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Chapter 2

Euclidean Space
2.1 Vectors

1. Determine 3u + v — 2w ,where

O I O

I |
-1 3 0

u-=

2. Express the given vector equation as a system of linear equations.

3] [2]_[4]
Xl[—z} “ls]7{ 1]

Ans: 3x; +2x, =4
—2X1 + 5X2 =1

3. Express the given vector equation as a system of linear equations.

2 [—1 [5] [-1]
Xl(o—\+le 4—J+X3|| 3—‘=|| 2||

5 7 |lo 1]
Ans: 2X1 — X3 + 5X3 = -1
4X2 + 3X3 =2

5% +7x, =1
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4. Express the given system of linear equations as a single vector equation.
X1 +2X2 —3X3 =6

—X1+X3 =3

(1] 21 [-3] [6]

Ans:xl| |+x2| |+x3| |=| |

-1 10 L 1) [3]

5. Express the given system of linear equations as a single vector equation.
21+ %X, —2x3 =1
—X1 + X9 + X3 = 1

7X1+3X2—X3 =1

2 1 -2] [1]
Ans: lel + xj| 11| + xj 1] = || 1 ’
7 |3 -1 |1

6. The general solution to a linear system is given. Express this solution as a linear combination of
vectors.

X1 =3—51
X2 = 51

_Tx1_ra 1)
||_sz [OJ lL 1J

7. The general solution to a linear system is given. Express this solution as a linear combination of

An

vectors.

X1:3 —Sl+352

X2 = §q
X3 = 3+ Sy
X4 = S2

[x 1 [3] T-11 [3]
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Ans:



8. Find the unknowns in the given vector equation.

(1] [ bl [-2]

“la]" 2] [ -]

Ans:a =1, b = -1



9. Find the unknowns in the given vector equation.

H [a]l [-1] [-3]
2lal-loligl o=l 4

Ans:a =2,b = =-1,c=0
10. Expressb as a linear combination of the other vectors, if possible.

a2

a1:|2|’a2_| 4
L I

Ans: 331 - 232 =b

11. Express b as a linear combination of the other vectors, if possible.

INENGNE

a1:|1|,a2:| 2
2 1 |1 -1

Ans:—2a; +2a, +az =b
True or False: If u and v are vectors, and ¢ and d are scalars, then c(du + v) = (cd)u + v.
Ans: False
13. Trueor False: If u, v, and w are vectors, thenu— (v +w) = (u—v) + (u —w).
Ans: False
14. True or False: Ifu+v =w, thenv =w —u.

Ans: True

15. Sketch the graph of u = B} and v = E] and then use the Parallelogram Rule to sketch the

graph of u +v.

3

Ans:
16. Determine how to divide a total mass of 18 kg among the vectors

f21 [s]  [-3] A
A

u =|—1|,u =|O|,u :l 2| so that the center of mass is ;






Ans: Place 10 kg at u,, 1 kg at u,, and 7 kg at u,.

17. Find an example of a linear system with two equations and three variables that has

[x 1 2] [3]

| X |= | 3 | + s| 2 |as the general solution.
2
el Lo L

Ans: A possible answer is
Xq + Xy — 5X3 =5

X1 =Xy —X3 = -1

2.2 Span

1. Find four vectors that are in the span of the given vectors.

_[2] [ 1]

u, = =

PR
L3] [-1]
ol r21 a1 [3]

Ans: Forexample, | || |.| [.and| |

10) 3] [-1) 2]

2. Find five vectors that are in the span of the given vectors.

WA

el B il
3 2 1]
[o] [-11 [2] s  [6]
ans: Forexample, [0, | 4. 2], 5, and |10]
o 3 2 |1 6

3. Determine if b is in the span of the other given vectors. If so, write b as a linear combination

of the other vectors.
(2 [—1 [ 3]
1:|2,a2:|3,b:‘—1\

1 1 0

AnS b == a1 - az
4. Determine if b is in the span of the other given vectors. If so, write b as a linear combination

of the other vectors.



(1] 3]
3.1:[]]-.—’,3.2 :||;||,b:||32|
tl 30

Ans: b is not in the span of a, and a, .



5. Find A, x,and b such that Ax = b corresponds to the given linear system.
X1 + Xy — 2X3 =1

—X1 + 2X2 +4X3 =8

11 2] |FXJ| [1]
Ans: A=| |,x:|x2|,andb:| |
12 4] 18]
L -]
6. Find A, x,and b such that Ax = b corresponds to the given linear system.
Xy —X3 =1
2x; +4x3 =3
—X1 +5x3 =1
[1 0 -11  [x] [1]

Ans:A:| 0 2 4|,x:|x|,andb:|3|
| 2
t—l 0 5] X, 1

7. Express the given system of linear equations as a vector equation.
2x1 — x3+x4 =1
X1 +2X2 +4X3 — X4 = 0

21 fol [-11 [ 1] 1]

Ans: X| [+ X |+ X |+ X, =] |

(1 2) L4 -1 (9]

8. Determine if the columns of the given matrix span R?.

4 2
10
Ans: Yes, the columns span R?.

9. Determine if the columns of the given matrix span R®.

11
1 2
1 3

Ans: No, the columns do not span R®.
10. Determine if the system Ax = b (where X and b have the appropriate number of components)

has a solution for all choices of b .

S

Ans: Yes, a solution exists.

11. Find all values of h such that the vectors span R*.



h 2
CHIEH
24 = [h]

Ans: All real numbers, except h # +2.

12. For what value(s) of h do the given vectors span R®?

(117417
]

HE

Ans: All real numbers, except h # 5.

13. True or False: Suppose a matrix A has n rows and m columns, with m < n. Then the
columns of A do notspan R".
Ans: True

14. True or False: Suppose a matrix A has n rows and m columns, with m > n. Then the
columns of A span R".
Ans: False

15. True or False: If the columns of a matrix A with n rows and m columns do not span R",
then there exists a vector b in R" such that Ax = b does not have a solution.

Ans: True

16. True or False: If the columns of a matrix A with » rows and m columns spans R", then m >
n.

Ans: True
2.3 Linear Independence

1. Determine if the given vectors are linearly independent.
o=|3)v=l3)
21 [2]
Ans: Linearly independent

2. Determine if the given vectors are linearly independent.

(11 21 [ o]

uzlal vl ol wel

B
3 2 -8

Ans: Not linearly independent

3. Determine if the given vectors are linearly independent.



'1] 0] [2‘
0 2 4
2} | o ’W:}l

s 2 ol

Ans: Linearly independent

4. Determine if the columns of the given matrix are linearly independent.
2
-2 -3
L ]
Ans: Linearly independent
5. Determine if the columns of the given matrix are linearly independent.
[2 -1 2}
3 2 2

Ans: Linearly independent
6. Determine if the columns of the given matrix are linearly independent.
[1 2 31
—| 4 5 6
|7 8 9J
Ans: Not linearly independent

7. Determine if the homogeneous system Ax = 0 has any nontrivial solutions, where
M
0 1
Ans: Ax = 0 has only the trivial solution.
8. Determine if the homogeneous system Ax = 0 has any nontrivial solutions, where

[123}
A=0 1 1
101J

Ans: Ax = 0 has nontrivial solutions.
9. Determine by inspection (that is, with only minimal calculations) if the given vectors form a
linearly dependent or linearly independent set. Justify your answer.

ol 21 [ 1

R TR

Ans: Linearly dependent, by Theorem 2.14
10. Determine if one of the given vectors is in the span of the other vectors.



11.

12.

13.

14.

15.

2 (2] [ 0]
u=(1 ,v=||2||,W:|| 1||
3 1 -2

Ans: Yes, sincew = —u + V.

True or False: Suppose matrix A has n rows and m columns, with n < m. Then the columns
of A are linearly dependent.

Ans: True

True or False: Suppose a matrix A has n rows and m columns, with n > m. Then the
columns of A are linearly independent.

Ans: False

True or False: Suppose there exists a vector x such that Ax = b. Then the columns of A are
linearly independent.

Ans: False

True or False: If Ax # 0 for every x # 0, then the columns of A are linearly independent.
Ans: True

True or False: If {u; ,u,}, {u; ,us}, and {uy,us} are all linearly independent, then {uy, u, us}
is linearly independent.

Ans: False



