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INSTRUCTOR NAVIGATION GUIDE

2.1 Early & Modern Numeration Systems

KEY TERMS

Additive System

An additive system is a numeration system where the
number represented is the sum of the values of each
individual numeral.

Babylonian System

The Babylonian system is one of the oldest place-value
systems and uses a base of 60 with 2 cuneiform numerals to
represent each number.

Base 10 System

A base 10 decimal system has place values increasing by
powers of ten and is called positional because the value of
the symbol is understood by its position in the number.

Chinese System

The Chinese system of numeration uses separate symbols
for the numerals 0-9 as well as separate symbols for various
multiples of ten. It is a multiplicative system.

Cuneiform

Cuneiform is one of the earliest forms of writing where a
stylus made of reed was used to form symbols in either wood
or a wet clay tablet.

Decimal System

A number system that has place values increasing by powers
of ten and is positional.

Egyptian System

The Egyptian system of numeration is an additive base 10
system using hieroglyphs to represent the digits 0-9 as well
as the powers of ten.

Expanded form

Expanded form is a way to write a number to show the value
of each digit. It is shown as a sum of each digit multiplied by
its matching place value (ones, tens, hundreds, etc.)

Hieroglyphs

Hieroglyphs are Images used to represent numerals in the
Egyptian system of numeration.
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Hindu-Arabic
System

The Hindu-Arabic numeration system is composed of ten
symbols (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) named for the Indian

scholars who invented it at least as early as 800 BC and for
the Arabs who transmitted it to the western world.

It is a Base 10 or ‘ecimal system.

Multiplicative
System

A multiplicative system is a numeration system that consists
of two sets of numerals, one set representing the digits and
the other set representing positions.

Numerals

lumerals are the symbols used to represent a number.

Numeration System

A numeration system consists of a set of symbols (hnumerals)
to represent numbers along with a set of rules for combining
numerals.

3lace 9alue

The place value assigns a value to a digit depending on its
place or position in a numeral.

Roman System

The 50man system is an additive base 10 numeration
system with single numerals representing the powers of ten
as well as the halves of each power of ten.

Tally System

The tally system is a numeration system where the value of a
certain number (i.e. 4) is the sum of the values of each
individual numeral (or tally marNs).

Objective 1 Understand and Use the Hindu-Arabic System

'@' Concept video Tuestions and ansZers

1. What are the key features of the Hindu-Arabic number system?

o Ten symbols called digits: 0,1, 2,3,4,5,6,7,8,9

o 3lace value

o lumbers can be written in expanded form
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2. Fill in the following place value chart:

Millions Thowsands Ones

E;AM3/E 1 Write a Hindu-Arabic lumber in Expanded )orm

Write 13,448 in expanded form.

Each digit represents a power of 10:

1 3 4 4 8
10* 10° 10° 10" 10°
| 10,000 1,000 | 100 | 10 | 1 |

Oultiplying each digit by the corresponding value:

13,448 1(10,000) + 3(1,000) + 4(100) + 4(10) + 8(1)

é Additional problem

6 Write 27,777 in expanded form. 2(10,000) + 7(1,000) + 7(100) + 7(10) + 7(1)
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E;AM3/E 2 Change from Expanded )orm into a Hindu-Arabic lumeral

numeral.

J TATTT J T J BTT J oT J T

J TAE-T

Write 30 @20 + 0( @%) + 70 20 + 90 0+ 00 0 as a Hindu-Arabic

oT9% yJ ToT% J @O T J >0 TS0 J TO T?%0

J _OTATTTO J TOATTTO J BOTTO J 50TO J T0O

é .n-class activity

)irst choose a list of numbers. 8se index cards to create a template liNe the one
below. OaNe sure the answer for the 3who has” is the next cardfs 3l have”.

OaNe

sure the last cardfs 3who has” corresponds to the first card{s 3l have.

| have 335
Who has 2(100) + 3(10) + 1

| have 231

Who has 5(1000) + 7(100) + 0(10) + 5

| have 5,705

Who has 9(1000) + 8(100) + 8(10) + 0

| have 9,880
Who has 3(100) + 3(10) +5

Hand out a card to each student. 6ome students may need to have 2 depending
upon how many in a set. It is important to use all the cards in a set.

5andomly picN a student to start. They will say 3l have 335, who has 2 times 100
plus 3 times 10 plus 1" The student with the matching value to the 3who has” will
say 3l have 231, who has 5 times 1000 plus 7 times 700 plus O times 10 plus 5™
This will continue until every student has gone.

~
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Objective 2 Understand and Use the Egyptian System

Hindu-Arabic Egyptian
Numeral Numeral  Description

1 | Staff
10
100

Heel bone

Scroll

1,000 Lotus flower

Pointed finger

N
R
I
)
100,000 Tadpole or frog
k
5
g

10,000

1,000,000 Astonished person
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E;AM3/E 3 Write an Egyptian 1umeral as a Hindu-Arabic lumeral

Find the Hindu-Arabic numerical value of the following Egyptian numeral:

IIQQanII

8se the table above to determine each of the values for the symbols:

I

I

:

Q

N

N

N

1000

1000

100

100

100

10

10

1 1

1,000 + 1,000 + 100 + 100 + 100+ 10+10+1+1 2,322

é Additional problem

1. )ind the Hindu-Arabic numeral for the following Egyptian numeral

e 8nn

728
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E;AM3/E 4 Write a Hindu-Arabic lumeral as an Egyptian lumeral

10,000 + 400 + 50 + 4
1(10,000) + 0(1,000) + 4(100) + 5(10) + 4(1)

10,454 in expanded form is:

Write 10,454 as an Egyptian numeral.

Now determine the symbols needed for each power of 10:

Hindu-Arabic | Egyptian | Description
Numeral Numeral
1 | Staff
10 N Heel bone
100 Q Scroll
1,000 i Lotus Flower
in
10,000 0 qu ted
Finger
“ Tadpole or
100,000 =
ﬁ Frog
' Astonished
1,000,000
T ﬁ‘/ Person

Hindu-Arabic Egyptian
1(10,000) D
4(100) rLee |
5(10) (DN nnn
4(1) [ B

10,454 is equivalent to

ﬂQQQannnnl [ |

é Additional problem

1. Write 12,144 as an Egyptian numeral
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Objective 3 Understand and use the Roman system

Roman Numeral | V X L C D M
Hindu-Arabic Numeral 1 5 10 50 100 500 1,000
Roman Numeral IV A IX X

Hindu-Arabic Numeral 4,000 5,000 9,000 10,000

E:AM3/E 5 Write a 5o0man lumeral as a Hindu-Arabic 1umeral

a) Write the Hindu-Arabic number that /;;9, represents.
L| X | x| v |1

We want to use the following table to determine the corresponding Hindu-Arabic numerals:

Roman Numeral I v | X L | C| D M ]
5

Hindu-Arabic Numeral \ 10 50 ’ 100 | 500 1000’

L| x| x| v] 1|
so| 0] w]| s | 1]

Because each symbol goes in decreasing order, we just add each Hindu-Arabic numeral to get the
corresponding value.

S0+10+10+5+1=176
LXXVI = 76

We want to use the following table to determine the corresponding Hindu-Arabic
numerals:
Roman Numeral I v X L C D M
Hindu-Arabic Numeral 1 5 10 50 100 500 1,000

L. X X W [

50 10 10 | 5 1
Because each symbol goes in decreasing order, we Must add each Hindu-Arabic
numeral to get the corresponding value.

urTJ TJ TJwvw]J J
;91 76
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b) Write the Hindu-Arabic number that DXL,X represents.

We want to use the following table to determine the corresponding Hindu-Arabic numerals:

| Roman Numeral 1| v x| L[c|[p|Mm
| Hindu-Arabic Numeral | 1 5 | 10 50 | 100 | 500 | 1,000
x| x| 1] %

| | 2 0 |

D
500

The Hindu-Arabic equivalents do not all go in descending order, so we need to use subtraction to determine the
corresponding values before we can add.

D X L I X Adding each of the values we have:
T 500 + 40 + 9 = 549
500 10 | 50 1 10
= C
500 | 50-10 =40 10-1=9 R

é Additional problems

1. Write t@le inu(:} ra@i@ numeral MCMXC represents 1,990
2. Write tlle inBuG ralli numeral M XX representsG1,524

EXAMPLE 6 Write a Hindu-Arabic Numeral as a Roman Numeral

a. Write 254 as a Roman numeral.
Break apart into expanded form:

= 200 + 50 + 4
=100 + 100 + 50 + 5 — 1

Using the following table:

\RomanNumeraI \I‘V\X’L‘C]D‘M‘
| Hindu-Arabic Numeral | 1 | 5

We have the corresponding symbols:

| 100 | 100 | 50 | =(5—1)}

254 = CCLIV
| € | € | . | & |
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b. Write 13,448 as a Roman numeral.

BreaN apart into expanded form:
J TarTT J ATTT J UTT J UT J
J TO aTTTO J ,0 aTTTO J OTT J TIOJOT J TOJ O J,0

8sing the following table:

Roman Numeral I V X L C D M
Hindu-Arabic Numeral | 5 10 50 100 500 1,000

We have the corresponding symbols:

10(1,000) | 3,000 - 500—100 50—10 D+ 3

X MMM CD XL VIII

ann. § >XEMMMCDXLVIII

é Additional problems

1. Write > asaRoman numeral LXXXIX
2. Write i, >, as a Roman numeralG HIccccDcccC

é Teacher note

‘epending on the source, when worNing with values over 3,000, you may find
different ways to write it. )or example, some sources have 4,000 as OO0OO

whereas others will write it as IIV.
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Objective 4 Understand and use the Babylonian system

'@' Concept video Tuestion and answer
1. How would a Babylonian distinguish between the Babylonian numeral
for 60 and the Babylonian numeral for 1?

Counting was done in a context, so a person would Nnow if they
were counting Must 1 item or 60.

Babylonian Numerals

Converting from Hindu-Arabic to Babylonian

1. Determine the highest power of the Babylonian base 60 that will divide into the given
Hindu-Arabic numeral at least once and then divide.

2. Keep the whole number part and divide the remainder by the next lower power of
base 60.

3. Repeat steps 1 and 2 until the remainder is 0.

4. The number in base 60 will be each of the quotients from the highest power of base 60
descending to the quotient when dividing by 1.

5. Write the symbols for each quotient in separate columns.
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EXAMPLE 7 Write a Babylonian Numeral as a Hindu-Arabic Numeral

a) Find the Hindu-Arabic numeral represented by the following Babylonian

numeral.

&TTT

& v

& = 4(10) = 40

YYY =31)=3
&qu

10

b) Find the Hindu-Arabic numeral represented by the following Babylonian

numeral.

W« «77

W (( << W There are three groupings separated by spaces, so we have three powers of

60 represented.

Y=1 =10 The Babylonian numerals for 1 and 10.
60% % 3600 60" x 60 60" % 1 Value

2(1)(3600) | 2(10)(60) 2(10) + 2(1) |7200 + 1200 + 22
7200 (20)(60) 22(1) = 8,422

1200 22
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@ Additional problems

1. Find the induG rabi@ numeral represented by the following Babylonian

numeralG (( ( %

1,218
2. Find the induG rabi numeral represented by the following Babylonian

numeralG ( qﬁ Y @

39,064
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EXAMPLE 8 Write a Hindu-Arabic Numeral as a Babylonian Numeral

a) Write 12,156 as a Babylonian numeral.

1. Determine the highest power of the Babylonian base €0 that will divide into given Hindu-Arabic numeral at least
once and then divide.

The power of 60 less than 12,156 is 60° = 3,600

60 =1 |

|

2. Divide. Keep the whole number part and divide the remainder by the next lower power of base 60.

60% = 216,000 | 60% = 3,600 | 60' = 60

Too big

3. Repeat step 2 until the remainder is zero.

60% = 3,600 60" =60 | 60" =1
12,156 + 3,600 | 1,356 + 60 | 36 + |
Quotient 3 22 36
Remainder 1,356 36 0

4. The number in base 60 will be each of the quotients from the highest power of base 60 descending to the

quotient when dividing by 1.

60% = 3,600 60" =60 | 60" =1
12,156 + 3,600 | 1,356 + 60| 36+ 1
Quotient 3 22 36
Remainder 356 36 0

5. Arrange the quotients in order along with the last remainder.

3 [ 22 [ 36 |

6. Use the Babylonian symbols that correspond to each of the quotients.

Y=1 =€ =10

| 3 22 !

36
WO« | TR
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b) Write 227,352 as a Babylonian numeral.

1. Determine the highest power of the Babylonian base 60 that will divide into the given Hndu-Arabic numeral at
least once and then divide.

The power of 60 less than 227,352 is 60° = 216,0000

60* = 12,960,000 | 60° = 216000 | 60° = 3,600 | 60' =60 | 60° =1 |
| Too big l | ]_ | |

2. Divide. Keep the whole number part and divide the remainder by the next lower power cf base 60.

3. Repeat step 2 until the remainder is zero.

60° = 216,000 60° = 3,600 | 60' =60 @ 60" =1
227,352 + 216,000 | 11,352 + 3,600 | 552+ 60 | 12+ 1
Quotient 1 3 9 12
Remainder 11,352 552 12 0

4. The number in base 60 will be each of the quotients from the highest power of base 60 descending to the
quotient when dividing by I.

60° = 216,000 60° = 3,600 | 60' =60 @ 60° =1
227,352 + 216,000 | 11,352 + 3,600 | 552 = 60 | 12 + 1
Quotient 1 3 9 | n
Remainder 11,352 552 12 0

5. Arrange the quotients in order along with the last remainder

6. Use the Babylonian symbols that correspond to each of the quotients.
Y=1 <=1

& _ ]

ALAE:

12
a
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@ Additional problems

1. Write T,a”T as Babylonian numeralG

Yyy <L« <«Y

2. Write 2Ta’owu as Babylonian numeralG

Y <«Y Yyy <«LLYY
YyYyy Yyy

Objective 5 Understand and use the Traditional Chinese System

Digits Position
Chinese Hindu-Arabic —|— =10
£/0 =0 =] =100
S =1
:F = 1000
= =2
E = 10,000
= =3
=4
il =5
VAN =6
g =7
N\ =8
P =9
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-@- Concept video Tuestion and answer

1. How would you write the Hindu-Arabic numeral 893 in the Chinese system?

I+ & M S

EXAMPLE 9 Write a Hindu-Arabic Numeral as a Chinese Numeral

Write 4,254 as a Chinese numeral
4,254 = 4,000 + 200 + 50 + 4

4,254 = 4(1000) + 2(100) — 5(10) + 4

Write the digit symbol and position symbol for each with Chinese numerals.

4 JT
4,000 {

1,000 F

2 —_
200

100 B

3 h
50

10 <
4 4
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@ Additional problems

1. Write . as Chinese numeralG
O

©
0

'i'
O

2. Write TTa,T" as Chinese numeral

O@ = O
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EXAMPLE 10 Write a Chinese Numeral as a Hindu-Arabic Numeral

Write the Hindu-Arabic numeral represented by the following Chinese
numerals:

H 1l

.
N
I
Digits Position
Chinese | Hindu-Arabic + = 10
®/0 — Y =] = 100
- = 1
—_ =2 F = 1,000
— = | =3 = = 10,000
=4 =
ko =5 —
- =6 F = 1.000 3 X 1,000 = 3,000
AN
+ =7 — =1
A =& B =100 1 X 100 = 100
9
! e g
+ =10 6 X 10 = 60
JY =4 4

3,000 + 100 + 60 + 4 = 3,164
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% Additional problems

1. Write the induG rabiPl numeral X,QEI representsG 1,003
2. Write the induG rabilB numeral qudo'.’)?j (0 representsG 6,883

"ﬁ ,n class activity

Source: https://maya.nmai.si.edu/maya-sun/maya-math-game
Introduce the Oayan number system.

é ,n class activity

Number System Bingo

Have each student create a bingo card using the numbers 1 - 100 in whichever
number system you would liNe (Roman, Egyptian, Chinese, or Babylonian) Call
out a number and if they have the matching symbol, they can marN it off. Winner
can be to blacNout or Must one line.
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INSTRUCTOR NAVIGATION GUIDE L8

2.2 Base Number Systems

KEY TERMS

The binary system is a base 2 number system used in
Binary computer operations where 1 represents 3on” and 0
represents 3off”.

A hexadecimal system is a base 16 number system used in

Hexadecimal computer operations.

An octal system is a base 8 number system used in computer

Octal operations.

Objective 1 Convert Other Base Numbers to Base 10

'@' Concept 9ideo - Characteristics of Different Base Systems

1. How do you count to 5in base 5?

1,2,3,4,10
2. Fill in the following chart showing the letters which represent the numbers
10 + 35.
A B C D E F * H , - K L M

10 11 12 13 14 15 16 17 18 19 20 21 22

N @) P 4 R S T U 9 W X Y =

23 24 25 26 27 28 29 30 31 32 33 34 35
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é ,n class activity

X *o0 to the following website:
http://www.shodor.org/interactivate/activities/NumberBaseClocNs/

X ClicN on 3/earner” tab and then print out SNumber Base ClocNs Exploration
4uestions” for each student.

X 8se a camera proMection to go through the activity with your students, or if they
have access to computers do with a partner and then have a whole class
discussion.

EXAMPLE 1 Converting )rom Base 5 to Base 10

Convert 32245 to base 10.

Step 1: Write each digit of the given number along with the corresponding power
of the given base. The powers should increase going from right to left, starting at a
power of ]ero.

Step 2: Oultiply each digit by the corresponding power.

53 52 5 59

3 2 2 4
3(5%) 2(5%) 2(5h 4(5%
3(125) 2(25) 2(5) 4(1)

375 50 10 4

Step 3: Add the products together to get the result in base 10.
. J Ty TyJnj
no
S MNgJ U
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é Additional problems

1. Convert 3405 to base 10. 95
2. Convert 111123 to base 10.122

EXAMPLE 2 Converting )rom Base 16 to Base 10

Convert 5ED816 to base 10.

Step 1: Write each digit of the given number along with the corresponding power
of the given base. The powers should increase going from right to left, starting at a
power of ]ero.

Because we are in base 16, we need 16 numerals to represent each digit. )or
numbers greater than 9, we use letters:

A| B[] C|D]|E F | G| H I J K | L [ M
| i [ sl sl w8 o] 2] 22
N| o[ P | Q| R[S Tl lv|wlIX|Y | Z
23 | 24 [ 25 [ 26 [ 27 [ 28 [ 29 [ 30 [ 31 [ 32 [ 33 [ 34 [ 35
16 | 16 16! | 16
5 |E=14[D=13] 8

Step 2: Oultiply each digit by the corresponding power.

16° 16 16! 16°

5 E = 14 D= 13 8
5(16%) 14(16%) 13(16") 8(16°)
5(4,096) 14(256) 13(16) 8(1)
20,480 3,584 208 8
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Step 3: Add the products together to get the result in base 10.

20,480 + 3,584 + 208 + 8 = 24,280
SEDS8,, = 24,280

&

Additional problems

1. Convert 8A2112 to base 10. 15,289
2. Convert 9B4714 to base 10. 26,915

o)

Objective 2 Convert Base 10 Numbers to Numbers in Other Bases

Concept video Tuestion and answer

1. How do you write 105 base 10 in base 5?

4105

Converting from Base 10 to Base b

1

Determine the highest power of the base b that will divide into the given number at
least once and then divide.

Keep the whole number part and divide the remainder by the next lower power of the
base b.

Repeat steps 1 and 2 until the remainder is being divided by 1.

The number in base b will be each of the quotients from the highest power of base b
descending to the quotient when dividing by 1.
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EXAMPLE 3 Converting from Base 10 to Base 2
Write 97 in base 2.

1. 'etermine the highest power of base 2 that will divide into the given numeral at
least once and then divide.The power of 2 that is less than 97 is 26 64

because 27 128 is too big.

127=128 | 2°
'Too big | |

2. 'ivide. .eep the whole number part and divide the remainder by the next lower
power of base 2.

3. Repeat step 2 until the remainder is ]ero.
2'=2 | 2°=1

2

2°=64 | 2°=32 | 2'=16 | 2’ = =4
97 + 64 [ 33+32 | 1+ 16 1 + 8 1+ 4 1 +2 1+ 1
Quotient | | 0 0 0 0 |
Remainder 33 1 1 1 1 1 0
97 converted to base 2 can be written by writing each of the Tuotients from left to

right starting at the highest power of the base.
>AJ  TTTT 4

é Additional problems

1. Write 743 in base nine. 10159
2. Write 1345 in base six. 101216

ZpL1as0St = 166 WGAJEZY EZDAISZY /YD
66u



EXAMPLE 4 Converting from Base 10 to Base 16

Write 19,442 in base 16.

1. 'etermine the highest power of base 16 that will divide into the given base 10
number at least once and then divide. The power of 16 that is less than 19,442

| 16° = 4,09 |

16> = 256

iIs 163 4,096 because 164 65,536 is too big.
|16 = 65,536

16' = 16

16° = 1

' Too big

16 = 4,096

2. 'ivide. .eep the whole number part and divide the remainder by the next
lower power of base 16.

3. Repeat step 2 until the remainder is ]ero.

16> = 256

16' = 16

16" =: 1

19,442 + 4,096

3,058 + 256

242 + 16

2=+ 1

Quotient

4

11

15

2

Remainder

A B

3,058

C D E

242

F G H

2

I J

0

8se the following chart to evaluate the Tuotients that are greater than 9.

K L M

10 11 12 13 14 15 16 17 18 19 20 21 22
N (o) P Q R S T U Vv W X Y Z
23 24 25 26 27 28 29 30 31 32 33 34 35

16° = 4,096 16> = 256 16' = 16 16° = 1

19,442 =~ 4,095 | 3,058 + 256 242 + 16 2+ 1
Quotient 4 11 =B 15=F 2
Remainder 3,058 242 2 0

19,442 converted to base 16 can be written by writing each of the Tuotients from
left to right starting at the highest power of the base.
>al’ J UBF'gq

é Additional problems

1. Write 1345 in base fifteen. 5EA1s
2. Write 1345 in base thirteen. 7C613
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Objective 3 Convert between Binary and Octal and Binary and Hexadecimal
Number Systems

Hexadecimal to Binary Table

Hexadecimal Binary
Table - Octal to Binary ,O 0000
Octal Binary ] 0001
0 000 2 0010
[ 001 3 0011
2 010 4 0100
3 011 5 0101
4 100 6 0110
5 101 7 0111
6 110 8 1000
7 111 9 1001
A 1010
B 1011

C 1100
D 1101
E 1110
F 1111

é In class activity

The game of Nim

Source: http://ocw.mit.edu/courses/urban-studies-and-planning/11-124-
introduction-to-education-looking-forward-and-looking-back-on-education-
fall-2011/math-science-education/week-7/MIT11 124F11 nim_handout.pdf

Source:http://education.jlab.org/nim/s_gamepage.html
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é In class discussion

Source: http://www.businessinsider.com/the-martian-hexidecimal-language-
2015-9

The linN above is to an article talNing about the use of hexadecimal in the 2015
movie The Martian. If you have the movie you can show the clip and talN
about

how this was used to relay messages from Oars to Earth by OarN Watney.

EXAMPLE 5 Convert Between Binary and 2ctal
Convert 11011100112 to octal.

Separate the base 2 number from right to left into groups of three digits, adding
]eros if necessary.

| 1 | 101 | 110 | o11 |

| 001 | 101 | 110 | 011 |

8se the table below to change each group of three binary numbers to octal

numbers.
Octal |Binary
0 000
| 001
2 010
3 011
4 100
5 101
6 110
7 111
Binary Number 1 101 110 | 011
Binary Number (zeros added) 001 101 110 011
Corresponding Octal Number 1 5 6 3

T _TT o i

=,
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é Additional problems

1. Convert 1100011012 to octal. 615s
2. Convert 100001000012 to octal.2041s

EXAMPLE 6 Convert Between Binary and Hexadecimal

Convert 11011100112 to hexadecimal.
When going from base 2 to hexadecimal, we want to separate the base 2 number
into groups of four digits, going from right to left adding Jeros as necessary.
| Base 2 Number | 0011 | O111 | 0011 |
Corresponding ‘ 3 ’ 7 ‘ 3 ’
hexadecimal number

Hexadecimal to Binary Table

Hexadecimal Binary
0 0000
1 0001
2 0010
3 0011
4 0100
S 0101
6 0110
7 0111
8 1000
9 1001
A 1010
B 1011
C 1100
D 1101
E 1110
F 1111

T TT g ] _.B_gn
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ﬁ In class activity

Source: http://csedk12.org/binary/bitmaps.html
Source: http://csunplugged.ora/binary-numbers/

If you have the space for a physical activity, have two (or more) teams (of 4 or 5
students each) line up.

o Each student represents a bit, with the student on one end being the bit in the
1's place, the next student representing the 2's place, the next the 4's place,
etc.

e The students start in a standing position, which represents neither 1 nor 0.

To represent a 1, the student's arms must be stretched straight overhead; to
represent a 0, the student must sTuat down.

e <ou then call a number (one that can be represented using that many
bits). The two teams then race to get their team to represent that number.
The first team to have it correct gets a point. They normalile (all stand with no
arms up) and a new number is called.

e Ask them about patterns they find during the game. (The 1's place student
should notice that if the number is odd, their arms are up, but if the number is
even, they are sTuatting. The student representing the highest bit should
notice that their arms are up if the number is larger than or eTual to their
place value.)

"i In class activity

http://csed4k12.ora/

Several activities for converting between binary and octal and binary and
hexadecimal.
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INSTRUCTOR NAVIGATION GUIDE

2.3 Computation in Other Bases

KEY TERMS
Dividend A dividend is the Tuantity to be divided.
Divisor A divisor is the Tuantity by which another Tuantity, the
dividend, is to be divided by.
4uotient A Tuotient is the answer to a division problem.
Regrouping is a process of shifting a place value of the base
Regrouping from one place value column to the next.
Regrouping is also called carrying or borrowing
Remainder A remainder is the amount left over after division.

Objective 1 Add in Bases Other than 10

Adding in Bases Other than 10

When ADDING with other bases, follow these steps:

1. If the numbers are not already arranged vertically, place them vertically, with each
place value in the same column.

2. Add the ones digits first, just as in base 10.
3. Evaluate the sum.

a. If the sum is less than the base, write it under that column.
b. If the sum is greater than or equal to the base, we must carry.
Find the remainder after dividing by the base and write it under the column.
To find the amount to carry, find out how many times the base will go into the sum evenly.

4. Continue adding the next digits as described in step 2 until all numbers are added.
Remember to add in any carried numbers.
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EXAMPLE 1 Add in 'ifferent Bases: Base 8
Add 376s + 334s.
3 7 6g
+ 3 3 44
Step 1: 1
6+4=10 3 7 6
10 > 8 + 3 3 44
10 + 8 = 1R2 — 5
Step 2: 1 1
} & T4 3=0 3 7 64
11 > 8§ + 3 3 4
11 = 8=1R3 5 28
Step 3: 1 1
1+3+3=17 3 7 64
7<8 + 3 3 4
7 32

é Additional problems

1. 146317 + 65327 244637
2. 1011012 + 1100102 1011111>
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EXAMPLE 2 Add in 'ifferent Bases: Base 12
Add 44512 + 3A612
4 & 55
+ 3 A 6
A A BN C[D[E[F | G[HI[T][J|[K[L][M
- 10 QOB 12 | 13 | 14 | 15 [ 16 | 17 | 18 [ 19 | 20 | 21 | 22
DellsowmenwTeo | P o R 8|* |06 |V|W|Xx | ¥ | =
Justwitte/thevaiue..[" 93 124 | 25 [ 26 | 27 | 28 | 20 | 30 | 21 | 32 | 23 | 34 | 38
11 corresponds to B.
44 8,
+ 3 A 6),
By,
pasiny A B [ C [ D [E [ F [G [ H ][I [J[K|[L][M
R 11 [ 12 | 13 [ 14 [ 15 |16 [ 17 [ 18 [ 19 [ 20 | 21 [ 22
NOPQ\R‘STUVWXY'
23 | 24 | 25 26 | 27 [ 28 | 29 | 30 | 31 32 | 33 | 34 | 35
A corresponds to 10. 1
4+ 10= 14 4 4 5.2
14 > 12 + 3 A 6
14 +12=1R2 T
Step 3: 1
l14+4+3=8 4 4 5]2
§=ll + 3 A 6,
5 3 B

é Additional problems

1. ABli2 + 31512 120612
2. 8Cbh1lis +947B1s 120CCi1s
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Objective 2 Subtract in Bases Other Than 10

Subtract 906 + 457 without a calculator showing your steps:

8 9 16

994

y 4’577
4 4 9

‘@ Concept video Tuestions and answers

1. Draw the model for 2325 labeling the columns.

2. When regrouping (or borrowing) what are you doing?
Taking a group that is the sile of the base to add to another place value
column.

Subtracting in Bases Other Than 10

When SUBTRACTING with other bases, follow these steps:

1. Align the numbers vertically, with each place value in the same column.

2. Subtract the ones digits first, just as in base 10. If you need to borrow from the first
nonzero digit, make sure to borrow the amount of the base each time.

3. Borrow in the amount of the base until each digit in the top row is greater than the
digits in the bottom row.

Subtract each column.
Check using addition in the given base.

-

o
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EXAMPLE 3 Subtractin

'ifferent Bases: Base 5

Subtract 4005 + 2445

25's 5's I's

3 5

4 0 0
- 2 4 4

]
4 0o Yo
- 2 4 4

| In base 5 our place value columns are 1's, 5's and 25’s. Each time we borrow we are
| borrowing a group of 5.
1) Right most column - do you need to borrow?
A. Because 4 is more than 0 we need to borrow.
B. We cannot take anything from the 5’s column because it is 0.
C. We have to borrow from the 4 in the 25’s column.
D. Take one from the 4. This turns the 4 into a 3. We are adding 5 — 5's to the 0 in the 5's
column, giving us 5 in this column.
E. Take one from the 5 in the 5's column. This turns the 5 into a 4. We are adding 5 — 1's
to the ones column, giving us 5.

25’s S’s I’s

4
3 5 5

4 0 g
-2 4 4
1 0 1

2) Subtract each column.

AS5—-4=1
B4—-4=0
G Fr=ur=]

é Additional problems

1. 10012 - 1102
2. 476g - 2678
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EXAMPLE 4 Subtract in 'ifferent Bases: Base 16

Subtract 157A16 + 21C16

A B C D E
10 | 11 12 | 13 14
N 0 P Q R
23 || 24 | 25 | 256 | 27 |28 [ 29 | 36 [ 31 ]| 32 [ 33 | 34 | 35

20 | 21

w5
>
3
=
<

NS

1

S5 7 A
- 2 1

Cie

o))

16+ 10
1 5 7 AdO)

— 2 1 C(12)

Ei6

16+ 10
A¢0)
C(12)
E

p—
W
- g o

6 16+ 10
AC)
C(12)
E6

|
Wi W
nf— N

é Additional problems

1. 4C616 - 19816 32E16
2. 97A12 - 3B812 58212

Objective 3 Multiply in Bases Other than 10

Multiplying in Bases Other Than 10

When MULTIPLYING with other bases, follow these steps:

1. If numbers are not already arranged vertically, place them vertically, aligning each
one’s place.

2. Carry out the multiplication for each column using the base multiplication table
and carrying when necessary.

3. Add each product to get the final answer.
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EXAMPLE 5 Oultiply in 'ifferent Bases: Base 6

Multiply: BgJ

Step 1: Complete a multiplication table for the base in which you are multiplying.

X | 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 | 2 3 4 5
2 0 2 | 4 |10 | 12 | 14
3 0 3 [ 10 [ 13 | 20 | 23
4 0 4 | 12 | 20 | 24 | 32
5 0 5§ [ 14 [ 23] 32 | 4

Step 2: Carry out the multiplication using the base multiplication table.

n| Y - 1o N - o

L] BLES I )

4
36
0

46
36
0
0

Multiply 3 X 4 which from our table is 20. Write the 0
in the ones column and carry the 2.

Multiply 3 X 1 = 3 and add the 2 to get 5.

Multiply 3 X 3 which is 13 from our table. We write 13 and
then bring down a placeholder zero.
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W e

N.—-N_.

wn

(3%

R R S

N - Ny -

0

W W

wm

(3%

N—N.—

46

(FOREIR

w

0,

L S

N-—-N.—

0

[—I 4

ol Tl

]

| b2 N

Now multiply 2 X 4 which is 12 from our table. Write the
2 below the 5 and carry the 1.

Now muliply 2 X 1 which is 2 and add the 1 to get 3.
Write this below the 3.

Multiply 2 X 3 which is 10 from the mul:iplication table.
Write this below the 1.

Now we want to add each column, remembering we are adding
in base 6.

04+0=0
54+2=1lg

Write the 1 and carry a 1.

1+3+3=1I,

Write the 1 and carry a 1.
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X
N -
5]
=)

W -
9]

.

—
=

1
1 0 3
1 21

= 9
0, 1+ 1=2

0 Bring down the last 1.

-

A/TERNATE OETHZ2'
Convert both numbers to base 10, multiply them normally, then convert that
number back to the desired base.

- MJ ',

e Convert each number to base 10.
Uy J 00y o0y UY

e J 00T,
J

_J J amar

e Oultiply the base 10 numbers.

e Convert the answer back to base 6.
1,770 121106

é Additional problems

1. 213x 231123
2. 6A316 X 2416 EEECis
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Objective 4 Divide in Bases Other Than 10

Dividing in Bases Other Than 10

Determine how many times the divisor can divide into the dividend without going over
and write this quotient in the correct place value column.

Multiply the quotient by the divisor and write the answer under the dividend.

Subtract and bring down the next digit on the right.

Repeat until there are no more digits to bring down. There will be a remainder if, after
the last subtraction, the difference is not equal to zero.

Check by multiplying the quotient by the divisor and adding the remainder in the given

base.

When DIVIDING with other bases, follow these steps:
1

J

EXAMPLE 6

‘ivide in 'ifferent Bases: Base 4

Divide 102334 by 24

Find all the multiplication facts for 2,. Because this problem is in base 4 which only includes the numbers 0, 1,
2, and 3, we will only need the multiplication facts up to 2 X 3.

2X0=0,
25T =2y
2X2=104
2X3=12

1. Divide

2. Multiply & Subtract

3. Drop down the next digit

-

(]

(0 0 2 33, 21 0 2 3 3, 24|I02334
1 0 10y l
0 0 2
2, times 2, is as close as you Multiply the quotient of 2. by the Drop down the 2.

can get to 10, without going over
because

2%0=0,
2X1=2,
2% 2= 10,
2%3 =12,

dividend 2, to get [0,. Subtract to
find the remainder of zero.
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1. Divide

2. Multiply & Subtract

3. Drop down the next digit

201 0 2 3 3

2 1

g3 6 8 & 5

2 1

ali 0 8 3 3

1 04 1 04 1 04
0 2 0 2 0 2
= 2 2
0 0 3
2, times 14 is as close as you Multiply the quotient of 1, by the Drop down the 3.

can bet to 2, without going over
because

dividend 2, to get 2,. Subtract to

find the remainder of zero.

2X0=04
2X1=2
%X 2=104
2X3=12
1. Divide 2. Multiply & Subtract 3. Drop down the next digit
2 1 1 20 i 4 2 X 1
2 1 0 2 3 3, 2,11 0 2 3 3, 2|1 0 2 3 3,
1 0y 1 0 1 04
0 2 0 2 0 2
= 2 & 2 — 2
03 0 3 0 3
— 2 - 2
1 1 3
2, times 1, is as close as you Multiply the quotient of 1, by the Drop down the 3.

can get to 3, without going over
because

2%0=0,
2Xl=24
2%2=10,
2X3=12

dividend 2,4 to get 2,. Subtract to

find the remainder of 1.
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1. Divide 2. Multiply & Subtract 3. Drop down the next digit
2. 4 K 5 z X 4 3 g @ W 3
22 1 0 2 3 3, 2|1 @ 2 3 3 211 @ 2 3 .34
I 0y 1 04 1 04
0 2 0 2 0 2
= 2 = 2 = 2
0 3 0 3 0 3
- 2 — 2 — 2
I8 i 3 1 3
- 1 2 - 1 2
1 1
2, times 3, is as close as you Multiply the quotient of 34 by the There are no more digits to drop down.
can get to 13, without going over  dividend of 2, to get 12,.Then The quotientis 21134 R1,.
because subtract to get a remainder of 1.
2 X0= 04
2X1 =24
2X2= 104
2X3=12

é Teaching note

Source: http://www.do]enal.org/articles/'SA-Oult. pdf
This is a pdf of several different base multiplication tables to use as a reference.
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EXAMPLE 7 ‘ivide in 'ifferent Bases: Base 6

Divide 24306 by 46

To divide 2430 base 6 by 4 base 6, we want to first

write the problem as a long division where 4 base 6 is 4|12 4 3 0
the divisor and goes on the outside, and 2430 base 6
is the dividend and goes under the division bar.
4 X0 =04
4 X1 =44
X —
Find all the multiplication facts for 4,. We only need s R 2= 1
N . . - 4 X3 = 206
to go up to 4 X 5 because we are working in base 6 4504 =24
which only uses the values 0, 1, 2, 3, 4, and 5. s
4 X5 =32
4 X0 =04
4 X1 =44
: 4 X2=12
Looking at the table, we see 4 X 4 = 24,
ng e 6 4 X 3 = 20,
4 X 4 =24,
4 X5=32%
4 base 6 divides into 24 base 6 four times. g
Multiplying 4 times 4 in base 6 is 24. We write this
below and then subtract 24 minus 24 to get 0. Now, 412 4 3 0
we want to bring down the 3. e B i
0 3
4 base 6 cannot divide into 3, so we write a zero and 4 0
bring down the zero.
412 4 3 0
- 2 4
0 3 0
4 base 6 divides into 30 four times. It cannot go five 4 X0 =04
times because 32 is bigger than 30. 4 X1 =4,
4 X2=12
4 X 3 =204
4 X 4= 246
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Multiplying 4 times 4 gives us 24 in base 6. We write

remainder of 2.

Dividing 2430 base 6 by 4 base 6 give us 404,R2.

: 4 0 4
this below the 30 and subtract.
4612 4 3 O
- 2 4
0 3 0
- 2 4
We can’t subtract 4 from zeo, so we will need to 4 0 4
borrow. Remember when you are doing the subtraction 4 2 4 3 0
that you are doing this in base 6, so when you borrow, 8
you are borrowing groups of 6. When we borrow 1 from - 2 4
the 3, it becomes 2, but then we need to add a group
of 6 to the ones place. 2
0 3 6+0
- 2 4
Adding 6 and zero then subtracting 4 gives us a )

é Additional problems

1. Tg UJ .9 1304
2. o LT.LQ OJ (g 13A416
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INSTRUCTOR NAVIGATION GUIDE

2.4 Early Computational Methods

KEY TERMS

Egyptian Algorithm
for Multiplication

The Egyptian algorithm for multiplication is a procedure for
multiplying two numbers which uses only the ability

to add and multiply by two.

Lattice

A lattice is a grid used in lattice multiplication, which is
constructed based on the number of digits being

multiplied.

Lattice Method

The lattice method is an alternative way to multiply numbers
using a lattice that is constructed based on the number of
digits being multiplied.

Multiplicand

A multiplicand is the number that gets multiplied.

Multiplier

A multiplier is the number that gets multiplied to the
multiplicand.

Napier{s Rods

Napier{s rods (bones) use the multiplication tables embedded
in the rods to reduce multiplication to addition operations.

Russian Peasant
Method

The Russian peasant method for multiplication involves a
process of halving the multiplicand while doubling the
multiplier to determine a product of two numbers.

Standard Algorithm

The standard algorithm is the algorithm for multiplication
known as long multiplication.
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Objective 1 Multiply Using the Eqyptian Algorithm

Egyptian Algorithm for Multiplication

AXB
1. Create two columns with one number (A) at the top of the first column and the other
number (B) at the top of the second column. In this example, A = 21, B = 18.
2. Below the first number (A), write all of the powers of 2 that are smaller than or equal
to the first number starting with 1.
3. Below the second number (B), double the second number until you reach the same
row corresponding to the highest power of 2.

21 X 18 = 378
18

2 36

4 72

8 144

16 288

4. In column A, find the numbers that sum to A, using each number at most once. In this
example, the number at the top of column Ais 21,21 = 16 + 4 + |

5. Mark the rows in column A and the corresponding numbers in column B.
In this example, we have 1, 4, 16 in column A corresponding to 18, 72, and 288 in
column B.

6. Sum the marked numbers from column B.

1 8
7 2
+2 8 8
L 3 7 8 )
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EXAMPLE 1 Oultiply using the Egyptian Algorithm

Multiply 13 x 23 using the Egyptian algorithm.

13 23 To multiply 13 X 23 using the Egyptian algorithm,
we will first create two columns with 13 in the first
column and 23 in the 2nd column.

13 23 Below 13 we will write all of the powers of 2 that are
smaller than or equal to 13. Each time you are just
multiplying by 2.

2

4

8

13 23 Below 23, we will start with 23 and double each

| 2 number until we get to the last row.

2) 46

4 92

8 184

13 23 Now we want to go back to the first column and figure

: 23 out what numbers add up to give us 13. In this case
we have 8 + 4 + 1 = 13. These are highlighted.

2 46

4 92

8 184

13 23 Firally we will add the corresponding values in the 2"

| 23 coumn to get 23 + 92 + 184 = 299.

2 46

4 92 . ; :
Using the Egyptian algorithm we get 13 X 23 = 299.

8 184
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é Additional problems

1. 18 x52 936
18 52
1 52
2 104
4 208
8 416
16 832

2. 34x105 3570

34 105
1 105
2 210
4 420
8 840

16 1680

S2 3360
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Objective 2 Multiply Using the Russian Peasant Method

Russian Peasant Method of Multiplication

AXB
1. Write each number (A and B) at the top of its own column

2. Double the number in the first column and halve the number in the second column.
If the number in the second column is odd, divide it by two and drop the remainder.

If the number in the first column is even, cross out that entire row.
Keep doubling, halving, and crossing out until the number in the second column is 1.

5. Add up the remaining numbers in the second column, including the number at the top
of column B. The total is the product of your original numbers.

P w

J

EXAMPLE 2 Oultiply 8sing the Russian 3easant Oethod

Multiply 29 x 49 using the Russian Peasant method.

Multiply 29 X 49 using the Write each number at the top of a column in a table.
Russian peasant method. 49 is odd so we will keep the 15 row.

29 49

We want to double the number in the first column,
and halve the number in the second column, dropping

29 49 any remainder. Our goal is to get to 1 in the second
58 24 column.

29 49 24 is even so we will cross out the entire row.

58 24

29 49 We will double 58 and halve 24 to get 116 and 12.
58 24 Again, 12 is even so we will cross off the entire row.
U6 ) 74
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29 49
58 24
Hue 12
232 [
29 49
58 24
Hue 12
232 (]
464 3
29 49
58 24
He 12
232 6
464 3
928 |
@ 49
58 24
He 12
237 6
@ 3
@R

Doubling 116 we get 232 and halving 12 we get 6.
6 is also even so we cross out the entire row.

Doubling 232 we get 464 and halving 6 we get 3.
Three is not even so we will not cross out the row
this time.

Doubling 464 we get 928 and halving 3 but dropping
the remainder, we get 1.

Now that the second column is at 1 we are done and
can add up each number in the 15! column that is not
crossed out.

29 + 464 + 928 = 1,421
29 X 49 = 1421
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é Additional problems

1. 34x105 3,570

34 105

s
T

\

272 13
1,088 3
2,176 1

2. 16 x135 2,160

135

N
AN

2,048 1
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Objective 3 Multiply Using the Lattice Method

Lattice Method of Multiplication

A X B

1. Draw a grid with one box for each digit in the product and a diagonal through each box
from the upper right corner to the lower left corner (see lattice).

2. Write one multiplier across the top and the other down the right side, lining the digits
up with the boxes.

3. Record each partial product as a two-digit number with the tens digit in the upper left
and the ones digit in the lower right of each box. If the product does not have a tens
digit, record a zero in the tens triangle.

4. When all partial products are complete, sum the numbers along the diagonals.
5. Carry double digits to the next place and record the answer.

\

EXAMPLE 3 Oultiply using the /attice Oethod

Multiply 183 x 49 using the lattice method.

1 8 3
4
9
1 8 3 1. Set up lattice with 1 box for each digit in the product
4 and a diagonal in each box. This one will have
3 columns because 183 has 3 digits and 2 rows
9 because 49 has 2 digits.
1 8 3 2. Multiply each individual product placing one digit in
o 4 each part of the box.
/4
3 1 times 4 is 4 so we write 0 on top and 4 below.
1 8 3 8 times 4 is 32. Write 3 on top and 2 below.
A2
9
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1 8
0 3
1 8
0 3
0
1 8
0 3
0 7
1 8
0 3
0 7
1 8
3
0 7
1 8
3
0 7

3 times 4 is 12. Write 1 on top and 2 below.

1 times 9 is 9. Write 0 on top and 9 below.

8 times 9 is 72. Write 7 on top and 2 below.

Finally, 3 times 9 is 27. Write 2 on top and 7 below.

Add along each diagonal.

First in the bottom right corner, 7 has nothing to add
SO we just write a 7.

On the next diagonal over we add 2 plus 2 plus 2
to get 6.
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The third diagonal we will add 1 plus 2 plus 7 plus 9 to
get 19. We will write the nine but carry the one to the
next diagonal.

Now we will add along the fourth diagonal. 1 plus 3
plus 4 is 8.

Finally the last diagonal only has a zero so we will just
write a zero.

We get the answer to the multiplication problem by
reading from left to right. 183 X 49 = 8,967.
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ﬁ Additional problems

1. 333x82 27,306
3 3 3

2. 877x903 791,931

8 7 7
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Objective 4 Multiply Using Napier's Rods

-@' Concept video Tuestion and answer

1. Explain how to multiply B0 J “tusing Napier's
rods.

Select the rods 4, 9, and 7 and place them next to the index rod.
In the 7 row, the number on the very right is the ones digit for our answer.

The next two numbers are together inside a parallelogram, and added
together will form the tens digit, which will be 4 +3 7.

The sum of the next two numbers, also in a parallelogram forms the hundreds
digit. In this case, 6 + 8 14 and is not Must one single digit. So, we keep the
4 and carry the 1 to the next diagonal.

The last digit plus the 1 we carried is the thousands digit. So we have 1 + 2
which is 3. Reading from left to right, the result of 497 times 7 is 3,479
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EXAMPLE 4 Oultiply 8sing Napier{s Rods

Multiply 259 x 42 using Napier's rods.

4 0 8
4 0 1
6 5 7
4 0 2
8 0 6
5 1 2
0 5 5
1
8 3
2 0 4
. 1 <]
4 5 3
1 4
8
6 0 2
1 4
9
8 5 1
42 = 40 + 2, so we have

259(40 + 2) = 259(40) + 259(2)
Step 1: 259 X 40

1 2 5
2 0 1
4 0 8
1
3 0
6 5 7
4 0 2
8 0 6
1 2
5
0 5 5
5 1 3
2 0 4
7 1 3
4 5 3
4
8 1
6 0 2
4
9 1
8 5 1

To multiply using Napier's bones, we want to select
the rods 2, 5, and 9 and place them next to the index
rod.

We are multiplying by 42 so we want to think about
this as 40 plus 2.

Look at the row that has 4 in it. We will use this to
complete the first multiplication of 259 times 40.

We have 1 zero at th2 end of 40 so we will write the
Zero
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Step 1: 259 X 40 = 0

" 01 2 3 Now we will add each of the diagonals starting at the

8 0 6 right. We have 6, then 3 plus 0 is 3. 2 plus 8 is 10 so

0 3 6 we will write a 0 and carry the 1. 1 plus 0 is 1. So 259
times 40 is 10,360

Step 1: 259 X 40 = 10,360

Step 2: 259 X 42 Now we want to multiply 259 times 2 so we look at the
(259 X 40) + (259 X 2) row that has 2.
10,360 + (259 X 2)
1 2 5 9
> 0 1 1
4 0 8
5 0 1 2
6 5 7
" 0 2 3
8 0 6
5 1 2 4
0 5 5
" 1 3 5
2 0 4
. 1 3 6
4 5 3
4 1 4 7
6 0 2
g 1 4 8
8 5 1
Step 2: 259 X 2 Adding each of the diagonals going from right to left we
5 1 T first have 8.
4 0 8 Adding 1 plus O we get 1.
5 1 8
Adding 1 plus 4 we get 5.
250 X 2 = 518 259 times 2 is 518.
From Step 1: 259 X 40 = 10,360 Adding the results from each step we add 10,360 plus
518 518 to get 10.878.
F 2:259 X 2 =
rom Step 9 X2 10.878

259 X 42 = 10,878
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é Additional problems

1. 5x98 490
9 8 HEA'IN*)2R
R2*
4 4 C2RRESS32ZN'IN*
INDEX 5 4 : o | Rew 2y re-
9 0 S80S

2. 27 x356 9,612
. ] ] 1 HEA'IN*)2R

R2W 2) R2"

‘ 3 ‘ 5 ‘ 6 R2*
INDEX 2 0 1 1 C2RRES32N'IN*
0 2
1 2 S80S

Because you are multiplying by 20 and not Must 2, the answer for this part is

7.120
L _ _ 13 HEA'IN*)2R
‘ 3 ‘ 5 ‘ 6 R2*
2 3 4 C2RRES32N'IN*
INDEX 7 2 RZW 2) R2"
1 5 2
7 o] 2 S80S

Adding together the results of both to get 7,120 + 2,492 9,612
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Napier{s Rods cutouts
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Navigating Through Oathematics NAOEBBBBBBBBBBBBBBBBBBBBBBBBBBB
02'8/E 2 RE9IEW - NSOERATI2N C/ASS 'A</TIOEBBBBBBBBBBBBBBBBB

1 Express the given Hindu-Arabic numeral in expanded
form: 1,588

2 Express the given Hindu-Arabic numeral in expanded
form: 17,474

3 Express the given expanded numeral as a Hindu-Arabic 3. BBBBBBBBBBBBBB

numeral.
0F "I 0JOT
0
] 4. BBBBBBBBBBBBBB
4 Express the given expanded numeral as a Hindu-Arabic
numeral.

0MJ T90JOT) TO0Jor=
J O

5 8sing the table, write the given Egyptian numeral as a 5. BBBBBBBBBBBBBBB
Hindu-Arabic numeral.

nNnle x| 7 | 2 | ¢

100 1000 10,000 100,000 | 1,000,000

999NN

6 8sing the table, write the given Egyptian numeral as a bu6
Hindu-Arabic numeral.

nNnle x| 7 | 2 | ¢

1 10 100 1000 10,000 100,000 | 1,000,000

Y ==229999NNNI
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7. 8sing the table, write 332 as an Egyptian numeral.

1nNnlte x| 7 | 2 | ¢

1 10 100 1000 10,000 100,000 | 1,000,000

8. 8sing the table, write 32,305 as an Egyptian numeral.

1nNnlte x| 7 | 2 | ¢

1 10 100 1000 10,000 100,000 | 1,000,000

9. 8se the table to write CXL9 as a Hindu-Arabic numeral. 9. BBBBBBBBBBBBB
|Roman Numerals [ v X L C D M
|Hindu-Arabic Numerals 1 5 10 50 | 100 ] 500 | 1000

10. 8se the table to write MMMCLI9 as a Hindu-Arabic 10. BBBBBBBBBBBBBB
numeral.
|Roman Numerals [ v X L c D M
|Hindu-Arabic Numerals 1 5 10 50 | 100 | 500 | 1000

11. 8se the table to write BCCLBDCCC as a Hindu-Arabic 11.BBBBBBBBBBBBBB
numeral.
|Roman Numerals [ v X L C D M
|Hindu-Arabic Numerals 1 5 10 50 | 100 ] 500 | 1000
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12.

13.

8se the table to write B#fEC_i8C as a Hindu-Arabic numeral.

|Roman Numerals

D M

|Hindu-Arabic Numerals

100

500 | 1000

8se the table to express the following Babylonian numeral

as a Hindu-Arabic
numeral:

Babylonian q{
numerals
Hindu-Arabic 10
numerals

«7 @

14. 8se the table to express the following Babylonian numeral

as a Hindu-Arabic
numeral:

Babylonian
numerals

Hindu-Arabic
numerals

10

«TTYT T @7

15. 8sing the table, write the Hindu-Arabic numeral 1,278 as a

Babylonian numeral.

Babylonian {
numerals
Hindu-Arabic 10
numerals
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16. 8se the table to write 498 as a Chinese Numeral. 16.

=[=E[m|[s[x[c[A]2][+][&a]%
112 |3 4|5 |67 8] 9 |10]100|1000

17. 8se the table to write 9,408 as a Chinese Numeral. 17.

I
I
Il

3
H

x| |Ar|R|+T|&|F
11213456 78] 9]10][100]1000

18. 8se the table to write the following Chinese Numeral as a 18. BBBBBBBBBBB
Hindu-Arabic Numeral.
A
_=EBIkt/\h+é4

1 2 3 | 4 51| 6 7 8 9 | 10 | 100 |1000
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18. 8se the table to write the following Chinese Numeral as a
Hindu-Arabic Numeral.

19.

20.

21.

22.

[ =+ ON = |

£

=

7

/\

1

2

3

4

5

6

7

8

©of &

10

100

1000

Convert 1433sto a numeral in base ten.

Convert 9C5116to a numeral in base ten.

Convert 477 to base three.

Convert 6,565 to base seven.
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18. BBBBBBBBBBBB

19.

20.

21.

22.

BBBBBBBBBBBB

BBBBBBBBBBBB

BBBBBBBBBBBB

BBBBBBBBBBBB



23.

24.

25.

26.

27.

Convert the number 10010110012 from binary form 23.
to octal form.

Convert the number 10101110012 from binary form 24.
to octal form.

Convert the number 100001110012 from binary 25.
form to hexadecimal form.

Convert the number 111000010110012 from binary 26.
form to hexadecimal form.

Add the given numbers in the indicated base. 27.
n.J !
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BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB
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28.

29.

30.

31.

32.

Add the given numbers in the indicated base.
1011012 + 1100102

Subtract the given numbers in the indicated base.
Lo J

Subtract the given numbers in the indicated base.
TTagJ " g

Oultiply the given numbers in the indicated base.
G |

Oultiply the given numbers in the indicated base.
. el la
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28.

29.

30.

31.

32.

BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBBB



33. 'ivide the given numbers in the indicated base. 33. BBBBBBBBBBBBBBBBBB

Mg L Ug
34. 'ivide the given numbers in the indicated base. 34. BBBBBBBBBBBBBBBBBB
Mg g
35. 8se the Egyptian algorithm to find the product. 35. BBBBBBBBBBBBBBBBBB
i

ZpLJasosSt = 166j WGAJEZY EZDAISZY /YD
ouj



36. 8se the Egyptian algorithm to find the product. 36. BBBBBBBBBBBBBBBBBB

p j
37. Oultiply J 7 using the Russian peasant 37. BBBBBBBBBBBBBBBBBB
method.
38. Oultiply “,, J @ using the Russian peasant 38. BBBBBBBBBBBBBBBBBB
method.
39. Oultiply "> J . using the lattice method. 39. BBBBBBBBBBBBBBBBBB
1 2 9
5
3
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40. Oultiply , >J .2l using the lattice 40. BBBBBBBBBBBBBBBBBB
method.

41. Oultiply > J . using Napierf{s rods.

HEA'IN* )2R
3 3 7 Ro-

C2RRESS32N'IN*
R2w 2) R2*

S80S

INDEX 9

42. Oultiply @ J °“ using Napierfs rods.

HEA'IN* )2R
2 2 5 Ro-

C2RRES32N'IN*
R2W 2) R2"

S80S

INDEX 7
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W

10.
11.
12.
13.
14.

15.

Oodule 2 Review Answers

0 ATTTOJ 0 TTOJ 0 TOJ .

0 TATTTO J B0 ATTTO J MO TTO J @0 TOJ M

30
407
341

2,300,432

RRR
ﬂm\ﬂ

1)
1
QRRR

145
3,154
10,448
8,952
1,267

84,332

«Y (%
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16.

17.

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

40,017
1222003
250667
1131s
1271s
43916
385916
7120s
1011111>
237
1103
2753s
2111324

1247 R27
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34.
35.

36.

2105 R3s

2,992
16 187
1 187
2 374
4 748
8 1496
16 2992

6,345
27 235
1 235
2 470
4 940
8 1880
16 3760
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37. 612

o
o

204

408

38. 3,961

T
—
e
e
o

3728
39. 6,837
1 9
0 1 4
5 0 5 |9
0 0 2
6 3 6 7 |3
8 3 7
40. 33,843
3 8 9
2 6 7
3 4 4 2 |8
2 5 6
3 1 6 3 |7
8 2 3
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Navigating Through Oathematics
02'8/E 2 TEST - NBOERATI2N

NAOEBBBBBBBBBBBBBBBBBBBBB
C/ASS 'A</TIOEBBBBBBBBBBBB

Express the given Hindu-Arabic numeral in expanded form:
901

Write the Hindu-Arabic numeral in expanded form: 10,721

Express the given expanded numeral as a Hindu-Arabic
numeral.

0 FJ T<0J0>J 0

Express the given expanded numeral as a Hindu-Arabic
numeral.

0.J T0Jo=my T 0Jor=J
0

8sing the table, write the given Egyptian numeral as a Hindu-
Arabic numeral.

Nnlels] 2 | 2 | ¥
1 10 100 1000 10,000 100,000 1,000,000
©99998NNNI

6. 8sing the table, write 2,441 as an Egyptian numeral.

r | 2 | 1

10,000 100,000 | 1,000,000

1nNle|

1 10 100 1000
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4. BBBBBBBBBB

5. BBBBBBBBBB

6. BBBBBBBBBB



7. 8se the table to write D9 as a Hindu-Arabic numeral.

|Roman Numerals ] v X L C D M

|Hindu-Arabic Numerals 1 5 10 | 50 | 100 | 500 | 1000

8. 8se the table to write DCCBDC as a Hindu-Arabic numeral.

|Roman Numerals ] v X L C D M

|Hindu-Arabic Numerals 1 5 10 50 | 100 | 500 | 1000

9. 8se the table to express the following Babylonian numeral
as a Hindu-Arabic numeral:

TI7T €77

Babylonian

numerals T {
Hindu-Arabic 1 10
numerals

10. Write 1,3476 as a Babylonian numeral.

Babylonian

numerals T {
Hindu-Arabic 1 10
numerals
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11. 8se the table to write 567 as a Chinese Numeral. 11.

—[=1=[ms][&][x[c[~r][2][+]&]%
2 3 B 5 6 7 8 9 | 10 | 100 |1000

12. 8se the table to write the following Chinese Numeral as a 12. BBBBBBBBBBB

Hindu-Arabic Numeral.

8+ 1 of

—[=]=Em[s][x[c[~A]2][+[& %
4 5 6 7 8 9 10 | 100 (1000

13. Convert 8A2112to a numeral in base ten: 13. BBBBBBBBBBBB

14. Convert 3,248 to base eight. 14. BBBBBBBBBBBB
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15.

16.

17.

18.

19.

Convert the number 100001000012 from binary form
to octal form.

Convert the number 1001110012 from binary form to
hexadecimal form.

Add the given numbers in the indicated base.
ey | s

Subtract the given numbers in the indicated base.
NCqp J D.em

Oultiply the given numbers in the indicated base.
-0 I ',
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15.

16.

17.

18.

19.

BBBBBBBBBBBBBBB

BBBBBBBBBBBBBBB

BBBBBBBBBBBBBBB

BBBBBBBBBBBBBBB

BBBBBBBBBBBBBBB



20. 'ivide the given numbers in the indicated base.
UNg [ g

21. 8se the Egyptian algorithm to find the product.
i

-

22. Oultiply M"J  using the Russian peasant method.

23. Oultiply WM"J _ using the lattice method.

1 4 2
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20. BBBBBBBBBBBBBBB

21. BBBBBBBBBBBBBBB

22. BBBBBBBBBBBBBBB

23. BBBBBBBBBBBBBBB



24. Oultiply > J ° M using Napier{s rods.

INDEX 9

24,

HEA'IN* )2R
R2*

C2RRESS32N'IN™
R2w 2) R2*

S80S
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N o

12.
13.
14.
15.
16.
17.

Oodule 2 Test Answers

50 TTO J "I*0 TO

0 TaTTTO J *X*0 aTTTO J 0O TTOYy “0 TOJ

. 99
. 867
. 632

135

15,289
6260s
2041s
13916

93889
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18. 32Eis

19. 210436

20. 123s

21. 3,808
32 119
1 119
2 238
4 476
8 952
16 3808

22. 546
42 13

168

408
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1 4 2
0 2 1
6 4 2 |6
0 1 0
8 3 2 6 |3
9 4 6
24. 2,286
I 1 1 | HEAIN* 2R
EREREE
1 4 3 C2RRES32N'IN*
INDEX 9 2 8 5 6 R2W 2) R2*
v T = S80S
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INSTRUCTOR NAVIGATION GUIDE

Module 2 £ Project

Numeration Systems

Computers deal in numbers, not letters. To get computers to work, each character
needs to be represented as a seTuence of numbers. In order for text files to be reliably
stored and processed by computers, it is important that the data is interpreted in the
same way. The American Standard Code for Information Interchange (ASCII) is used
to encode characters of the alphabet as binary numbers. Each character is assigned an
eight-digit binary number written in two groups of four digits. The capital letters A - 0
start with 0100 and the letters 3 - = start with 0101. /owercase letters a - 0 start with
0110 and lowercase letters p - ] start with 0111.

ASCII - Binary Character Table

letter ASCII Code Binary  /etter ASCIlI Code Binary

a 097 01100001 A 065 01000001
b 098 01100010 B 066 01000010
¢ 099 01100011 C 067 01000011
d 100 01100100 *~ 068 01000100
e 101 01100101 E 069 01000101
f 102 01100110 ) 070 01000110
g 103 01100111 > 071 01000111
h 104 01101000 H 072 01001000
[ 105 01101001 | 073 01001001
I 106 01101010 - 074 01001010
k 107 01101011 . 075 01001011
I 108 01101100 / 076 01001100
m 109 01101101 O 077 01001101
n 110 01101110 N 078 01001110
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o] 111 01101111 2 079 01001111
p 112 01110000 3 080 01010000
T 113 01110001 4 081 01010001
r 114 01110010 R 082 01010010
S 115 01110011 S 083 01010011
t 116 01110100 T 084 01010100
u 117 01110101 8 085 01010101
% 118 01110110 9 086 01010110
w 119 01110111 W 087 01010111
X 120 01111000 ; 088 01011000
y 121 01111001 < 089 01011001
1 122 01111010 = 090 01011010

1) Write your first name (Capitalile the first letter of your first name).

2) Write your first name in ASCII binary (base 2) code.

3) Now change your entire first name from base 2 to base 16 (hexadecimal) Recall the
following conversions:

0 000
1 001
2 010
3 011
4 100
5 101
6 110
7 111

4) Change the first letter from base 2 (binary) to base 10.
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5) Write the number in the Egyptian, Babylonian, Roman, and traditional Chinese.
6) 3ick your two favorite 4-digit base 10 number and convert them to base 5.
7) Add and subtract the two numbers from #6 while they are still in base 5.
8) Oake up your own 3 digit by 2 digit multiplication problem and show the answer to
that problem using
a. Egyptian algorithm
b. Russian peasant method
c. /attice method and
d. Napierfs rods.
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INSTRUCTOR NAVIGATION GUIDE

Module 2 = Project Sample Answers

Numeration Systems

Computers deal in numbers, not letters. To get computers to work, each character
needs to be represented as a seTuence of numbers. In order for text files to be reliably
stored and processed by computers, it is important that the data is interpreted in the
same way. The American Standard Code for Information Interchange (ASCII) is used
to encode characters of the alphabet as binary numbers. Each character is assigned an
eight-digit binary number written in two groups of four digits. The capital letters A - 0
start with 0100 and the letters 3 - = start with 0101. /owercase letters a - O start with
0110 and lowercase letters p - ] start with 0111.

ASCII - Binary Character Table

letter ASCII Code Binary  /etter ASCIlI Code Binary

a 097 01100001 A 065 01000001
b 098 01100010 B 066 01000010
¢ 099 01100011 C 067 01000011
d 100 01100100 *~ 068 01000100
e 101 01100101 E 069 01000101
f 102 01100110 ) 070 01000110
g 103 01100111 > 071 01000111
h 104 01101000 H 072 01001000
[ 105 01101001 | 073 01001001
I 106 01101010 - 074 01001010
k 107 01101011 . 075 01001011
I 108 01101100 / 076 01001100
m 109 01101101 O 077 01001101
n 110 01101110 N 078 01001110
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o] 111 01101111 2 079 01001111
p 112 01110000 3 080 01010000
T 113 01110001 4 081 01010001
r 114 01110010 R 082 01010010
S 115 01110011 S 083 01010011
t 116 01110100 T 084 01010100
u 117 01110101 8 085 01010101
% 118 01110110 9 086 01010110
w 119 01110111 W 087 01010111
X 120 01111000 ; 088 01011000
y 121 01111001 < 089 01011001
1 122 01111010 = 090 01011010

1) Write your first name (Capitalile the first letter of your first name).
Ron

2) Write your first name in ASCII binary (base 2) code.
01010010111110

3) Now change your entire first name from base 2 to base 16 (hexadecimal) Recall the
following conversions:

000
001
010
011
100
101
110
111

N OO AW N RO

12276

4) Change the first letter from base 2 (binary) to base 10.
010100102 82
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5) Write the number in the Egyptian, Babylonian, Roman, and traditional Chinese.

Egyptian Babylonian Roman Chinese
,
ﬂﬂﬂﬂ”ﬂﬂﬂﬂ T “«T7 LXXXII 'f
L]

6) 3ick your two favorite 4-digit base 10 number and convert them to base 5.

8888 2410235

2121 314415

7) Add and subtract the two numbers from #6 while they are still in base 5.
a. Addition: 323014s
b. Subtraction: 2040325
8) Oake up your own 3 digit by 2 digit multiplication problem and show the answer to

that problem using

a. Egyptian algorithm
b. Russian peasant method
c. Lattice method and
d. Napier{s rods.
See instructor's resource manual for section 2.4 for examples
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