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Solutions Manual for Algebra and Trigonometry
10th Edition by Ron Larson
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C HAPTER2Functions

and Their Graphs

Section 2.1 Linear Equations in Two Variables
1. linear 14. The line appears to go through (0, 7) and (7,0.)
2. slope Slope = y2—Yy1= 0 -7=-1

X2 — X1 7-0
3. point-slope

15.y =5x+3
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4. parallel
Slope:m =5
5. perpendicular

y-intercept: (0, 3)
6. rate or rate of change y

7. linear extrapolation
8. general

9. (a) m = . Because the slope is positive, the line rises.
Matches Lo.

(b) mis undefined. The line is vertical. Matches Ls.

(¢) m = -2.The line falls. Matches L.
16. Slope: m = -1

10. (@) m = 0. The line is horizontal. Matches L. y-intercept: 0,(  -10)
_E\
4 (b) m
1. |
i, =1 -
12

B

e

c

a

u

S

12. undefined ¥ W ¢

m=3
=3 4 t
L . h
m= =

1 L e

I S

|

14 0

p

e

is negative, the line y falls. Matches L.
(c) m = 1. Because the slope is positive, the line rises. x
Matches Ls.
m=0

)
17.y=-3x-1

i
Slope:m = -3

y-intercept: 0,(-1)



166 Chapter 2 Functions and Their Graphs

13. Two points on the line: (0, 0) and (4, 6)

Slope =2-yp=6=3 —

X2 = X1 4 2
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part. 165

18, y=ix+2

Slope: m = *

y-intercept: 0,( 2) +

4t -
©0.2) '
- / . 21. 5x - =2 0
. -
/—2 L 2 4 X = 3, vertical line

Slope: undefined

y-intercept: none

19. y-5=0 y
y =5
Slope:m =0 o
y-intercept: 0,(5) a1 1 2 3
ol
b 1
et
640.5) 5
4T 22. 3y+5=03y=—5y:_:
2l Slope:m =0
-4 -}2 } 4 2 4 g 5
2T y-intercept: (O, ?)
20. x+4=0 ]
x=-4 2 4 I
4
Slope: undefined vertical line( ) )
y-intercept: none o

-2
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23. 7x - 6y = 30

-6y = -7x + 30
y = ?x— 5
SIope:m:%

y-intercept: 0,( -5)




168 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 168

-7 - |:_'.'-':.

24, 2x+3y=9
1-+41 2 1
28. m = = =" =
y=-2x+9 ~ ?
y = -1x+3 i
Slope:mz—il 0
y-intercept: (0, 3)
0
8
20m °
-1 12 3 4 --l-"_.‘-lnﬂll'll
X ]
¥ H
i K] :?'- B, =7
10,9 #r
H] 4]
25. m=0-9=-9=- a
3 ) 30

3]. m=——=—
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170 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 170

6 6 0

m is undefined.

o — (-2} y
S 8 6
27.m -{-) === 2 1
1 3 4 64 4
y 27
6 (1, 6) - + + X
5 -8 (-6, -1) -2
4 -2
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170 Chapter 2 Functions and Their Graphs Section 2.1

EI'Z‘. — i)

6—3 _L5
3¥om= 16-31 [l T 015
—52 - 4% =10

35. Point:(5, 7, Slope: ) m=0

Because m = 0, y does not change. Three other pointsare (-1,7,0,7,and4,) () (7.)

36. Point: (3, -2), Slope:m =0

Because m = 0, y does not change. Three other points are (1, -2) (, 10, -2), and (-6, -2 .)

37. Point: (-5, 4,) Slope: m = 2

-

Because m = =2 1, y increases by 2 for every one

unit increase in x. Three additional points are (-4, 6 ,)

Linear Equations in Two Variables 170

(-3,8,) and (-2,10.)

38. Point: (0, -9), Slope: m =
-2
Because m = -2, y decreases

by 2 for every one unit
increase in Xx. Three

other points are (- -2,

5),

(1, -11),and 3,( -15.)

39. Point: (4,5,) Slope: m =
1

4

1
Because m = -3, y decreases by 1 unit for e
unit increase in Xx.
Three additional

points are (-2, 7,
_ 14
0,) ( T)’ and

1,6.()

40. Point: (3, -4), Slope: m =
4
Because " = 4, y increases by 1 unit for e

increase in  x. Three
additional points are

(- -1,5) (, 1, -11), and

)

3,(-15.

41. Point: (-4, 3 ,) Slope is
undefined.

Because m is undefined, x
does not change. Three

points are (-4,0,) (-4,
5,and) (-4,2.)

42. Point: (2, 14 ,) Slope is
undefined.
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171 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 171

Because m is undefined, x does not change. Three other points are (2, -3) (,2,0,and2,) (4.) 45. Point: (-3,6;) m= -2

(-3.6)% 6]
o
6 -4 2\ 2 4 &6
{*2
-4
]
43, point: (0, -2);m =3 y - = -6 2(x +
y+2=3(x-0)y=3x-2 3)y=-2x
A
N
~Z]
gl @0
o
-1 1 2 3 4
L1
Ll
y
A
ﬁ / 46. Point: (0,0;) m=4
1
%—‘171 12 s s y - =0 4(x - 0)
“2fo-2 y = 4x
y
44. Point: (0,10;) m = -1
y-10=-1(x-0)y - 10 = -xy = - +x 10
. |
y 47. Point: (4,0;) m= -3
™ B
|
8 Hi
6
! X 4 y- -
=] 13X
43

Nl & oo
L L L
+ t t
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in whole or in part. x
-3 -2 -1 1 2



172 Chapter 2 Functions and Their Graphs

48. Point: (8,2;) m = iy

2=ix-24 .

y= x { "
| 246810
-4
-6
1 !
49. Point: (2, -3);m= -2V y 4 --(3) =-2(x-2)
N
! 3
y+3=-Ix+1 il X
>
1 -5 -4 2+ o1z
y=-2x-2
-3
_4"
50. Point: (- -2, 5);m= 3
y+5= 4(x +2)
4y +20=3x+6
dy=3x-14y=3X-12
y
5
51. Point: (4, %):m =0
52. point: (2,3);m=6  55.(5, -1) (, -5, 5)
I+1
y—%: (x-2) y+1=-5-5(x
y - i= 6x — 12
21 2
y =6x- 71 y=-"4

-4

-4

1
o1 y-2=2(x-8)y-

Section 2.1 Linear Equations in Two Variables 172

y - 3=0(x-4)
y- =0ys=
y

5

°}

~




173

© 2018

y-18=5(x-(5.1)

y =5x + 27.3

Chapter 2 Functions and Their Graphs

Section 2.1 Linear Equations in Two Variables 173

i3
6

4y -
2 X

engage Learning. All Rights Reserved. May not be scaMneg,Xcopigd or duél;cezi)ted, or ;3)osted to a publicly accessible website,
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-2
-3
X
-8 -6 4 -2 -4

57.(-7,2,) (-7,5) L s



173 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 173

y-3=8(x-4)

53. Point: (-5.1,1.8);m=5 y - 3 = 78x - 72

m is undefined.

54. Point: (-2.5,3.25;) m=0y-325=0(x - -(25)) y-325=0

y =325
58. (- -6, 3) (,2,-3)
4 vy - 4 =(x + 6) -3i-i-3)
T 2o E)
I . S y+3=0(x+6)
il (-2.5,3.25) 4
2:’ y + 3 = 0
e v=-3
y
41
27
w}_gl_ill_lzlﬁllzlil X
Sl
(-6, -3) )
w1
2 _8”
59. pO2, 1o oo O, 15, oo v 63. (2, -1), "o,
3+ 3
_lEID 5 1 y 2
4 2 1 1”
2 ; 3 T
= O
O -1 L 2 3 ¢ §
1 4 1 2 3 ) _2“)%' _1) (2,-1)
2 N T-—(T( ) et
1 y+1l=x-2
y- =27
2xx y+1=0
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174 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables

2
The line is horizontal.
-1 3
y=- X+
2 2 64,57, g0 00U 7,00 - -
u]
03 go3n
60. (11,6) oo” - 2°o0” 4] , m= L s__(
and is undefined. z T
2 ~(ty
- - 1 1-F -
\“\~ —t -3 3
1 | \ 3 3
= 1 2 3 4 (X - l)
y - 1= ] -1+ 2
6 -2
- ( 3) 6 - 1x
=y-1=-(x-1)
The line is vertical.
1 1 yy - 1 = - X +
3 3 2 R
y = —4x + 4« —1,12345678
3 3 21
al
=l
61. (1,06,) (-2, -0.6) 6|
-7 7 _
y-06=y 61 (X _ 1) -8 3 8)
04(x - 1) +06 3
y = o
—0.6-2 -- 0.4+ 02 65.Liiy=-x-3
0 -_ =
. 2
2 y mi

— — Lary=-x-1
T E}
(2 06+ My = —
-2
. )
The slopes are equal, so the lines are parallel.
L
66. L1y =x-1mi=
1
oy gl
62.(-8,06,2) (-2.4) Loty =4x+7
y 24 06
- (-8 6

(-8,0.6) 2

-10 -8 -6 (2,-2.4)

174
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175
m2=4
y-0.6 =(X + 8) The lines are neither parallel nor perpendicular.
4
3
0
y - 0.6 = —(x + 8)x 67.Luy=x-3 L
10y - 6 = =3(x + 8)m1 = 1
10y -6=-3x-24 Laoy=-+x 1
10y = -3x - 18 mz= -
_ 3, 9 _ . . .
y=-"x-"ory=-03x-1.8 The lines are neither parallel nor perpendicular.
10 5
-3 - l—'-:j
1 4 [— ]
68. | Luy=-"x-5m=-% 2 b8
Lazy=3x+1m=%
. 1 1
The slopes are negative reciprocals, so the lines are L:3( - %), 6,(-22)
perpendicular. L 1
m=__ =_0=0
69. Li:0(,-1) (,5,9) 6 3 3
-1 . .
Liand Lz are both horizontal lines, so they are parallel.
m=35.q=2
L:0(,3,4) (1) 72. Li:4(,8.) (-4,2)
_ .1
mx=1- 3=-_ Mmoo =
4 0 2
The slopes are negative reciprocals, so the lines are 2
perpendicular.
70. Li:(-2,-1) (,1,5) g
g X
L) o, ]
T'"h 3
L:1(,3,5,) ( -5) 6
m2:;5;3=;8:—2 _
5-1 4
The lines are neither parallel nor perpendicular. 3
71. Li: (-6, -3) (, 2, -3) A
0
mi = = =0
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176 Chapter 2 Functions and Their Graphs

e o= e (2))

- - -3

y = 43X + 12772
L2: 3(, -5), Op-1, g
O 30
1 16
) 76. 5K + 3y =03y = -bxy =
(8 —3x
3=3=- =" 3
2 2= -4m= Slope: m = -3
--13 -4 3
The slopes are negative reciprocals, so the lines are
perpendicular. (@ m=-s384, (Z, §)

73. 4x—2y=3y=2x—3:

Slope:m=2() (21,) m=2 y-s=- 53(X - 18)

y-=12(x-2)y=2x-3 24y - 18 = -40(x - 7)
_ 24y - 18 = 40 + 35 24y =
(b) (211 r) m= _';- —-40x + 53

y-l=-3(x=2)y=—x+2 y = - 53X + 5324

74. X+y=7
y=-x+7 (b) m =584, (L§)
Slope:m=-1@m=--1,(3,2 - _
p (@ m (3.2) y-2"3(x )
y-=-2 1x+3)y-=--2 .
40y - 30 = 24(x - 7)
X 3y=--X 1
40y - 30 = 24x - 21
O m=-1(32) 40y = 24x + 9
y-=21(x+3)y=+x5 y =5 + 403
75. x+4y=7 77. y+5=0y=-5
Y= — 34X + 74 Slope:m =0

SlOpe'm=—3 (a) (_2141)m=0y=4

(d) (-2, 4,) mis undefined. x =

(@ (—238, z), m= -3
-2

y—LB:_§4(X__(23))y:_§4x+g§ 78. X-4=0x=4
Slope: m is undefined.

(@ (3, -2), m is undefined. x =
(b) (—23 8, z), m = 3 5
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Section 2.1 Linear Equations in Two Variables

177
i
() (3,-2),m=0y=-2 6x + 2y = -1
12x+3y+2=0
79. X—y:4y=x_4
Slope:m=1 on2o0( -2)
@ (2.5,68),m=1 g4. _Oo,ob
0
y-68=1(x-25)y=x+43
(b) (25,68),m=-1
y -68=(-1)(x-25)y=-x+93 o
80. Bx+2y=02y=—6x+0y=-3x+ 3 x+y=d

Slope:m = -3

(@ (-39, -14), m

-3 y - -(14) = -3(x - -(3.9)) y

+14=-3x-117y=-3x- 131 (b) (-39, -1.4), m

|~| y--(14) = i(x__(3,9))y+l.4=l:x+1.3y

1
3x - 0.1

81. x+y=1
3 5

()15Dox+ yoo = 115( )
03 50

5x+3y-15=0

82. (-3,0,0) ( 4)
X V
P = =]
-3 4
12 & (=12} = (=12} -1
(=12)= + Ko=)
dx — ':_'| -+ ]2 =1l

86.(d,0,0,) (d) (, -3, 4)

X oy
83 X_+ y =1
-16 -23
—+— =1
d d
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(14,182.20,) (15,233.72)

X
y
23372 — 18220
+ =1 15==B1.52
2 m
3
2
Xy
1
2
2

X--=y 2 0

Xy
85. +=1c - -

z0¢c
cX

+

y

c

1

+

2

c

3

c

X

+

y

3

X

+

y

3

0

88. (a) greatest increase =
largest slope
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So, the sales increased the greatest between the years

3+4=d 2014 and 2015.

1 1g8 Chapter 2 Functions and Their Graphs

least increase = smallest slope
X+y=1x+

y-1=0 (13,170.91, ) (14,182.20)
TE220 = 17091
—,.==,11.29
m 147713
87. (a) m = 135. The sales are increasing 135 units per 2
year. So, the sales increased the least between the years

2013 and 2014.
(b) m = 0. There is no change in sales during the year.

(c) m = -40. The sales are decreasing 40 unitsper ~ (b) (94291 , ) ... .. B9l 19041
- snre e = 31.80

15 -9 6

(15,233.72) year.

m
The slope of the line is about 31.8.

(c) The sales increased an average of about $31.8 billion
each year between the years 2009 and 2015.

89. y = Tuxy = 1:0(200) = 12 feet
90. (a)and (b)

50 ~ (-25) 25 [
m = - = —_— = ——
GO0~ 300 300 12
X 300 600 900 | 15(f0 1T00 219%00 ]
b= (50} = 4—(x - |
y 25 -50 75 | 71?5 7150 17300 Y= () = Al - 600)
(© y+ 50 = _IL‘I + 50
Ve -
1
rti 600 1200 1800240 « ¥y = _EI
cal
me 50
as
ur -100
em Horizontal measurements
ent -150
0 (d) Because m = — 12, for every change in the horizontal measurement of 12

feet, the vertical measurement decreases by 1 foot.

1z 0.0838.3% grade

91. (16,3000,) m = -150 93. The C-intercept measures the fixed costs of

V - 3000 = -150(t - 16) manufacturing when zero bags are produced.

V - 3000 = -150t + 2400 The slope measures the cost to produce one laptop bag.

V = -150t + 5400, 16 < t < 21 94. Monthly wages = 7% of the Sales plus the Monthly

Salary
92. (16,200,) m=6.50 =0.07S+5000 W
V - 200 = 6.50(t - 16)
V - 200 = 6.50t + 104
V =65t+96 16 <t<21 95. Using the points (0, 875) and (5, 0 ,) where the first coordinate

represents the year t and the second coordinate represents the value V, you
have
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[
m 3=l
V= -175t + 875,0 < t < 5.

173
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96. Using the points (0, 24,000 and 10, 2000 ,) ( ) where the

first coordinate represents the year t and the second

coordinate represents the value V, you have
2,000 = 24,000 <2200
m 10 -1 10

—=22(M),

Since the point (0, 24,000) is the
V-intercept, b = 24,000, the equation is

V = -2200t + 24,000, 0 < t < 10.

97. Using the points (0, 32 and 100, 212 ,) ( ) where the first

coordinate represents a temperature in degrees Celsius and
the second coordinate represents a temperature in degrees
Fahrenheit, you have

m = 212 - — —32=180=9.100 0

100 5

Since the point (0, 32) is the F- intercept, b = 32, the

equation is F = 1.8C + 32or C = 5F— 160,

9 9
98. (a) Using the points (1, 970 and 3,1270,)  ( )
you have
m = 1270 970 = __ 300 = 150.

3 1 2

Using the point-slope form with m = 150 and the
point (1, 970 ,) you have

y-yi=mt( -t)y

- 970 = 150(t - 1)
y — 970 = 150t - 150
y = 150t + 820.

(b) The slope is m = 150. The slope tells
you the amount of increase in the
weight of an average male child’s
brain each year.

(c) Lett=2:y=1502() + 820

y =300 + 820 y
= 1120

Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables

179

(e) Answers will vary. Sample answer: No. The brain
stops growing after reaching a certain age.

99. (a) Total Cost = cost for cost purchase fuel and +

for + cost maintainance operator

C =9.5t + 11.5t + 42,000 C
= 21t + 42,000

(b) Revenue = Rate per hour - Hours
R = 45t (c)
P=R-C

P = 45t - (21t + 42,000)
P = 24t - 42,000

(d) Let P = 0, and solve for t.

0 = 24t - 42,000
42,000 = 24t
1750 =t

The equipment must be used 1750 hours to yield a
profit of O dollars.

100. (a)

15m

The average brain weight at age 2 is 1120 grams.
(d) Answers will vary.

/
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180 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 180

(b) y=215( +2x) +210( + 2x) = 8x + 50
(C) 150

100

(d) Because m = 8, each 1-meter increase in x will
increase y by 8 meters.

101. False. The slope with the greatest magnitude

corresponds to  the steepest
line.
(]
102. (-8, 2) and (-1, 4 ) m; =
4 2 _ 2
1 8 7
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181 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 181

. — 4y _ 12 Since the slopes are negative reciprocals, the line
0,-4)and (-7,7:) me="-(-") = . .
( ) ( ) m2 - segments are perpendicular and therefore intersect to
-7-0 -7 form a right angle. So, the triangle is a right triangle.
False. The lines are not parallel. 104. On a vertical line, all the points have the same x-value,
so when you evaluate m = Y2 _ Y1 you would
103. Find the slope of the line segments between the points have x2 — x1
Aand B, and B and C. a zero in the denominator, and division by zero is
Y undefined.
MAB = =) - —7 5=2=1
3 1 4 2
ch=3;7=;4= -2
5-3 2
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182 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 182

105. Since the scales for the y-axis on each graph is unknown, the slopes of the lines cannot be determined.
y y

Jo =xY +(y -y)

- Ja -0 + (m - 0f f-of +(m -of

=41 (m1)2 =41t (mz)Z

Using the Pythagorean Theorem:

()di2+ (d2)2= (distance between 1,( m1), and 1,(

oo mZ))JZ

a O o

1+ (m)2+ 1+ (m2)2= (m2— my)?

(M2 + (m2)2+ 2 = (M2)2 - 2mmi2 + (m1)?

2 =-2mmz2
-_1 = mimz
107. No, the slopes of two perpendicular lines have opposite signs. (Assume that 108. Because L U 5l the steeper line is
neither line is vertical or horizontal.) >4 the one with a 2

slope of — 4. The slope with the
greatest magnitude corresponds to
the steepest line.

001 + (m)200%+ 00 1+ (m2)2002= 00 (1 - 1)2+ (m2 - m1)2002
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183 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 183

(0,200,) which represents the original amount of

109. The line'y = 4x rises most quickly. the loan.
y=2¢[y = 05x (b) Matches graph (iii).
\,

i The slope is 2, which represents the increase in the

6 hourly wage for each unit produced. The y-intercept

o
- is (0,125 ,) which represents the hourly rate if the
i
y=x y=4x employee produces no units.

(c) Matches graph (i).

The line y = —4x falls most quickly. The slope is 0.32, which represents the increase in
travel cost for each mile driven. The y-intercept is

y = —4x
E \ 4 (0,32,) which represents the fixed cost of $30 per
e

day for meals. This amount does not depend on the
number of miles driven.

Matches graph (iv).

-6 6

N ‘
- The slope is —100, which represents the amount by

Y=o which the computer depreciates each year. The

~

y="2X

. intercept is (0, 750 ,) which represents the original
The greater the magnitude of the slope (the absolute y ptis ( ) P g

value of the slope), the faster the line rises or falls. purchase price.
110. (a) Matches graph (ii).
The slope is —20, which represents the decrease in
the amount of the loan each week. The y-intercept is

111. Set the distance between (4, —1) and (x, y) equal to the distance between (-2, 3) and (x, y).

- 4)2+ ooy - -( 1)og? =Yox - -(2)og? + (v - 3)? 2.3 4

(x =42+ (y+1)2=(x+2)2+(y-3)2x2-8x+16 +y>+ 2y + =1

X2+ 4X + +4 y2-6y+9 o

- +8x 2y + 17 = 4x - 6y + 13*
-12x+8y+ =4 0

-43(x-2y-=1)0
3x-2y-=10

This line is the perpendicular bisector of the line segment connecting (4’ -1) and (-2, 3.)

112. Set the distance between (6, 5) and (x, y) equal to the distance between (1, —8) and (x, y).

J (><—6)2+()/—5)2=(5/—1)2+(y——(8))2 y
(x-6)2+ (y-5)2=(x - 1)2+ (y + 8)2x2 - 12x + 36 + y2 - 10y + 25

=x2-2x+ +1y2+ 16y + 64
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6810

X2+ y2— 12x — 10y + 61 = x>+ y> — 2X + 16y + 65 -4 (7 3(
2

20

-8 (1,-9)
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183 Chapter 2 Functions and Their Graphs Section 2.1 Linear Equations in Two Variables 183

-12x - 10y + 61 = — +2x 16y + 65

-10x - 26y - =4 0-25(x+13y+2) =0
5+ 13y + =2 0

113. Set the di , '_) aane between (-7,1) and (x, y).
(=32 + (y-2)2= Box- -(7)ape+ (v - 22

Lol e
(x-3)2+ (y - 52)2= (x+7)2+ (y-1)2 7. 1)(2% —®
4 -8 -6 —4 246
X—6X+9+y2-5y+ * =x2+ 14x+49 +y2 -2y +1 1 x
—6x—5y+%=14x—2y+50 5

~24x - 20y + 61 = 56x — 8y + 200
80x + 12y + 139 = 0

5
This line is the perpendicular bisector of the line segment connecting (3, ) and (-7.1.)

!
114. Set the distance between (— -z, 4) and (x, y) equal to the distance between (12 4, 5) and (x, y).

{x— ()2 (y--(a) J(x - z2)e+ (y - 54):

()2 (g 0= (- ) (y -
X2+ X+ 14+ Y2+ 8y + 16 = X2 — 7X + 494 + Y2 — 52y + 1625x
Xo+ Y2+ X+ 8y +654= X2+ y2— 7X — 52y + 22116 X + 2.  independent; dependent
8y + 654= —TX — B2y + 2116 3. implied domain

4.  difference quotient
8x + 212y + 1639 = 0
5. Yes, the relationship is a function. Each domain value
128x + 168y + 39 =0 is matched with exactly one range value.

6. No, the relationship is not a function. The domain

Section 2.2 Functions value of —1 is matched with two output values.

1. domain; range; function
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184 Chapter 2 Functions and Their Graphs

No, it does not represent a function. The input values of 10
and 7 are each matched with two output values.

Yes, the table does represent a function. Each input value is
matched with exactly one output value.
Input, x 2| 4, |69 | | | |

Output, y 1]y 11| | | |

(@) Each element of A is matched with exactly one
element of B, so it does represent a function.

(b) The element 1 in A is matched with two elements, -2
and 1 of B, so it does not represent a function.

(c) Each element of A is matched with exactly one element
of B, so it does represent a function.

(d) The element 2 in A is not matched with an element of B,
so the relation does not represent a function.

(@) The element c in A is matched with two elements,
2 and 3 of B, so it is not a function.

(b) Each element of A is matched with exactly one element
of B, so it does represent a function.

(c) This is not a function from A to B (it represents a
function from B to A instead).

(d) Each element of A is matched with exactly one element
of B, so it does represent a function.

X¥+y=40y=+4-x¥

No, y is not a function of x.

x¥*-y=90y=x-9

Yes, y is a function of x.

y = 16— x?

Yes, y is a function of x.

Section 2.2 Functions

184
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14. y=x45 2. hi() = £sts1
Yes, y is a function of x.
(@ h()2=—()22+()2+=—++=—1

15. y=4-x|| 4 2 1 1
Yes, y is a function of x.
! ®h(-=--4-+=--+=-1) (1)
16. Y4 -4 xOy=-4 X or (1) 1 1 1
1 1
y=--(4 x)
No, y is not a function of x. © hx(+2) =-+(x1)2+ (x++1) 1
17. y=-75 or y=-75+ 0x
Yes, y is a function of x. =—(x2+2x++++1) X
18 1=0x=1 ! !
- X =Ux= =--+x x 1

No, this is not a function of x. 23 f()y=-3 vy

19. fx()=3x-5 ()4 \:[ 4=1
. X = oX — = - -
(@) Na
@ f()1=31()-=-5 2 (b) £(025) = -3 [/ 0Z5=25
O 1(-=--=-3 3(3) 5 H © f(42) = -3 ~ 4x=-3 2k
() fx( +2) =3(x+2) -5 <
=3x+6-5 24. fx() =x+ +8 2
=3x+1 @ f(-=8) =8) 8 2
20. Vr() =4amrd 2

(@) V()3 =4%mn()33=4%n(27) = 36m ®) fO)1=()1+ + =8 2 >

(c) fx( - =8) (x -+ + =8) \/—8

2 X+ 2

(b) V( )32 = 4311( )§23 = 4311( )ﬂS = o

_4 3- 4,7 (ar3) = 324mr3 _
(©) V(2r) = %m(2r)*= 4" (8r%) = Zsmr 25 gqx() “xi-9

21. gt() =42-3t+5
(@ q()0=021-9=-19

@@ g()2=42()2-32() +5=15

) gt( - 2) = 4(t - 2) - 3(t - +2) 5 (b) q()3 = 3* — @ is undefined.
= 42 - 19t + 27
(© qy( +3) =(y+31)2-9=y2+16y
© gt() -g()2 =42-3t+5-15
=42-3t-10
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26. qt() = 2t22+ 3
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221 +3
@a( )2 [
=11_
4 4
2007 = 3
® (o = O
Division by zero is undefined.
2(-x) +3
© q(-) (=
3
2+
X
]
fx() =
X
%
@ f()2==1
-2
) )
() f (- =2
-2=-1
Xx=-1
(o fx 1 o1 Dljl,
ifx>1
(-)7= 04 ifx 1
fx( ) =x+4

(@ ()2 ‘:‘2+4:6
) f(-2) =t2p4=6

(c) fx( 2) =‘x2l =4 X2+ 4
fx() = o2x + 1, Xx<0

:[ T+ o=

©
|+ 1

2X,

30.

31.

32.

Section 2.2 Functions
(@ f(-1) =2(-1) +1=-1
) f()o =20()+2=2
© f()2 =22()+2=6
fx()=p-3x-3, x<-1
0 20x +2x-1,x> -1
(@ f(-2) = -3(-2) -3=3
®) f(-=-+--=-1) (12 2(1)
1 2
(© f()1=()12+21() -=12
fx()=-x2+5f(-2) =- -(2)2+5=1f

(-1) = - —(1)2+5=4f()o=-()o2+5=

5f()1=-()12+5=4f()2=-()22+5=

X -2 0|1 2_1| | |
R EN R
ht()=lLt+3‘ h(-5) =2 -5+3=1

h(-4) = ylg 4l Lh(-3) =2-3+3=0

h(-2) =L -2+3="5h(-1) =22-1+3=1

t B 11 -3 72| 4l | |
B ERE
\ |
33 flx)=|-dxr+d x=0
O 2
oo(x-2), x>0
f (2= 22+ 4=5%
(1) ==4(-1) + 4 =41 = 2

187
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22, 0
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189
v o— A —
F() 0 T a0 = g 0. fx() =x2-6x-16X-6x-16=0
—(1-9)2=
J1=(1-2)2=1 (x-8)(x+2)=0
f()2 =(2-2)=0 x -8=00x=8
X+2=00x=-2
X -2 0 [1 F | |
-1
5 1 D= |
£ 1| 41. -x=0xx(2-1) =0xx( +1)(x
34, fx() =009-x% x<3
O -1) =0 x=0,x= -1,
Oox -3, x>3 orx =1
f()1=9-()12=81( " () ot 3
. X =X —-X —3X+
)2=9-()22=5f()3=()3
3 2
-3=0f()4=()4-3=1 f x3-x2-3x+3=0xx-
()5=()5-38=2 1) -3(x-1) =0 (x - 1)(x?
X 1 3
PPl || | ~3) =0
8 f’((}}'[l 25 | | x -1=00x=1
3.  15-3x=03x=15 w-3-00x=23
ot 43. f()x=gx()xe=x+2
X¥-x-2=0
36. fx() =4x+64x+ =6 0
x -2)(x+1)=0
4x = -6 X =
. x-2=0 x+1=0
_? :2 X =
r — 4 -1
37. 5 =0
4 44, fx()=gx()
3x - =40x=1 X2+ 2x +1=5x+19
(- , x2 - 3x - 18 = 0 (x
38, fx -6)(x+3)=0
8 X -6=0 x+ 3=
12 -x2=9 0
8 X=6 X=-3
x2=12
NN 4. f()x=gx()
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39. fx() =x2-81x2-81=0x2=81x= +9
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Xt — 2x2 = 2% x4 - X +2=00x=-2
Xx-2=00x=2

46. f()x=gx()
Vx -4=2-x
x +x -6 =0 v

(x +3)Vx -2) =0

Jx +3 0 | Vx =- 3, which is a contradiction, since

x-2 opg Yx=20 x=4

x represents the principal square root.

a2 = 0x(x2 - 4) = 0x(x

+2)(x-2)=0
x*=00x=0
47, fx() =52+2x-1 Because f ( )t is a cube root, the domain is all real
Because f ( )x is a polynomial, the domain is all real numbers t.
numbers x. 51 ax( )= 13+ .5
The domain is all real numbers x except X =
48. f()x =1-2x
0,x=-2.
Because f ( )x is a polynomial, the domain is all real
52. hx() = 28 x - 4x
numbers x.
X2-4x#0
49.  gy(y= y+6 xx( - 4) #
O0x#0

Domain:y + 6 >0y > -6
x-4#00x#4
The domain is all real numbers y such thaty > -6.

50, ft( )«_[ St44 The domain is all real numbers x except x = 0, x = 4.

1
s -
f =
53. 1) =,
58. (a) The maximum profit is $3375. 3400
3350
Pr 3300
(b)  ofi 3250
3200
Domain:s-1>00s>1ands# 4 3150

3100

The domain consists of all real numbers s, such that s > 1 and s # 4.

s
54.fx() = X+5
6 + Xx

110 130 150 170
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Domain:x+6>00x> -6andx # -6 Order size
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(-6, »).

55. fx() =x\/;:4

The domain is all real numbers x such that x > 0 or (0, ).

56. fx() = X+ 2
Vx-10

x-10>0

x> 10

The domain is all real numbers x such that x > 10.

The domain is all real numbers x such that X > -6 or

57.(@) = \olume, V
oo (7) Height, x
h . 484
T A
800 oo4
2
3 972 60.A=Tr3, C=2mrr =
1024
4
980
5
864
6

The volume is maximum when x = 4 and

Section 2.2 Functions 189

(c) Profit = Revenue — Cost
= OOprice number
(cost)DONUMberon oooo oo -
O

per unitdOof unitsd Dof unitsH

= 0090 - (x - 100 0.15)()Oox - 60x x,> 100
= (90 - 0.15x + 15)x — 60x

= (105 - 0.15x x) - 60x
= 105x — 0.15x% - 60x
= 45x - 0.15x2, x > 100

P
59.A=s2and P = 4s 0 =5

SN

2
oop P2

Yes, P is a function of x.

A=nO0O2nmO0 4

61. y=-101x2+ 3Xx + 6

|
y(25) = —(25)2+ 325() + 6 = 18.5 feet
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Section 2.2 Functions 190

V. 1024 cubic centimeters. If the child holds a glove at a height of 5 feet, then the
(b) v ball will be over the child's head because it will be at a
1200+ o height of 18.5 feet.
vol00T e ® o
lu 80+ e 62.(@V=1-w-h=x-y-x=xy*where

me 600 +
400 1+

200 —t—t—t—+

Height

V is a function of x.

(©) V= x(24 - 2x)?

Domain: 0 < <x 12
(c) The dimensions that will maximize the volume of the
package are 18 x x18 36. From the graph,
the maximum volume occurs when x = 18. To find
the dimension for y, use the equation y = 108 - 4 .x

y=108 - 4x = 108 - 418( ) = 108 - 72 = 36
%

63. A=1h =1y

2 2

Because (0,y) (,2,1,) and (x, 0) all lie on the same

line,
- - th
1zy _0-=1 y e
2-0 x-2 slope
lzy_ "1 NV N
2 = « -2 5 betw
, een
2 N K (2,1)
y = « -2 1 x.0) any
« P pair
= T are
y X ~2

20x

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, i

4x +y =108. So,y = 108 - 4x and

V = x2(108 - 4x) = 108x2 — 43,

Domain: 0 < <x 27
(b) 12,000

/

00 30
equal.
64. A=1-w=(2xy) = 2xy
Buty= " 36 - x%s0A = 2x 146 - X2 The
domainis 0 < <x 6.

65. For 2008 through 2011, use

pt() =277t + 45.2.
2008: p( )8=2.778() + 45.2 = 67.36%

2009: p( )9=12.779() + 45.2 = 70.13%

2010: p( )10=2.77 10( ) + 45.2 = 72.90%

2011:p( )11 =2.7711() + 45.2 = 75.67%
For 2011 through 2014, use

pt() =195t + 559.

2012: p( )12 = 1.9512( ) + 55.9 = 79.30%

2013:p( )13 =1.9513( ) + 55.9 = 81.25%

2014: p( )14 = 1.9514( ) + 55.9 = 83.20%
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The domain of A includes x-values such that
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x2Co2(x — 2)0g > 0. By solving this inequality,
the
domain is x > 2.

66. For 2000 through 2006, use pt() = -0.757t2 + 20.80t + 127.2.
2

2002: p( )2= -0.7572( ) + 20.802( ) + 127.2 = $165,722

2003: p( )3= -0.7573( )2+ 20.803( ) + 127.2 = $182,787

2004:p( )4 = -07574()2+20804() +127.2 =
$198,288 2005: p( )5 = -0.7575( )2+ 20.805( ) + 127.2
= $212,275

2006: p( )6= -0.757 6( )2+ 20.80 6( ) + 127.2 = $224,748

For 2007 through 2011, use p t( ) = 3.879t2 -
82.50t + 605.8.

2007: p( )7=3.8797()?- 8250 7( ) + 605.8 = $218,371

2008: p( )8= 3.8798( )2- 8250 8( ) + 605.8 = $194,056

2009: p( )9=3.8799( )2-82.509( ) + 605.8 = $177,499
2010: p( )10= 3.879 10( )2 - 82.50 10( ) + 605.8 = $168,700

2011: p( )11 = 3.879 11( )2 - 82.50 11( ) + 605.8 = $167,659
For 2012 through 2014, use

pt() = —4.171t2 + 124.34t - 714.2
2012: p( )12= -4.17112( )2 + 124.34 12( ) - 714.2 = $177,256

2013: p( )13 = -4.17113( )2 + 124.34 13( ) - 714.2 = $197,321

2014: p( )14 = -4.17114( )% + 124.34 14( ) - 714.2 = $209,044

Section 2.2 Functions

67. (a) Cost = variable costs + fixed costs 68. (a) Model:
C = 12.30x + 98,000 (Total cost) = (Fixed costs) + (Variable costs)
(b) Revenue = price per unit x number of units Labels: Total cost = C
R = 17.98x Fixed cost = 6000

(c) Profit = Revenue — Cost

P = 17.98x - (12.30x + 98,000) Equation:

P = 5.68x - 98,000

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in par
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C = 6000 + 0.95x
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(b) C = C= 6000+0:95x="6000+7.95 X X

X

69. (a) (b) (3000)° + h? = d?
h = d? - (3000)2

Domain: d > 3000 (because

d
h
both d > 0 and d? - (3000)2

I<—— 3000 ft —>1

70. F(y =149.76 10y
o

y 5 10 30 e Y | | |
2647408 149,76000 | p(y) 233452.36  4.192820 . 17049 | | |
> 0)

¢}
Ko

@

The force, in tons, of the water against the dam increases with the depth of the water.
(b) It appears that approximately 21 feet of water would produce 1,000,000 tons of force.

(c) 1,000,000 = 149.7610y%2 /

1,000,000 _ s

1497610 )

211156 ~ y%

21.37 feet = y

71. (@) R = n(rate) = nO08.00 - 0.05(n - 80)OC, n > 80

2 e
- " 240m = m
= 1200 —005 - =12 - - = ED
20 20 n n n n
(b) A 90 100 26 136 40 56
110 | | |
$675—$+06 $726 65—
R{n) 15 | |

The revenue 1s maximum when 120 people take the trip.
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@ o oo = f(2014) - f(2007)  125.8 - 80.0
73. fx()

b
!.JI
s

-]

f(2+h)

Approximately 6.54 million more tax returns were £
made through e-file each year from 2007 to 2014.
2f(2+h) -f

f ()2

(b) £2+n)-1()2
h

74. fx()f(5+h)

Year (7 < 2007)

7 8 91011121314

() N =654t + 34.2

t 7 o[ go Jd)f()|5

N 80.0 .
g | |

f6+h) -f()5

h ot 1l 13| 14
12

N 106.1 119. 11]2?_?.E

(e) The algebraic model is a good fit to the actual data.

(f) y = 6.05x + 40.0; The models are similar.

75. fx() =x3+3x
f x( +h) =(x+h)3+3(x+h)
=x3+3xh2+3xh2+ h3+ 3x + 3h fx(_+ h) - fx
= (@+3xh2+ 3xh?2+ W3+ 3x+ 30) ~ (x3+3x)
h . h
 h3a7 + 3k + b7+ 3)

h
=3 +3xh+ R+ L h 20

76. fx() = 4xs - 2x

f x( +h) =4(x+h)2-2(x+h)

@ X ~ b

N DX W

43 + 12x h? +
12xh?% + 4h3 - 2x -

2h fx(_+ h)_—f><£

: = _(4x3 +12x h? +
12xh? + 4h3 - 2x -

2h) ) (ax3- 2x)
h

193
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= 12x h? + 12xh? + 4h® - 2h

11
h gri-gl 7 3
- 1
77. givl=—
M2 . i \ 9 — xk
12x" + 12xh + 407 — 2 T O T
M . ) X_g‘l.'clz.'. .;‘»(]_3
. , (x + 3)x 3]
=X -2 +4 = 1207 + 12xh + 4l = 2 # 0 S L) L)
'J.-;{.r—:-}l
x4+ 3
=(2+h)2-22(+h) +4
=4+4h+h>-4-2h+4
=h2+2h+4=()22-22()+4=4 - ,,x#3
= h2+ 2h 9x
= h2+2h=h+2h#0h
=5x-x2=55( +h) - (5 + h)?
79. fx() = 5x
= 25 + 5h - (25 + 10h + h?
( ) ) -
=25+ 5h - 25 — 10h - h?
= —h?- 5h £
=55() - ()52 )5 =
=25-25=0 5x -
= -h2-5hh 5 X
# 5
=-hh(+5)=-(h+5),h#0h « -
5 x°
-5 N
80. fx() =xB+7

/
f()8=283+
/

1=5fx() -f()8

=x®+1-5=x8-

4 x#8X—-8x-8x
-8

81. By plotting the points,
we have a parabola,

sog( )x =
© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, i
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cx2. Because (-4, —32) is on the graph, you 90.

have - = -32c( 4)20c=-2.50,g( )x = -2x2

82. By plotting the data, you can see that they represent a line, or f ( )x = cx. Because (0,

0) and (1, i) are on the line, the slope is 4. So, f ()x=x

83. Because the function is undefined at 0, we have r x( ) = c x. Because (-4, -8) is on
th;e graph, you

have—8=cf4Dc=32.So,rx() =32x. /

84. By plotting the data, you can see that they represent
hx() =o/fl |x. Becausal =4 2anadl =1 1,
and the co\r/n‘asl‘sonding y-valuesare 6 and 3,c =3 and h x( ) =3X. 91.
85. False. The equation y?> = x? + 4 is a relation between x and y. However, y = + x> + 4
does not represent\é function. 92.
86. True. A function is a relation by definition.
87. False. The range is [-1, o).
flr l b
) == 78. (b)
. |
)= — =~

|
-y ;oo

f =1 r=1 (c)
(t=2)r-1)
(- (d)
(r=2)r-1)
= ! S
-2
93.
88. True. The set represents a function. Each x-value is mapped to exactly one y-value.
89. The domain of f x( )¥= x = 1 includes x = 1, x = 1 and the domain of g x( ) = does
_ 1 (b)
not include x -1

X = 1because you cannot divide by 0. The domain of

gx() =Fex> 1. So, the functions do not have x - 1 the same domain.

Because f ( )x is a

function of an even
root, the radicand
cannot be negative.

g( )x is an odd root,

therefore the
radicand can be any
real number. So, the
domain of g is all real
numbers x and the
domain of f is all real
numbers x such that x

> 2.

No; x is the independent
variable, f is the
name of the function.

(@ The height h is a
function of t because
for each value of t
there is a
corresponding  value
of h for

0< <t 26.
Using the graph when t =
0.5, h = 20 feet and

whent = 1.25h =~ 28
feet.

The domain of h is
approximately 0 < <t
2.6.

No, the time t is not a
function of the height h
because some values of h
correspond to more than
one value of t.

() Yes. The amount that
you pay in sales tax
will increase as the
price of the item
purchased increases.

No. The length of time

that you study the night
before an exam does not
necessarily determine

your score on the exam.
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94. (a) No. During the course of a year, for example, your salary may remain constant while your savings account balance
may Vvary. That is, there may be two or more outputs (savings account balances) for one input (salary).

(b) Yes. The greater the height from which the ball is dropped, the greater the speed with which the ball will strike the ground.
Section 2.3 Analyzing Graphs of Functions

1. Vertical Line Test 13. A vertical line intersects the graph more than once, so y
is not a function of x.

2. zeros
14. A vertical line intersects the graph at most once, so y is a
3. decreasing © f()3=2
4. maximum 15. (d f(-1) =3 19.
5. average rate of change; secant
6. odd 10. Domain: (=0 oo, ):
Range: —,1( oo |
7. Domain: (-2, 2 ; Range] :[-1, 8] @ f(-2)=-3
16.
@ f(-1)=-1 © f()1=0
(0 f()o =0 © f()o =1 20.
© f()r=-1 @ f()2 =-3
@ f()2 =8 11. A vertical line intersects the

17. graph at most once, so y is a
function of x.
8. Domain: [-1, o); Range: (-0, 7]

12. y is not a function of x. Some

@ f(-1)="* vertical lines intersect the graph
twice.
(b) f()o =3 function of x.
() f()1=86
fx() =3x+18
(d) f()3 =0 18. 3 +18=0
3x = -18 x
9. Domain: (-0 oo, ); Range: (-2, ) =-6
@ f()2 =0 f()x =15 - 2x
15-2x=0
O f()1=1 -2x = =15 x
15
-2
Ix
fx() =2x2-7x-30
x-7(x-2)=0 22-7x-30=0

X-7=00x=7x-2=00x=2
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197
(2X+5)(X—6)=O Xx+ =30
5 x=-3
2Xx+5=0 or X-6=0x=-2 x=6
=x2-9x + 14fx
fx() =3x2+22x - 16 0 4
X
32+ 22x-16=0
X-9x+14=0
(Bx-2)(x+8) =0
3x-2=00x=:1x+8=00x=-8
fx() = X2+ 3
2x -6 X2+ 3=0
2X -6
6 27-(a) I
JIII 10

21. f()x =Ly 2x - 2x = 0 - \/'J'I

()3 (tx2 - 2x) =03()

x2-6x=0
xx(2—6)=0 Zeros:x =0,6x=0 or x*-=6 0
(b) f()x=x2-6x
x2=6 ©—6x=0x=1+V6 xx(-6) =0
x=00x=0
X-6=00x=6

22. f()x = —25x4 + 9x2

—x2(25%2 - 9) =0 28. (a)
l!l ||l 10
-x2=00r25x2-9=0x=025x2=9

. o \//

=30

X =t
Zeros: x = -0.5,7
23. fx() =x3-4x2-9x + 36
X-4x2-9x+36=0 (b) fx() =22¢-13x-7
X2(x-4) -9(x-4) =0 2x2-13x-=7 0
2X+1x-7=0

¢ 0 )

(x-4)(x-9) =0
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2x + =1 ODx=—%
X -4=00x=4
x-=7 00x=7
x*-9=00x= %3

29. (a) 5
24, fx()=43-24x2-+x 6
43 - 242 -+ =x 6 0 f_'_,_ﬂ-""_ﬂ;
4x%(x - -6) 1(x-6) =0 =
(x-64)(x-=1)0 a
x -62)(x+12)(x-=1)0Zero:x=-55 x-=600r2x+=100r2x- =10
b)fx() =2x+11
X=6 x=-5 x=1 2x+11=0
2x+11=0
25. fx():ix-l = - u
N X ’
2x/~-=10
x=1 30. (a) 4

1
2x=1 -amx=" //l
N
26. \/—f—xf) =3Xx+2 -12 Zero—x—=—26

3X + =2 03x + =2 0 (b) f)() =‘/3X_14 -8
2 v
- =iX 3x -14 -8 =0
Vv3x —14 =8
3x —14 = 64
X = 26
31. (@) ° 3x-1=0x
4 i) [ 1
\ 32. (a)
-30
N
Zero: x = 0.3333
. N
(b) () =
3x_1X
6 Zeros: x = £2.1213
) =2x*-9
X -1=0x 3 - x
2
-6 2x_ -9 =0
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(b)

/2

22-=9 00x=+ 2 =+21213

33 f()x=-Lx®

The function is decreasing on (-0 ,).

34. f()x=x2- 4x

The function is decreasing on (-oo, 2) and increasing

on (2, o).

G|

35 fx() = X

The function is decreasing on (-’ -1) and increasing on
(1, ).

36. fx()=x3-3x2+2

The function is increasing on (-0, 0) and (2, w) and
decreasing on (0, 2 .)

37. fx()=>L+11lx‘—1 |

The function is increasing on (1’ co).
The function is constant on (-1,1.)

The function is decreasing on (-, -1.)

38. The function is decreasing on (-2, —1) and (-1, 0) and

increasing on (= oo, -2) and (0, o).

39. fx() = Doowox -+ 12, Xx ST,

Section 2.3 Analyzing Graphs of Functions 199

The function is decreasing on (-1, 0) and increasing on

(-0, -1) and (0, ).
Ox+3, x<0

40. fx()=D|]3,0<x52
IjIZI
2X+1, x>2

The function is increasing on (oo, 0) and (2, ).

The function is constant on (0, 2.)

41. fx() =3

Constant on (o o, )

— ] TRl | | |
auaIunl

42. g()x=x

-2

Increasing on (-0 o, )
-2 0|1 |2
X Paf | ] |

T Fal |||
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200 Chapter 2 Functions and Their Graphs s
() -
43, gx =3=x2 3 ¢
6 _
LA
S Increasing on (=2, o); Decreasing on (-3, -2)
-e ST Tl |

0 u '[xll.lm |o_4 2 | | |

x =x®

Decreasing on (-0, 0.)
47. f

Increasing on (0, ).

X -2 -1 0 1 2
2lx) -1 __T -3 _% -1 0 6
4. 1 ()x= 3¢ - 62 Increasing on (0.,=oo). . .
X 0 | 2 | 3 4
4 1
| /()
B 28—52—38
i / 5
6
48 f(k =x®
" .
-4
Increasing on (-1, 0, 1,) ( ); Decreasing -6 / 6
on -2
(-0, -1) (0,1)
X > 0 T1 | > | | | | Decreasing on (—oo, 0 ;) Increasing on (0, )
-1
X -2 -1 101 2
SRR -
Jx) 1159 |1 |01 159
45, f(k =~V1-x

R\\_\\ 49 fX}—AjTS)

-1

Decreasing on (-0,1)
X -3 f|1 0,1 | | | Relative minimum: (1.5, -2.25)

2 1= | |0 V2

50. fx =-X2+3x-2
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201
54, g(x = x4 -x
I ” ’
-4
_1o
Relative maximum: (1.5, 0.25)

Relative maximum: (2.67, 3.08)
51.

x() = —4xf
hx() =x3-6x2+ 15 5. 1x() xfx()

20

>0o0n (-o, 4]
M v
LY

-20

560, _.f'{r] =dx + 2
Relative minimum: (4, -17)

Sla) = Oon -—":xm;l
Relative maximum: (0,15)

52. fx()=x3-32-x+1
3

V]

Relative maximum: (-0.15,1.08)
Relative minimum: (2.15, -5.08)

53. h() = (x - )Vx

10

W

Relative minimum: (0.33, -0.38)

57. f()x=9-x% fx() =00n

[-3.3]
/

10
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() -

58. f()x=x2-4x fx() =0 63. f (

on (-c0,0and 4,] [ )

f
x2-4x >0
(00,0, 4] [) The average rate
of change from x1 = -1to x2x is —1.
,47
108 fx
is always greater than or equal to 0. ' “() > 0 for
f()6°
59. fx = X 1 all x.
61. fx{) = —2x + 15 =3is
fx() 200n1,[ o) f()3-f()o= 9-15=_2
x-120 3-0 3
Xx—120 The average rate of change from x1 = 0 to x2
-2, =5is4.
xz1
[1 ) 62.Fx() = x2— 2x + 8
f2(_)5—f(_)1 =23-7=16=4
- _ 5-1 4 4
60. ®) =|x +5|

y The average rate of change from x1 =

The average rate of change from x1 =

(b) To find the average rate of change of the amount the U.S. Department of Energy spent for research and
development from

2010 to 2014, find the average rate of change from (0, ()0 ) to (4, ()4 .)
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0)
f (¥ ~£{)0— 70,5344 -095.08 = —24.5456 =

-6.1364 =
4-0 4 4
The amount the U.S. Department of Energy spent on research and development for defense decreased by about $6.14
billion each year from 2010 to 2014.

66. Average rate of change = ° t(_)z -8 t(_)_l -t

=s()9 -s()o
U -
540 — 10
= 9-0

= 60 feet per second.
As the time traveled increases, the distance increases rapidly, causing the average speed to increase with each time increment.
Fromt = 0 to t = 4, the average speed is less than from t = 4 to t = 9.Therefore, the overall average fromt=0tot=9
falls below the average found in part (b).
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67. so=6,vo=64 69.vo=120,50=0

(@) s=-16t2+64t+6 (a) s = —16t% + 120t
b) 100 b) 27
— (b) (b) Pt
e \.\ / \
_ 05 08 _
0 0
(c) The average rate of change fromt=3tot =5:
(¢) s()33 --0s( )o 543-6=16 s()5 - s()3 200 = 216 = -16 =
-8 feet per
(d) The slope of the secant line is positive. 5-3 2 2
second
) s()o =6,m=16
(d) The slope of the secant line through (3, s( )3 )
and
secant line: Y - © = 16(*- 0) ( )
5,55 isnegative.
y =16t + 6
109 - (e) The equation of the secant line: m = -8
)] e
.-'/l____.-""-}\
[ N, Using (5, s()5) = (5, 200) we have
y - 200 = -8(t - 5)
05 y = =8t + 240.
0
(f) 270
68. (a)s = —1622+ 72t + 6.5 T
(b) 00 -'/ \
,f'H \_ 0 08
05 =Ze=(a:)$x———16t2 + 80
0
(b)
120(c) The average rate of change fromt=0tot = 4:
=
x\\'-\.
\-H"\.
s(}4-s30 385 - 6.5 = 32 = 8 feet per = I
4 -0 4 4
03
second

(4, s()4) is positive.
and

(d) The slope of the secant line through (0, s( )0 )

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,
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(e) The equation of the secant line: m = 8,y = 8t

+ 6.5
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(f) 100

(c) The average rate of change fromt=1tot = 2:

s()2 - s()1 =-16—64 = — 48 = —48 feet

2-1 1 1
per second

(d) The slope of the secant line through (1, s( )1 ) and

(2,5()2) is negative.

(e) The equation of the secant line: m = —48 Using (1,
s()1) = (1, 64) we have
y - 64 = -48(t - 1)

y = —48t + 112.

(f) 120

l
3

0

71 fx() =x822+3f(-x) =

(-x)6 - 2(-x)2+3

=x0- 2%+ 3

= fx()

The function is even. y-axis symmetry.

72. gx() =x3-5x o(-

=-x) (- -5(x)

= — +x3 Bx

=-gx()

The function is odd. Origin symmetry.

Section 2.3 Analyzing Graphs of Functions 205

zhx()

#-hx()
The function is neither odd nor even. No symmetry.

—

7 fx()= 17%
1-f x)
x f (-x)
V1 -x?
=X
= —X
= -1x()
The function is odd. Origin symmetry.
TA. lfl:.:l = 45
- -1-I:—‘ |:'|':
= fis)
= —f[s)

The function is neither odd nor even. No symmetry.

76. gs() =45 g(-s) =
/

4(-s)23 /

= 4s23

=gs()

The function is even. y-axis symmetry.

77.

The graph of f x( ) = -9 is symmetric to the y-axis,

which implies f ( )x is
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- N even. f(-=-x) 9
V5 - x
h(=x) =1 ()x

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,
in Wrlid@Langage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
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The function is even.

78.f()x=-5 3x
y

&)

BN W s

| — N\t X
4 -3 2 -1 1 3 4
-1
-2

The graph displays no symmetry, which

implies f ( )x is neither odd noreven.  f (- = - -x)
5 3(x)
= +5 3x
#fx()
z-fx()

The function is neither even nor odd.

79. B) =-|x -5

The graph displays no symmetry, which implies f ( )x is

neither odd nor ¢ven. fx(‘) =-(-x) -5

= -|-x-5]
#fx()
z-fx()

The function is neither even nor odd.
80.hx()=x2-4

—— ——
\J . -
-8 —6 -4 468

The graph displays y-axis symmetry, which
implies h x( ) is even.

h(- = -x)(x)2- =4 x2-=4 hx()
The function is even.

The graph displays origin symmetry, which
implies f ()x is odd.

-f()x

The function is odd.
82. ™) =°x-4

y

",Eyes

The graph displays no symmetry, which implies f ( )x

is neither agd nor even. f (-x) = 3(-x) - 4
= %/—X -
4 a3 —(x

N
+4)

=-3x+4

#fx()

#z-fx()

The function is neither even nor odd.
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83. h = top - bottom

=3—(4x—x2)

=3 -4x+x?

84. h = top - bottom

=(4x—x2) - 2X
=2x — X2

85. L = right — left

_ooady

86. L = right — left

87. The error is that -2xs — 5 # —(2X3 -5 ) The
correct
process is as

follows. fx() = 2x®
-5f(-x) = 2(-x)3-
5

-2x3-5

—(23+5) f(-x) #-fx()andf

(=x) # fx( ), so the function f x( ) = 23 - 5 is

neither odd nor even.
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88, gm ' 90. (a) ™

/“‘\‘J,
2
0

X X

> 4 (b) The model is an excellent fit.

(c) The temperature was increasing from 6 A.m. until

@ A= BH8) —AJx) = 64 - 247
- noon (x = 0 to x = 6 .) Then it decreases until 2

Domain: 0 < <x 4

() 6 to x = 20 .) Then the temperature

AM. (x

increases until 6 am. (X = 20to X = 24 .)

\ (d) The maximum temperature according to the model

is about 63.93°F. According to the data, it is 64°F.

0 4 The minimum temperature according to the model
0 is about 33.98°F. According to the data, it is 34°F.
] (e) Answers may vary. Temperatures will depend upon
Range: 32 < A < 64 the weather patterns, which usually change from
day to day.

(c) When x = 4, the resulting figure is a square.

f
1
f
!

91. False. The function fx( ) = x2% 1 has a domain of
all real numbers.

92. False. An odd function is symmetric with respect to the
origin, so its domain must include negative values.

l— B — e & —>1

l~— > —l— & —>1
I oo |
3

93. True. A graph that is symmetric with respect to the y-
axis cannot be increasing on its entire domain.

l<— 4 —>l<— 4 —>1

By the Pythagorean Theorem,

2 2 — .2 — ./ —
4+ 4 =" g s =32 = 42 meters. 94. (a) Domain: [-4, 5 ;) Range: [0, 9]
89. (a) For the average salary of college professors, a scale (b) (3,0)

of $10,000 would be appropriate.

(b) For the population of the United States, use a scale
of 10,000,000.

(c) For the percent of the civilian workforce that is
unemployed, use a scale of 10%.

(c) Increasing: (-4, 0) u (3,5;) Decreasing: (0, 3)
(d) Relative minimum: (3, 0)

Relative maximum: (0, 9)
(d) For the number of games a college football team

wins in a single season, single digits would be (e) Neither
appropriate.
For each of the graphs, using the suggested scale would i
e S 95. (-3 -7)

show yearly changes in the data clearly.

(a) Iffiseven, another point is (: -7 )
5
(b) Iffis odd, another point is (%, 7.)

96. (2a, 2c)
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@ (-2a, 2¢) 1. Greatest integer function
Identity function
) 3. Reciprocal function
(b) (-2a, -2¢
4.  Squaring function
5. Square
97. (@y=x (b) y=x> (c)y=x root
4 4 4 function
6. Constant
function
6 -6-6-6 6 6
7. Absolute
value
- -4 4 function
. s . 8. Cubic
(dy=x \ (e y=x \ (fy=x . function
9. Linear
function
6  -6-6-6 6 6
10. linear

4 -4 -4

Al the graphs pass through the origin. The graphs of the odd powers of x are symmetric with respect to the or
graphs of the even powers are symmetric with respect to the y-axis. As the powers increase, the graphs become
interval - < <1 X 1. 1. @f()1

08. 2 2 3 =4Yf(

f 7 / J0=6

s, I h 5
/ \ o / [‘ (1,4,0) (6)

m =

-4 -2 -3 -4
-1
=-2

fx() = x2- x*is even. gx() = 2x3+ 1isneither. hx() =x3-2x@¢+xiso
3 2 3

. I L]
I N T -

-3 -4 -3 0) y =
- +2X
ix()=2-x -x iseven. kx() =x = 2x +x - 2isneither. px()=x +3x -x 6 1 x(
X
6 8 5 4 9 5 34
Equations of odd functions contain only odd powers of x. Equations of even functions contain only even powe (c) Even.
functions have all variables raised to odd powers and even functions have all variables raised to even powers. The graph is
has variables raised to even and odd powers is neither odd nor even. a vertical
translation of
99. (a) Even. The graph is a reflection in the x-axis. f.

(b) Even. The graph is a reflection in the y-axis.
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(d) Neither. The graph is a horizontal translation of f.

Section 2.4 A Library of Parent Functions +2x 6
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y i o can
(b) 14. @f(); L4 =9 f
6 (5] 14.9)
. |
s _ =13
i 4 (3]
1

| —t s x lz = |ﬂ]| . |:Ji] =3
-1 12 3\4 5 6 7 ! nd L :
RN m

fxy=9=23x-4

fey=v=2x-10
12. (@f(-=-3)8,f()1=2 o
flap = 2w =1
(--38) (12
2[R
m== -—+% 16=5
=k 4 2
fox( ) - 2 = sk - 1)
5 1 2
2 2 (b)
(b) X
5
. 15. fx() =2.5x - 4.25
3 2
2
1 l.l"'J
ha2a )12 54
-6 6
fx() = X - -6
16. f()x= -5 23x
13. @f( ) f \\“
\\,‘
-6 6

) 17. =2 gx()
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18. gx() = -2¢-1 25. gf) =|x|-5
-6 6 \x\- f/

i =

19. fx()=x*-1 26. o) =[x -1

14

/”'} I

27. £()x =[x

20. fx()=(x-1)3+2

(@ f(2.1) =2
. J (b) £(2.9) =2
i (c) f(-3.1) = -4
= \/— 7
21. DOO x @ ()% =3
— 28. hx() =[x+ 3@
-2 12 @ h(-2) =BEI1 =1
—
2. h() =Vx+2+3 wh()i= 35 =3
A © h(42) = @72@ = 7 (d) h(-216) =
- ’ [-18.68 = -19
23 ) = 29. kx() = ppx+ 10
L (@) k( )is= 2( )ls + =1 @3=1
] ) k(-2.1) = Tm2(-2.1) + 175 = @-3.10 =
—6 _4
24. kX) =3t + " i 2 () k(1.1) = &) 11( ) +1 %= 3.2 =3
(d) k( )gs = 2( )gs + =1pRE Blz3 = 2
11 \I 5
| 30. gx()=-7@x+ 4B +6

-3
Section 2.4 A Library of
Parent Functions
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= -7 AP PR PR 33. g( )x=[M0x-1

mle+ 6 = -7 4(
) +6=-22

() g( )9 = -7 90 +
4R + 6

=-7130 0 + = -6
713() +=-6

85
© g(-=--+4) 70
440 + 6 = -7
ol B+ =-67

o( ) + =66 (d)

o( )%= -7,

+4%m v 6

= —75
Bl + 6 = -7 5(

) +6=-29
Chapter 2 Functions
and Their Graphs

31 g()x= -0k
a() ’ & © 2018 Cengage Learning. All Rights Reserved. May not be

1
35 g()X :DDX+6, X<—4i:x_
4, x> -4
y
4
o
-~ [ X
0 a2 2 810

36. f()x I+ )
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d, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.

38 f(){zg\/4+x,x<
' E\M -X, X2
‘ 0
‘ Section 2.4 A Library of Parent Functions
D442 -2-1 | 1 23 4 y 44. (a) 2
2<x < 0 5 .-&\_\
39. h 21, s (1) = \. 003 + x,
3
Ooxz2 + 0 13
1, 1 0
-4 -3 Ll 12 304
-2
-3
x The domain of fx( ) = =1.97x + 26.3 is
6 < x < 12. One way to see this is to notice that this is the equation of a line with negative
slope, so the function values are decreasing as x increases, which matches the data for the
02x + 1, X< -1 Ycorresponding part of the table. The domain of
ot
40. kx() = 002x2- 1, 1 1 <*<1 fx() = 0.505x2 - 1.47x + 6.3 is then
001 - xe, 6.
x (b) f()5=05055()2-1475() +6.3

=050525() - 7.35 + 6.3 =11575f( )11 = -1.97

11() +26.3 = 4.63
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These values represent the
revenue in thousands of
dollars for the months of
May and November,
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41, s( )x = 2(l4x - 4x) respectively.

(a) ¢

(c) These values are quite close to the

PO Pl 45. Answers will vary. Sample answer:

Input .
P Interval Pipe Drain Pipe 1
[0, 5] Open ‘ ‘ Cloied Closed |
(b) Domain: (-0 o,); Range: [0, 2) [5,10]  Open ‘ ‘ ClO%d Open |
42. bz = 4':::14’ - ||E.'fi|}': [10,20] Closed Cloled Closed }
@) 8 [20,30] Closed ‘ ‘ Op¥n Closed |
o (b) Domain: (-0 o, );Range: [30,40] Open Open
ST, pen
[0, 4) [40,45]  Open OPN  1oced
- [45,50] Open Opgiy,
76 @) =05 X +3gh
W 14 30
8@ =TT ) a0 e | c N a
' ; Open
Co
W(40) = 14 40() = 560 () st ¢
of
W(45) = 21 45( - 40) + 560 = 665 me -
ng (in a1 ._8_0
W(50) = 21 50( - 40) + 560 = 770 -
okrs) 1
ag
(b) Wh() = Ogl4h, 0<h<36
e 1 ——t—t—t——+
DDDZl(h - 36) +504, h > 36
() Wh() =0Op16h, 0<h<40 1 2 3 4 5 6 7 8

X

I:||:|[:124(h - 40) + 640, h > 40 Weight (in pounds)
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L
47. For the first two hours, the slope is 1. For the next six hours, the slope is 2. For the final hour, the slope is :.

at, 0<t<2 y
O Inc 16
ft() ="m2t-2, 2<t<8 he 14 4
o s 1]
f 10
Lt+10, 8<t<9 o 8]
ow 67
l
Tofindft() =2t-2,usem=2and (2,2.) 2t
y - =2 2(t-2)gy=2t-2.
T — Ay — 1
iy = o 246810 To find 10, usem = 2

and (8'14 ) Hours
y-14=15(t-8) Oy=12t+10

Total accumulation = 14.5 inches

48.f( )x = x? f()x=x
(a) Domain: (-co c0,) (2) Domain: (-0 ,)
Range: [0, «) Range: (—co oo,
)
(b) x-intercept: (0, 0) (b) x-intercept: (0, 0)
y-intercept: (0, 0) y-intercept: (0, 0)
(c) Increasing: (0, o) (c) Increasing: (-0 oo, )
Decreasing: (- oo, 0) (d) Odd; the graph has origin symmetry.

(d) Even; the graph has y-axis symmetry.

49. False. A piecewise-defined function is a function that is
defined by two or more equations over a specified
domain. That domain may or may not include x- and y- point (2, 0) but does not have a y-intercept. The

intercepts. horizontal line y = 3 has a y-intercept at the point

50. False. The vertical line * = 2 has an x-intercept at the

(0, 3) but does not have an x-intercept.

Section 2.5 Transformations of Functions

1. rigid 3. vertical stretch; vertical shrink

2. —f()x;f(-x) 4. (a) iv
(b) ii
(c) iii
d)i
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5.(a)f()x= +xL {/ertical shiftsYc=1 ¢ = -2:fx() = -x22

units down ¢=-1

|
c=-1:fx()=-x 1  1unitdown
c=1fx()=+x 1 1 unit up *
c=21fx()=+x 2 2 units up
Section
25
Transfo
by ..I([.t'j] =|.1.' - -:'| Horizontal shifts ¥ __, rmation
. s of
c=—2: _,r’lit':l = |x - {—2}| = |.':' + 2| 2 umiis left Functio
c=-1: fx) = |.'c - [—]}| = |.1.' + l| 1 umit lett ns
c=1 flx) =[x - []}| = |x -1 | unit right
e=2: f{x) = e - (2)] = ¢ - 2 2 units right 11
—d
6. (1) flx) = Jrve Vertical shifils
= -3 flx)= =3 F umits down
e =-2 flx) = -2 2 units down
e=2 flx)=Sx+2 2 units up
c=3 flx)=x +3 3 umits up
by flx)=~Sa-¢ Horizontal shifls
e==3 flx)=Jr—(-3) =~x+3 3 units left
c==2 flx) = \I-'I.!: (=2) =~x+2 2 urts left
=2 flx}) = ~x -2 2 units right
e=3% flx)=~Jx -3 3 units right
7. (
a
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yF(Ox~ BxE + ¢ Vertical shifts c=-41x() = -4 4units
down c=-1:fx() “pxa -1  1unitdown c=2:1x() “ppp + 2
2 units up c=5:fx() XA + 5 5 units up
() f()x = Bx + Horizontal shifts
c=-4:fx() =px - -(4)%= By, 42 4 units left
c=-1:fx() = Pax - =( 1)EE=X+1 1 unit left x c=2:1x() =Fx -

Section 2.5 Transformations of Functions

() =oo@+c, x<0 ,
()2%m=0Bx- Pt 2 units right c=5:fx() ="mx - ()57 = Bx - 52 5 units
right

8. (8) fx OOO-x2+ ¢, x>0  Vertical shifts
( ) DDX2 ”— 3, c
=-3:fx=n0
oo-x -3, ! r
=-% ()=
- 3,
c fx
= -2:fx( ) = ODOpX2 2- 2,
c Oo- -(x3)2
oo-x -2,x<0
3 unitsdownx > 0
2
() DoOx%2+ 1, ¥<0
c=Lifx =0 2 units down x = 0
oo-x + 1,
0
1 unitup
=2 fx( ) = 000x2 2+ 2, x= 0
c <0
O0-x +22init$ up
v > O

S

by fivh ==
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Horizontal shifts 3 units right
X > 0%

+ 1 i
c fx <0 1 unit left
' >0
Op- +(x1)?
[i : <0
S (e .
+2 o 2 units left
s C fx >0
_ 2
0o- +(x2)?, () y=fx() +4 © y=2fx()
Vertical shift 4 units Vertical stretch (each y-value
9.(a)y =f(-x) upward is multiplied by 2)
Reflection in the y-axis y y
X 10 L 10+
y 81 8+
X (-4,6) 6| 69 ol
10
8t X \ 47/ (49 4t (64
6+ (-2,2) 0,2 \ 2+ /
1 X ey I U A
(-6,2) i @2) -10 -8 -6 -4 -2 2 46 -10 -8 -6 -4 L/ 4 6
0 ) 1
:.j (-2,-4) (0, -4)
-6 -4 1 4 6 8 10 i - X
©0-2] @-2 2 units right
-4+
0
-6
d y=-fx(-4) © y=fx()-3 ) y=-1x()-1
Reflection in the x-axis and Vertical shift 3 units Reflection in the x-axis and a
a horizontal shift 4 units to the downward vertical shift 1 unit downward
right
y y
Section 2.5 Transformations of Functions
| y
10 |
o] |
6 1
44; :
2| 4,2)
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10 10

8 8

6 6

4 4
_4,-1) “ _ -2,1) 2] (0,1
(-4,-1) 6, -1) ( )I_\( )‘

-10-8 -6 -2 2 4 -8 -6 7y S ‘ZV 6
-4,-3) -4 6, -3
(-2, -Bq 76‘% ( ) ! (6,-3)

@y ="f(2x)
Horizontal shrink
(each x-value is divided by 2)

L
10. @)y =fx(-5) (b) y=-fx()+3 (0 y=1fx()
Horizontal shift 5 units Reflection in the x-axis and a Vertical shrink to the right vertical
1
shift 3 units upward (each y-valueis multiplied by :)
y
v ¥
10 12
: i3, %1
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@y =-fx(+1) © y=t(-x) M y=fx()-10
Reflection in the x-axis and a Reflection in the y-axis Vertical shift 10 units downward
horizontal shift 1 unit to the left y y

y

220

(5.4

XX
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L
(@y=f (lx) Vertical shrink (each y value is multiplied by F)
Horizontal stretch y=
(each -valueis multiplied by3x)
y 17. Parent function: f ( )x = x2

Reflection in the x-axis y =

_X2

18. Parent function: ¥ ~ [FIx

Vertical shift 4 units upward y =

BIxE + 4
11. Parent function: f ( )x = x2

e

Reflection in the x-axis and a vertical shift 1 unit upward y

(@) Vertical shift 1 unit downward gx() =x2-1
(b) Reflection in the x-axis, horizontal shift 1 unit to the

19. Parent function: f ( )x = x

left, and a vertical shift 1 unit upward g x( ) = —(x e xs1
+1)2+1
20. Parent function: y = x ‘ ‘
12. Parent function: f ( )x = x3 Horizontal shift 2 units to the left y =
(@) Shifted upward 1 unit gx( ) =x3+ 1 X+ 2 | |

(b) Reflection in the x-axis, shifted to the left 3 units

and down 1 unit
21. gx() =x2+6

g x() = -+ 3P-1
(a) Parent function: f ( )x = x2

13. Parent function: f ( )x ux (b) A vertical shift 6 units upward
. : y

(a) Reflection in the x-axis and a horizontal shift 3 units © 1
to the left 8/

gx()=-x ls | I
(b) Horizontal shift 2 units to the right and a vertical T
shift 4 uhits downward g x() = x -2 - 4 :

A T T
14. Parent function: f ( )x = >?/_
(@) A vertical shift 7 units downward and a horizontal @gx()=fx() +6

shift 1 uni left gx() =x+1-7

(d) Reflection’in the x- and y-axis and shifted to the right
3 units and downward 4 units

gx() =--+~-x34

22. gx=x2-2 25

16. Parent function: y = x
15. Parent function: f ( )x = x3

Horizontal shift 2 units to the right

y=(x-2)
© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,



f()x=x
(b) A vertical shift 2 units downward

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,



222 Chapter 2 Functions and Their Graph$ection 2.6 Combinations of Functions: Composite Functions
222

()

(a) Parent function:
© @gx()=-fx(+1) -3gx()

7 =4 - (x-2)?

1 (a) Parent function: f ( )x = x?

1 (b) Reflection in the x-axis, a vertical shift 4 units upward
and a horizontal shift 2 units right

©

@gx() =fx() -2

23. gx() =--(x 2)3 2

(a) Parent function: f ( )x =x®  26.

(b) Horizontal shift of 2 units to the right and a
reflection in the x-axis

@gx() =-1x(-2)

24. gx() = - +(x 1)3
gx() =-3-(x+ 1)

() Parent function: f ( )x = x2

(b) Reflection in the x-axis, a vertical shift 3 units downward
and a horizontal shift 1 unit left

(©
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223
()
(a) Parent function:

@gx() =-fx(-2) +4 @ i
(@) Parent fL‘JnCtiOI“]Z f()x=xs 27.gx() =x-1+2 | | 5T
il

L 34

(b) Horizontal shift 1 unit to the left and a reflection in (2) Parent function: f O = x| 21
N

the x-axis

units upward

@ gx() =-fx(+1)

28. gx =x+3-2
f()x=L "

(b) A horizontal shift 3 units left and a vertical shift 2
units downward

() i

NS

@gx() =fx(+3) -2

N

29. g()x= X

N

(a) Parent function: f ( )x = X
(b) A vertical stretch (each y value is multiplied by 2)

(b) A horizontal shift 1 unit right and a vertical shift 2

123456

(@ g()x =2fx()

30. g Na
(
4 2] 2 4 6 * )
_27 X
@gx() =fx(-1)+2 X
(@ P
a

rent function: f ( )x = x

(b) A vertical shrink (each y value is multiplied by %)
(©

PN W A O
L n L ' f
t t t t t

-1 | 123456

@g()x = 2x()
31 gx() =2B3 -1

(a) Parent function: f ( )x -

(b) A vertical shift of 1 unit downward and a vertical
stretch (each y value is multiplied by 2)
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224
()
(a) Parent function:
© . 3. gx() =-2¢+1
[ o)
Too () Parent function: f ( )x = x2
] Q,% P (b) A wvertical stretch, reflection in the x-axis and a
vertical shift 1 unit upward
© '
24
@ of) =2MH) -1 Bt
32. gx() =-BxA +1
ion- = R
(a) Parent function: f ( )x [ @ of) =-28) +1

(b) Reflection in the x-axis and a vertical shift 1 unit
upward

36. gx()=Tx2-2

(a) Parent function: f ( )x = x2

(b) A wvertical shrink and a vertical shift 2 units
downward

37. gx() =3x-1+
2

y

(©

6+

@ of) == M) +1

(a) Parent function:

14}117&/1‘&1 X f()x _

33. g()x IR _4: X
(b) A horizontal
(a) Parent function: f ( )x I X _ _ | shift of 1 unit
@ of) LU i to the right, a

(b) A horizontal shrink vertical stretch, and a vertical shift 2 units upward

© 6 ©

(dagx()=3x(-1) +2

34. gx:lszd)x:x 38. $x():—2x+1—3

4 (b) A horizontal stretch
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39.

40.

o

41.

42.

44,

45.

225 Chapter 2 Functions and Their Graph$ection 2.6 Combinations of Functions: Composite Functions

225
()
(a) Parent function:
(@) Parent function: f ( )x . X

(b) A reflection in the x-axis, a vertical stretch, a
horizontal shift 1 unit to the left, and a vertical shift
3 units downward

dax()=-2fx(+1) -3
gx() =(x-3)p2-7
ax() = (v 20
f ( )x = x3moved 13 units to the right
gx() = (x-13)°
f ( )x = x3 moved 6 units to the left, 6 units downward,
and reflected in the y-axis (in that order) gx( ) = (-x
+6)3-6 Tte, gx()=-x+12
[
gx() =kx+418

f ( )x = x moved 6 units to the left and reflected in both

the x- and y-#xes gx() = - - +x6
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226

0)

46. fx = x maved 9 units downward and reflected in both

the x-axis and the y-axis

gx(y/:—( —x—9)=——x+9

47. f()x=x2
(a) Reflection in the x-axis and a vertical stretch (each
y-value is multiplied by 3) g( )x = -3x?

(b) Vertical shift 3 units upward and a vertical stretch
(each y-value is multiplied by 4)

gx() =4x2+3

(@) Vertical shrink (each -value is multiplied by vy
:)
o )x = e

(b) Reflection in the x-axis and a vertical stretch

(each -value is multiplied by 2y)

g()x=-2¢

49. f()x o
(a) Reflection in the x-axis and a vertical shrink

1
(each -value is multiplied by yﬂ)

o )x = -tk
(b) Vertical stretch (each y-value is multiplied by 3) and
a vertical shift 3 units downward gx() =3x -3

Jx

50. f()x=
(a) Vertical stretch (each y-value is multiplied by 8) g

)x = 8x
(b) Reflection in the x-axis and a vertical shrink

|
(each -value is multiplied by yT)

o()x= ¥ x

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,

51. Parent function: f ( )x = x3

Vertical stretch (each y-value is multiplied by 2) g( )x
= 2x3

52. Parent function: f ( )x lx‘

Vertical stretch ﬁeach y-value is multiplied by 6) g(

)x =6x

53. Parent function: f ( )x = x2

Reflection in the x-axis, vertical shrink

I
(each -value is multiplied by y :)

o()x = ~iaé

54. Parent function:y _ [ Blx
Horizontal stretch (each x-value is multiplied by 2) g(

X = [F12X

NG

Reflection in the y-axis, vertical shrink

55. Parent function: f ( )x = x

1
(each -value is multiplied by y :)

o) ="x

56. Parent function: f ( )x lx‘

Reflection in the x-axis, vertical shift of 2 units
downward, vertical stretch (each y-value is multiplied
by 2)

gx()LL2x—2

57. Parent function: f ( )x = x3

Reflection in the x-axis, horizontal shift 2 units to the
right and a vertical shift 2 units upward g x( ) = —(x -
2)3+2

58. Parent function: f ( )x lx‘

Horizontal shift of 4 units to the left and a vertical shift of

2 units downward gx() =x+4-2
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227

59. Parent function: f ( )x = x\/—
Reflection in the x-axis and a vertical shift 3 units
downward
g x( )\/=—— X-3

60. Parent function: f ( )x = x2

Horizontal shift of 2 units to the right and a vertical
shift of 4 units upward

gx()=Kx-2)2+4

61. (a) =

0 —""Ff 100

(b) Hx() =0.00004636x3
3

Mo o = 0.0000463600 x
oooxo J—
0l.6g gl.68
0xC
= 0.0000463600
04.096C
= 0.0000113184x3 = 0.00001132x3
OxO
The graph of HO — 0 is a horizontal stretch

of the 01.60 graph of H x( ).

62. (a) The graph of N x( ) = -0.023(x - 33.12)% +
131is
a reflection in the x-axis, a vertical shrink, a
horizontal shift 33.12 units to the right and a
vertical shift 131 units upward of the  parent

graph f ( )x = x2.

130

_‘__,_o-"'

#d__,f’”
#_'__,.r'"'-'-

100
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(b) The average rate of change fromt =0tot = 14 is
given by the following.

N()14 = N( )0 ~122.591 = 105.770
10— 3 7
_ 16,821
T
= 1.202

The number of households in the United States
increased by an average of 1.202 million or
1,202,000 households each year from 2000 to 2014.

(c) Lett=22:

N(22) = -0.023 22( - 33.12)% + 131

~ 128.156

In 2022, the number of households in the United
States will be about 128.2 million households.
Answers will vary. Sample answer: Yes, because the
number of households has been increasing on
average.

= f (-x) is a reflection in the y-axis. 64.
63. False. y

False.y = — fx( ) is a reflection in the x-axis.

65. True. Because xu—x‘, thL graphs of fx( ) = x + 6and f

x( ) = -x + 6 are identical.
66. False. The point (-2, -61) lies on the transformation.

67. y=fx(+2) -1
Horizontal shift 2 units to the left and a vertical shift
1 unit downward
(01) - (0-21-=-1)(20)
(1,2 - -(1 2,2-=-1)(11)

(2,3) - (2-2,3-=1) (0,2)

68. (a) Answers will vary. Sample answer: To graph fx( )
= 3x% - 4x + luse the point-plotting method
since it is not written in a form that is easily identified

by a sequence of translations of the parent functiony =
X2
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(b) Answers will vary. Sample answer: To graph f x( ) 70. (a) Increasing on the interval (-2,1) and decreasing on

= - 2 _ i
2(x - 1)2 - 6 use the method of translating the intervals (—c0, ~2) and (1, @) (b) Increasing

the parent function y = x?since it is written in a

form such that a sequence of translations is easily

on the interval (-1, 2) and decreasing on the intervals
identified.

(=0, -1) and (2, )
69. Since the graph of g( )x is a horizontal shift one unit to
(c) Increasing on the intervals (-0, —1) and (2, )
the right of f ( )x = X3, the equation should be ) )
and decreasing on the interval (-1, 2)

gx() = (x-1)%andnotgx() = (x + 1.)3
’ (d) Increasing on the interval (0, 3 and decreasing on

) the intervals (= oo, 0) and (3, ©) (e) Increasing

on the intervals (- 0,1) and (4, «) and

decreasing on the interval (1, 4

k|
71. (a) The profits were only 3 as large as expected: 72.No.gx() = -x4- 2. Yes.hx() = =(x - 3)*

g()t=17t()

(b) The profits were $10,000 greater than predicted: gt( ) = ft() + 10,000

(c) There was a two-year delay: g t( ) = ft( - 2)

1. addition; subtraction; multiplication; division

® (f -g)(x=1x() - gx()

=(x+2) - (x-2)
=4

2. composition

Section 2.6 Combinations of Functions: Composite Functions

3 [ NEERE
© ( 311 |2 |9)()x =fx()-gx()
I 2
= (x . L0120 +2)(x - 2) = x"l—\ 1
- Fixl -2
reg 1 [P 3]2 (-2
0 oo of ()

(d)
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O Cx gx X

- 6.f()x =2x-5,gx() =2 -x

14

X =2X--+45 2
=3x-7
x NE 2|4|4 © (fg)()x = (x
- 5
S 2 |° .1 214_| 2)( -
s e 207 )
=& f+g 6 2 2|2|6|—2X2—10+5X
= -2x2+ 9x - 10
0 of 2x-5
(doooog()x= 2-x
y Domain: all real numbers x except
1 7.6x() =x2gx() =4x-5@ (f+a)()x =fx() +g
x()
1?771 ———t+—+ =X2+(4X—5)
-2 -1 1 2 3 456 =X2+4X_5
x O (F-g)()x=Fx() -gx()
5. fx()=x+2gx()=x-2 = x22 - (4x - 5)
=X —-4x+5
@ (r+9x=") + 9% © (1) x=1x() - gx()
C e 2) - (-2 - olx - 9)
= 2X 3 2
=4x - 5x
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N
B0 I
o of fx 10. 0 Y
@ oooog()=gx = A-x=(21
@aoo()x= ()0 -) x
0 Og gx
X2 Domain: x < 1
R 12 f(x) = %.m'x: -5
Domain: all real numbers x except X = 1
8.fx() =3x+1,gx()=x2-16
(f+gx)() = +2x xe1-1=2(xx2( ~ 2
f =f
@ (1+0)0x <) +x() 1) 1) e Eer1) 2
=3x+1+x>-16
= X2+ 3x - 15 @ =
®) (f-g)()x="Fx() -gx()
=3x+ -1 (x2—16)
= - 2 3+ 17 (b) (f—gx)():—Zx X21—1=2(xxx2(
- o2 X XN x? -4
© (fg)0} —\/uuxz o
_ -'r:‘-l _ E +1E XZ +1
P 2
@ gg & =V¥ -4+
(x2+ 1N x*-4
X2
© (fgx)() =fx()-gx()=(x+ © (fg)()x = 0 000 000 0O
1)(x2 - 16)
=3x3+ x2 - 48x - 16 11. J X
@00 0 = x4 =,
Oo000gf() gx  x32x—+161 N x2—
@ (f+q) = x2—4+x2+l
Domain: all real numbers x, except x # +4 (b) (- 0 =\/x2—- _ szil
9.f()x=x2+6,gx() =Y -x
@ (f+gx)() =fx() +gx() =x2+ +6 1-x
O of
) (F-gx)() =x() ~gx() =x2+6- 1-x

0 Og
© (fgx)() =fx() -gx() = (x2+86) 1-x
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O of X +6 X +6 1-x
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Domain: xX2-4>0 x2>24 x220rx< -2

‘)4 , ] (c) ['&]LTI=.1'+J.'T =.'r+]
>
- OOf . — _ X, = _X _|__=‘l
f() d o
o()( )
@ (f+q) =2+ = 22X 2X 0o
x +1 x+1 g X+ 1 x+1 x x x+1
4 3
O (f -g) =2 - = XXX Domain: all real numbers x except x = 0 and x = -1
x +t1 x +t1
x —. w(x] = %
X
o of 2 1
2
-1
@oo() =" 3"
0O Og X
1
=x2-1
=po002 (x- 1)
O Ox
202 - 1)
) X
Domain: all real numbers x, x # 0, + 1.
For Exercises 13-24, fx( ) =x+3and g x( ) = x>- 2. 18.(T+g0)(-2) =ft( - 2) +gt( - 2)
(f+g)()2=1()2+9()2 = (-2 +3) + ((t-2)-2)
13.
=(2+3) " (22-2) =t+1+(2-4t+4-2)
=7 =t2-3t+3
14. (f+g)(-1) =£(-1) +g(-1) 19.(906 =" ()sgs
:(—1+3)+((—l)2—2) :(()6+3)(()62—2)
=1 =()(934)
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15. (f-g)()o =f()o-g()o

=(0+3) - (()o:-2) 20. (fg)(-6) = 1 (~6) (g -6) )
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= (-8 + 3)((-8):- 2
=5
=(-334)( )
6. (1-9(0)1="0)1-90)1 = -102

=(1+3) - ((n2-2)
21.(fd)()5 =1()5 ()5

=5 /

_(()5+3) (()s7-2)

17. (f-g)()3t =f()3t-g()3t

8
=(()3t+3)—(()3tz—2) =23
=3t+3- (92— 2) 22.(14)()o =1 ()0’ g()o
/
=-02+3t+5 =(()0+3) (()02—2)

3

-
- =

23 (fgf(-0) -9()3 =11 o(-1) - 9()3

/
(009 (-0 - (O0se- 0 =) =X 2

10
=(2/-1)-7=-2-7=-9 3
X
f+g) =3x - %
(1 + 90 =3x-%
10
2. ()5 +1()4  =1()()595+1()a LA
) \f+g 15
= (5 +3((052-2) + (O S
3) For0 < x < 2, fx( ) contributes most to the
- ()823) +7 magnitude.
=184 +7=191 For x > 6, g x( ) contributes most to the magnitude.
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26. f (X =;—(,g() = X 27. ) =3x+2.gf) == x+5
- J
X (f+g) =3 - x*t5 2
(f+90) ==+ x
g 2 ¥ J

10

6
o
f

?}-._g_____
4 14

6

For 0 <x <2, () contributes most to the

g( )x contributes most to the magnitude of the sum for 0 < x magnitude.

< 2.fx( ) contributes most to the magnitude of the sum For x > 6, f x( ) contributes most to the magnitude.

forx > 6. 28. flx) =2 -1, g(x) = 3¢ -1

(f +g)x) = -2+ -3
29.fx() =x+8gx() =x-3

' ]

L\
!

o)

For ! = x = 2, g{x] contributes most to the magnitude.
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234
234

For x > 6, g x( ) contributes most to the magnitude. =tx(3+1) =3
31 fx() =x2gx()=-x1 (

@ (fegx)() =fgx( () =fx(-1) = (x-1)° Voo

:/3-)53_
—

@ (fmgx)() =fgx(()) =fx(-3) =(x-3) +8=x+5 —

by (@af)()x=gfx( () =gx(+8) =(x+-=1+8) 3x5

(© (929x)() =ggx( () =gx(-=3) (x- - =-3) 3x6
30.fx() = -4xgx, () =x+7

@ (fegx)() =fgx( () =fx(+7) = -4(x+7) = - -4x

28
() (9rf)()x=gfx( () = g(-4x) = (-4) + 7= —4x+7
© (@rgx)() =ggx( () =gx(+7) =(x++=4+7) 7
X 14
® (@at)(x=gfx(()) =gx(?) =x-1 (b) (gat)()x =gfx( ()
© (@rgx)()=ggx( () =gx(-=-1)  «x
2 =g(°x-1)
32. f(x=3xgx () =x () (frgx)() =fgx(()) = = (sx-1)s+1
=(x-1)+1=x

fx(4) =3(xt) =3¢ @) (gnf)( x=gfx( () =

9(3%) = (3x) = 81x¢ © (grgx)()=ggx(())

(©) (929)() =ggx( () =gx(4) = (x)+=xe =gx(3+1) =
33, fx() =3¥-1,gx() =%+ 1 (xa+ 1)3+1
=x0+3x6+ 3¢+ 2
@ (fag)()x =tgx( ())
34, fX()=x3,gx()=_1
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@ (fegx)()=fgx(()) =f000DLX
=0000001xs= 8
oo

® @rf)()x =gfx(()) =gx( )= _

1
X3
Ooo1
© (@rgx)()=ggx(()) =gno~ x=x
oo
35. fx() =x% 4 Domain: x > -4 g( )x = x? Domain: all

real numbers x

@ (frgx)() =fgx( () =fx(2) =x+4

Domain: all real numbers x

() (gef)()x =gfx( ())

=g(\/x+4) =(\/ x+4)2=x+4

Domain: x > -4

36. fx( ) =3X - 5Domain: all real numbers x gx( ) = x®

+ 1 Domain: all real numbers x (a) ( fe g x)( ) =g x(

)

Domain: all real numbers x

® @af)()x=gfx( ()
= g(2k-35)
= <3x—5)3+1

=Xx-5+1=x-4
Domain: all real numbers x

37. f( )x = x¥ Domain: all real numbers x g( )x = x%
/

Domain: all real numbers X () ( frg () =fgx( ())

_ fx( 23) _ (X23)3 -y /

Domain: all real numbers x. (b) (g f)()x £ g fx(

()) =gx( )3=()X323=X2

Domain: all real numbers x.

38. f( )x =x5 Domain: all real numbers x g( )x = 4x = x4

Nal.

Domain: all real numbers x > 0
/ / /
@ (frgx)() =fgx( () = fx( %) = ()5 =

Domain: all real numbers * > 0 (b) (gaf)()x

=ng( ()) =9X( )5= ( )X514=X54

Domain: all real numbers x > 0.

39. f()x =X Domain: all real numbers x g

x() =x+ 6 Domain: all real numbers x

@ (fagx)() =fgx(()) =fx(+6) +x | 6

Domain: all real numbers x

® @an)Ox=gix( () =dxl | ) =ox 6

Domain: all real numbers x

40. fx() :‘ X -4 bomain: all real numbers x g( )x = 3 — x Domain: all real numbers x
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@ (fogx)()=fgx( () =f@B-x =
(3

X)

-4=-x-1

|x —4]) =3 -|x - 4

Domain: all real numbers x

® @a)(x=0tx( () =lox( D -4 =3¢

Domain: all real numbers x

41. fx() == Domain: all real numbers x except x = 0 x

g x( ) =x+3 Domain: all real numbers x

@ (frgx)() =fogx( () =fx(+3)=__ xls3

Domain: all real numbers x except x = -3

() (gzf)()x =gfx( () =" Jponot Y+ 3

Domain: all real numbers x except x = 0

42. fx() = x2°- 1 Domain: all real numbers x except * = £1 gx( ) = x + 1 Domain: all real numbers x

@ (fagx)() =fgx( () =fx(+1) = (x+13)2— 1 =x2+ 2x3+ 1 - 1 = x2+3 2X

Domain: all real numbers x except x = 0 and x = -2

(b) (gaf)()x =gfx( ()) = g000 x23- 1000 = x23- 1 + 1 = 3 +xex—21-1 =
XX22 +— 12

Domain: all real numbers x except x = +1

43. fx():%xgx,():x—4
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@ ¥ (b) ¢

XX

@ (b) /

Kl
15. (@) (f+0)()3 =f()3+9()3 =2+1=3 54.hx() = (7 + 2

(oooofz f()2=_0=0

nog() = g( 2 2 One possibility: Let g x( ) = 5x + 2and fx() = %,
X
46. @ (f-g)()1=f()1-g()1=2-3=-1 then (fEg)()x  =hx().
() (fg)()a=7()4-g()4 =4-0=0 () 7 =% +x3
55. h
47. @) (frg)()2=fg( ()2) =f()2=0 One possibility: Let f x x+3  ()x=-x,

()= and g
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® @rf)()2=gf( ()2) =g()o=4
8. @ (frg)()1="fg( ()1) =f()3=2
®) (gaf)()3=gf( ()3) =g()2=2

(>

49. hx()=2x+1

)

One possibility: Let f ( )x = xeand gx( ) = 2x + 1,

then (fag)( )x=hx().

50. hx()=-(1 x)®

(b)

One possibility: Let g( )x =1 -xandf( )x =%,

then (fag)( )x=hx(). One possib

56. hX( )

Chapter 2 Functions and Their GraphSection 2.6 Combinations of Functions: Composite Functions

then (fag)( )x=hx().

1027x=3 27+ 6x3X
One possibility: Let 3g( )x = xs and

()=27XT6i—X,then(f

fx

10 - 27x 9)( )x=hx().

57. (@) Tx(;) =Rx() +Bx() = 3ax * 150

)tan 300
ce. 250
in

oo %
veIt 150

ed
100

50

ility: Let f ()x = 1xand g x(

) =then (fEg)( )x=hx().

51. hx() =3x2-4
One possibility: Let f ( )x = *xand g x( ) = then ( f x*- 4,
Bg)()x=hx().

—

52. hx() 9 - x

One possibility: Let g( )x = 9 = x and f ( )x then ( f_ ;/—

eg)()x=hx().

X+12

53. hx() =

© 2018 Cengage Learning. All Rights Reserved

1020 30 40 50 60

X

Speed (in miles per hour)

(¢) B x( ); As x increases, B x( ) increases at a faster
rate.

58.()P=R-C

) (

341 + 3.2t — 254 - 9t + 1.1t

( )

= -1.1t%+ 12.2t + 87
(b) 420
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R = 90t? + 60t + 600
| __—— ¢
S . =303( 2+2t+20), 0<t<6
— This represents the number of bacteria in the food as a function of
1016 tlme
0 .
(b) Uset=0.5.

59. (@) ct( ) =bt(Jpt-()d t'(_)_x 100

(b) c( )16 represents the percent change in the

NT( (05)) =303 0.5( (2+205() + 20) = 6525
After half an hour, there will be about 653 bacteria.

population due to births and deaths in the © 30 3( 242t + 20) - 1500
year 2016. 3t2+ 2t +20 =50

3M2+2t-30=0
60. (@ pt() =dt() +ct()

(b)

© ht()=ntpt() =dt ne()+ct

h t( ) represents the number of dogs and

By the Quadratic Formula, t = -3.513 or 2.846. Choosing

p( )16 represents the number of dogs and the positive value for t, you have t = 2.846 hours.

cats in 2016.

63. () fgx( ()) =f(0.03x) = 0.03x - 500,000
o 0 @]

0 gfx( () =gx(-500000) = 0.03(x - 500,000) g( fx())

represents your bonus of 3% of an amount over $500,000.

64. (a) Rp( ) = p - 2000 the cost of the car after the factory rebate.
cats per capita.
(b) Sp() = 0.9p the cost of the car with the dealership discount.
61. @) rx() ="
2

by AQ)r = mur?

© (Aerx)()=Arx( ()) =ADD0O0
LC2x =10 00 OO0 O02x 2

©) (RzS)()p=R(0.9p) = 0.9p - 2000

(Sarp)() =5 p( -2000) =09(p - 2000) = 0.9p -
1800

(R ®S)( )p represents the factory rebate after the
dealership discount.

_ (S mR)( )p represents the dealership discount after
(A®@r)( )x represents the area of the circular base of

] o the factory rebate.
the tank on the square foundation with side length
@ Ras)(p = (R@$)(20,500)
=0.920,500() - 2000 = $16,450
62. ) NTt( ()) =N(3t+2) 0
(Sar)()p = (s@R)(20,500) = 0.9 20,500( )
=103(t+2)2-203(t+2) +
600

=109( 2+ 12t + 4) - 60t - 40 + 600
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- 1800 = $16,650

(R 5)(20,500) yields the lower cost because
10% of the price of the car is more than $2000.
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65. False. ( fmg)( )x = 6x + land (g @ f )(69. Letf ( )x and g( )x be two odd functions and define h x( ) = fxgx() (
)X =6x+6 ). Then

h(-x) = f(-xg) (-x)

66. True. ( frigc)( ) is defined only when g( )c is
= 0o~ fx( )00oo-g x( )00 because and are oddf

g="fxgx() () =hx().

in the domain of f.

67. Let O = oldest sibling, M = middle sibling,

Y = youngest sibling. So, h x( ) is even.
Then the ages of each sibling can be found
using the equations: Let f ( )x and g( )x be two even functions and define h x( ) = fxgx() ().
0=2M Then
M= 2Y + 6 h(- = -x)f (xg) (-x)
=fxgx() () because and are evenf g =hx(

@ omY( () =2(30)y+6) =12+, )

Answers will '

vary. So, hx( ) is even.

(b) Oldest sibling is 16: O = 16 . . .
70. Let f ( )x be an odd function, g( )x be an even function, and define h x(

Middle sibling: O = 2M
) =fxgx() (). Then

16 = 2M
M = 8 years old h(-x) = f(-xg) (-x)
Youngest sibling: M = :Y + 6 = 0p- fx( )0og x( ) because is odd and is evenfg = - fxg
8= Y0 x() () = -hx().
2=12Y So, h is odd and the product of an odd function and an even function is
Y = 4 years old odd.
71. (a) Answer not unique. Sample answer: fx() =x+3,gx() =x+2
68. @YMo( () =2(?0) -12=0- 12, ()
Answers will (frgx)() =fgx( () =(x++=+2)3x5(mf)()x=gf
vary x(()) = (x++=1+3)2x5

(b) Youngest sibling is 2 - Y = 2 Middle

1
sibling: M = =Y + 6
g (b) Answer not unique. Sample answer: f ( )x = x2, g( )x = x3

M = %( )2+6

M = 7 years old (regx)() =1gx( () = ()= ¢
Oldest sibling: O = 2M

0=27() (@at)(x=gtx( () = (¥)2=x

O = 14 years old
72. (a) f ()p :matches Lz; For example, an original price of p =
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$15.00 corresponds to a sale price of
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S = $7.50. corresponds to a sale price of S = $15.00.
() (gmf) ()p: matches Ls; This function

(d) g( )p : matches Li;For
represents

example an original

price of p = $20.00
applying a 50% discount to the original price p,

then subtracting a $5 discount.

(d) (fmg) ()p matches Ls; This function represents
subtracting a $5 discount from the original price

p, then applying a 50%
discount.

73. @) o( ) —2ccfx() + f(-x)0n

To determine if g( )x is even, show g(-x) = g x( ).
1

()=l -0 0= 0=

g x 2of X

f x 0 200F  x fx0O0O o00fx f x o0 gx

h x() =teoofx() - f(-x)oc
To determine if h x( ) is odd show h(-x) = -=h x( ).

h(=x) = _1rof (=x) - £ (- =(x))a0 = _L2cof (-x) - fx()oo = - Y2 o x(

) - f(=x)to = -hx() v 2

(b) Letfx() = afunction fx() = even function + odd function.

Using the result from part (a) g( )x is an even function and h x( ) is an odd function.

fx() = ) =fx() =gx() ==hx() =

() f

" kx() = k() =

gx() =
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242
T (0O = _tpme-2x++ -1 (%2 - - +2( %)
= lpop O 2
1 2 2 1 2 2
20X — 2x + +1  x + 2x + =100 a o002x + 200 =x+ 1
()= g
= Loogt x() - -f Toxz - ox + - —1(( x)2 - - +2( x)l)l:luu
X + h—
gx() ()00 = ,00
x(1) =
1
opf x
of x( )l 2 2 l[ ]
+ f
(—x)l:||] . 200x - 2x+ -1 x-2x-=-1pg0 2 4x=-2x
~Loooe x(

) 1]] f(X2+ + —1)( 2X)

(0 = i1
L tx()

., ng()+hX()
(-x) + O

Lytx() - 1() + -k(x)00 = 12000x 1+ 1 + - +x1 1000
_12 f(=x) 20k x

O
_tx() v . ooo oo
no 07o

1127 o(x=+ +0x11)(x=-x1) =12 (x+11)(2-%)
X2—-2x+1

e i)
gx() +h =
x() (x+11)(-x x+1x-1
1

O ]

o 1o0pkx() —kxO=101+-10 (=)
| 2Mox 117 xg
f

tit=x={x+1)0 = tig—=2x—1fg
X
( O O

200 (*+ 11)( - x) po2oo(® + 1 1)( - X)oo
) -X = X
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243

(x+11)( -
x) (x+
1)(x-1)
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244
244
kx() = ooo(x + 1-)(1x - 1)oooo + oooo(x + 2.
1)(xx - 1)0000 3. range; domain
O 4. y=x
Section 2.7 Inverse Functions 5. one-to-one
1. inverse 6. Horizontal
7. fx() = 6x 9.fx() =3x+1
fa()x — =x=1xfa()x=x=-1
6 6 3
f( f-1()x) =f0 OO Ox= 60 OO Ox =x f(f-()x) =foox-
100 = 300 x = 100 + =1 X
oo6 006 030 030
(3r+1) =1
foa( fx()) =f-1(6x) = __6x =x f-1(fx()) = f1(3x + =1) 3 =x
6
1
8. fx() =x 10.fx() =x=3
f1()x=3x L)x =22x+3f
£(#(-2()x)) =£(34(x) )= {(S(X) )=x (-1()x) =f(2x + 3)=(2x+3)= 3 =2x =
f-fx() =f"lx=3Lx=x ff 3 2
f1( fx()) =f-100x - 300 = 200 x - 300 + 3
o20 020
=(x-3) +3=x
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245

) =x*-4x20

Y =~x+4
f(e( )= f(\x+a)=( x+4)2_4=(x+4)_4zx
—

60 ) = 1 - 4) = JG =) =4 =V =x
1L 12.
) =x*+2,x20
fix =~x -2
(1)) = f(Vx-2) = (x-2) +2 = (x -2) +2 = x
F2() ) = f H{x +2)=m=\/;=x g
) =x°+1
fix =¥x -1

F(rix) = f@x-1) = @x-1) +1 = (1 +1=x
FAR() ) = %k +1) =¢(E +1) -1 =2 =x

.

M. fle) -
f-1( )x ="Y4x . _ o V) g,
| 5 ] v
()= V4 )= =3 "
f f x f X
4 200,00 - 55 "
(0)= g c=qa,c-%"°=
C*LC f o fx f X X

040
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15. (fag)()x=fgx( ()) =f(@x+9) =4x+-499 = __ 44x =x

(gef)()x=gfx( ()) = gooox =4 9ooo = 4000 x =4 9000 + = — + =9
x99 X
() - L2
16. fgx( ()) =fooo- 2x3+ 8000 = — 23000 2x3+ g000 4 - 4
4x
17.1gx( () =12
1
=2(2(x + 4)) -4 -
=+-=x 4 4 X 4
E{ 2x 4]+ &
=X o0 - ,/,0¢0
= 47
o et
LR : ) =-go-"x-4p0=-(()) = ¥ g
o2 u 3 gfx
=-_ -3X =X
3
=X
J
18. (fmgx)() =fgx( () =1 3x—5)=f3x—5)3+=—+=5 x 5 5  x
(@af)(x=gfx(()) =gx(3+5) =3+-=5 5 3% = X
19 ’
' 22. fx() =2xgx, () =_%
2
@@ f(gx()) = fO OO DOx=20000x = x
0 o2
_ _ 2X
a( £x()) =g() = _
20. ’ _
= Xx 2

0 o2



247 Chapter 2 Functions and Their Graphs Section 2.7 Inverse Functions 247

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
website, in whole or in part.



246 Chapter 2 Functions and Their Graphs Section 2.7 Inverse Functions 246

(b) 1

3 2 1 2 3

23 fx()=7x+1,gx()=*=1

1
21.6x() =% -5,gx() ="+5 @f(x()) =fo* =100 =7c0%=Yon + 1 =«
070 070

) f x 5 5 g fx
@f((9*()()) ==gx ((-+5)) == ((xx=+=+-=5))55xx ( ) (7x+71) -1 =

(b) ’

PN W A
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24.fx() =-3 4xgx () =3=x

@ fgx( ()) =fO03 - xO0 = 3 - 4003 - xOO
o4ac o4n

=3-(3-x) =x

g( fx()) =g(3-4x) =3 - (3-4x) =4x = x

Section 2.7 Inverse Functions 247

Vx+59g%) =x2-5x20

27.fx() =

@ fd0)=n2-5)\x=20

ok 0 ) = g(Vx +5)
]

(b)

28.f()x=1-x,

gx() =

@ f

(0)= F=tepslogxs

dmn=gi e SR EFTLE



2
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48 Chapter 2 Functions and Their Graphs Section 2.7

b}

5. fix) = X, glx) = ix
@ fe(x) = f(¥3) = (¥3) = x

[
I
14

(b)

2. f(x) = %,g[r] = i3y

k] ?_'r 3 .
(a) I.I"{gﬂx]] - Jf{?\."'-*_\’:l - {\JT] - L -

) = o5 - ﬂ"[”['TT!] Y=
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=1-1-x
() gfx( () =g(1-x
= x 29.1x() = _Lgx() = _1
X X
Xy @ f g x
f
X X
1
(b) x
X 1
(b)
()=F— x20gx() ==X 0<x<1
30. fx
1+x X
() |— = 1 -
(@) fgx =f" = x 17 Pexm e
OxO 1+DD1:XDD X X X
OxOo 1+xx __1 X
+
- + +__ + — X X 1_
o fx()) = goot +1 gon 1FX lEx=1lix- ' -
-0 1 1 1+x 1
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0oo11 +10oxo00 = 1

1+x
J‘l. ,fﬂ'l.'}l _ o= J.{I:'.T]- _ _5_; + 1
T+ 5 r=1
5x + 1 -
O- C
@ f (g x(
) =
C
(b) i
10
f ol
ol
o
2 f
Soss| AT 4 6 o0
g—T *7
_6,, g
-8
X *3 2x +3
) = , = 4=
32. i) - g%) 1
_—— +3
@ fgf))= fE23C=
Fx-1fF 2x__ _,

f O

O- 5xX= —illljuu =

—~((55xx+ +11)) +-5((xx--11)) = --66x = *

00pO0-5xxx

Section 2.7

g(fx()) =x

--+111 + 15g0O000

Inverse Functions

249

a( fx()) =
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g0 x + 500

C 1x-1
Dx+_3|]
O
x Ox+30= XX += D—+j3=2xx+—+++367— 23xx =26 =55x = xoxg O -2 OO
- X-2 X-=2
1
33. No, {(--2, 1)(10,21,1,2)( )( ) (-2,3) (-6, 4)} does

not represent a function. -2 and 1 are paired with two different values.

34. Yes, {(10, -3) (,6, -2) (,4,-1) (,1,0,) (-3, 2, 10,) ( 2)} does represent a function.

X 3 [5/7/9]1]13
S o123 |4

35.

X 10|15 |0 | -5|-10]| -15

SUx) | 3] 2(-1]0 |1 |2

36.

5% =Yes; Becau™ noshorizontéHin} erd$ses B)e graph-6f f at more than one point, f has an inverse.
88.+ §o,{iegause some horizontal lines intersect the graph of f twice, f does not have an inverse.
39. No, because some horizontal lines cross the graph of f twice, f does not have an inverse.

40. Yes, because no horizontal lines intersect the graph of f at more than one point, f has an inverse.

41. gx() = (x+3)2+2
12

\

N

-10 4

-2

g does not pass the Horizontal Line Test, so g does not have an inverse.
2X + 3 2X+ +3 3x -3

42, fx() =i(x+2)3——  —
Xx-1 (): +oX — 21X + 2 = 55x = x (b) y
+
6

-10 6 4
L/ : ?
2 - ‘ s 58
X f does pass the Horizontal Line Test, so f does have an inverse.
X

250
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43 f()( = yv/9 — x4¢) The graph of f -1 is the reflection of the graph of f in the line y = x.

—~

A

-6

d) The domains and ranges of f and f ~* are all real numbers.

6
46. (@fx() =x+8y=x3+8x=y+8

- x -8 =y°
f does not Ix-8 =y
pass the

a0y = 3 —

Horizontal G x~8
Line Test, y
so f does () 2, i
not have an 10+
inverse. T

|
44. h() =|x - x-4 [,

6 2+

-1

—

R

2 81012

(c) The graph of f ~Lis the reflection of f in the line y = x.

h doe

s (d) The domains and ranges of f and f ~*are all real numbers.

not
pas
s 4. @fx() =

the y =X=
Hor

izo
ntal
Lin

Tes

SO h X2 =
doe y2

not
hav
e an () ¢
inv

erse

45.() )

4-x,0<x<2

Section 2.7

Inverse Functions

252
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1 2 3

-3 -
f2(x = 5V(ES) *T#e graph of f 1 is the same as the graph of f.
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(d) The (c) The graph of f -1 is the reflection of f in the line y = x.
domai
(d) [—2, o) is the range of f and domain of f -1,
48.(a) fx()=x2-2,x<0y
=xt=2 (—oo, 0] is the domain of f and the range of f ~.
ns and -4
anges 49-@ O () y
Xy =4Xx 4T
of f y i
and f Pl
1 gre X=4yxy=4dy Lt =4xf-1( )x=4x
all - RRE
eal (c) The graph of f -1 is the 21 same as the graph of f.
3
numbe (d) The domains and ranges of f and f ~* are all real numbers
rs X except for 8-
such
that 0 50.( B) = y (b) \
= g 27
y X 1]
-_2 | x
X == 321 12
y
y =° 2
X 2 ,
f-1()x = - 2y -

(c) The graphs are the same.

(d) The domains and ranges of f and f ~*

are all real numbers except for 0.

< =X x 1 Y
N T, ® A1
51. (a) X 1 4 - fx()=y=x=x-y=
4/ X =2 2
y+1 S | ;f X
_E -6 -4 -2 4 6
X 2x y -2 +1yx(-1) =2x+1
f
W —2)=y+1 =N \f
+ Xy —2x =y +1 °
+1y=2xx-1
2

foa()x =2zx=+1x-1
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(c) The graph of f -1 is the reflection of graph of f in the line y = x.

(d) The domain of f and the range of f -1 is all real numbers except 2.

The range of f and the domain of f ~* is all real
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numbers except 1.

52. (a)
f
X
3
y
+
5
3xy +
5x -y
+ 2 =
0

© 2018 Cengage Learnin

website, in whole or in part.

()= X2 _y=-sx-2y(3x-1) =

Section 2.7 Inverse Functions

x-1

o
2X53 / y 58 -3
Wa=yf-1( )x=x

X

(c) The graph of f -1 is the reflection of the graph of f in the line y = x.
+

(d) The domains and ranges of f and f ~* are all real numbers.

5

55. fx() =xty=x‘x=yly =+ 4x

This does not represent y as a function of x. f does not have an inverse.

56. fx() “ly=x=

256
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(c) The graph of f ~Lis the reflection of the graph of f in

the liney = x. This does not represent y as a function of x. f does not

(d) The domain of f and the range of f ~Lis all real have an inverse.

0
numbers except Xo o 57, ()= X% 13
gx
The range of f and the domain of f ~1is all real Xx+1
| y=
numbers x except x = i. 6
3/, _
53.(a) fx()="x"1 (O N R
Ix -1 4| 6
Vy -1 F 12JKT y= 6X=+y1x=
=y-1 —_—T 1 2 4 & y=6x-1
X 3 + 1 i
3 | This is a function of x, so g has an inverse.
y=X g )x=6x-1

(c) The graph of f 1 is the reflection of the graph of f in the
liney = x.

(d) The domains and ranges of f and f ~* are all real

numtgs.
y %2 +5x=3y+5
; —12 X—-=53yx=5= y
X
58.  fx( L . ) .
y2 This is a function of x, so f has an inverse.
) 1
X fa()x=x=5

+
59.  px()=-4y=-4

5

Because y = -4 for all x, the graph is a horizontal line and fails the Horizontal Line Test. p does not have an

inverse.
y
_ 60. fx() =0

y=0
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3 Because y = 0 for all x, the graph is a horizontal line and fails the Horizontal Line Test. f does not have an
inverse.
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61  f
X

V(

v

\%

Chapter 2 Functions and Their Graphs

y=(x+3)2x2-3y20x=(y+3)24y2-3,x20x=y+3,y
>-3/x20y= x-3x20,y> -3

This is a function of x, so f has an inverse. f-1( )x=x-3,x20

62.  gx()=(x-5)2y=(x-5)x=(y-5)

\/>—¢= -y 5
5 \/; += y
This does not represent y as a function of x, so g does not have an inverse.
Ox+3, x<0
63. fx( ) =
l6 - 720
y

This graph fails the Horizontal Line Test, so f does not have an inverse.

-

(T T o
- Sl 1 ¥ -X[ x<0

The graph fails the Horizontal Line Test, so f does not have an inverse.

65. h() =+ 1| 1

Section 2.7

Inverse Functions

260
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0 The graph fails the Horizontal Line Test, so h does not have an inverse.
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‘ \ 20x=-y 2,y<2,x20
6 | | X=-y 2 or -=-X Yy 2
6
x( | 2+=xYy or 2-=xy
v C
3
67. M) = 2x+3 x2- T,y 20 _ o .
2 The portion that satisfies the conditions y < 2 and x
) =
y = 2x+3,x2- Q,y >0 >0is2 - =x y. This is a function of X, so f has
—x 2 an inverse.
2 x=\/2y+3,y2—§,x20
’ 2 f1()x=2-xx =20
R
<2 2
X y X y
. =3 ) 3
= , =0, =
y 2 axy
y This is a function of X, so f has an inverse.
. eI
[ 1= .oz
£ o il XX
>
68. fx()—Z X-20x22,y20y= X=-2,Xx22,y20x= y-2,y22,x20
0 v
\/— X=y-2,x20,y>2
y X¥+2=yx, 20y=2
This is a function of , so f has an inverse. f-2( )x=x2+2,x20
= flx) = x4 Ax 1 4
69. ' dx 1 5y dr a5
oy +4
- X dy =3
X
x(4y +5) =6y + 4
) 4xy + 5x = BY + 4 4xy - 6y = — +5x 4y(4x - 6) = - +5x 4
BETET IR A
: Sx — 4 6 - 4x
This is a function of X, so f has an inverse.
X
foa()x= 5x — 4
6 — 4x
< 70. The graph of f passes the Horizontal Line Test. So, you know f is one-to-one and has an inverse
function.
oy = S
Il =
2 W =35
_ax -1
: y 2x+45
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2xy + 5x 5) = —(5x + 3)
= 5y -
3 yf
2 -
X )= Ir+ 3
y Ix — 5X
71, fx( b = 4 2 domain of f x: > -2, range of f:y > 0

fx() =+x24/= xbx= +y 2
y I
X — =2 y

So, f1()x=-x 2

domain of f % x > 0, range of f "Ly > -2

5 72. fx(b - A5 domain of fx: > 5, range of f: y > 0

X

3 fx() =x-5y=xt5x=y-5

X +5=y

y

( So, 1 )x = +x 5.

2

X domain f ~%: x > 0, range of f 11y > 5
73 ix() = (cvep O =0 ]

domain of fx: > -6, rangeoff:y >0 domain of fx: >0, rangeoff:y> -1

() = b+ 6 M) = 1 -1
_ 11 _ 10
y=(x+6) =5 hx=(y+e)  x =y
\/; =y+6 x 1= 'E )y

v X-6=y 2X+2=y

SO,f_l()X=\%>—6. 2X+2=y

domain of f % x > 0, range of f "Ly > -6 So, f 1) = #x + 2

2 domainof f "% x > -1, range of f 11y > 0
7. ix() — = (x-4)
T x-S

domain of f x: . >4, rangeof f:y >0 77.fx() _x_4,1 \ \
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fx()=(x—4)2 domain of f x: >4, rangeoff:y>1

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
website, in whole or in part.



266 Chapter 2 Functions and Their Graphs Section 2.7 Inverse Functions 266

fx()=x-4+1
y=x-3X

v =y-4 X+3=y
X +4=y So, f-1( )x = +x 3.

Na

X + 4. 1 1

So, £ )x =
domain of f ~:x > 1, rangeof f ~:y > 4

domain of f "% x > 0, range of f L1y > 4

78.fx()=—‘x—1[—2

75. fx() = -2x2+ 5 domain of fx: > 1, range of f:y < -2 domain of fx: = 0, rangeof f:y <5 fx() =-x-1

-2

fx() =-22¢+5  y=-x-1-2y=-2¢+5x=-(y-1) -2

x=-2y*+5 x=-y-1
X=5=-2y2 Xx-1=y
37X =2 So, f 1 )x=--x 1.
57X _
2 y domain of f ~%: x < -2, range of f 11y
V5 x 2 _
NG N y %
2 j In Exercises 79-84, fx( ) = x -3, f-1( )x =8(x +3),
25 =X
;Y o=, g2 Ox =%
s, 1 = 2s)
' 2 79. ( f-1m g—l)( )1 =f —1(g—1( )1)
=f —1Q/t)
Na
domain of f 1( )x: x < 5, range of f “1( )x:y >0 - 8(31 * 3) =32
0. (ot oY ) =3 =)o
50=0

gt (f(-3) =

g (8(- +3 3))
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81. (f—l f—1)()4=f—1(f—1(
)a) =f-1(84[ +3])

=884 (+3)+3 oo oo
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268 Chapter 2 Functions and Their Graphs
=8870n () 2
+ 300 = 859( 85. (g-1@f-1)()x = g-2( F-2( )x)
) = 472 =g7(x - 4) = x
-4)+5
82. (g1 7 g1)(-1) =
g-1(9-1(-1)) )
_o (¥ g6. (f1tag?)()x=1"g()x)
- \/ﬁ = f-100 x + 500
=3/ -1 1= X+_1
=-1

83. (frgx)()=fgx(())
=fx( =1 -3y-=

18X3— 3 X =18y3—-3

1
X+ 3=nay

8(x+3) =y®

Bx+3) =y
(fmg) () ix="x+3

84. g-1 B f -1 = g—l( f - )x )
= g8(x +

3))
= 3\lé(x +3)

=2¥%+3

In Exercises 85-88, fx( ) = x + 4, f-1( )x = x -4,

gx() =2x-5,gxi()=___ **>
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87. (f g)()x =fgx(())
=f(2x-5) =
(2x-5) + 4
=2x-1

(f g) ()ax=x2+1

Note: Comparing Exercises 85 and 87, ( f2 g) (

)-1x = (g—l f—l)( )X.

8. (g H)(x=gfx(())
=gx( +4) =
2(x+4) -5
=2x+8-5
=2X+3y = 2X
+3x=2y+3
X-3=2y
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X:3=y
2

(gmf) ()-1x=x2-3

89. (a)y =10+ 0.75xx = 10 + 0.75y

x — 10 = 0.75y
x-10 = y
0.75
So, f-1( )x = x - 10.
0.75 X = hourly

wage, y = number of units produced

)y = 2425 - 10 = 19
0.75

So, 19 units are produced.

90. (a) y = 0.03x% + 245,50, 0 < x < 100

0 245.50 <y < 545.50

x = 0.03y? + 245.50

_ 003y,

=y2

=y, 24550 < x < 545.50

X — 245.50
X —245.50
0.03

| x 24550
0.03
f-1( )x = 4| %x—245.50

0.03

Section 2.7 Inverse Functions 270

y = percent load for a diesel engine
(b) oo

600

(c) 0.03x2+ 245,50 < 500

0.03x2 < 25450
X% < 8483.33 x < 92.10 Thus, 0
<X < 92.10.

91. False. f ( )x = x2 is even and does not have an inverse.

92. True. If f ( )x has an inverse and it has a y-intercept at
(0, b), then the point (b, 0,) must be a point on the

graph of f ~1( )x.

93, x 1 |4 §| | |
T FTE ]
X 11]2 617

The graph does not pass the Horizontal Line Test, so

f -1( )x does not exist.

95. Let (fmg)()x =y.Thenyx=(frmg) ()ty.Also,

()
ECIBENE

y

¢ t
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> X

X = temperature in degrees Fahrenheit
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(fegx)() =yofgx() =y

gx() =f*()yx
=g1( F()y

) x=(gtmf

)()y.

Because f and g are both one-to-one functions,

(frg)-1=g-1mf-1.

96. Let f ( )x be a one-to-one odd function. Then f
“1( )x exists and f (-x) = - fx( ). Letting (x,
y) be any point on the graph of f ( )xO (-x, -

y) is also on the graph of f ( )x and f ~(-

= -y) xf1()y. So, f( )xis

also an odd function.

97. 1 £ ( )x = k(2 - x - x3) has an inverse and f

-1()3 = -2, then f (-2) = 3. So,

t(-2) =k(2- ~(2) - (2)) =3

k(2 +2+8) =

Review Exercises for
Chapter 2

Section 2.7 Inverse Functions 272

98.

the domain of f is equal to the range of f -1 and the

range of f is equal to the domain of f ~1.
f( )x
and f

-1( )x are inverses of each other.

99 10

There is an inverse function f —X x=x-1

because 100. (a) C x( ) is represented by graph m and

C-1( )x is represented by graph n.

(b) C x( ) represents the cost of making x units of

personalized T-shirts. C1( )x represents the

number of personalized T-shirts that can be made
for a given cost.

101. This situation could be represented by a one-to-one
function if the runner does not stop to rest. The inverse
function would represent the time in hours for a given
number of miles completed.

102. This situation cannot be represented by a one-to-one
function because it oscillates.

X -10 0 7 45
0 71 45
2X 1

Slope: m = -
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~10 S
S () 01714

R 2 4
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2. 2x-3y=6
-3y ==-2x+6
=ix-2
Slope:mz_; 8. (—4,—2),m=—iy——(2):—%(x——(4))y+2=
—1x+4 +2=—ix—3
y-intercept: (0, -2) ( )y *
y y= 17 -Xx-5

Slope:m =0 T

y-intercept: (0,1)

4 2 +1 3 5
27
y
o1
4, x=-6 T
N
Slope: m is 21
undefined. y- SO I S S B
intercept: none 21
-4
5 (5,-2) (-1,4)m=4- o1
-(2)=6=-1
--15 -6
6. (-1,6,3)( -2)
m= —2-6 =-8=-2
3--(1) 4
L
7. (6,-5),m=: y T
.
1 ) } } 2{468;.0 ‘
y--(5)=4x-6 2|

© 2018 Cengage Learning. All RigtM.l\Aaynotbe scanned, copied or duplicated, or posted to a publicly accessible website,
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-4
-6 (6, -5)

-10
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9. (-6, 4, 4)) (9) 11. Point: (3, -2)
m= ? _  _ 9 4 = 5=1 5x -4y =8
4 6 10 2 y=ax-2
1 1
y —4=2(*- (%) (@) Parallel slope: m = *y - 4 = Z(x + 6) y--=(2) i(x-3)
y+ =25X—15
y — 4 % =X+3 44
Yy = 54X — 234
1
2 1
y =X 7(b) Perpendicular slope: m = - °
3
0 49 y y-(-2) = -s(x -
°1 3)
(-6, 4) 4 y+2=—x+_:y=—'x+
111111111?2:1111
w42 Tz x  12.Point:(-8,3,) 2x+3y =5
- 3y=5-2x
y = 53— 23X
9 3,, 3
10. (-7 =) (-"-") (a)Parallel slope:m = -+
e _ _ 2
m= — l} ==2- .1 y-3=-3(x+8)
37l s 3
3y-9=-2x-16
y - ~(3) =—(x--(9) 3y=-2x-7
] y = —:'-)( - ;
y+3= - -(x +9)
(b) Perpendicular slope: m = :
y+3=—.’%x—3 y—3=:5(x+8)
y= 5 -X-6 2y-6=3x+24
2y = 3 +
30 y=%+15
Labels: Hourly wage = A y
Starting fee = 50 4
N ber of pages = p
Per page rate = 2.50 u
m
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) 13. Verbal T
Model: Sale T,

(-9, -3) -2
M

-10 -8 -6 -4 -2 2

Equation: A =50+ 25p (=3, -5)
-8
-10
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X Labels: Sale price = S
List price = L
Discount = 20% of L = 0.2L
Equation: S=-L 0.2L
S=08L

14. Verbal Model: Amount earned = (starting fee) + (per page rate) (- number of pages)

15. 165 - y*=0 20.f()x = 25 — x2
y* = 16X Domain: 25-x220
y=22% (5425 >0
No, y is not a function of x. Some x-values correspond to Critical numbers: x = +5
two y-values.
16. 2x--=y 3 0 Test intervals: (-0, =5) (, -5,5,5,) (o
2x-=3y Test: Is 25 — x2 > 0?
Yes, the equation represents y as a function of x. Solution set: =5 < x < 5
— Domain: all real numbers x such that
17. y= 1™ X
-5 <x<5,o0r[-5,5]
Yes, the equation represents y as a function of x. Each y
x-value, x < 1, corresponds to only one y-value. 1o
8,,
18. )L J X + 2 correspondstoy = +x 20r — = +y X oT
No, y is not a function of x. Some x-values correspond to N N
two y- values. RS L
48
19. g()x=  # x (@) of 2. h§) = ﬁ
)8=8=24=16 - x
(x +2)(x -3)
-X-6

/
O gt( +1) = (t+1)% () (-27)2=(-3)*=81
/

Domain: All real numbers x except x = -2, 3

@ g(- = -x) ()= x2, '

20. hx():‘x—j‘ \ 2 L
(a) h(—4)=l-4-2‘=L6 -6 j’z” \| ¢+ ¢
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(b)h(—2)=‘—2—2 =-4 =4 -6

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
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Review Exercises for Chapter 2 267

© h()o =0-2=-2 =2
(d) h(—x+2)=—lx+2—2 | 2l Ly

fx() =2x2+ 3x - fx(

+h)_—fx(—)

25 = -32t+48

v( )1 = 16 feet per second

I
24. 0 = =32t + 48t = 1= =15
N seconds
h

_ oo2(x + h)2+ 3(x+ h) - 10g (22 +3x-1)
h

- 2 2

h h(4x + 2h + 3)
h

4x + 2h + 3, h#0

23. v

26. fx() =x3-5x2+ x

fx(+h) =(x+h)2-5(x+h)2+(x+h)

X3+ 3x h2 + 3xh? +

h3-5x2-10xh -  3xA_+ 3xh®> + h® —10xh —5h® + h

5h2+ x + hfx((+h) — fx() = x®+ 3xh?+ 3xh2 + h® - 5x2 — 10xh — 5h2+ x + h — x3 + 5x?
-xh h

h(3x2 + 3xh + h? - 10x - 5h + 1)

h
=3x2+3xh + h?2-10x-5h+1, h#0
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27. y=(x-23)?

A vertical line intersects the graph no more than
once, so y is a function of x.

28. x=-4-y |

A vertical line intersects the graph more than once,
so y is not a function of x.

[EEN

29. fx() =5x2+ 4x -
2

5x+4x-=1 0

o

(5x - 1)(x + =1)

5x-1=00x
x+1=00x=-1 2

30. fx()=8x+3"

X=- f is decreasing on (-0, —2) and (0,2 .)

3L fx()=2X+1
T

2X+1=0
2X+1=0

35.fx() = -x2+2x+1 3

2X = -1 X = -

xX3-x2=0

Review Exercises for Chapter 2 268

33.fx( ) =‘XU+1 |
fis increasing on (0, o).

f is decreasing on (oo, -1

.) fisconstanton (-1,0.)

5

54

34.fx() = (xz— 4)2

\J

fis increasing on (=2, 0) and (2, ).

Relative maximum: (1,2) =

36.fx() =x3-4x2-1 o, _TU

Relative minimum:

(2.67, -10.48)
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x(x - =1) 0 Relative maximum: (0, -1) “12 (267, 710.48)

) The function is even, so the graph has y-axis symmetry.
37 fx()=-x+8x-4f()a-f()°=12-(-4 =4

43. @f()2=-6f(-1) =3 Points:

4-0 4
(2,-6) (,-1,3)
The average rate of change of f fromxi1=0tox2= 4
o mes—— —
6) =9 =
38. fx()=x3+2x+1 -3-1-
2-3
f)3-f()1 =34—-4=30=
Q3-10) 15 y--(6) = -3(x - 2)
3-1 2 2 y+6=-3x+6
The average rate of change of f fromxi1=1tox2=3
is 15. =
39, fx()=x5+4x-7 f(-x) =(-x)5+4(-x) -7 ;
=-x-4x-7 X
f
zfx() X
£~ 1x() (
The function is neither even nor odd, so the graph has no symmetry. )
40.  fx() = x4- 20x2 f(-=-x) ( x)4 - 20(-x)? _
3
=x4-20x2=fx() X
The function is even, so the graph has y-axis symmetry. (b) |

41, ™) =2x x2 +3

f(-x) = 2(~-xK/ -x)* +3 1
= 2X‘/X2 +3 -4 -3 =2 -1_1: 34
== ) b

-4

The function is odd, so the graph has origin symmetry.

42, fx() é/& =f(-x) ==fx() 44, (a)f()o = —5,f()4 =

</ 6(—x)2 = W -

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
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268 Chapter 2 Functions and Their Graphs

-8 - (-5)

i
4y--(5)=-4(x-

45. gx()=Mx@A-2

46. gx()=x+4

5 4 -3 -2 -1
—0 -1

-0 )

X

47. fx():Dusx—s, >-1 5L.@)f()x=

O-4x+5, x<-1

3 6 9 1215

Jx
Na

Reflection in the x-axis and a vertical shift
4 units upward (c) y

Review Exercises for Chapter 2 268

10

2X + 1, 2 a4 X< 2%

Cx +1, x>2
(d)hx()=—fx()+4
52. (a) f ( )x

M hx()=x+3-5

5 units
downward

Oy hx()=-x+4

10
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49. (@) f( )x = x
(b) hx() =x2-9x

50. (@) () =% (c)

() hx() =(x-2)3+2

(©

Vertical shift 9 units downward

Review Exercises for Chapter 2 269

(hx()=fx(+3) -5

53. (@) f ( )x = x2

(dhx()=fx() -9

the left, and a vertical shift 3 units upward

Horizontal shift 2 units to the right; vertical shift *

) ’

@ h0) = -2)+2

54, (@) f()x=x2

1
() hx() =2(x-1)2-2
Horizontal shift one unit to the right, vertical shrink, and a vertical

2 units upward

@hx()

M hx() = - +(x

Reflection in t

/\

8,,
24
Il Il 61

— —
-6 -2 2 4
-2
-4
-6

-8

=—fx(+2) +3

6 (©)

—
-10 -8 -4 22 /é 4 1
4,,

_6: :::\J:;x

6 -4 -2 4

@ h0) =31 -1 2

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible

website, in whole or in part.



270 Chapter 2 Functions and Their Graphs Review Exercises for Chapter 2 270

shift 2 units downward 55. (a)f( )x = [

() hx() = -3 + 6
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Reflection in the x-axis and a vertical shift 6 units upward

@ h() =-0) +6

56. @f()x= x

() hx() ~x*1 =-9

Reflection in the x-axis, a horizontal shift 1 unit to the left, and a
vertical shift 9 units upward

© ’

(hx()=-fx(+1)+9
57. (a)f()x = Bk
(b) hx() =50 - o

Horizontal shift 9 units to the right and a vertical stretch (each y-
value is multiplied by 5)

y

©

25+ 0
20+ 0
15+ -
10+ 0
5 *0o

3;, 246 eol01214

-10+ *0

-15 0

(hx()=5fx(-9)

© 2018 Cengage Learning. All Rights Reserved. May not be scanned
website, in whole or in part.
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Reflection in the x-axis and a vertical
shrink

(each -value is multiplied by yl)

(dy hlx) =~ f(x]

59. fx() =x2+3,gx()=2x-1

@ (f+gx)() =02+ +3) (2x
-=1) X2+ 2x+2

) (f-9x() = (e+-3) (2
-=1) x2-2x+4

© (fgx)() = (+32)(x-=1)

2x3 — +x26x - 3

(d OOpof =x+3 #1

oog()x 2x-1 Domainix 2
S
Ve
60. f()x=x2-4,gx()=3-x e
@ (f+gx)() =fx() +gx() =/—

X2— +4 3 -x

® (f-gx)() =fx() -gx() =

X2- -4 3-x

© (fgx)() =fxgx() ()= (e-

58. (a)f()x =3

, copied or duplicated, or posted to a publicly accessible
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(b) hx() = -1ax3 4)( 3 X)
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—f % X 4 The domain of f is all real numbers
@) oooooogf ()x =6x ()= "83-- % Domain:

x<3

|
61. fx() =3ax-3,gx()=3x+1

X such that x > -1. The
domain of g is all real

The domains of f and g are all real numbers. numbers. (a) (f gx)() =f

@ (fagx)() =fgx(()) gx( ()
=f(3x +1) =
- i(Bx+1) -3 f
=X+J:-—3 X

Domain: all real numbers
(b) (gmf)()x =gfx( () )
= g(ix - 3) = m

Domain: all real numbers

=3(|:x—3) +1
ix-z+1 () (gef)()x =gfx( ())
:g( \/X+1)

Domain: all real numbers

62. f()x=x4(1,g><()=><2 =( ><+1)2

=x+1

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
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Domain: all real numbers x such that x > -1

In Exercises 63-64 use the following functions. f x( ) = x — 100, g x( ) = 0.95x

63. (fmg)( )x=f(0.95x) = 0.95x — 100 represents the sale price if first the 5% discount is applied and then the $100 rebate.

64.  (gaf)( )x=gx( -100) = 0.95(x - 100) = 0.95x — 95 represents the sale price if first the $100 rebate is applied and
then
the 5% discount.

65. fx()=x-4

5
y=x=4

5
x=y=4

5
5x=y -4y
=5x+4

So, f 1( )x = 5x + 4.

f f(-1()x) =f(5x+4) =5x+4-4=5x=x
5 5

a(fx()) =f-1D0x-400=500x-400+ 4=x-4+4=x

osad osa
66. fx()=x3-1 67.fx() = (x - 1)2
y=x-1 No, the function does not have an inverse because the x = y3 - 1 horizontal line test fails.
X+ =1 ys ] ,." 6
3x +=1y J,f
f —1( \/X_-l-_l_ -57

f(f 1()x ‘3x+l)3— -2

fl(fx())=3(x3—+—l) 1 X
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68. ht()=_ 2t-3

Yes, the function has an inverse because no horizontal lines intersect the
graph at more than one point. The function has an inverse.

69. (3) fx() = 2x-3(b) 8$f4

y=;_lx—3x + = y-3x+

3=zy —10-8—/ g X
2(x + 3) =y f1 )x T =2x+6

(c) The graph of f ~Lis the 10
reflection of the graph of f in the liney = x.

(d) The Vyx o+l domains and ranges of f and f ~* are
the set /75 of all real numbers.

Ny t1

70. (@) fx() = 1 y

1l
>
1l

X2=+yx2-=1yf Y )x=x2-1,x

20

Note: The inverse must have a restricted domain.

(b) ’

(c) The graph of f =1 is the reflection of the graph of f in the line y = x.

e domain of f and the range of f ~*is [-1, o).
d) The domain of f and th geoff-tis|-1

Review Exercises for Chapter 2 275

Letfx() =2(x
- 4)2,x> 4and
y>0.y=2(x-
4)2x = 2(y -

4)%, x>0,y >4
X 2

_ =(-4)
2

X
f-1( )x ¢;4m>o

72. fx() =Ix -2 s

increasing on (2, o).

Letfx() =x-2,x>2,y>0.

y=Xx-2x=Yy -2,

x>0,y >
2

X+2=y
X, >0,y
> 2 f Y

X =x +
2, x>0
73. False. The graph is reflected in the x-

axis, shifted 9 units to the left, then

shifted 13 units downward.
y

-12 -9 -6 -3 3 6 9
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The range of f and the domain of f 1 is [O, ).

71. fx() = 2(x - 4)%is increasing on (4, ©).

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
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74. True. Iff ( )x = x@and g( )x = 3x,\‘{hren the domain
of g is all real numbers, which is equal to the range of f and vice versa

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible
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Problem Solving for Chapter 2

1. (a) W1 = 0.07S + 2000 (b) W2 = 0.05S + 2300

5,000

(©
;?"’(-m;g

0 30,000

Point of intersection: (15,000, 3050 )
Both jobs pay the same, $3050, if you sell $15,000 per month.

(d) No. If you think you can sell $20,000 per month, keep your current job with the higher commission rate. For
sales over $15,000 it pays more than the other job.

2. Mapping numbers onto letters is not a function. Each number between 2 and
9 is mapped to more than one letter.

{2.n) (2,8) ((2.¢) ((3,D) (,3.E) (,3,F) (,4,6) (4H) (,4.1) (,53) (5K) (,5L),

(6.M) (,6,N) (,6,0) (7.P) (7.Q) (,7.R) (,7.5) (.8, T) (,8,U) (,8V) (9.w) (,9,X) (,9.Y) (,9,2)}

Mapping letters onto numbers is a function. Each letter is only mapped to one number.

{n2)(B2)(2)(D3)E3)(F3)G4)H4)04)05)(Ks5)(LS5,)

me6,)(N6,)(6)FP7)0Q7)R7)(S7)(T8)(WUSB)(NMSE,)MW9I,)(KX9)(9)(z

9)}
3. (a) Let f ( )xand g( )x be two even functions. (b) Let f ( )x and g( )x be two odd functions.
Then defineh x( ) =fx() +gx(). Then definehx( ) =fx() +gx().
h(-=-+-xf(x) 9(x) h(- = -+ -x)f (%) (%)
=fx() + gx() because and are evenf
g=hx() =—fx() +gx() because and are oddf
g=-hx()

So, h x( ) is also even. So, hx( ) isalso odd. (If f( )x = gx())

(c) Let f ( )x be odd and g( )x be even. Then definehx( ) = fx( ) = gx().

h(= =~ -x)f (%) (%)
= —fx() + gx() because isoddand isevenf g
#zhx()
# -hx()

So, h x( ) is neither odd nor even.
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276 Chapter 2 Functions and Their Graphs
4. f()x=x g( )x  =-x
y y
37T 3t
2T 2+
1+ 14
32 L1 23 = -
27T 7T
-37 3t
X X

(fef)()x =xand(gmg)()x =x
These are the only two linear functions that are their own inverse functions since m has to equal/Am for this to be true.

General formula:y = - +x ¢

5. fx() =aXenan+ azan-Xeon- + B+ axez+ aof (- =x)

azn(-x)2n + a22n- (-x)220- + @ + a2(-x)2 + a0 = axanzn+ azn-X2an- + B+ axz2+ ao= fx( )
81t

So, f ( )x is even.
6. It appears, from the drawing, that the triangles are equal; thus

(xy.) =(6.8)

The line between (2.5, 2) and(6, 8 is) y = 127x — 167,

The line between (9.5, 2) and(6, 8 is) y = —127x + 128,
The path of the ball is:

25=sx <6 O

12
" D-Ex +18 6 <x <95
7 7 ( ) _ C X
y =7 - f()2-f()1=1-0=1
(x, y)
167, 2_1 1
6 6
- oo f(15) -f()1=075-0=15
(25,2) 9.5,2) 15-1 0.5
12ft )
f(1.25) - f()1 04375-0
7. (a) April 11: 10 hours
April 12: 24 hours
April 13: 24 hours
2
April 14: 23 hours
fx()2-fx() =
8. (a) 1= Total: 813 hours
X2 — X1

®) Fx()o - fx()s
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L-x()



277 Chapter 2 Functions and Their Graphs Problem Solving for Chapter 2 277

(b) Speed = distance—= 2100—= 180-=-255 mph time 2 Range: 0 < D < 3400
y
7 7 Di
@ ta:15 4000
81 ce 3500
3 (in 300
mil 2500
; 2000
= —ﬂ + 240 ® 1500
() D / t 1000
. 1190 500
L
Domain: 0 1 30 6090120150
Hours
(C) 2 1= = =
1.75% - X1 125-1 025

fx(J2-fx()1 £(1.125) - ()1 0.234375-0=133875

© = =
X2 = X1 1125 -1 0.125

(e) fx()2 - fx()1=7(1.0625) - f ()1 = 012109375 - 0 =

1.9375
X2 — X1 1.0625 - 1 0.625
) Yes, the average rate of change appears to be approaching 2. (g) a. (1,0,2,1,) ( Jm=1y=x-1

_0.75
05

b. (1,0,15075,) ( ) m =15y=15x-15

c. (1,0,1.25,04375 ) ( ) m = 04375

025

=1.75y=175%- 175

d. (1,0,1.125,0.234375,) () m=0234375 _ 1 g75, y = 1.875x - 1.8750.125

Om-= 0.12109375"
0.0625

e. (1,0, 1.0625,0.12109375 ,) =1.9375,y = 1.9375x — 1.9375

M (L)1) =@10)m-2y=2(x-1),y=2x-2
9. (@)—(d) Use f ()x =4xandgx() =x+6. 10. (a) The length of the trip in the water is V2° 4 % and

the length of the trip over land is \/1 + (3 = x)°.

@ (fg)()x ) fX( ¥ 6) ) 4(X ¥ 6) = x4 The total time is
T)() - 4 +x + l+§3_X}
() (fAg) ()-1x —=x-424=14x-6 2 4
= l\/4 +x2 +l\/x2 - 6x +10
2 4

(© f1()x=x gt (x=-x 6
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(d) (g-1@f -1)( )x = g-10014x000 = 14x - (b) Domain of Tx():0 < x <3
6
0
(©)
e fx()=x¥+1andgx() = 2x L
N
(fmg)()x =3X8:1=§3 =12 = ()P + 1=8¢+1
Ix -1
(fmg) ()-1x x-1 0
f-1( )x =(d) T x( ) is a minimum when x = 1.

1
g7( )x = 2x (e) Answers will vary. in the shortest amount of time, you should row to a Sample answer: To reach point Q

( ) _ (/ ) T Y point one mile down the coast, and then walk the
g1@f-1)()x =g-lex-1) =125x-1 rest of the way. The distance x = lyields a time of
(f) Answers will vary. 1.68 hours.

() Conjecture: (frg) ()1x ~ (g7t f-2)( )x

E1, x>0
11. Hx() =
0o, x<0

3 -2 -1 1 2 3
_1 -+
Y
3
@ Hx() -2 (®) Hx( - 2) © -Hx()
y y
3 31 3
2 2t 2+
1 19 — 1
32 12 3 szt 23 ERERE 12 3
1 —— T le—
) “2+¢ 24
-3 -3.1 _3
X X X
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(d) H(-x) © :Hx() M -Hx(-2)+2

y y y
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whole or in part.
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1 5
3 3 3
—_ 24 2T -
— 11 1l —
3 -2 -1 ) 1 2 3 =3 =2 o1 1'@‘ 3 -2 -1 12 3
1 — 14
24 =27 24
-3 -3 3
12. fx()=y=1 -1x (c)f(ffx(()))=f|:||:||]xx;1|:||:||:|:1 Olx=-10=11=x B
oo oo
(a) Domain: all real numbers x except x = 1 - X X

Range: all real numbers y except Y=o The graph is not a line. It has holes at (0, 0 and )

() E=rt (11.)
(b) ff X ) L

Domain: all real numbers x exceptx = 0and x = 1

Agen)(x=1(@ h)0) =fghx( (())) =(f gah
13.(:((g)hx)() =(f@ghx)()(x)()fghx((())) (fg

) = ahx)()

14.@) fx(+1) () fx()+1 © 2f()x
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Chapter 2 Functions and Their Graphs

XX

15.

Problem Solving for Chapter 2

£ (X

) © |
x| S ()
4 | SN = f(2) = 4
2 | SSN-2) = fl0) = -2
o | S0 = A-1) =0
HIEET
, S=3)0-3) = (4)1) = 4
A | SE(2) = (100) = 0

F(0)7(0) = (-2)(-1) = 2
© LL [ S = (3)(-2) = 6 @

281

-f()x

x| f+ 1))

3| f(3) + () =

2| A(=2) + [(-2) =

0 | f(0)+ f'(0) = -

1| A+ /) =

S (x)

x | [ =12]=

4| |3 =)

-3 f(0) =|-1

o | [/'4)|=]-3

4
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Practice Test for Chapter 2

1. Find the equation of the line through (2, 4 and ) (3,-1)

2. Find the equation of the line with slope m = 4 3 ard y-interceptb = -3.

3. Find the equation of the line through (4,1 perpendicular to the line ) 2x+ 3y =0.

4. If it costs a company $32 to produce 5 units of a product and $44 to produce 9 units, how much does it cost to produce 20 units?
(Assume that the cost function is linear.)

5. Givenfx() =x2-2x + 1, findfx( - 3.)

() fx() - f ()3

6. Givenfx = 4x — 11, find . x - 3

—

7. Find the domain and range of f ( )x = 36 = x2.

8. Which equations determine y as a function of x?
(@ 6x-5y+4=0

(b) X+ y2=9(c)y3=x+6

9. Sketch the graph of f x( ) = x2 = 5. 10. Sketch the graph of fx( ) = x + 3.

‘J'2x+‘l, ifx >0,

Slx) = 2

11. Sketch the graph of Ox - x, ifx < 0.

12. Use the graph of f ( )x =‘ X L(o graph the following:
(@) fx( +2)

) -fx() +2

13. Givenfx() =3x+ 7andgx() = 2x2 - 5, find the following:
@ (g9-1)()x
() (fg)()x

14. Givenfx() =x2-2x+ 16 and g x( ) = 2x + 3, find f (g x( )).

15. Givenfx() = x3+ 7, find f -2( )x.
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16. Which of the following functions have inverses?
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whole or in part.



284 Chapter 2 Functions and Their Graphs Problem Solving for Chapter 2 284

@ fx()=k-6l
() fx() =ax+ba, #0

() fx()=x¥-19

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in
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Practice Test for Chapter 2

3 =X
17. Givenfx() = X 0 <x<3,findf1( )x.

Exercises 18-20, true or false?

I
18. y=3x+ 7andy = ix — 4 are perpendicular.

19. (fmg)-1=g@f-1

20. If a function has an inverse, then it must pass both the Vertical Line Test and the Horizontal Line Test.
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Linear Equations in Two

Variables

Copyright © Cengage Learning. All rights reserved.

m Use slope to graph linear equations in two
variables.



m Find the slope of a line given two points on the
line.

m Write linear equations in two variables.

m Use slope to identify parallel and perpendicular
lines.

m Use slope and linear equations in two variables
to model and solve real-life problems.



Using Slope

The simplest mathematical model for relating two variables
IS the linear equation in two variables y = mx + b.

The equation is called linear because its graph is a line.
(In mathematics, the term line means straight line.)

By letting x = 0, you obtain



Using Slope

y=m(0)+Db
= b.

So, the line crosses the y-axis at y = b, as shown in the
figures below.



Using Slope

‘ y = mx + /)J g
i : unit
y-ntercept \ » A .
\ -------- -D 4.
/ (0. b) ' } M units,
| | mounits, Jm<0
©, b)_ ________ o m>0
e— y-intercept 4
e YV =mx +l)]
» X -
Positive slope, line rises. Negative slope, line falls.

In other words, the y-intercept is (0, b).

The steepness or slope of the line is m.



Using Slope

y=mx+Db

Slope*T Ly-lntercept

The slope of a nonvertical line is the number of units the
line rises (or falls) vertically for each unit of horizontal
change from left to right, as shown below.



Using Slope

‘.\' = mx + /)J
y-intercept \
/ \

. | mounits,
(0, b)_ ________ jj: m>0

S

v

| unit

Positive slope, line rises.

| unit

A
4 -

(0. b) u } m units,
m<(

y-intercept 4

V=mx+ l)]

Negative slope, line falls.

A linear equation written in slope-intercept form has the

formy =mx + b.



Using Slope

The Slope-Intercept Form of the Equation of a Line
The graph of the equation

y=mx+b

is a line whose slope is m and whose y-intercept is (0, b).

Once you have determined the slope and the y-intercept of
a line, it is a relatively simple matter to sketch its graph.
In the next example, note that none of the lines is vertical.



Using Slope

A vertical line has an equation of the y
form 51 Y

X =a. Vertical line 34 !

The equation of a vertical line cannot be
written in the form y = mx + b because |
the slope of a vertical line is undefined, as indicated In
Figure 2.1.  Ssiopeis undefined.

[
g =
o

Figure 2.1

10



Sketch the graph of each linear equation.
a.y=2x+1
b.y=2

C.X+y=2

Because b = 1, the y-intercept is (0, 1).

11



Moreover, because the slope is m = 2, the line rises two units
for each unit the line moves to the right.

)

When m is positive, the line rises.

12



By writing this equation in the form y = (0)x + 2, you can see
that the y-intercept is (0, 2) and the slope is zero.

A zero slope implies that the line is horizontal—that is, it does
not rise or fall.

13



(r=2]

3 T pu—

/

(0, 2) m=1(0

! ] | |
i ! 1 |

I 2 3 4 5

When m is O, the line is horizontal.

By writing this equation in slope-intercept form

14



X +Yy =2 Write original equation. Y = =X + 2

Subtract x from each side.

y = (=1)X + 2 write in slope- 5.
intercept form.

you can see that the y-intercept is (0,
2). Moreover, because the slope is m
= -1, the line falls one unit for each
unit the line moves to the right.

When m is negative, the line falls.

15



Finding the Slope of a Line

Finding the Slope of a Line

Given an equation of a line, you can find its slope by writing
the equation in slope-intercept form. If you are not given an
equation, then you can still find the slope of a line.

16



Finding the Slope of a Line

For instance, suppose you want to find the slope of the line
passing through the points (X1, y1) and (X2, y2), as shown

below.
As you move from left to right along this line, a change of
(y2—Vy1) units in the vertical direction corresponds to a
change of (x2— X1) units in the horizontal direction.

17



Finding the Slope of a Line

y»—Yy1=the change iny =rise
and x2— x1 = the change in x = run

The ratio of (y.— y1) to (x2— X1) represents the slope of the
line that passes through the points (X1, y1) and (X2, y2).

18



Finding the Slope of a Line

change iny

Slope = ,
change in x

_rise

run

Yo — Wi
Xy — Xl

—

The Slope of a Line Passing Through Two Points
The slope m of the nonvertical line through (x,, y,) and (x5, y,) is

-\; — .\’I
7L =
X

9

—_ .x‘ l

()

where x; # x,.

19



Finding the Slope of a Line

When using the formula for slope, the order of subtraction
IS Important. Given two points on a line, you are free to
label either one of them as (X1, y1) and the other as (X2, y2).

However, once you have done this, you must form the

numerator and denominator using the same order of
subtraction.

Yo =V Yi — W
m = m —
e T .\'| .\.I - .\-2

——

v

Correct Correct Incorrect

20



Finding the Slope of a Line

For instance, the slope of the line passing through the
points (3, 4) and (5, 7) can be calculated as

21



Finding the Slope of a Line

7—4 3

m=5-3 2
or, reversing the subtraction order in both the numerator
and denominator, as

4—7 =3

m=_——=——

33

A
>

22



Examle 2 a) — SOIUtlon cont'd

Find the slope of the line passing through each pair of
points.

a. (-2, 0) and (3, 1)
b.(-1, 2) and (2, 2)
c.(0,4) and (1, -1)

d.(3,4)and (3, 1)

23



Examle 2 a) — SOIUtlon cont'd

Letting (X1, Y1) = (=2, 0) and (X2, y2) = (3, 1), you obtain a
slope of

24



Solution o

yz — y]
Xa ™ Xl

L =0
3 — (-

See Figure 2.2.
Figure 2.2



Solution o

The slope of the line passing through (-1, 2) and (2, 2) is

.\v

A
2 — 2 T
m = 1 =
e ;
—_— C—
_0 -L2) 2,2)
3
. ' —t—Ft—2x
-2 -1 1 2 3
— o e
0. See Figure 2.3.

26



Solution o

Figure 2.3

27



Examle 2 C)— SOIUtlon cont'd

The slope of the line passing through (0, 4) and (1, —-1) is

28



Hl-=

1 =§ )
(0, 4)
—3
1
% = } > \
- 2 3 4
— - 1,-1)
See Figure 2.4.

Figure 2.4

29



The slope of the line passing
through (3, 4) and (3, 1) is

1 — 4
m=-—-x

3—3

Because division by 0 is undefined,
the slope is undefined and the line

See Figure 2.5.

~ Slope 1s
undefined.

(3,4)

(3, 1)

b

r —+

» X

L
1
4

29



IS vertical.

Figure 2.5

Writing Linear Equations in Two
Variables

30



If (X1, y1) IS a point on a line of slope m and (X, y) is any
other point on the line, then
Yy — Y

= m.
X — X

This equation involving the variables x and y, rewritten in

the form y — y1 = m(x — x1)

31



IS the point-slope form of the equation of a line.

Point-Slope Form of the Equation of a Line
The equation of the line with slope m passing through the point (x,, y,) is

y —y, = mlx — x,).

The point-slope form is most useful for finding the equation
of a line.

32



Find the slope-intercept form of the equation of the line that
has a slope of 3 and passes through the point (1, —-2).

Solution:
Use the point-slope form with m = 3 and (X1, y1) = (1, —2).

33



y—Yyi=m(X — Point-slope form
X1) Y — (=2) = 3(X Substitute for m, x; and
— 1) V1.
y+2=3x-3 Simplify.
y=3Xx-5 Write in slope-intercept form.

34



The slope-intercept form of the
equation of the lineisy = 3x — 5.

Figure 2.6 shows the graph of
this equation.

Figure 2.6

35



The point-slope form can be used to find an equation of the
line passing through two points(xi, y1) and (X2, y2). To do

this, first find the slope of the line

Yo — Wi
m = , X F X,
X~ — Xl

and then use the point-slope form to obtain the equation

Yo — N
y =y = (v = xy).
X5 — X

Two-point form

36



This is sometimes called the two-point form of the equation
of a line.

Parallel and Perpendicular Lines

Slope can tell you whether two nonvertical lines in a plane are
parallel, perpendicular, or neither.

37



Parallel and Perpendicular Lines

1. Two distinct nonvertical lines are parallel if and only if their slopes are
equal. That is,

m; = n,.

2. Two nonvertical lines are perpendicular if and only if their slopes are
negative reciprocals of each other. That is,

—1
m,

m; =

Find the slope-intercept form of the equations of the lines that
pass through the point (2, —1) and are
(a) parallel to and

38



(b) perpendicular to the line 2x — 3y = 5.

39



Solution:

By writing the equation of the given line in slope-intercept
form

2X—3y =5

-3y =-2Xx+5

Write original equation. Subtract 2x

from each side.

40



_ 2 S
Yy =3X 73 2
Write 73 slope-intercept form.

you can see that It has a slope of

40



m = , as shown in Figure 2.7.

Figure 2.7

Any line parallel to the given line must also have a slope

OS] |

of

41



cont’d

So, the line through (2, —1) that is parallel to the given line

has the following equation. Multiply each side by 3.
2 Distributive Propert
y—(1)=(x-2) e
3y +1)=2(x-2) Write in slope-intercept form.
Jy+3=2x-4
— 2 L
y =373

Write in point-slope form.

42



cont’d

Wri
te
N

: : : : oI
y line perpendicular to the given line must havea

: . . .2
—5 of (be—3ise s the negative reciprcial of ).g,

, the line through (2, —1) that is perpendicular to the f;
ven line has the following equation. m.

1) = “— D Mu
y—(-1) ( ) ltiply each side by 2.

2(y +1) = =3(x - 2)
Distributive Property
2y +2=-3Xx+6
y = _%x + 2 Write in slope-intercept form.

43



Notice in Example 4 how the slope-intercept form is used to
obtain information about the graph of a line, whereas the
point-slope form is used to write the equation of a line.

44



Applications

In real-life problems, the slope of a line can be interpreted as
either a ratio or a rate.

If the x-axis and y-axis have the same unit of measure, then
the slope has no units and is a ratio.

45



If the x-axis and y-axis have different units of measure, then
the slope is a rate or rate of change.

'IIhe maximum recommended slope of a wheelchair ramp is
12-business is installing a wheelchair ramp that rises 22
Inches over a horizontal length of 24 feet. Is the ramp
steeper than recommended?

46



The horizontal length of the ramp is 24 feet or
12(24) = 288 inches, as shown below.

vertical change

Slope = :
horizontal change

47



So, the slope of the ramp is

22 1n.

288 in.

= ().076.

|
Because 12 = 0.083, the slope of the ramp is not steeper

than recommended.

48



Example 8 —

The sales for Best Buy were approximately $49.7 billion in
2009 and $50.3 hillion in 2010. Using only this information,
write a linear equation that gives the sales in terms of the
year. Then predict the sales in 2013.

49



Example 8 —

Lett = 9 represent 2009. Then the two given values are
represented by the data points (9, 49.7) and (10, 50.3).

The slope of the line through these points is

0.3 — 49,7
m =
10 —9
= 0.6

You can find the equation that relates the sales y and the year
t to be

50



y —49.7 = 0.6(t — 9)

y = 0.6t + 44.3.

According to this equation, the sales

for 2013 will be y = 0.6(13) + 44.3

=7.8+44.3

Example 8 —

Write in point-slope form.

Write in slope-intercept form.

Sales (in billions of dollars)

56 1
54

50
45

46

Best Buy

y= ().6r + 4-4.31

\

(13,52.1)

T4 A0 S0.3)

1.0.49.7) g

9 10 11 12 13 14 15
Year (9 « 2009)

51



Example 8 —

= $52.1 billion. (See Figure 2.10.)

Figure 2.10

52



Applications

The prediction method illustrated in
Example 8 is called linear
extrapolation.

Note in Figure 2.11 that an
extrapolated point does not lie
between the given points.

When the estimated point lies Figure 211
between two given points, as shown in

Given
points

/

Esumated
point

Linear extrapolation

Given

point

points
N Estumated
.

53



Applications

Figure 2.12, the procedure is called linear
Interpolation.

Linear interpolation
Figure 2.12

Because the slope of a vertical line is not defined, its
equation cannot be written in slope-intercept form.

However, every line has an equation that can be written
In the general form

Ax+By+C=0

54



Applications

where A and B are not both zero.

Summary of Equations of Lines

1. General form: Ax+By+ C=0

2. Vertical line: xX=a

3. Horizontal line: y=b

4. Slope-intercept form: y = mx + b

5. Point-slope form: y—y, =mlx — x,)

6. Two-point form: y—y = 12 : 'z'(x —ig51)
Xy = X
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m Determine whether relations between two

variables are functions, and use function
notation.

m Find the domains of functions.

m Use functions to model and solve real-life
problems.



m Evaluate difference guotients.



Introduction to Functions and
Function Notation

Many everyday phenomena involve two quantities that are
related to each other by some rule of correspondence. The
mathematical term for such a rule of correspondence is a
relation.

In mathematics, equations and formulas often represent
relations.



Introduction to Functions and Function

For instance, the simple interest | earned on $1000 for 1
year is related to the annual interest rate r by the formula |
= 1000r.

The formula | = 1000r represents a special kind of relation
that matches each item from one set with exactly one item
from a different set. Such a relation is called a function.

Definition of Function

A function f from a set A to a set B is a relation that assigns to each element x
in the set A exactly one element y in the set B. The set A is the domain (or set
of inputs) of the function f, and the set B contains the range (or set of outputs).

To help understand this definition, look at the function
below, which relates the time of day to the temperature.



Introduction to Functions and Function

Time of day (P.M.) Temperature (in °C)

(1) ~(9) © 1 2
B 3

@_\ 4 5

© =9 ¢ 7

8
14

-(12) !
(© -(19) 16
Set A is the domain.  Set B contains the range. Inputs: 1, 2, 3,4, 5, 6 Outputs:
9, 10, 12, 13, 15
The following ordered pairs can represent this function.
The first coordinate (x-value) is the input and the second

coordinate (y-value) is the output.




Introduction to Functions and Function

{(1,9), (2, 13), (3, 15), (4, 15), (5, 12), (6, 10)}

Characteristics of a Function from Set A to Set B

1. Each element in A must be matched with an element in B.

2. Some elements in B may not be matched with any element in A.

3. Two or more elements in A may be matched with the same element in B.
4

. An element in A (the domain) cannot be matched with two different
elements in B.

Four common ways to represent functions are as follows.



Introduction to Functions and Function

Four Ways to Represent a Function

1. Verbally by a sentence that describes how the input variable is related to the
output variable

2. Numerically by a table or a list of ordered pairs that matches input values
with output values

3. Graphically by points on a graph in a coordinate plane in which the

horizontal axis represents the input values and the vertical axis represents
the output values

4. Algebraically by an equation in two variables




To determine whether a relation is a function, you must
decide whether each input value is matched with exactly
one output value.

When any input value is matched with two or more output
values, the relation Is not a function.

99



Determine whether the relation represents y as a function of
X.

a. The input value x is the number of representatives from
a state, and the output value y is the number of senators.

10



Input, x | Output, y
2 11
2 10
3 8
4 5
h 3 1

o4

) ==

Y

a. This verbal description does describe y as a function of x.

11



Regardless of the value of x, the value of y is always 2.
Such functions are called constant functions.

b. This table does not describe y as a function of x. The
Input value 2 is matched with two different y-values.

c. The graph does describe y as a function of x. Each input
value is matched with exactly one output value.

Representing functions by sets of ordered pairs is common
In discrete mathematics.

In algebra, however, it is more common to represent
functions by equations or formulas involving two variables.

12



For instance, the equation

y = X2 y is a function of x.

represents the variable y as a function of the variable x. In
this equation, x is the independent variable and y is the
dependent variable.

13



Introduction to Functions and Function

The domain of the function is the set of all values taken on
by the independent variable x, and the range of the
function is the set of all values taken on by the dependent
variable .

14



Introduction to Functions and Function

When using an equation to represent a function, it is
convenient to name the function for easy reference.

For example, you know that the equationy = 1 — x?
describes y as a function of x.

Suppose you give this function the name “f.” Then you can
use the following function notation.

Input Output Equation
X f(x) f(x) =1 — x?

15



Introduction to Functions and Function

The symbol f(x) is read as the value of f at x or simply f of x.
The symbol f(x) corresponds to the y-value for a given x. So,
you can write y = f(x).

Keep in mind that f is the name of the function, whereas
f(x) Is the value of the function at x.

For instance, the function f(x) =

3 —2X

16



Introduction to Functions and Function

has function values denoted by f(-1), f(0), f(2), and so on.

To find these values, substitute the specified input values
Into the given equation.

For x = -1, f-1)=3-2(-1)=3+2=5.
For x =0, f(0)=3-2(0)=3-0=3.
For x = 2, f(2)=3-2(2) =3 -4 =-1.

Although f is often used as a convenient function name and
X Is often used as the independent variable, you can use
other letters. For instance, f(x) = x?2—4x + 7, f(t) =t?—4t+
7, and ¢(s)=s*-4s+7

17



Introduction to Functions and Function

all define the same function. In fact, the role of the
iIndependent variable is that of a “placeholder.”
Consequently, the function could be described by

() = ()" - 4(I) + 7.

A function defined by two or more equations over a
specified domain is called a piecewise-defined function.

18



Evaluate the function when x = -1, 0, and 1.
X2+ 1.
Flx) = {x l; <0

xr— 1, x=0

Solution:
Because x = —1 is less than 0, use f(x) = x?+ 1 to obtain

f(-1) = (-1)’+1=2.
For x =0, use f(x) = x — 1 to obtain

f(0) = (0) = 1 = —1.

19



For x =1, use f(x) = x — 1 to obtain

f(1)=(1)-1

=0.
The Domain of a Function

20



The domain of a function can be described explicitly or it can
be implied by the expression used to define the function.

22



The implied domain is the set of all real numbers for which
the (x) = 1 expression is defined. For instance, the
T ="3"7 function

Domain excludes x-values that result in division by zero.

has an implied domain consisting of all real x other than
X = x2.

These two values are excluded from the domain because
division by zero is undefined.

21



Another common type of implied domain is that used to avoid

fx¥) = VX aven roots of negative numbers. For
example, the function

Domain excludes x-values that result in even roots of negative
numbers.

Is defined only for x > 0. So, its implied domain is the interval
[0, ).

22



In general, the domain of a function excludes values that
would cause division by zero or that would result in the even
root of a negative number.

Find the domain of each function.

a. f. {(-3,0), (-1, 4), (0, 2), (2, 2), (4, -1)}
I
x+5

o g(x) =

s o8
c. Volume of a sphere: V = 37

23



d. h(ix) = V4 — 3x

a. The domain of f consists of all first coordinates in the set of
ordered pairs.

Domain = {-3, -1, 0, 2, 4}

b. Excluding x-values that yield zero in the denominator, the
domain of g is the set of all real numbers x except x = —5.

24



c. Because this function represents the volume of a sphere,
the values of the radius r must be positive.

25



So, the domain is the set of all real numbers r such that r
> 0.

d. This function is defined only for x-values for which

4 —3x > 0.

e

: C : - <
By solving this inequality, you can conclude that = g

>

4
So, the domain is the interval (_OO» 3]-

26



In Example 7(c), note that the domain of a function may be
Implied by the physical context. For instance, from the

equation

4
V = 377'1"3

you would have no reason to restrict r to positive values, but
the physical context implies that a sphere cannot have a
negative or zero radius.

27



Applications

You work in the marketing department of a soft-drink
company and are experimenting with a new can for iced tea
that is slightly narrower and taller than a standard can. For
your experimental can, the ratio of the (1-4)

height to the radius is 4.

a. Write the volume of the can as a
function of the radius r.

27




b. Write the volume of the can as a function of the
height h.

a.V(r) = 1ir’h  Write V as a function of r.
= 1ur?(4r)
= 4mr3

b.V(h) =1r*h  write v as a function of h.

28



/ 2
= 77(—1) h
4

h’
16
Difference Quotients

One of the basic definitions in calculus employs the ratio
(X + ) — iz
fa 2 & .0

29



This ratio is called a difference quotient, as illustrated in
Example 11.

[+ h) = /)
For f(x) = x2— 4x + 7, find :

Solution:

30



fa+h)—fx) _[G+HRE—ax+ B+ 7] — (2 —4x+7)

h h
o x*+2xh+h—4x—4h+T7 —x*+ 4 — 7
h
_ 2xh + h* — 4h
h
_ h(2x + h — 4)
h

=2x+h—4, h#0

31



32



Summary of Function Terminology

Function: A function is a relationship between two variables such that to each

value of the independent variable there corresponds exactly one value of the
dependent variable.
Function Notation: y = f(x)

f1s the name of the function.

v is the dependent variable.

x is the independent variable.

f(x) is the value of the function at x.
Domain: The domain of a function is the set of all values (inputs) of the
independent variable for which the function is defined. If x is in the domain

of £, then fis said to be defined at x. If x is not in the domain of /. then f'is
said to be undefined at x.

Range: The range of a function is the set of all values (outputs) assumed by
the dependent variable (that is, the set of all function values).

Implied Domain: If fis defined by an algebraic expression and the domain is
not specified. then the implied domain consists of all real numbers for which
the expression is defined.

33
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Analyzing Graphs

of Functions
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m Use the Vertical Line Test for functions.



m Find the zeros of functions.

m Determine intervals on which functions are
Increasing or decreasing and determine relative
maximum and relative minimum values of

functions.

m Determine the average rate of change of a
function.

m Identify even and odd functions.



The Graph of a Function

We have studied functions from an algebraic point of view. In

this section, you will study functions from a graphical
perspective.

The graph of a function f is the collection of ordered pairs
(X, f(x)) such that x is in the domain of f.



As you study this section, remember that x = the
directed distance from the y-axis y = f(x) = the
directed distance from the x-axis

as shown below.



LS )

Use the graph of the function f, shown in Figure 2.13, to find



(a) the domain of f, y

5-_ ——
(b) the function values f(-1) and CE L\'=,/\<.\>%| ,
f(2), and (—1.1\) 0 \,\ (5.2)
Range<\l'“ i |
(c) the range of f. i \/ e
TR0
Domain
54

Figure 2.13

77



a. The closed dot at (-1, 1) indicates that x = -1 is in the

domain of f, whereas the open dot at (5, 2) indicates that x
= 51Is not in the domain.

So, the domain of f is all x in the interval [-1, 5).

b.Because (-1, 1) is a point on the graph of f, it follows that
f(-1) = 1. Similarly, because (2, —3) is a point on the graph
of f, it follows that f(2) = -3.

88



c. Because the graph does not extend below f(2) = -3 or
above f(0) = 3, the range of f is the interval [-3, 3].

99



The Graph of a Function

The use of dots (open or closed) at the extreme left and
right points of a graph indicates that the graph does not
extend beyond these points.

L0 /M
\ I \.‘

Range ¢
1 ! ]

T T T T T T
-3-2] 2 3 /4 6
S

\_:_____-__ N :
! (2; 3))

Domain

Figure 2.13

10



The Graph of a Function

If such dots are not on the graph, then assume that the
graph extends beyond these points.

By the definition of a function, at most one y-value
corresponds to a given x-value.

This means that the graph of a function cannot have two or
more different points with the same x-coordinate, and no
two points on the graph of a function can be vertically
above or below each other.

11



The Graph of a Function

It follows, then, that a vertical line can intersect the graph
of a function at most once.

This observation provides a convenient visual test called
the Vertical Line Test for functions.

Vertical Line Test for Functions
A set of points in a coordinate plane is the graph of y as a function of x if and
only if no vertical line intersects the graph at more than one point.

12



Zeros of a Function

If the graph of a function of x has an x-intercept at (a, 0), then
a is a zero of the function.

13



Zeros of a Function
The zeros of a function f of x are the x-values for which f(x) = 0.

Find the zeros of each function.

14



a. f(x) =3x?+ x—10 b. g(x) = c.h(t)= r+5

2t—3

Solution:
To find the zeros of a function, set the function equal to zero
and solve for the independent variable.

15



a. 3x2+ x—10 =0 (3x — 5)(x

X =

+2)=0
3Xx—-5=0 > x=
2 |
3Ix+2=0""
—2

Set f(x) equal to 0.

Factor.

Set 1st factor equal to O.

Set 2nd factor equal to O.

16



Example 3 — Solutlon

ezerosofrare - and x = 2.
In Figure 2.14, 3 note that the graph of f
has ( , 0) and [0 =37 42— 10) (-2, 0) as its x-

. = —

intercepts.

5
Zerosof f: x=-2,x=73
Figure 2.14

17



Example 3 — Solution

b. VIO —x*=0
10 —x*=0
10 = x?

+ V10 = x

The zeros of gare x = —
J10andv10 . In Figure
2.15, note that the graph of
g has (=v10,0) 5l (
0) as its x-intercepts.

Set g(x) equal to 0.
Square each side.

Add x?to each side.

Extract square
roots.

18



\

ST —
‘uu):n. 10 — x°
B T -
, 41/, —
(=10, 0) \(vm. 0)
2_‘-
4 \ f % / !
-6 -4 =2 2 -+ 6O
-4 =
V10 Zeros ofg:x=4%
Figure 2.15
2= 3
C. =0
S

b | W

2t—-3=02t=3t=

Set h(t) equal to O.

Multiply
each side

byt+5
Add 3 to

each side.

Divide each side by
2.

19



The zeroof hist= ; In Figur$
2.16, note that the graph of has (
, 0) as its t-intercept.

Zeroofh:t=%

Figure 2.16 ~

20



Increasing and Decreasing Functions

The more you know about the graph of a function, the more

you know about the function itself. Consider the graph shown

In Figure 2.17.

As you move from left to right, this

A

Constant

S
<0
S
;
5

Z1



graph falls from x = -2 to x = 0, is constant from x =0 to x =
2, and rises from x = 2 to x = 4.

Figure 2.17

22



Increasing, Decreasing, and Constant Functions

A function fis increasing on an interval when, for any x, and ., in the interval,

x, < x, implies f(x,) < f(x,).

A function fis decreasing on an interval when, for any x, and x, in the
interval,

X, < x, implies f(x,) > flx,).
A function f'is constant on an interval when, for any x, and x, in the interval,

flx) = flxy).

23



Use the graphs to describe the increasing, decreasing, or
constant behavior of each function.

¥ [../'u) = -3y ‘

} X . 1 !
. 2f - | ; 4 : ; :/\
it “T7 J/+lr<() |
=1 fi=x 1,012
7 = -2 l —1+3, 1)_
T =2 e
(a) (b) (c)

24



a. This function is increasing over the entire real line.

b. This function is increasing on the interval (—oc, —1),

decreasing on the interval (-1, 1) and increasing on the
Interval (1, o).

25



c. This function is increasing on the interval (< , 0),
constant oi7<he interval (0, 2), and decreasing on the
interval (2, ).

26



Increasing and Decreasing Functions

To help you decide whether a function is increasing,
decreasing, or constant on an interval, you can evaluate
the function for several values of x.

However, you need calculus to determine, for certain, all
Intervals on which a function is increasing, decreasing, or
constant.

The points at which a function changes its increasing,
decreasing, or constant behavior are helpful in
determining the relative minimum or relative maximum
values of the function.

27



Increasing and Decreasing Functions

Definitions of Relative Minimum and Relative Maximum

A function value f(a) is called a relative minimum of f when there exists an
interval (x,, x,) that contains a such that

X, < x <x, implies f(a) < f(x).

A function value f(a) is called a relative maximum of f when there exists an
interval (x,, x,) that contains a such that

X, < x<ux, implies fla) = f(x).

Figure 2.18 shows several different examples of relative
minima and relative maxima.

28



Increasing and Decreasing Functions

Relative
maxima

/

Relative minima

Figure 2.18

We will study a technique for finding the exact point at
which a second-degree polynomial function has a relative
minimum or relative maximum.

29



Increasing and Decreasing Functions

For the time being, however, you can use a graphing utility
to find reasonable approximations of these points.

30



Average Rate of Change

We have learned that the slope of a line can be interpreted
as a rate of change.

For a nonlinear graph whose
slope changes at each point,
the average rate of change
between any two points




(X1, f(x1)) and (X2, f(x2)) is the slope of the line through the
two points (see Figure 2.20).

Figure 2.20

The line through the two points is called

flx,) — flx))
the secant line, and the slope of this line Xy T X
IS denoted as msec. Average rate of

change in y
change in x

32



change of f from x1to X2 =

= Msec

Find the average rates of change of f(x) = x®>— 3x
(a) from x, = -2 to X2 =-1 and
(b) from x; =0 to x> =1 (see Figure 2.21).

33



y | flx)y=x7 = 3x

9 =
>

Figure 2.21

The average rate of change of f from x;=-2tox2=-11s

34



Secant line has positive slope.

The average rate of change of ffromx;=0tox;=11s

fl) = flx) _ f() — f(0)

Xy — X4 1 — 0

35



Secant line has negative slope.

Even and Odd Functions

We have studied different types of symmetry of a graph. In the
terminology of functions, a function is said to be even when

Its graph is symmetric with respect to the y-axis and odd
when its graph is symmetric with respect to the origin.

36



The symmetry tests yield the following tests for even and odd
functions.

Tests for Even and Odd Functions
A function y = f(x) is even when, for each x in the domain of £, f(—x) = f(x).

A function y = f(x) is odd when, for each x in the domain of f. f(—x) = —f(x).

37



Example 8 — Even and Odd Functions

(a) The function g(x) = x3— x is odd because g(—x) = —g(x),
as follows. = —

9(x)
Substitute —x for Xx.
9(=x) = (-X)°= (%)
Simplify.
= 3+ X

= (- )

38



Function

Distributive Property Test h(—X) — (—X)2 +
1

= X%+

The function h(x) = x>+ 1 is even because

),

for odd function 1

as follows. = h(x)

39



Substitute —x for x. Test for even
function

Simplify.

Figure 2.22 shows the graphs and symmetry of these two
functions.

40



(a) Symmetric to origin: Odd Function

Figure 2.22

|

o

|

to -
|
—
19 -
s

(b) Symmetric to y-axis: Even Function

41
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A Library of Parent Functions

J
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m Identify and graph linear and squaring
functions.



m Identify and graph cubic, square root, and
reciprocal function.

m Identify and graph step and other
piecewisedefined functions.

m Recognize graphs of parent functions.



Linear and Squaring Functions

One of the goals of this text is to enable you to recognize the
basic shapes of the graphs of different types of functions.

For instance, you know that the graph of the linear function
f(x) = ax + b is a line with slope m = a and y-intercept at (O,
b).



The graph of the linear function has the following
characteristics.

* The domain of the function is the set of all real numbers.

*When m # 0, the range of the function is the set of all
real numbers.

* The graph has an x-intercept of (—b/m, 0) and a y-
Intercept of (O, b).



*The graph is increasing when m > 0, decreasing when
m < 0, and constant when m = 0.

Write the linear function f for which f(1) = 3 and f(4) = 0.

Solution:

To find the equation of the line that passes through

(X1, Y1) = (1, 3) and (X2, y2) = (4, 0) first find the slope
of the line.



Next, use the point-slope form of the equation of a line.
y—yi=m(X—Xx1)y—-3

=-1x-1)y=—x+4



f(x) =—x+ 4 Simplify
Point-slope form
Function notation

Substitute for x1, y1and m

The figure below shows the graph of this function.






Linear and Squaring Functions

There are two special types of linear functions, the
constant function and the identity function.

A constant function has the form
f(x) =c

and has the domain of all real numbers with a range
consisting of a single real number c.

The graph of a constant function is a

horizontal line, as shown in Figure 2.23.
The identity function has the form f(x) = "7
X.

10



Linear and Squaring Functions

Figure 2.23

Its domain and range are the set of all real numbers. The
identity function has a slope of m = 1 and a y-intercept at
(0, 0).

The graph of the identity function is a line for which each
X-coordinate equals the corresponding y-coordinate. The
graph is always increasing, as shown in Figure 2.24.

11



Linear and Squaring Functions

Figure 2.24

The graph of the squaring function
f(x) = x?

Is a U-shaped curve with the following characteristics.
 The domain of the function is the set of all real numbers.

12



Linear and Squaring Functions

* The range of the function is the set of all
nonnegativereal numbers.

 The function iIs even.

* The graph has an intercept at (0, 0).
» The graph is decreasing on the interval (—o<, 0) and
Increasing on the interval (0, o0)

* The graph is symmetric with respect to the y-axis.
* The graph has a relative minimum at (0, 0).

The figure below shows the graph of the squaring function.

13
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Cubic, Square Root, and Reciprocal Functions

Cubic, Square Root, and
Reciprocal Functions

The following summarizes the basic characteristics of the

graphs of the cubic, square root, and reciprocal
functions.

1. The graph of the cubic function f(x) = x* has the following
characteristics.

*The domain of the function iIs the set of all real
numbers.

15



Cubic, Square Root, and Reciprocal Functions

*The range of the function is the set of all real numbers.

16



Cubic, Square Root, and Reciprocal Functions

*The function Is odd.

*The graph has an intercept at (0, 0).
*The graph is increasing on the interval ( —co =

*The graph is symmetric with respect to the origin.

The figure shows the graph of the cubic function.

17



Cubic, Square Root, and Reciprocal Functions

Cubic function

2. The graph of the square root function f(x) = VX has the
following characteristics.

*The domain of the function is the set of all nonnegative
real numbers.

18



Cubic, Square Root, and Reciprocal Functions

*The range of the function is the set of all
nonnegativereal numbers.

*The graph has an intercept at (0, 0).

*The graph is increasing on the interval (0, =
The figure shows the graph of the square root function.

19



Cubic, Square Root, and Reciprocal Functions

Square root function

1

3. Th h of the reci | function f(x) = x has th
oll%\%lrrzwjl cﬁaragter?i(s:ltg)gg.ca unction f(x) a5 the
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Cubic, Square Root, and Reciprocal Functions

*The domain of the function is( —o¢ 0) u (0, o5

21



Cubic, Square Root, and Reciprocal Functions

*The range of the function is ( —oc0) U (0, <o

7

*The function is odd.
*The graph does not have any intercepts.

*The graph is decreasing on the intervals (  , 0) and
(= 20).

*The graph is symmetric with respect to the origin.
The figure shows the graph of the reciprocal function.
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Cubic, Square Root, and Reciprocal Functions

Reciprocal function

23



Step and Piecewise-Defined Functions

Step and Piecewise-Defined
Functions

Functions whose graphs resemble sets of stairsteps are
known as step functions.

The most famous of the step functions is the greatest
integer function, which is denoted by and deflxl:d
as

f(x) = [xl= the greatest integer less than or equal to x.

24



Step and Piecewise-Defined Functions

Some values of the greatest integer function are as
follows.

[—1]= (greatest integer < -1) = —

] . 1
I 2ll = (greatest integer <7 2) = -1

| L,
IITﬁI: (greatest integer <10) =0
[1.5]= (greatest integer < 1.5) =1 [1.91=

(greatest integer < 1.9) = 1 The graph of

the greatest integer function

25



Step and Piecewise-Defined Functions

f(x) = [x]
has the following characteristics,
as shown in Figure 2.25.

« The domain of the function is the
set of all real numbers.

)

f i X
Nl 2 3 4

| \._
1 fxy=1x11

. vl |

—4 4

Figure 2.25

* The range of the function is the set of all integers.

« The graph has a y-intercept at (0, 0) and x-intercepts in

the interval [O, 1).

26



Step and Piecewise-Defined Functions

* The graph is constant between each pair of consecutive
Integers values of x.

« The graph jumps vertically one unit at each integervalue
of X.

27



Evaluate the function when x = -1, 2 and 2 f(x)

= A[x]

Solution:
For x = -1, the greatest integer < -1 is —1, so f(—

n= [}
=1+1
=0

28



For x = 2, the greatest integer < 2 Is 2,

sof@l2l +1=2+1=3

2 3

For x = 2}, the greatest integer <2is 1, so
G =[5 +1

=1+1

=2

29



Verify your answers by examining the graph f(x) = [x] + 1
shown in Figure 2.26.

5+ —o
4+ —0
3+ *—0

24 =0 |\

30



Figure 2.26

Parent Functions

The eight graphs shown below represent the most commonly
used functions in algebra.

v

| f(x)=x \:Hll:lll’
1 2+ \, '

[ flx)=c] T

31



(a) Constant Function

0 =
\ f(\):\'

A+ \

| 1
| i T
-2 -l |

(e) Quadratic
Function

(b) Identity Function

(f) Cubic

Function

(c) Absolute Value
Function

(9) Reciprocal
Function

(d) Square Root
Function

34 -—
24 —0
|+ o0

t—t—t——t—+
-3 -2 -1 W 2 3
=0 \\ 4

G 1+ /I.\):”\”’

(h) Greatest
Integer
Function

Familiarity with the basic characteristics of these simple
graphs will help you analyze the shapes of more complicated

32
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graphs—in particular, graphs obtained from these graphs by
the rigid and non-rigid transformations.
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Transformations of Functions

J
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m Use vertical and horizontal shifts to sketch
graphs of functions.

m Use reflections to sketch graphs of functions.



m Use nonrigid transformations to sketch graphs
of functions.



Shifting Graphs
Many functions have graphs that are simple
transformations of the parent graphs.

For example, you can obtain the
graph of

h(x) = x°+ 2




Shifting Graphs

by shifting the graph of f(x) = x? up two units, as shown in
Figure 2.28.

Figure 2.28

In function notation, h and f are related as follows.
h(x) =x?+2=f(X)+2  Upward shift of two units

Similarly, you can obtain the graph of



Shifting Graphs

g(x) = (x = 2)°

by shifting the graph of f(x) = x?to
the right two units, as shown in
Figure 2.29.

Figure 2.29

In this case, the functions g and f have the following
relationship.



Shifting Graphs

g(x) = (x —2)°=f(x — 2) Right shift of two units

The following list summarizes this discussion about
horizontal and vertical shifts.

Vertical and Horizontal Shifts

Let ¢ be a positive real number. Vertical and horizontal shifts in the graph of
y = flx) are represented as follows.

1. Vertical shift ¢ units up: hx) = flx) + ¢
2. Vertical shift ¢ units down: hix) = f(x) — ¢
3. Horizontal shift ¢ units to the right: h(x) = f(x — ¢)

4. Horizontal shift ¢ units to the left:  hix) = flx + ¢)




Shifting Graphs

Some graphs can be obtained from combinations of vertical
and horizontal shifts, as demonstrated in Example 1(b).



Shifting Graphs

Vertical and horizontal shifts generate a family of functions,
each with the same shape but at a different location in the
plane.



Use the graph of f(x) = x3to sketch the graph of each function.
a.g(x)=x3-1 b. h(X) = (x + 2)°
+ 1 F—
y (S =)

\
Solution:

a. Relative to the graph of f(x) = x3,

the graph of g(x) = x3-1




IS a downward shift of one uni
as shown in the figure at the




right.

b. Relative to the graph of f(x) = x3, the graph of
h(x)=(x+2)3+1

Involves a left shift of two units and an upward shift of
one unit, as shown in figure below.

10



\/”‘-"’ =(x+2P3+1| [I‘u =3

e | = r—
\l‘?‘d_ |

In Example 1(b), you obtain the same result when the vertical
shift precedes the horizontal shift or when the horizontal shift
precedes the vertical shift.

16



Reflecting Graphs

Another common type of transformation is a reflection.

For instance, If you consider the x- f

axis to be a mirror, the graph of \ o /
h(x) = —x2
\ | + [ R
\\\ ,/ =)
= |2 '
! h(x) =—x* }
-] - \7/
/
~2- 2




is the mirror image (or reflection) of the graph of f(x) = x2,
as shown in Figure 2.30.

Figure 2.30

Reflections in the Coordinate Axes

Reflections in the coordinate axes of the graph of y = f(x) are represented as
follows.

1. Reflection in the x-axis: h(x) = —f(x)

2. Reflection in the y-axis: h(x) = f(—x)

13



The graph of the function
f(x) = x*

IS shown In Figure 2.31.

-4

Figure 2.31

14



Each of the graphs below is a transformation of the graph of

f. Write an equation for each of these functions.
3 1

/-\ \ - /)(.\')
-3 a 1 3 L

(@) (b)

15



a. | He grapH O| gisa re||ec\|on N me X-axXIS |O||OW€! !y an

upward shift of two units of the graph of f(x) = x*.

16



So, the equation for g is
g(x) = —x*+ 2.

b. The graph of h is a horizontal shift of three units to the right
followed by a reflection in the x-axis of the graph
of f(x) = x*.

So, the equation for h is
h(x) = —(x — 3)*.

17



When sketching the graphs of functions involving square
roots, remember that you must restrict the domain to
exclude negative numbers inside the radical.

For instance, here are the domains of the functions:
Domain of g(x) = — J/x: x=0
Domain of h(x) = /—x: =0
Domain of k(x) = = Vx + 2: x = =2

IA

A%

18



Nonrigid Transformations

Horizontal shifts, vertical shifts, and reflections are rigid
transformations because the basic shape of the graph is
unchanged.

These transformations change only the position of the graph
In the coordinate plane.

Nonrigid transformations are those that cause a distortion—

19



a change In the shape of the original graph.

20



For instance, a nonrigid transformation of the graph of y
= f(x) Is represented by g(x) = cf(x), where the
transformation is a vertical stretch whenc > 1 and a
vertical shrink if 0 <c < 1.

Another nonrigid transformation of the graph of y = f(x) Is
represented by h(x) = f(cx), where the transformation is a
horizontal shrink when ¢ > 1 and a horizontal stretch
when 0 <c < 1.

21



Compare the graph of each function with the graph of f(x)
= .

a. h(x) = 3|x| b.g(x) = 3x|

Solution:

a. Relative to the graph of f(x) = |x|,
the graph of h(x) = 3|x| = 3f(x) is a
vertical stretch (each y-value is
multiplied by 3) of the graph of f.




(See Figure 2.32.)

Figure 2.32

b. Similarly, the graph of

L L
g(x) = 3[|x] = 3(x)

1
IS a vertical shrink (each y-value is multiplied by 3) of the
graph of f. (See Figure 2.33.)

21



Figure 2.33

22
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Combinations of Functions:

Composite Functions

Copyright © Cengage Learning. All rights reserved.

m Add, subtract, multiply, and divide functions.



m Find the composition of one function with
another function.

m Use combinations and compositions of functions
to model and solve real-life problems.



Arithmetic Combinations of Functions

Just as two real numbers can be combined by the
operations of addition, subtraction, multiplication, and
division to form other real numbers, two functions can be
combined to create new functions.

For example, the functions given by f(x)= 2x — 3 and g(x)
= x?>— 1 can be combined to form the sum, difference,
product, and guotient of f and g.

f(x) +9(x) = (2x = 3) + (x*- 1)



Arithmetic Combinations of Functions

=X°+2Xx—-4 Sum
f(x) —g(x) = (2x - 3) — (x*- 1)

= X2+ 2X —2 Difference

f()g(x) = (2x = 3)(x*- 1)

=2x3—3x2—=2x + 3 Product
{6 2x— 3
[ = T - i |
gx) x*—1 Quotient



Arithmetic Combinations of Functions

The domain of an arithmetic combination of functions f
and g consists of all real numbers that are common to the
domains of f and g.

In the case of the quotient f(x)/g(x), there is the further
restriction that g(x) # O.



Sum, Difference, Product, and Quotient of Functions

Let fand g be two functions with overlapping domains. Then, for all x common
to both domains, the sum, difference, product, and quotient of fand g are defined
as follows.

f+ 8 = fx) + gl
f= ) =f) — gk
¢

1. Sum:
2. Difference:
3. Product:

Z)(.\') = M glx) # 0
g(x)

(
(
(
4. Quotient: (




Given f(x) = 2x + 1 and g(x) = x?+ 2x — 1, find (f + g)(x).
Then evaluate the sum when x = 3.

Solution:
Thesumoffandgis
(f+ 9)(¥) = f(x) + g(x) = (2x + 1) + (x*+ 2x — 1)

= X%+ 4X

When x = 3, the value of this sum is



(f + g)(3) = 32+ 4(3) = 21.
Composition of Functions

Another way of combining two functions is to form the
composition of one with the other.

For instance, if f(x) = x?and g(x) = x + 1, the composition of

f with g is f(g(x)) = f(x + 1)

= (x + 1)°



This composition is denoted as fog and reads as
‘f composed with g.”

10



Definition of Composition of Two Functions
The composition of the function f with the function g is
(f e g)x) = f(g(x)).

The domain of f- g is the set of all x in the domain of g such that g(x) is in the
domain of f. (See Figure 2.36.)

Domain of g
Domain of f

Figure 2.36

11



Given f(x) = x + 2 and g(x) = 4 — x?, find the following.
a. (feg)(x) b.(g°N(Xx) c.(g°NH(=2)

Solution:

a. The composition of f with g is as follows.

= _y2 +
= f(4 2) Definition of f° g
— — X
Definition of g(x)
= (4 - Xz) + 92

12



Definition of f(x) Simplify.

b. The composition of g with f is as follows.

(g ° )(x) = g(f(x)) Definition of g © f
=g(x + 2) Definition of f(x)
=4 — (x + 2)? Definition of g(x)

=4 — (X*+ 4x + 4) Expand.

13



= —Xx?— 4x Simplify.

Note that, in this case, (f ° g)(x) # (g ° f)(X).

c. Using the result of part (b), write the following.

(9°N(=2) =—(-2)2—4(-2) Substitute.
=-4+8 Simplify.

=4 Simplify.

14



In Example 5, you formed the composition of two given
functions.

In calculus, it is also important to be able to identify two
functions that make up a given composite function.

For instance, the function h(x) = (3x — 5)%is the
composition of f(x) = x3and g(x) = 3x — 5. That is,

h(x) = (3x = 5)°*= [g(})I° = f(g(x)).

15



Basically, to “decompose” a composite function, look for an
“inner” function and an “outer” function. In the function h, g(x)
= 3x — 5 is the inner function and f(x) = x3is the outer
function.

16



Application

The number N of bacteria in a refrigerated food is given by

N(T) = 20T2- 80T + 500, 2 < T < 14 where T is the
temperature of the food in degrees Celsius. When the
food is removed from refrigeration, the temperature of the
food is given by

T(t)=4t+2, 0 <t<3wheretisthe

time In hours.

17



a. Find the composition (N ° T)(t) and interpret its meaning in
context.

b. Find the time when the bacteria count reaches 2000.

(N > T)(t) = N(T(t)) = 20(4t + 2)2— 80(4t + 2) + 500

= 20(16t* + 16t + 4) — 320t — 160 + 500

= 320t*+ 320t + 80 — 320t — 160 + 500

18



= 320t* + 420

The composite function (N ° T)(t) represents the number of

bacteria in the food as a function of the amount of time the
food has been out of refrigeration.

The bacteria count will reach 2000 when
320t2+ 420 = 2000. Solve this equation to find that the count

will reach 2000 when t = 2.2 hours.

19



Note that when you solve this equation, you reject the
negative value because it is not in the domain of the
composite function.

20
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Inverse Functions
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m Find inverse functions informally and verify that
two functions are inverse functions of each
other.

m Use graphs of functions to determine whether
functions have inverse functions.

m Use the Horizontal Line Test to determine if
functions are one-to-one.



m Find inverse functions algebraically.



Inverse Functions

We know that a set of ordered pairs can represent a
function.

For instance, the function f(x) = x + 4 from the set A =
{1, 2, 3, 4} to the set B ={5, 6, 7, 8} can be written
as follows.

f(x) = x+4:{(1, 5), (2, 6), (3, 7), (4, 8)}



Inverse Functions

In this case, by interchanging the first and second
coordinates of each of these ordered pairs, you can form
the inverse function of f, which is denoted by f .

It is a function from the set B to the set A, and can be
written as follows.

f—l(x) =x—-4:{(5,1), (6, 2), (7, 3), (8, 4)}

Note that the domain of f is equal to the range of f %,and
vice versa, as shown in Figure below. Also note that the
functions f and f ~* have the effect of “undoing” each other.



fx)=x+4
Domain of f Range of [

X f(x)
. T

Range of ! /] Domain of f~!
f"'(.\') =x—4

In other words, when you form the composition of f with f -
1 or the composition of f ~* with f, you obtain the identity
function.

f(f (X)) = f(x — 4) = (x — 4) + 4 = x f

) =fHx+4) =(x+4) -4 =X



Find the inverse of f(x) = 4x. Then verify that both f(f (X))
and f ~1(f(x)) are equal to the identity function.

Solution:

The function f multiplies each input by 4. To “undo” this
function, you need to divide each input by 4.

So, the inverse function of f(x) = 4x is
f~Yx) = %



Verify that f(f 1(x)) = x and f ~}(f(x)) = x as follows.



10



Definition of Inverse Function
Let fand g be two functions such that

flglx) = x for every x in the domain of g
and
g(flx) = x for every x in the domain of f.

Under these conditions, the function g is the inverse function of the function f.
The function g is denoted by f ! (read “‘f~inverse™). So.

f(f'x)=x and [ '(f(x) = x.

The domain of £ must be equal to the range of !, and the range of f must be
equal to the domain of .

11



Do not be confused by the use of —1 to denote the inverse
function f 1.

In this section, whenever f tis written, it always refers to the
Inverse function of the function f and not to the reciprocal of

f(x).
If the function g is the inverse function of the function f, it

must also be true that the function f is the inverse function
of the function g.

12



The Graph of an Inverse Function

The graphs of a function f and its inverse function f L are
related to each other in the following way.

If the point (a, b) lies on the graph of f, then the point (b, a)
must lie on the graph of f 1, and vice versa.

13



This means that the graph of f =
IS a reflection of the graph of f in

the line y = x, as shown in
Figure 2.37.

Figure 2.37

Sketch the graphs of the inverse functions f(x) = 2x — 3
and r-!(x) = 3(x + 3) onthe same rectangular coordinate

14



system and show that the graphs are reflections of each
other in the line y = x.

15



The graphs of f and f tare
shown in Figure 2.38.

It appears that the graphs are
reflections of each other in the
liney = x.

fl) = $(x+3)

\{" ¥ U'(u: 25— 31

l||‘|‘ ‘
\\ 6

1 \J

16



ou can turther ver IS
reflective property by testing a
few points on each graph.

17



Figure 2.38

Note in the following list that if the point (a, b) is on the graph
of f, the point (b, a) is on the graph of f .

Graph of f(x) = 2x — 3 Graph of /(1) = 3(x + 3)

(-1, -5) (-5, -
1)

(0, =3) (-3, 0)

(1,-1) (-1, 1)

(2. 1) (1, 2)

18



(3, 3) (3, 3)
One-to-One Functions

19



One-to-One Functions

The reflective property of the graphs of inverse functions
gives you a nice geometric test for determining whether a
function has an inverse function.

This test Is called the Horizontal Line Test for inverse
functions.

If no horizontal line intersects the graph of f at more than

Horizontal Line Test for Inverse Functions

A function fhas an inverse function if and only if no horizontal line intersects
the graph of f at more than one point.

One-to-One Functions

A function f'is one-to-one when each value of the dependent variable corresponds
to exactly one value of the independent variable. A function f has an inverse
function if and only if f'is one-to-one.




One-to-One Functions

one point, then no y-value is matched with more than one
X-value.

This Is the essential characteristic of what are called one-
to-one functions.

Consider the function given by f(x) = x. The table on the
left is a table of values for f(x) = x°. The table on the right is
the same as the table on the left but with the values in the
columns interchanged.

20



One-to-One Functions

X flx) = x2 X \
- 4 4 =3
=2 I | =
0 0 0 0

1 1 | 1

2 4 4 2

3 9 9 3

The table on the right does not represent a function
because the input x = 4 is matched with two different
outputs: y = -2 and y = 2. So, f(x) = x?is not one-to-one
and does not have an inverse function.

21



The graph of the function given by f(x) = x3— 1 is shown in
Figure 2.40.

Figure 2.40

22



Because no horizontal line intersects the graph of f at more
than one point, you can conclude that f is a one-to-one
function and does have an inverse function.

The graph of the function given by f(x) = x?— 1 is shown in
Figure 2.41.

23



N,

2HAnr=1]

Figure 2.41

Because it is possible to find a horizontal line that intersects

the graph of f at more than one point, you can conclude
that f Is not a one-to-one function and does not have an

Inverse function.

24



Finding Inverse Functions
Algebraically

For relatively simple functions (such as the one in Example
1), you can find inverse functions by inspection. For more
complicated functions, however, it is best to use the
following guidelines.

The key step in these guidelines is Step 3—interchanging the
roles of x and y. This step corresponds to the fact that

25



Inverse functions have ordered pairs with the coordinates
reversed.

Finding an Inverse Function
1.

Use the Horizontal Line Test to decide whether f has an inverse function.

. In the equation for f(x), replace f(x) with y.

2
3
4
5

Interchange the roles of x and y, and solve for y.

. Replace y with f~!(x) in the new equation.

. Verify that fand f~' are inverse functions of each other by showing that the

domain of fis equal to the range of /!, the range of fis equal to the domain

of f~',and f(f '(x)) = xand f '( f(x)) = x.

26



Find the inverse function of

flx) = - —23x

Solution:
The graph of fis shown in Figure 2.42.

27



Figure 2.42

This graph passes the Horizontal Line Test. So, you know that
IS one-to-one and has an inverse function.

28



2 Write original function.

D — &
g =
' 3%+ 2 Replace f(x) by .
3 — .3y
X =
2 Interchange x and y.

Multiply each side by 3y + 2.

29



xy +2x=35—y Distributive Property

3xy + ¥y =35 — 2X collect terms with y.

.)7(3x+ l)=5 — 2x

Factor.

30



Solve fory.
Replace y by f1(x).

Check that f(f *(x)) = x and
f -1(f(x)) = x.

31



