1 ABC thinged ok
WS '\%QQ}o‘\~ & .
poink A to find the ng@*ﬁwx o} APPYrI
o‘\\(\eqi\ooo& . .
& ok point B (kB)O@fQEOgigi;ﬂfe egrivaled 2pring

N X S

coatlomdt of K wﬁ@%ﬁ%ﬁiﬁdaf B be kg

Then we %ﬁﬁ"ﬁﬁéﬁmomenfs c_reo.i"u' ok Poinfﬁj
by the Ay Bpie dus f kKO ol the AU
SN

k1
GK.X — p—
e 1‘3=4<c§,=_._£_=“733 &
83 o oY)
i
= loocoo( 4 ) - 15625 N/eo
o-82
SP\"I'\'\a C.Onst@“'t O‘B the Lea.hn ok A_oc.a-tza'h 0'6'
meds m: '

. oJ{" C o
For s?mlnl\'c-"l'g, we oMumL thot the Aphing .
of o A\'mlale Xu-rror'l‘o This }aermi-l-s te computatio
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the e.?}d-\fa.f.o.-&t Mr-j conshandt o‘& te beam ABC
-SULU'ed'ed to o fovce F oF B-

& - _F

beam B

)

beam, B

“—— =08 »e—b —
m So:2m
— f{=dm —
2 2
¢eT f RO
,@6\\0$\

s F (or2) (0K 3’%@@-3) (1-6) =08 (3x0- 8+ D)}

Leﬁm, B . E @6\@ 3@ \%(\o

(\
\ \ ‘{*
e *\0 OQ‘

*@'&b{eﬁ@‘; F/E I

$O&Qg0‘_o<'o* EI EI
«@6530\?&’00,@__. = = 732.-4219
'kben.m,ﬁ\é:;{e‘oé‘ g-001365

8
@07 %0 ) -L-(O O;) (U 05)3 __(207 x,o)(‘;z!xlo

= |O'7., 8"'7' o

_ 732.4219 (107,847 9)
kLm,B (

_ 28.9895 x1w0° N/m
Next, we consider +he fwo springs kg amsl kLeam, B
t be panalld Ao fhat tke epmivalent Apring

cp'wd.o.m/{' ok B, kegB » 1S given bj

6 ¢
4 - % = 001562 x16 4+ 78-9899 xt0

€ B = Tg ¥ kbe::.mB
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. m
@ A?? 9_=1m v

For o mmeh beawm,

: e ———————

’(‘L‘:‘-— ‘kbemojc £3

\f

9 i
3 (207 x1o Y s
3

- 333,541 QAN .

C@ N & . e :

Naturoh :?Te%uge,@}é%§$°v‘bra+lon of the 4ystem
L8 FEE

8 O

65\\'«\‘*

E .

Raile  [333,8400
Régelale™ _

> Q,\‘p‘ %\SO 5'0
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v,
;A i s C Eam'vﬂ-l!u'l'
7 i e s
o ® P . system
S S g ®q *Y
& é%\o‘%%@d\\@e’b.
0@ &
e\é\i&é \“\Q 0%\5&@ Y
0(\ s i o A
Assume the beam oAie @0 * ban ABC hinged
QJ & \(\ k

t find the ¢v*~@W Wlpgrens of Apring % akd
Pou-d\' C (ko@@ ﬁ,,e \%?ju.a.il tHe wmoements creat

lsmn* Ab;};ééwl‘u‘ﬂwewﬁ 'ka-kB
Mﬂc&rr‘nﬁfﬂm&“"t* ok C:
ko Sk = & g &
_ % %8B, a = %k 8o
2

W\
r
&

I.-en, kc -— -—"s-;' _ﬁ—

= (0000 (0-64) _ g4oo N/m
¢u*d o
kbe:u.-': A'l:ff:fﬂeSs consl'a-h"" cfb te beom

Locatm mess m s
3ET 4 3 (207 x10 ){"L’ (o .08 (0+05) }

g3 - 1)
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‘ra\?

Ky, =




Y-y
k, = 323,541:0 N/m

Ezuivo.len{' Ariu‘“j consbamk ok ﬂﬁ'CG-tO"" Ty mats (m):

'keg = 'kb-'- kc
323,541.0 + 6,400°0 = 329,941°° N/

—
—

Natural freguency of vibration of the system:

_ [keg _ [329,9410
Wn = ™m ; \ 50

g1.2331 rad/s
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@)

x(t) = A cos (0t —¢8) o)
k= 2000 N/m: mz= § %9

(S, = ‘i_:_ = F.g-g-ﬁ = 20 ra.ol//S

A= {u§+(io )’-}i 4= tam :w)

h

K = 20 mwm, 'zf-o..-. 200 mm/,s

(<]
1
A={(2°3+(22°: )2}1 = 22.3607
~ | 200 - —1 'S
¢ = for mv = tam ' (°*5)

2¢.5650° or o.4636 rad
0@?osi{'c've, d will lie

" D
cince bath %, amd %X @,
; d Q,f?\\@i@@&?iﬁs tke response of
in The J—,(rS{: U ‘;&%QG\QD%:@

O ®

. & (\O :
the SyS’Ce,m 15 32\\@5%@&\;&(\@0 8(')
(/] \o,\o S
SN \1@?201‘:-— 0 4636) mm

o
-{G2°>Qﬁz§&g )Z}é = 22.3607 mm
- °
4=t (_}_‘li.__ - tam (-0°5)

(-

=_2c-5‘650° (n_o.qé‘:’é rad) &
53- 4349° (o 2° 6780 rad )
¢ Lees in the Aecond

Since Mg I8 nejwtive,

wzbma.mi Thus the re,yapcm&e of thke /Sijf'e.m
(s

< (&> = 22.3607 f(2ot - 2.6780) tom
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@y *,= 20 mm, Lo :—zoa-m..-.//g

A= § @)+ (-222) ]_ 23607 o
M—, - 200 - - _ '5)

¢ (2.0(20)) 'f.'a.m ( °

_26.5650° (er— 0 4636 rad) v

2334350 (or 5+8196 rad)
is neja.zl'we, é Lies in ke M

|

Since %,
W‘M' T'L.M.S ‘HTE resa’dhfﬁ og “H:;e S‘ysfi-em
'S 3{\/8\4 Ly

22-3607 <ot (‘Zo'i:-(-o-lféaé) mm

gg%g; & 8 19 ™
oY ?.2 360 ; (,09 (\\(\Q’r;\o$;

N «“-‘O @z
\?Jog 09\*&@0 mm//f

K = —20 ™M,
(J) ° &Qi%e’o@\ 6‘@ S m
I - B W 3607 ™
A= [Cre) SR 1 = e
'Q@\%o c_,(o%'\‘\‘%\os\\ _
‘i6 = -"*Qééé—g——&-@“——-‘&b?@éo@ )) = fm' (o- 5'>
,(0\6\ f"’oQ 5(2"
\‘ ) \O .
ey £3¢ rad)

- 265680 (ov o4
206-5650° (or 3:5952 rad )

Since both 2, amd %, ont maot\ﬁ-e, & wll
be n 'Hﬁe ‘Hn;rol 8u0-0\1"-°-'\'i- tHence the
reslaonse og e Y stew wﬂ be

x (£) = 22.36017 <o (20t - 3.5952) ™mm
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'x(f)‘Ac«S(w t—¢) (1)
*o

A= {"‘ +( )]’ , = tam. -;;;;,n)

m= (0 k9, 4= (000 N/m

\I——_‘ - lo vad /,8

™m, = | ™m /8
@..) =(o ™ leYe] / A |
A< {Qo)‘l‘ ('oo = (oo-l-m;) -y lyzL mm
=1 . Y
$= tor' (5am ) = ()—4SW°7“"‘“‘

<ince both K, omd 94 oNnk ‘:oﬂflve, ¢ will be

'w The -_Furs+ UAD-P\"— s ey Qﬁgﬁw the response
of the Aystem (S gﬁ:@ Eg - Ce):

(‘&.Q
S ESA -~ ™m
x(t)= l‘tzwe\ofﬁm" 0 7854)
\0@}\?}*&:@(’?:
d:) K _ = — (O Q@P@%ZQs@Z&O: [00 mm//?
o Q@« " Q’Z@@ 2 _ 4 .
&“;62\;00"5\0*\ 102 ) “ = L2t mm
A* {G"’}i«%{\ ) § = e
S . .
?S.-.-. -fm—*l oo '(—l):—-l(-S' o 136
(-10) (10)

o (—0.7954 ved or 2:3562 r-aul)
Since %, IS nega,fwe, @ Lies v The Aecond
Zuw- Thus tke reg'oohse o’é the /ij‘L'e,m
(S given by

x(t) = -1y 21 cos (1ot ~2.3562) ™m
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-~

) Xo= lo mm, 2, = —(60 ™mm |z

( ) — ’ -7': 421 ™wm
=g e ol A A = 1y
A f ), +( . ) } 2

t

-1 — 100 -
= tom _ A 4
é.— (lo(:o) = t )

_ _45° or 315° (or_o'785¢f rad or 514778 rod)
Since X, s Fosi{:\‘ve a_m_,l %o 'S nesa.‘l:fve,
¢ Lies in the Fourth ?},m.o\:»oajf Hence the
response of; the Aystem is given by

x(t)= g1zt A (lot — 5-4978) mm

! — O o é;o\/
(d) 7, =-16 ™M, No T = &\%ﬁ\.,ﬂ y

N 925 ok\ O
z — 1065 B &3
- —Ioj + ( \‘ﬁ%%\ - IH’ 'q2| mm
A {( ‘Qéie’ &\Qz\o @
F L
X

-1 1085 S Sy = SooY?.?_So
— 8 LI
PSS

= (oﬂ@?%i&f@ﬁ%ff v 2:3562 rd)

’b(\ Q)\& N \SO

Since Eofh%&i omd  %g 0L méojru, ¢ Lies
n the 'H:ir'cl W Thu tke T&(ﬂﬁcrwﬂ—

x(t)= 114 21 cof (IO'E - 2-3‘5’62) mm
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Computation of phase an\g& fo in Ep. (2.23):
case(i): %, amd __",o one positive :
WGn

tam 4, = pesitive; hence @, lies in

£rest ?}M’*‘b“*"‘k (ot Ahown In Fig.-A)

Ve ' . ~ 'x.o +.ve
case (i) : Xy = PoSl{::ve, %o (0¥ -a‘,*n) = hegah

' Aecond ?/Aulnaw*

tam 950: he_a,o:h've; @, les

cage (101)s %K, = negative x, (&1 z;;n)': heja.{'a've

tam @, = |oos|'-l'u've; d lies in third 3ua.o\ra.n'f:

. . x L
cageGV); Ko = ne,ja.a'l'NE, ‘Bf-o(o‘r -a%.) = PaSn{:we

tam ¢, = nega:h've; 2, Lies in fourth 3ucuo\ra.n‘l‘
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m= § kg, = 2000 N/m
. J_ ‘{2°°° = 20 redfs
(@) %,= 20 wm, x,= 200 mm (%

Since ¢, amd xo ohe bgth l"’“ ive ;da [res in Tke

¢§If‘+ gua—o!ramt (F‘rorn Salu"ron of ?r-o“em 2.5|):
_ Lo %o Wn =V (20 (20D -1

?{o' fan (-——-—io ):l'a.\-s (____2_;-5—- — torm (2)
=63-43‘f‘l° or o7l yad

Reslﬂmse given Ly Ea.(z.zajz
x (£) = Ao Sm@’n’f+¢ )

it fem o +(x°) j@ St (o z]—

\. 'b\ \
e
Lo (t) = 22 3607@%&‘?@‘%‘%@{ + I-|o'7l) ™
.\)(\ \)5-’ Q;(\

b) %= —20mm, \“g@ \"LO@O mm/,f )
since %, S@ﬁ}gﬁf@ﬁ amd XKy IS Facihve, 799 es
n the -fgﬁ’\;::?%& ®ua-o\famt ( From fro He.m 2,60,

-| ’\‘\\'ﬂ% 09 v _ —20(20)
$,= Toww ““\-—ET—"> = tfur! \ 77
° - *g 200

= tam' (2) - ~63:4349° (- 10071 rod) o
296, 56'5" (51760 ra.o\)

Aoz{xo+( )} {(zo)-r(“" }

22.3607 wwm

\

s x(t)= 22.3607 Sin (2t +5.1760) wm
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(€) =, = 20 mm, X = — 200 mm/,g

b= to (2o = dor (22 L20) e (<)

- 200
= —-63 'Y3l|‘i°(mr — 1 107l vod) oF
L6 - ‘365°° (ar 2.034LY4 ra&)
Since -x S Posg'lwve m& qco (S nesa.hve, )do

lies in the Aecond MMI (From Fro]:lem 2.60D.
Ao_—:{xo+(,69n a.={(2o)+ 200> }

= 22+ 3607 ™m
2.3607T &in (zof + 2:0344) v

2 x(@F)= 22 \
. \4@ &‘Q\\é‘e\%&
d) x,= —20 ™m, *x,= R \Simm//s
j °°*‘é%g°\%§i§® ) 0
¢°:‘ + -1 ((—'20) OGS e (2) = 63.4349
b\° ©
o 1. |o'n \£\£ 243 4349° av 42487 mo\)

\%\
,b‘b

Ao {ﬁz}%“ﬁ decyt 73

& \&\0\\'0

= 22 36&&?
= 22:3607 Sin (zof + 4'7—Ll87) mm

 x () =
CS\NCe %o omd ;‘o one beth neja.h've, ¢o lFes
on ﬁ(e t‘\:f‘a %OAJ‘PQNJ:, :Prm So[u’{'u’On (‘Jf'

Fr’aue\m 2.6 l) '

2-49

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.




m= o Kg, 4= 1000 N/m
6, = '%:l.‘.%%g :loraul(,f
. s b
solution (r‘espons‘e) of tke Sjs+em s §iven by

() = Ap sin (w'ﬂ*" + ¢o) T
with

2 . ('x, ﬁ’h)
Po= { %, + (*x } amd ?5 fam
@) %, = 1o wm, %o = l0O rnrn/)i

Ao= {(lO) +(!°°) } 200 = |4 .4 21 wm
¢ = o (lo (107) ,‘.w;‘-l (I) - 450 ofo-'TS‘SHraul

(oo

'Ly lies im
Because x %9\ 'zo m$%b@4#$z oSI{-lvc, ?lo

‘(\ \3
e'b N4 l
e-l'ﬂ 2!6' .
e Strsi'iua-ad‘ah‘\' g&;%\%é raL )
Ll 4
0785 mm
» 'X('L')= “"w?“yo@o\‘f% +
RTINS
o\@b\&‘%éi@\ke*‘:o 0 Ym / A
X o
(b) =,= - 10 ::Qu;g%@?\%
et P
Ao - {( lﬁ\};\ é}\«g\eigﬁ;’)

¢ = ton o (o) \ = taw—'("') = .._4'$°mr
~ 07854 f““\(mr 315° or 5.4 978 rao()
s neg,oul'we g '55 U r.vos.'h've, do

fourth %V&Arﬁ“t (drom Problem 2:61).

421 sin (nob + 5.4?18) mm

Since %o

lies in tke

Lo (t) = ke
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(c) %= 10 ™™ %o, = —(00 wm/s
Aoz {0 + (52 e)” }2 = 141421 mm

?. = ”-'('c’("ﬂ) (=) = 135" or 2 ::;z

since o, IS PoSuh've MJ\ "fta 'S he30.+|'ve, Do
lies ' the .gecond 3ua-o\r°-“t' (from Problem 2.61).

s o2 (E) = 1y g 21 siv (|o++2.3séz) mm

- % = — (00 wwm[A
(A) %, = lo ram, o

Ao = {Q—to)2+ ("“”) } = 14 1421 mm
¢o= or ! (_.ic:o(;o)> $%$Qq0(®\l§= 22 5° or 3-12}(0

9 Q}‘\\ ! Ve . 'n
sinte both =, M@p}&%%ﬁx&aﬁ e

fo\s\}\QQ' (7 Q}é\\ )
) SOV 6’rn Prob(e“" 2:61):
the third quedrari€de

N
N Q( 1 3,9270) mMm

Y 1 Ol +
L (‘t) = ‘4~eg%%%\}&§ﬁ&
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@ From Exmm]:le 2.1, m=1 kg, k=2sc00 N/m

\/_* \}zgoo = 50 ro-al//S

QCO:_—Q,WM, O: i0o Tn\"h.//‘

Eg. (2-23)is: o((l:): Ao sin (Bnt + 7))

with Ao= ( >}
- b ‘<f-vfi-->

o

-1
..Qx-t;
NG RS
too S F S
N %\(\~%9® ‘\é &
s OOQ \O\ O @0 d\@%
= 5° or - grEiSkfad
ENONRN OIS
RN ge’ SR b\
ST F F N S
oy RNV é@.(\o\{_@
N «\ S A\ 0&
\,le < 5 Q{‘ﬁ
315 @F &4'%@.\ 8 vad
eé b%obq’% ‘\@\AO
\ R ‘bo {\0

. . L L.
Since %, .4%' @%ﬁ\gﬁfuvg amd %X, 1S positive, do lies
Qe

ox"’

S
Q‘Q\Q\ﬁ

(\b
in the fC)U-I=~ kﬁi etu-a"lra'“t (:f'ram Frotdem 2 6‘)

. Response 'S giwen \:g

x (£)= 2-8284 sin (50t * 5.4978) wom
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@) The anea moment of inertia of the solid
circular cross —section of fhe tree () is

9iven by
4 4 4
1= Gq—’r GQW(O ) = 0:0600

The axich lood ocling on fhe ‘f_ata of the

trunk 5 :

F=w.9 = 100 (?8!)
Asru»mmj the "'ru.hk ob o _’i—lxe_ol :Ffe.e (,o\u.mh
under axiok load, The buc.kl-.nﬂ oo d com be

| wWZEL 2o {ed x10 )(l?l'?tfixlo )
—_— = NE
oA e

981 N

= 5677457
S Q\\}\ N
since the mdeifﬁ%@fb'ioﬁu & the wait O the
5 ©
crown (F ) iSQéb iﬁ%&fer thom the criticak lood ,

’b Q
smif VS ot buckle -

é‘b nK ('f‘rans verse
(b)) The 4pring Cod cSvsfonk o'& te Trunk in sway )

mo"’ton ) 9t

£ xed— free beawm) iy

% = 3ET _ 3 (2 xi0 ) ((?l T4 8 X 10
¥ @’

=690- 2928 N/m
Naturel Jre?juencj of vibration of tre Tree (s

given Lj (90 2928 5. 62713 cad /4

WOn= X

ven by ( akbmivg He Trume a4 o
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@) Mass of bird = mp= 2 Kg
Mats of bear (branch) = mos /(f

m - 7‘-(0")2 ) .
br 4 (4> (700) = 21-9912 k9

M= totad mats ok B = wass of bird + epptvalent

wmots 6k beaw (AB) ot B

- 2 + 0.23 (21-9912) = 7.0580 k3
(Q{,.)*‘Vaﬂ-'n\k W%@WW ak its [l
e_”\g\:: 0:273 Tt phrd {%ﬁ?@d)

- : w“t’&(\é}éh% :o\i-@q,‘ ( erc};) O.k %‘,{ B
k= Milfrest of ‘ g 3

4 <&
<@ Q,o ~\(\Q -9
seT 3 QIS ()
-2 = oS €y -
£ g \Q \0 9\0 Aé r)\é
O L F S 3
N4 .
R @Q\ézco‘b(\ (b{\o\@qg‘\e' (4' )

= 2301" Qéj(z%%i@i%fm
> ¢ %\«0 . '
Thus the &61&%&@ o’L— motion of the bird , in

free vibrotion, s given Ly

M';£+1<'x:o (LHMﬂ.chlo«mdy:n.g>

‘.e' ’e
' 70580 * -+ 230l .¢937 X = O

O NOqu.)'I,O-L W‘M""g db— vibrofEom d{b’ the bicd :
T
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Given: mass of bird (m) = 2 g
4\8(3!1‘1‘ of branch (femjf‘k cf canti loner Be.aw-)

=h= 2m
density ot bramch = f= 700 ’Cg/ma
YOUHa's‘ reoduli’ c’kBJ'LDmOA-: E- (0 GPa
@) Buc{a&nﬂ {oad G'B- o conliliver beonm
a.X...\al ,ﬁ-ﬁc.z oﬂMoﬁ' ifz.u end A8 35\/.611 Lj
p .- L MIETS (1
- ch d, tk
Astuming the diommidin of; bamch ok o, The
orwa ek ot inenlia (I)““’ given by

OOQ*&\O % O
the weight of bk e
Pou = rng@b;gi;fi@i@l) = 19962 N (3)
\ef;\e}:%‘o?@i\@@ we Ob ‘l'a.in
Eva-afnj E&@&J;bz{\é} Ep (1>
eSS ) (md K
l?'GEfz%\«‘;%@% (toxt1o) ([T )
o"s@ 29. ¢4
= 03028 xe N
1v€,

— 8
":—-!-?——.-E—?:“‘:" = G-4735% lo
03028 x (0

t 8 -2
| d= 1I'59 54 ¥1o = 0.015954 ™

. Minimum diameter of thke bronch 1o over'd
lou.c.l:(-‘vg undern  the wei3h+ of the bird
(r\egx.l.ot‘.nﬂ the LUE{&H' c’g— tke Bro.m-aL) i S
d= 11595 cm:
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D) N oJihal Yreqpency df; vibration of the Ay stem
N benoling (09 b ) e

me=J§;
where ™= 2 4 (negleding mait of broeeh), amd
k= bending Miffrert of conbidiver beam of dong¥ht
3ETI 3 ((o*io?){—?—‘% (oeols‘?‘i)q}

a —
h
23

—
-

= 1-9137 N/m

Thus Wy b = ’“'9;37. = 2. 4y077 ?ta.o\/x

3
o O (\\$§
R\ SRS

RN
NG 'bko'b &,
Noforod pregmimcy  ofSvy petion of ke Aystem
%0000@1@%@0 &
. . ' Q ‘(\"\ Q}
NN
in axiah wmotion ﬁo\\a« :QQ
S ¥ ogq'oc@(\c}o& &
) - Ka @@"if ) &
no - — O
g s
&% S %S
- \\ M\dl
1,5L\.U|L ™ /\&S@Qoo%\@o:@@ 2 9
NS S ( )
f - ABSSFT (0o01595) (loxio)

[ (2) B

= 0-9990 % 106 N/m

i,

6
S 9 - 0 99950 x10
Ti\u o © f 2 x

= 706-753) rad/g
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m=2‘k3, = 500 N/m, x, =0l m, 7&0:: Em//f
- ,‘k ,'_

:Dl'sr(d.-ume.ht of maits (9iven Ly Eg- (z.zl))_-

x(t)= A wA(W,t-¢)

' 1
A= 'x.1+ ?_22 2 é-_ [ l"-_'_ 5 zjz'._-,\]o.u
LT \wy, =L 15-5’11'-:7

= 0:.3%3l7 m
- 92‘0 - __S_______..-a-——————")
n
° S 12645 rad

= tow ' (311623) = 72: 45160
*.‘é«;\(\\%@%o‘\

(¢ Mﬁf be in ke {?'\; °<\ 7S

N
és\\fboo'

) O \,\Q)&\Q‘ N e)
botk %o amd ""o*\\ms@%ﬁ tE'v
\eb & \QQ‘ & @Oﬁ

* W.g sy t- -2645) ™

|

x(t) = o- ’33\‘2Q‘

.(t)'— §°,6<Q l‘}‘é‘\ Sm(l'i-glll-ft-\-QGqs) m/,g
® - - e \@

&N G"\E}Q’ )
w (£) = 8222‘51 ot (158114t —1:2645) m/ 4
" - —

_Da:tm: W, = 10 TG-A/S; 7‘~O=O-OEW\, ®x, = 1 """/S
Res[ochse c§ uncla..m[:ed s‘gﬁ:ew:
x .
x(t)= n, cos &, t + C-:,.. sin G, t
= o N sin 10t
= 0+05 coS (ot +(!a) "
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v x(t) = 0.05 cos (0t 4 o-1 sin 10E m (E-1)

x(t)= —0'5 sin 10t & o8 (0t m™/s E-2)
% (t)= —5 cos 10t - 10 sin 1ot m/s? (&3)

'Pl.o{:'l:ing of Egs. (E.1) to (E.3):

% Ex2_52.m
for 1 = 1: 1001
t(i) = (i-1)*5/1000;
x(i) = 0.05 * cos(10*t(i)) + 0.1*sin(10%t(i));
dx(i) = -0.5*sin(10*t(i)) + cos(10*t(i));
ddx (i) = -5*cos(10*t(i)) - L0*sin(10*t(i));

end
plot(t, x);
hold on; .
plot(t, dx, '-=");
plot(t, ddx, ':'); - _ N
xlabel ('t’); : ?}4@-&\&;@@@“
ylabel (‘x(t), dx(t), ddx(t)’); @T&G@%@w@
title(’Solid line: x(t) Dashed lio*o-@% eﬂ‘\i&b'Dotted line: ddx(t)’);
e AR
& @5\\&\62\@? {,QO
&&@ 0@6\ si&\i\fb
N Q
Solid line: x(t) § :geﬁe ‘%fq;ﬁ‘) Dotted fine: ddx(t)

SINEV

15 T

X(t), dx(t), dox(t)
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@ @Gy = k/m =\'32°°/2 = 40 ra.d/s
8

o= 0
. 2 . 2
Xo"_’ Jx°+ _....._.xo = o-1
Wy
Wn

@ Dates: Dzo0:5625", G= -5 xi® pst, g= o0-282 le/in?
;"-'— 193 Hz, 'k'.'-'- ‘26-4- u/fp

4 3
k= spring rate = 9 G at (us %0

NN 3 = 264
5 g (o-5625°) N
4 3
ar d 26.4 (8) (0:5625") —¢
~N = = 3.2¢86 E-l
N 15 %100 3.2¢ x10 )
I . £
f - -i _.'_wg_. &Q@(\\f%o(\;eé
2 o
where W = ("J_i ) DN ioo%ﬁ&f@-%z ) (- .282) N dZ
4 ECODA
= 0:391393 ~®i%®¢\\§@6§

Hence F - 1 0\%}%\4\%&\‘\0@8\3@{6- 4’) 1
2 S L

o7 P
RN Z 193
SFFS9z N d
«v\is\io&‘ éfo&@@
or 2 P R %2,
N d° = ¢ sy 925

(=2)
Eas‘- (E.\) and (e.z) jj:'e|a(
44 0:174925
N = -6 =
3.2686 %10 d 2

or 46 = 0571764 % 5°
-
or d = 0.911037 %16 = 0.0911037 inch
0174925
Hence N = Tz = 21:075£ 4|
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Datw: D=0:5625", G= 4 x 06 psi, p=o+1 /i3

F=193 Hz, 4=26.4 lb/
“* = SPrfﬂj rate = iG__.__. = 44 (l-f xmg)
7 (0-56253)‘\1 4

Yy
or 47 26-4(8)(o-56257)
— =
4x|o6

L [k3

2 V™w
where = 1_'_\'___ A 2
e (4 )ﬂDNf"’Z;.'@sgzg)(o')NA
0138792 N d7

Hence £= 4 \/zé.q(as\g"”—w

= 9397266 x15° (E-1)

§= }re@uencd

0138792 N 42, 5 '7°
or dZ = 932 90 SEEE
Nd?=o0-4 Q'«%@}Q"} o (-2)
\@ \é,
(e D) and (E- 2) Yy 6%1‘ é\;«\(\g
O‘ 4 \)(:\\ @ogg\)b@(\c}\}b(\(\?\%q S 3 2 SO
= &v\s\é‘w‘\@é\?&l‘fp
9:397266 xded f N d?
o df - 4.638BFEN 0
NN 0006\’04\‘0
TS0 [_.
oy & = o012 85881 inc
S\
- ©+493230
Hence N = = 29.584728

0(2.

By nejlech‘nj the effect € f
of self weight of the

beam, and US.‘nj a S\'njle cﬂejree of fFEEJom moo‘e[,
the natural ;Fre?/uency

NOONNNNN

K2 N\

a} the Sjs‘\':ern can be
expressed as p
¢S

— —
-—

n m
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Where m= mass of the machine, and

%= s{.‘f{ness of the cantilever heam
4 = FEI

ﬂ?
where )(: f.enj{'f-\, E = Youhj;s mo:;u.[usl and I =

area moment of inertia of the beam Section.
ASSUminj E

= 30 x:oG psi for steel end

105 XIDG
l’g‘ 'FOT‘ a.lumu'num, we La.ve
G 1
(1.9) — 3 BGoxi I
<“steel 1([(’”’) *
m L3
é ]
(wn> _ ¢3 (10:5%x100) I 72
aj.umfnum - ﬂs N
m © S ‘\\0(\@&
<
Ratie o at ural SO
£ n ¥ reat.:os?g%%;&b
n Sf:ee I. 66\‘%5}&?’\@(& QOQ (\6\
= [ 3E€NESL | Lo0s
w . \\ \.\(\0 L} o —_—
( ")a.[umunum Q\e§®;}i;$°& .59 g |
SENEAEN
LN

s reduced to 59-!612

,b<\~‘\§ \0‘6";@ num (s USEJ thkEa_,A og S‘keg’_.
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43 (0'5)2 X (!0‘50)
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1
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S
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e o
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Q From & E@“,Q:aa 4?1'\941‘010_, we nsle
™ = SOo'Kj s ’5}]’&“3’ Uf‘u:F: ,___’oao—— x N
Q?ZS)g
(>) By egpafiry wedF o (1F egs e d W
/Sa:gu:yj @'\.Lﬂ-: 6o e 5
500 (9:81) = 3 * (i
QroZ"B’)
6&41 = K=Y ﬁiyjﬁguum-rw@dﬁh ¢&ﬁ$
fyﬂz;.aﬁ .
’ — 6

?rgf 025 >
i 500( 7( — = 76,641 Xlo

x —
4t [oo° va\
8
A . ¢
ax 2 é{\ Q%“\\ié@;
- O o
XK= 402477 1o ST 4 248
ﬁ@é“\\ @@Q& o
¥ o <\\ b\(\ @ —
. NIRY KRN e}
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os@c"\\e}* (oef’? O
e -~ o ' <& 60 > - ( »
Atz hrubiftloon (5 w0 glven
< <\\6i @Q‘O\#biro(& \&\@\Q
! R
— — A F (b(;(\e’\i%’b\ebee\ﬁo 300 o) 2-
= — N = 3 i &
A o= %y (ci025°) x= Hgt
— 2000
= /5 (tr2v77x57)
@ o 2.5>
~4

1
/R
o
Q
(]
N/
—~~
L
ro
e
R
<
N/
°

[5.625 % (o

>) (18- 0w 29) 6 s
— @mo (l -c"f_-6 = 34642 x to N/M
|IS-625 xie
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() Nofunad W»cj o<£, Vi bro Wi fov AL

L
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r (3 Y6y Xlo) e 003 ruQ/,g

() Nefwsd  fuepensy of vibofom (@ gmall
tg—"f{@[t"—w“"‘”‘t‘— Whew = Goo’k?i
Tn this Cete, 05 Al ool poflam 4
e by
3 3
=% _ 600 (9:81) (0025”0 _ 5 g9¢ x (0025

At T |0o0o
x = L8055 x 0«025 —\@\:Qi%\ﬁs 14 m
A{: *&\65\\(\ ge‘ ‘\é oS
S XL
Q’: )y ~ g & & 4 W s
The ""“:‘)—""}L’l S S 2
N @ QS AN
e pofleatel s 34
Magl_.t QC) NI E x Y2 e ﬁ;
@\e\e}*x:&é; @7:@@«* A+
SN
: ~<\\6$\6Q‘ @@,0(\\06 3 Cx 6
dx | S5 5) S
o-o
£ G
3000 - <
- <3 “. 51y xto

-~
_ 20.37Y8 X10 > 5
= 3000 ( ° — — = 3.9120 % (0o Vm

15. 625 % 1o
Homce to ratunsl greera—y oyvibvelin (fov
MMM
3 . 7(10)((5 -% M
= [ =(2 ° = 95 .53¢2
wﬂ T, C oo ) ! //2
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(u.9n = 4"‘} 2

3\ +
= (1797194 %0 )z
eg I7-05072

= 102+ 6674 rad/s

Benaﬁng :S"'l'_-F;Fners' cfb the ‘oas-l: ;“ 33-F|ane:

ky%..: SEIDC'I

3 (207 x10") (1-6878 x 1o 6)
— =
L, 0-8)>

= 179-7t94 x(oa N /m

N altrod W""‘ﬂ :Far vibration in 33-—]"“’“3‘
W, = [ *y43

n

!

s 4+
l‘gﬁ@@l&f‘f X 10 2

00*&:. O\Qi\ 0502

<O \5 \(\
%\’bs\\(\ Q(\ C‘)\'

02 667 4% or@t\s&yfz

Tﬂea

—
—
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For hollow cireular

POS{J

_ _ Y 4
I'x.':r. - IV:’ - g".(rf’ -y )

™ 4 u
=L (065 — 0045
L' )

- € 4
= |1-6878 *%io m

Emé&'v_z ﬂbf\?ﬁ‘_\ o Ioast

Lor bend? }XZW) is v C's//
r enawn
o ’ Ly=1-02 '\.\
le= 2.0-0:2= 18 =18 S~ ¥
\\o \?\Q’
Bending HEffets of the loagf z@@@x} ~plane:
-6
= 3ELygy %\3 @’A"‘”‘tho y(1-6878 %10 )
4 5/ _.—.—--—'—_'—‘-3 = (:\\00%\96?(\(}0 ’OQ
ﬂ Qbﬁ}@ﬁqe &Q 4&0& (l -8 )
¢ ,@e’\\Q}ﬁ %ng? %$° <
3 Q&oboib'b% \’6\.\ é
= ?6‘3@?\%®‘?’Q&\i\e N/m

Mats ol the |°°f3§ #K A A roy ks

=m = Tl’(oo'i—o ot.-'S )(‘?-)(,jp_e_'_;_;_ = 24.3690 kg
9

Mass o Traffic A'gn =M = bdty

=M = 0.75(4) (c-005) (3'0'“) = 122476 K9
981
EU&LVMMW_O}@CM‘W » beam of meots m

wilh om emd malts M (-,pro‘-n Bo-c—k.o’b. H"LMI': CoV@")’

Meg = M+ 023 m =

122476 +0:2% (;2¢4.3690 D)

= I7-§525 Kgq
No.{:ura.l fre&ue:noj fcr V.‘Erw‘l"ion an acé. Pla,he:
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= L
Wn = kxz N2 _ (.96'37279)“08)2
Meg 17- 8525

734729 l"a.o'/g
Bendc‘ﬂg At $frness o’b tHe ‘oas-l: n 53_P|ane:

4
4‘3}'-'- 3EI:¢7¢ B(HIxfoq)(l-6273x|¢ )

———

: ﬂ; - (!-8)3

3
= 96-3727 %160 N/m

Nodir oA W""(’Zf for vibration in 43 ...Jpla-ne.'.
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Natural &v‘e%uehcj of Mﬂy g, of ynoss

moment of inertia T, Can be found af

/”‘éee / Key Ko '
T(kf.‘l -+ l<'f.'2)

where ki, omd ki, are given by Egs. (1) ondd (2).

2-73

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



(@) Evpa.ﬁm\ ok motion of Simple FenMum for Amall
o«’ula.h wmotlions is given by

o + Jemars e =06 ()
£
amval hence tte natural grcwtj ¥ V;B r'o.i'u'On (s

., = ?ma,rj' - 0376 (?-RI)
" '(T '\/ 1 = 1.920p vad[s

(®) Solution of Eg (1) cam be expressed , Aimilax f3
g (2:23)5 s

6(t)= Ao sin (w t+ 2o) 2>

wifk 2 ;
Ao = {eo ) } S e%s'zz‘i)z-kol
@\

= 0-08727 T‘Q&{ $@

& o O
s o 6@\%&&« QP v
{ne - - <
€ 0,7 5 = o8P herad  amd 6, =0

&
CAEN N
l oS
¢ = f-,,;f&%@gg\e‘?\%“ _ fo7! (008 72T > 1. 9206
° S AT = 16m
& O
N

‘ o
S S Q’b.\{\@"éo ©

o &S

NPT o

. Y é -

_%@\b@@) = 90 or 115708 rod
s%

0(tY= 008727 4om (1-92061 + 1'570p) rad
6(t)= 008727 (v9206) cof (1092061 + l-s-zos)
0 676 ot (19206t + 1r5709) rad[s
Moaxi rausm Veloch‘-g — érnn-& = o' léT76 rcuU/S

1

D) e(t) = —ol676 (1:9206) Ain (9206t + 1r5708)
= -0-32(9 An (19206 ¢ + I‘;?O?) T'&al/x
Maximum a.ccezt.v‘t.a-ta'h: 6 - 0o 3219 r'a.A//S
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; @) E‘au@-l-('qh of motion of s?mlele Ioenc\ulum For
swmoll o.mg«.ka.h motions i's

5o o o 0>

Natuwnald Muwf—g ok vibreffon (g

3"100“ = "_6.__2€3 = (.2763 Y‘O-ﬂ‘/,{
ﬁ i

(b) Solution of Eg- (1> com be writfen as (similen t
Eg- (2:23)):

0(tY= Ao Ain (asnt + 8) (2)

wlnere {6 +( ) } {@-03727)2-'-0}1

= 008727 rajv e
@@

G, @ éeog@"‘\;@ 0
O\, o) = Y l-5708
( @o}q’ %; ig‘-@“ (e2) = 90 o rad

(\\)5-’ Q)(\\} b

- 0(t)= o 03721@;% @;&2153 t + 1-5708) rad

\,Q‘ \QJ Q}

6 (t) = oo&'}%ﬁe@x@ﬁs’;) cos (112753t + (-5708)
0% o%@@bs (2753 t+ 1-5708) rad /3

\@\\
. \ae,

O oy = O I3 rad /s

€) 8 (£)=-0-1113(1r2753) sin (1-2753 t + ['5708)

elm = o0'1419 rad /g%
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@ For free vibratien, a’d’d’lj Newton's
/ second faw of wmotion:

‘mgé.-l- ijinG:q (E-I)
For small a.m.ju[a.r‘ ai-'sl)(a.ce.men'l's, EZ’(E")

r G_o(u.c.e.s fb

mlé +mge =o (e-2)
o & + W, @ =° E-3)

where W, = J:%_j : (5.4)

Solution of Eg (E-3) is:

G(t) = 6, cos ot + Bo sin w,t & 5)

. Ly 9\%(\ Qp\
wl-\e-re G, a.rao‘ Go denote {;Le.&%ﬁggﬁgda\g,f g[,'sf'{a‘.cemen'f

end amgula.r Ve(o ci‘f‘j

Q@ £
: ' PSS ISEL
mo{n’on 1S 3:V€n by 666\0,\6\\\&«@01(\0\
! oz'b ) 06%®°é°®@0&
& &
® = foi + (CX0aks (e.6
ol O
Cl.%)e‘ MLy
RSO SIEE d/s, E
USIWj @ = 015 2@;%0}%&0& Q;éet__o an 60: i ra /S: a.
' QP F T
(E-€) gives S oS
: 8
Olg'-_- ea - @QJ- or C&n-_'_ 2 ra'J/s
Sn W,
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Driven

The 3ystem of Fig.(A) Driver

can be drawn in
egu-va,lent form as
Shown im Fig- (B) where
both Pu”ey: have the fame
radius ry. we rotice in 250 mm & 1006 wn &
Fig:- () that vibration can faxe Ji Fig. A Iy
Pla,ce in only one way with one
Jml{e moving clockewise and
the ather moving counter clockwise:
When Pu“e,g: rotate in

osite directions, 8 _ &%
OPP L ‘?2 i J, Fl'a . B a'/ e
The 4pring force, which has the T e R o -‘-;‘--3-- -
fame value on either Pul(ej 8 - kf(e'-o-s,_) !‘kt— f—' (fv Auel taPAan )’f‘o
wheve g = torsional /SP'rtng constant of i - (?-‘k N, AO )_3— Z‘kﬂ
1

the system: Ev--ﬂx‘:’"‘ of motion i g(pzs 2 /3 N-m/ead

([-1-1-]

o+ ke (81182) =0 & J'ze,_ +*+(9«+Gz)\§‘?é@€gé\g¢ %e,) gives , for 3= 12T rad,

\, e’bl
e Je,uq.(wff')e‘-o & T,8+%, +c)§{; \%9 gg 454.7935 N/,
o Q @ é@' """"""""""""""""
%\’5‘\@\(\\& (\\Q(\ &QQ)

Either of these ezun.‘honf 3wg\s§ Q,o bﬂ@'rhe other possible motion (s

/
o@/
/

= * 'Tl"' 3-1 Q‘ 3 rotation of the two palleys as o
&= { £ ( ) } @\ ’s‘(@& . whole (as V‘B‘& La&y) n Bame
Here 7,= o- % =o- 05 «5 'rrb& go\ \*‘\ "\ ' direction. This will have o natural

F = 7, (speed ra:l:.a) =0-2(& &4&(\0«?’—5@\ s | freguency of 3ero- See section 5.7.

@ B
&(@&00&0
’DQ}IO\QI\\'
\.’ere,

‘”///
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™[ é'-f-m;.»sin e =0
/ For small e, -mlé.{..m?,e_—_o
W, = g’

p——

L

r o= 2T - AT _ 4.41485 fec
n W, 981

09
@ @ w= [

(L) mzz é‘ -+ xarsin & + rngg ane
Fa}-{- mzﬂ
mi*

2 e .
@©) ml® g + kai‘ Sin @ -mgi sn 8 =0

\

=0 ; m£25+(4<w1+m92)6=0

L]

(Wn

'mlz 6 + (kO}- T“}E) =0

T 77 S
W, = *a - mgf $© s
n z NS
m A‘\éﬁ\ '\(\&e@&\é$b-
. IR ‘~ )
confiquration (b) has the Aaskesgoi&. wod” freguency.

, T "
5 > thickness=a=1

m = mass of a panel = (5 x 12) (3 x 12) (1) (%8%8-2_) = 1.5820

Jo = mass moment of inertia of panel about x—axis = — (a® +b?)
1.5820
=3 (1% + 36%) = 170.9878

Iy = polar moment of inertia of rod = 3—7;- dt = % (1)* = 0.098175 in*
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For 9iven data,

9(10) (?.91)(5/6) +10 (zooo0) (5)* +9(IOOO)’ _

= 45-1547 22

n - 2

10 (5)

| /
2 / \ A (rR+a)e [
- L 2 =1 RZ mR A % (Rta)E g /
J';’“"R > T =gmRA A AN - WAV —F
Let a.ngula_r d:spla.ce.menf = 6 2 %, L3 2
- , /
Ezuaj:c'on of wmotion: 2 2
2 2 / m, a; Y,
g =0 7 A
J; e + 'kI(R-I-a;) e + k?- (R+OJ) @ =0 V e 4

o, = /(«.af ko) (R+a)® _ fkﬁ. ) (R+ )
Je

E
l-‘SmRz (')

Ezuation (E1) shows that (s, increases with the value
of @

v WOn will be maximum when a = R@.

TS
Net )2 a,cfn‘nj on the fen&u(;ﬁgfi.\:\f%ﬁjigi—S = 481 m/sec}- = 2
@ ©n= fi:— - JER psleissedfe
Th= 2'“'/ 9, = 2:025 S’\\\%&%i\;?io?\ib@
€y, uation of metion: @Qi\e’*::;ff@; S &y
@ T 8 = "kte"(tia;(?g@?%‘é:;&\;ééﬁ  T@FmE Feae T
Where & = %ﬁ&’f@fgti:%s’-:%_m 2
% mi* g + (ktﬁf:@fa}-b ‘kzzz)e=o z %,
. = {3(-!:{.1- ‘k,_a."-f-k,,f.z') }1/9-
" mi*

& = J&-&-'ml:?': -'imoaz+mbz
@ Eguation of motion:
J, 6 + mg,': 6 = o0
Oy = mg b _ 2g b
o a*+ 2 b’
IWn _ (7_35 --5_-{(0_?—4-?_51)(29)-23!:(45)}=o
5b 2 a?-i-zlaz) @+ 2b™)*
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e @
€. = J—|
2 Q. '
b=+0-»/\’:'7._' 0.."-!-2(@%) ﬁa‘

L= _ a_./ﬁ 9"“/95: l'ma_,ga'n ary va,f.u.e :FOY‘ W, .

o
Since W,=0 when b=0o , we have w"‘/ma.x at b= il

e b

(= e — g — ———)
e Sl
£ Sk Y4
z +

Let @ be measured from static equilibrium position so that gravity force need not
be considered.

o o &
\\§6®(§1§9 $
(a) Newton’s second law of motion: QA‘ @\(\ & ox\é S
3¢, L .o
To 9——3k(9—)——k(9 2 @f % \QJO i+ 3xe6=0
\5&00% P \@0
(b) D’Alembert’s principle: N (@ch

(¢) Principle of virtual wosle®
Virtual work done by spring force:
oW, =—3k (6 ﬁ) (ﬁ 5) —k (9 __) (__ 59)
Virtual work done by inertia moment = - (Jo 6) &0

Setting total virtual work done by all forces/moments equal to zero, we
obtain

J0§+%k€26=0
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Torsional Atiffness of
'H’le POS'L' (a)aoud'ﬁ_cz,xfs):

bt TE ()
2 fe
n (79.3“:)(0-05"_0.0«5")
2 (1-8) ‘Q-z.,,r -
3
= 148. 7161 x10° N-m |
| .7

Moss moment of mertia

Y '
o; the Aign about fhe t'sf;

1

g
Z-axis: N £ gh-0r22 108 " g
2 @ o (.J(\\Q tb;\\o 6@&
RN
J- . = I 2 OOQ*\OKQ O\% @0‘ i ‘Qg’
sign U
3 6&\@\(\6&0\000»&6&@
, ENONRN OIS
Wt fk \)(‘\‘\\. 09,% 6‘2’(\ \\}6\ <\b\
3 s(\QJ G}\) N \(\0 \{:b
-E ' O A
* O & O ‘b
Mak: BZI ljb c A J ZC!‘Q'\Q}?‘O@%;!J@’"@?\ bd 5

\
=N = 075 (0" qy‘fea 03&\ ('LE.EE-?): -6972 K9
|

9.

\
,(0 b@ > g\’b

& g \ <
Hence o _ iy %d72 (o 4o + 075 ) = 0.7043 Kg-m

S:'jh )2

Mass momen{' cf mertio of the Fo;{- about the

2= aXiS:
2 2
m »
g—daos-t = g (‘lo + oy )
witk o = 27v,=o0d0om, d;=2r;=2(-045)=0-09m
o
and
Mats ol the Poﬂ:’ = m= TF(TOZ-Y‘F)K_F

=m = Tr(oo'a' -~ 0:045 )('—’-7(765__.-00> = 23,273% K3
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Hence

. 2 2 2
= 23.2738 6'l0 4+ 0:09 ):0-05‘2657k5~m

8
an‘va«{ent ma4s moment of mertia of thke Iﬂosf

(3_%.6_) bt the Location of the Aign :

J-Po st

Tegs = Ipost  _ 0'022657 - 0.017552 Kg-m
3

( Devivation given below)
Na.'l'ura-[ :Frez/u.enc.j of ‘L‘orS’\'ona/Q V:"Dr‘a.f'u'oh aj’— ‘H.'e
'tl"&_)agcl'c Sl'jn about the }—awc 'St

£ ¢ J‘i
W, = e >
S'I‘ah + ef.‘F’ o

' 3 \\é\\(\ o% TN
Y48 .716t x10 OOQA(‘@%\% 1&&
0.7043 + 0.0 FSALS
> (\b

L}

= 453 8?4&9

perivation : @8l
Effect of the \?—azzﬁ mMG’E— inefra of the

post ar hott (Tg ) on the nalanod frepuoncy

of vi brafion of o Ml-agi' Cargeing end mags
momend ol inesllio (Tsr3n>

Let 6 be fke wnjuﬂa)» velocity of the end

mats memint o’k tnenlia, ( T, ‘3,.,) dering vibration.

Assume a Lvrean yariofion s The gm?miah

\Miﬂ’c—&g G'B the %a_,sjf (Fosf:') Ao That oF a

disbomce x rom the fixed end, TReam;«Jm
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velocity is given by B x

e

4
The ftotad Kinetic enhgy ofy the /5!-.5%;{' ([oosf)

s given bj ﬂ
(62 [ Zpest ) da

o N 4 L

Jd post -\ %

Trst (8)

This shows that the effeclive mags ot
o’b, inenlia o’B tke ﬂ(ﬂ\.a..g[' (}sost>ar tte eard

(s B_Post .
3

- — i
| IpoS{: )

\
N

P
NS
& O )
DAY
*&’és N &L
SR O
BN
FE S S
L o\\,oq‘%o
LSS N
NSRS
3 P’
D e X
ng\o«(\qe:&o
X8 N O
o N P N @
@7\ 27 o
O" O 2 &P A
@ @ rbc-’\@ Q)
NGO
& SRS
N .2 Q,Q
SR
9 . \‘b(ﬂe,\
QIS
N &y
F o 50 O
P 2
Y
I
S%
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TOY‘QEonaj /s’cf}atness 'boc-
the post (a)aoui'g..a,;.'s):

r, —rL’
21 ( )

4 Y
T (QI-H x;oﬁ)(o-os -0-045 )
2 (1-8) Qe zo

4
776399 316t N ;

ke =

n

"

Mottt moment of inertia

t th ) kls.’\
] N
of the sign about fhe . @ '
NI RS .
» . I NN - - .
Z-aRis: '«é\\(\@e@‘(\\\é@b e'x 0-2= 18 S~y o
OQ*\.&% o\%$0‘ S
2 2 &L @ &
X9 20 X
= M ( A + b ) %\’b*\‘\(\%@@é\\ & (\&'Q
sign 12 SEOOS
9 NI \ob. S
c@\ NSRS
with EE é\x@ o

ng momen{' O; fner{'im G; the FOS'& a};og}l" tt,_e

2 - O%1 S
1z .

Wimro(o'-" 2¥ = 0o'lom, J;:ZY':2(0-0H5>=0'09M

<

and
MatLs dL- the ]aaﬁl: = m= Tr (‘roz._r‘z.) ﬂf

= = Tr(oo';T —0:045 )(1)(76'5;?) = 243690 KJ
9
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Hence

* 0 2 2
J 24-3en : (o-loz-i- 009 ) = 0055135 kg-m
post 3
Ezu;'va«(enf mas4s mowment of mertia of the '.ge,gt

J'%") oot the [leocation of the Kl'jn:

J t 0055135 2
J_% = ':s = 3 = 0.018378 kg-m

(Derivation given in the solution cf Preblem 2.79)

Na.‘l'uro—‘- -:Frezu.ermj of f‘orS’\'ona/‘z vibration of the
traffic sign about The 3 -axis:

L
N 2 PN
Clsn - J. {\\\’b\dbo . th@\b@

. + Je RN
5!3]‘! FF S

& o P
S
%s\\

o O -
776399 x'%\&sf °‘°qb° z

07374 + @@&%ﬁa

Qb ’279
(\

320- 5 yﬁj@x@h—d /%
S e

AN 9 be,
$§

L]

1
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2.101

A SSUME tRe Er\Ot mais h’ll i’b be (oW }OGI‘*\-{— maos3s - ﬁen
the may momend o’g inedia of ™, about th pivet

ot 1S gu‘ven bj
P =

IS
OQ(}O@' Oi@o @
Irnentie qroment byt da:@\ 5 ﬁpg@‘O‘o& 5"\"5‘“;’7
57 & o o <
@ o & Se
S ¥ ¥ S
Ny s(\QJ é\O.(\O\{‘fb
0> AN
L] R Ag\o& \(\10(1: \$0 i
Ia & + ?"ajp\e‘ \éf%(@-okg + ‘l’uj A 8 = o (3 ’>
%@?&; (\{b{\O\ '&‘\@l
where & «04;@(’:& \ﬂ*@q
O o ,0(‘ ,Qe; 2z
T. = gdss e 2 ~
° ’(b‘%\e\&éz}ﬁ%\« yh}j -+ 3 \"12 I - C"f
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cr{)/-rno"'l'ovs for the o:n?&llm"ﬂt?cm a’B— 73
Srzodve ook The P.‘Vof‘ point O:
I, 5,c + My g b Cofef-l- m,g% cos &4

- F,o0p + R, =0 (1)
where g, is the total a.m?AJa.h WW ot
the f&'lﬂ-a?wn > I, s the mass rormernt ,{Y ineridie
of tke fheannm amd The mats casvied :

2 ;L%
IO = Tﬂ2 L - 3 L ™M, (2)
avd the forces in the l:cce.'os a_,.,.,.g[ W@H
S5
muscles (Fp amd Fi) \«M@@bj
2 OQA & o\@iok\?@b-
- SO
Fo= — €29¢ SES S 3)
. {\,\@&QEQ&\O&QQ&%
- e — Q@ X XX
F= ¢ x= G af{&%‘i&é&\i@& 4>
where the line %ﬁ'&@‘i\(«é rl'j of +the triceps can
O F LSS
O P
be ex P“e‘*"e“&i@%ﬁ; &ri;x«
CAN N

) & %\E} Cs )

Using Eps- (2) = (4), Ep- (1) cen be rewritten

a4
Ip 6 + (mygb + £ mgb) cosoy
2 -

| et thke Sorearm u.nclerjo small am?(gfah
er«wnf ) oloouk the stals evﬁ.h‘brc'um
Posifl‘oh , 6, Se thak
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9{::5-{—9 7>

Usfna Ta{j(cr[‘i' series axpa.nfa‘on of ces - aJaO'U-’b'

—

&, the alalic eprilibnium pesition, can be
&PMAGJ (:\Qm(/%nwﬂ Va.b-uuofj.@):

Cos &y = (oS (5-{-6) ~ oS @ — 8 sn @ €D

Using 6-& = 6 anvd é{_ =6, EZ. & D can be
expressed as

I, 6 + (my9b + L mgh) (586~ 5in G o)

— 2 o
+Cha, (6+6) +ca, 8 =

-— o\
508
°r (\‘5& ~\<\ d:e \fZ@\z
* QQA \%\ NS ‘d\é@.
I, 6 + (mzbk + 3 ml?"’@}% N
’ SeESe
PSS _
C
—-S\ne (ngL‘f‘i(&\\z $0§9 e + ZQ’ze
> ©
5 Q*(oro <®
Q\o S ‘096\‘2\ S e
S _
4+ C,%, © $§-¢04\;‘§;3:Q@§@ o = (9)
\9 S B
SR Fe
) uation o
Nohnj +hat %o \ﬁa.‘hc ezunfubnum eg £

the Lore orve ak 64 = g is given l’f’
(msz-f--‘im,gL) c,c‘Se_-f-Cgafzé" =0 (lo)
In view of Eg. (10), Ep- (90 becomes

2 A er 2 P
@154"}“’ *"')6-1- c,a, 6

+ {CQ_Cer_. Sin 8 3B (m?.“""imi)}—@ - O
(u)
which denotes the Eguaut_‘ah of motion of He

forearm.
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The undam rei natural Freguency of tke

foreaxrm can be e,xFress'eJ as

g 0 — Sin@ g6 (ma+ fm)
Sn = (lz)

I:. ('mz'f' J—,-' m;)
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S

@) loo V 4+ 20V =0
using o salution similar 13 EgS'- (2-527“‘«4 (2-53))
WE gl.'ﬂd : E_e- ‘&

(o]
Free Vibration response : V()= v(). € °

Time constant : T = {2: = 5 X€c.

D) v(é)—,v},(+>+vrcw
WAL v (E)= fo b whow Az oot

AC

1)
S

(= ¢

r 5
\\'b ,b(; .\th \6

'8
Qs O}

R P @
P P (T
NP &> O
o _ T 2 % _ l?
f\)(ﬁ %\S‘b -!-’%-—m oy A.___,z_
Toted Nesponie
22 ¢ |
19 7 toe R
v{t) = - + 3
_ 20
Free Vfbra.{'a'on res‘(oenSe: e loe
—2c 4
HcmogehE.ouS' Solu‘{'fon; _!_2'?_ e o9
Time consfa-n‘t-' = _'_29_:’_: 5 Aec
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Let t=o when :Far-ce is released -
Before the Jorce is released , the system (s ot rest
e that

F el 50¢e
- —_— o\ = - -
o x () p p
k= Booe N/m
L.zr_;m-!/

The AlIEoe o) G- (B
d” 0 N O..C
O
p— O
X [*i:) = \ebo:\\oéé& d\*\\\e"&: Ae
A N ) & '®$\\‘°®
) 6Q\ b%ob'be 0‘\@ \4,0
i’*‘\éz‘b(\ &S i /{-MC’E
A't 't =0, %@‘éléz& K,bc‘@é@' l
(‘b‘\o S o\
> > 'b\QJ %\\' o
\?0‘9\& . A= o)
el =NA € ax -
cooe &
/ - —c E
x(t) 2 501 & , t >0 (Ez)

US\'Yj = (t = LO) = 0:0] ™ (Ez))

e_ (5092 /, Y 1o e g(SoJoao/c) ol

- £., - 50200 = g/n o/l = —-2.2026

Hence c= 217147 N-=5/,
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2.105

“m"t} = F——D-—h—'j

1006 ¢ = 50000 - 92000V — |0°°(?'?'>

L

1000 ¥ 4 2000 ¥V = L,a.o)ﬁO

ek t=o:

oY 2k
- N
- SR (E 2 3
AK (t) = 'ZG'OQE ({ e &\'DA\Q)@(Y\Q&'\;\G@
dt S LS
00‘1@@0‘@ 0@\,@@
NS P &
: = :’/I Eg . (;E;.a\o SYS E 8
1- am 2]\) {\,\@ 0%@ 6‘2’&\06\%8\%
S «*eqé\l@oo&(b t
o -
5 \Q/\Q}*s\%é_o@?(;&o:@@&q 5 ] — 2- + C ‘
9 —— T
x (£)= 20:095 L555:9¢ ¢ €
& I &> =2
@“A QQ'\ & (\*Qe;\o
&‘(\ (\b\ 000 os\rbo*\&'\ — l f
°§\

oY C!-;-'_ -— {"O'otf_:s

_a2t
oo (B) = go,aqs-t-t—lo-oq'T'S e - 10064785
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Let meg = effective part of mass of beam (m) at middle. Thus vibra:tory inertizf

force ) at middle is due to (M+ Mefg)- Assumz.a a deflection sh;peé

y(x,t) = Y(x) cos (wp t — ¢) where Y(x) = static deflection shape due to load a
b

middle given by:
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E, I m
x > LIAR
M 4
S~ o 3o B ’,/T
® ¢
X X i 1
Y(x) = Yo {37——473—] s 0<x< 5
. F &
where Y, = maximum deflection of the beam at middle = BEI
i F=LFY
Maximum strain energy of beam = maximum work done by force F = 1 0

Maximum kinetic energy due to distributed mass of beam:

2 1 (. )2
= .2 = M
=L 8§ 0 it o)

0

¢
ma} 2 1 a2<2
= (n _[Yz(x)dx—}--z—wnYmuM
¢
m Wi B 9 x* x® x* 1 2 2
= 2 [YE |5 116 = — 24 lalx - Yo M wp
f 0 fﬁ &\’ﬁ(z@o&\bele
2 ~2 3 7 & \ £
=mwnY0 8 x +_1£]_‘__oo‘§:;2;§$\%i§f02 +-1—Y3Mw§
¢ 2 3 VAR é&i&(\@@ )
R N
1 17 SRR
~Lygat [T m|So o
2 35 TS oS S
ec’\e\e}ﬁ:@coé;&é@f 17
Tlﬁg%{ggo &3& Mg = 3= m = 0.4857 m
TP I
& . Q A
For smell a.ngu[c&?‘:(@&gi&éi%%n of bar P& about P,
VA \,(\0\ 9’0\ Q?\ 2 2
5 (kdey @19 =¥ (08)” + 1 *2 (0 42)

Ql'(" Ky f:’
<kl7.> = A4
Since (ki?)e& a-*'lA 1<3 are in Serves,

2
w . (a)g *3 kK3 B+ ko ks fy

(‘kn_)eZ'f' k3 k"q|2.+ ‘kz le-f' ‘kg 132

.2

T = Kinetic energy = -é m x 5 U= Pofenfia.i enerjy.—.zL ke.g xz

I‘/; xz= X ceS Qnt‘,

2 —
Tmax = —ém&ﬁ:x I Uma.x"'zl"k X
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- U &, %3 1+ %y K3 g,
T = ive ' ®3 A 2
ma-x menx 3 s .. =

m(x, 4+ ke A5 + k3 Xf")n _
. When mass m moves bj %, M
2.108) spring k, deglects by x/z; -
A T= kinetic enerqgy -;."E m (;‘)2.
U = potential energy=2{t(*)(3)'} T
=+ & e’ x

=2k
For +har monic motion,

2 Z - {
T\'ﬂﬂ-x = ém C'Sh X ) Uma_x-' '@‘ i3 x

' 3
Trmax = Ymax 9ives GS,, = ‘[ T
Refer to the figure of solution of problem 2.24. ]
z e
T‘ "z‘*" x* P U=-;:[21<,('xw345°)+11<,_(x caslsb')J
S
= Ji (k,-l- ‘k\%@é‘#g;o(\ @é'o

R Pt
- *Q\éﬁ\ \(\\6606\\ \é$b
For &armo nic motion , ooqc}ée Q\%$‘§&\&Q’ 2
2 2 A O s (1 + k) X
Tmax = —,"m W, X a?@‘\‘ o 5\00\‘? z
: SO 6‘2’&\\06\0?\6\% K\ + «

= h 3@ Pl \ 2

T;ha.x = Umu gives b‘os\o«\@;ﬁ‘\\ &
;e,c’ z\* g‘o% @ m

Q& b‘.’ @c-’ S 0\ . 2
X2 Y D
"\ kinetic energy ( K{Ab&:é}bch&%@m x
9 QL EC. D e
' N N L = Work done
Potential energ?@%%«ﬁo& _'i T, x+ 1 T =
N

dt'spla-c.a‘ng mass\&i\@e@y distance %=
(tension) of T + Tz.

=27, =% 7T

l‘l']

aqainst The total force

from Solu’f:t'on of Prob’em 2.26

4. L 2
Max. K E:- = ";I’T'm c.s,,?‘ Xz ) Max. P-E: = -2% T(@.;. b)x
Mox- K:E. = Max. P-E. 3gives T (@ +5) y
Ty U CRLD

mab ma (f-a)

z
FA z L 4
u-p-c—:-:rngalo-cas 9)+?-("z‘f<'xl+i‘4<7¢z)+ 6
2
with cose = 1- 4
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2112 T

4=
2
£ @
2
& % vy « L
Q. $5°\ 1
o &
-] \'ﬁ\ 'bé\\~ ‘5\'\0.6?/
DR —
*’\\Q’%\(\ %60 ‘\é e,b.
. OOQ(}O& Q\Q)@O&\&, . .
2113 P SA -
FE S S
S L ¥ "
(‘\,\\' 06@6‘2}\ \}b\ b\
NS
eso@ © ’3‘\@3&
FQ L Lo x
X X &P N
S ¥ e S
NG @c-’ 0
LA 3TEQ
‘l~\ ‘\QJ ‘b(\ & 0}\
PP
N Q«O & *Q &
‘('\\6 & N ’b(\ ,QQ-
AV & 6\ A\
NS
& g'b e%
o‘s&b
c
a r

14
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where x; = {R + a) 6. Using % (T + U) =0, we obtain

(%ml:‘t”)l'i+(k1 +ke) (R +2)f 6=0

Let x(t) be measured from static equilibrium position of mass. T = kinetic energy
of the system:

1 .2 1 _ .2 1 Jo | .2
T==— = I, 6 == — | x
5 mx -+ 5 Jo 3 m + " 4
. N .
since § = = angular velocity of pulley. U = potential energy of the system:

1 2

1
U=—-ky == 2
g k7 2k(lﬁx)

since y = 0 (4 r) = 4 x = deflection of spring. % (T + U) =0 leads to:

s . — @
mx+-—4x+18k =0 o
r NG 'D(YQ'%\&
NI
. . . Q.o @
This gives the natural frequency: ooQA‘\ e RS
: S
I x
Wy = K\i\&b <
Yy &
K\ 0\) \\ﬁ(\ 'OGP JO
RO
og‘b*‘*\o& (\c:& 64\0
SIPCH
&o’@' K2 éoe & O,\\‘Q
ISR
N4 be} &0 {\\'
NP IRAIPES
o NN
&(\\6 N3 N ,\'o(\ <@
S E SN
NP
& S
S
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Using Eos- (Eq)wr-—“{ (Eg ), The Aotad
St - e\% the X’ysﬁm Com Are EK/DFeSSeJM

2 2

L (m R ) 4+ T ¥R 6 = ¢ coafink

(Eis)
DL‘WM e’l,) Eﬁ (E,;) with 3-“,3?_“;{— &
Aime gives

.é(rnr<2+y)(ze' & )+ L xR (266) =4 (&)

[‘mﬁz-f-a‘)G + #Fﬁﬁjﬁ“:o @—:,7)
&

(rnﬁ + a‘)ﬁ —+ eﬁ*ﬁw@%~ o (Ei)

(s, kR E5>

U’f—u-—']' %7 @m); Eﬁ' FI&’)‘”‘"’( @!?) K come

_3_:-:-121 e + kR 6 = 0 @2")
Z

2-104

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



r’

2-105

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



E&‘-"ﬁ"“ of motion: m% + ex + kx =0 (e-1)
@) st units{ kg, N-8/m, N/m Sor m,c, k, resrec'l'ively)
m= 2 4#9, C= 800 N-A/m, &= 4000 N/m
Eg- (E-1) becornes
2 %X + 00 %X + 4000 X = O (e-2)
(k) British enji'neerfng un:{-s(zsfug; “y:"‘/b’t': ‘#/;{- For

, €, kK
m 1 kg 0.06862 Alug e

C: gN..,s/'.-.-.:o-oGasz u»,e*/‘/g'b
(since o-4 lL;-S’/;H: = $:837 N—’s/m>

®: IN/m = 006852 Mgkt

O
Ez- (E' 2) bew \§9®(§%01®$®
'&(\@0‘& S =0
. Sea8e\* + 4000 0:06952)% =
2 (0-06852) = + 9°°£@Q$¢o&&§§§“ + 4 ( G
. R 6%\ \\(\Q;& OQ(\(‘)\' - (E.z)
S0 S oS &
zé'e N S .
CC) Brit sh %So.‘atttggo\jybfz&\s\(\ ,u,, Pouhdaj-’,‘/bt ) row-dal/E:f
Y& L N
\&ﬁo; Q,\o; %eeq’\\Q’z’{\\&"’g for m, ¢, 4)
Nty
mi 149 = 2 ROKE
N - A
3:2¢81
%: 1 ,J:Ln - 7233 P'“*“‘“*‘;";Jl - 2.2045S poun&d/[—f
3.281 ft

Ey: (E-2) becomes ,
1(2-2045’) ®x 4 gao(g.goqg') x 4+ 4000 (2.2045):5:';
which cam be Seen fo be fdoma ast E.(E.2).

(d) Metric engineering units («3;-4‘/,,, s Kgp=A/en 5
f‘-g;/m for m, c, 'ft)

m: LK} = o.l0197 Ka;z—sa/m
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c: g NoA (9 507 ) kge —% - o.t0l97 9%/
1 m

rm
N
ki s (? Sov) - 0.10137 %3¢ /m

\

Eg-(E-2) becomes

2(o10197) % + 800 (e+10197) = + 4000 (o tol??)"ée i
which cam be Aeen fo be same as E5. (E-2).

(@) Metric absolute or cqs system ( gram, dyne =4 femn 5

dg'ﬂe/c,m For m,Co.m.nl ‘K)

wm: 1 kg = (000 jrams

. 5 d \Qp,é \q
: 4 % = (o ne o}?loié‘o \Q;j‘ﬂe/c.m

(o Cm&%gi;o‘;&iw
Eg: (E-2) becomes \Qp?o«ii;tio‘*@
2 (1000) % + 90&@@@9}%04- 4000 (1000) % =0 (6)
which C.am/ssg,i;ﬁ%@ﬁ be Aowme asb l'.'g (l: -2) .
(F) us Cus{'omorb«xum{-s ( o, Log - -&/st > Loy /8t For
m, ¢ amd &)

Z
™ 1 ‘CJ = 0.06852 Alug — 006252 uf ’A/"'&
- 2-20% u’f/{;g.z /5%

c: 11\[;:4 = ©0:224§% Ug- 5 - 6.06852 U’f"‘/ff
3.281 &
- Leg /st
Kk 4 -N;, = 0:2248 %Jl—f‘/a-zs’l §t = 006852 £/§
Eg: (e- 2% Lecomes o
2 (0-06252) X + goo (0-06252) % + 4000 (e 06252)(:;)
which cam be ufen‘l't:]?ceol o be Aome ok Eg (E-2).

2-107

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



™M =5¥Wg, c= 500 N-£ /L, k= 5000 N/m
Undamped natural Jreguency:
Wn= X :Jﬁ;_ﬁ = 31- 6228 rad/g
criticak a\amrﬁ'nj constant: ¢ . 9 (o

C: 2 \[Sooo (5D

=316 2278 N-A/m

Pawping ratdo:
c 500
= = = = 581l
B Ce 3le. 2278

Since ik (S overclaumioeo‘, the system will pot have

dam ped @re&menczj of vibration.

m= 5 #9, c= 500 N- 5/&0 \\0"5& 50,000 N/m
@ Uha\ownloed notural g ‘\Q\Q
' \&"0 &\ e‘

6‘(\6\
e & = [ vod

\°J<2,-
X SR
&»@e“’@c’@
o e tant
S s tant :
@ S

criticek o\a.va
be ,\*6‘ &
~ O -
C. = 241«3\'104\"2;:} e@isoooo *-5)2 = 1000 N -4/m

<
& . & @
&‘(\\b\goooos\'bﬁ\\\
. . 9 ) o — ,
Da-m[omjfg-i;»;g;s ~5..__ . %o - 05
{000

D ‘

SgS‘*‘em is uno\erd amred
Da,mPgA natural gre%uenCJ:

e, = G, 1-%* = 0o \[1-@-5)2

= 86-6025 rad /s
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™M= § g, ¢ = 1000 N-A/m> %= 50000 N/m

Undamped natural frequency:

- % _ |50000
Wn \/';: '\/——-57* = 100 rad/s

Crs'\‘:a'cal dam lou'hj constant:
C.= 2Vkwm = 2\/"50000(5’) = 1000 N—-/‘Y/m

[+

Damping ratio :
= — = 1090°
C looo

—

c
Sy stem i¢ crc"l'l'Ca—Uj o[a.mPc.J.
CJJ= G, Jl—‘s" = 100 1-12 =0

Dsun]oee! naturel §re.fju.enc;y 45 @ero.

O
< RN
SR
*Q\Q <& %606\‘\b @b.
S T
o F @ &
N SN
FE S S S
57 & o o <
@ 2 &6\(\ @
¥ E L
3 P’
80 «\Q, AR
(& 1O PR
Q,o\*"o N2
SRR
L F&&
~6be{b0\‘\ﬁ
\‘bQJ(\{\ O
&4\ > Q,Q
SR
@R &S e
OSSR
NISROFN
NP
X O 2
NPT
I
N
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Da.m{oec’ anj‘E d'o-f- Sysfem:
\-n-: (o kg. = (O oOOC N/m > § = ol (unJE’rolo-mPe—o{)
©,= JE = \/_1,9_'%3_9 =31.6228 rod [x

Displacement of mass is given bj Eg. (2.'704[1):
ﬂ(f)-Xé"Tw* cos (Ot - ¢) E-1)

where

@ = o, J- %% = 31-6228 Vi—o:0l = 3l 4647 rad /£

X" (9‘ wh + 7"04‘2‘3(07‘ \S'C’sh) /CJJ @”73)
amJ¢: 'tm_l(xo_'-anmo) (2'1‘5>

9‘9"-'-’,,[

vo\

(\o
*(\‘\\
\\ 'b

% = {(o.z)"" (31 gzgﬁ:y o&j] 46441 =o2010 M
gt (o0 (ozaw%%f)(o z)) =1 (o1005)
¢ a%«@ ‘t@@ 4647

5. 73%*'» 95?@ éﬁon Yod
’\i&f\&&i&:&\ —~3.01¢c 228 t

Q

L= (E)= oxgdfo e cos (314647t —0-1002)
N m

() %Kg= 02w, 2t =

n

1

('b) xX =_o0-2 , ';‘o =0
{Q—o-i)z (3f"‘223)2;i/3|,4g41 = o0r20(l0M
o (2 GEEEN GO g 5 (oo
¢ ( G’O’l)(?].#cq-’) ’tm ( 7
= 195.7391° or 2.2419 rad
(since both numervator omd cﬂ.-.mm.ino.*er in Eg.

@15) ove negative, ¢ lies in third 8u.o.oh‘a.n't)

~3.1623¢t
- x(t)= o-2010 € Cas(Bf'QGQ'T‘E—B-?-HIY)

™
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) %x,=0, Xo= 0:2 m /g

[ )
X = ©-2) = 0.06 6356 ™

3. 46471

¢ = tom -9-53'-) = tam (@) = 90° or 1.5708 rod

- 3.16231
o % (t)= 0.006356 € s (314647 & - us709)
™M
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D amped single d-o-f- system :
m= {0 kﬂ’ 4= lo,000 N/m, T= 16 (Cr‘l"l'fcq.,q,%r JmPeJ)

K - lo,000
‘l'm \f———ls— = 31,6228 rod/x

'Dl‘SP(o.c.eva{' of maks jiven lay Eg. (2.80):
9((“:)'.:{1( +(,x+cl$n o)f} *Cl’h

(_O.) ", = 0'2 M, iozo
_31. 6228 t

‘x(‘éjz {0 2+ 316228 (o- 2) } ©
.—.(o 2 4+ 6:-3245¢t) e -31.6228¢

L O'Zm i =o N
° q°°\$®0 _3|.67.28'E

\9 \
1+3|62A§{@ 71:}@
\“’%\‘"\‘9’6‘ QQ}& 3106228t

2 2
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S’fhg'e do-§. sy stem :
m:(o kg, %= (0000 N/m , T =20 (over &ampe&)
@, = ,i‘_ = (|°°°° = 31:6228 ‘ra.cﬂ//g
™ {o

’Dc'SP|a.ceme.nt of maks 3iver\ Ioj Eg. (z,gg);

C3+ds?-1 ) wat (-v-Jx2-1 ) eont
e

x(t) = C, € + C?_

\Mlnere

Ko WOn (T +Jyg®— )+";‘o
2 o\ ¥ -1
— Ay (WIp (E’—J‘Sz")'_x"

C.=
2
2 Wy T2 o

. O O
@.) A, =0:2m, 2y = O 4.\&\0\@%@‘\@

D >
S F P

Q¥
. - 6 228 fb%?id%g 2
=2 2 (3 QM - 0.2155

N

N O AV
2(31-6 z@%ﬁﬁ%‘gf

DS 4O

SEXEAYN
..0-2\\(\%%1’25?5‘%@(2-&) = —0.01547
ESIRESNA - '
et 2s) 3
\é?\be
& (m2+4VI) (3l e22)t
x(t)= 02155 e :

—2-J3) (316229 ¢t
—0:01 547 QC (¢ )

-8.4749¢t _lg.oté3t
= 0.2155 €& — 0.0l547 €
(b) %,z —~62m, %, =0
—0:2 (31:6228) (2+173)
2 (31-6228) V3

= —~o0-2158

G-

02 (31-6228) (2-73) - 0-01547
2 (31-6228) V3

C, =
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(-2+d3)(31-6228) €
x(t)= —0:2155 ¢

(-2~4d3)(31-6228) t
+ @+ 01547 @

...8“"1‘(9% ,_[8,o|5'?t
= —-0:2|55 e + o0.0(5477 €

(€) x,=0,%,=0-2™/%

|2-
C 2 = 6:001826

T (31 e228) V3

- 0'2

2 2(s1c228)¥2

—oaOO’ng

N
1
|

)
O

O
(~2fFRJB |- 6228 t

S
AN

\é%%«\‘os.tfmﬁf — 1g.o163t
6“\%@8 - }' m
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Torsfanai Sl‘n‘_-F;Fne'S—i' 6’6 'ﬂ:'e. M d&dxa.rm.vj;)» o{ cuh.c'
fn.miﬂiﬂ s given bj

= SXo o G T Y (N

[l 32
Since the ’:ka.-f{s on the two sides of the disk act
o4 Pana.lbl torsion ol Aprings ( beeause the
‘t'orau.e on He gk s Ahandd L"j the twe TUimal
Aprings ), the novdfomt gpning colant i
Jiven lv_y " 4

n
O
=
Q.
+
O,
3?@’5/
e 5
%, %,
N
%4,

I

‘@66@0 & @
e d f ﬂ@) (25

¢ 2 4
Kiep = cifpd? E*9 . gmd (3)
7 392 q,,) g
‘f

NG*M WM d&‘ﬂ\‘e_ cL‘,ﬁq‘( tn {:M\O‘ﬂ.&ﬂ
vibrofiom 43 9{ven by

wn_: «étz - \/T‘_qu
\/ T g LT
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: AN _ = ad [sec
For pendu.f.um; S, = %? n Veccum = @5 Hz ™ r /

f= %/Trz = ‘?'Sl/rra = 0:9940 ™

O}Jz G, J1- T" n Vviscous medium = 0+ 45 Hz.-::. 09T ra.J/Sa:

v? = w:- sy _ Tr(l- ao?l - .19
(‘32.
T = 0.4%59 3 S‘ygbem is wnder o(a.\fnbeol

Y c ) + ™ E e =0
Eguai-:‘an of motion: mi* 8 + ¢4 g

2
¢, = 2(m) e, =2 (1) () (W) = ¢ 2080

. 2
—_ ’ — a. 39 0
3o = VY = 0.9

CL = ¥ C ¢ :;(z)(mkz)w,, = g&gé%@)(z*a.ssaa )('ﬂ‘)

v
3
o)
Q
o
Sco
1"
%
it
)
3
v
S
¥

o ,@'Dé\\(\$\
~ 2.7061 N-m-5/rad SeSiSe
& O
& OO &
D2 S o Q
NGRS
N G
. & O Q \QO
ZEN - L (18) SoESRE = 2.9904
L‘H . - ¢ ° QO gs,z
! o P SYE D 4
&é‘*@\ & Q’b'&"’q (2+82 04.) 4179
"666\6Qo°\§%6‘0 = { e -
TSN (@ 8904) + 4
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(@) If damping is doubled, T oew = 0-9358

PRI Y 0:8358
— 2m( ) = 9-565¢

b ( Zie) ” Ji- T2, " V- (0 g358)%

e 2N 14 265+ 362
xj.rq

(k) If d“-""P"“j is ﬁa..lVe.oQ,
Tnew __21(0:2090)  _ (.34.%

w5 T RS

x.
2 = 3:-8296

X5 +1 |
where Wy = Ji=T* W,

- T
e T in w,t

. x(®) X
@ For maximum Of minimum of %(t),
é-Tw"t (-—TC&H Sin 0.9‘1‘!: + CSJ cos Cﬁgff:) =

.
L

\f = 0+2090

dx _
dt
As & Tt L o for finite t,
o
-7, sin th + @3, co¥ (_@j\%“
/ oo b
i.e. tan Wt = 1-7% (,\559‘%@&@*@
d RSN
P S & °
ENONRN OIS
R 2 O & b\

Using the relation \\0&0‘? S S
NN NN
O S 4 (‘“-" TZ/T> z
: = > 17

& & DY
we obtain Ny ;; :o*
Sin wc!t - i- ‘Tb\@ 3 cos wdt =7
and
sin Wyt = - JL-TF , coF wt= -7
z' —
-i-_?:'-": Tc"-tET (.9 sin L.Sdt' -'2."5'(.9 GBJ ceoS &St s'unﬁ.?;t]

1i- Ts' and cos GSJ'E =7,

wWhen sin Wt =
T, t
PJi-xt < o

£ _x¢ S
dt?
oosin gt = Ji-—‘;’" carrespond‘: to maximum of =(t).
when sincwt= - Jt-T* and cos Gt= -7,
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-y w,t

z 3
jt’i= X e Wa Ji-T* > ©
sSin C;SJ'& = - i- '3":‘ c.orresf:ona's to minimum of -,.;({;j.
)%~
Envelopa‘ng curves: O - jzi(tﬁ
Let the curve 1' ‘-7\‘“‘
po:sing Hﬂrouj’v the ° l . ' o 311"\_/_-::1--"!:
' e _ (A
maximum (or mu'm'mum) A d
fofnh‘ be - -
= ¢ & % (£)
X = e
sin * (Ji=77)
For maximum Poin‘ts, t oo = n -7
63
and sk
-7 L'sri %ma.at - n “max
e
o= X 5T e
#) = X Ji-y* € T tvwo%f
"% = —T ® ‘\\ 6\\ . -
t i oQiéez)‘&Q)o‘\;@b sin L (—- \f i—71% )
Similarly ~ for minimum  poinkid e deln = @,
&S RS
a.\‘lcl 3 \)(\;0\)6@6?(\(}06 (bs\b
3 W | t égbi\é\éoié%;& &wn Ernin
C 3 v ﬂ&gﬁe}%gﬁ Sin C'SJ ‘b\‘mﬂ
RGOS
~o. S R &
R & =
%@\«f@_ﬂ& S, Tt
g 'xz(f) = - x‘\,(\e 1 Qg%T'L n
ﬁﬁ_
v -w t
2() = [%o+ (Rt WnXo)t]E "

-——— (E_j)
For x,>0, grath of &.(E1)
is shown for different x, -
We assume %, >0 as it is the

onlj case that gives a maximum.

For maximum of =x=(t),

d -w. .t )
%= € " {-(F+wn
tm= Kg

(‘9“ (*g + "’h xo)
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B A
at*

€) and (&) give

L= S fu }
= — n

&t"\t‘—"bm ,

o B [ eake s @F %e} o (€
For %u>o0 and %, >0, 4= < 6
° ° at*
Hence +,. given by Ep. (E2) corresPonAs 5 a wmaximum of =(£) .

-, tm
_ X, + Gn %) %o : } e
xlt_'.b‘“ - {xo N ( ° . Wy, ('xo"i' S\ 'Ko)

- (x + x,) e Ei%—ﬂ;:_) ——- (e

Egua.hcn (2.92) can be expressecl as 4@ @;f fm(

For ,{mj‘% “fi'-’ m= .g_; and Aen:%q*f@:@o‘\&& g,,,("° )"?.)Lh(olg)
é~‘o\ &

SIS
\\\Ql (\Qb\%(\ —3 7342
Necessarj Aa-vnpmg YGA‘HO T@vé‘ibc\o S
g\o \(\q \$0
P

by 8 Ao@ 0 s 06353734-2 -
b
° 4-“— + 3 7942%

\Q

\
-~
|
S’
(&
.|.
@
'0/‘
/@
J’,o

(‘;‘; T= %‘3‘, = o 38'7"2@ H-ne overshoot can be deter mined by
'Fir\cll'ﬂj g from Eg-(2:85): .
2T (03877) 3877) r.,.)
£ 3

Ji- N rersT ol
E.‘(—"-c-e- = 1.32135

XL
T

= 26427 =

_ z/ (32135 = 0.266775 Xg
Z.{.-— o/ e

-
overshoot is 26-97754

(?} T:‘-—%— o = c-646Gl , & is given Jsj .
S= ﬁf\f _ 2T (O-GerQ ~ 5.3189 = 2 &(;‘)

J‘T:?T /- (0-6461)::
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-x'o
x*y

A o
.% overshoot = 7/,

= 14.2888 , %

= g@r0T700 Yo

-

(i) (a) Viscous damping, (b) Coulomb damping.
(ii1) (a) Tq = 0.2sec, fg =5 Hz, wy = 31.416 rad/sec.
(b) 7y = 0.2 sec, f

» = 5 Hz, wy

31.416 rad/sec.
x-
() (a) = ="
Xi+1
X 27m¢
In|—1| =In2=0.6931 = ——
xl+1] Vi1i-¢

or 39.9500 ¢¢ =0.4804 or ¢=0.1096
Since wy =wp, V1 — ¢, we find

wa 31416

T A1-g2  Vossres

500 2 4
k=m wn {9 81] (31 6055) 95\(\%916 @0 ) N/m
& e'b @@\
= = Wo@%@b
Cc %ﬁ’ S

Hence c =2m wy § =2 ( ) (S18] f@?iogs) = 353.1164 N—s/m

= 31.6065 ra.d/sec

(b) From Eq. (2.135):

N

,\g} ﬁs\ 5 &o(\e
k=m wﬁ = Qg%"fgs 416)? = 5.0304 (10*) N/m
,\o b@(o - \®°§

Using N = W/\sé 5@&*

_o. (% Y\Qﬁ“ (o 002) (5.0304 (10%)) _ ;0503
4 %‘i 4 (500)

(a,) = 2 J{km =2 Jsoooxse = 1000 N-A/m
C

by c= ¢./2 = 500 N =4/ m |
= ot

o= e ITT = E |- (&
(€) From Ea-(z-Ss)» $ = -2—11(‘9“)= _z.'r_r__(_io_?__)

= 86603 rvad/sec
Gy \ 2™ d.¢603 \ 2% 50

=3.6276
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To find the maximum of x(t), we set the derivative of x(t) with respect to time t equal to zero.

Using Eq. (2.70),

x(f)= X e % sin(w, t -~ ¢@)

dflgr) =-Xgw, e sin(o, t-g)+o, X e cos(w, 1 -¢)=0 (E1)

ie.,
Xe ™' [—¢o,sin(0,t-§)+o,c08 @, t-§)]=0 (E2)
Since X e ¢%' %0,

we set the quantity inside the square brackets equal to zero. This yields

@, a‘fl—g a, _1/1— S E3)

tan (@, t - @) = = 3
‘ s c o, & O
n (O .GQ
IS, &
or OQ* & & @0‘ %
& o@(,\.oq @
LS o
PRSI
-1 ]'—g ,\\\)6@&2,(\06\ N
aly t - ¢ = tan - S \‘\@ c}\) Q(\c}\‘;b(\ (E‘!‘)
\
Q" @ 27 N
(Q) ) Q‘&beo\b@ee ,\%‘\% *OK\
& & .

In the present case, m = 293@\0 > &0 = %, = 10 s, k= 80,000 N/m arid ¢ = 20,000

) FE N
N-s/m and hence ¥ o° o> éfoﬁ\@

\* \Q, O
%
O

®
us rad/s, ¢, = 2 \Jk m = 2 /(80,000)(2000) = 25,298.22]

N-sim, ¢ =c¢le, = 0.7906, @, = @, \/1 —¢" = (6.3245) 1 - (0. 7906)* = 3.8727 rad/s,
h-¢t Ji - 079062 )
tan = [LLJ = tan ! [i——— | = tan "' (0.7745) = 0.6590 rad.

c 0.7906 J

For the given initial conditions, Egs. (2.75) and (2.73) give

(10 B 10
= tan[10) o ¢ =% 15708 rad and X = —O_ =25822 m
¢= tan [0 (=)= rac an 38727
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(b) Equation (E4) can be rewritten as
3.8727 t = ¢ + 0.6590 = 1.5708 + 0.6590 = 2.2298
which gives t = tmex 85 fpy = 0.5758s.

(a) Using the value of tmax , EQ. (2.70) gives the maximum displacement of the car after
eﬁgaging the springs and damper as

X)) = Xy = 2.5822 7 0P CIIOTY cos (3.8727%0.5758 — 1.5708)
max rat \

_ 2.5822 (0.0562) cos (0.6591) = 2.5822 (0.0562) cos (37.7635°)

= 0.1147 m.

Note: The condition used in Eq. (E1) is also valid for the minimum of x(£). As such, the
sufﬁcienoy'condition for the maximum of x(t) is to be verified. This implies that the second
d*x(0)

dr’

. rad
w,= 200 cycles/min = 20.944 rad/sec , W= 180 cycles/min = 18-8496 =2
z - ‘
g = o1 kg-ﬂl w‘(\ Ve 18-3496 @
Y PR O 2K O _ (25N - g.4359
Since Wy = Ji-5% Wn, TF + &“ﬁ%ﬁ@o \/i ( 20.944
= ¥ ° ‘(\Qigé +

derivative, at t = tmex, should be negative for maximum of x(t).

R L

S & C
e@f@% ' —

N
@&%ﬁgﬁi& 3= z(o-:)(20-944)@»4359)
ST Mmedfmd e
Ea.(2-72) can be L}éﬁ%@f@gﬁ&% in 8(t) Jor g, =0, &,
rad and t= ?&i(r@; \Q’%&é a.3333 sec,
o) = ¢ " \?e‘f\“fws Wyt + o sin ooyt }

e_(0.4.359)(20-944)(6-””) (0-03491) {cos 18- 8496 x 03333

+ Q4359 x 20:944 o 2.8496 x0-3333 b
18.349¢

— 0:,001665 Tad = 0.09541°

Assume that the bicycle and the bo{r fall as a rigid body b?' 5 cm at point A. Tth‘is
the mass (meq) Will be subjected to an :nitial downward displacement of 5 cm (t =

0 assumed at point A):
xo = 0.05 m, x3 =0

keq \ﬁSDOOG) (9.81) _ 24,7614 rad /sec
Wy = Meq - 800
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Let £, = ft':;rge et which %= %_, and x =0 oceur,
Here #,=0 and %, = initial recoil velocity. By setting

% (t) ~a, & (Ez) gives

é'm = 7:‘0 : ' = “e . = -Gf? (Eg)
3, %y + 09, %0) €3, %g n '
weth Es. (Eg) For tm and Ny=0 (E',) gives
> » U G} '{:. a -’i
Xmax = % b € "o % e (E‘ﬂ
. wh

UStng %oy = 005 ™ amd = (0 m/5, Ep. (E;) gives

Wy = ?'co /(acmx e)= tO/(o.s % 2.708%3) = 7.3575 “ﬂ/z
When wmass 04 gun s 5oo 19 , st iffness of Apring

i = (,,9 m= (7.3575) (500)- 27,066 + 4073 N’/m

Note: Offer vadues of %, mnd m Can alts be used B Find
the S'&tgejcrsess corpe 5P£B(1°Qtﬂj to least cost

M-'W
4¢ - Fma.LLy, @
\3 rbé\. '5\\~6®
tan PE c,haSEIn- é&o\ea@i\A@\
Q' & P O
O O
4 = 5000 N/m , Cce = 0-2 2\&*&;\2 é“zoo N =%/ m
&
= 2 b‘i\/'soao m
N) 0 b <\
0\\ (] aﬁ 'D

™ :0-6 og\\
Cu?rb& i%?i & = \soo °o/z so rad / sec

b o
Logarithmic afe.Cr%fh Qé = 27T = 2.0
7 x"’ s® Jf— 5+

ien Y= T = °"§3o$% 5 amd o= 03033 (0:2) = Go-66 N-¢/m

Assuming X, =0 cmj =, = m/s;

0 =
~ _yw.t .
x(‘&) - e 7—0 g" |_Tz wﬂt
e, J1-T1*
For M ax , w.,t = 'W/g and  sin J(— T* Ot > 1
e ’ T,
S =z g 3033 (V%) - (L) = 001303 m
e < 50 Ji1-0-3033
: For an overdamped system, 58'(2-30 gives
. i g A (A PR - +
x(*)= e T (et e, €7) | (&)
USl'nj the relations ej_-x _ cosh x * sink x €2)
Eg- (E,) can be rewritten as
-7, t t L i (E
é (Cy cosh eyt + C sink ayt) D

x (t) =
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Differentiating (g5)
o -T05,t
x(t) = e s [

-Jw, t
- 70, e

O—na C‘f: C,— Cz'

QBJ St‘n;‘x Clgaf + C"' QJJ COSA 5-’41‘-' J

[[€s cosh eyt + cy sinh et ] (Ey)

Initial conditions A (F=0)= %y and i(t:o) = x, with CE;)
and (Eq) 9ive

C3 = Ry , C4 = (xo + TWn xO)/asd
Thus (E3) becomes

(es)

—y W, t
. -T Wt
+ ‘Z: e sinh 62('& (Eg)
(i) when x, =0, Eg- (E¢) gives
- Tt
x(t)= =z, € 7 (Cosﬁ. 6, t +§eo%‘%x\:mh W 1‘:> (g9)
. _ Tt S
Since e n

) COSA Cddt JQOQA;\ %&Q)é\i@nd S'l'n"\ Q’Jf do na‘l’.’

C!‘l G—hje S’(g’n (arlwa.df Fos‘-tq’@‘é\}/ ﬁ&} - TC& t

aaprraa,c.lies
3ero with increasing ¢ o%,%{-gplwg(.l. not c_ha_nje sign.
() when  z,=0. &. (Esoder
_ x T $%’bo \4;

d «Poot S
Here also, a_gd &rz}(‘b‘_\ﬂoz\éi;%\&c a~d  sinh O.Zl‘(: do ot f."ta.rage sign
(a,Lwa.Js Fos:.-/:we) a‘,\u] E—th a_ﬂpraa,ckes zero with
increasing €, x (£) will not c/za.nge sign.

Newton’s second law of motion: %
—_—m%

' _.z,x,x
YF=mx=—kx—cx+F (1) i
SM=J;§=~-F;R (2) m x
k%
where F; = friction force. F e
E,
. _ mR? 5 X f
Using Jg = 5 a.nd9=-§, Eq. (2) gives
1 ) X 1 ..
Fe- gy @R g o gms )

Substitution of Eq. (3) into (1) yields:
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3 mitex+kx=0 (4)

2
. _ 2k (5)
The undamped natural frequency 18t &y = Ty
' Newton's second law of motion: (measuring X from static equilibrium position of
@ cylinder)
EF-—-miﬁ=—kx—ci—kx+Ff (1)
TM=J, 8 =—FR (2)

. 1 2 A _X_ .
where Fy = friction force. Using Jo = 3 m R® and 0 = = Eq. (2) gives

m=f%m§ (3)
Substitution of Eq. (3) into (1) gives
S m¥+ex+2kx=0 (4)
2 &

Consider a small angular displacement of the bar & about its static equilibrium
position. Newton's second law gives:

s [ bl

.. c f 1]
i 64+ =ke26=0
1.e., \IQ B + 16 -+ 2 k

2-126

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



where Jp = ‘4778— m 2. The undamped natural frequency of torsional vibration is

ﬂ
_ 3k &2 _A /3ak
wn 4JD 7]Il

given by:

Let 6x = virtual displacement given to cylinder. Virtual work done by various
forces:

Lertia forces: §W; = — (Jo B) (66) — (m %) & = = (Jo 9) (%') —(m%) &

Spring force: W = — (k x) &x
Damping force: (Wg = — (e x) &x
By setting the sum of virtual works equal to zero, we obtain:

Jo | % v . 3 .. .
_0 x|l _m¥x—kx—cx=0 or 2 mx+cx+kx=0
R |R 2

Let & = virtual displlacement given to cyllinder from its static equillibrium
position. Virtualll works done by various forces:

.s ... 4\6 (‘\\(\q. Q &‘0\ & ve
Inertia forces: oW = — (Jo 0) 86 — (m X) g@\\?%%f%&ﬁ) (E—) —(m ¥) &

Spring force: Wy = — (k x)

Damping force: IWq = — (¢ x) ox O (\\\z&@ ¢
By setting the sum of virtual wog&s&@&g& c%je
JO .-,@0 \Q} (o@(’ ’ \\‘@ .
-2 S9kx—cx=0 (1)
%“@E %q%\ N

KRN ;
@ XL O e ]
Using Jp = % m R?, Eﬁ&i\l.c}’; : Fe rewritten as
S
me+cx+2kx=0 (2)

S o &L &>

See figure given in the solution of Problem2.114. Let 59 be virtuall angular
displacement given to the bar about its static equilibrium position. Virtual works
done by various forces:

Inertia force: SW; = — (Jo ) 80

Spring forces:

3¢, ,3¢ 6.6 o |3
aw,=—(keT)(Tae)—(3kaI)(Zaa)_ {41;529}59

. €\, ¢
Damping force: Wq = — (¢ g 1—) (-4— 69)
By setting the sum of virtual works equal to zero, we get the equation of motion
~asc . {2 . 3
Jo 0 — 0 —_ 240=0
g +c T + 1 k&8
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B See solution of Problem2.93. When wooden prism is given a displacement x,

. . . —0
tion of motion becomes: m X + restoring force . o

- :11111;; m — mass of prism = 40 kg and restoring force = wexght of ﬂu1d.dlspla.ced
— po g abx=p (9-81) (0.4) (0.6) x = 2.3544 pg x Where pg 13 the density of the

fluid. Thus the equation of motion becomes:
40% +2.3544 pg x =0

2.3544 py
Natural frequency = wp = m

2w
Since 7, = —— = 0.5,we find

[———— ]
2.3544P0
2 _
“‘=o_.s,'=4w_v 20

Hence po = 2682.8816 kg/m’.

' Let ¥ — displacement of mass and P = tfension in rope on the left of mass.
Baguations of motion: ) ' .

EM:JQ 5=P1‘2—~c(9§'1)r1 N (2)
H . \Q. Q < .

Using Eq. (1) in (2), we obtain &\i&:‘;\ 'Z§©®$
0 - —(mX+kx)rg —c Qo@iz@%%i@i&@ 3)

2 D@ &
H ' 3 P A RN
With x = 6 1y, Eq. (3) can be written asg%@é@e\f\;oq Q&Q. ; ,
2 e ‘-\@ 5.:@.' (l'\\, ) _ 4
(To + mr3) 6.4;*%%9@2@%,;% 6=0 (4)
. 3 AFONFCJF RS
For given data, Eq. (4) becomes Wo S

& o L S5,
(5 + 10 (025 SHEOL O+ k (0.26)" 6 =0
~$o ko Qfo Q «‘\\' :
© R S e
1 — 5
or ?,Zgi}ﬁ; ggﬁ c 6+0.0625k0=0 (5)
Since amplitude is reduced b}'\@@ﬁ%m 10 eyecles,
| _fl_.._.—_—_}:ﬂ,=5=elofwafd
X11 2
F o ln 5 =1.6004 =100, g (6)
X1 .

Since the natural frequemcy (assumed to be undamped torsional vibration

frequency) is 5 Hz, w, = 2 7 (5) = 81,418 rad/sec. Also
1 2w Zmw
Td = -f— = =

_ 02
@ 4 g Vieg Vi-g

Y

Eq. (6) gives
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e
62.832 ¢

>——'r—-‘hﬂwvwf-—rf 16094 = 10 ¢ (31.416) [ ]___
Vi) Ve
‘ ‘ e, Vi-g = 52832 2 ¢ =30.0406 ¢

1.609
A fe, ¢=0.02561 "
tc(né) Thus we obiain:
';E:l « / 0.0825k . 4
Wy = ~apg — 3L416 or k = 8.8827 (10°) N/m
s Cog Coq 001 c
: = 0.02561 = = =
g Cuw 2, @, 2 (5.625) (31416D)

or ¢=905.1342 N-s/m

-3
Torgue = 2 x 10 N -m
a—""sle - 50" = g0 divisions §
For a torsional system , Eg. (z.84) gives

O T @n (Ey)
e ©
(b) For one CHCLE 5 t:! = 2 Sec m{$:tg(£\b&)\ \v%tves
S \\
80 _ 27 ®n or ﬁg%éﬁo-@% (16) = 1-3963 E2)
5 - € & &S Q\OQ‘Q\Q@
Since Ti = sz 2 &S{’(\O
A - 0.9: _ \206(5.%0 @Q
QPG\O‘ ‘@qeé‘*@@& F 2 ~
wr = (’1“‘) ﬁfé{g&\&% + (+38¢3 = (17915
n - > \ﬁ
2' \%* & o CE )
3
e, &‘0‘1 i'@é\o ra.,cl/sec
\Q‘ \S 'i C! torgue
C)) Since o.ngu.la.r o‘%bgpfcu:.e.men{: of rotor under apple g

- 50 = 0.8727 rad,

-3 /
k{: = torz,"‘e/a.hjula.r dlSPla-ce.me.n‘t 2x1e /0-3'72'7

(e

= 5.2917 x&? N-m/rad )

(&) Mass moment of lneréna- of rotor is e )
T = Kt _ 2.29(7 %10 /;4 2915 = |+9436 x 10 5
(- F

v (Ee)

e - I%n _ 13363
Egs- (Ez) omd (E3) giv b O 3. 4339
Eg- (E¢) gives Cg= 5-3887 «x 64 N-m-£/rad.

=0-4037
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€) wm=10 kg
C =250 N-5/m

= 1000 N/m k= 1000 N/m

@, - F [feee” W= [K Wn= &
= 1o ra.-c,/s =10 re.af/s = lo r‘a—d/s
< <
3= _f___- = - =
Z2m Wy 5 2m Wn s 2 rm Wn
_.__..’..g_?_ _ﬂ_: .__ﬂ_: 1.25
2 (1) (10) 2 (16) (10) 2 (1e) (io)
("94-"- G I - 3" 0-90[: 10 J1- (00" 4 = not a;f:pfrca_ue

(aver- damPeJ)

2
= '°‘i'_ 0.15

Z6.¢1438 rad /s

.g,__.___.._____.____--_-_______

™
3

=

~

P
P
L-E--.
.
7 ?éig
!

n
1
o
-
vl
H
o

1
NN |
(uno‘er- Ja.mped) 00@:}%\%&%@6 '
S ESE
(@) UnolerclcumpeJ Sg&%@ \z\e‘\ﬁespcmse: Eg- (2:70)
,b(\
~ 2 % 6 \(\0 21/
= x o +\.® m&% 2 .
XO {c+( Q@s@oe%‘\o\ )} (E')
\l;\% @ ‘dlb{\o\q{\\*

& 'b’b»@

o\
Using x, = o. fmef «f&o, Tz 075, W,= lo, W,=6-61438,
&< \@\\

1 %\é"e
Ez.(E-I) gives %z: [+ 62832 w»m .

(.—- X°+‘5wnx°>
C:SA %2,

= tan (_ o + 015 () (001D \ _ _ 6. 47908"

€.-61438 (0 = - 1150935 rad
EZ.(z,’?o) gives: .

—7:5 -
7(t) = (62832 ¢ c_os@.g{qgg {:-{-‘.505’35)“‘1

() Critically damped system: Response: Eg. (2-80)
w8 = oo 4+ (%, + @Gn XD GO t
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AW = T (50) (9:682458) (02" ) = 60-83682 Joules

&) o= JE < 1o rad/s

\5-._-_ c _ |50 75
- = 0
2m @n 2 (10) (10D

2
= w“\,(— ‘3‘2 = |o ‘/t—o-'l's = 6:.614378 ra.o(/s

(A
Fory X = 0.2 m, Eg.(E-I) gives

aAw= T (150) (.¢14378) (020 ) = 124.678385 Joules
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Ecv.satcm of motion;
3
(06 % + 500 = + loooe x + 400 X =0

@y Stafic ewa@.la)uwm faosfft'oru is given Lj w= o
so theX , For the nonlinear Apring »
3

(0000 Xo + 400 %o = ™mg = (00 (9-81) =981
The valuse of %, Iy given Bj tke roet of

400 x. +4 10000 %5 =981 =0

ano'i“s from MATLAB::

Koz 00981 ™ other rag%‘sb@o\o o490+ 5 ooo"4>

) odbo \%@\&
O N o9 X S
. c :9@54& O Y TRy ]
(L) L irneons PAGES A &
%\’5@ SIS
N QS 9
/Y\ZI.T‘-c g Wl TSR g’eﬁﬂcfézo—:oicci | ™
@’H_ ‘\\)\ é@@\c}s{.é\

Con be found g5l s:

2
- 120a %, + (0000

2
= (200 (0:0981) + 1o 000

= joofl-54838 N/m

o

Lrneaarn‘ze;( E.?MEW.O/B motion:

0o % 4 500 % 4 100118483 ¥ = o

€Y Nefinod gugpency oy vibraffom for amall
dig a—aﬂnwvﬂ 1
GJ' (S = (590,,.5'4{33)2: {o0r0088 fo-cei/,g

oo
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@) static ezufh’l:r:‘um Pasft:‘oh IS given bcj x= %,

such that

3
- 400 %, + 10000 Xy = MY = (00 (9-81) = 2%

ox 3
-4oo Hs + (0 0OCCC ®x, —981 =0 (D

Roets of Ep- (1) ane: (from MATLAB)

n, = 00981 3 otkey roofs: 49502 - 5,043873

(k) Using e gmollesh rac:Hve reot of Eg- (1)
o4 ‘HTE f%+a-/l-lc. Q.au.:'i Ertum Pog‘$goﬂ) d— 0!0?9! ™,

the megea\ %’daﬁu.nﬁ Waﬂi abouk %,

O\ O .é?f
can be found ot }oLtew%@b\o < »

(\

3
F(2)= —teo = + m@@ﬁﬁa

» \ a
K. = B¢ [gaa 2, + 'togod
Livaan 1 o b%ja‘?\i@é’ ‘

© S $ i
S (\*
O

= 9505 (7 N/w

‘(\'b

Lineorized e@b.aﬂcm of motion:
0o % + 506 % +9988.4517 = =0 (2>

e> Naturad Q'Z“'ﬂ?j‘b""‘ﬁ ol vibration far gl
W?LW :

3994 517N\2
Wy = (q "y ) = 9.9942 red/4
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Eflua_l: ‘on of motion

I,6 +C,6 + kK, 6 =o0

= oo N-m/rad.
For critical cia-mpt‘ng_, E&' (2- foS) gives

C =

with J,= 25 Kg-m’ and ¢

Ce = 2\/'3:: ke = 2 \)25 (te o)

|00 N-m-s/m_ap‘

I

& &
Q&Oo_’(béo‘\@o\
'6Q,b60“\\.4l
N S S
¥ ® > LS
S S o P <@

& O P Q-

9 .. &

QRS

PSR

’b‘\‘\@\o

& P S

RN
o“\b
N
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@) 2% +8 % + (6% = o

m=2, C=8, k=16
(o)== O, 9';(0) =

¢ 2\J4<m =2 \16(2) = 1-3(37

Since C < C., system is underdamped.

)
]

C
T — = _8 -
- O |
< 11.3137 707
Wn= \‘ ,/fé 2.8284 ra-o!/,g
&90‘_—_ S, l-—‘g = 28284\/{—07071 = 20 \‘G-A//S
Eg- (2.72) gives the Saluhon i@
G\(\tb\\beu
-7 wn% ’\\0" o é\$b‘x + ?wnxo
x(t)= @ 2 ws&%ﬁ&e‘\ sin W, t
%‘ 6‘@ w9 d
% s\i\@’b&q(?@(\o J
-o-707! (2 89? i}é’i@@ L sin 2t
= € \e,\og\o&&o‘ {O+E Sin 2
O\’e‘o O\Q}A (o@ \g$\\‘$\
[ -2 t ‘l;\%?;@b% @90-61 ©o
= 3 e ISP
&‘\\66\900‘§K'°‘®
(b) BN
3% + 12 % §PFw =0
S\

m=3, C=-l2, k=9

x(@)=0 , x(e)

Ce=2Vkm = 2\/3C"3) 0-39273

€ince C > C_, sgsr‘:ern i's overolcunf:eo(.

- & _ 2 _
< Ce ™ lo-3922 1547

as,,:fjf_ = /S = |-7320
™ 3

Solution is given bj EZ' (2.81):
C, = %o Wn (x+(32-1) + %,
2 WnfT2—1
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1

— = 0'5
2 (1-7320)./6.151.,72._; b
C:z = - gr‘o n (’5 Q ) B _|_ _ 0,5
— — 2 — _—
2Wq \(3%-)
Solution is: _
(""S—“i'\"g - )wnt
x ()= C, €
(-5 =\Jxi1 ) e, t
+ C2 e
—1 -3t
o5 —-o0o-5¢€
Since ‘_1
(_3—_,.‘/-;-2__;): - 1-1547 = I'SL("I
- @\(\Q.o<\$e‘
NI
= — 5 CF5713
{ loqég%:%éﬁ
= —@\k@?\(}%&&iQ £o0:5774
& NS YN
i o \)(\,\\’@\)%@O&}Q}\c}\}b\(bob\
) 2% +8 % + 8 XIFLES
P Ot .
wm=z2, €z 8, P FESn ()0, x()
\‘Q,(\b 0%\6
C S&:}ybé"b fb{‘\e,q g
=%, wllE e ) = 2 e )
’b \\0 «

Stdsl:e.rn is é@\? :calﬂj ala,rnpeo!
Wn = \l—‘_-_'-; =\/; = 2 ra_cl//s
Solution s given by Eg. (2:80):
_wnt

3‘(('&)2{9‘-(:'1'(10-;—(:_9“ o)t}@

i

fo+ (1+0)t } e st

~at
t e

i
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(_a,)?.;é-*rg& + 1§ x
x@)=1, x() =0
= oFEwm = 2 = 11 3E7
Slnce € < Cco, &7«(2:, 8 ‘M‘MW
T:_E-_': @ et wn‘\]’gzgsz-?“"f
C-QA: r.--g" W, = 2.0

golukion is given by E%.(z-"l 2) -

N
& 2. & waq
\'b&,bé(\.or!)\\ @
(§000‘®5$\6
A AR S
— o0 7671 (Z Q284> t OOQE&%O\%@()‘&Q\;
- PIE T &
— e 6%\' \Q\Q)@ q() (\O
SetiiTon [(28284) () i ot }
ebﬁ«?if@ Xl 2
2 @ée}* ®®@$0\‘<‘
. o O 2 (N
= e A 2‘12\&?;%&&06%2%0 2t
) e\‘AO&QOQ\‘oQ’% &QQ‘\\®
& (\6\6"&000 6‘0&"&
o . T g _ _
(L) 3 % +f22—¥0\1§\® -—G) m:'%-’c:ll,/k._?
’){(D)-_-._ ', :x(a) = 0
.= 2ikm = 29(3) = 103923
Smee ¢ 5 ¢

c lo 3923
Ln = f_ = -i— - |.73%2¢0
m 3
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c oW (S + \[¥%5-1 ) 1 (1-7329) (11547 +0.5773)
2 W, \[*g"-—l - '2.(1-7320)('0-5'7‘7‘3>

|

= {5
—

w00 (5-%1)
2W0n "52'“'1
- |(t-7320)(l~f5‘17"'°'573>

2 (1-7320) (0-5773D

t
(—3'-!-\]‘5 ) ) et (-35- J‘s ] ) @n

- ~0:5

\\

Solution is:

x(t)=15¢€ —-o0-5 €
—0.5774 (1-732)t sz (1r732D
= |'5 € '—°'q5 i@@
& SO
— t — ? t . 65\\\'04:'@%%65\; \6@
=188 -058 S
XS N
] \Q; (;QQG&QQ.@Q Q}((\

e 2%+8x+ax-®0\q°@n2c:s, = 8

\)(\\\)&"be' & . _
SN 9@\“@ x(ed=z 1, =(0) =09

S 0‘1@*5

@ N
C, = o\« %Qb 9‘}6“9\ &\&\:

< §
«\‘o& '\04 Qfo @ aﬂﬁj da,l'ﬂ E.A
S\nce C= Qf(\b;ooé-’, %m 'S Cfl'kic P
< c_ _ 8 %S \&f&e\‘o
— c -— ——

- £ = .9_-::.2,
Wa= V& 2

Solutron is given by Eg- (2.80):
*® (€)= {x°+ (% + W, X))t } e

Wnt
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\'?—:—I—r: \/l-i‘SL(72.:_ Jl

= .5 72773

}'+m = (-732

‘g-ET—T 0-577Y

c = () Bn (1-732) -~ | 9 [

"" p— -
2Wn (0:5773) 2

¢, = w _
2 Wn (0:5773) 2

S‘O{LULLOT\ ‘2"-\.'2-»- L’&l Ey (2 8’@(’;\ :\QQ?O\V\

¢ = 2lkm =2 (@) = F
c
= o "
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Selubron & giwe~ by Eg. (2-89):

. — &
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S

Freguency fn air = 130 ycles/min = 122 (27) - 4T "M!//S
6O

Fre.au.encj in .(fiu.'al = loo c,gcleS/m;h: I_%EL (2.71")

-]
= 3.3333 v rad/4
Assuming damping To be negligible in air, we have

oz 4T = JE 5 Ll g = GG
= 15791441 N/m
I dawping refio in }u'zu;o\ is T ., amd astsuming
umnden darmping ; 1t hone
W = 33333 T = Wa\l— T

2 6‘\ .
ar \-% = (3__._—0—59—9' }‘.‘{j@*@; 0'6%4 4

O
. X g
(\\‘@‘ I Q b\ob\%

o T = (i-069 Q«%@}?@i‘*—f@%: 55 2 8

o{l‘

il
\ 0
0
W
0, s
Q
%,
R
e
,

or 05528 = —

or c = 0:5528 (8071') = 138:93 4! N--"/m
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(@ x +2x+qx=0

m=|,C=z 2, k= 9 c. = 2\|’km :2\,':?('):
AS ¢ < Ce, sys'l’em is uno\ercla-mreﬂl'

\ﬁ—:;—?:: 9.34’28; 63&.‘: ClSnJl".gz':z'gszf

Solution is given by Ep. (2:70):

'x("f)::' }(' 50'3333(3)'& m(o,ngﬂx‘af—-yﬁ)

a—

1]

. -t

A e o5 (2.8284 #@@f‘j
'L.Sf’\&"le- ¥ ou.-\;l ?5 a\_e,lag oo?g-;\i)jﬁgb ih:{'lO—l Wﬁ’s
Given l’j Ezs (2:73) @péb\ \‘75‘) %QSFec‘hvellj

‘0\\‘(\9\ .,-'b

Since tke regcfb@%f *f‘cnr so(u.'\'lan) Verull a8 € >

~6QQ, o
we cam apply ;gg{w&_dj of the time constant (T)
as The nejaﬁ’wﬁxeg@\/erse of the ex)abneh+ oA F"-"'j:
Hence the ‘hme éons{"a-h{" ' = 1.

) ‘Lt-—
C = 2ykm =2 J90) = 6 5 =],
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~x— k%1 = - 2252
—F+ VTP = —~ 0.y31Y
o\ ulGon is i ve- L; € - (2.81):

t
x(t) = — o usiy (3t —z.2152 (3D

-~ L3gy2 t —¢.cys 6t
= C, © + ¢, €

Since the respense 'S 3iveh bj the Sum of two

@LPOT\QH{'A-LQJj &ﬁ% §upc{j’-|gq$ T"wo “{"l'mg
conthbonds cam Kre %Uaﬂﬁ}(\\i\%% tEe Two [aa:-uﬁ

&
NN 60 \é S
a—g OQQ*(}O@' O\% @0‘@,@%
& OO &
' %\’b \(\5-’ (&(\ o C‘)\'Q__
ft = = 0.73 88,55 %s = = o0/[505
13512 \\o‘;\ SR E 6456
NSRRI
© L S e ks
N} — — —
x —+ 6 X —+ P b"”%g\'&.,@ 2 > 2
F & LS
OO L
© X & Lo
— k. SIS
C& n - _— (b‘Q@\&’b %\\,O — 8
m \é e>Q, ""'l - a—

)
1
ro
~
3
I
[\
=0
™
)
|
)
wv{
1
n|r
W
(5N

The st'l'Ern (s C_r:'h'az_ﬁay ala..mfa-v_s‘- The S’o(u./t‘:a'ﬂ 18
given l"j Es- (2:80)1

* () {xo_;.(a'c—f—c& 'x,_.){:}-e

_ 3t
= $x,+ (o +3n.)tte

since the solulion decireosss C , the
(mca‘&t’a'& tm-z cmx.tzu-k ('z'“) can be aﬂuﬁ.—u—j t
g“'“‘l T:’Lg‘:o-'3333.
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@) Peuod of vibafeon - o

Ls,, = kt

n
J
T_z-'._l__.z_i_‘_,-ﬁﬁ‘%
£, Wn
N g
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2‘,1616‘!'\(6?\.' m= 2 feg, c= 3 N-B/ms> k= 40 N/m

NGJ‘FQ\"QA :Fv-ezuency.-; By, = ’___\% - {% - 4_4-7_z| r‘/s__;__a.o‘

C:::': c_r.-"l‘l‘COJ- clow-v’aaing = 9 m = 2\(40 x2

= 17-8886 N-£/m

s = damping ratio = —= = 51677
17-88 85

Tre of nesponse in free vibration: alaw—-ju-&

oSci LLG.-{'IOY\S

For cr.‘{:.‘c::ﬂ o\ampfnj, we mneed to add
14.882¢85 N- A/\-o to the CK\S"'H\’ value o’b—

C= 3 N - /‘/m » . *(,\\t\{b\@'b <&°®$\6®

Oonolq. o
@ RGSFOHSE of fhe S'y ste m o Qé\@@:ooi&& -
4 \, —
®(t)= o.05 e*ﬁ 9@&@%-5 t e
o Oe

&
This can be .d\qsﬁ gégﬁ t c,orres'Pono( fs Crih'Ca-L%(
Q, 6 ) &
dawmped Sy ! shé‘ *‘&Q;Q

\°-' 0 &
From ke exp qﬁb;\‘ Q*haJ. tosumt, we find
@, = 1o rod/s
From Egs. (2.79), we find c,= 005 = %o
omd C, = 9::'0 + W Xo of 105 = %, 4 10 (0'0‘5)

& Xy =z 0r05Mm, ®_ = 0.5—0:E=tom/X

Damping constant ) (3=1)

c=C,= 2mW, = 2m (10) = 20,mass.
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@) A . = -4 5!
A 2
Gty+5)(A+4-5) = @+ —(54)

r B
= 4*r 98416 25 = & +8A8+ 41 =09

Cha.ra,cfer:‘s’rfc Ezua:h‘onf:

ON A L.= b= 5
2
Gop 5D (Smge5D = -4 —GD

= /52-1—!6—8/3—-}-2'5%-0\ /52-—3/5-{-4‘1:0

— R
(C) g,,@ - — 4) ___S OOQ(}O@'O\%$O&\\,§.®

O‘§\

Undawm ?eal natural gr-e. guen cies

*) wm=1, c= 8, 