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2

Axially Loaded
Members

Changes in Lengths of Axially Loaded Members

Problem 2.2-1T The L-shaped arm ABCD shown in the figure lies
in a vertical plane and pivots about a horizontal pin at A. The arm
has constant cross-sectional area and total weight W.

k
A vertical spring of stiffness k supports the arm at point B.
(a) Obtain a formula for the elongation of the spring due to the A B C
weight of the arm. S ‘
(b) Repeat part (a) if the pin support at A is moved to D. ‘ Y
[ [ 7‘ — B
b b 2
s
(@) D
Solution 2.2-1
(@) Sum MOMENTS ABOUT A —
b =
2b 2 % :
©OMy O s—bWb + 5—bW(2b)kdb A B %
2 2 \ L
b 1 b 1 b
2—bWb + iW(Zb)
5.0 5,
2 2 W
d ° (5)
kb 5k
2b Wh
o
2 4W
(b) ©Mp 0 kbd Z—bWb AWD 55 g
5 5 kb 5k
Eb
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118  CHAPTER 2 Axially Loaded Members

Problem 2.2-2 A steel cable with nominal diameter
25 mm (see Table 2-1) is used in a construction yard
to lift a bridge section weighing 38 kN, as shown in
the figure. The cable has an effective modulus of
elasticity E 140 GPa.

(a) If the cable is 14 m long, how much will it
stretch when the load is picked up?

(b) If the cable is rated for a maximum load of
70 kN, what is the factor of safety with respect
to failure of the cable?

Solution 2.2-2 Bridge section lifted by a cable
A 304mm? (from  (P) FACTOR OF sareTY

Table 2-1) Pur 406 kN (from Table 2-1)
W 38kN Pmx  70kN
E 140 GPa o Pt 408 kN 3
L 14m Prax ~ 70kN 7

(2) STRETCH OF CABLE
WL (38 kN)(14 m)
EA (140 GPa)(304 mm?)

12.5 mm s

Problem 2.2-3 A steel wire and an aluminum alloy wire have equal lengths
and support equal loads P (see figure). The moduli of elasticity for the steel and
aluminum alloy are E; 30,000 ksi and E, 11,000 ksi, respectively.

(a) If the wires have the same diameters, what is the ratio of the
elongation of the aluminum alloy wire to the elongation of the
steel wire?
(b) If the wires stretch the same amount, what is the ratio of the
diameter of the aluminum alloy wire to the diameter of the steel wire?
(c) If the wires have the same diameters and same load P, what is the ratio
of the initial length of the aluminum alloy wire to that of the steel wire
if the aluminum alloy wire stretches 1.5 times that of the steel wire?
(d) If the wires have the same diameters, same initial length, and same
load P, what is the material of the upper wire if it elongates 1.7 times
that of the steel wire?

Aluminum alloy
wire

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.2 Changes in Lengths of Axially Loaded Members 119

Solution 2.2-3
PL
(@) % EaA - LES
ds . PL Ea
EJA
E. 30,000ksi E, 11,000 ksi
E 30
Ls oY
E. 2.727 1 2.727
PL PL Aq Es ta =
b) d d, so S0 and |— — 1651
() da s EaAs  EGA, A, E, d, CE,

(C) SAME DIAMETER, SAME LOAD, FIND RATIO OF LENGTH OF ALUMINUM TO STEEL WIRE IF ELONGATION OF ALUMINUM IS 1.5 TiIMES
THAT OF STEEL WIRE

PL, PL,
d E.A E.A L E
4 —=am—  —=a=— 45 =@ 152 (55
ds a PAL_ b a &§ b Ls Es

EA EA

(d) SAME DIAMETER, SAME LENGTH, SAME LOAD—BUT WIRE 1 ELONGATION 1.7 TIMES THE STEEL WIRE  WHAT IS WIRE
1 MATERIAL?

PL PL
d; E.A E, Es . .
- 1.7 E;, -—= 17,647ksi cast iron or copper alloy (see App. I)
EsA EsA
Problem 2.2-4 By what distance h does the cage shown in the figure \ L ]
move downward when the weight W is placed inside it? \ | A

Consider only the effects of the stretching of the cable, which {?X@ /;j _

has axial rigidity EA 10,700 kN. The pulley at A has diameter
da 300 mm and the pulley at B has diameter dz 150 mm. Also,
the distance L; 4.6 m, the distance L, 10.5 m, and the weight

W 22 kN. (Note: When calculating the length of the cable, include L
the parts of the cable that go around the pulleys at A and B.) 2

1Y)
AN

bR
A9
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120  CHAPTER 2 Axially Loaded Members

Solution 2.2-4 Cage supported by a cable

di. 300 mm LENGTH OF CABLE 1 1
| ’ ds 150 mm L Ly+2L,+ ledAZ + E(de)
L, 46m 4,600 mm + 21,000 mm + 236 mm + 236 mm
L, 105m 26,072 mm
EA 10,700 kN
W 22kN ELONGATION OF CABLE
L,
TL (11 kN)(26,072 mm) 6.8
EA (10,700 kN) ©mm
B % —
LOWERING OF THE CAGE
w h  distance the cage moves downward
TENSILE FORCE IN CABLE E
h d 184mm 3
w 2

T 11 kN

Problem 2.2-5 A safety valve on the top of a tank containing steam
under pressure p has a discharge hole of diameter d (see figure).

{ - ’“I_T__;":“_“'\: :
The valve is designed to release the steam when the pressure reaches the e %% L T
value Ppax. -
If the natural length of the spring is L and its stiffness is k, what : j“
should be the dimension h of the valve? (Express your result as a =8
formula for h.) g5 |
m,\ # s _‘r_
b
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 121

Solution 2.2-5 Safety valve

Pmax  Pressure when valve opens
L natural length of spring (L  h)
k stiffness of spring
FORCE IN COMPRESSED SPRING
F k(L h) (From Eq. 2-1a)
PRESSURE FORCE ON SPRING
pd?

P a—->b
pmax 4

EQUATE FORCES AND SOLVE FOR h:

d2
_ _ F P kiL hy PPmad

h  height of valve (compressed length of the spring) 4
d diameter of discharge hole h oL PPmax ! d? -

p pressure in tank 4k

Problem 2.2-6 The device shown in the figure consists of a prismatic rigid pointer ABC supported by a uniform transla-
tional spring of stiffness k 950 N/m. The spring is positioned at distance b 165 mm from the pinned end A of the
pointer. The device is adjusted so that when there is no load P, the pointer reads zero on the angular scale.

(@) Iftheload P 11 N, at what distance x should the load be placed so that the pointer will read u  2.5° on the scale
(see figure part a)?

(b) Repeat part (a) if a rotational spring k,  kb? is added at A (see figure part b).

(c) Letx 7b/8. What is Pnax (N) if u cannot exceed 2°? Include spring k; in your analysis.

(d) Now, if the weight of the pointer ABC is known to be W, 3 N and the weight of the spring is W, ~ 2.75 N, what ini-
tial angular position (i.e., u in degrees) of the pointer will result in a zero reading on the angular scale once the pointer
is released from rest? Assume Pk, 0.

(e) If the pointer is rotated to a vertical position (see figure part c), find the required load P, applied at mid-height of the
pointer, that will result in a pointer reading of u  2.5° on the scale. Consider the weight of the pointer W, in your
analysis.
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122  CHAPTER 2 Axially Loaded Members

Solution 2.2-6
NUMERICAL DATA k 950N/m b 165mm P 1IN u 25 Umax 2

W, 3N W, 2.75N
(a) Iftheload P 11 N, at what distance x should the load be X P

placed so that the pointer will read u  2.5° on the scale A ! B c

(see Fig. a)? 7 e 0

Sum moments about A, then solve for x: = Q 0

kub? % k —
X 5 102.6 mm x 102.6 mm
‘47 —>
b | b/2
(@)
kb? is added at A (see « P

(b) Repeat (a) if a rotational spring k,
Fig. b).

ko kb?

25864 N#mm

Sum moments about A, then solve for Xx:

kub2-+ k. u X
X o P—L— 205mm 1244 [x_ 205 mm] ; "
2—>
; (b)
(c) Now if x  7b/8, what is Pyax (N) if u cannot exceed 2 ? x g b 144.375mm
kumaxb2 + krumax
Sum moments about A, then solve for P: P max - 7 12.51N Pmax 12.51N
—b
8

(d) Now, if the weight of the pointer ABC is known to be W, 3 N and the weight of the spring is W, 2.75 N,
what initial angular position (i.e., u in degrees) of the pointer will result in a zero reading on the angular scale
once the pointer is released from rest? Assume Pk, 0.

Deflection at spring due to W, Deflection at B due to self weight of spring:

Wy a §bb W
dp —p— 2.368 mm dgx 7; 1.447 mm
ds
dB dBp + dBk 3.816 mm Uinit b_ 1.325

d
OR  Ujnit arctana‘bgb 1325 |ujpie 1.325
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 123

(e) If the pointer is rotated to a vertical position (figure part c), find the required load P,
applied at mid-height of the pointer that will result in a pointer reading of u 2.5
on the scale. Consider the weight of the pointer, W,, in your analysis.

k 950 Nm b 165mm W, 3N
k, kb2 25864N'm u 25

Sum moments about A to get P:

5
P 3“b tke + ka Zplh Wpas—bbd 20388 N [P 204N
4

a—_ b
4

Problem 2.2-7 Two rigid bars are connected to each other by two linearly elastic springs. Before loads are applied, the
lengths of the springs are such that the bars are parallel and the springs are without stress.

(a) Derive a formula for the displacement d, at point 4 when the load P is applied at joint 3 and moment PL is applied at
joint 1, as shown in the figure part a. (Assume that the bars rotate through very small angles under the action of the

load P.)
(b) Repeat part (a) if a rotational spring, k. kL2, is now added at joint 6. What is the ratio of the deflection d, in the fig-

ure part a to that in the figure part b?
P

P
PL mPL
m Rigidbar 2 /3 3 1 Rigidbar 2 /3 3y

\4 =
| 2173 2L/3
k 2k

kp = kL2

4
5 Rigid bar 0 5 Rigid bar
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124  CHAPTER 2 Axially Loaded Members

Solution 2.2-7

(a) Derive a formula for the displacement d, at point 4 when the load P is applied at joint 3 and moment PL is applied
at joint 1, as shown.

Cut horizontally through both springs to create upper and lower FBD’s. Sum moments about joint 1 for upper FBD and
also sum moments about joint 6 for lower FBD to get two equations of equilibrium; assume both springs are in tension.
2 3 , . 2
Notethat ~d; =d3 and ds ,ds Force in left spring: ~ kad, 7 dsb
3
Force in right spring: 2k a ; d, dsb

Summing moments about joint 1 (upper FBD) and about joint 6 (lower FBD) then dividing through by k gives

22 13 op 2 13 ! 7P 17 o
9 6 d d3 9 6 2P ok 2 ° 7P
* <a 4b b = < * < d,
% 10" pfq fa Tz 1T 6, TapT o2 o I
9 6 0 9 6 0 3k 3

" deltas are positive downward

(b) Repeat part (a) if a rotational spring k, kL2 is now added at joint 6. What is the ratio of the deflection d4 in part (a)
to that in (b)?

Upper FBD—sum moments about joint 1:
2 2L 3 22Lk 13Lk

kad4 *d3b?+2kazd4 dgbL 2PL OR a 9 bd3+

d 2PL
3 4

6

Lower FBD—sum moments about joint 6:

2 4L 3
kad4 gdgb ? + 2kaz d4 d3b|_ krUS 0

2 4L 3 o g 26Lk 43Lk
ckad dsb + 2ka d4 dzbLd + (kL 0 OR a bdy + d, O
P 4 % 3 ( )P 4L 9 3 12 %
Q
3
Divide matrix equilibrium equations through by k to get the following displacement equations:
22 13 22 13 ! 43P 43
fd e = —_— —  2.867
9 6 ds 2P g, 9 6 2P 15k 15
. <a,b + < + <
26 43~ %d,. p K g 8,2t 5 43S o K o L4704 o [ I0AP
9 6 0 9 12 0 a5k 45 © 4 4sk

N deltas are positive downward




3.75
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 125

Problem 2.2-8 The three-bar truss ABC shown in figure part a has a span L 3 mand is constructed of steel pipes having
cross-sectional area A 3900 mm? and modulus of elasticity E 200 GPa. Identical loads P act both vertically and hori-
zontally at joint C, as shown.

(@ If P 475 kN, what is the horizontal displacement of joint B?
(b) What is the maximum permissible load value P, if the displacement of joint B is limited to 1.5 mm?
(c) Repeat parts (a) and (b) if the plane truss is replaced by a space truss (see figure part b).

Solution 2.2-8

NUMERICAL DATA

A 3900 mm? E 200 GPa
P 475kN L 3000 mm
dgmax 1.5 mm

(a) FIND HORIZONTAL DISPLACEMENT OF JOINT B
StaTics  To FIND SUPPORT REACTIONS AND THEN MEMBER FORCES:

gM, 0 B, %aZP%b
B, P
gFy 0 A, P
gfFy 0 A P B, A O

MeTHoD oF Joints: ACy, Ay ACy 0 ForceinAC O
AB Ay

Force in AB is P (tension) so elongation of AB is the horizontal displacement of joint B.
Fagl
A

PL
EA EA dg 1.82692 mm dg 1.827 mm

dB — dB

(b) FIND Ppa IF DISPLACEMENT OF JOINT B dgmax  1.5mMm  Ppay %dgmax Pmax 390 kN

(c) Repear parTs (a) AND (D) IF THE PLANE TRUSS IS REPLACED BY
A SPACE TRUSS (SEE FIGURE PART D).

FIND MissING DIMENSIONs @ AaND €. P 475kN L 3m

(b)
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126  CHAPTER 2 Axially Loaded Members

P a L
L 2 2.12132m 707 _ 212132
a C a 2 b L 0.70 a 17 32m
2 —_
c 2L%+a® 367423m ¢ L2 + aL b 367423m ¢ L 3 3.67423 m
C 12 C?2

(1) SuM MOMENTS ABOUT A LINE THRU A WHICH IS PARALLEL TO THE Y-AXIS
L
B, P— 671.751 kN
a
(2) SuM MOMENTS ABOUT THE Z-AXIS

Pa L b
By _ 335.876 kN SO Ay P By 139.124 kN
a

(3) Sum MOMENTS ABOUT THE X-AXIS

L

AL P

2
. ——(— 196.751kN
2

(4) SuM FORCES IN THE X- AND Z-DIRECTIONS Ay P 475 kN A, C, B, 868.503kN

(5) Use METHOD OF JOINTS TO FIND MEMBER FORCES

Sum forces in x-direction at joint A: %FAB +A, O Fag ?CAX 823 kN
L
2 _
Sum forces in y-direction at joint A: [Fac+ Ay 0 Fac 121 A2 196.8 kN
12
2
L
2

Sum forces in y-direction at joint B: EFBC +By, 0 Fge 2B, 672 kN

(6) FIND DISPLACEMENT ALONG X-AXIS AT JOINT B
Find change in length of member AB then find its projection along x axis:

FagC L _dpg
3.875mm b arctana D 54.736  dgx 6.713 mm m

das EA a cos(b)

(7) FIND Ppax FOR SPACE TRUSS IF gy MUST BE LIMITED TO 1.5 mm

Displacements are linearly related to the loads for this linear elastic small displacement problem, so reduce load
variable P from 475 kN to

1.
> 475  106.145 kN

6.71254 Pmax  106.1 kN

Repeat space truss analysis using vector operations a=2.121m L=3m P =475kN
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 127

PosITION AND UNIT VECTORS:

0
a 0.577 0
0 A L rac
y: P 0 eas 0 frac = 2 K eac — - 0.707
L e P 08160 L rac P 07070
2
FIND MOMENT AT A:
Ma  Tag * Rg + rac * Rc
0 2.P 3.0m RBy + 15mRC, 7125 kN#m
Ma g™ RB, +rac* P 21213mRB; 14250 kN'm
Prs,Q Pre, P 21213mRB, 14250 KN'm

FinD MOMENTS ABOUT LINES OR AXES:
Maeas  1.732mRB, + 17321 mRB, + 0.86603mRC, + 752.15 KN'm

24412

RC 0.72169

338.262 C, 196.751 kN

Maeac  15mRB, + 15mRB, So RB, RB,

0
‘ 462.5
Mpy 1 2.1213m RB, + 1425.0 kN#m So RB, 17678 261.625 B, 671.75 kN
PoQ ‘
0

Ma 1 21213mRB, + 14250kN'm So RB, RB, 261625 B,  335.876 kN
PoQ
0

gF, 0 A, P B, 139.124kN
Reactions obtained using vector operations agree with those based on scalar operations.

Problem 2.2-9 An aluminum wire having a diameterd ~ 1/10 in. p

d
and length L 12 ft is subjected to a tensile load P (see figure). ‘
The aluminum has modulus of elasticity E 10,600 ksi | f
If the maximum permissible elongation of the wire is 1/8 in. and the \‘

allowable stress in tension is 10 ksi, what is the allowable load P,.?
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Solution 2.2-9

P —
) 1 in. L 12(12)in. E 10,600 (10 psi —
10 L

1
d, gin. Sa
2
A pd A 7.854
4
EA 8.325

CHAPTER 2 Axially Loaded Members

10 * (10%) psi

10 % in? Maximum load based on elongation:
EA
10* Ib Prat | da Pmaa 72310 controls

Maximum load based on stress:

Problem 2.2-10 A uniform bar AB of weight W 25 N is supported by

P max2

two springs, as shown in the figure. The spring on the left has stiffness

k; 300 N/m and natural length L;
tities for the spring on the right are k;

distance between the springs is L

is suspended from a support that is distance h

250 mm. The corresponding quan-
400 N/mand L, 200 mm. The

350 mm, and the spring on the right

80 mm below the point

of support for the spring on the left. Neglect the weight of the springs.

should a load P
horizontal position?

(b)

weight W?
If P is removed and k;

©

18 N be placed in order to bring the bar to a

If P is now removed, what new value of k; is required so that the

300 N/m, what distance b should spring

k; be moved to the right so that the bar (figure part a) will hang in
a horizontal position under weight W?

(d)

If the spring on the left is now replaced by two springs in series
(k,  300N/m, kj) with overall natural length L,

250 mm (see

figure part b), what value of ks is required so that the bar will hang
in a horizontal position under weight W?

P 18010

New position of |
kq for part (c) only j
kl b 4)[/
Ly K,
Lo

.

SoA

Load P for
part (a) only
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 129

Solution 2.2-10

NUMERICAL DATA

Reference line
W 25N k;, 0.300N/mm L, 250mm \v

ko, 0.400 N/mm L, 200mm

L 30mm h 8mm P 18N

(a) LocATION OF LOAD P TO BRING BAR TO HORIZONTAL
POSITION

Use statics to get forces in both springs: Al

a MA 0 F2 iLaW% + Pxb

F2 W+ 1
2 L

aFv 0 Fp W+ P R

W X
F, —+ Pal —b
12 L

Use constraint equation to define horizontal
position, then solve for location x:
F i)

L1+ - L2+h+ -
kl 2

Substitute expressions for F; and F, above into constraint equilibrium and solve for x:

2L, Lk ky kWL 2k PL +2LyL KKy + 20 LKk, + kyWL
2P1k; + ko2

X 1347mm 3
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130  CHAPTER 2 Axially Loaded Members

(b) NEXT REMOVE P AND FIND NEW VALUE OF SPRING
CONSTANT K; SO THAT BAR IS HORIZONTAL
UNDER WEIGHT W

N w W P 0
ow, |:1 5 |:2 5 since

Same constraint equation as above but now P 0:

w W
> a ) b
L, +— 1, + h2 0
Ky 2
Solve for k;:
Wko
ki

2k [L
[kIL (L +h] W
k;  0.204 N/mm :

(c) Use k;  0.300 N/mm BUT RELOCATE
SPRING K; (X D) so THAT BAR ENDS UP

IN HORIZONTAL POSITION UNDER WEIGHT W

L/2-b

)

L/2 L/2
y W

L-b

FBD

(Likiky)  2Lokiky  2hkgky  2Wkg

(d) REPLACE sPRING K; WITH SPRINGS IN SERIES:

ki 0.3 N/mm, L/2, anDp Ki, Li/2. FIND K3
SO THAT BAR HANGS IN HORIZONTAL POSITION

wooow
2

Statics |, ; F,

Wkik,

k
S 2Likiky  Wkp + 2Lokgky + 2hkiky + WK,

NOTE—equivalent spring constant for series springs:

PART (c)—CONTINUED

STATICS

L
wa2 bo
aMk1 0 F L b
afFv 0
F, W F,
L
Wa _ bb
2
F W
L b
WL
F
L 2(L b

Constraint equation—substitute above expressions
for F, and F, and solve for b:

Fy F,
— L, + h —= 0
Ly + k1 (Lo ) k>

Use the following data:
ki 0300 N/mm k, 0.4 N/mm L; 250mm

L, 200mm L 350 mm

b 741mm :

New constraint equation; solve for ks:

F; F,
L+ 2+t (L,+h 2 0
R R B
W2 w2 W/2
L + (L + h) 0
1 + 2
kg ks ko

k3 0.638 N/mm 3
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 131

Problem 2.2-11 A hollow, circular, cast-iron pipe (E. 12,000 ksi)
supports a brass rod (E, 14,000 ksi) and weight W 2 kips, as

3.
shown. The outside diameter of the pipe isd. 6 in. (dw =z In-) \
==

(a) If the allowable compressive stress in the pipe is 5000 psi and

Nut & washer

the allowable shortening of the pipe is 0.02 in., what is the Steel cgp)/'
minimum required wall thickness t,.i»? (Include the weights (ts=1in.
of the rod and steel cap in your calculations.)
(b) What is the elongation of the brass rod d, due to both load
W and its own weight? Cast iron pipe 7
(c) What is the minimum required clearance h? (de=61in., t;) L =351t
///
L, =4ft -
L1
Brass rod —
(dr = > in ) i
h W
Solution 2.2-11
The figure shows a section cut through the pipe, cap, (&) MINIMUM REQUIRED WALL THICKNESS OF CAST IRON
and rod. PIPE, temin

First check allowable stress then allowable
NUMERICAL DATA shortening:

E. 12000ksi E, 14,000 ksi D,
1. Wcap gsa4dctsb
W 2k d. 6in. d; Eln.

We, 8018 10 *k

S, 5ksi d; 0.02in.

W, o a Wb
Unit weights (see Table I-1): gs 2836 * 10 “K/in.? rd Ob @, Uty

g, 3.009* 10 “k/in®

LC 48 in. |_r 42 in. Wt W Wcap Wrod Wt 2.01 k
; w
t lin. Amin_+ Aun  0.402in2
Sa

b 2 (d 2t )2]
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132  CHAPTER 2 Axially Loaded Members

WL
2 dt b 0 b —c
Apipe ptc(dc tc) tc cc pEcda
v W b 0142
c c C ps a
W 2
leta — - a 0128 , Y26 4b
PS a c 5
2
t dt a 0 t,  0.021in. z minimum based on d, and s,
2
d 24d 4a
t, = = t  0.02Lin. controls
2 . (b) ELONGATION OF ROD DUE TO SELF WEIGHT AND
~ minimum based ALSO WEIGHT W
on s, Wi
(o]
aw + ) bL,
Now check allowable shortening requirement: d ————— d, 003Llin. 3
p
n WL, WL, Eba4dr2b
pipe EA min Ed
c min ca

(c) MiNnIMuM CLEARANCE h

Amin  0.447in.%2  larger than value based on .
g hn da d  hoe  0.05lin. 2

S, above

W;L
pte(de  to) —

c a

Problem 2.2-12 The horizontal rigid beam ABCD is supported
by vertical bars BE and CF and is loaded by vertical forces F—15m—t—1.5m —p——2.1m—
P, 400kNand P, 360 kN acting at points A and D, A : B
respectively (see figure). Bars BE and CF are made of steel = .
(E 200 GPa) and have cross-sectional areas Age 11,100 mm? L
and Ace 9,280 mm?. The distances between various points on P, . i 2. P, = 360kN
the bars are shown in the figure.

Determine the vertical displacements d, and dp of points A

and D, respectively. : - .'Oz—
.om
Ele ————L
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SECTION 2.2 Changes in Lengths of Axially Loaded Members

Solution 2.2-12 Rigid beam supported by vertical bars

2.1m—

F—1.5m—|—1.5m —}

Age 11,100 mm?
A 9,280 mm?

E  200GPa
Lee 3.0m
Lee 24m
P, 400kN; P, 360kN

FREE-BODY DIAGRAM OF BAR ABCD

E‘*I.Sm
A

f—1.5m— 21m |
B C D

P1=400kN FBE FCF P2=360KN

(400 kN)(1.5m) Fee(15m) (360 kN)(3.6m) O

Fer 464 kN
Mc O

(400 kN)(3.0 m)

Fee 296 kN

Fee(1.5 m) (360kN)(2.1m) O

SHORTENING OF BAR BE

Fgelge (296 KN)(3.0 m)
® EAge (200 GPa)(11,100 mm?)
0.400 mm
SHORTENING OF BAR CF
d Fcelcr (464 kKN)(2.4 m)
° EAce (200 GPa)(9,280 mm?)
0.600 mm

DISPLACEMENT DIAGRAM

Oge da dop dgg Ordy  2dge  der
da  2(0.400 mm) 0.600 m
0.200mm 3
(Downward)

2.1
dp dcr E(dCF dge)
12 7
or dD?dCF ?jBE

12
= (0,600 mm) %(0.400 mm)

0.880 mm 3
(Downward)

133
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134  CHAPTER 2 Axially Loaded Members

Problem 2.2-13 Two pipe columns (AB, FC) are pin-connected to a rigid beam (BCD) as shown in the figure. Each pipe
column has modulus E, but heights (L, or L,) and outer diameters (d, or d,) are different for each column. Assume the inner
diameter of each column is %, of outer diameter. Uniformly distributed downward load q  2P/L is applied over a distance
of 3L/4 along BC, and concentrated load P/4 is applied downward at D.

(@) Derive a formula for the displacement dp at q=2P/L Rigid beam o P/4
point D in terms of P and column flexibilities in l
pornt 0. H;_uuum -

it e "
BCD displaces downward to a horizontal posi- B Pin S C ‘ D
tion under the load system in (a). T

() IfLy 2Ly, find the dy/d, ratio so that beam X
BCD displaces downward to a horizontal posi-

@ g
tion under the load system in (a). 1 2

(d) Ifd, (9/8)d,andLy/L, 1.5, at what horizon- Ly, E Lo, E
tal distance x from B should load P/4 be placed so g o e
that beam BCD displaces downward to a horizon- S O B d,
tal position under the load system in part (a)?

A F
Solution 2.2-13
(a) DispLACEMENT dp
1 P 3 3 P 3 )
Use FBD of beam BCD gMg 0 Rc¢ [caZEb aZLb ang + ZaL + 2 Lbd P 6compression force
in column CF
gFy 0 Rg a2 % b a% Lb + Jj Rc BZE compression force in column BA
3Pf;
Downward displacementsatBand C: dg Rgf; 4 dc Rcf, Pfy
3
L+ L
. 4 mg 9_Pf; 7_Pfg 9_Pf1 P
Geometry. dD dB + (dc dB) 5] L Q 4 16 dD 4 16 16 128f2 9f12
3Pf; L 4
(b) DISPLACEMENT TO HORIZONTAL PosITION, so dc  dg and 4 = Pf, or Py ?—)
2
L

—1 P d12

EA, 4 LL 4 A Ly, 4 4 4d2 L 4 d;,?

A 2 B 2 A b S < —;2 149 i d 9

L, 3 L 3 A L B .2 3d, L, 3 d d, 8

EA; 4

L 4,97 2o L oz

L, 378 16 L, 16

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.2 Changes in Lengths of Axially Loaded Members 135

() IFLy 2Ly FND THE dy/dy RATIO sO THAT BEAM BCD DISPLACES DQWNWARD TO A HORIZONTAL POSITION
Ly d,?2 3 L d; 3
== 2 and d dg frompart(b). a~-b ~a b 0 ~2) 122
L c U part (b) d, 421, O 14, As@ 5

(d) Ird; =(9/8) dy anD Ly/L, = 1.5, AT WHAT HORIZONTAL DISTANCE X FROM B sHouLD LoAD P/4 AT D BE PLACED?
f L, A fi L dy 2 2
hoh ey b b oG 3.8 32

. d 9 L
Given 4, 8 and L 15 or LA oL 2a9b 27

Recompute column forces Rg and R¢ but now with load P/4 positioned at distance x from B.

SLP, Px
L P 3 s P 16 4
Use FBD of beam BCD: M R 2 L Lb + a
gMg O c Lca I_ba4 ba8 b 4(x) L
9LP | Px
P 3 P 7P 16 4
—ba— +
gFy O Rg a2Lba4Lb 4 Re 4 L

Horizontal displaced position under load g and load P/4so dc dg or Rcf, Rgfy.

9LP  Px 9L Px
16 a1 P 16 4 9Lf, 19Lf,  L19f, 10f;2
f f, sol
PoL Q Pg® Q frsoNve. X 4t + 4f, 41f, + 1,2
fi
L19f, 192 19 f, 9
X o ~or x L> f ¥
41 + 2 43+ 1p
fa
32
19> 9
27 365L 365
Now substitute f,/f, ratio from above: X L> ¥ 1.547
v 2 236 236
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136  CHAPTER 2 Axially Loaded Members

Problem 2.2-14 A framework ABC consists of two rigid bars AB and
BC, each having a length b (see the first part of the figure part a). The
bars have pin connections at A,B, and C and are joined by a spring of
stiffness k. The spring is attached at the midpoints of the bars. The
framework has a pin support at A and a roller support a C, and the bars
are at an angle a to the horizontal.

When a vertical load P is applied at joint B (see the second part of
the figure part a) the roller support C moves to the right, the spring is
stretched, and the angle of the bars decreases from a to the angle u.

(a) Determine the angle u and the increase d in the distance between
points A and C. Also find reactions at A and C. (Use the following
data:b 200 mm,k 3.2kN/m,a 45,andP 50 N.)

(b) Repeat part (a) if a translational spring k;  k/2 is added at C and
arotational spring k,  kb?/2 is added at A (see figure part b).

(@) Initial position of structure

Solution 2.2-14

Apply the laws of statics to the structure in its displaced position; also use FBD’s of the left and right bars alone

(referred to as LHFB and RHFB below).

OveraLL FBD: gFy O Hy kyd O SO Hy  kjpd

gFy O Ry+Rc P

L, 1 L
gM, 0 k(@ u P2 +Rcl, 0 P2 Kk(a u
2 L, 2
d h L
LHFB: gMg 0 Hah+k,a.b RAaEZb +k@ u 0
2 d h
Ra—ctki;dh + k=a=b + k,(a
AL2 1 2 %9 r(
d h L, 2 dh
RHFB: M k kodh + R k + kydh
gMg 0 2azb 1d c, 0 ch 2azb 1dhd
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SECTION 2.2 Changes in Lengths of Axially Loaded Members 137

Equate the two expressions for R¢ then substitute expressions for L,, k;, ki, h and d

1 L 2 d_h
- - - —a-b +
chP2 ki@ u)d I_chzazb kodhd OR
1 L 2 2blcoslu2 cosla22 bsinlu2 )
P~ k(@ uwd ¢ ck + ky[2blcoslu2 cosla22]lbsinlu22dd O
¢
L, 2 L, 2 2

(a) SUBSTITUTE NUMERICAL VALUES, THEN SOLVE NUMERICALLY FOR ANGLE U AND DISTANCE INCREASE d
b 200mm k 32kN/m a 45 P 50N k; 0 k O

L, 2bcoslu2 L; 2bcosla2z d L, L; d 2blcoslu2 cosla22 h bsinlu2

1 L 1 2blcoslu2  cosla22 bsinlu2 )
~— P kla u2d ¢~ ¢k + ky[2blcoslu2  cosla22]1lbsinlu22dd O
¢

Solving above equation numerically gives d 446mm

COMPUTE REACTIONS

2 dh 1L

Rc tk_a_b + kjydhd 25N Re cP kela u2d 25N
L2 2

Ra L%ckldh+kgagb+krla u2d 25N My kla u2 0

Ra + Rc 50N 6 check Ra 25N Rc 25N

(b) SUBSTITUTE NUMERICAL VALUES, THEN SOLVE NUMERICALLY FOR ANGLE U AND DISTANCE INCREASE d

k k. )
b 200mm k 32kN/m a 45 P 50N k; ., koo b
L, 2bcoslu2 L; 2bcosla2 d L, L;y d 2blcoslu2 cosla22 h  bsinlu2

1 L 2 2blcoslu2 cosla22bsinlu2 )
— P kla u2d ¢ ck + ki[2blcoslu2 cosla22]lbsinlu22dd O
¢

et K i ]

Solving above equation numerically gives d 819mm
COMPUTE REACTIONS

2 dh L b

Re 2tk ya b +kdhi 185N R, P kla uwd 185N

Ra Lickldh+kgagb+k,1a wd 315N M, k/la u2 1.882N'm
2

Ra+Rc 50N  6check [Ry 3L5N| [Rc 185N| M, 1.882 N'm
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138  CHAPTER 2 Axially Loaded Members

Problem 2.2-15 Solve the preceding problem for the following data:
b 80in,k 161b/in,a 45,andP 10 1b.

Solution 2.2-15

Apply the laws of statics to the structure in its displaced position; also use FBD’s of the left and right bars alone
(referred to as LHFB and RHFB below)

OveraLL FBD gFy O Hya kid 0 so Hay kq.d
gFy 0 Rpa+Rc P

L 4 L
agM, O ke (a u) P + RcL, O c cP ki (a u)d
2 L, 2
L
LHFB gMg O HAh+kga2nb RAEz+kr(a u 0

RAéckldh + kgagb + k(@ u)

o

d h L, 2 h

RHFB gMz 0 kya,b kdh+Rc, 0 Rc  tkyab+kdhd

Equate the two expressions above for Rc then substitute expressions for L,, k;, ki, h, and d

1 L 2 d h
= (p " * = ~a~h +
L, P ) kr(@ u)d L, ck 2a2b kidhd OR
1 L 2 2blcoslu2 cosla22 bsinlu2 )
P k(@ uwd ¢ ck + ki[2b1lcoslu2 cosla2?]1bsinlu22dd O
¢
L, 2 L, 2 2

(a) SUBSTITUTE NUMERICAL VALUES, THEN SOLVE NUMERICALLY FOR ANGLE U AND DISTANCE INCREASE d
b 8in. k 16 Ib/in. a 45 P 101lb k; O k. O
L, 2bcoslu2 L; 2bcosla2 d L, L, d 2blcoslu2 cosla22 h  bsinlu2

1 L 2 2blcoslu2 cosla22bsinlu2 )
— P kla u2d ¢ ck + ki[2blcoslu2  cosla22]1bsinlu22dd O

L 2 L, 2 2

Solving above equation numerically gives [u  35.1 | [d  1.782in.]

COMPUTE REACTIONS

2 dh

tk_a_b + k;dhd 51b Rc
2 2 2

L,
cP kila u2d 51Ib
L 2

1
c

Rc L

Ra L%ckldh+k%agb+klla u2d 51b My kla u2 O
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SECTION 2.3 Changes in Lengths under Nonuniform Conditions 139

(b) SUBSTITUTE NUMERICAL VALUES, THEN SOLVE NUMERICALLY FOR ANGLE U AND DISTANCE INCREASE d

k
b 8in. k 161Ib/in. a 45 P 101b k; ) K

L, 2bcoslu2 L; 2bcosla2z d L, L; d 2blcoslu2 cosla22 h bsinlu2

1 L 2 2blcoslu2  cosla22 bsinlu2 )
— P~ kla ud ¢ ¢k + ki[2blcoslu2 cosla2?]1bsinlu22dd O
¢

e & ? ]
Solving above equation numerically gives d 0.327in.

COMPUTE REACTIONS 2

2 d h 1 L
R ck b + kydhd 37lb R cP krla u2d 3.711b
© L2 ! © L 2 T

Ra Lickldh+kgagb +kla wd 63 M, kila u2 1252ftlb
2

Ra + Rc  10.01lb 6 check |[Ry 63Ib] [Rc 3.71Ib| My 1.252|b§ft|

Changes in Lengths under Nonuniform Conditions
Problem 2.3-1 A
B

(a) Calculate the elongation of a copper bar of solid circu- C
lar cross section with tapered ends when it is stretched %D
by axial loads of magnitude 3.0 k (see figure). ‘«zoiw\ . ] m
(The length of the end segments is 20 in. and the 50 '”'\LM
length of the prismatic middle segment is 50 in. Also,

the diameters at cross sections A, B, C, and D are 0.5,
1.0, 1.0, and 0.5 in., respectively, and the modulus of

elasticity is 18,000 ksi. (Hint: Use the result of Example 2-4.)

(b) If the total elongation of the bar cannot exceed 0.025 in., what are the required diameters at B and C? Assume that
diameters at A and D remain at 0.5 in.

Solution 2.3-1
NUMERICAL DATA

P 3k L; 20in. L, 50in. dya 0.5in. dg 1lin. E 18000 ksi
(a) ToTAL ELONGATION
_4PL; _PL

d; DEdadg 0.00849 in. d» 0.01061 in.

d 2d; +d, 00276in. [d_ 0.0276in.

(b) FinD NEw DIAMETERS AT B AND C IF TOTAL ELONGATION CANNOT EXCEED 0.025 in.
4PL; PL,
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2a b + 0.025 in. Solving for dg: d 1.074 in.
pEdadg P2 g B 8
E"d
4 B
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140  CHAPTER 2 Axially Loaded Members

Problem 2.3-2 A long, rectangular copper bar under a tensile load P
hangs from a pin that is supported by two steel posts (see figure). The
copper bar has a length of 2.0 m, a cross-sectional area of 4800 mm?,
and a modulus of elasticity E. 120 GPa. Each steel post has a height
of 0.5 m, a cross-sectional area of 4500 mm?, and a modulus of elasticity
E; 200 GPa.

(a) Determine the downward displacement d of the lower end of the
copper bar due to aload P 180 kN.

(b) What is the maximum permissible load P ., if the displacement
d is limited to 1.0 mm?

10 _ (@) DowNwARD DIsPLACEMENT d (P 180 kN)
Steel L d PL, (180 kN)(2.0 m)
post _f_ C EA
- L ¢ ¢ (120 GPa)(4800 mm?)
0.625 mm
(P/2)L¢ (90 kN)(0.5 m)
d
Copper — S EAs (200 GPa)(4500 mm?)
bas ¥P 0.050 mm
d d.+ds 0.625mm + 0.050 mm
L. 20m 0.675mm 3
Ac 4800 mm* (b) MaximMuM LOAD Prax (Dmax 1.0 mm)
E. 120GPa Prax Amax = p gm b
Ly, 05m P d max a d
A, 4500 mm? 1.0
: P (180kN)a—o™ y 267KN 3
E; 200 GPa 0.675 mm
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Problem 2.3-3 An aluminum bar AD (see figure) has a cross- P P,
sectional area of 0.40 in.” and is loaded by forces P; 1700 Ib, — > [—> <« P
P, 1200 Ib, and P; 1300 Ib. The lengths of the segments of the A B C D

bararea 60in.,b 24in.,andc 36in.

(a) Assuming that the modulus of elasticity E~ 10.4  10° psi,
calculate the change in length of the bar. Does the bar elon-
gate or shorten?

(b) By what amount P should the load P5 be increased so that the bar does not change in length when the three loads are
applied?

(c) If P; remains at 1300 Ib, what revised cross-sectional area for segment AB will result in no change of length when all
three loads are applied?

Solution 2.3-3

NUMERICAL DATA

A 040in? P; 17001b
P, 12001b P; 13001Ib
E  10.4110%psi

a 60in. b 24in. c 36in.
(a) ToTAL ELONGATION

1

d EA (1P, + P, Pg2a + 1P, Pg2b + 1 Pg2c) 0.01125in. % (elongation)

(b) INCREASE P3 so THAT BAR DOES NOT CHANGE LENGTH

iElPl + P, Pg2a+ 1P, P32b + 1 Pg2c) Osolve, P;  16901b So new value of P; is 1690 Ib,
EA an increase of 390 Ib.

(c) Now CHANGE CROSS-SECTIONAL AREA OF AB so THAT BAR DOES NOT CHANGE LENGTH Pz 1300 Ib

1 a b ol
—=clP; + P P32 + 1P P.2" +1 P2 d O
E 1 2 3AAB 2 ¥ A ¥ A

LYY}

Solving for Aag:  |Aag  0.781in.2 5 1951
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142  CHAPTER 2 Axially Loaded Members

Problem 2.3-4 A rectangular bar of length L has a slot in the
middle half of its length (see figure). The bar has width b,
thickness t, and modulus of elasticity E. The slot has width b/4.

(@) Obtain a formula for the elongation d of the bar due
to the axial loads P.

(b) Calculate the elongation of the bar if the material is
high-strength steel, the axial stress in the middle
region is 160 MPa, the length is 750 mm, and the
modulus of elasticity is 210 GPa.

(c) If the total elongation of the bar is limited to

dmax  0.475mm, what is the maximum length of the slotted region? Assume that the axial stress in the middle region
remains at 160 MPa.

Solution 2.3-4
oL L
P 4 2 7LP 7PL
d —+—+ —< d
@d g4 6 Ebt 6D

3
4bt

(b) NumEericaL batA E 210 GPa L 750 mm Smia 160 MPa

SO S P and P 35 i
mid 3 b H Z mid
4
7LP 7L 3
. a sub 05mm 4 osmm
b empt O 9 ggdy Smd
P L Ligot  Lsiot P 1 4
(C) dmax E bt + 3 or dmax a bt ba E balL leot + leotb
P 4 bt 3
3 1 Lsiot

or dypax @ 4 Smigh a E balL + 3 b Solving for Lyt With dppa 0.475mm

45 3L I

Lsiot 244 mm  Lgyy 244 mm L 0.325
Smid
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Problem 2.3-5 Solve the preceding problem if the axial stress
in the middle region is 24,000 psi, the length is 30 in., and the
modulus of elasticity is 30 * 108 psi. In part (c), assume that
dmax  0.021in.

Solution 2.3-5
| |
P 2 Z ; 7LP
(@ |d + T+ <
E bt %bt 6 Ebt

(b) E 30,000ksi L 30in. _ Spg 24 ksi

P and P Esmid

SO Smid bt 4

7LP 7L 3

d o d a;smidb 0.021in. d 0.02Lin.

1

6 Ebt 6E

P L Lot Lsiot P 1

4

(C) dmax + or dmax abtb a Eb aL leot + 3 leotb

lw
=
=
=)

or Oinax a4 Smigh @ Eb aL + 3 b Solving for Lot With dppay

Lslot 10in.  Lyge 10in.
Smid

0.333

0.02in.:

Problem 2.3-6 A two-story building has steel columns AB in the first floor
and BC in the second floor, as shown in the figure. The roof load P, equals
400 kN and the second-floor load P, equals 720 kN. Each column has length
L  3.75m. The cross-sectional areas of the first- and second-floor columns
are 11,000 mm? and 3,900 mm?, respectively.

(&) Assuming that E 206 GPa, determine the total shortening dac
of the two columns due to the combined action of the loads P; and P-.
(b) How much additional load P, can be placed at the top of the column
(point C) if the total shortening dac is not to exceed 4.0 mm?

P, =400 kN|

Sk

P, = 720 kN |
!
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144  CHAPTER 2 Axially Loaded Members

Solution 2.3-6 Steel columns in a building

(b) AbpITIONAL LOAD Py AT poOINT C

(dAC)max 4.0 mm
dp, additional shortening of the two columns
L = length of each due to the load P,
column
P dg  (dac)max dac  40mm  3.7206 mm
. 0.2794 mm
E =206 GPa
4 11,000 mm? RL  RL RL 1 1 b
ap = HHYvUmm Also, d + EA a A
% EAns sc E A BC

Age = 3,900 mm?

Solve for Py
(2) SHORTENING dac OF THE TWO COLUMNS Edy  AugAsc
1 P a b
dac gML! NagL + NgcL 0 L Asg *+ Agc
EA EA EA
i AB BC SUBSTITUTE NUMERICAL VALUES:

1120 kN)(3.75
20(6 o 1)1(000 m) 5 E 206 10°N/m*> d, 02794 10 °m
a , mm
( X ) L 375m A, 11,000 10 ®m?

(400 kN)(3.75 m) A 3000 10 6
(206 GPa)(3,900 mm?) o

P, 44,200N 44.2 kN :
1.8535 mm + 1.8671 mm  3.7206 mm
dac 3.72mm :

Problem 2.3-7 A steel bar 8.0 ft long has a circular cross section of diameter d;  0.75 in. over one-half of its length and
diameter d, 0.5 in. over the other half (see figure part ). The modulus of elasticity E 30 * 10° psi.

(a) How much will the bar elongate under a tensile load P 5000 Ib?

(b) If the same volume of material is made into a bar of constant diameter d and length 8.0 ft, what will be the elongation

under the same load P?
(c) If the uniform axial centroidal load q 1250 Ib/ft is applied to the left over segment 1 (see figure part b), find the ratio

of the total elongation of the bar to that in parts (a) and (b).
idl =0.751n. ld2 =050 in. q = 1250 Ib/ft

< “\\ ld1_075 n. ld2=050|n
P P =5000 Ib - :
T <« < — —
f P =5000 Ib
4.0t 4.0 ft 1
4.0 ft—»‘

(a) 4.0 ft
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Solution 2.3-7

NumericaL pata E - 30110% psi P 5000 Ib L 41t

0.0589 in.

d, 0.0589in.

e

o

3
() Va a,d + ,dbL 3063Lin d

o]
R412L2

P1212

dy 0.0501 in.

EA

12501b/ft L 41t

© «

0.637 in.

145

d]_ 0.75in. dz 0.5in.

| 2

A 4 d  0.31907 in.

ql>— PpPL d
—  0.0341in. =€

(o

0.58

0.681

EA

da

2Ea d;b
4

Problem 2.3-8 A bar ABC of length L consists of two

parts of equal lengths but different diameters. Segment AB
has diameter d; 100 mm, and segment BC has diameter

d, 60 mm. Both segments have length L/2 0.6 m.

A longitudinal hole of diameter d is drilled through segment
AB for one-half of its length (distance L/4 0.3 m). The bar
is made of plastic having modulus of elasticity E 4.0 GPa.

110 kN act at the ends of the bar.

(a) If the shortening of the bar is limited to 8.0 mm, what
is the maximum allowable diameter d, of the hole?
(See figure part a.)

Now, if dax is instead set at d,/2, at what distance b
from end C should load P be applied to limit the bar
shortening to 8.0 mm? (See figure part b.)

Compressive loads P

(b)

(c) Finally, if loads P are applied at the ends and
dnax  d2/2, what is the permissible length x of the
hole if shortening is to be limited to 8.0 mm? (See

figure part c.)
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Solution 2.3-8
NUMERICAL DATA

d, 100mm d, 60mm

L 1200mm E 4.0GPa P 110kN

d, 8.0mm

(@) FIND dpay IF SHORTENING IS LIMITED TO dj

A Bd2 oA EdZZ

4
L L L
P 4 4 2
d -—>——— 2 + + ¥
E'p , AL A
1d, Oimax 2
Set d to d,, and solve for dpax:
d Ed,pd;?d,>  2PLd,> 2PLd,?
"X <> Edpd2? PLd2 2PLd 2
a 1 2 2 1

Omax  23.9mm >

(b) Now, IF diax IS INSTEAD SET AT O, 2, AT WHAT DISTANCE
b From END C sHOULD LOAD P BE APPLIED TO LIMIT THE

BAR SHORTENING TO d, 8.0 mm?
d 2
A, 2ed? ath
4 2
S b,
A d A d
1 4% 2 0
) a>_bb
d —PJ—L + — + K
E 4A, 4A A,

No axial force in segment at end of length b; setd  d,
and solve for b:

Ed
b C_L Azc_g _L

L
g~
2 bdd

P %an aA
b 416 mm :

(C) FINALLY IF LOADS P ARE APPLIED AT THE ENDS AND
Omax Oy 2, WHAT IS THE PERMISSIBLE LENGTH X

OF THE HOLE IF SHORTENING IS TO BE LIMITED TO
d, 8.0mm?

Setd d, and solve for x:

Ed, L 1
tAgAja bd AgL
o on, 29
X
Al A
X 183.3mm -

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.3 Changes in Lengths under Nonuniform Conditions 147

Problem 2.3-9 A wood pile, driven into the earth, supports a P lP
load P entirely by friction along its sides (see figure part a).
The friction force f per unit length of pile is assumed to be A4 n i
uniformly distributed over the surface of the pile. The pile has /#, T N
length L, cross-sectional area A, and modulus of elasticity E. ; A
of P, L, E, and A. Skin ! T i / A L
(b) Draw a diagram showing how the compressive stress s, friction f T Skin friction f / T
(c) Repeat parts (a) and (b) if skin friction f varies linearly f T with depth ? {
with depth (see figure part b). T 2
f _ fof RT/
"""" (L (b)
Solution 2.3-9
AFD LINEAR
L 2
(fy) L°f PL
@ NO) -y d Lo EAY  2aE T
N(y) ty ft P
®)sy) —  s6) . sO
s O So linear variation, zero at bottom, P/A at top (i.e., at ground surface)
P Yy
—a=>b
NL) sO) 431
1 P 1 T
A
0.8 0.8} —
|
0.6 7 0.6
P ) L 4
s (y) = ‘
—04[ . 04
i ] Compressive stress 0.2 .
0.2 in pile '
0
|
00— o5 1 0 0 oys 1
y
f(y) is constant f(y) is linear and
and AFD is linear AFD quadratic
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() Ny) fy)y

y foy(y 2) fo
N foal bd N(L N(0 0
v o fal | ) © o, ©
foL
ig_g 1 PL 2 P y f
£ 1 FL ¢ Py Ip
P foL |d b iy
d 3 0 EAa3 s(y) AcLaz Lbd s(0) 0 s(L) ) P/A
—EA
2

Problem 2.3-10 Consider the copper tubes joined below using a “sweated” joint. Use the properties and dimensions
given.
(a) Find the total elongation of segment 2-3-4 (d,.,) for an applied tensile force of P 5 kN. Use E, 120 GPa.
(b) If the yield strength in shear of the tin-lead solder is t, 30 MPa and the tensile yield strength of the copper is
Sy 200 MPa, what is the maximum load P that can be applied to the joint if the desired factor of safety in
shear is FS; 2 and in tension is FSg  1.7?
(c) Find the value of L, at which tube and solder capacities are equal.

Segment number

—>

Sweated
joint

—)

Solder joints

L L Ly do=18.9mm

— t=125mm

Tin-lead solder in space
between copper tubes;
assume thickness of
solder equal zero
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Solution 2.3-10
NUMERICAL DATA

P 5kN E. 120 GPa

L, 18mm L, L,
L; 40 mm

diz 222mm t; 1.65mm

ds 189mm t; 1.25mm

ty 30MPa sy 200MPa

FS¢ 2 FSs 1.7
ty
t, Fs, ta 15 MPa
Sy
S, Fs, S8 117.6 MPa

(@) ELONGATION OF SEGMENT 2-3-4

fo DIl @os 2]

(b) MAXIMUM LOAD Pp,a THAT CAN BE APPLIED TO THE
JOINT
First check normal stress:

AL 4Q[d%5 1des  2t27]

2
A, 69.311 mm smallest cross-sectional area

controls normal stress

Pmaxs SaA1  Pmaxs 8.15kN > smaller than

Pmax based on shear below so normal stress controls

Next check shear stress in solder joint:
Ash pd05|—2 Ash 1.069 103 mm2
Pmaxt taAsh Pmaxt 1603 kN

(c) FIND THE VALUE OF L, AT WHICH TUBE AND SOLDER

CAPACITIES ARE EQUAL

Set Ppax based on shear strength equal to P, based
on tensile strength and solve for L,:

P 2 —SaA1
A3 [d 03 1d 03 2t32 ] LZ LZ 9.16 mm >
4 t pd
al 052
A, 175.835mm? A; 106.524 mm?
P L+l L l ‘
dyy ma —_ - +7°b (s v
24 Ec A2 A3 T >
T |
dy 0.024mm 3 |
‘ Qagmant 1 Qngmonf 2
Problem 2.3-11 The nonprismatic cantilever circular bar shown
has an internal cylindrical hole of diameter d/2 from O to x, so | 3
the net area of the cross section for Segment 1 is (3/4)A. Load R 2 A A
P is applied at x, and load P/2 is applied at x L. Assume that ! P
E is constant. P 2
(@) Find reaction force R;. L 2 3
(b) Find internal axial forces N; in segments 1 and 2. 2 P
(c) Find x required to obtain axial displacement at joint 3 of X
d; PL/EA. 3P
(d) In (c), what is the displacement at joint 2, d,? 2 P
(e) If Pactsatx 2L/3 and P/2 at joint 3 is replaced by bP, AFD 0 02
find b sothatd; PL/EA.
(f) Draw the axial force (AFD: N(x), 0 x L) and axial J3

displacement (ADD: d(x), 0 x L) diagrams using
results from (b) through (d) above.

d2
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Solution 2.3-11

P

© IF X  2L/3 anp P/2 At joiINT 3 1s REPLACED BY bP,
a) Statics o Fy 0 R P €
@ an ! 2 FIND b so THaT d3  PL/EA
3
— - 2
Ro 5P 2 Ne (1 BP N, bP x F
(b) Draw FBD’s cuTTING THRZOUGH SEGMENT 1 AND substitute in axial deformation expression above
AGAIN THROUGH SEGMENT and 50|Ve fOI’ b
3P P
— 6 tension — 6 tension oL 2L
Ny 2 N, 2 [(1 + b)P]—  bPalL b
3 3 PL
(C) FinD X REQUIRED TO OBTAIN AXIAL DISPLACEMENT AT +
JoINT 30F d3  PL/EA E§A EA EA
Add axial deformations of segments 1 and 2, then 4
set to dg; solve for x: EPLS + 11b PL
N;x No(L  x) _PL 9 EA EA
+
Ez%, A EA EA 8 11ib) 9
1
3PP b . oz
bl T 11
2 2t 0 e
3 + A EA b 0.091
E-A L
4 (f) Draw AFD, ADD—see plots for x -
3L L 3
22 3 ¢
(d) WHAT Is THE DISPLACEMENT AT JOINT 2, d,?
a>pt
_Nix 23
d2 3_ d2 3
E-A E-A
4
2 PL
% 3Ea

Problem 2.3-12 A prismatic bar AB of length L, cross-sectional area A, modulus of elasticity E, and

weight W hangs vertically under its own weight (see figure). A
(a) Derive a formula for the downward displacement  of point C, located at distance h from the
lower end of the bar. c
(b) What is the elongation g of the entire bar? —
(c) What is the ratio b of the elongation of the upper half of the bar to the elongation of the lower half T
of the bar? h
(d) If bar AB is a riser pipe hanging from a drill rig at sea, what is the total elongation of the pipe? Let L gt

L 1500m,A 0.0157m? E 210 GPa. See Appendix | for weight densities of steel and sea
water. (See Problems 1.4-2 and 1.7-11 for additional figures).
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Solution 2.3-12 Prismatic bar hanging vertically

— W Weight of bar (b) ELongaTiON OF BAR (h 0)
q7 | ! (a) DOWNWARD DISPLACEMENT O¢ 4. ML
e Consider an element at dis- B 2EA *
‘ c L tance y from the lower end. (C) RATIO OF ELONGATIONS
y | L
‘ h Elongation of upper half of bar ah Eb:
et WL
upper
uon W g NOdy  wydy 8EA
v) L EA EAL Elongation of lower half of bar:
L L Wyd w WL 3WL WL
dC 1 dd 1 ﬂ e (L2 h2) dIower dB dupper T T T
h h EAL  2EAL 2EA  8EA 8EA
W 2 dupper  3/8
d L : b 3 3
¢ pear h) s diower  1/8
(d) NUMERICAL DATA
d
gs 77 kN/m® gw 10kN/md L 1500 m A 0.0157 m? E 210GPa
In sea water:
W ( JAL 1577.85kN d WL 359 mm 2393 * 10 *
Os  Ow . 2EA L -
In air:
WL d
_ = * 4
W  (g)AL 1813.35kN d Sox 412mm | 275*10
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Problem 2.3-13 A flat bar of rectangular cross section,

Eth, b)) " by o

length L, and constant thickness t is subjected to tension by )
forces P (see figure). The width of the bar varies linearly t
from b, at the smaller end to b, at the larger end. Assume — .
that the angle of taper is small.

(a) Derive the following formula for the elongation of by -

the bar:
b /
g —F-— In / L

(b) Calculate the elongation, assuming L~ 5 ft, t
1.0in,P 25k,b; 4.0in,b, 6.0in., and
E 30 10°psi.

| Lo L d!
t thickness (constant) From Eq. (1): Letl b (Eq. 3)
L b.
b baZb b, batttt b (Eq. 1) ° '
Lo Lo b
Solve Eq. (3) forLy: Ly La b (Eq. 4)

X
A(x) bt byta b b, by
Lo

(2) ELONGATION OF THE BAR Substitute Egs. (3) and (4) into Eq. (2):

Pdx  PLydx g —PL (Eq. 5)

U er)  Eb ix Et(, b) b

(b) SuBSTITUTE NUMERICAL VALUES:

d dd —= = L 5ft 60in. t 10in.
L Ebtl, X P 25K b, 40in.
Plo " Plo, Lot (9. 2) b, 6.0in. E 30 10° psi
Eb, t Lo ED; t Lo From Eq. (5):d  0.010in. s
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Problem 2.3-14 A post AB supporting equipment in a laboratory
is tapered uniformly throughout its height H (see figure). The cross
sections of the post are square, with dimensions b b at the top
and 1.5b  1.5b at the base.

Derive a formula for the shortening d of the post due to the
compressive load P acting at the top. (Assume that the angle of
taper is small and disregard the weight of the post itself.)

|b

Il.Sb

153

A
b
B
1.5b
Solution 2.3-14 Tapered post
[P Ay cross-sectional area at distance y
} P 2
- 4 1bye HZ(H + 0.5y)
SHORTENING OF ELEMENT dy
Pdy ——Pdy—
H dd —=
EA, b2
EaszlH + 0.5y2
SHORTENING OF ENTIRE POST
2 H
_iB d PH” dy
L Eb% Ly (H + 0.5y)?
R dx 1
Square cross sections: From Appendix D: L@ + bx)? b(a + bx)
b widthatA d PH2 1 H
¢ a
15b  width at B Eb?" (05)(H + 0.5y) o
by,  width at distance y PH2 1 1
¢ + a
2
b + (15b b)y Eb (0.5)(1.5H)  0.5H
H 2PH
2 >
ﬁlH + 0.5y2 3Eb
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Problem 2.3-15 A long, slender bar in the shape of a right circular cone d

with length L and base diameter d hangs vertically under the action of its

own weight (see figure). The weight of the cone is W and the modulus of

elasticity of the material is E. b
Derive a formula for the increase d in the length of the bar due to

its own weight. (Assume that the angle of taper of the cone is small.)

ELEMENT OF BAR

-
N, Ty

W weight of cone

ELONGATION OF ELEMENT dy

Nydy —wydy 4w

-FERMINOLOGY dd EA 2 Y dy
EAL
y —8 pd EL
N, axial force acting on element dy ELONGATION OF CONICAL BAR
A, cross-sectional area at element dy q dd —w— t g 2WL _
Ag  cross-sectional area at base of cone L pd? EL Lg ye pd? E 7
pd?
4 V  volume of cone
1
§ABL Vy,  volume of cone below element dy
1 .
3 yY W, weight of cone below element dy
Vy Ay yW
—(W N, W,
vV e N W X
B
p A A
Q - i L—}:)—b P

Problem 2.3-16 A uniformly tapered plastic tube AB of circular ‘dAF — ‘
cross section and length L is shown in the figure. The average diame- q
ters at the ends are dy and dg 2d. Assume E is constant. Find the ‘:A;
elongation d of the tube when it is subjected to loads P acting at the

ends. Use the following numerial data: d, 35 mm, L 300 mm,

E 21GPa, P 25kN. Consider two cases as follows: ﬁ‘ ds L

(a) A hole of constant diameter d, is drilled from B toward A to

form a hollow section of length x  L/2 (see figure part a). (@)
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(b) A hole of variable diameter d(x) is drilled from X *,‘
B toward A to form a hollow section of length x ~ L/2 A B
and constant thickness t (see figure part b). (Assume P . A
thatt  d,/20.) ‘Q%M**—’ P
d(x)
@ t constant
J dg L
(b)
Solution 2.3-16
(2) ELONGATION d FOR CASE OF CONSTANT DIAMETER HOLE
d() daal + b A() %d( )? solid portion of length L~ x

p
A() ¥ dad) hollow portion of length x

L x L
d —Pa id b d —Pc 4 d + ;dd
E L Ax) E L pd()? L xpld( )®  da’
Z
L 1
q E L x 1 . d + ; d
E - L CQ - 2
Jl-e ¢ cdpyal +  bd d L 4ccha1+Lbd dp dd K

P L? L, - ! d
d — 5 5 2
E (2 xpd pd B - 2
A JJ A I c4ccha1+Lbd dy dd KKK
X
2 L In(3 In(L x) + In(3L x
d L > + a4 22L(g+2L CHL) 2( )bd
E" (2 Xpda pda pda pda
1 5
na=Lb +Ilna—Lb
P 4 L In(3) - 2 2
ifx L2 d —=* — 2L > 2. S . % <
E 3 pdj pda pda

Substitute numerical data:
d 2.18mm :
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(b) ELONGATION O FOR CASE OF VARIABLE DIAMETER HOLE BUT CONSTANT WALL THICKNESS t /20 OVER SEGMENT X

d() dpal+ fb A() %d( )2 solid portion of length L x

d 2
A() % ed()>  ad() ZESb ¢ hollow portion of length x

1 L x 4 L 4
L e pd() “ped( 2 ad() 2-2b ¢
20
L x L

¢ PL b4 g 1 .

E Ly LL x _ 2 —dA 2

pcdaal + I_bd pccdpal + Lbd cdaal + Lb 220d d
2

i Pu L ‘4 L2 oo, INB)*In(13) + 2In(d,) + In(L)

E (2L +xpds2  pda pd,2

I_2In(d5) +1In(39L  20x) i

20
pdaZ
ifx L/2
4 L In(3) +In(13) + 2In(ds) + In(L 2In(dp) + In(29L
d —Pa——2+20|_ (3) (13) 2(5) (L) 20L (da) 2( )b
E 3 pda pda pda

Substitute numerical data:
d 6.74mm :
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Problem 2.3-17 The main cables of a suspension bridge

[see part (a) of the figure] follow a curve that is nearly parabolic
because the primary load on the cables is the weight of the Agﬂ }L
bridge deck, which is uniform in intensity along the horizontal. e B —ar
Therefore, let us represent the central region AOB of one of the N J

main cables [see part (b) of the figure] as a parabolic cable sup- @

ported at points A and B and carrying a uniform load of intensity
g along the horizontal. The span of the cable is L, the sag is h,

midspan.
(a) Derive the following formula for the elongation of cable
AOB shown in part (b) of the figure:
qL® 16h?
Tgneat * 52

(b) Calculate the elongation d of the central span of one of
the main cables of the Golden Gate Bridge, for which the
dimensions and properties are L~ 4200 ft, h 470 ft, (b)
g 12,700 Ib/ft,and E 28,800,000 psi. The cable
consists of 27,572 parallel wires of diameter 0.196 in.

Hint: Determine the tensile force T at any point in the cable from a free-body diagram of part of the cable; then determine
the elongation of an element of the cable of length ds; finally, integrate along the curve of the cable to obtain an equation for
the elongation d.

L S Ly dy 8hx
Al 2 2 Bi dx L2
;& N '/T FREE'BODY DIAGRAM OF HALF OF CABLE
AN D.” '
! \\\ //'/ ! Mg O
| e O g i
| — i L aL L
AN R R S s S S - R Hh + —a—-b 0
IR I I I I IR I A I A L 2 %4
a’
H
8h
Fhorizontal 0
2
gL
H H — Eqg. 1
B 8h (Eg. 1)
Fvertical 0
gL
Voo o, (Eq.2)

Equation of parabolic curve:

4hx?

LZ
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FRrREE-BODY DIAGRAM OF SEGMENT DB OF CABLE dd Tds
¥ Vs EA
j( s 27+ @2 dxa1+ap
By o Hs AT A
/’ | h—%
TH D 6 E k L2 8h 2
| A dx, 1+ a—ab
T I B AL
0 — %
nsenss! 64h’x*
dx 1+ —— (Eq. 6)
4
L_, A L
X 2
(a) ELoncaTION d oF cABLE AOB
Tds
d L dd Lﬁ
qL?
©F poriz O Tw Hg — (Eq. 3) Substitute for T from Eqg. (5) and for ds from
8h Eq. (6):
L
2 22
OF 0 Vg T, gaz- xb O L
vert B v 2 d 1 g_a1+64hxbdx
4
L gl qL EA_8h__ L
T W qa2 xb 5 9 + X For both halves of cable:
L2 2 2,2
. L
ax (Eq. 4) é a ., 64h4x bdx
TENSILE FORCE T IN CABLE Lo 8h L
7 2
2 2 aL 2 qLe 16h?
T 2Ty + T a b + (gx) - )
H v A%s8h d 8hEAa1 + a4 b : (Eq. 7)
LLZ 1+ M Eq.5 (b) GoLpbeEN GATE BRIDGE CABLE
8h A L4 (Eq. 5)

L 4200 ft h 4701t

ELonGATION dd OF AN ELEMENT OF LENGTH dS q 127001b/ft E 28,800,000 psi

/,T
f,f 27,572 wires of diameterd  0.196 in.
ds
// dy A (27572)a fb(o.l% in)2  831.90 in.2
r dx Substitute into Eq. (7):

d 133.7in 11.14ft :
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vertical axis at the midpoint C (see figure). The bar, which has length E A c (\ B
o —])
5w =t w

Each half of the bar (AC and BC) has weight W, and supports a W
weight W, at its end.

111111
5

L L
Derive the following formula for the elongation of one-half of the < o
bar (that is, the elongation of either AC or BC):
L2 2
+
d SQEA(Wl 3W5)
in which E is the modulus of elasticity of the material of the bar
and g is the acceleration of gravity.
=W, Centrifugal force produced by weight W,
-+ W
= a” b(L
T g

AxiAL Force F(x)
L 2 2
Wy 2L Wl 2

' F()
Lx gL g
v angular speed
2 2
A cross-sectional area M—(Lz x2) + WL
2gL
E  modulus of elasticity g g
. . ELoncATION OF BAR BC
g acceleration of gravity L
F(x) dx
F(x) axial force in bar at distance x from point C d
L EA
Consider an element of length dx at distance x from L
: w2 “woL  2dx
point C. —1— 2 2dx + WoL "OX
( x)dx
Lo 20L L OEA
To find the force F(x) acting on this element, we must ) L L ) L
find the inertia force of the part of the bar from distance WIL ° | 2 NESTNIN -« S
x to distance L, plus the inertia force of the weight W.,. 20LEA o Lo gEA Lo
Since the inertia force varies with distance from point C, wL2 2 + WA 2
we now must consider an element of length dj at dis- 3gEA gEA
tance j, where j varies from x to L. 12 2
+ (W, + 3W,) :
d W 1 2 >
Mass of element d [a_g*b 39EA

Acceleration of element  jv?

Centrifugal force produced by element

2

W 4
(mass)( acceleration) _glf d
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Statically Indeterminate Structures

Problem 2.4-1 The assembly shown in the figure consists of a brass
core (diameter d;  0.25 in.) surrounded by a steel shell (inner diameter
d, 0.28in., outer diameter d;  0.351n.). A load P compresses the
core and shell, which have length L 4.0 in. The moduli of elasticity of
the brass and steel are E, 15 10°psiand E, 30  10° psi,
respectively.

(a) What load P will compress the assembly by 0.003 in.?

(b) If the allowable stress in the steel is 22 ksi and the allowable stress
in the brass is 16 ksi, what is the allowable compressive load
Paiow? (Suggestion: Use the equations derived in Example 2-6.)

Steel shell

Brass core

d, 0.25in. E, 15 10°psi
d, 028in. E; 30 10°psi
b, 2 2
d; 035in. A (3 dy) 003464in.
P, 2
L 4.0in. Ay 4d1 0.04909 in.
(a) Decrease IN LENGTH (0 0.003 in.)
Use Eg. (2-18) of Example 2-6.
PL
4 ea+gn

P (EsAs + ESAb)a%b

Steel shell
Brass core

Substitute numerical values:

E<A, + E,A, (30 * 10° psi)(0.03464 in.?)
+ (15 * 10° psi)(0.04909 in.?)
1.776 * 10°Ib
0.003 in.
* 6 s
P (L776 % 10°Ib)a ", "D
1330 3
(b) ALLOWABLE LOAD
Ss 22ksi s, 16 ksi

Use Egs. (2-17a and b) of Example 2-6.
For steel:

PE, Ss

. S + -
Ss EsAs + EbAb Ps (EsAs EbAb) .

E
6 22 ksi
P, (1.776 * 10 Ib)a b 13001Ib
30 10°
For brass: > psi
PE, S
— P E.A. + ELA)
Sp E.A + Ep A, s (EsAs b b)Eb
16 ksi
P, (1776 * 10°Ib)a b 1890 1Ib
15 * 10° psi
Steel governs. P, 1300 Ib >
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Problem 2.4-2 A cylindrical assembly consisting of a brass core and
an aluminum collar is compressed by a load P (see figure). The length

of the aluminum collar and brass core is 350 mm, the diameter of the
core is 25 mm, and the outside diameter of the collar is 40 mm. Also, the
moduli of elasticity of the aluminum and brass are 72 GPa and 100 GPa,
respectively.

Aluminum collar

Brass core

(a) If the length of the assembly decreases by 0.1% when the load
P is applied, what is the magnitude of the load?

(b) What is the maximum permissible load P, if the allowable
stresses in the aluminum and brass are 80 MPa and 120 MPa,
respectively? (Suggestion: Use the equations derived in
Example 2-6.)

Solution 2.4-2 Cylindrical assembly in compression
PL

4 A v EA

P (EaAa + Eb Ab)a%b

Substitute numerical values:

E,A, + EpA, (72 GPa)(765.8 mm?)

(100 GPa)(490.9 mm?)
55.135 MN + 49.090 MN

104.23 MN
0.350 mm
P 104.23 MN)a———
(10423 MN)a 355
104.2 kN -
umi
aluminum (b) ALLOWABLE LOAD
B
brass s. 80MPa s, 120MPa
350 mm Use Egs. (2-17a and b) of Example 2-6.
d, 40mm ; .
For aluminum:
d, 25mm PE, S
+
B, S pa+pa v GfarBAdagb
Ay 4(da dy) a a b b a
80 MPa
P, 104.23 MN 115.8 kN
765.8 mm? a (10423 )a7zepab >8
B>
E, 72GPa E, 100GPa A, 4db For brass:
490.9 mm? PE s
Sp ° R (Eaha + EpApa =%
(a) DECREASE IN LENGTH EaAa + EpAp Eb
(d 0.1%ofL  0.350 mm) A, (10423 MN)a 22 MP2y g5 1 kN

Use Eq. (2-18) of Example 2-6. 100 GPa

Aluminum governs. P, 116 kN >
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Problem 2.4-3 Three prismatic bars, two of material A and one of material B,
transmit a tensile load P (see figure). The two outer bars (material A) are identical.
The cross-sectional area of the middle bar (material B) is 50% larger than the
cross-sectional area of one of the outer bars. Also, the modulus of elasticity of
material A is twice that of material B.

(a) What fraction of the load P is transmitted by the middle bar?
(b) What is the ratio of the stress in the middle bar to the stress in the outer bars?
(c) What is the ratio of the strain in the middle bar to the strain in the outer bars?

Solution 2.4-3 Prismatic bars in tension

FREE-BODY DIAGRAM OF END PLATE STRESSES:

Pa

S
AAn  EpAp + EgAg

P
S 7
B Ag  EaAs + Eghg Y

EQUATION OF EQUILIBRIUM

(d) LoAD IN MIDDLE BAR

Fhoriz O I':’A I':’B P O (1)
Ps EgAs 1
EQUATION OF COMPATIBILITY P EaAa + EgAg EAAA +1
dy  dg ) EgAs
venEA o, A Ltl 4
FORCE-DISPLACEMENT RELATIONS Given: B 2 AB 15 3
A, total area of both outer bars
B 1 3 -
PL Bl P 3, A 8 1noz
d d 3 ba b+1 +1
A EAAk ®  EghAs @) Eg Ag 3

Substitute into Eq. (2): (b) RATIO OF STRESSES

PL _RL

4 S E
EaAn  EgAg @ =8 =B

1
Sa EA 2
SOLUTION OF THE EQUATIONS

Solve simultaneously Egs. (1) and (4): (C) Ratio OF sTRAINS

All bars have the same strain
_ EpAAP _ EgAgP

A ] _
PA EuAs + EgAs B EnAs + EgAg ®) Ratio 1

Substitute into Eq. (3):

d dy d AAA
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+ EgAg (6)
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Problem 2.4-4 A circular bar ACB of diameter d having a cylindrical hole of L P, d
i . ’—’
length x and diameter d/2 from A to C is held between rigid supports at A and | 2 *
B. A load P acts at L/2 from ends A and B. Assume E is constant. ; dl | d
(@) Obtain formulas for the reactions R, and Rg at supports A and B, respec- 2 |
tively, due to the load P (see figure part a). £
(b) Obtain a formula for the displacement d at the point of load application T \
(see figure part a). A ¢ B
(c) Forwhatvalue of xisRg  (6/5) Ra? (See figure part a.) —

(d) Repeat part (a) if the bar is now rotated to a vertical position, load P is

removed, and the bar is hanging under its own weight (assume mass (@)

density ). (See figure part b.

Solution 2.4-4

) Assume that x ~ L/2.

B
L-x
e+
d
2 —> e X
d—» [e——
A77

(@) ReacTions AT A AND B DUE TO LOAD P AT L/2

2
| S d 3
A A
AC 40 d a2b d AC lﬁpd
Acs Edz

Select Ry as the redundant; us

e superposition and a compatibility equation at B:

Pa_L xb —L X

itx L2 d Px ,_ 2 L S

X Bla  "EA . EAcs Bla ET3 0 D,
—pd d
16 4

; 2 2x +3L

Bla 3 Epd2

P= =
i 2 2 8 PL
ifx L2 de1p EA pc dib 3 dg1p 3 Eidz
EaEdeb P
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The following expression for dg, is good for all x:
Rg __ x

b d +
B2 p 3 B4 Q

L x

BE_X_'_LX

d a
2 ETAxc Acs

2
Pds
Rg 16 _x_ L x
a + 4
dBZ E 3 pdz pd2
Solve for Rg and R, assuming that x ... L/2
2x + 3L
aZP 2+ 3L b
- 3 pd? 1 2x+3L _
Compatibility:  dgia dsz O Rgg Rga P >
16 X 2 x + 3L
3772 + 47L be
3 pd pd
N check—ifx 0, Rg P/2
Statics: R P R R P_12X+3L R _PL >
tatics: Aa Ba Aa 2 X + 3L Aa 2 X + 3L -
~check—if X 0, R, P/2
Solve for Rg and R, assuming that x U L/2:
8P
3 pd? 2PL
Compatibility: d d 0 R R >
p y B1b B2 Bb 16 x \ L X, Bb w4 3L
3 pd? pd?
N check—ifx L, Rg P/2
N 2PL X + L _
Statics: Rap P Rgp Rap P ax + 3L Rab P 7)( ‘3L >
(b) FIND d AT POINT OF LOAD APPLICATION; AXIAL FORCE FOR SEGMENT 0 To L/2 Ra AND d  ELONGATION OF THIS SEGMENT
Assume that x ... L/2:
L L
L a—_ P — X
X P D _X
—Rpa X 2 2 xxdl X 2 <
aa +
d + +
da P Q 2 E 3 p
E A A = g2 d?
AC CB 16 p 4

d, PL
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8 P
Forx L/2, da 7 Lw >
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Assume THaT x U L/2:

1R 2L aP =~ +L bL
AbSo ar 2
e x +3L°2 8 X +L L
db - db db ~ Pa b -
EAac Eaipdzb 3 x+3L Epd?
16

8PL

forx L/2 d —P—_
® 7 Epd?

same as d, above (OK)

(c) For wHAT VALUE oF X isRg  (6/5) Ra?
Guess that x ~ L/2 here and use Rg, expression above to find x:

1 x+3L 6 _3 L 1 10x 3L 3L

P a 5 b P 0 X
2 X + 3L 5 2 X + 3L 10 X + 3L 10

Now try Rg,  (6/5)Rap, assuming that x  L/2
2PL 6 X +L 2 2L + 3x
P

N

a P b 0
x+3L 5 X + 3L 5 x+3L 3

So, there are two solutions for x.

(d) FIND REACTIONS IF THE BAR IS NOW ROTATED TO A VERTICAL POSITION, LOAD P IS REMOVED, AND THE BAR IS HANGING
UNDER ITS OWN WEIGHT (ASSUME MASS DENSITY  p). AsSUME THAT X  L/2.

3 p
A d? A d?
AC 16 P B,

Select Rg as the redundant; use superposition and a compatibility equation at B
from (a) above. compatibility: dg; dg; O

Rg _x N L X Rg 14 L
d a b Forx L/2, d a b
2 E A Acs 2 E" 3 pd?
5 Nac Neg

Where axial forces in bar due to self weight are Wuc rgAAC% Weg  rgAce =
(assume z is measured upward from A):

L L 3 p
N CrgAcg — + rgAsca_ b d A ~—pd? A d?
AC g CB » 9AAC 2 AC 16p B 4
Ncs [roAcs(L  2)]
_1 2 i 2 l l 2
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© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



166  CHAPTER 2 Axially Loaded Members

_1 2 _3 2 l l 2
t'g rgpd-L 16 rgpd a2L b L 04 rgpd<(L )
dg; d + d
L
Lo _3 2 L N 2
Ea . pd?b 2 Eald?b
16
11 L2 1 2 7 L2 7
g a7, rog*groghb du 1oy 7; 0583

Compatibility: ds; ds, O

L2
aﬁ rg?D 1 ,
Rp——— Rg *l’gpd L
14 L 8
- 2b
3 Epd

Statics: Ra (Wa We) Rg
3 , L p, L 1 2
R ccrga db_ +rga db_d rgpd Ld
A g 16I0 2 g 4 2 8 ap

3
RAﬁrgpdzL :

Problem 2.4-5 Three steel cables jointly support a load of 12 k (see figure). The diameter of
the middle cable is 3, in. and the diameter of each outer cable is % in. The tensions in the
cables are adjusted so that each cable carries one-third of the load (i.e., 4 k). Later, the load is
increased by 9 k to a total load of 21 k.

(a) What percent of the total load is now carried by the middle cable?
(b) What are the stresses sy, and se in the middle and outer cables, respectively?
(NOTE: See Table 2-1 in Section 2.2 for properties of cables.)
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Solution 2.4-5 Three cables in tension

ARreas oF cabLEs (from Table 2-1)

0.268 in.?
0.119in.2

Middle cable: Ay,
Outer cables: Ag

(for each cable)

FIrsT LOADING

P
P. 12 kaEach cable carries 51 or4k.b

SECOND LOADING
P, = 9 k (additional load)
Po[ Py TPO

| S m———

EQUATION OF EQUILIBRIUM
Fier 0 2Po Py P, 0 1)

EQUATION OF COMPATIBILITY
dv do )

FORCE-DISPLACEMENT RELATIONS
huL BL

d
M EAw °  EA,

3, 4)

SECTION 2.4 Statically Indeterminate Structures 167

SUBSTITUTE INTO COMPATIBILITY EQUATION:
Pk RL Py R )
EAv  EAo Ay Ao

SoLvE sIMULTANEOUSLY Egs. (1) anp (5):

An 0.268 in.2
R P,a b 9k)a b
Mo 2% A0+ 2A, S 0.506 in.2
4,767 k
A, 0.119in.2
P, Pa b 9k)a b
o PR o O i
2117k
FORCES IN CABLES
Middle cable: Force 4k 4767k 8.767 k
Outer cables: Force 4k 2117k 6.117k

(for each cable)

(2) PERCENT OF TOTAL LOAD CARRIED BY MIDDLE CABLE

8.767 k
21k

Percent (100%) 41.7% ;

(b) STRessEs IN cABLES (S P/A)

8.767 k
Middle cable: sy, o, 32.7ksi :
6.117 k .
Outer cables: so  —  51.4ksi :
0.119 in.?
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Problem 2.4-6 A plastic rod AB of length L 0.5 m has a
diameter d; 30 mm (see figure). A plastic sleeve CD of length d da
¢ 0.3 mand outer diameter d, 45 mm is securely bonded to the A l C D B
rod so that no slippage can occur between the rod and the sleeve. it e

The rod is made of an acrylic with modulus of elasticity E; 3.1
GPa and the sleeve is made of a polyamide with E, 2.5 GPa.

(a) Calculate the elongation d of the rod when it is pulled by
axial forces P 12 kN.

. . L
(b) If the sleeve is extended for the full length of the rod, what is ' '
the elongation?
(c) If the sleeve is removed, what is the elongation?
L |
Pc
P 12kN d, 30mm b 100 mm PartCD: dpopy —
o CEA + ExA
L 500 mm d, 45mm ¢ 300mm
0.81815 mm

Rod: E; 3.1GPa
Sleeve: E, 2.5 GPa

pd? 2
Rod: A; 4 706.86 mm

(From Eqg. 2-18 of Example 2-6)
d 2dpc dep 1.91mm :

(b) SLEEVE AT FULL LENGTH

b 2 2 2 L 500 mm
: d depa b 0.81815 mm)a b
Sleeve: A, ,(d, d;) 88357 mm cod ( ) 300 mm
EA,  EA, 4.400MN 136mm 3
(c) SLEevE REMOVED
(a) ELONGATION OF ROD PL
Pb d EA 2.74 mm :
Part AC: d 0.5476 mm 11
ar i g
11
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Problem 2.4-7 A tube structure is acted on by

loads at B and D, as shown in the figure. The — X patx =3 /Ay T
tubes are joined using two flange plates at C, Patx=L/Ai T
which are bolted together using six 0.5 in. diam-
eter bolts. L e
. . EA L EEEA 2
(a) Derive formulas for the reactions R, and
P P P N /_,"
Re at the ends of the bar. L/i4 " L4 7] L4 T L4 Flange plates at C joined
(b) Determine the axial displacement g, , IR I D E by six bolts

and p at points B, C, and D, respectively.
(c) Draw an axial-displacement diagram

(ADD) in which the abscissa is the distance x from support A to any point on the bar and the ordinate is the horizontal
displacement d at that point.
(d) Find the maximum value of the load variable P if allowable normal stress in the bolts is 14 ksi.

Solution 2.4-7

NUMERICAL DATA
n 6 dy 05in. s, ldksi A, fde 0.196 in.2

(a) ForMuULAS FOR REACTIONS F

L
2a—Db
14__ L
Segment ABC flexibility: f
g XD T EA 2EA
2a5b )
Segment CDE flexibility: f, 1 - EA
— EA
2

Loads at points B and D:
Ps 2P Pp 3P
(1) Select Re as the redundant; find axial displacement d;  displacement at E due to loads Pg and Pp:

lpB + |:>D2E P E P E
g 4 "oy Dy 5LP
' EA A 1 2EA
—EA
2
(2) Next apply redundant RE and find axial displacement d,  displacement at E due to redundant Rg:
3LRg
d Rglfy + .2 =
2 gllt + 1o 2EA
(3) Use compatibility equation to find redundant Rg then use statics to find Ra:
d, + d, Osolve, Re SP Re —SP
3 3
2P 2P 2P 5P
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(b) DETERMINE THE AXIAL DISPLACEMENTS dg, dc, AND dp AT POINTS B, C, AND D, RESPECTIVELY.

2P L 2P L 5P L
a——ba-b a2p ba b —bab
8 4 P 3 47 P S3 A LP
&R en % Bt EA A A 6 EA
leftward to the right )
to the right

(c) DRAW AN AXIAL-DISPLACEMENT DIAGRAM (ADD) IN WHICH THE ABSCISSA IS THE DISTANCE X FROM SUPPORT A TO ANY
POINT ON THE BAR AND THE ORDINATE IS THE HORIZONTAL DISPLACEMENT 0 AT THAT POINT.

AFD for use below in Part (d) Axial Force Diagram (AFD)

AFD is composed of 4 constant segments, so 2
ADD is linear with zero displacements at __
supports A and E. e 1
£
8 N 0
= Ra
©
2 -1
-2 IQE
) 0.25 05 0.75 |
X
Distance x (times L)
Plot displacements dg, d¢, and dp from part (b) . .
above, then connect points using straight lines Axial Displacement Diagram (ADD)
showing linear variation of axial displacement
Between points <
L
5LP 3
- ; 3
Onax  dp  Oimax 6EA to the right E
= o(x)
Boundary conditions at supports: S
dy dg O :E’é
-0.5
0 0.25 0.5 0.75 1

X
Distance (times L)

(d) MAXIMUM PERMISSIBLE VALUE OF LOAD VARIABLE P BASED ON ALLOWABLE NORMAL STRESS IN FLANGE BOLTS
From AFD, Force ar L/2:

Frax gP and Frax NSaA, 16.493k
P 3 F 12
max 4 Fmax 37k Pmax 12.37k
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Problem 2.4-8 The fixed-end bar ABCD consists of three prismatic A

segments, as shown in the figure. The end segments have cross-sectional / Py
areaA; 840 mm? and length L, 200 mm. The middle segment has e p—
cross-sectional area A, 1260 mm? and length L, 250 mm. Loads Pg  {a

and P¢ are equal to 25.5 kN and 17.0 kN, respectively.

(a) Determine the reactions R, and Rp at the fixed supports. Ly Ly l
(b) Determine the compressive axial force Fgc in the middle
segment of the bar.

Solution 2.4-8 Bar with three segments
Al AZ\ A!l Ps 255kN  Pc 17.0kN
: — \ : oF .t L; 200 mm L, 250 mm
A Py - 1 Pe D A, 840mm? A, 1260 mm?
m  meter
L] L2 Ll
SOLUTION OF EQUATIONS

FREE-BODY DIAGRAM Substitute Egs. (3), (4), and (5) into Eq. (2):

Ra 1 Ra 1
a238.095 b + al98.413 b
E m E m

Ry Pg

P 1 R 1

$£2108.413= b + 22238095~ b 0

E m E m
EQUATION OF EQUILIBRIUM

= 0 - - Simplify and substitute Pg ~ 25.5 kN:
horiz - >
1 1
Pe Ro Pc Ra Oor RAa436.508Eb + RD3238-095Eb
R R P P 8.5 kN Eq. 1
bR (Fa- 1) 5,059.53 kN/m (Eq. 6)
EQUATION OF COMPATIBILITY
dao  elongation of entire bar (@) Reactions Ry AND Rp
diop Oas  Oge  dep O (Eq. 2) Solve simultaneously Egs. (1) and (6).
FORCE-DISPLACEMENT RELATIONS From (1):Rp  Rs  8.5kN
; Ral4 BAa238 o5 1 b (9. 3 Substitute into (6) and solve for Ra:
BB ECTT M o L
RAa674.603Eb 7083.34 KN/m
q (Ra __Be)Ly
5 EA; Ra 105kN 3
Ry 1 Ps 1 Ro Ry 85KkN 20KkN :
E 2198.413 mb E 2198.413 mb (Ea. 4) (b) ComPRESSIVE AXIAL FORCE Fgc

Fec Ps Ra Pc Rp 15.0kN -

q Rol:  Rp
€ EA, E

1
a238.095 b
m




172  CHAPTER 2 Axially Loaded Members

Problem 2.4-9 The aluminum and steel pipes shown in the figure are fastened to rigid
supports at ends A and B and to a rigid plate C at their junction. The aluminum pipe is
twice as long as the steel pipe. Two equal and symmetrically placed loads P act on the
plate at C.

(a) Obtain formulas for the axial stresses s, and s in the aluminum and steel pipes,
respectively.

(b) Calculate the stresses for the following data: P 12 k, cross-sectional area of
aluminum pipe A,  8.92in.%, cross-sectional area of steel pipe A,  1.03in.2,
modulus of elasticity of aluminum E, 10  10° psi, and modulus of elasticity
of steel E, 29  10° psi.

SOLUTION OF EQUATIONS

T . Substitute Egs. (3) and (4) into Eq. (2):
L o Ees RaL  Rg(2l) Eq 5
EA Eds (Fa-9)

Solve simultaneously Egs. (1) and (5):

E.A, __4E;AP _ 2EAP
2L R Ea+2Ea P EA +2EA
a a S S a a S S

(Egs. 6, 7)

(&) AXIAL STRESSES

R 2EP

Aluminum: s, A EA +2EA

a a a S S
(compression) (Eq. 8)
Pipe 1 is steel. Ra 4EP
Pipe 2 is aluminum. Steel:ss £ A 4 oEA : (Eq.9)
S a a S S

EQUATION OF EQUILIBRIUM (tension)

Fer O Ra Rg 2P (Eq. 1) (b) NUMERICAL RESULTS
EQUATION OF COMPATIBILITY P 12k A, 8.92 in.2 A, 1.03 in.2
dig dac des O (Ea. 2) E. 10 10°psi E; 29 10°psi
(A positive value of d means elongation.) Substitute into Egs. (8) and (9):
FORCE-DISPLACEMENT RELATIONS S, 1,610 psi (compression) :
; Rl Rg(2L) fos 3 4 ss 9,350 psi (tension) :

ac g a Uec EA (Eas. 3, 4))

S S a_a
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Problem 2.4-10 A hollow circular pipe (see figure) supports a load P which is uni-
formly distributed around a cap plate at the top of the lower pipe. The inner and outer

diameters of the upper and lower parts of the pipe are d;, 50 mm, d, 60 mm, Tdp |
d; 57mm,andd, 64 mm, respectively. Pipe lengthsare L; 2mandL, 3 m. ' B
Neglect the self-weight of the pipes. Assume that cap plate thickness is small com- ‘dg’ 1
paredto L, and L,. LetE 110 MPa. P
(@) If the tensile stress in the upper partiss;  10.5 MPa, what is load P? Also, P Lo
what are reactions R; at the upper support and R, at the lower support. What is l P l
the stress s, MPa in the lower part? 0 s ] ——Cap plate
(b) Find displacement (mm) at the cap plate. Plot the Axial Force Diagram, (Part (¢) only) T : d3\i
AFD [N(x)] and Axial Displacement Diagram, ADD [ (x)]. g ' 5 :
(c) Add the uniformly distributed load g along the centroidal axis of pipe segment 2. Md L
Find q(kN/m) sothat R, 0. Assume that load P from part (a) is also applied. x|t ; 4 ;
i
il T

Solution 2.4-10

(2) STRESSES AND REACTIONS: SELECT R; AS REDUNDANT AND DO SUPERPOSITION ANALYSIS (HERE O; DEFLECTION
POSITION UPWARD)

d, 50mm d, 60mm d3 57mm d, 64mm A 491d22 d; 2  863.938 mm?

E 110 MPa
e 2 2
SEGMENT FLEXIBILITIES Ly 2m L, 3m
L L fy
2
f 0.02105 mm/N f 0.041mm/N 0.513
LOEA 2 EA f,

TeNsILE stress (S;) is known in upper segmentso Ry  s; * A s; 10.5MPa Ry siA; 9.07kN
dla Pf2 dlb Rl 1f1 + f22 Compatlblllty dla + dlb 0

f +f
Solve for P: P Rla-l—f—zb 13.73kN
2
Ry

A 7 MPa compressive since R, is
2

positive (upward)

Finally, use staticsto findR,: R, P R; 4.66 kN S,

P 1373kN| [R; 9.07kN| [R, 466kN| [s, 7MPa]

(b) DISPLACEMENT AT CAP PLATE

d. Ryfy 190.909 mm 6 downward OR d. 1R,2f, 190.909 mm downward (neg. x-direction)
deap  de 0.191m Jeap  190.9 mm

AFD and ADD: R; 9.071 R, 4.657 L, 2 A; 863938 A, 665.232 E 110
L, 3
NOTE: x is measured up from lower support.
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Axial Force Diagram (AFD) Axial Displacement Diagram (ADD)
10 0 N Y
5x10°5 \
5
N (X) 0 (X) “1x 10—4
0
~15%x1074
- -4
>0 1 2 3 4 5 —2x10%, 1 2 3 4 5
X X

(c) UNIFORM LOAD Q ON SEGMENT 2 sUCH THAT R, 0

P 13728kN Ry s;A; 9071kN L, 3m

A P R
Equilibrium: R; + R, P gL, 6 set R, 0, solve forreq’dq q 1 1552kN/m

L,
g 1.552 kN/m

Problem 2.4-11 A bimetallic bar (or composite bar) of square cross
section with dimensions 2b  2b is constructed of two different metals

bar have the same cross-sectional dimensions. The bar is compressed by P—L 9 b <i—
forces P acting through rigid end plates. The line of action of the loads eT / b Te
has an eccentricity e of such magnitude that each part of the bar is E{

stressed uniformly in compression. b

(a) Determine the axial forces P, and P, in the two parts of the bar. |_b
(b) Determine the eccentricity e of the loads. 2b
(c) Determine the ratio s,/s, of the stresses in the two parts of the bar.
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Solution 2.4-11 Bimetallic bar in compression

FREE-BODY DIAGRAM

(Plate at right-hand end)

SECTION 2.4

Statically Indeterminate Structures

EQUATIONS OF EQUILIBRIUM
F 0P P, P

b

Pe+P1a2b P2a2b 0 (Eq.2)

M 0

EQUATION OF COMPATIBILITY

d, d;

PL PL B P
2 1= o 2 1

E,A  E,A E, E

(Ea. 1)

b

(Eq. 3)

(a) AxIAL FORCES

Solve simultaneously Egs. (1) and (3):

_PE; PE;
E; + B

(b EccenTriCITY OF LoAD P

Substitute P, and P, into Eq. (2) and solv
bE, EY)
2, Ep 7

(c) RATIO OF STRESSES

P P s

S Sz

A A Sy P2 E2

175

e for e:
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Problem 2.4-12 A rigid bar of weight W 800 N hangs from three equally
spaced vertical wires (length L 150 mm, spacinga 50 mm): two of steel
and one of aluminum. The wires also support a load P acting on the bar. The SIS | RN
diameter of the steel wiresisds 2 mm, and the diameter of the aluminum wire L sl Al s
isd, 4mm.Assume E; 210GPaandE, 70 GPa.

(@) What load Py can be supported at the midpoint of the bar (x  a) if the of weight W
allowable stress in the steel wires is 220 MPa and in the aluminum wire is ~ *— /
80 MPa? (See figure part a.)
(b) What is P if the load is positioned at x ~ a/2? (See figure part a.)
(c) Repeat (b) above if the second and third wires are switched as shown in figure  >|p

part b. @

Rigid bar
/of weight W

Solution 2.4-12

Numerical data:

W 800N L 150 mm
a 50mm ds 2mm
dy, 4mm Es 210GPa

Exn 70GPa

Ssa 220 MPa Saa 80 MPa

9] 2 p 2
A d A d
A 4 A S 4 S

Ar 13 mm? As 3mm?

(a) Pallow AT CENTER OF BAR
One-degree statically indeterminate - use reaction (R,) at top of aluminum bar as the redundant

compatibility: d;, d, 0 Statics: 2Rs Ry P W

P +W L

d; ’ a—E A b downward displacement due to elongation of each steel wire under P~ W if
SMS

aluminum wire is cut at top
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L

d Rpdoc 7+ ———
2 A 2ESAS EAAA

b upward displ. due to shortening of steel wires and elongation of aluminum
wire under redundant Rp

Enforce compatibility and then solve for Ra:

P+W _ L
a b
2 TEsAs _ EMAp _Ra
+ and
dl d2 SO RA L L RA (P W) EA +2EA S Aa A
+ A A S S A
2EsAg EpAa
Now use statics to find Rg:
EpPa
P+W (P+W =
P+W RA ( ) EAAA;+2ESA§ EQAS
R R R P+
s 2 s 2 s PW e n vk a
A A S S
Rs
and Ssa As
Compute stresses and apply allowable stress values:
_ Ea _ Es
s P+W s P+
pa JEA +2EA s (PAW) e n L en
A A s 's A A S 's
Solve for allowable load P:
E AL + 2ECA E AL + 2EGA
Pra  Sasd _A_A*E S Psa Ssad™ - 7E—§_§ b W (lower value of P controls)
A s
Paa 1713 N Ps, 1504 N > Paiow is controlled by steel wires

(b) Pajow IF LOAD P AT X a/2

Again, cut aluminum wire at top, then compute elongations of left and right steel wires:

3P W L Pow L
d a— + —ba b d a + _ba b
%4 " 277EA R 27 EA
s s s's
dy +dgg P+W L
dy ) dy 9 aEAbwheredl displacementatx a
ss
Use d, from part (a):
L L
+7
G2 Radse i *EA P
s s A A
EAAA
in n Ive for Ra: R P+W i
So equating d; and d,, solve for Ra: Ra ( )EA +%E A
A A s s
~ same as in part (a)
3P W  Ra

Ry . + ) ) stress in left steel wire exceeds that in right steel wire
4

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



A P+W
3P W ( ) EpAn + 2E5As
2

2
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PEpA, +6BPESAs +4WEsAg PEsAL +6PEGAs +AWEAs 1

R s a b
St 4E A + 8E A sa 4E A +8E A A

A A S S A A S S S

Solve for P, based on allowable stresses in steel and aluminum:

Ssal4AsEpAp +8ESAE)  (AWE sA9
2 EA +6E A
A A S S

Ps, 820N 5 steel controls

Pna 1713N same as in part(a)

() Paiow IF WIRES ARE SWITCHED AS SHOWN AND X  a/2
Select R, as the redundant; statics on the two released structures:

(1) Cut aluminum wire—apply P and W, compute forces in left and right steel wires, then compute displacements
at each steel wire:

P P
RSL —_— RSR E + W
2
P L P L
— — +
d1|_ 2& EA b le a 5 Wb a b
S'S S S

. . . S P L
By geometry, d at aluminum wire location at far right is dq a§ + 2Wb aﬁb

S S

(2) Next apply redundant R, at right wire, compute wire force and displacement at aluminum wire:

5L L
RSL RA RSR 2RA d2 RAai +

——b
EsAs  EaAa

(3) Compatibility equate d;, d, and solve for Ry, then P o, for aluminum wire:

P L
+ 2Wa b
a— _— A
"2 EgAs EpAAP +4E AW Ra
R R s
A L L A 10E A, + 2EsAg A2 A
EsAs = EaAa

. EaP + 4E W
A 10E A +2E A
A A S S

Saa(10EAL + 2E5AS)  4E W
Aa—/L ADA - $AS, ALL P 1713N
A

(4) Statics or superposition—find forces in steel wires, then P, for steel wires:

P, EaAWP +4EAAW

P
R ~—+R R
St A Sb 2 7 10EpAs + 2EsAs
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6EAAAP + PEgAs + 4Ep\AAW _
RsL 10E, A4 + 2EAs Iarger than Rgg, SO use in allowable stress
calculations
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p P EAAAP + 4E ANW
Re —+W 2R Rpg _— +W ~—2A 44
SR A R 5EA +EA
A A S S
BEpAWP + PEGAs + 2E,AJW + 2WEgAg
SR 10E A + 2E A
A A S S
RgL 10EpAp + 2E5As _ AE AW
S SsaAsa b
2 A Ra  Ssafsd oo ) L E A 6E A +E A
S A A S S A A S S
10S5,AsErAn +2Ss:A SEs 4B AW
TS SSACA TSR SRS SEASK % 703N -
6EAAp + EsAg A steel controls

Problem 2.4-13 A horizontal rigid bar of weight W 7200 Ib is supported by
three slender circular rods that are equally spaced (see figure). The two outer

rods are made of aluminum (E; 10  10° psi) with diameter d; 0.4 in. and
length L, 40 in. The inner rod is magnesium (E, 6.5  10° psi) with diam-
eter d, and length L,. The allowable stresses in the aluminum and magnesium
are 24,000 psi and 13,000 psi, respectively. L
If it is desired to have all three rods loaded to their maximum allowable
values, what should be the diameter d, and length L, of the middle rod?
|
Solution 2.4-13 Bar supported by three rods
o Bar 1 ALuMINUM FREE-BODY DIAGRAM OF RIGID BAR
o ‘ o E, 10  10° psi EQUATION OF EQUILIBRIUM
A T .
d, 0.4in. F F F Fren 0
_ 2 2F, F, W 0 (Eq.1)
2 L, 40in.
l_ ; FuLLY STRESSED RODS
S, 24,000 psi
. ; ! P W Fi siA Fo SA
—1 "_1 BAR 2 MAGNESIUM
2
E, 65 10°psi A pzdl A pzdg
d, ? L, ? Substitute into Eq. (1):
WETHOR 13,000 psi d2 a3
2 ’ ZSlapZIb + sza%b w
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Diameter d; is known; solve for d,: F,L L
! 9 2 d, —2=2 sga_gb (Eq. 5)
4w 2sd E,A E
@ — = (Eq. 2) e 2
ps, S, Substitute (4) and (5) into Eq. (3):
: L L
SUBSTITUTE NUMERICAL VALUES: sla_l b Sza_g b
2 E E
9 4(7200 Ib) 2(24,000 psi)(0.4 in.) 1 2
dy p(13,000 psi) 13,000 psi Length L, is known; solve for L,:
. . . E
0.70518in.2  0.59077in.?2  0.11441in.? L a§’_’ (Eq. 6)
2 SoEq

d, 0.338in. 3

SUBSTITUTE NUMERICAL VALUES:
EQUATION OF COMPATIBILITY

24,000 psi 6.5 * 10° psi
d d (Eq. 3) L, (40in)a

ba————b
13,000 psi 10 * 10° psi
FORCE-DISPLACEMENT RELATIONS

48.0 in.

L
si;a_-b (Eq. 4)

pipes having a cross-sectional area A 3500 mm*” and a modulus of
elasticity E 210 GPa. Member BC is of length L~ 2.5 m, and the
angle between members AC and AB is known to be 60 . Member AC
lengthisb 0.71L. Loads P 185 kN and 2P 370 kN act vertically
and horizontally at joint C, as shown. Joints A and B are pinned supports.
(Use the law of sines and law of cosines to find missing dimensions and
angles in the figure.)

Problem 2.4-14 Three-bar truss ABC (see figurez) is constructed of steel \ = l

(@) Find the support reactions at joints A and B. Use horizontal reac-
tion B, as the redundant.

(b) What is the maximum permissible value of load variable P if the
allowable normal stress in each truss member is 150 MPa?

Solution 2.4-14

NUMERICAL DATA

L 25m b 071 L 1775m E 210GPa A 3500 mm? P 185kN Uy 60
s, 150 MPa

FIND MISSING DIMENSIONS AND ANGLES IN PLANE TRUSS FIGURE

X, bcoslup2 0.8875m Yo bsinlup2 1.5372m

bsin(u
- b - L S0 ug asina A)b 37.94306
sin(Ug)  sin(up) L
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uc 180 (up + ug) 82.05694

———sin(uc) 285906 m  or ¢ 3b%+ L2 2blcos(uc) 2.85906 m
sin(ua)
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(a) SELECT Bx AS THE REDUNDANT,; PERFORM SUPERPOSITION ANALYSIS TO FIND Bx THEN USE STATICS TO FIND REMAINING
REACTIONS. FINALLY USE METHOD OF JOINTS TO FIND MEMBER FORCES (SEE ExampLE 1'1)

dsq  displacement in x-direction in released structure acted upon by loads P and 2P at joint C:

dgy  1.2789911 mm this displacement equals force in AB divided by flexibility of AB
. . L c
ds,  displacement in x-direction in released structure acted upon by redundant B,: dexo By EA
EA
COMPATIBILITY EQUATION: dgx1 + dgxy O S0 By c dpx1 328.8 kN

Sratics: ©Fy 0 Ay By 2P  412kN
©M, 0 B, %[2 P(bsin(uy) + P(bcos(uy)]  256.361 kN
©, 0 A P B,  T7L36LkN

REACTIONS:

[Ac  412kN| [A,  714kN| [B,  329kN| [B, 256 kN |

(b) FIND MAXIMUM PERMISSIBLE VALUE OF LOAD VARIABLE P IF ALLOWABLE NORMAL STRESS IS 150 MPA
(1) Use reactions and Method of Joints to find member forces in each member for above loading.
Results: Fpg O Fec 416.929 kN Fac =82.40 kN
(2) Compute member stresses:

416.93 kN 82.4 kN
SaB 0 Sgc f 119.123 MPa Sac A

23.543 MPa

(3) Maximum stress occurs in member BC. For linear analysis, the stress is proportional to the load so

s

Prax | =2 [P 233kN|  Sowhen downward load P 233 kN is applied at C and

Sec horizontal load 2P 466 kN is applied to the right at C,
the stress in BC is 150 MPa

Problem 2.4-15 A rigid bar AB of length L 66 in. is hinged to a
support at A and supported by two vertical wires attached at points C —_

and D (see figure). Both wires have the same cross-sectional area
(A 0.0272in.?) and are made of the same material (modulus E 30
10° psi). The wire at C has length h 18 in. and the wire at D has -t 2h
length twice that amount. The horizontal distances are ¢~ 20 in. and h
d 50in. A C ! D B
(a) Determine the tensile stresses sc and sp, in the wires due to the Ib
load P 340 Ib acting at end B of the bar. <—c—»\
(b) Find the downward displacement dg at end B of the bar. d YP
L
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Solution 2.4-15 Bar supported by two wires

EQUATION OF COMPATIBILITY

. dp
- Eq. 2
c d (Eq. 2)
FORCE-DISPLACEMENT RELATIONS
Tch Tp(2h)
de ™, do o, (Egs. 3, 4)
SOLUTION OF EQUATIONS
Substitute (3) and (4) into Eqg. (2):
Tch  Tp(2h) Tt 2
CEA  dEA O ¢ d (Eq.9)
) TENSILE FORCES IN THE WIRES
h 18in. | | | d
i Egs. (1 :
Sh 36in. Solve simultaneously Egs. (1) and (5)
i LI T Egs. 6, 7
¢ 20in. C 9242 D 224 g2 (Egs. 6, 7)
d 50 in. TENSILE STRESSES IN THE WIRES
66 in. Tc 2cPL
.- Sc X 5. (Eq. 8)
30 10° psi A(2c” + d9)
Th 2
0.0272 in. o dPL
S Eqg. 9
P 3401b D A A(2C2 n dz) ( q )
FREE-BODY DIAGRAM DISPLACEMENT AT END OF BAR
L 20p L 2hPLEZ—
d dpa b ab Eg. 10
B P%T EA TdT EA@c? +d?) (Fa. 10)
B
B SUBSTITUTE NUMERICAL VALUES
2¢ d® 2(20in.)* (50in.)*> 3300in.?
wr 2cPL 2(20 in.)(340 Ib)(66 in.)
(a) Sc 2 2 . 9 . D
A(2c® + d9)  (0.0272in.9)(3300 in.9)
10,000 psi 3
DISPLACEMENT DIAGRAM s dPL (50 in.)(340 Ib)(66 in.)
4 c p B P A@Z +d?)  (0.0272in?)(3300 in.%)
12,500 psi >
8¢ 2hPL?
SD EQUATION OF EQUILIBRIUM
g
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(b) dg EA(2c2
+ d?)

> O,/ N

O W——"

oo~~~ —

(30 *
106
psi)(0.02
72

in.2)(330
0in?

My O Tc(©) To(d) PL (Ea. 1) 00198in. 3
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Problem 2.4-16 A rigid bar ABCD is pinned at point B and sup-
ported by springs at A and D (see figure). The springs at A and D D
have stiffnesses k; 10 kN/m and k, 25 kN/m, respectively, and

the dimensions a, b, and c are 250 mm, 500 mm, and 200 mm, —‘

respectively. A load P acts at point C. /°\ l
. 1

| a=250 mm | b =500 mm \
Al Bl c \

If the angle of rotation of the bar due to the action of the load P

N

MAXIMUM LOAD

is limi ° i i issi ¢ =200 mm
is limited to 3°, what is the maximum permissible load P,ax? < 1] k, = 25 kN/m
ky = 10 KN/m
Solution 2.4-16 Rigid bar supported by springs
a ‘ ‘ b ‘ EQUATION OF EQUILIBRIUM
A B C D Mg O Fa@ P() Fpb) O (Eq. 1)
—‘ EQUATION OF COMPATIBILITY
k
k lp 2% dy o (Ea. 2)
c a b
D FORCE-DISPLACEMENT RELATIONS
NUMERICAL DATA E E
da 2 dp 2 Egs. 3, 4
a 250 mm k1 ks (Eq )
b 500 mm SOLUTION OF EQUATIONS
¢ 200mm Substitute (3) and (4) into Eg. (2):
F F
ki 10 KN/m —A D Eq. 5
' ak; bk, (Ea. 5)
ke 25 kN/m SoLve siMULTANEOUSLY Egs. (1) anp (5):
b ackP bck,P
Unax 3 rad = S 01| = —DCKoP
60 A a%ky + bk, D a%, + bk,
FREE-BODY DIAGRAM AND DISPLACEMENT DIAGRAM ANGLE OF ROTATION
a b d EQ L QQ Cip
) 0 ” ° k2 a%y + bk, b a%k; + b2,

u

j J( l ] P Y(aZ, + bky)

Fa Rg P Fp
—= >‘ Umax 2
Prax ¢ (@ ky + b ky >
SUBSTITUTE NUMERICAL VALUES:
8 P 2601841550 mm)2(10 kN/m)
200 mm
A B C D 5
TR A aTa WA~ A V4 Lo ] =il V1 N N /27NN |
T \\.IU\JIIIIII} \L\J r\I‘IIIII/J
P 1800 N :
dp
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184  CHAPTER 2 Axially Loaded Members

Problem 2.4-17 A trimetallic bar is uniformly compressed by an
axial force P 9 Kips applied through a rigid end plate (see figure).
The bar consists of a circular steel core surrounded by brass and
copper tubes. The steel core has diameter 1.25 in., the brass tube has
outer diameter 1.75 in., and the copper tube has outer diameter 2.25 in.
The corresponding moduli of elasticity are E; 30,000 ksi, E,
16,000 ksi, and E; 18,000 ksi.

Calculate the compressive stresses Ss, Sp, and S in the steel, brass,
and copper, respectively, due to the force P.

Copper tube

Brass tube

Steel core

Solution 2.4-17
Numerical properties (kips, inches):

d. 2.25in. dpy 1.751n. ds 1.25in.

E. 18,000 ksi E, 16,000 ksi

E; 30000 ksi

P 9k

EQUATION OF EQUILIBRIUM

Fwt O P P, P, P (Eqg. 1)
EQUATIONS OF COMPATIBILITY
ds dp d. ds (Egs. 2)
FORCE-DISPLACEMENT RELATIONS
PRL AL _RL
ds EA dy EA d¢ EA (Egs. 3,4, 5)
s s b b cc
SOLUTION OF EQUATIONS
Substitute (3), (4), and (5) into Egs. (2):
EA
p EbAp P P EcAc (Egs. 6, 7)
b sE A EA
S S S S
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SoLvE sIMULTANEousLY Egs. (1), (6), ano (7):

Es A

K P ==— 395k
* EsAs + EpAp + Ec A,
EpA
R, P22 —— 202k
EsAs + Ep Ay + EC A
E.A
PR P, % —— 303k
¢ EsAs + EpAp + Ec A,
P, P, P. 9 statics check
COMPRESSIVE STRESSES
Let EA EA, EA, EA.
P PE; . _
Ss A, ©FEA Ss  3.22 ksi :
B _PE, .
s 2 D -
b A, ©EA Sp  1.716 ksi :
B _PE
S A OFA sc 193ksi 3
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Thermal Effects

Problem 2.5-1 The rails of a railroad track are welded together at their ends (to form continuous rails and thus eliminate
the clacking sound of the wheels) when the temperature is 60°F.

What compressive stress s is produced in the rails when they are heated by the sun to 120°F if the coefficient of thermal
expansiona 6.5 10 %/°F and the modulus of elasticity E 30  10° psi?

Solution 2.5-1 Expansion of railroad rails

The rails are prevented from expanding because of T 120°F 60°F 60°F
their great length and lack of expansion joints.

Ea( T
Therefore, each rail is in the same condition as a bar . . .
with fixed ends (see Example 2-7). (30 10°psi)(6.5 10 “/°F)(60°F)

. . . s 11,700 psi :
The compressive stress in the rails may be calculated P

as follows.

Problem 2.5-2 An aluminum pipe has a length of 60 m at a temperature of 10°C. An adjacent steel pipe at the same tem-
perature is 5 mm longer than the aluminum pipe.

At what temperature (degrees Celsius) will the aluminum pipe be 15 mm longer than the steel pipe? (Assume that the coef-
ficients of thermal expansion of aluminum and steel area, 23 10 %°Canda, 12 10 %/°C, respectively.)

Solution 2.5-2  Aluminum and steel pipes

INITIAL CONDITIONS or,a Tl La L a( TL L
L, 60m To 10°C Solve for T:

L, 60.005m T, 10°C oL+ (L, L))

a, 23 10 °°C  a 12 10 °°C Tl al -

FINAL CONDITIONS Substitute numerical values:

Aluminum pipe is longer than the steel pipe by the al, al, 6599 10 ®m/°C

amount L 15 mm. 15 mm +5mm

T increase in temperature ¢T 659.9* 10 °m/C 3031 C

da @ Ta di &l Tk T To+¢T 10C+303LC

8, L, 403 C :

-

| Aluminum pipe

From the figure above:

d L L d L
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Problem 2.5-3 A rigid bar of weight W 750 Ib hangs from three equally spaced wires, two of steel and one of aluminum
(see figure). The diameter of the wires is /5 in . Before they were loaded, all three wires had the same length.

What temperature increase T in all three wires will result in the entire load being carried by the steel wires? (Assume
E; 30 10°psiia;, 6.5 10 ®°F anda, 12 10 °/°F)

Solution 2.5-3 Bar supported by three wires

1 d; increase in length of a steel wire due to temper-
L ature increase T
g A 5} as ( TL
[ d, increase in length of a steel wire due to load
L W/2
1 WL
W=7501b 2EAs
; d; increase in length of aluminum wire due to tem-
perature increase T
a( TL
S steel A aluminum For no load in the aluminum wire:
W 750 1b d, d, ds
1 WL
d in. +
8 ag(¢T)L 2EA, a,(¢eT)L
2
AR 00122722 or
4 W
T — s
6
E, 30 10°psi ¢ 2EA(a a)
S S a S
EAs 368,155 1b Substitute numerical values:
a, 65 10 S°F T 750 Ib
a, 12 10 °°F (2)(368,155 Ib)(5.5 * 10 %/ F)
L Initial length of wires 185 F :

NOTE: If the temperature increase is larger than T,
the aluminum wire would be in compression, which is
not possible. Therefore, the steel wires continue to
carry all of the load. If the temperature increase is less
than T, the aluminum wire will be in tension and
carry part of the load.
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Problem 2.5-4 A steel rod of 15-mm diameter is held Washer,
snugly (but without any initial stresses) between rigid walls . dy =20 mm
by the arrangement shown in figure part a. (For the steel 12-mmymeter bolt /
rod,usea 12 * 10 ¥ CandE 200 GPa.) . AT | B
(a) Calculate the temperature drop ¢ T (degrees %_d 4 :
Celsius) at which the average shear stress in the A \ 15 M lemm
12-mm diameter bolt becomes 45 MPa. Also, what Clevis, mm
is the normal stress in the rod? t=10 mm
(b) What are the average bearing stresses in the bolt and
clevis at A and between the washer (d,, 20 mm) (@)
andwall (t 18 mm) at B? Bolt and washer
(c) If the connection to the wall at B is changed to an ) (dp, dy) -
end plate with two bolts (see figure part b), what is 12-mmymeter bolt /
the required diameter dy, of each bolt if the tempera- T AT i i CD
turedropis ¢T 38 C and the allowable bolt stress ;i g O
is 90 MPa? o X ! 4
. 15 mm .
Clevis, L Mounting
t=10 mm plate (t)
(b)
Solution 2.5-4
NUMERICAL PROPERTIES
d. 15mm d, 12mm dy, 20mm t. 10 mm twan 18 mm
t, 45MPa a 12110 %2 E 200GPa
(a) TEMPERATURE DROP RESULTING IN BOLT SHEAR STRESS acT s EacT
P
R P, . . 2 P
odforce P (Eac¢T) 4 dy and bolt in double shear with shear stress t A t D
S 2 2
4%
2 p Ea¢T d, 2
t,  ,cEac¢m d?d t, - a,b
b pdb2 ( ) 4 b 2 db
tb 45 MPa
2t dp ? p
¢T

P 10kN
E (1000)a 24 ¢T 24C P (EactT),d 0
b

P 1000

A s 57.6 MPa
de | rod
r

Srod

4
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(b) BEARING STRESSES

P
2
BoLT AND CLEVIS ST d Spe  42.4 MPa
blc
P
WASHER AT WALL Shw ﬁ Spw  74.1 MPa
b
4 1d,, d, 2

(c) If the connection to the wall at B is changed to an end plate with two bolts (see Fig. b), what is the required diam-
eter dy, of each bolt if temperature drop ¢ T 38 C and the allowable bolt stress is 90 MPa?
Find force in rod due to temperature drop.

¢T 38C P (Ea¢T)3dr2

P 200 GPa%(lS mm)2(12410 63)(38) 16116 N P  16.12kN

Each bolt carries one half of the force P:

1612 kN
2
4 ——— 1068 mm) 4, 10.68 mm
B 90 MPa)
W\

Problem 2.5-5 A bar AB of length L is held between rigid supports
and heated nonuniformly in such a manner that the temperature increase AT

T at distance x from end A is given by the expression T Tgx®/L3, I
where Tg is the increase in temperature at end B of the bar 0
(see figure part a).

ATg

(@) Derive aformula for the compressive stress s, in the bar. (Assume that A B
the material has modulus of elasticity E and coefficient of thermal

expansion a). X
(b) Now modify the formula in (a) if the rigid support at A is replaced by ‘ L |
an elastic support at A having a spring constant k (see figure part b).

Assume that only bar AB is subject to the temperature increase. (a)

ATg
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Solution 2.5-5

(a) ONE DEGREE STATICALLY INDETERMINATE—USE
SUPERPOSITION SELECT REACTION RB AS THE
REDUNDANT; FOLLOW PROCEDURE
Bar with nonuniform temperature change. p

COMPRESSIVE FORCE P REQUIRED TO SHORTEN THE BAR BY
THE AMOUNT d

EAd lEAa(¢T)

B
AT, L 4
AT\ COMPRESSIVE STRESS IN THE BAR
P Ea(¢Ts)
0 S ., 3
A 4

(b) ONE DEGREE STATICALLY INDETERMINATE—USE
SUPERPOSITION.
Select reaction Rg as the redundant then compute
bar elongations due to T and due to Rg

L
. — mperature from abov
At distance x- dg1 atI:TB4 due to temperature from above

3
¢T ¢TBa)I(_—3b dez Rga® + —,b

REMOVE THE SUPPORT AT THE END B OF THE BAR:

A B L
H | aa¢TBZb
L x dx R
— | oL,
L k EA
Consider an element dx at a distance x from end A. EA
_ Rg acTy T
dd  Elongation of element dx ‘]4aI + 1bK
3

X

dd a(¢T)dx a(¢TB)an dx

dd elongation of bar

L L 3

x= 1
d dd a(¢Tg) a ., bdx “a(¢T)L
n 8, 0T a gbdx aleT)

So compressive stress in bar is

Rg __EaleTg? _
S¢ S¢ ;
A EA
4a—— +1b
kL

NOTE: s in part (b) is the same as in part (a) if spring

constant k goes to infinity.
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Problem 2.5-6 A plastic bar ACB having two different solid circular A |50mm C |75mm B
cross sections is held between rigid supports as shown in the figure. |
The diameters in the left- and right-hand parts are 50 mm and f
75 mm, respectively. The corresponding lengths are 225 mm and L ‘ f
300 mm. Also, the modulus of elasticity E is 6.0 GPa, and the coeffi- 225 mm— 300 mm |
cient of thermal expansion a is 100 10 5°C. The bar is subjected

to a uniform temperature increase of 30°C. @)

(@) Calculate the following quantities: (1) the compressive force
N in the bar; (2) the maximum compressive stress s.; and k A |50mm C |75mm g
(3) the displacement dc of point C.

(b) Repeat (a) if the rigid support at A is replaced by an elastic ¥
support having spring constantk 50 MN/m (see figure ‘ i

part b; assume that only the bar ACB is subject to the <—225 mm— 300 mm |
temperature increase).

(b)
Solution
NUMERICAL DATA L,
dc a.¢T( L]_) RB e
d, 50mm d, 75mm EA
Ly 225mm L, 300mm dc  0314mm 3 ( )sign means joint C moves
E 60GPa a 100 10 °°C left
T 30°C k 50 MN/m (b) ComPRESSIVE FORCE N, MAXIMUM COMPRESSIVE

STRESS AND DISPLACEMENT OF PART C FOR ELASTIC

(a) COMPRESSIVE FORCE N, MAXIMUM COMPRESSIVE STRESS SUPPORT CASE

AND DISPLACEMENT OF PT. C

p , p , Use Rg as redundant as in part (a):

A d A d
Tog™t 2 42 der a T(Li Ly
One-degree statically indeterminate—use Rg as L, L, 1 b
L1, L2 1
redundant ds, Rea EA; EA, Kk
der @ T(Li Ly Now add effect of elastic support; equate dg; and dg,
L L then solve for Rg:
dey Rea —, 0+ T.b °
EA 2 atTil, + L,2
Rs - N Rg

Compatibility: dg;  dgs, solve for Rg _Ls Ly . 1

a¢T(Ly + Ly EAL  EA, Kk

Rg N Rsg
b, b N 312kN 3
EA;  EA,
N
N 51.8kN 3 Semax  Semax 1591 MPa 3
Maximum compressive stress in AC since '_A‘_l
it has the smaller area (A;  Ay): Superposition:
N L, 1
1

Scmax AL Semax  26.4 MPa dc a¢T(L;)) Rga EA + kb
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Displacement d¢ of point C  superposition of d
C

. ! 546 mm sign means joint C
displacements in two released structures at C: 0.546 = ()sig )

moves left
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Problem 2.5-7 A circular steel rod AB (diameter d;  1.0in., length L,
3.0 ft) has a bronze sleeve (outer diameter d,  1.25in., length L, 1.0 ft)
shrunk onto it so that the two parts are securely bonded (see figure).
Calculate the total elongation d of the steel bar due to a temperature rise ‘
T 500°F. (Material properties are as follows: for steel, E, 30  10° psi and

a;, 65 10 °°F; forbronze, E, 15 10°psi,anda, 11 10 5°F) ! L |
Solution 2.5-7 Steel rod with bronze sleeve
dl dl SUBSTITUTE NUMERICAL VALUES

a, 65 10 %°F a, 11 10 °°F
E; 30 10%°psi E, 15 10°psi

d, 1.0in.
. . A Qd 2 a2
L, 36in. L, 12in. s 4 417 0.7854010n.
ELONGATION OF THE TWO OUTER PARTS OF THE BAR d, 1.25in.
dal DL L) A, 2(d2 d,2) 044179in2
(6.5 10 %°F)(500°F)(36 in. 12in.) 4
0.07800 in. T B500°F L, 12.0in.

d, 0.04493in.
ELONGATION OF THE MIDDLE PART OF THE BAR

The steel rod and bronze sleeve lengthen the same TOTAL ELONGATION

amount, so they are in the same condition as the bolt d d d 0123in _
and sleeve of Example 2-8. Thus, we can calculate the o : ' >
elongation from Eq. (2-23):

(as Es A + ap Ey A(ET)L,

d
Es As + Eb Ab

Problem 2.5-8 A brass sleeve S is fitted over a steel bolt B (see dy

figure), and the nut is tightened until it is just snug. The bolt has a 1 di dg Sleeve (5)

diameter dz 25 mm, and the sleeve has inside and outside diameters

d, 26mmandd, 36 mm, respectively.
Calculate the temperature rise T that is required to produce a com- . W — WN \m

pressive stress of 25 MPa in the sleeve. (Use material properties as - \ |

follows: for the sleeve,as 21 10 ¢°C and Es 100 GPa; for ’ ] Bolt (B)

the bolt, @ 10 10 %°Cand E; 200 GPa.)

(Suggestion: Use the results of Example 2-8.)
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Solution 2.5-8 Brass sleeve fitted over a Steel bolt

S Ss EsAs
* ¢T al + b 3
=" E@ a)  EA
oy s | [ A o
/ |
Steel Bolt \ SUBSTITUTE NUMERICAL VALUES:

Brass Sleeve
Ss 25 MPa
d, 36mm d;, 26 mm ds  25mm
Subscript S means “sleeve”. E. 100GPa E. 200 GPa

Subscript B means “bolt”. as 21 10 %°C ag 10 10 °°C

Use the results of Example 2-8.

A P d2 d2 ’ 620 3
mm
Ss compressive force in sleeve S 4 (da J 4 ( )
EqQuaTIoN (2-22a): | ¢ EsA
Q - Ag (dg) (625 mmd 1 + —>> 1496
(as _ ap)(CT)EsEgAg 4 4 Es As
s (Compression)
S EgAs + EgAg T 25 MPa (1.496)
Sowve ForR T: (100 GPa)(11 * 10 % C)
Ss(EsAs + Eg Ag) T 34°C 3
T a ap)Es Eg A
@s BEs R (Increase in temperature)
or

Problem 2.5-9 Rectangular bars of copper and aluminum are held by
pins at their ends, as shown in the figure. Thin spacers provide a separation i

between the bars. The copper bars have cross-sectional dimensions L i Aluminum bar
0.5in.  2.0in., and the aluminum bar has dimensions 1.0 in. 2.0 in. BT BEE
Determine the shear stress in the 7/16 in. diameter pins if the tempera- TF Copper bar~”

ture is raised by 100°F. (For copper, E. 18,000 ksi and a. 9.5
10 S/°F; for aluminum, E, 10,000 ksi, and a, 13 10 5/°F)
Suggestion: Use the results of Example 2-8.

R
I'ﬂ% L 105in.x20in.
N (i ] 10in. x 2.0in.
Eir CZ—105in.x2.0in.
TR Eng
Pin " Copper Aluminum
Diameter of pin: dp TYG in.  0.4375in. Area of two copper bars: A;  2.0in.2
Area of aluminum bar: A, 2.0in.?
Area of pin: Ap 3 dp?  0.15033 in.? T 100°F
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COpper E 18.000 kSI a 95 10 6/0': SUBSTITUTE NUMERICAL VALUES:
) _ (3.5 * 10 5/ F)(100 F)(18,000 ksi)(2 in.?)
Aluminum: E, 10,000 ksi P P
@ 18, .20
a, 13 10 °°F 1+ a-—ba=—b
: 410" %20

Use the results of Example 2-8. 4,500 Ib

Find the forces P, and P, in the aluminum bar and FREE-BODY DIAGRAM OF PIN AT THE LEET END

copper bar, respectively, from Eq. (2-21). P

2

Replace the subscript “S” in that equation by “a” (for p

aluminum) and replace the subscript “B” by “c” (for “

copper), because a for aluminum is larger than a for I %;

copper.

(aa_ a)(CTE, AL EC A V  shear force in pin
P, P
Ea Aa + EC AC PC/Z

Note that P, is the compressive force in the aluminum 2250 Ib

bar and P, is the combined tensile force in the two '

copper bars. t  average shear stress on cross section of pin

(aa 3 )(CTNE A v 2,250 Ib
t .
R E A A 0.15033in.2
14 ¢ ¢
E.A; t 15.0ksi ;

Problem 2.5-10 A rigid bar ABCD is pinned at end A and supported by e
two cables at points B and C (see figure). The cable at B has nominal ——dp —l—d,
diameter dz 12 mm and the cable at C has nominal diameter
dc 20 mm. A load P acts at end D of the bar.

What is the allowable load P if the temperature rises by 60°C and each A B c D
cable is required to have a factor of safety of at least 5 against its ultimate oM i |
load? 20— 2 —

(Note: The cables have effective modulus of elasticity E 140 GPa and P
coefficient of thermal expansiona 12 10 °°C. Other properties of
the cables can be found in Table 2-1, Section 2.2.)

Solution 2.5-10 Rigid bar supported by two cables
Free-BoDY DIAGRAM OF BAR ABCD From Table 2-1:
As 76.7mm? E 140 GPa
T 60°C Ac 173 mm?
a 12 10 °rC
A D EQUATION OF EQUILIBRIUM
P { — o : My 0 Te(2b) Tc(db) P(Sb) 0
Ryy : p
or 2Tg 4T. 5P (Eq. 1)

Tg forceincableB T. forcein cable C
ds 12mm dc 20mm
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DISPLACEMENT DIAGRAM SUBSTITUTE NUMERICAL VALUES INTO EQ. (5):
Ta(346) Tc(76.7) 1,338,000 (Eq. 6)
in which Tg and T have units of newtons.

A 2b B 2b C b D

SoLvE sIMULTANEOUSLY Egs. (1) anp (6):

% Ty 0.2494P 3,480 (Eq. 7)
R Te 1.1253P 1,740 (Eqg. 8)
C . . .
COMPATIBILITY: in which P has units of newtons.
de  2dg Sowve Egs. (7) anp (8) FOR THE LoAD P:
. . 3
FORCE-DISPLACEMENT AND TEMPERATURE-DISPLACEIg/IEECl]\JTZ) Bé 69@86 :Fé 1%25 (é&ql@
RELATIONS ALLOWABLE LOADS
TgL From Table 2-1:
d + a(eT)L (Eq. 3)
° EAg (Tur  102000N Ty 231,000N
de TcL + a(eT)L (Eq. 4) Factor of safety 5
EAc
(Te)anow 20,400N  (Tc)anow 46,200 N
SussTITUTE Egs. (3) anp (4) inTo Eq. (2): From Eqg. (9): Pg  (4.0096)(20,400 N) 13,953 N
95,700 N
JcL 2TgL
A T ACDL py +2a(eL From Eq. (10): Pc  (0.8887)(46,200 N) 1546 N
39,500 N

or Cable C governs.
2TeAc TcAs Ea( T)AB Ac (Eq 5) Paiow 39.5 kN z

Problem 2.5-11 A rigid triangular frame is pivoted at C and held by two identical
horizontal wires at points A and B (see figure). Each wire has axial rigidity EA 120 k
and coefficient of thermal expansiona 125 10 ®/°F.

(a) If avertical load P 500 Ib acts at point D, what are the tensile forces T, and
Tg in the wires at A and B, respectively?

(b) If, while the load P is acting, both wires have their temperatures raised by
180°F, what are the forces T, and Tg?

(c) What further increase in temperature will cause the wire at B to become slack?
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Solution 2.5-11 Triangular frame held by two wires

FREE-BODY DIAGRAM OF FRAME
(b) LoAD P AND TEMPERATURE INCREASE T

Force-displacement and temperature-displacement
relations:
TaL
da 2+ a(eT)L Eq. 8
A g talem (Eq. 8)
TsL
= Eq.
ds EA + a(¢T)L (Eq. 9)
Substitute (8) and (9) into Eq. (2):

T.L 2TuL
A= 4 a(eTL —Ei— + 2a(¢T)L

EA
EQUATION OF EQUILIBRIUM or Ta 2Tz EAa( T) (Eq. 10)
Mc O Solve simultaneously Egs. (1) and (10):
P(2b) TA(2b) Ta(b) O or 2T, Ty 2P (Eq.1) 1
Ta  _[4P + EAa(¢T)] (Eg. 11)
DISPLACEMENT DIAGRAM 5
2
R — Ts 5[P EAa(CcT)] (Eq. 12)
b Substitute numerical values:
g B P 5001b EA 120,000Ib
b T 180°F
6/0
c a 125 10 °/°F

1
EQUATION OF COMPATIBILITY Ta 5(2000 Ib + 2701b) 454 1b >

dy  2dg (Eq. 2) 2

Ts (500Ib  2701b) 921b :
(@) Loap P onLy 5

Force-displacement relations: (c) Wire B BECOMES SLACK

Tk Tk
. Set Tg  0in Eq. (12):
da cp B (Eq. 3, 4) g 0inEq. (12)
(L length of wires at A and B.) P EAa( T)
Substitute (3) and (4) into Eq. (2): or
TlL 2TgL ¢T P 500 Ib
EA EA EAa (120,000 Ib)(12.5 * 10 %/ F)
333.3°F
or Tpn 2Tg (Eq. 5)
Solve simultaneously Egs. (1) and (5): Further increase in temperature:
4P 2P T 333.3°F 180°F
. T (Egs. 6, 7)
> 5 153°F 3

Numerical values:
P 500Ib
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Misfits and Prestrains

Problem 2.5-12 A steel wire AB is stretched between rigid supports (see
figure). The initial prestress in the wire is 42 MPa when the temperature is 20°C.

(a) What is the stress s in the wire when the temperature drops to 0°C?
(b) At what temperature T will the stress in the wire become zero?
(Assumea 14 10 %°CandE 200 GPa.)

Solution 2.5-12 Steel wire with initial prestress

P A s, Ea( T)

. S S; S, s; Ea( T

Initial prestress: s, 42 MPa 42 MPa (200 GPa)(14 10 ®/°C)(20°C)
Initial temperature: T,  20°C 42 MPa 56 MPa 98 MPa z

E 200 GPa

(b) TEMPERATURE WHEN STRESS EQUALS ZERO

a 14 10 S°C
S S; S, 0 s; Ea( T) O

(2) STRESS S WHEN TEMPERATURE DRoPs To 0°C S
¢cT —=
T, 0°C T 20°C Ea
NOTE: Positive T means a decrease in temperature (Negative means increase in temp.)
and an increase in the stress in the wire.
42 MPa
Negative T means an increase in temperature and a - 6 15C
decrease in the stress. (200 GPa)(14 * 10 %/ C
T 20°C 15°C 35°C :
Stress s equals the initial stress s; plus the additional
stress s, due to the temperature drop.
0.008 in.
room temperature with a gap of 0.008 in. between end A and a rigid restraint (see figure). The A
bar is supported at end B by an elastic spring with spring constantk 1.2 10° Ib/in.
(a) Calculate the axial compressive stress S, in the bar if the temperature 25 in. d=2in.
rises 50°F. (For copper,usea 9.6 10 ®°FandE 16 10° psi.) i ]
(c) Repeat (a)ifk = BIY
_k
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Solution 2.5-13
Numerical data:

Compressive stress in bar:;

L 25in.d 2in. d 0.008in. s —iﬂ s 957psi
k 12 (10%Ib/in. E 16 (10° psi
6 jo o (b) Force IN sPRING Fy  R¢
a 953 (10 9°F T B50°F STATIS
A 4o|2 A 3.14159 in? Ra Rc O
Re Ra
(a) ONE-DEGREE STATICALLY INDETERMINATE IF GAP CLOSES Rc 30061b

a TL 0.012 in. exceeds gap

Select R, as redundant and do superposition

(¢) FIND COMPRESSIVE STRESS IN BAR IF K GOES TO INFINITY
FROM EXPRESSION FOR R ABOVE, 1/K GOES To zERO

analysis: R
y R d ¢ Ra 8042Ib s ~—2
L 1 _L A
da1 daz Raa oo+ Ib EA
Compatibility: da;  dpp, d dppy d dag S 2560 psi 3
d ¢
Ra L 1 Ra 3006 Ib
P + N
EA kK
Problem 2.5-14 A bar AB having length L and axial rigidity EA is fixed 2L _ L |-
at end A (see figure). At the other end a small gap of dimension s exists 3 3
between the end of the bar and a rigid surface. A load P acts on the bar at A c B
point C, which is two-thirds of the length from the fixed end. ‘
If the support reactions produced by the load P are to be equal in i
magnitude, what should be the size s of the gap? P
Solution 2.5-14 Bar with a gap (load P)
2L | L | L s FORCE-DISPLACEMENT RELATIONS
-
3 P
S PG
- | ] 0
— 5 EA
P B

A
L length of bar

s size of gap _ Rp RgL
EA  axial rigidity

Reactions must be equal; find s.
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COMPATIBILITY EQUATION Reactions must be equal.

P
d d, s or Ra Re P 2Rg Rg
2PL
3EA

RegL
EA

(Eq. 1) Substitute for Rg in Eq. (1):

2L PL s PLL

3EA  2EA 6EA 7

NOTE: The gap closes when the load reaches the
value P/4. When the load reaches the value P, equal
to BEAS/L, the reactions are equal (Rx  Rs  P/2).

When the load is between P/4 and P, R, is greater than
Rg. If the load exceeds P, Ry is greater than Ra.

EQuILIBRIUM EQUATION

R, reaction at end A (to the left)
Rg  reaction at end B (to the left)
P Rx Rg

Problem 2.5-15 Pipe 2 has been inserted snugly into Pipe 1, Pipe 1 (steel)

but the holes for a connecting pin do not line up: there is a gap s. / Pipe 2 (brass)

The user decides to apply either force P, to Pipe 1 or force P, to Gap S/
Pipe 2, whichever is smaller. Determine the following using the i
numerical properties in the box. 4 > Ly > P1L2 ey
(@ Ifonly P, is applied, find P, (kips) required to close gap s; A ‘ = Re
if a pin is then inserted and P, removed, what are reaction
forces R, and Rg for this load case? P2 E\ Ppatl,
(b) If only P, is applied, find P, (kips) required to close gap s; L,
if a pin is inserted and P, removed, what are reaction P at )

forces R, and Rg for this load case?

(c) What is the maximum shear stress in the pipes, for the Numerical properties

loads in parts (a) and (b)?

(d) If atemperature increase T is to be applied to the entire
structure to close gap s (instead of applying forces P; and
P,), find the T required to close the gap. If a pin is inserted
after the gap has closed, what are reaction forces R, and Rg
for this case?

(e) Finally, if the structure (with pin inserted) then cools to the

E; = 30,000 ksi, E, = 14,000 ksi

a; =65 10%°F a, =11 109/°F

Gap s=0.05in.

L;=56in.,d;=6in.,t; =0.5in., A; =8.64in.2
L,=36in.,d,=5in.,t,=0.25in., A, =3.73in.2

original ambient temperature, what are reaction forces R, and Rg?

Solution 2.5-15

(@) FinD REACTIONS AT A AND B FOR APPLIED FORCE Pj

First compute P,, required to close gap:

EiA

P LS P, 2314k =

Statically indeterminate analysis with Rg as the

redundant:
S )
sy s dg RBaEA**' E/-\ib
11 2 2
Compatibility: ds; ds, O

Rs Re 55.2k

Ra Res

(b) FinD REACTIONS AT A AND B FOR APPLIED FORCE P,

EoA;

L s P, 1451k :

2

Analysis after removing P, is same as in part (a), so

reaction forces are the same
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(€) MAXIMUM SHEAR STRESS IN PIPE 1 OR 2 WHEN EITHER If pin is inserted but temperature remains at T
P; or P, P above ambient temperature, reactions are zero.
A
IS APPLIED t axa 1 thaxa 13.39 ksi : (e) IF TEMPERATURE RETURNS TO ORIGINAL AMBIENT TEM-

PERATURE, FIND REACTIONS AT A anD B

P statically indeterminate analysis with Rg as the
A, _ redundant Compatibility: dg; dg, O
T maxn _2‘ toaxw 1944 ksi 3 Analysis is the same as in parts (a) and (b) above

since gap s is the same, so reactions are the same.

(d) RequIReD ¢ T AND REACTIONS AT A AND B

s
———— Te 8°F ;
¢Treqd alLl + a2L2 qd 65
Problem 2.5-16 A nonprismatic _bar ABC made up of Ra a T s> Dr Ro
segments AB (length _Ll, cross-secthna_l area A;) and BC —s M —_——
(length L, cross-sectional area A,) is fixed at end A and free at A L, EA, B LaEA C La, k3

end C (see figure). The modulus of elasticity of the bar is E.
A small gap of dimension s exists between the end of the bar and
an elastic spring of length L; and spring constant ks. If bar ABC only

(not the spring) is subjected to temperature increase T determine the following.

(&) Write an expression for reaction forces R, and Ry, if the elongation of ABC exceeds gap length s.
(b) Find expressions for the displacements of points B and C if the elongation of ABC exceeds gap length s.

Solution 2.5-16
With gap s closed due to T, structure is one-degree Compatibility: dey ez S drep S drenn
statically-indeterminate; select internal force (Q) at q

juncture of bar and spring as the redundant. Use super- e S T L)

position of two released structures in the solution. s atTil; + L,2
den  relative displacement between end of bar at C L . _L . L
and end of springdueto T EA; EA, ks
den @ T(Li Ly _ EAAKg
d.y is greater than gap length s Q LAK + LAK + EAA
123 2 13 12
dep  relative displacement between ends of bar and [s a¢TilL; + L,2]

spring due to pair of forces Q, one on end of
bar at C and the other on end of spring

_L;+ _Lz_b +_Q
EA, © EA,° | ks

(a) ReacTions AT A anD D

Statics: Ra Q Ry Q

s +acTl LL+ LZZ
Ra L L 1 -

dreIZ Q a

4., Qa—tl+—2 . 1y
rel2 EA, | EA; ks EA, T EA, ks

Rp Ra 3
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(b) DispLACEMENTS AT B anD C de at¢TlL; + L2
Use superposition of displacements in the two
released structures: RAa—Ll + L, bz
EA; EA,
L
dB ac¢Tl L12 RAa EAlb > dC acTl Ll + L22
ds  ac¢TiL,2 [ s+aeTll, + L2l L, Ly
L L 1 EA EA
[ s+a¢Tily + L,2] L —1 =2 ;= ! 2
prb2l L EA;,  EA, ki
a b
L, L 1 EA
EA;  EA; ks
Problem 2.5-17 Wires B and C are attached to a support at the left-hand 700 Ib
end and to a pin-supported rigid bar at the right-hand end (see figure). _
Each wire has cross-sectional area A 0.03 in.? and modulus of elasticity B b
E 30 10° psi. When the bar is in a vertical position, the length of each 3 o
wire isL 80 in. However, before being attached to the bar, the length of I b
wire B was 79.98 in. and of wire C was 79.95 in. 3 o)
Find the tensile forces Tg and T¢ in the wires under the action of a force b

P 700 Ib acting at the upper end of the bar.

80 in
Solution 2.5-17 Wires B and C attached to a bar
) B P=7001b Mgin O -
- Teb)  Te(20) P(3D)
T I, L |® 2T, Te 3P (Eq. 1)
L =280in.
ECQUILIBRI %UATION
P 7001Ib
0.03in.2
E 30 10°psi
Lg 79.98in.
Lc  79.95in.
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DISPLACEMENT DIAGRAM Combine Egs. (3) and (5):
Sg 80in. Lg 0.02in. TcL
Sc+d (Eqg. 7)
Sc 80in. Lc 005in. EA ¢
B Eliminate between Egs. (6) and (7):
‘ EAS;  2EAS
B C B 2lc |~ L (Eq. 8)
_ Solve simultaneously Egs. (1) and (8):
L=380in. } 6P N EASg  2EAS:
T >
B 5 5L 5L
3P  2EASy  4EAS:  _
= + _—
e g 5L 5L >

Elongation of wires:

SUBSTITUTE NUMERICAL VALUES:

EA
5L

ds S5 2d (Eq. 2)
de Sc d (Eq. 3)

FORCE-DISPLACEMENT RELATIONS

2250 Ib/in.

Tg 840Ib 451b 2251b 660 Ib >

L TcL -
dgpp do oy (Bos49) Tc 420lb 90lb 4501 7801 3
SOLUTION OF EQUATIONS (Both forces are positive, which means tension, as
Combine Egs. (2) and (4): required for wires.)
TsL
Sg + 2d Eq. 6
EA B (Eq. 6)
L . P
Problem 2.5-18 A rigid steel plate is supported by three posts of
high-strength concrete each having an effective cross-sectional area l
A 40,000 mm? and length L 2 m (see figure). Before the load ‘
P is applied, the middle post is shorter than the others by an amount s S B
s 1.0mm. BRENE °
Determine the maximum allowable load P, if the allowable ‘ )
compressive stress in the concrete is Sz~ 20 MPa. &
(Use E 30 GPa for concrete.) C| i1C1 [C L
2P
'.<h_ .
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Solution 2.5-18 Plate supported by three posts

P
EQUILIBRIUM EQUATION
l Steel plate
p 2P, P, P (Eq. 1)
S ‘ i COMPATIBILITY EQUATION
‘ 'd‘. o ' : 1 shortening of outer posts
i »  shortening of inner post
¢ c| |c L Pi [P2 [Py
s T |F 1 2 S (Eq. 2)
'.ﬁ -
: - FORCE-DISPLACEMENT RELATIONS
g, Bt g, Rt Egs. 3, 4
o L en % oy (Eas. 3,4)

s sizeofgap 1.0mm
SOLUTION OF EQUATIONS

L length of posts  2.0m Substitute (3) and (4) into Eq. (2):

40,000 mm?
PL PL
aow 20 MPa El; ‘E2;+s oo P, P % (Eq. 5)
E 30GPa

C  concrete post Solve simultaneously Egs. (1) and (5):

DOES THE GAP CLOSE? P 3R EAs
. . L
Stress in the two outer posts when the gap is just
closed: By inspection, we know that P; is larger than P,.
Therefore, Py will control and will be equal to 40w A.

S 1.0 mm

s E Ea—b 30 GPa) a b
P G0CPa, EAs

I:)allow 3Sallow A L
15 MPa

Since this stress is less than the allowable stress, the 2400kN 600 kN 1800 kN

allowable force P will close the gap. 1.8 MN >
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Problem 2.5-19 A capped cast-iron pipe is compressed by a brass rod, Nut & washer
as shown. The nut is turned until it is just snug, then add an additional (d _3 in) =
quarter turn to pre-compress the Cl pipe. The pitch of the threads of the w4
boltisp 52 mils (a mil is one-thousandth of an inch). Use the numerical Steel
roperties provided eel cap
P : (t=1in)
(a) What stresses s, and s, will be produced in the cast-iron pipe and
brass rod, respectively, by the additional quarter turn of the nut? Cast iron pipe —
(b) Find the bearing stress sy, beneath the washer and the shear stress (dy=61in.,
t. in the steel cap. d;=5.6251n.)
LCi =4 ft /
Brass rod /
1.
(dr = ?ln.)
Modulus of elasticity, E:
Steel (30,000 ksi)

Brass (14,000 ksi) —H—n—

Cast iron (12,000 ksi) -

Solution 2.5-19

The figure shows a section through the pipe, cap and rod Ao 0.1961in? Ay, 3.424in?
NUMERICAL PROPERTIES Compatibility equation:  den  dep O
Li; 48in. E; 30000 ksi E, 14,000 ksi Q np
1
E. 12,000ksi t, 1in.p 52 (10 %in. n L + 2t . Lei
3 1 4 EbArod EcApipe
dy T in. d, > in. do 6in. d; 5.625in. Q 0672k Fo O
(a) FORCES AND STRESSES IN PIPE AND ROD Statics:  Fpipe Q
One degree statically indeterminate—cut rod at cap Foipe
and use force in rod (Q) as the redundant: Stresses: S Poie Sc 0.196 ksi >
denr  relative displacement between cut ends of Frod
rod due to 1/4 turn of nut Sp ;—d S, 3.42 ksi -
ro
drent np Ends of rod move apart, not
together, so this is (). (b) BEARING AND SHEAR STRESSES IN STEEL CAP
d., relative displacement between cut ends of Frod
rod due pair of forces Q Sh Sp 2.74ksi >
b 2 d 2)
d
L + 2t L R 4( w r
dep Qa EA €+ EALb
b rod c pipe E
tt — t. 0285ksi 3
A Qd 2 b 2 d 2) ( pd t c
rod 4 r Apipe 4 (do i w e

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




SECTION 2.5 Thermal Effects 205

Problem 2.5-20 A plastic cylinder is held snugly between a rigid plate
and a foundation by two steel bolts (see figure). et et

Determine the compressive stress s, in the plastic when the nuts on the I I
steel bolts are tightened by one complete turn.

Data for the assembly are as follows: length L 200 mm, pitch of the bolt ]
threads p 1.0 mm, modulus of elasticity for steel E; 200 GPa, modulus of ~ Steel L
elasticity for the plastic E, 7.5 GPa, cross-sectional area of one bolt A, bolt
36.0 mm?, and cross-sectional area of the plastic cylinder A, 960 mm?.

Solution 2.5-20 Plastic cylinder and two steel bolts

== = COMPATIBILITY EQUATION
[ — 1
!
Ps Ppi I P-‘i l
. np
S P S _ -1
si| L P, N
L 200 mm
P~ 10mm d, elongation of steel bolt
E, 200 GPaz d, shortening of plastic cylinder
As  36.0 mm“ (for one bolt
® ( ) d, d, np (Eq. 2)
E, 7.5GPa
2 FORCE-DISPLACEMENT RELATIONS
A, 960 mm
n 1 (See Eq.2-24 PL L
(See Eq. 2-24) & = b g (Eq. 3, Eq. 4)
EQUILIBRIUM EQUATION sMs prp
P, P, SOLUTION OF EQUATIONS
Substitute (3) and (4) into Eq. (2):
AL, Bt (Eq. 5)
P, EA  EpA, ™ G-
Solve simultaneously Egs. (1) and (5):
P, tensile force in one steel bolt 2npEAE, A,
P mpressive force in plastic cylinder R
» compressive force in plastic cylinde b LE A +2EA)
P, 2P, (Eq. 1) PP s s
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STRESS IN THE PLASTIC CYLINDER D EA 2E.A 21.6 106 N
pp s :
P 2np Es A E, 2np N 2(1)(1.0mm) N
— _—— S, a_b a
S A LEA +2EA) P L% 200mm D
p pp s S
SUBSTITUTE NUMERICAL VALUES: 25.0 MPa -

N EAE, 540 10" N¥m?

Problem 2.5-21 Solve the preceding problem if the data for the assembly are o =
as follows: length L 10 in., pitch of the bolt threads p  0.058 in., modulus [ ‘
of elasticity for steel E;, 30  10° psi, modulus of elasticity for the plastic
E, 500 ksi, cross-sectional area of one bolt A,  0.06 in.2, and cross- Steel Y
sectional area of the plastic cylinder A, 1.5 in.? bolt L
Solution 2.5-21 Plastic cylinder and two steel bolts
COMPATIBILITY EQUATION
o = L 10in. .
i : | d, elongation of steel bolt
0.058 in. . . .
P ] d, shortening of plastic cylinder
E; 30 10°psi
S P - s ds d, np (Ea. 2)
| Pl e
np
A, 0.06 in.2 (for one bolt) S P 5
E, 500 ksi
, 15in?
n ! (see Eq 2-24) FORCE-DISPLACEMENT RELATIONS
EQuILIBRIUM EQUATION
AL hL
P, tensile force in one steel bolt ds E d (Eq. 3, Eq. 4)
. . - sAs P EpAp
P,  compressive force in plastic cylinder
P, 2P (Eq. 1) SOLUTION OF EQUATIONS
| Substitute (3) and (4) into Eq. (2):
P, P,
J BL, Bt Eq. 5
= n .
, ] Ea T EA ™ (Eq.5)
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Solve simultaneously Egs. (1) and (5): SUBSTITUTE NUMERICAL VALUES:

2NpE(AE, A, N EAE, 900 10° Ib%in?

P LE A +2E A) D EA 2EA 4350 10%Ib
p p s s pp s s
STRESS IN THE PLASTIC CYLINDER Z_HQ N 2 1: 0.058in. N
< B 2npEAE _ Sp L an 10in. an
P >
A L(E, A, + 2E. A
o LEA sA) 2400 psi 3
/ d = np
solder over distance s. The sleeve has brass caps at both ends, which are held in [ Brass
place by a steel bolt and washer with the nut turned just snug at the outset. Then, two cap
o € E
temperature is raised by T  30°C. E E g T
o
(a) Find the forces in the sleeve and bolt, P and Pg, due to both the prestress Tf ‘I\I' ~
in the bolt and the temperature increase. For copper, use E. 120 GPa and g5 :H
The pitch of the bolt threadsisp 1.0 mm. Assume s 26 mm and bolt || i’s |
diameterd, 5 mm. T \
(b) Find the required length of the solder joint, s, if shear stress in the sweated == L Copper
joint cannot exceed the allowable shear stress t;; 18.5 MPa. € E¢g sleeve
(c) What is the final elongation of the entire assemblage due to both tempera- 85 f)
ture change T and the initial prestress in the bolt? oy —
AS Steel
bolt

Solution 2.5-22
The figure shows a section through the sleeve, cap, and Ay
bolt.

NUMERICAL PROPERTIES A, 19.635 mm? A, 263.894 mm?

A %’[dz2 1d, 2,27 A, 131.947 mm?

n % p 1.0mm T 30°C
. 120 GPa a, 17 (10 ®)/°C (a) FORCES IN SLEEVE AND BOLT
E. 200 GPa a. 12 (10 9/°C One-degree statically indeterminate—cut bolt and
) ) ( ) use force in bolt (Pg) as redundant (see sketches):
ty 18.5 MPa s 26 mm d, 5mm
ds: np a T L 9

L, 40mm t 4mm L, 50mm t 3mm
d 25mm d; 2t 17 mm d, 17 mm
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Li+tLl, s Ly s Lp s S
+ + +
ez Fet  p\ EA Ea T E(A + A)
s b c 1 c 2 c 1 2
Compatibility: dg; dgz O
[ np+a¢T(L; + L, 9)]
Ps - o o Ps 25.4kN > P, Ps >
c_L *ly s Ly s L s s
EsAb ECAl CAZ

d
Ec(AL + A)

Sketches iIIustrati@perposition procedure for statically-indeterminate analysis
- el

e—
S =np
Cap
1° Sl superposition analysis using
indeterntnat redundant
e structure
under loal(s)

Bolt Two releggea st\ructures (see below)
unde[;'(l)load(s); (2) redundant applied
P y
el A

Ps
relative
displacemen
t !
L Apply redundant
acrogs cut bolt, dg; e internal force P
Cut due b_o_th 5_ and & find relative
bolt AT (positive if displacement
piecgs move
together,
Relativg
displacemen

t

across cut bolt, o5,
due to Py, (positive
if pieces move
together

)
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(b) REQUIRED LENGTH OF SOLDER JOINTR Ly s Ly s S
ds P + + i
P s SPEA EA TE( +A)
t A A pds c 1 c 2 c 1 2
s ds 0.064 mm

—B df db d df 0.35 mm >
Sreqd pdst,; Sregd  25.7mm s

(c) FINAL ELONGATION

dr  net of elongation of bolt (d,) and shortening of

sleeve (d)
d Litb s 4 o3
b Psa EA p  0.413 mm
s b
compresses a spring (with undeformed length L; L) byamountd (L; L). d=L-L S pommmeeee i
= 1

the redundant. Use numerical properties in the boxes given. Cap (assume rigid) —

(a) What is the resulting force in the spring, F? /

(c) What is the final length of the tube, L;? (do. t. L2y By

(d) What temperature change T inside the tube will result in zero force in

the spring?
Spring (k, L; > L)

Modulus of elasticity
Polyethylene tube (E; = 100 ksi)

Coefficients of thermal expansion
a,=80 10-%°Fa =65 10°F

Properties and dimensions

—gin t= L
dg=6in. t= g in.

L,=12125in.>L =12 in. k=1.5K/in.
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Solution 2.5-23

The figure shows a section through the tube, cap, and

Solve for redundant Q:

d+¢T(_ayl; +adl)

Q F
spring. f+f “
Properties and dimensions: F 0.174 k > compressive force in
1 spring (Fy) and also
d, 6in. t ; in.  E_ 100 Kksi tensile force in tube
B 2 (b) F, forceintube Q 3
A ,lde (do 20] A 2307in’
NOTE: If tube is rigid, F, K 0.1875 k
L, 12.125in. L 12in. k 15K/in.
Spring is 1/8 in. longer than tube () FINAL LENGTH OF TUBE
) Ly L dg do i.e., add displacements
d L L d 0125in. for the two released structures
to initial tube length L
ax 6.5(10 °/ F a 80 (10 9/ F

T O note that Q result below is for

zero temperature (until part(d))

(@) Force IN sPRING F,  REDUNDANT Q

Flexibilities: f k—l

d, relative displacement across cut spring due to
redundant Q(f f)

d; relative displacement across cut spring due to
precompressionand T d a, TL; a TL

Compatibility: d;, d, 0

(d) SeT Q

L Qf a( L L 120Llin. 3

Otornp T REQUIRED TO REDUCE SPRING
FORCE TO ZERO

d
¢cT _—
O (Cady +al)
Teqw 1419 F
Since a; &, atemp. increase is req’d to expand

tube so that spring force goes to zero.

Problem 2.5-24 Prestressed concrete beams are sometimes
manufactured in the following manner. High-strength steel wires
are stretched by a jacking mechanism that applies a force Q, as
represented schematically in part (a) of the figure. Concrete is then
poured around the wires to form a beam, as shown in part (b).

After the concrete sets properly, the jacks are released and the
force Q is removed [see part (c) of the figure]. Thus, the beam is left

in compression.

Let us assume that the prestressing force Q produces in the steel
wires an initial stress s, 620 MPa. If the moduli of elasticity of the
steel and concrete are in the ratio 12:1 and the cross-sectional areas
are in the ratio 1:50, what are the final stresses sg and s, in the two
materials?

Steel wires

(@)

Concrete
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Solution 2.5-24 Prestressed concrete beam

Steel wires

)
=

\\

EQUILIBRIUM EQUATION

Ps P (Eq. 1)
COMPATIBILITY EQUATION AND
FORCE-DISPLACEMENT RELATIONS
d; initial elongation of steel wires

QL spL

ESAS ES
d, final elongation of steel wires

RL

s'ls

d; shortening of concrete

PL

EcAc
d d, ds or
soL PL P.L
== s s (Eq. 2, Eq. 3)

E, EA  EA

Solve simultaneously Egs. (1) and (3):
_SgAsi
.E§A§
ECAC

Ps  Pec
1+

SECTION 2.5 Thermal Effects

L length

Sg initial stress in wires
Q
A 620 MPa

A, total area of steel wires
A. area of concrete
50 A
E. 12E,
P, final tensile force in steel wires

P. final compressive force in concrete

STRESSES
kK So -
s A EA >
S 1 + S S
EA
P __So
SC

620 MP E 12 A 1
So a E A, 50
620 MPa .
Ss 1 500 MPa (Tension) :
1+ =
50
620 MPa
S 10 MPa (Compression :
© 50+ 12 (Comp )

211
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Problem 2.5-25 A polyethylene tube (length L) has a cap which is held in place
by a spring (with undeformed length L,  L). After installing the cap, the spring
is post-tensioned by turning an adjustment screw by amount d. Ignore deforma-
tions of the cap and base. Use the force at the base of the spring as the redundant.
Use numerical properties in the boxes below.

(a) What is the resulting force in the spring, F,?

(b) What is the resulting force in the tube, F?

(c) What is the final length of the tube, L;?

(d) What temperature change T inside the tube will result in zero force in the
spring?

Cap (assume rigid)

Tube
(Ao t,La, E) ™

Spring (k, Ly <L)~ |

Adjustment —
screw

Modulus of elasticity
Polyethylene tube (E; = 100 ksi)

Coefficients of thermal expansion
a =80 1I05°Fa =65 10°6/ F

Properties and dimensions

—fin t= L
dg=6in. t= g in.

L=12in. L3 =11.875in. k=1.5k/in.

Solution 2.5-25

The figure shows a section through the tube, cap, and Pretension and temperature:
spring. Spring is 1/8 in. shorter than tube.
Properties and dimensions: d L L d 0.125in. T O
Note that Q result below is for zero temperature (until
1 part (d)).
d, 6in. t 8 in. E, 100 ksi
Flexibilities: f el fy L
L 12in. L, 11.875in. k  1.5K/in. k EA:

a 6510 % a 80 (10 9 (@) Force IN sPRING (F)  REDUNDANT (Q)
Follow solution procedure outlined in Prob. 2.5-23

b 2 solution:
A 4[ol0 1d, 2t2]
d+¢T1 aul, +al2
P F
A, 2.307in? f+ f k
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F. 0174k > also the compressive force in the (d) SetQ OToFND T REQUIRED TO REDUCE SPRING
tube FORCE TO ZERO

(b) Force IN TuBE F{ Q 0.174 k > d

(c) FINAL LENGTH OF TUBE AND SPRING Ly L dy ¢ Treqq al +al2

1 w1t

dc2
Tew 1416 F

Lk L Of a( TL L 11.99in.

Since a; &, atemperature drop is required to
shrink tube so that spring force goes to zero.
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Q4 1 L A_Q '
OLLITSOTS UIT TMIUITTTICU OTUUUTTS

Problem 2.6-1 A steel bar of rectangular cross section

(1.5in.  2.0iin.) carries a tensile load P (see figure). The allow- P
able stresses in tension and shear are 14,500 psi and 7,100 psi, ‘ 7 )—>
respectively. Determine the maximum permissible load Pax.

AT
\
N
o
=

Solution 2.6-1

20in. MAXIMUM LOAD—TENSION

: 7 )—E Prat  SaA  Prga 43500 Ibs

MAXIMUM LOAD—SHEAR

15in. Prae  2L.A Prae 42,600 lbs
NUMERICAL DATA Because t, 0w IS less than one-half of s, 0w, the shear
A 3in? s. 14500 psi stress governs.
t, 7100 psi
Problem 2.6-2 A circular steel rod of diameter d is subjected to a tensile P ld b =35kN
force P 3.5 kN (see figure). The allowable stresses in tension and shear ¢ } —
are 118 MPa and 48 MPa, respectively. What is the minimum permissible
diameter d,;, of the rod? T

Solution 2.6-2
d
P l P= 3;5 kN Prax 2taafdmin2b
2
dmin ApTaP

NUMERICAL DATA P 35kN Sa 118 MPa

ta 48 MPa dmin 6.81 mm
Find P then rod diameter.
since tg is less than 1/2 of s,, shear governs.
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Problem 2.6-3 A standard brick (dimensions 8in.  4in. 2.5in.) is compressed
lengthwise by a force P, as shown in the figure. If the ultimate shear stress for brick is

1200 psi and the ultimate compressive stress is 3600 psi, what force P, is required to break
the brick?

Maximum shear stress:

£ S P
max 2 2A
S 2.5in. Suit 3600 psi tue 1200 psi

Because t; is less than one-half of s, the shear stress
governs.

P
tmalx oA or IDmax 2Atult

2A
A 25in  40in.  100in2 Prax  2(10.0in.%)(1200 psi) ~ 24,0001b 3
Maximum normal stress:
S B
A
Problem 2.6-4 A brass wire of diameter d  2.42 mm is stretched tightly - id -
between rigid supports so that the tensile force is T 98 N (see figure). The < I@ @:I —lp
coefficient of thermal expansion for the wire is 19.5 * 10 ¢ C and the T

modulus of elasticity isE 110 GPa.

(a) What is the maximum permissible temperature drop T if the allowable
shear stress in the wire is 60 MPa?
(b) At what temperature changes does the wire go slack?
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Solution 2.6-4 Brass wire in tension

d P
T T t, 60MPa A —d
T
A 2t,
NUMERICAL DATA € Tnax “Ea

d 242mm T 98N

a 195(10 °°C E 110GPa ¢Tmax 46 C (drop)

(@) €T,y (DROP IN TEMPERATURE) (b) ¢T AT WHICH WIRE GOES SLACK

Increase ¢T untils  O:

T S
EaA
T Eac¢T .
ty oA 5 ¢T  9.93 C (increase)

Problem 2.6-5 A brass wire of diameter d  1/16 in. is stretched between

rigid supports with an initial tension T of 37 Ib (see figure). Assume that the T ld T
coefficient of thermal expansion is 10.6 10 ®/°F and the modulus of D rane I:C] @I —>
elasticity is 15 10° psi.) T

(a) If the temperature is lowered by 60°F, what is the maximum
shear stress t.x in the wire?

(b) If the allowable shear stress is 10,000 psi, what is the
maximum permissible temperature drop?

(c) At what temperature change T does the wire go slack?

Solution 2.6-5
T ld T (b) €Tax FOR ALLOWABLE SHEAR STRESS
< S5 —~—>
I:Cj T CI t. 10000 psi
T
NUMERICAL DATA A 2ty
¢Tmax
1. Ea
d —in T 371b a 106 (10 %/ F
16 Tox  499F 3
E 15 (10 psi T 60 F (€) T AT WHICH WIRE GOES SLACK
A Pg2 Increase Tuntils O:
4
(@) tmax (DUE TO DROP IN TEMPERATURE) ¢T T
EaA
T
(EacT) T 759 F (increase) 3
S A~ 7
Trax 27 trax 2

tmax 10,800 psi >
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Problem 2.6-6 A steel bar with diameter d
atensile load P 9.5 kN (see figure).

12 mm is subjected to

217

ldlemm
P =9.5kN

P
~—

(a) What is the maximum normal stress Sy, in the bar?

(b) What is the maximum shear stress t?

(c) Draw astress element oriented at 45 to the axis of the bar and
show all stresses acting on the faces of this element.

(d) Repeat part (c) for a stress element oriented at 22.5 to the axis of the bar.

Solution 2.6-6

@@d 12mm P 95kN A %dZ 1131 * 10 4 m2

P
Sy

4 MP
A 8 a

Sx

(b) |tmax 42 MPa| On plane stress element rotated 45

(c) ROTATED sTRESS ELEMENT (45 ) HAS NORMAL TENSILE STRESS S,/2 ON ALL FACES,

Tmax (CCW) oN  y-FACE
Sx
tyryr  Tmax Sx1 9 Sy1 Sx
On rotated x-face: |sXl 42 MPa| [tayr 42 MPa

On rotated y-face:

S, 42MPa

T

Trax (CW) ON  X-FACE, AND

(du 225 CCW ROTATION OF ELEMENT
2
S, Sycos(u)? 71.7 MPa on rotated x face s, s,cosau + B b 12.3 MPa on rotated y face
—Sx
Eq. 2-31b t, sin(2u) 29.7 MPa CW on rotated x-face
On rotated x-face: [s,,  71.7MPa| [ty 29.7 MPa

On rotated y-face: [sy;  12.3 MPa

Problem 2.6-7 During a tension test of a mild-steel specimen
(see figure), the extensometer shows an elongation of 0.00120 in.
with a gage length of 2 in. Assume that the steel is stressed
below the proportional limit and that the modulus of elasticity H
E 30 10°psi. T

(a) What is the maximum normal stress Syax in
the specimen?

(b) What is the maximum shear stress tax?

(c) Draw a stress element oriented at an angle of 45° to the
axis of the bar and show all stresses acting on the
faces of this element.

2 in—
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Solution 2.6-7 Tension test

(b) MAXIMUM SHEAR STRESS

7 T The maximum shear stress is on a 45° plane and
equals s,/2.
s .
Elongation: d ~ 0.00120 in. trax 55 9,000 psi 3

(2 in. gage length)

(c) STRESs ELEMENT AT U 45°

strain: & 2001201 4 5060
L 2in.
9,000 9,000
Hooke’s law: s, E (30  10° psi)(0.00060) AG=45
18,000 psi 9,000 9,000
(8) MAXIMUM NORMAL STRESS 9,000
9,000

S, is the maximum normal stress.
Smax 18,000 psi -

NOTE: All stresses have units of psi.

Problem 2.6-8 A copper bar with a rectangular cross section is held /<45o
without stress between rigid supports (see figure). Subsequently, the |
temperature of the bar is raised 50 C. &

(a) Determine the stresses on all faces of the elements A and B,
and show these stresses on sketches of the elements. (Assume
a 175*10 % CandE 120 GPa)

(b) If the shear stress at B is known to be 48 MPa at some inclination u, find angle u and show the stresses on a sketch of a
properly oriented element.

Solution 2.6-8
(@ a 175410 % ¢T 50 E 120GPa
S
s, Ea¢T  105MPa  tyg —25 525MPa  atu 45

Element A:s, 105 MPa (compression);
Element B: t,5x  52.5 MPa

(compression)

() t, 48MPa

s
Eq. 2-31b LT *sin(2u)
1 . 2% :
S0 u Easma b 331 CCW rotation of element u 331
X
s, Uycos(u)? 73.8 MPa on rotated x face
p 2
Sy  S¢Cosau + 50 31.2 MPa on rotated y face
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SECTION 2.6 Stresses on Inclined Sections

Problem 2.6-9 The plane truss below is assembled from steel
C10 * 20 shapes (see Table 3(a) in Appendix F). Assume that
L 10ftandb 0.71L.

(a) If load variable P 49 k, what is the maximum shear stress
tmax iN each truss member?

(b) What is the maximum permissible value of load variable P if
the allowable normal stress is 14 ksi and the allowable shear

stress is 7.5 ksi?

Solution 2.6-9
NUMERICAL DATA
L 10ft b 071L P 49k S, 14 ksi ty  7.5ksi A 587in?

(a) FOR LINEAR ANALYSIS, MEMBER FORCES ARE PROPORTIONAL TO LOADING

P P

From ExampLE 1-1: Fac ==1559 21826k Fag 3—562.2 87.08 k
(solution for P 35Kk)
Fec %( 78.9) Fec 110.46 k
. , Fac . Fas .
Normal stresses in each member:  sSuc A 3.718 ksi Sag A 14.835 ksi
Fsc :
From Eq. 2-33: Sgc A 18.818 ksi
Sac Sas
_tmaxm., 2 1.859 ksi tmaxAB 2 F42 :\DI
S -
trnaxBe _;—C 9.41 ksi

(b) s, 6 2 * T, so normal stress will control; lowest value governs here

Memeer AC:  Praxs Fi(saA) 184.496 k Praxt Fi(ztaA) 197.675 k
AC AC
P P

Mewmser AB:  Praxs F—(SaA) 46.243 k Praxt £ (2t,A)  49.546 k
AB AB
P P

MewmBerR BC: |Praxs — 1s,A2 365k Praxt

12t,A2  39.059 k
Fac

Fec
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Problem 2.6-10 A plastic bar of diameterd 32 mmis

compressed in a testing device by aforce P 190 N applied as shown in the figure. P=190 N
(a) Determine the normal and shear stresses acting on all 100mm ——300mm ———
faces of stress elements oriented at (1) an angleu  0°, % >\ l

(2)anangleu 22.5° and (3) anangleu 45°. In each
case, show the stresses on a sketch of a properly oriented
element. What are Spay and tmay?

(b) Find smax and tmax in the plastic bar if a re-centering
spring of stiffness k is inserted into the testing device, as

—~ I 5
20U mm =

u WFPIastic bar Re-centering

L . —  spring

(Part (b) only)
shown in the figure. The spring stiffness is 1/6 of the axial _ 0 |.d=32mm k
stiffness of the plastic bar. | |
Solution
NUMERICAL DATA S, S,008(U)?
d 32mm A %dZ s. 807kPa 3
t s,sin(u) cos(u
P 190N A 804.25 mm? ! Sin(u) cos(u)
t, 334kPa 3
a 100 mm b
b 300 mm On y-face: u u+ E
(a) StaTics—FIND COMPRESSIVE FORCE F AND STRESSES Sy SxCos(u)?
IN PLASTIC BAR Sy 138.39 kPa
P(a + b) ty s,sin(u) cos(u)
a F 760N ty 334.1 kPa
E (3) u 45
Sy — Sy 0945MPa or s, 945kPa )
A On x-face:
From (1), (2), and (3) below: Sy Syc0s(u)?
Smax S« Smac  945kPa Su  A472kPa
t, s,sin(u) cos(u)
Sy
thax 472 kPa ) 472 kPa ty 472kPa 3
On y-face: u u+ P
Mu 0 S  945kPa 3 2
2 u 2250 Sy Sccos(u)? s,  472.49 kPa
On x-face: ty s,sin(u)cos(u)  t, 472.49 kPa
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(b) ApD SPRING—FIND MAXIMUM NORMAL AND SHEAR
STRESSES IN PLASTIC BAR

SECTION 2.6 Stresses on Inclined Sections 221

4P
Force in plastic bar: F (2k)agib

100 mm 200mm 100 mm lp F EP F 304N
| o) i |
6k \k\ 5" Normal and shear stresses in plastic bar:
F
$2k(5 1: kS Sy e sx 0.38
M O . Smax  378kPa 3
=2x -
P(400) [2kd(100) kd(300)] Tmax trac - 189KPa 5
AP
d 5k

Problem 2.6-11 A plastic bar of rectangular cross section (b~ 1.5 in.

and h  3in.) fits snugly between rigid supports at room temperature (68°F)
but with no initial stress (see figure). When the temperature of the bar is
raised to 160°F, the compressive stress on an inclined plane pg at midspan

becomes 1700 psi. P /ﬂ b
u
(@) What is the shear stress on plane pg? (Assumea 60 10 ®°F P D h

and E 450 10° psi.)

(b) Draw a stress element oriented to plane pg and show the stresses
acting on all faces of this element.

(c) If the allowable normal stress is 3400 psi and the allowable shear
stress is 1650 psi, what is the maximum load P (in  x direction)
which can be added at the quarter point (in addition to

Load P for part (c) only ™d

thermal effects above) without exceeding allowable stress values in the bar?

Solution 2.6-11

NUMERICAL DATA

Using s, S,cos(u):  cosluz?
b 15in. h 3in. A bh T (160 68)F Sy
Se
T 92F u acosa x b u 34.2°
As

A 45in?  sp, 1700 psi

a 60 (10 O/F Now with u, can find shear stress on plane pq:

450 (10%) psi toq s,sin(u) cos(u) tpqg 1154 psi s
2
(a) SHEAR STRESS ON PLANE PQ Spq  SxC0s(U) Spq 1700 psi
Statically indeterminate analysis gives,

for reaction at right support: Stressesatu  p/2 (y-face):

2
R EAa T R  111781b sy sxcosau+29b s,  784psi
R
Sy a Sx 2484 psi
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222  CHAPTER 2 Axially Loaded Members

(b) STRESS ELEMENT FOR PLANE PQ Sett,. t,and solve for P,
o\
,\%M) Ea¢T 3P
; t +
\ KR a 2 8A
,\\6 /

. 4A
/ WQS\ 9: 34.2° Pmaxl ?12ta + Ea¢T2

Praa 34,704 1b
Ea¢T  3Praxt

e \ tmax +
%

2 8A
tmax 1650 psi check
3Pmax1

Sy Eac¢T +
() MAXIMUM LOAD AT QUARTER POINT S, 3400 psi

Sy 3300 psi less than s,

ta 1650 pSI Zta 3300 less than Sa, Stresses in bar (L/4 to L)
so shear controls
_P Sy
. . . . . S Ea¢T t
Statically indeterminate analysis for P at L/4 gives X 4A max- 2
for reactions: Set tmax  ta and solve for P!
P 3 Pume  4A( 2t, Ea T)
R 4 Riz P _
4 Pmaxz 14,6881b 3 shear in segment (L/4

(tension for O to L/4 and compression for rest of bar) to L) controls

EacT F’maxZ .
From part (a) (for temperature increase T): Tinax 5 ga  tmac  1650psi

Rr1 EAa T Ry EAa T

. s EacT ~™2 g 330 psi
Stresses in bar (0 to L/4): X x

4A

3P
Sc  EalT 4+t "

Problem 2.6-12 A copper bar of rectangular cross section (b 18 mm % | %
andh 40 mm) is held snugly (but without any initial stress) between
rigid supports (see figure). The allowable stresses on the inclined plane pq bl |
at midspan, for which 55°, are specified as 60 MPa in compression
and 30 MPa in shear. P ! b
(&) What is the maximum permissible temperature rise T if the P \
allowable stresses on plane pq are not to be exceeded? (Assume A o : B h
a 17 10 ®°CandE 120 GPa) o _
(b) If the temperature increases by the maximum permissible amount, be applied without exceeding allowable stress
what are the stresses on plane pq’) values in the bar? Assume that Sa 75 MPa and
---{c)-- If the temperature rise-- T--- 28°C, -how.far to the right of end A- -] . HdMPa____

(distance bL, expressed as a fraction of length L) can load P 15 kN
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Solution 2.6-12

A
{

¥

NUMERICAL DATA

b
u 55a180brad
b 18 mm h 40 mm
A bh A 720mm?

Spga 60 MPa toga 30 Mpa

a 17 (10 % C E 120GPa

T 20C P 15kN

(@) FIND Tpax BASED ON ALLOWABLE NORMAL AND
SHEAR STRESS VALUES ON PLANE P(

Sy
Ea

Sy Ea Tmax CTax

Spg  SxCOS(U)*  tyg s,sin(u) cos(u)

Set each equal to corresponding allowable and
solve for s,:

Spga

Sq1 P Sy1  182.38 MPa
cosluz

tpqa

S _— S 63.85 MPa
x2 sinlu2coslu? x2

Lesser value controls, so allowable shear stress governs.

S
¢y ?f T 313C 3

(b) STRESSES ON PLANE PQ FOR MAXIMUM TEMPERATURE

Sy Ea Tmax Sy 63.85 MPa

21.0 MPa 3z
t,q 30 MPa :

Spq  SxCOS(U)’  Spq
toq s,sin(u) cos(u)

SECTION 2.6 Stresses on Inclined Sections

(c) AbD LoAD P IN  X-DIRECTION TO TEMPERATURE
CHANGE AND FIND LOCATION OF LOAD

T 28C

P 15 kN from one-degree statically indeterminate

analysis, reactions R, and Rg due to load P:
Ra (1 b)P Re bP

Now add normal stresses due to P to thermal
stresses due to T (tension in segment O to bL,
compression in segment bL to L).

Stresses in bar (0 to bL):

Ra Sx

Sy Eac¢T + A | )

Shear controls so set t,,x  ta and solve for b:

(1 b)P

2t Ea¢T +
a A

b 1 —Q[Zta+Ea¢T]
b 51

Impossible so evaluate segment (bL to L):

Stresses in bar (bL to L):

I:\)B S

Sy EacT A trax

set tmax  ta and solve for Py

bP
2t EacT
a a A
A
b —[ 2t + Eac¢T]
P a
b 0.62 :
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Problem 2.6-13 A circular brass bar of diameter d is member AC
in truss ABC which has load P~ 5000 Ib applied at joint C. Bar AC
is composed of two segments brazed together on a plane pgq making
an angle a  36° with the axis of the bar (see figure). The allowable
stresses in the brass are 13,500 psi in tension and 6500 psi in shear.
On the brazed joint, the allowable stresses are 6000 psi in tension
and 3000 psi in shear. What is the tensile force N in bar AC?
What is the minimum required diameter d,,;, of bar AC?

Solution 2.6-13

NUMERICAL DATA

@)

P 5k a 36° Sa  13.5ksi
t, 6.5ksi
p
u ) a u 54
Sja 6.0 ksi
tia 3.0ksi

Tensile force Nc using Method of Joints at C:

P

N tension
AC sin(60) ( )

Npe 577k 3

Minimum required diameter of bar AC:

(1) Check tension and shear in bars; t,  S,/2 so shear

Sx
controls tmax 5 :
2
Nac
2ty A S 2t, =13 ksi
Nac .,
A = A 0.44 in.
reqd Zta reqd
4
dmin A EAreqd dmin 0.75in.

Check tension and shear on brazed joint:
Nac Nac 4 Nac
s s d 2 AC
X A X p d2 reqd A p Sy
4

Tension on brazed joint:
Sy Sycos(u)?

Set equal to s;j, and solve for s,, then dyeqq:

Sja
9 Sy 17.37 ksi
cos(u)
4 Nac
T -
dreqd Ap s Orega  0.651in.
Shear on brazed joint:
ty s,sin(u) cos(u)
ta
s - .
X (sin(u) cos(u)) Sx 6.31 ksi
4 Nac
dreqd Ap SX Oreqa  1.08in. :
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SECTION

Problem 2.6-14 Two boards are joined by gluing along a scarf
joint, as shown in the figure. For purposes of cutting and gluing, .
the angle a between the plane of the joint and the faces of the [ :

AT

2.6 Stresses on Inclined Sections

225

boards must be between 10° and 40°. Under a tensile load P,
the normal stress in the boards is 4.9 MPa.

(@ What are the normal and shear stresses acting on the glued jointifa  20°?
(b) If the allowable shear stress on the joint is 2.25 MPa, what is the

largest permissible value of the angle a?
(c) For what angle a will the shear stress on the glued joint be

numerically equal to twice the normal stress on the joint?

Solution 2.6-14 Two boards joined by a scarf joint

Therefore
Jl

“« a 90°
10° a 40°

Due to load P: s, 4.9 MPa

1sin2u 2(0.4592) 0.9184

Solving: 2u  66.69° or 113.31°

P P
__w\ u 3334° or 56.66°

u a 56.66° or 33.34°

a 33.3° >
NOTE: If a is between 10° and 33.3°,

(&) STRESSES ON JOINT WHEN @  20°

44 f

Al [ty| 2.25MPa.
(c) what 1saift, 2s,?
u 90° a 70° o
, ) Numerical values only:
Su  Sxcos’u (4.9 MPa)(cos 70°) ]
_ |ty] sSxsinucosu |su| Sxcos?u
0.57 MPa -
t, S, sinucosu 1 )
(4.9 MPa)(sin 70°)(cos 70°) So
1.58 MPa - S,SiNUCOSU  2S,c08%U
(b) LARGEST ANGLE @ IF tyon  2.25 MPa sinu 2cosu or tanu 2
Taiow Sy sin u cos u u 63.43° a 90° u
The shear stress on the joint has a negative sign. Its a 26.6° >
numerical value cannot exceed t 0w  2.25 MPa. NOTE: Fora 26.6°andu  63.4°, we find
Therefore,

s, 0098
2.25 MPa (4.9 MPa)(sin u)(cos u) or sin u cos

u 0.4592

1.
From trigonometry: sinucosu >sin 2u

25 MPa.

n
/Y\G = | tu | 2
90°— « .
If a is between 33.3° and 40°,

MPa and t,, 1.96 MPa.

t .
Thus, —2 2 as required.
So

Since a must be between 10° and 40°, we select
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Problem 2.6-15 Acting on the sides of a stress element cut from a bar in 5000 psi
uniaxial stress are tensile stresses of 10,000 psi and 5,000 psi, as shown

in the figure. \/tu N \A

s = 10,000 psi
u

(a) Determine the angle u and the shear stress t, and show all stresses on a
sketch of the element.

(b) Determine the maximum normal stress S;,ax and the maximum shear

stress toa in the material. \ /
LTI

10,000 psi 5000 psi

Solution 2.6-15 Bar in uniaxial stress

1 1
. 2 = -
5,000 psi tan<u 5 tanu 12 u 3526 >

-
(} . 10,000 ps From Eg. (1) Of (2):
: ] Sy 15,000 psi
/ ty S, Sinucosu
(15,000 psi)(sin 35.26°)(cos 35.26°)

7,070 psi >

10,000 psi
0 Minus sign means that t, acts clockwise on the plane
5,000 psi for whichu  35.26°.

5,000

(a) ANGLE U AND SHEAR STRESS t,

S, Sy cos?

Su 10,000 pSi 7,070
_S 10,000 psi
SX 2_ 2 (l)
cos“u cos“u

10,000

PLaNE AT ANGLE U 90°

Sy 90° syJcos(u 90°)]° s sinu]?

S, Sin?u NOTE: All stresses have units of psi.
s, 90° 5,000 psi (b) MAXIMUM NORMAL AND SHEAR STRESSES
So 90 5,000 psi Smax S 15000psi 3
Sy )
sinu sin“u Sx -

trax 2* 7,500 psi

Equate (1) and (2):

10,000 psi 5,000 psi
cosu sinu
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Problem 2.6-16 A prismatic bar is subjected to an axial force that produces a
tensile stress s, 65 MPa and a shear stress t, 23 MPa on a certain inclined plane
(see figure). Determine the stresses acting on all faces of a stress element oriented at

30° and show the stresses on a sketch of the element. / v e ’j

Solution 2.6-16

(4754 +655,)
s}

S 4754

Sx 65

Sx 73.1 MPa Sy 65 MPa

Su
u acosPAS— 0 u 195
X
Find u and s, for stress state shown in figure.

Sy AD-
2 cos (U
Su  Sxcos(u) (u) A \

Sx

/ r},’\>/
W2 )
so  sin(u) Al zu \?b‘g 0 =30°

t, s,sin(u) cos(u) /\ /

t 1 Su St \
S7>< A S7><'A\ Sy

t 2 sy Sy
asjb s, s, b Now find s, and t, foru  30°:

23 2 65 65 2 Sur Sxcos(u)® Sy 54.9MPa :
aib s a?b

X X X t, s,sin(u) cos(u) t, 31.7 MPa s
65 2 65 23 2 p 2
a—b + a—b 0

aSXb s, s, Suz  SxcoOsau + b Sz 18.3 MPa >
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Problem 2.6-17 The normal stress on plane pq of a prismatic bar in

tension (see figure) is found to be 7500 psi. On plane rs, which makes P
anangleb  30° with plane pq, the stress is found to be 2500 psi. r b\«
Determine the maximum normal stress S, and maximum shear
stress tmax in the bar. P / P
«—i N\ >

Solution 2.6-17 Bar in tension

A P SUBSTITUTE NUMERICAL VALUES INTO EQ. (2):
B cosu, 7500 psi
P P +30) A 2500 psi 23 L1732l
— ; T 1 cos(uq
\q s Solve by iteration or a computer program:
u, 30°
Eg. (2-31a):
MAXIMUM NORMAL STRESsS (FRom Eq. 1)
Sy S4C0su
R _S 7500 psi
b 30 Smax  Sx 2 2
2 . cos‘u;  cos“ 30
PLANE pg: S1  S,COS“U; S1 7500 psi

PLANE 1S:S,  S,c08%(U;  b) s, 2500 psi 10,000 psi 3

Equate Sy from s, and S, MAXIMUM SHEAR STRESS

Sy

S trax 5 5,000 psi >

_S:
2 2
cos“u;  cos“(u; + b)

Sy (Eq. 1)

or

cos?u, S,  cosuj S (gq.2)

cos’(u; + b) Sz cos(uy + b) A

Problem 2.6-18 A tension member is to be constructed of two

pieces of plastic glued along plane pq (see figure). For purposes of p p /<u

cutting and gluing, the angle u must be between 25° and 45°. <« N\ I |
The allowable stresses on the glued joint in tension and shear are q

5.0 MPa and 3.0 MPa, respectively.

(a) Determine the angle u so that the bar will carry the largest
load P. (Assume that the strength of the glued joint
controls the design.)

(b) Determine the maximum allowable load P, if the
cross-sectional area of the bar is 225 mm?,

\ Aav)
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Solution 2.6-18 Bar in tension with glued joint

(a) DETERMINE ANGLE Q FOR LARGEST LOAD

] . .
P { P\ ) \ P Point A gives the largest value of s, and hence the
q largest load. To determine the angle u correspon-
ding to point A, we equate Egs. (1) and (2).
25° u 45° 50MPa 3.0 MPa
A 225 mm? cosZu sin u cos u

On glued joint: Sy0n 5.0 MPa -

taow 3.0 MPa tanu -5 u 3096 >
ALLOWABLE STRESS Sy IN TENSION (b) DETERMINE THE MAXIMUM LOAD
Sy 5.0MPa From Eq. (1) or Eq. (2):
Se seostu s, cosu  cos?u @ 50MPa 3.0 MPa
Sy — : 6.80 MPa

2

t, S,Sin u cos u cos u sin u cos u
2

Since the direction of t, is immaterial, we can write: Prac  SA (6.80 MP2)(225 mm )

tu| sysinucosu 1.53 kN >
or

Ity 3.0 MPa
sy @

sinucosu  sinucosu

GrarPH oF Egs. (1) anD (2)

ax 15
(MPa)
10+
5
0 T T

T T 1
5% 30° 45; 60°  75° 90°
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Problem 2.6-19 Plastic bar AB of rectangular cross section ) . n b

(b 0.75in.andh 15in.)and length L 2 ft. is fixed at A ETe N W K ©

A and has a spring support (k 18 k/in.) at C (see figure). ) h
Initially, the bar and spring have no stress. When the tempera- L =151t

ture of the bar is raised by 100 F, the compressive stress on an v q

inclined plane pg at L, 1.5 ft becomes 950 psi. Assume the
spring is massless and is unaffected by the temperature
change. Leta 55 * 10 8 Fand E 400 ksi.

(a) What is the shear stress t, on plane pg? What is angle u?

(b) Draw a stress element oriented to plane pg, and show the stresses acting on all faces of this element.

(c) If the allowable normal stress is ; 1000 psi and the allowable shear stress is ; 560 psi, what is the maximum permissi-
ble value of spring constant k if allowable stress values in the bar are not to be exceeded?

(d) What is the maximum permissible length L of the bar if allowable stress values in the bar are not to be exceeded?
(Assume k 18 k/in.)

(e) What is the maximum permissible temperature increase (¢T) in the bar if allowable stress values in the bar are not to
be exceeded? (Assume L 2 ftandk 18 k/in.)

Solution 2.6-19

NUMERICAL DATA

a 55110 2 E 400ksi L 2ft ¢T 100 k 18kfin. b 075in. h 15in.
s, 950psi s, 1000psi t, 560psi L, 15ft A bh J . 555610 Sin/ip

(@) Fino uanD T,

ac¢TL R S
Ry redundant R, — -  1212% 10°lb s 2 1077.551psi AS—“ 0.939

—-= + f X

aEAb
Sy
u acosa —b 0.351 cos(2u) 0.763 u 20.124

2 . Sy . p 2 .
S, cos(u) 950 psi or 5 (1 + cos(2u)) 950 psi Sy  Sxcosau + 5 D 127.551 psi

u 0351 u 20124 Sy 1077.551 psi 2u  0.702

t, sysin(u)cos(u)  348.1 psi or t, _285 sin(2u)  348.1 psi

[t, 348psi| |u 201 |

(b) FIND Syq AND Sy

2
Syq  Sycos(u)? Sy1  Sxcosau + gb

Sy 950 psi| |sy1 127.6 psi |
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(c) Given L 2 ft, FIND Kpyax

SaA
Ko 2 156251b/in. 6 controls (based on Syj;ow)

¢TL Aa—>b
a SaAag,

2t,A

or  Kiaxo 19444.444 Ibfin. based on allowable shear stress

L
¢TL 2t,Aa—b
a a aEA

[Kmax 15625 Ib/in.

(d) GIVEN ALLOWABLE NORMAL AND SHEAR STRESSES, FIND Lpax

k 18000 Ib/in.
R acTL s, A(f)
Sy 2 SaA — L max1 = 1.736ft 6 controls (based on Sy ow)
A L Sa
a_ b +f aa¢T + _b
EA E
2t,A(f)
or Lmax2 2.16 ft 6 based on Tyow
a
—b
aa ¢T + E
Lmax 1.736 ft
(&) FIND  Thax GIVEN L, K, AND ALLowaBLE sTREsSEs k18000 Ib/in. L 2ft S, 1000 psi
t, 560 psi
L
aa + fb SaA
€ Trnaxt 92.803 F 6 based on sy 0w ¢T 100

aL

L
+
aEA fb2t,A

CTnaxe 103.939 F 6 based on Tyjiow

aL

CToax 928 F
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Strain Energy

When solving the problems for Section 2.7, assume that the
material behaves linearly elastically.

Problem 2.7-1 A prismatic bar AD of length L, cross-sectional

area A, and modulus of elasticity E is subjected to loads 5P, 3P, 5P 3P P
and P acting at points B, C, and D, respectively (see figure). 3 = j_’
respectively. «% } % } % }

(a) Obtain a formula for the strain energy U of the bar.
(b) Calculate the strainenergy if P 6k, L 52in.,
A 2.76in.2, and the material is aluminum with
E 104 10° psi.

Solution 2.7-1 Bar with three loads

sp3p P
e —
A B C D
L L L]
6 | 2 | 3 t
P 6k (a) STRAIN ENERGY OF THE BAR (Eq. 2-40)
52 in. N2L
. U i
E 104 10° psi 92En,
in.2 1 L B
A 276in. i@ ach + ( 2PPaZb + (P)Path
INTERNAL AXIAL FORCES
Nag 3P Ngc 2P Nep P P2L 23 23P2L
a_b :
LENGTHS 2EA 6 12EA
L L L (b) SuBSTITUTE NUMERICAL VALUES:
Lee g Lec 5, Lo 4

23(6 k)%(52 in.)

12(10.4 * 10° psi)(2.76 in.%)
125in-lb 3
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Problem 2.7-2 A bar of circular cross section having two different 2

diameters d and 2d is shown in the figure. The length of each segment d
of the bar is L/2 and the modulus of elasticity of the material is E. P l l P
(@) Obtain a formula for the strain energy U of the bar due to the load P. ‘ T i
(b) Calculate the strain energy if the load P 27 kN, the length L T L L
600 mm, the diameterd 40 mm, and the material is brass with E -5 >
105 GPa.
Solution 2.7-2 Bar with two segments
lZd d
P [ | P
L L
\ 7 \ o \
(&) STRAIN ENERGY OF THE BAR (b) SuBSTITUTE NUMERICAL VALUES:
Add the strain energies of the two segments of the
bar (see Eq. 2-42). P 27kN L 600mm
U 92, —Li C 0
P12EA 2B Pd?  H(d) 5(27 kN?)(600 mm)
2
P2 1 1 5p2. ] 4p(105 GPa)(40 mm)
—sa— —, b 2 > #
PE 4d d* 4pEd 1036 N'm 1.036J :
Problem 2.7-3 A three-story steel column in a building supports roof P,
and floor loads as shown in the figure. The story height H is 10.5 ft, the cross-sectional area N o
A of the column is 15.5 in.2, and the modulus of elasticity E of the steel is 30 10° psi.
Calculate the strain energy U of the column assuming P; 40kandP, P; 60k
H
P2
H
P3
v v
H
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Solution 2.7-3 Three-story column

Upper segment: N; Py
P, Middle segment: N, Py Py
Lower segment: Ny (P. P, Py)
H STRAIN ENERGY
NZL
2EA;

Y P2 v U

H
Y P, N E[P% + P+ P+ (PL+ P+ Py)Y

H
H ﬁ[Q]

[Q] (40k)? + (100 k)? + (160 k)> 37,200 k?

H 105ft E 30 10°psi 2EA  2(30 * 10%psi)(15.5in.2) 930 * 10%1b
A 155in? Py 40k (10.5 ft)(12 in./ft)

U [37,200 k?]
P, P; 60K 930 * 10°%Ib

To find the strain energy of the column, add the strain

energies of the three segments (see Eq. 2-42). 5040 in.-Ib 3

Problem 2.7-4 The bar ABC shown in the figure is loaded by a

. : . Q P
force P acting at end C and by a force Q acting at the midpoint B. The j
(2) Determine the strain energy U; of the bar when the force P acts } ZL } 7'- }
alone (Q 0).
(b) Determine the strain energy U, when the force Q acts alone
(P 0).

(c) Determine the strain energy Us; when the forces P and Q act
simultaneously upon the bar.
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Solution 2.7-4 Bar with two loads

Q = (c) Forces P AND Q ACT SIMULTANEOUSLY
— t BC:
% Q‘T_’ % Segment BC: Ugc SEA AEA
+ 0)2
(@) Force P acTs ALonE (Q  0) Segment AB: Upg %
u PL .
' 2EA 7 P2 PQL , Q%L

(b) Force Q Acts ALoNe (P 0) 4EA  2EA  4EA

QL) QL P2L  PQL Qi
- Uy Ug + U + + -
% en  4eA C 3 YBC T WAB oEA T 2EA  4EA

(Note that U; is not equal to U; U, In this case,
U; U; U, However, if Q is reversed in direction,
Us; U; U, Thus, U; may be larger or smaller than
U, Uz)

Problem 2.7-5 Determine the strain energy per unit volume (units of psi) and the strain energy per unit weight (units of in.)
that can be stored in each of the materials listed in the accompanying table, assuming that the material is stressed to the pro-
portional limit.

DATA FOR PROBLEM 2.7-5

Weight Modulus of Proportional

density elasticity limit
Material (Ib/in.3) (ksi) (psi)
Mild steel 0.284 30,000 36,000
Tool steel 0.284 30,000 75,000
Aluminum 0.0984 10,500 60,000
Rubber (soft) 0.0405 0.300 300

Solution 2.7-5 Strain-energy density

STRAIN ENERGY PER UNIT VOLUME

DATA:
2

Weight ~ Modulus of  Proportional u —— VolumeV AL

density elasticity limit 2EA
Material (Ib/in.3) (ksi) (psi) p

. Stresss  —

Mild steel 0.284 30,000 36,000 A
Tool steel 0.284 30,000 75,000 s2
Aluminum 0.0984 10,500 60,000 u =t
Rubber (soft)  0.0405 0.300 300 Yv o 2E
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At the proportional limit: At the proportional limit:
U ug modulus of resistance SZPL
i T (Eq. 2)
gE
2
s
iR o (Eq. 1)
RESULTS
STRAIN ENERGY PER UNIT WEIGHT ug (psi) uy (in.)
P2 Mild steel 22 76
; Tool steel 94 330
U pga WeightW  gAL Aluminum 171 1740
Rubber (soft) 150 3700
g weight density
.o Yo st
W w  2gE

Problem 2.7-6 The truss ABC shown in the figure is subjected to a horizontal
load P at joint B. The two bars are identical with cross-sectional area A and modulus
of elasticity E.

(a) Determine the strain energy U of the truss if the angle b 60°.
(b) Determine the horizontal displacement dg of joint B by equating the strain
energy of the truss to the work done by the load.

| L |
Solution 2.7-6 Truss subjected to a load P
| L |
b 60° Feet O l
. T .
Lae Lec L Fag sSinb  Fgesinb 0
sinb  13/2 Fas  Fac (Eq. 1)
cosb 1/2 Froiz 0 = «
FREE-BODY DIAGRAM OF JOINT B Fpg COSb  Fgccosb P 0
By F
P P
\jﬁ Fas F P Eq. 2
y \ A8 TEC ocosh  2(112) (Ea.2)
Fap Fpe
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Axial forces: Nps P (tension) (b) HoRIZONTAL DISPLACEMENT OF JOINT B (EQ. 2-44)

P

Ngc P (compression) 2U _
EA EA 7

dg
(a) STRAIN ENERGY OF TRUss (EQ. 2-42) P

NPLi  (Nag)L | (Ngc)’L P _
9EA  2EA 2EA  EA 7

Problem 2.7-7 The truss ABC shown in the figure supports a
horizontal load P, 300 Ib and a vertical load P, 900 Ib. Both
bars have cross-sectional area A 2.4 in.2 and are made of steel with
E 30 10°psi.

(a) Determine the strain energy U, of the truss when the load P,
acts alone (P, 0).

(b) Determine the strain energy U, when the load P, acts alone
(P, 0).

B P;=300Ib

1=

(c) Determine the strain energy U; when both loads act P. =900 Ib
simultaneously. _ Y 2=
\ 60 in |
Solution 2.7-7 Truss with two loads
_Lgc 120
Lag _in. 69.282in.

cos 30 13
2EA 230 10°psi)(24in?) 144 10°Ib

Forces Fag AND Fgc IN THE BARS
From equilibrium of joint B:

B C B Pl
T: P Fas 2P, 18001b
! Lac  p, Fee P, P,13 300b 1558.81b
Py 300 Ib Earce P, alone P. alone P,and P,
P, 9001bA Epe 0 1800 1h 1800 1h
24in2 Fac 300 Ib 1558.8 Ib 1258.8 Ib
E 30 10°psi
Lgc 60in. (@) Loap P; AcTs ALONE
b 30° (Fec)lllpc (300 Ib)%(60 in.)
U
) Y 2EA 144 * 10° Ib
sinb sin30 —
2 0.0375in.-lb 3
13
cosb  cos 30 73
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(b) Loap P, AcTs ALONE 1 ) )
¢(1800 Ib)“(69.282 in.)
1 2EA

1 2 2
c(F Lag + (F Lged
U, JEA (Fag) Lag + (Fec) Lac

1 + ( 1258.8 1b)%(60 in.)

L , .
2EAC(18OO 1b)?(69.282 in.)
319.548 * 10° Ib%-in.

+ ( 1558.8 Ib)2(60 in.)d 144 * 10%Ib
222in.-lb 3
370.265 * 10%Ib%in. 257in-b = NOTE: The strain energy Us is not equal to U;  Us.
144 * 10°%Ib

(c) Loaps Py AND P, ACT SIMULTANEOUSLY

1
L (Fag)2e + (Fac)Zact
U, JEA (Fap)Lag + (Fec)Lec

Problem 2.7-8 The statically indeterminate structure shown

in the figure consists of a horizontal rigid bar AB supported by
five equally spaced springs. Springs 1, 2, and 3 have stiffnesses
3k, 1.5k, and k, respectively. When unstressed, the lower ends of
all five springs lie along a horizontal line. Bar AB, which has
weight W, causes the springs to elongate by an amount d.

(a) Obtain a formula for the total strain energy U of the

springs in terms of the downward displacement 1w 3K
d of the bar.

(b) Obtain a formula for the displacement d by equating the A B
strain energy of the springs to the work done by the
weight W.

(c) Determine the forces F,, F,, and F; in the springs.

(d) Evaluate the strain energy U, the displacement d, and the
forces in the springs if W 600 Nand k 7.5 N/mm.
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Solution 2.7-8 Rigid bar supported by springs

(c) FORCES IN THE SPRINGS

3W W
o P Lok S5 s

F1  3kd 20

W
Fo ki 15 =

(d) NUMERICAL VALUES

k, 3k
' W 600N k 7.5N/mm 7500 N/mm
k, 1.5k
2
2
ko K U ski2 Se2p W
d  downward displacement of rigid bar 10k 20k
2 | -
For a spring: U Eq. (2-40b) 24N'm 24) 3
2
(a) STRAIN ENERGY U OF ALL SPRINGS d ﬂk s0mm =
10 ' >
3kd? 1.5kd? . kd?
U 2a~—b +2a b+—  5kd* 3 3W
2 2 2 F, =~ 180N 3
10
(b) DispLACEMENT d
Work done by the weight W equals Wz—d F, % ON 3
Strain energy of the springs equals 5kd? W
F; — 60N 3
d 10
. Wd 2 W
T, okd® and d o 3 NOTE:W 2F, 2F, F, 600N (Check)
Problem 2.7-9 A slightly tapered bar AB of rectangular cross A b
section and length L is acted upon by a force P (see figure). The 4 B %1
width of the bar varies uniformly fromb, atend Ato b, atend B. B2 i

The thickness t is constant.

(a) Determine the strain energy U of the bar. l |
(b) Determine the elongation d of the bar by equating the
strain energy to the work done by the force P.

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



240  CHAPTER 2 Axially Loaded Members

Solution 2.7-9 Tapered bar of rectangular cross section

A by Apply this integration formula to Eq. (1):
L3 I z Ty
2 : b(x) <
N o dj - - u 1 In cb, (b byl
1 L‘ 2Et (b, bp1t2 L 0
‘ 2
P L L
—t———Inb; ———Inby
(b, bx 2Et (b, by (b, by
b(x) b, =
L
P2 by
Uu —— < In* 3
AX)  th(x) 2Eth b) b
2 1 1
(b, by)x
tch, L d (b) ELonGATION OF THE BAR (Eq. 2-44)
(a) STRAIN ENERGY OF THE BAR d . __PL__ In b

P Etb, b)) b

[N()]dx
(Eq. 2-43) NOTE: This result agrees with the formula derived in
L 2EAK) Prob. 2.3-13.
L p2dx P? - dx O
Ly 2Etb(x) 2Et1g b, (b, by
dx 1
From Appendix C: —In(a + bx
PpendixC: | awbx b @
Problem 2.7-10 A compressive load P is transmitted through a rigid plate to three
magnesium-alloy bars that are identical except that initially the middle bar is slightly P
shorter than the other bars (see figure). The dimensions and properties of the assembly | | s

are as follows: length L 1.0 m, cross-sectional area of each bar A 3000 mm?, -
modulus of elasticity E 45 GPa, and the gaps 1.0 mm. |

(a) Calculate the load P, required to close the gap.
(b) Calculate the downward displacement d of the rigid plate when P 400 kN. L
(c) Calculate the total strain energy U of the three bars when P 400 kN.
(d) Explain why the strain energy U is not equal to Pd/2.

(Hint: Draw a load-displacement diagram.)
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Solution 2.7-10 Three bars in compression

o __l_s:l.()mm

s 1.0mm
L 10m

For each bar:

A 3000 mm?
E 45 GPa
EA

o 1 10% N/m
(a) LoaD P; REQUIRED TO CLOSE THE GAP

PL EAd
In general, d EA and P T

For two bars, we obtain:

EA
P, ZaTSb 2(135 * 10° N/m)(L.0 mm)

P, 270kN 3
(b) DispLAaceEmMENT d FOrR P 400 kN

Since P Py, all three bars are compressed. The

force P equals P, plus the additional force

required to compress all three bars by the amount

d s

EA
P P1+3aTb(d s)

or400kN 270kN 3(135 10° N/m)
(d 0.001m)

Solving, we getd 1.321mm 3
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(c) StrAIN ENERGY U For P 400 kN

EAd?

U 9,

Outer bars: d 1321 mm
Middle bar: d 1321mm s
0.321 mm

U %[2(1.321 mm)? + (0.321 mm)?]

%(135 * 105 N/m)(3.593 mm?)

243 N#m 243) 3
(d) LoAD-DISPLACEMENT DIAGRAM

U 243] 243 N#m

1 y
—  Z(400 kN)(1.321mm) 264 N'm
2

Pd

The strain energy U is not equal to 9 because the

load-displacement relation is not linear.

Load P P
(kN) 200 P
1004 ' b 8=1.0mm
/ d=1321 mm
e
0 0.5 10 135 20

Displacement § (mm)

U  area under line OAB.

P . . S
Pd area under a straight line from O to B, which is
larger than U.

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



242  CHAPTER 2 Axially Loaded Members

Problem 2.7-11 A block B is pushed against three springs by a force P
(see figure). The middle spring has stiffness k; and the outer springs each
have stiffness k. Initially, the springs are unstressed and the middle spring

is longer than the outer springs (the difference in length is denoted s). ky
(a) Draw a force-displacement diagram with the force P as ordinate k
and the displacement x of the block as abscissa. ks
(b) From the diagram, determine the strain energy U, of the springs
when x  2s.
(c) Explain why the strain energy U, is not equal to Pd/2, whered  2s.
Solution 2.7-11 Block pushed against three springs
ko
P
— B kl
ko
OAORO)
Force Py required toclose the gap: (2) FORCE-DISPLACEMENT DIAGRAM
Po  kis (1) Force P
FORCE-DISPLACEMENT RELATION BEFORE GAP IS CLOSED PI_E(3) .....
q
P kyx O x s)0 P Py 2) Slope = k| + 2k

FORCE-DISPLACEMENT RELATION AFTER GAP IS CLOSED

All three springs are compressed. Total stiffness equals k; Po+
2k,. Additional displacement equals x s. Force P

equals P, plus the force required to compress all three 0

springs by the amount x  s.
P Py (ki 2k)(x 9)
kis (ki 2k)x ks 2kss

P (ki 2k)x 2ks (x s);(P Pp (3) Y
P, force Pwhenx 2s
Substitute x  2s into Eq. (3):
P, 2(k; ky)s 4)
U,
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| T Displacement x

Slope = k;

(b) STRAIN ENERGY U; WHEN X 25

Area below force-displacement curve

pd

1 1 1
EPQS + Pos + E(Pl Po)s Pos + EPls

kis? + (ky + ky)s?

(2k; k) 3 ®)
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P P . . .
(c) STRAIN ENERGY Uj Is NOT EQUAL TO 7(1 7d area under a straight line from O to B, which

Pd 1 is larger than Us,.
Ford 2s:— ZP(2s) Ps  2(k; + kys? _ _
2 2 29 P (ks 2 Thus, Z—d is not equal to the strain energy because

(This quantity is greater than U,.) the force-displacement relation is not linear.
U, area under line OAB.

Problem 2.7-12 A bungee cord that behaves linearly
elastically has an unstressed length L, 760 mm and a
stiffness k 140 N/m.The cord is attached to two pegs, dis-
tance b 380 mm apart, and pulled at its midpoint by a
force P 80 N (see figure).

(&) How much strain energy U is stored in the cord?
(b) What is the displacement d. of the point where the
load is applied?
(c) Compare the strain energy U with the quantity
Pdc/2.
(Note: The elongation of the cord is not small compared
to its original length.)

Solution 2.7-12 Bungee cord subjected to a load P.
DIMENSIONS BEFORE THE LOAD P IS APPLIED From triangle ACD:

1
d §2L§ b?  329.09 mm 1)

DIMENSIONS AFTER THE LOAD P IS APPLIED

L
L, 760 mm _2* 380 mm

b 380 mm
Letx ditance CD

Bungee cord:
y.g § cor N Let L, stretched length of bungee cord
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From triangle ACD: e —
g or Ly Lo+ —1p%+ 4@ Lp2+ 4¢3

Ly b2 4kx
, Aagb + X 2
e
L, al 4kxb1b + 4x )
L, 2b%+ 4x 3)

This equation can be solved for x.

EoquiLiBriUM AT POINT C
SUBSTITUTE NUMERICAL VALUES INTO Eq. (7):

Let F tensile force in bungee cord
(80 N)(1000 mm/m)

760 mm ¢l
4(140 N/m)x
* 1(380 mm)? + 4x° (8)
Pr2 c
142857 4 ——
760 al X b 144,400 + 4x 9)
F L2 P Ly 1 Units: x is in millimeters
P/2 X F 2, ba 2 b axb Solve for x (Use trial-and-error or a computer program):
X 497.88 mm
P 1+ agb2 (4) (a) STRAIN ENERGY U OF THE BUNGEE CORD
2A 2X
kd?
ELONGATION OF BUNGEE CORD U Py k= 140 N/m P 80N
Letd elongation of the entire bungee cord From Eq. (5):
F P L P b2
d — —,.1+ — -
TR ® d Hal*,z 30581mm
Final length of bungee cord  original length  d
1 2
™3 U ,(140N/m)@E0581mm) 655 N'm
+ + +
Lo Lo+d Lo+, a1 02 (6)
SOLUTION OF EQUATIONS U 655]) 3
Combine Egs. (6) and (3): () DispLACEMENT d¢ oF PoINT C
P I X d x d 497.88mm  329.09 mm
Ly Lo+ 1+ Ay + 4x c
kAT 4 1688 mm
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(c) ComPARISON OF STRAIN ENERGY U WITH THE

Load
QUANTITY Pdc/2 S / Large
U 6551 displacements

P
—sg %(80 N)(168.8 mm)  6.75

The two quantities are not the same. The work done by
the load P is not equal to Pdc/2 because the load-
displacement relation (see below) is non-linear when
the displacements are large. (The work done by the
load P is equal to the strain energy because the bungee
cord behaves elastically and there are no energy
losses.)

Small
displacements

Displacement

U area OAB under the curve OA.

Pd . S
_29 area of triangle OAB, which is greater than U.

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



246  CHAPTER 2 Axially Loaded Members

1 | NH
myact LUautity

The problems for Section 2.8 are to be solved on the basis of the assumptions "

and idealizations described in the text. In particular, assume that the material -
behaves linearly elastically and no energy is lost during the impact. Coll
ollar
Problem 2.8-1 A sliding collar of weight W 150 Ib falls from a height \
h  2.0in. onto a flange at the bottom of a slender vertical rod (see figure).
The rod has length L~ 4.0 ft, cross-sectional area A 0.75 in.2, and modulus [vj
of elasticity E 30  10° psi. -
Calculate the following quantities: (a) the maximum downward Rod
displacement of the flange, (b) the maximum tensile stress in the rod, \
and (c) the impact factor. Flange i

s ¥

Probs. 2.8-1, 2.8-2, 2.8-3

(2) DOWNWARD DISPLACEMENT OF FLANGE

WL .
Ay £ 0.00032in.

Eqg. (2-55):
12
Omax  dgt¢l + al + 2—hb d
dst
0.0361in. 3
(b) MaximMum TENSILE STRESS (Eq. 2-57)

Edmax

Smax | 22,600 psi 3

(c) ImpacT FacTOR (EQ. 2-63)

dmax _0.0361 in.
dg  0.00032in.

W 1501b Impact factor

h 20in. L 4.0ft 48in. 13 =
E 30 10°psi A 0.75in?
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Problem 2.8-2 Solve the preceding problem if the collar has mass
M 80 kg, the height h 0.5 m, the length L 3.0 m, the cross-sectional
area A 350 mm?, and the modulus of elasticity E 170 GPa.

() DOWNWARD DISPLACEMENT OF FLANGE

WL
dSt a 0.03957 mm
2h 1/2
W o4 — Eq. (2-53): dmax dg¢l + al + —b
; L dst
h 6.33 mm 3
Flange
(b) MaxiMum TENsILE sTREss (Eq. 2-57)
N Ly £
@ Smax —diﬂ 359 MPa  :
(c) ImpacT FACTOR (EQ. 2-63)
M 80kg
2 Impact factor  Omex  —5.33mm_
W Mg (80 kg)(9.81 m/s?) P dg  0.03957 mm
784.8N 160 -
0.5m L 30m
E 170GPa A 350 mm’
Problem 2.8-3 Solve Problem 2.8-1 if the collar has weight W 50 Ib,
the height h 2.0 1in., the length L 3.0 ft, the cross-sectional area
A 0.25in.2, and the modulus of elasticity E 30,000 ksi.
W  501Ib h 20in.
L 3.0ft 36in.
E 30,000 psi A 0.25in.?
(2) DOWNWARD DISPLACEMENT OF FLANGE
WL .
dst a 0.00024 in.
h oh 12
Flange Eq. (2-55): dpax dgcl + al + d—b ¢
st

@ 0.0312in. =
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(b) Maximum TENSILE sTRESS (EQ. 2-57) (c) ImpacT FACTOR (EQ. 2-63)
E_dmax . dmax 0.0312 in
— 26,000 psi : —max - o= Tl
Smax L p Impact factor d, 0.00024 in.
130 :
Problem 2.8-4 A block weighing W 5.0 N drops inside a cylinder
from a height h 200 mm onto a spring having stiffnessk 90 N/m
(see figure). Block
(a) Determine the maximum shortening of the spring due to the )
impact and (b) determine the impact factor. Cylinder

N

e =

Prob. 2.8-4 and 2.8-5

W 50N h 200 mm K 90 N/m (b) ImpAcT FACTOR (EQ. 2-63)

(a) MAXIMUM SHORTENING OF THE SPRING Impact factor Uy 215 mm
W 50N dg 55.56 mm
de, — ) 39 3
ST 90 N/m 55.56 mm
2h 12

Eq. (2-55): dpax dgtl + al + d—b d

st

215mm 3
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Problem 2.8-5 Solve the preceding problem if the block weighs
W 10Ib,h 12in,andk 0.51b/in.

(a) MAXIMUM SHORTENING OF THE SPRING

w 1.01b .
Y T
2h 1/2
EQ. (2-55): dmax dgicl + al + d—b d
st
9.21in. 3
(b) ImpAcT FACTOR (EQ. 2-63)
dmax 9.21in.
Impact factor d, —2.0 in.
46 3
W 1.01Ib h 12in. k 0.5 Ib/in.
Problem 2.8-6 A small rubber ball (weight W 450 mN) is attached by a rubber cord to N Q

a wood paddle (see figure). The natural length of the cord is L, 200 mm, its cross-
sectional area is A 1.6 mm?, and its modulus of elasticity is E 2.0 MPa. After being
struck by the paddle, the ball stretches the cord to a total length L, 900 mm.

What was the velocity v of the ball when it left the paddle? (Assume linearly elastic
behavior of the rubber cord, and disregard the potential energy due to any change in
elevation of the ball.)

Solution 2.8-6 Rubber ball attached to a paddle

WHEN THE RUBBER CORD IS FULLY STRETCHED:

EAd?  EA
2Ly 2L,

L1 Lo

CONSERVATION OF ENERGY

KE U ' —EA(L Lo)?
29 2Ly + O

EA
v2 g_(L Lo)®
2 WLy *

g 9.81m/s E 2.0MPa gEA

A 16mm? L, 200mmL, Vol Ly, C

900 mm W 450 mN WHEeN SUBSTITUTE NUMERICAL VALUES:

THE BALL LEAVES THE PADDLE (9.81 m/s?) (2.0 MPa) (1.6 mm?)
v (700 mm)

Wv?2 A (450 mN) (200 mm)
KE — 13.1m/s 3

29
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Problem 2.8-7 A weight W 4500 Ib falls from a height h onto

a vertical wood pole having length L 15 ft, diameterd  12in., W = 4,500 Ib
and modulus of elasticity E 1.6 10° psi (see figure).
If the allowable stress in the wood under an impact load is 2500 psi, h
what is the maximum permissible height h? —5
d=12in.
L=15ft
Solution 2.8-7 Weight falling on a wood pole
E 16 10°psi
v Sallow 2500 pSI ( Smax)
ik Find hppax
y STATIC STRESS
— W 4500 1b .
: S — ——— 39.79 psi
A 11310in2 P
L MAXIMUM HEIGHT Npyayx
i 2hE 172
- Eq. (2-61): s Sl + al + b
ﬁ.c\,r q ( ) max st LSst
: or
S 2hE 1/2
max l al + =
- Sst LSq
Square both sides and solve for h:
LSmax _ Smax _
h hmax 2E Sst 2b >
W 4500 1Ib d 12in. SUBSTITUTE NUMERICAL VALUES:
L 15ft 180in. h (180 in.) (2500 psi) 2500 psi
pd? max 2(1.6 * 108 psi)  39.79 psi
A — 113.10in.2 _
4 855in.
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Problem 2.8-8 A cable with a restrainer at the bottom hangs

vertically from its upper end (see figure). The cable has an ,’O'
effective cross-sectional area A 40 mm? and an effective
modulus of elasticity E 130 GPa. A slider of mass M 35 kg %
drops from a height h 1.0 m onto the restrainer. Cable 7

If the allowable stress in the cable under an impact load is \

500 MPa, what is the minimum permissible length L of the cable?

N i

Restrainer

RN

|

Probs. 2.8-8, 2.8-2, 2.8-9

STATIC STRESS
W 3434N

— 8.585 MPa

A 40mm?

MINIMUM LENGTH Lpin
2hE 12

EQ. (2-61): Smax Sl + al + b d
Lsst

or

Smax 2h_E 12

- al +

Sqt Lsgt

Square both sides and solve for L:
__ 2Ehsg -
" Smax(Smax 2S¢ 7

L Ly

SUBSTlTUTE NUMERICAL VALUES:
2(130 GPa) (1.0 m) (8.585 MPa)
Lmin (500 MPa) [500 MPa  2(8.585 MPa)]

W Mg (35kg)(9.81 m/s®) 343.4N
A 40mm’ E 130GPa

h 10M  Suiow Swax 500 MPa 9.25mm 2

Find minimum length L.
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Problem 2.8-9 Solve the preceding problem if the slider has
weight W 1001b,h  45in, A 0080in2 E 21 10° psi, A
¥

and the allowable stress is 70 ksi.
Cable
2
Slider
Restrainer
STATIC STRESS
w 100 Ib
S — ———  12500psi
A 0.080in.2 P
MINIMUM LENGTH Lpin
2hE 1/2
Eq. (2-61): Smax Sl + al + b
Lsst
or
Smax 2hE 172
1 al+ ;[
Sst Lsg

Square both sides and solve for L:
__ 2Ehsyg _
™ Smax(Smax  2S¢)

L

SUBSTITUTE NUMERICAL VALUES:

2(21 * 10° psi) (45 in.) (1250 psi)
(70,000 psi) [70,000 psi  2(1250 psi)]
500 in. :

W 100 1b L min
A 0.080 in.2 E 21 10°psi
h 45in Sallow  Smax 70 ksi

Find minimum length L.
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Problem 2.8-10 A bumping post at the end of a track in a )
railway yard has a spring constant k 8.0 MN/m (see figure). v
The maximum possible displacement d of the end of the
striking plate is 450 mm.

What is the maximum velocity n.,.« that a railway car of
weight W 545 kN can have without damaging the bumping
post when it strikes it?

STRAIN ENERGY WHEN SPRING IS COMPRESSED TO THE
MAXIMUM ALLOWABLE AMOUNT
2
kdfax  kd?
2 2

CONSERVATION OF ENERGY
w2 kd? , kd?
— Vv

5 ] Bl [ 7 5 B 5 5 B B KE 29 2 Wig
k.
Vo d ;
k 80MN/M W 545kN max T A WIg z
d maximum displacement of spring SUBSTITUTE NUMERICAL VALUES:
d dmx 450 mm 8.0 MN/m
" Vmax (450 mm) 5
Find Npax. A (545 kN)/(9.81 m/s )
KINETIC ENERGY BEFORE IMPACT 5400 mm/S 5.4 m/S -
KE MvZ w2
2 29
Problem 2.8-11 A bumper for a mine car is constructed with <«

a spring of stiffness k 1120 Ib/in. (see figure). If a car weighing [
3450 Ib is traveling at velocity n 7 mph when it strikes the
spring, what is the maximum shortening of the spring?
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Solution 2.8-11 Bumper for a mine car

k1120 lo/in. W 3450 Ib Conservation of energy
n 7mph 123.2in./sec KE U Wyv2  kdfax
g 32.2ft/sec® 386.4 in./sec? 29 2 ,
Wv
Find the shortening d., of the spring. Solve for dmay: dmax A gk :

KINETIC ENERGY JUST BEFORE IMPACT .
SUBSTITUTE NUMERICAL VALUES:

KE —- 2 (3450 Ib) (123.2 in./sec)?
T A (386.4 in./sec?) (1120 Ib/in.)
STRAIN ENERGY WHEN SPRING IS FULLY COMPRESSED
kd2 11.0in. 3
—max
vy

Problem 2.8-12 A bungee jumper having a mass of 55 kg leaps
from a bridge, braking her fall with a long elastic shock cord having
axial rigidity EA 2.3 kN (see figure).

If the jumpoff point is 60 m above the water, and if it is desired to
maintain a clearance of 10 m between the jumper and the water, what
length L of cord should be used?
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Solution 2.8-12 Bungeejumper

W Mg (55 kg)(9.81 m/s?)

539.55 N
EA 23kN
Height: h 60 m

Clearance: C  10m
Find length L of the bungee cord.

P.E. Potential energy of the jumper at the top of
bridge (with respect to lowest position)

WL digy)

U  strain energy of cord at lowest position

EAdZ .
2L

CONSERVATION OF ENERGY
2
EAdfax

PE. U WL+dm)

2WL 2WL2
or dzmax EA dmax EA

SECTION 2.8 Impact Loading 255

SOLVE QUADRATIC EQUATION FOR Opmax:

WL wL 2 wL 2
d — + ca—b + 2La bd
mex - EA EA EA

WL 2EA 12

—cl+ al + ——
EAC a Wbd

VERTICAL HEIGHT
h  C+ L+ dpa

WL 2EA 12
h C L+ ¢l + al + b
EA w
SoLVvE FOR L:
h C _
L 1/2 >
W 2EA
1+ E—Acl + al + Wb d

SUBSTITUTE NUMERICAL VALUES:

W 53055 N
EA 2.3 kN

Numerator h C 60m 10m 50m
Denominator 1 + (0.234587)

0.234587

12

* 01 + —
L+ al + G sase7”
1.9586
50m
1.9586 255 m :

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



256  CHAPTER 2 Axially Loaded Members

Problem 2.8-13 A weight W rests on top of a wall and is attached to one
end of a very flexible cord having cross-sectional area A and modulus of
elasticity E (see figure). The other end of the cord is attached securely

to the wall. The weight is then pushed off the wall and falls freely the full
length of the cord.

(@) Derive a formula for the impact factor.
(b) Evaluate the impact factor if the weight, when hanging statically,
elongates the band by 2.5% of its original length.

CONSERVATION OF ENERGY

EAd2
PE. U WL+ dp) . ™=
2L

2WL 2WL2

or d%nax EA dmax EA

SOLVE QUADRATIC EQUATION FOR Opay:
weooowe 2w
+ ca b + 2La bd
EA EA

W Weight

dmax EA
Properties of elastic cord:

STATIC ELONGATION
wL
EA

E  modulus of elasticity
A cross-sectional area dst
L original length

. . IMPACT FACTOR
dnax  elongation of elastic cord

d A 12

P.E. potential energy of weight before fall (with Trjnax 1+ ¢l+ Wd -

respect to lowest position) st
PE. WL dna) NUMERICAL VALUES
LetU strain energy of cord at lowest position. dy  (25%)(L) 0.025L

2
EAdinax WL w EA
oL dst EA EA 0.025 W 40

Impact factor 1 + [1 + 2(40)]1/2 10 -
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Problem 2.8-14 A rigid bar AB having massM 1.0 kg and o}
length L 0.5 m is hinged at end A and supported at end B by a nylon
cord BC (see figure). The cord has cross-sectional area A 30 mm?,
length b 0.25 m, and modulus of elasticity E 2.1 GPa. pp—
If the bar is raised to its maximum height and then released, what is
the maximum stress in the cord? L
.

Ly

;) i
“max L
CD CB b
RicID BAR: .
AD AB L
2
W Mg (LOkg)®81mis’) h  height of center of gravity of raised bar AD
9.81NL .
dnax  €longation of cord
0.5m NvLon From triangle ABC:sin u b
corD: A 30 20+ L
cosuy ———
mm? 2b7 + 2
b 025m From line AD: sin2 u A% th
E 21GPa

. . . From Appendix D:sin2u  2sinucosu
Find maximum stress Spax in cord BC.

2h b L 2bL
< — 2a——=Dha b
L S 2 T P+
+L 2p2+ L2
and h b2
(Eg. 1)
h? + L?
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CONSERVATION OF ENERGY

P.E.  potential energy of raised bar AD

Oimax
Wah + b
2
EAd?
U  strain energy of stretched cord max
2
EAd

PE. U Wah + g%b —zt;‘ﬂ (Eq. 2)

SmaxP
For the cord: dpay %
Substitute into Eq. (2) and rearrange:

w 2WhE

Shax  , Smax . 0 (EQ.3)

Substitute from Eqg. (1) into Eq. (3):

sZ Ws _2WE 0 Eq. 4
max A max A(b2 + I_2) ( q )

SOLVE FOR Spax.
2
W 8L EA

max ¢l +

1+ ¢
2A AT wp? + L?

SUBSTITUTE NUMERICAL VALUES:

Smax 33.3MPa 3

Stress Concentrations

The problems for Section 2.10 are to be solved by considering
the stress-concentration factors and assuming linearly elastic behavior.

Problem 2.10-1 The flat bars shown in parts (a) and (b) of the figure are Da—
subjected to tensile forces P 3.0 k. Each bar has thickness t

(@) For the bar with a circular hole, determine the maximum stresses for
hole diametersd 1in.andd 2in. if the width b

(b) For the stepped bar with shoulder fillets, determine the maximum
stresses for filletradiiR  0.25in.and R 0.5 in. if the bar

widthsareb 4.0in.andc 2.5in.

0.25in.

6.0 in.

—o—>

] P
@
T

t
f ¢
L
(b)
Probs. 2.10-1 and 2.10-2

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.10 Stress Concentrations 259

Solution 2.10-1 Flat bars in tension

R = radius
P
(b)
(@)
P 30k t 025in (b) STEPPED BAR WITH SHOULDER FILLETS
(2) BAR WITH CIRCULAR HOLE (b 61in.) b 4.0in. ¢ 2.5in.; Obtain k from Fig. 2-65
. . P 3.0k
Obtain K from Fig. 2-63 - v A.80ksi
om e _ Swom o @5iny(025in) o0k
Ford lin. ¢ b d Sin FoRR 025in:Rlc 01 blc 160
P 3.0k . .
s — ——————— 240ksi k 230Smax KSpom 11.0ksi 3
Mot (5in.) (0.25in.) :
1 ForRR 05in.:R/c 0.2 b/c 1.60
d/b 3 K L 2.60 K 1.87 Smax KSnom 9.0ksi 3
Smax KSnom 6.2ksi 3
Ford 2in:c b d 4in.
P 3.0k .
— ———  3.00k
Stom ot @in)(025in) 00K
d/b% KL 231
Smax KSnom 6.9ksi 3
Problem 2.10-2 The flat bars shown in parts (a) and (b) of the figure
are subjected to tensile forces P 2.5 kN. Each bar has thickness
t 50mm. p i p
. . . . «— b d
(a) For the bar with a circular hole, determine the maximum stresses for R
hole diametersd 12mmandd 20 mm if the widthb 60 mm. j
(b) For the stepped bar with shoulder fillets, determine the maximum

stresses for filletradiiR 6 mmand R 10 mm if the bar widths are @)
b 60mmandc 40 mm.

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



260  CHAPTER 2 Axially Loaded Members

Solution 2.10-2 Flat bars in tension

R =radius

@
P 25kN t 50mm (b) STEPPED BAR WITH SHOULDER FILLETS
(@) BAR wITH CIRCULAR HOLE (b 60 mm) b 60mm ¢ 40mm;
Obtain K from Fig. 2-63 Obtain K from Fig. 2-65
Ford 12mm:c b d 48mm S nom P & 12.50 MPa
P 25 kN ct (40 mm) (5 mm)
Swom & (@8mm)Gmm) 042MPa ForRR 6mm:Rlc 015 blc 15
1 K 2.00 Smax KSpom 25MPa 3
d/b 5 KL251 ForR R 10mm:R/c 0.25 b/c 15
Smax KSnom 26 MPa 3 K 1.75 Smax KSpom 22MPa 3

Ford 20mm:c b d 40mm

P 2.5 kN
L) S YL
Stom o (omm) Gmm) 20 MPa

d/b % KL231

Smax KSpom 29MPa 3

Problem 2.10-3 A flat bar of width b and thickness t has a hole

of diameter d drilled through it (see figure). The hole may have T
: 1 fit withi P ST P
any diameter that will fit within the bar. ’ b d
What is the maximum permissible tensile load P, if the allowable Z
tensile stress in the material is s,? l
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Solution 2.10-3 Flat bar in tension

SECTION 2.10 Stress Concentrations 261

Nar. : :
-« T Q@ b K p
0 3.00 0.333
. 0.1 2.73 0.330
t  thickness 0.2 2,50 0.320
s; allowable tensile stress 0.3 2.35 0.298
Find P.... 0.4 2.24 0.268
Find K from Fig. 2-63 We observe that P, decreases as d/b increases.
s s Therefore, the maximum load occurs when the hole
Smax St
Prnax ~ SnomCt K ct K (b dt becomes very small.
d
St d a -0 and Kz 3b
K bt al bb b
sibt
Because sy, b, and t are constants, we write: Prax 3 :
Pmax
.
Problem 2.10-4 A round brass bar of diameter d;
upset ends of diameter d, 26 mm (see figure). The lengths of
t(gtel:fr?grm ceirr](tjjlc;fr tfri]ﬁett)g raigeulsjéd a? iﬁerr;r?gl(jlcli_érs o?‘.%hr;.bar and P ; ¢d2=26 o ldl:zo m )
the modulus of elasticity of the brass isE 100 GPa. f . D %
If the bar lengthens by 0.12 mm under a tensile load P, what is LL ‘ L ‘ L ‘
\ 1 \ 2

the maximum stress Spmay in the bar?
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Solution 2.10-4 Round brass bar with upset ends

p ¢d2=26 mm idl:zo mm p Use Fig. 2-66 for the stress-concentration factor:
< ( 6 '\—)_»
LT ‘ t ‘ 1 4 P dEA, dE
| | Stom A 2LA +LA A
Lz Ll L2 ! 21 12 2L2a lb + L]_
Ay
dE
d;, 2
E 100 GPa 2L2aa—b + L
d 012mm 2
L2 0.1m SUBSTITUTE NUMERICAL VALUES:.
(0.12 mm) (100 GPa)
L, 03m S nom 28.68 MPa
20,2
. , 26 mm 20 mm 2(0lm)azzb +03m
R radiusoffillets = _— 3mm 26
R 3 mm
PL, PL 0.15
d 2 b + D;  20mm
%en,” T EA,
dEAA, Use the dashed curve in Fig. 2-66. K 1.6
Solve for P: P -
2L,A; + LA, Smax  KSnom  (1.6) (28.68 MPa)
46 MPa 3
Problem 2.10-5 Solve the preceding problem for a bar of monel = ¢d2 ¢d1 ¢d2
metal having the following properties: d; 1.0in.,d, 1.4in, «— & { —
L, 20.0in,L, 50in,andE 25 10° psi. Also, the bar 1 ‘ f ‘ 1
lengthens by 0.0040 in. when the tensile load is applied. L ‘ Ly —Lop—>

Solution 2.10-5 Round bar with upset ends

PL, PL;
dy=1.4in. —10; d 2a b +
2 n l d] =1.0in EA2 EA]_
f 1 ’ dEA;A;
Solve for P: P i
! Ly ! ""2-" 2LA1 + LiAy
. Use Fig. 2-66 for the stress-concentration factor.
E 25 10 psi
P dEA dE
d 0.0040 in. S nom A JLA +LA A
1 21 12 1
L, 20in. 2'—23A2b + Ly
L, 5in. __dE
. in.
R radius of fillets R 0o 2
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SUBSTITUTE NUMERICAL VALUES: Use the dashed curve in Fig. 2-66. K 1.53
(0.0040 in.)(25 * 108 psi) _ .
nom 3,984 psi Smax KSnom  (1.53)(3984 psi)
10,2 . .
2(5 m.)aﬁb + 20in. 6100 psi 3
R 0.21in.
D, 1.0in. 02

Problem 2.10-6 A prismatic bar of diameter d, 20 mm is being compared
with a stepped bar of the same diameter (d; 20 mm) that is enlarged

in the middle region to a diameter d, 25 mm (see figure).

The radius of the fillets in the stepped bar is 2.0 mm.

(@) Does enlarging the bar in the middle region make it stronger than the
prismatic bar? Demonstrate your answer by determining the maximum
permissible load P; for the prismatic bar and the maximum permissible
load P, for the enlarged bar, assuming that the allowable stress for the

0
material is 80 MPa. /\/
(b) What should be the diameter d, of the prismatic bar if it is to have the same \<

maximum permissible load as does the stepped bar?

Solution 2.10-6 Prismatic bar and stepped bar
Fillet radius: R~ 2 mm
Allowable stress: s; 80 MPa

T,

(a) CoMPARISON OF BARS

Prismatic bar: P,  siAy  Ssia 4

(80 MPa)a 4‘9b(20mm)2 251kN  :

Stepped bar: See Fig. 2-66 for the stress-concentration

factor.
R 2.0mm D; 20 mm D, 25mm
R/D; 0.10 D,/D; 1.25 K 175
20 mm
do 0 s P B s Smax
d, 20mm nom D, A nom K
dl

d, 25mm 4
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S max St (b) DIAMETER OF PRISMATIC BAR FOR THE SAME
P Snom Ay K A1 KA1 ALLOWABLE LOAD
80MPa p 2 pdf s pdf , df
a ba b(20 mm
1.75 4 ( ) Pl P2 Sia 4 b Ka 4 b do K
d;  20mm
L 144kN 3 do L L151mm 3
) ) 1K 1175
Enlarging the bar makes it weaker, not stronger. The
ratio of loads is P,/P, K 1.75
Problem 2.10-7 A stepped bar with a hole (see figure) has widths p N3 ) P
b 24in.andc 1.6 in. The fillets have radii equal to 0.2 in. — <>_£1_ b c J—»

What is the diameter d,.x Of the largest hole that can be drilled
through the bar without reducing the load-carrying capacity?

Solution 2.10-7 Stepped bar with a hole
\_

A P
C

i_Qg%

Basep upoN HoLe (Use Fig. 2-63)

b 24in.
¢  16in. b 24in. d diameter of the hole (in.)
Fillet radius: R~ 0.2 in. ¢ b d
Smax
Find dpax Pmax S nom Cit K (b dit
ig. 2- 1 d
Basep upon FiLLETs (Use Fig. 2-65) a1 Ybbrs,y,
b 24in. ¢ 16in. R 02in. K g
Rlc 0125 bic 15 K 210 d(in.) d/b K Prmax/DtSmax
Smax Smax  C 0.3 0.125 2.66 0.329
Prax  Spomct et a b 0.4 0.167 2.57 0.324
0.5 0.208 2.49 0.318
L 0.317 bt Spmax 0.6 0.250 241 0.311
0.7 0.292 2.37 0.299

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Based upon hole
0.3+ /

\ Based upon fillets
0324 0317 /

0314

Pmax
bta

dpge=051in. 4=

0.30 : e : ‘ d(in.)
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Nonlinear Behavior (Changes in Lengths of Bars)

Problem 2.11-1 A bar AB of length L and weight density g hangs vertically
under its own weight (see figure). The stress-strain relation for the material is
given by the Ramberg-Osgood equation (Eq. 2-73):

m
s , S8 s, L
E E s

P
Derive the following formula

aL® | _soal gL, "
2B (m+ 1)E s B~

for the elongation of the bar.

Solution 2.11-1 Bar hanging under its own weight

STRAIN AT DISTANCE X
] Let A cross-sectional area s@ s M

s &  sp gx M
Let N axial force at distance x ' E aSOb E " aEasob
N gAX ELONGATION OF BAR
N - “ax s@a Togx m
S L, OX d i s 22 %y gy
L L, E E L, So

9L2+_SQL9Lm

2E  (m+ DE° s, QED.
Problem 2.11-2 A prismatic bar of length L 1.8 m and cross-sectional A B PrC——,
area A 480 mm? is loaded by forces P, 30kNand P, 60kN = >
(see figure). The bar is constructed of magnesium alloy having a stress-strain 2L L
curve described by the following Ramberg-Osgood equation: 3 \ 3
s 1 s 10

1
25000 " e18t170” & MPY)

in which s has units of megapascals.

(a) Calculate the displacement dc of the end of the bar when the load
P, acts alone.

(b) Calculate the displacement when the load P, acts alone.

(c) Calculate the displacement when both loads act simultaneously.
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Solution 2.11-2 Axially loaded bar

A S B P-l_: C Py (c) BorH Py AND P, ARE ACTING
’ P +P 90 kN
L__%Q_L,L AB:s - * > 187.5MPa
3 3 A 480 mm
0.008477
L 18m A 480 mm? oL
P, 30kN P, 60kN dig  a7b  10.17mm
Ramberg—Osgood equation: B 60 KN
BC:s 125 MPa
s 1 s 10 A 480 mm?
+ a__—_b (s MPa)
45,000 618 170 0.002853
Find displacement at end of bar. L
dgc a-b 1.71mm
(a) Py ACTs ALONE 3
P, 30 kN d dag + d 11.88 mm 3
AB:s L - 625MPa c TaB T TBC
A 480 mm
0.001389 (Note that the displacement when both loads act

simultaneously is not equal to the sum of the dis-

d, a %b 167mm - placements when the loads act separately.)

(b) P, AcTs ALONE

P

pec:s 2 SOKN_ o0 ba
A 480 mm?
0.002853

de L 513mm 3

Problem 2.11-3 A circular bar of length L 32 in. and diameter
d 0.751in. is subjected to tension by forces P (see figure).

The wire is made of a copper alloy having the following hyperbolic b | id | b
stress-strain relationship:
18,000P i
1+ 3000 0..P..0.03 (s ksi) L

(a) Draw a stress-strain diagram for the material.
(b) If the elongation of the wire is limited to 0.25 in. and
the maximum stress is limited to 40 ksi, what is the allowable load P?
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Solution 2.11-3 Copper bar in tension

(b) ALLowaBLE LoaD P

ld

z I ] ;P Maximum elongation d.x ~ 0.25 in.
. T Maximum stress Spax 40 ksi
[ |
Based upon elongation:
; ; d 0.25in.
L 32in. d 0.75in. Ymax  Y.221N.
2 max L 2in 0.007813
A 0.4418 in.? 18.000
4 Smax 2% 42.06 ksi
1+ 300
(a) STRESS-STRAIN DIAGRAM max
18,000 BASED UPON STRESS:
s 1+ 300 0. ..003 (s Kksi Spax 40 ksi
; in 2
; Slope = 18,000 ksi Stress governs. P Spax A (40 ksi)(0.4418 in.?)
o 177k 3
(ksi)
N | Asymptote
40 i equals 60 ksi
20
\ T T €
0 0.01 002 0.03
Problem 2.11-4 A prismatic bar in tension has lengthL 2.0m -
and cross-sectional area A 249 mm?. The material of the bar has the stress- -~
strain curve shown in the figure. s (MPa) P
Determine the elongation d of the bar for each of the following axial
loads: P 10 kN, 20 kN, 30 kN, 40 kN, and 45 kN. From these results, 100
plot a diagram of load P versus elongation d (load-displacement diagram). /
//
/
of
0 0.005 0.010
e
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Solution 2.11-4 Bar in tension

50
P _ P ]
e -t 40
L‘ L i 30
P (kN)
L 20m 207
A 249 mm? 10 -
STRESS-STRAIN DIAGRAM T T T T
(See the problem statement for the diagram) 0 5 10 15 20 & (mm)

LOAD-DISPLACEMENT DIAGRAM "
NOTE: The load-displacement curve has the same

P s P/A d L shape as the stress-strain curve.
(kN) (MPa) (from diagram) (mm)
10 40 0.0009 1.8
20 80 0.0018 3.6
30 120 0.0031 6.2
40 161 0.0060 12.0
45 181 0.0081 16.2
Problem 2.11-5 An aluminum bar subjected to tensile forces P has length S

L 150 in. and cross-sectional area A 2.0 in.? The stress-strain behavior of the
aluminum may be represented approximately by the bilinear stress-strain diagram
shown in the figure.

Calculate the elongation d of the bar for each of the following axial loads:
P 8k, 16k, 24 k, 32 k, and 40 k. From these results, plot a diagram of load 12,000 |-------
P versus elongation d (load-displacement diagram). psi

E, = 2.4 x 106 psi
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Solution 2.11-5 Aluminum bar in tension

LOAD-DISPLACEMENT DIAGRAM

P P
R i - i
s P/IA (from Eq. d L
f L | P (k) (psi) lorEqg.2) (@in))
8 4,000 0.00040 0.060
L 150in. 16 8,000 0.00080 0.120
. 24 12,000 0.00120 0.180
A 20in. 32 16,000 0.00287 0.430
STRESS-STRAIN DIAGRAM 40 20’000 000453 0680
a
T J—— 4_' Ql( ________ < ,I,u/
e ol
B _~ | / !
N T 30 2;V 5
1 ,"} / 1
g /S Pl 207 | 0.68 in.
S 1 /1 i
" 3 10 / | 0.18 in. ;
A I Fi H 1
4 - / 1 !
0 = € L : ——— &(in.)

E, 10  10° psi
E, 24 10°psi

s; 12,000 psi
S 12,000 psi

Ei 10 * 10 psi

0.0012
For0O s s;:

S S
= ———(s psi) Eq(
Er 10~ 106psi( pst) Ea- ()

Fors s;
s 5 s 12,000
+ 0.0012 +
R 2.4 * 10
s
0.0038 (s si) Eg. (2
04 * 108 (s ps) Ea.(9
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Problem 2.11-6 A rigid bar AB, pinned at end A, is supported by a
wire CD and loaded by a force P at end B (see figure). The wire is

made of high-strength steel having modulus of elasticity E 210 GPa c
and yield stress sy 820 MPa. The length of the wireisL 1.0 m T
and its diameter isd 3 mm. The stress-strain diagram for the steel is
defined by the modified power law, as follows:
A D B
s EP 0. s. sy
(o . ]
EP," . l
sva_ b s Usy P
Sy ‘
. . ‘ 2b b |
(@) Assumingn 0.2, calculate the displacement dg at the end of
the bar due to the load P. Take values of P from 2.4 kN to
5.6 kN in increments of 0.8 kN.
(b) Plot a load-displacement diagram showing P versus dg.
Solution 2.11-6 Rigid bar supported by a wire U
s
From Eq. (2): >Ya = b (5)
c E sy
T f _ o 3P
1 Axial force in wire: F >
. 3P
A D + B Stressinwire:s - - (6)
(o 7 D) Procebure: Assume a value of P
Calculate s from Eq. (6)
lP Calculate from Eq. (4) or (5)
| 2b b l Calculate dg from Eq. (3)
) P s (MPa) Eq. (4) dg (mm)
Wire: E 210 GPa (kN) Eqg. (6) or (5) Eqg. (3)
Sy 820 MPa 2.4 500.3 0.002425 3.64
L 10m 3.2 679.1 0.003234 4.85
d 3mm 4.0 848.8 0.004640 6.96
) 4.8 1018.6 0.01155 17.3
pd
4
STRESS-STRAIN DIAGRAM Fors Sy 820 MPa:
0.0039048 P 3.864 kN dg 5.86
s E (0 s sy ) : mm
E N (b) LOAD-DISPLACEMENT DIAGRAM
S sya—b (s svy) (n 0.2) (2)
Sy g -
(a) DisPLACEMENT dg AT END OF BAR P €
. . 3 3 (kN) 4 -
d elongationofwiredg —d — L 3)
2 2 7
Obtain  from stress-strain equations:
. sk 0
From Eq. (1): 0. s . sy 4)
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Elastoplastic Analysis

The problems for Section 2.12 are to be solved assuming that the material is
elastoplastic with yield stress sy, yield strain y, and modulus of elasticity
E in the linearly elastic region (see Fig. 2-72).

Problem 2.12-1 Two identical bars AB and BC support a vertical load
P (see figure). The bars are made of steel having a stress-strain curve that
may be idealized as elastoplastic with yield stress sy. Each bar has
cross-sectional area A.

Determine the yield load Py and the plastic load Pp.

JoinT B

FVEI’Y O
(2syA)sinu P

Structure is statically determinate. The yield load Py
and the plastic lead Py occur at the same time, namely,

when both bars reach the yield stress. Py Pp 2syAsinu 3
Problem 2.12-2 A stepped bar ACB with circular cross sections is A ldl C P idZ B
held between rigid supports and loaded by an axial force P at J._,
midlength (see figure). The diameters for the two parts of the bar are f N f
d;, 20mmandd, 25mm, and the material is elastoplastic with L L
yield stress sy 250 MPa. > | >

Determine the plastic load Pp.
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Solution 2.12-2 Bar between rigid supports

a4 R L

03 b~

L
I 2

d; 20 mm d, 25mm Sy
DETERMINE THE PLASTIC LOAD Pp:

At the plastic load, all parts of the bar are stressed to the

Fac  SYA; Feg  SyAs
P Fa Fcs
Pp syAr SyA sy(Ar A)

SUBSTITUTE NUMERICAL VALUES:

P. (250 MPa)a 49b(d12 + d2)

p 2 2

yield stress. (250 MPa)a , b[(20 mm) + (25 mm) ]

Point C: 200 kN 3

Fep

Problem 2.12-3 A horizontal rigid bar AB supporting a load P is hung
from five symmetrically placed wires, each of cross-sectional area A
(see figure). The wires are fastened to a curved surface of radius R.

(a) Determine the plastic load Pp if the material of the wires is
elastoplastic with yield stress sy.

(b) How is Py changed if bar AB is flexible instead of rigid?

(c) How is Py changed if the radius R is increased?

Solution 2.12-3 Rigid bar supported by five wires

(b) BAR AB Is FLEXIBLE
At the plastic load, each wire is stressed to the yield
stress, so the plastic load is not changed. 3

(a) PrasTic LoaD Pp

. o ) (c) Rapbius R Is INCREASED
At the plastic load, each wire is stressed to the yield Again, the forces in the wires are not changed, so the
stress. Pp 5s/A 3

> plastic load is not changed. 3
F s/A
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Problem 2.12-4 A load P acts on a horizontal beam that is supported by four

rods arranged in the symmetrical pattern shown in the figure. Each rod has

cross-sectional area A and the material is elastoplastic with yield stress sy.
Determine the plastic load Pp.

v P

F s/A
Sum forces in the vertical direction and solve for the

At the plastic load, all four rods are stressed to the yield P 2F 2Fsina
stress. P 2syA(l sina) 3

Problem 2.12-5 The symmetric truss ABCDE shown in the figure
is constructed of four bars and supports a load P at joint E. Each of
the two outer bars has a cross-sectional area of 0.307 in.?, and each of
the two inner bars has an area of 0.601 in.? The material is elasto-
plastic with yield stress sy 36 ksi.

Determine the plastic load Pp.
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Solution 2.12-5 Truss with four bars

21 in. +— 27 in. 4 27 in. ~} 21 in. o PLasTIC LoAD Pp
g diisins g At the plastic load, all bars are stressed to the yield
: stress.

Fae  SvAae Fee  SvAse

. 6 8
36in. Po 5 Sy Aag + 5 SyAge -

I SUBSTITUTE NUMERICAL VALUES:
A 0307in2 Age  0.601in.?

Sy 36 Kksi
Lae 60in.  Lge  45in. 6 , 8 2
Jonr E Po 5(36 ksi) (0.307 in. ) + s (36 ksi) (0.601 in. )
Equilibrium:
Fpe a
Fag 2 . 1326 k + 34.62k 479k 3
2Fpca—b + 2Fgga—b P
Ex 5 5
| or
¥ P
p o Fae + 8 Fee

5 5

Problem 2.12-6 Five bars, each having a diameter of 10 mm, support a
load P as shown in the figure. Determine the plastic load Py if the material is
elastoplastic with yield stress sy 250 MPa.
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Solution 2.12-6 Truss consisting of five bars

F F F F g Atthe plastic load, all five bars
are stressed to the yield stress

F s/A

Sum forces in the vertical direc-
tion and solve for the load:

e S—

P

P 2Fa—b + 2Fa—>b + F
12 15

SyA
_é_(Sl‘Z + 415 + 5)

d 10mm 42031SA =
pd?
A~ 7854 mm? Substitute numerical values:
P (4.2031)(250 MPa)(78.54 mm?)
Sy 250 MPa
825kN 3
Problem 2.12-7 A circular steel rod AB of diameterd  0.60 in. A | B
is stretched tightly between two supports so that initially the <« EO Oﬁ].
tensile stress in the rod is 10 ksi (see figure). An axial force P is 1 —>
then applied to the rod at an intermediate location C. d
(a) Determine the plastic load Py if the material is elastoplastic
with yield stress sy 36 ksi. A P B
(b) How is P changed if the initial tensile stress is doubled lo — o]
to 20 ksi? C
Solution 2.12-7 Bar held between rigid supports
) Point C:
‘A l P SyA P SYA
O i 3
. —C & —
- d

P, 2sA  (2) (36 ksi)a fb (0.60in.)2
d 0.6in.
Sy 36 ksi
Initial tensile stress 10 ksi (B) INITIAL TENSILE STRESS IS DOUBLED

204k 3

(@) PrasTic LoAD Pp Pp is not changed.

The presence of the initial tensile stress does not
affect the plastic load. Both parts of the bar must yield
in order to reach the plastic load.
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Problem 2.12-8 A rigid bar ACB is supported on a fulcrum
at C and loaded by a force P at end B (see figure). Three
identical wires made of an elastoplastic material

(yield stress sy and modulus of elasticity E) resist the load P.
Each wire has cross-sectional area A and length L.

(a) Determine the yield load Py and the corresponding
yield displacement dy at point B.
(b) Determine the plastic load Pp and the corresponding

displacement dr at point B when the load just reaches
the value Pp.
(c) Draw a load-displacement diagram with the load
P as ordinate and the displacement dg of point B
as abscissa.

-« —>

T
L
A | B
T | Sl ‘:g
i
¥P
j_ —a ! . . B

(d) YiELD LoaD Py

Yielding occurs when the most highly stressed wire
reaches the yield stress sy

(J"yA
2 U'yA

ayA
2
Mc O
Py syA >
At point A:
SyA L SyL
d ~~ba—Db —
A8 PAEAY o
At point B:
B A Y oF -

(b) PLAsTIC LoAD Pp

oyA ayA

O'yA

At the plastic load, all wires reach the yield stress.

Mc O

4syA

3’ >
At point A:

L SyL

da (sYA)aEAb E
At point B:
dg 3dy, dp % :

(c) LOAD-DISPLACEMENT DIAGRAM

4
P jﬁ(
dp 20y
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Problem 2.12-9 The structure shown in the figure consists of a
horizontal rigid bar ABCD supported by two steel wires, one of length L

and the other of length 3L/4. Both wires have cross-sectional area A and b
are made of elastoplastic material with yield stress sy and modulus of I =
elasticity E. A vertical load P acts at end D of the bar. Jit
(a) Determine the yield load Py and the corresponding yield A J B ¢f — D
displacement dy at point D. v
(b) Determine the plastic load Pp and the corresponding displacement e ¥ . ]
dp at point D when the load just reaches the value Pp. lp
(c) Draw a load-displacement diagram with the load P as ordinate 2b b b
and the displacement dp of point D as abscissa. ‘ ,
FREE-BODY DIAGRAM
Fe
1_A C
L
. 2b b—]
A cross-sectional area
. EoquiLiBrIUM:
Sy yield stress
. Ma O Fs(2b) Fc(3b) P(4b)
E  modulus of elasticity oF, 3F. 4P @A)
DISPLACEMENT DIAGRAM FORCE-DISPLACEMENT RELATIONS
A B C D 3
Fca-Lb
$ ] 8 EEL d C74
B c D dg g e EA (4,5)
Substitute into Eq. (1):
COMPATIBILITY: 3FcL  3Fgl
3
de EdB ) 4EA 2EA
Fc 2F (6)
do  2ds @)
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STRESSES
Fg Ec
Sp A Sc A Sc  2Sp

Wire C has the larger stress. Therefore, it will yield first.

(@) YiELD LoAD

Sc Sy S . (From Eq. 7)

FC SyA FB N SyA

From Eq. (3):

Za%sYAb + 3(syA) 4P

P P\( SyA >
From Eq. (4):

FgL

syL

d
B EA 2E

From Eq. (2):
siL

do dy 2dy

(b) PLasTIC LoAD
At the plastic load, both wires yield.
S Sy Sc Fs Fc syA

From Eg. (3):
2(syA)  3(syA) 4P

5
P B 4sYA :
From Eq. (4):
q FgL  syL
B EA E
From Eg. (2):

2syL

dp dp 2dg & -

(c) LoAD-DISPLACEMENT DIAGRAM

5
P ZPY
do  2dy

Problem 2.12-10 Two cables, each having a length L of approximately 40 m, support a | -

oaded container of weight W (see figure). The cables, which have effective cross-sectional area
160 GPa, are identical except that one
cable is longer than the other when they are hanging separately and unloaded. The difference

in lengths isd 100 mm. The cables are made of steel having an elastoplastic stress-strain
diagram with sy 500 MPa. Assume that the weight W is initially zero and is slowly increased

A 48.0 mm? and effective modulus of elasticity E

by the addition of material to the container.

(@) Determine the weight Wy that first produces yielding of the shorter cable. Also, determine
the corresponding elongation dy of the shorter cable.

(b) Determine the weight W, that produces yielding of both cables. Also, determine the
elongation dp of the shorter cable when the weight W just reaches the value Wp.

(c) Construct a load-displacement diagram showing the weight W as ordinate and the
elongation d of the shorter cable as abscissa. (Hint: The load displacement diagram is
not a single straight line in the region 0 W W,y.)
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Solution 2.12-10 Two cables supporting a load

L 40m A 48.0 mm?

E 160 GPa

.qu T 4
3 Sy

INITIAL STRETCHING OF CABLE 1

difference in length 100 mm

500 MPa

Let W, load required to stretch cable 1
to the same length as cable 2

EA
Wl Td

19.2 kN

d; 100 mm (elongation of cable 1)

Efd 400 MPa (s; 6 sy < 7 OK)
(@) YiELD LoAaD Wy
Cable 1 yields first. F;,  syA 24 kN
dyy total elongation of cable 1
dyy total elongation of cable 1
FL  syL
d 0.125m 125 mm
Y EA E
dy dlY 125 mm >
d,y  elongation of cable 2
dy d 25mm
EA
Fp | dy 48KN
Wy F,+ F, 24kN + 48kN
28.8kN 3

Initially, cable 1 supports all of the load.

SECTION 2.12 Elastoplastic Analysis

(b) PrasTic Loap Wp

(©

Fi. syA F, syAWp
ZSyA 48 kN - dzp

elongation of cable 2

279

L SyL

an—EAb E 0.125mm 125 mm
dlp dzp d 225 mm
do  dip 225 mm >
LOAD-DISPLACEMENT DIAGRAM
W 50+
(kN)

40

K

20

10

I
0 300 & (mm)

W
= 15 T 125
Wy dq
W, d
1667 © 18
Wy dy
0 W Wi slope 192,000 N/m
W, W Wy slope 384,000 N/m
Wy, W W;:slope 192,000 N/m
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Problem 2.12-11 A hollow circular tube T of length L 15 in.
is uniformly compressed by a force P acting through a rigid plate P
(see figure). The outside and inside diameters of the tube are 3.0 and

2.75 in., repectively. A concentric solid circular bar B of 1.5 in.

diameter is mounted inside the tube. When no load is present, there is
aclearance ¢ 0.010 in. between the bar B and the rigid plate. Both LL
bar and tube are made of steel having an elastoplastic stress-strain
diagramwithE 29 10°ksiand sy 36 ksi. cl

(a) Determine the yield load Py and the corresponding shortening
dy of the tube.

(b) Determine the plastic load Pp and the corresponding shortening
dp of the tube. T B T L

(c) Construct a load-displacement diagram showing the load P as
ordinate and the shortening d of the tube as abscissa. (Hint: The
load-displacement diagram is not a single straight line in the
region0 P Py)

1

Clearance = ¢

L 15in. TuBE:
0.010 in. d, 3.0in.
E 29 10°ksi d, 2.75in.
Sv 36kl Ay f @3 d% 1.1290in2
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BAr

d 15in.
pd? 2

A 1.7671 in.
B 4 n

INITIAL SHORTENING OF TUBE T

Initially, the tube supports all of the load.
Let P, load required to close the clearance

EAr

P ¢ 218271

Letd; shortening of tube d, ¢ 0.010in.

P

s, 19330psi  (s; Sy OK)

At

(@) YiELD LoAD Py
Because the tube and bar are made of the same
material, and because the strain in the tube is larger
than the strain in the bar, the tube will yield first.

Fr syAr 40,644 1b
dry  shortening of tube at the yield stress
EiL  syL .
Sty EAT E 0.018621 in.
dy dyy 0.018621in. 3

dsy  shortening of bar
dry ¢ 0.008621 in.
EAg

Fg L dgy 29,453 1b

Py F+ Fg 406441b 29,453 1b

70,097 Ib

Py 70,1001b 3

SECTION 2.12 Elastoplastic Analysis

(b) PrAsTIC LoAD Pp
FT SyAT FB SyAB
Pp Fr Fs sv(Ar Ag)
104,3001b 3

dsp  shortening of bar

Foae b 2 go18621in
- . n.

B EAg E

dp  dep C  0.028621in.

dp dTp 0.02862 in. >

(¢) LoAD-DISPLACEMENT DIAGRAM

281

Py dy

= 21 5 L

P, 3 d, 86

Pe dp

R, 1.49 dy 1.54

0 P Py slope 2180 kfin.
P, P Py:slope 5600 kf/in.
Py P Pp:slope 3420 K/in.

8 (in.)
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