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Chapter 2 Polynomial and Rational Functions

2.1 Quadratic Functions
2.1 Practice Problems

1. Substitute 1 for h, =5 for k, 3 for x, and 7 for y

in the standard form for a quadratic equation to
solve fora: 7=a(3-1)>-5=7=4a-5=

a=23.Theequationis y = 3(x—1)2 —5. Since

a=3>0, fhas aminimum value of =5 at x = 1.
. The graph of f(x)=—2(x+1)2+3 isa

parabola with a = -2, h=-1and k = 3. Thus,
the vertex is (-1, 3). The parabola opens down
because a < 0. Now, find the x-intercepts:

0=-2(x+1)*+3=2(x+1)’ =3=

(x+1)2 :§:>x+1:J_r == X:i\/§—1:>
2 2 2
X~ 0.22 or x ~ =2.22 . Next, find the

y-intercept: f (0)=-2(0+1)* +3=1. Plot the

verteX, the x-intercepts, and the y-intercept, and
join them with a parabola.

y

. The graph of f (x)=3x%-3x-6 isa parabola

with a =3, b =-3 and ¢ = —6. The parabola
opens up because a > 0. Now, find the vertex:

ho_b 8 1_
2a  2(3) 2
2
sz(h)zf(;\zs(l\_3(1\_6=_g
2 2 2 4

Thus, the vertex (h, k) is (%— ?) . Next, find

the x-intercepts:
3% -3x—6=0=3(x* ~x-2)=0=

Thus, the intercepts are (-1, 0), (2, 0) and
(0, —6). Use the fact that the parabola is

symmetric with respect to its axis, x = % to

locate additional points. Plot the vertex, the
x-intercepts, the y-intercept, and any additional
points, and join them with a parabola.

T

. The graph of f (x)=3x? —6x—1 is a parabola

witha =3, b=-6and c =—1. The parabola
opens up because a > 0. Complete the square to
write the equation in standard form:

g(x)=3x* -6x-1= g(x):3(x2 —2x)—1:
g(x)=3(x2 —2x+1)—1—3=3(x—1)2 -4,
Thus, the vertex is (=1, —4). The domain of f is
(—o0, ) and the range is [-4, ©).

Next, find the x-intercepts:

0:3(x—1)2—4:>§=(X—1)2:>
i%zX—lﬂli%zX:XzZ.lSOr

x~—0.15. Now, find the
y-intercept: f (0)=3(0)° -6(0)—1=-1. Use

the fact that the parabola is symmetric with
respect to its axis, x = —1, to locate additional
points. Plot the vertex, the x-intercepts, the

y-intercept, and any additional points, and join
them with a parabola.

(x=2)(x+1)=0
= Xx=20rx=-1

Copyright © 2018 Pearson Education Inc. 115



Now, find the y-intercept:

f (0)=3(0)° —3(0)—6=-6.
( ) ( ) ( ) (continued on next page)
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116 Chapter 2 Polynomial and Rational Functions

(continued)

The graph of f is below the x-axis between the
x-intercepts, so the solution set for

g(x)=3x*—6x-1<0 is [1— ZA@,H ZABF

L 3 3 |
[3-23 3+2.8|
r , .

0

IEEERN

5. h(t)= ——gzit2 +Vot +hy

2

gg =32 ft/s , hg =100 ft, max height = 244 ft

a. Using the given values, we have
32

h(t)= —7t2 +Vot +100
2

=-16t +vot+100
Using the formula for the vertex of a
parabola gives t = - —2— = Y0 This is
2(-16) 32

the time at which the maximum height
h(t) = 244 ft is attained. Thus,

h(t) =244 = b/ Yo)
32
2
16/ Y0 4y (Y0 400
32 0 32
2 2 2
= Y0 Y0 1100 = Y0-+100
64 32 64
Solving for vq yields
2 2
244 =Y 1100 >144=% -
L 64 64
=

21

8.

Let x = the length of the playground and
y = the width of the playground.

Then 2(x+y)=1000= X+ y =500 =

y =500- x.

The area of the playground is

A(x) = xy = x(500 - x) = 500x — x*.

The vertex for the parabola is (h, k) where

h= 500 =250 and

2(-Y)
k = 500(250) - 250 = 62, 500.

Thus, the maximum area that can be enclosed is
62,500 ft2. The playground is a square with side

length 250 ft.
Exercises

Concepts and Vocabulary

. The graph of f (x)=ax®+bx+c, a=0, isa

parabola.

The vertex of the graph of
f(x)=a(x=h)’+k, a0, is (h,K).

The graph of f (x)=a(x—h)*+k, a=0, is
symmetric with respect to the vertical line x = h.
The x-coordinate of the vertex of

f (x)=ax? +bx+c, a=0, isgiven by

—_ b
X== 5

. True.

False. The graph of f (x)= 2x2 is the graph of

g (x) = x? compressed horizontally by a factor
of 2.

. False. If a > 0, then the parabola opens up and

has a minimum.

True

Building Skills
Vo =144-64= vy = 144-E455hdnBe 9618 Pearson Education Inc.
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Thus, h(t)=—16t> + 96t +100.

. Using the formula for the vertex of a

parabola gives t = — 96 = % =3.

2(-16) 32

The ball reached its highest point 3 seconds
after it was released.

9.
13.
17.

f 10. d 11. a 12, e
h 14 b 15. g 16. ¢
Substitute —8 for y and 2 for x to solve for a:

—-8=a(2)? = -2 = a. The equation is

y =-2X°.

Copyright © 2018 Pearson Education Inc.



Section 2.1 Quadratic Functions 117

18.

19.

20.

21.

22.

23.

24.

25.

Substitute 3 for y and —3 for x to solve for a:

3=a(-3)’ = % =a. The equation is y = %xz.

Substitute 20 for y and 2 for x to solve for a:
20 =a(2)? = 5=a. The equation is y = 5x°.

Substitute —6 for y and —3 for x to solve for a:

—6=a(-3)° = — Z_a The equation is

Substitute 0 for h, 0 for k, 8 for y, and -2 for x
in the standard form for a quadratic equation to

solve for a: 8=a(-2-0)2+0=8=4a=

2 =a. The equation is y = 2x°.

Substitute 2 for h, 0 for k, 3 for y, and 1 for x in

the standard form for a quadratic equation to
solve fora: 3=a(l-2)°> +0=3=a.

The equation is y = 3(x — 2)°.

Substitute —3 for h, 0 for k, —4 for y, and -5 for x

in the standard form for a quadratic equation to
solve fora: —4=a(-5-(-3))>+0=-1=a.

The equation is y = —(x +3)°.

Substitute O for h, 1 for k, 0 for y, and —1 for x
in the standard form for a quadratic equation to

solve fora: 0=a(-1-0)? +1=-1=a.
The equation is y = —x? +1.

Substitute 2 for h, 5 for k, 7 for y, and 3 for x in
the standard form for a quadratic equation to

solve for a: 7=a(3—2)2 +5=>2=a.

The equation is y = 2(x — 2)2 +5.

28.

29.

30.

31.

32.

Substitute —3 for h, —2 for k, —8 for y, and O for x

in the standard form for a quadratic equation to
solve for a; —8=a(0—(-3))>—2=>—2-a
3

The equation is y = — 32 (x+3)2-2.

1 1 1 3
Substitute ) for h, 3 for k, "4 fory, and 4

for x in the standard form for a quadratic
equation to solve for a:

2
l:a(g—l\ +l:>—12=a.
4 4 2 2

The equationis y=-12 x-— , ¥

3 5 55

Substitute - forh, — _ fork, N fory, and 1
2 2 8

for x in the standard form for a quadratic
equation to solve for a:
2

55 3 5 3
=a l- - - = =a
8 [ (ZD 2 2
2
The equationis y = 3 (x + 3) - 5.
2 2 2

The vertex is (=2, 0), and the graph passes
through (0, 3). Substitute —2 for h, 0 for k, 3 for

y, and 0 for x in the standard form for a
quadratic equation to solve for a:
2 3

3=2a(0-(-2)) +0:>4=a.

The equation is y = i(x +2)%.

The vertex is (3, 0), and the graph passes
through (0, 2). Substitute 3 for h, 0 for k, 2 for y,

and 0 for x in the standard form for a quadratic
equation to solve for a:

26. Substitute —3 for h, 4 for k, 0 forGPRVHBEP R018 Pearson Education Inc.
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27.

in the standard form for a quadratic equation to

solve fora: 0=a(0—(-3))% +4 = — 4_ a.

9

The equation is y = — 3 (x+3)% +4.

Substitute 2 for h, —3 for k, 8 for y, and -5 for x
in the standard form for a quadratic equation to
11

solve for a: 8=a(-5-2)? -3= 40=2

The equation is y = % (x—2)%-3.

33.

2_

Z:a(0—3)2+0:>9

a.
The equation is y = ’S(x -3)°.

The vertex is (3, —1), and the graph passes
through (5, 2). Substitute 3 for h, -1 for k, 2 for
y, and 5 for x in the standard form for a
quadratic equation to solve for a:

3

2=a(5-3)%-1= 2=

The equation is y = i(x -3)° -1,

Copyright © 2018 Pearson Education Inc.



118 Chapter 2 Polynomial and Rational Functions

34. The vertex is (3, —1), and the graph passes

35.

36.

37.

through (0, 3). Substitute 3 for h, -1 for k, 3 for

9 ()= (x+3)’ '

y, and 0 for x in the standard form for a
quadratic equation to solve for a:

3:a(0—3)2—1:>9a:4:a:§.
- 4 2
The equation is y = 9(x—3) -1

f (x) = 3x?

Stretch the graph of y = x2 vertically by a
factor of 3.

y

T T

==l 1 2 x

f(x):%x2

Compress the graph of y = x? vertically by a
factor of 1/3.

T T T T T T T 17T

2

9()=(x-4)

Shift the graph of y = x2 right four units.
y

4+

|
1 4 7 X

Copyright © 2018 Pearson EdL

Shift the graph of ¢

y = x2 left three
units. L1 L1

39. f(x)=—2x"-4
Stretch the graph of y = x? vertically by a
factor of 2, reflect the resulting graph in the

x-axis, then shift the resulting graph down 4
units.

40. f(x)= —x2+3
Reflect the graph of y = x?

shift the resulting graph up 3 units.
y

=

41. g(x):(x—3)2+2

Shift the graph of y = x2 right three units, then

the resulting,graph up two units.

in the x-axis, then
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42. g(x)=(x+1)>-3

Shift the graph of y = x? left one unit, then

shift the resulting graph down three units.

43. f(x)=-3(x—2)" +4

2

Shift the graph of y = x“ right two units,

stretch the resulting graph vertically by a factor

of 3, reflect the resulting graph about the

x-axis, and then shift the resulting graph up four

units.
B/
4L

4

44, f(x)=-2(x+1)"+3

Shift the graph of y = x? left one unit, stretch

the resulting graph vertically by a factor of 2,

reflect the resulting graph about the x-axis, and

then shift the resulting graph up three units.

y

45,

46.

Complete the square to write the equation in

standard form: y = x? + 4x =
y+4= X2 +4x+4 = y= (x+2)2 —4. Thisis
the graph of y = x? shifted two units left and

four units down. The vertex is (-2, —4). The axis
of symmetry is x = —2. To find the x-intercepts,

lety =0and solve 0=(x+2)?-4=
(x+2)2 =4= X+2=2=>x=-40rx=0.
To find the y-intercept, let x = 0 and solve
y=0+2?%-4=y=0.

Complete the square to write the equation in
standard form: y =x% - 2x+2 =

y+1l= (x2 -2Xx+)+2=>y= (x—l)2 +1. This
is the graph of y = x? shifted one unit right and
one unit up. The vertex is (1, 1). The axis of
symmetry is X =1. To find the x-intercepts, let
y=0andsolve 0=(x-1)2+1=

(x—1)2 =—1= there is no x-intercept. To find
the y-intercept, let x = 0 and solve

y=0-)?+1=>y=2

y

w -
o =

Copyright © 2018 Pearson Education Inc.
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47.

48.

Complete the square to write the equation in
standard form:

y=6x-10— X2 = y = —(x2 -6x+10) =
y—9=—(x>—6x+9)-10=y = —(x—-3)> 1.
This is the graph of y = x? shifted three units
right, reflected about the x-axis, and then shifted

one unit down. The vertex is (3, —1). The axis of
symmetry is x =3. To find the x-intercepts, let

y =0 and solve O=—(x—3)2—1:>

-1=(x- 3)2 = there is no x-intercept. To find
the y-intercept, let x = 0 and solve
y=-(0-3)%-1=y=-10.

I N I N
23 45 6 Tx

10l 1

Complete the square to write the equation in
standard form:

y=8+3x—x2=y=-(x2-3x-8)=

y—gz—(x2—3x+9\+8:>
4 4
y:_(x_§)2+ﬂ
\"72) Ty

This is the graph of y = x? shifted 3/2 units

right, reflected about the x-axis, and then shifted

(3 41)

4 units up. The vertex is ' —,— . The axis

4 2 4

of symmetry is x = % To find the x-intercepts,

lety =0 and solve

I8
—
N
|-l>
H
—~
I8
_
N
IN
H

49,

50.

Complete the square to write the equation in
standard form:

y=2x2—8x+9:> y:2(x2—4x)+9:>
y+8=2(x*—4x+4)+9= y=2(x-2)? +1.

This is the graph of y = x2 shifted 2 units right,

stretched vertically by a factor of 2, and then
shifted one unit up. The vertex is (2, 1). The
axis of symmetry is x = 2. To find the
x-intercepts, let y = 0 and solve

0=2(x-2)%+1= —%:(x—z)2 = there is

no x-intercept. To find the y-intercept, letx =0
and solve y=2(0-2)% +1= y=0.

y

Complete the square to write the equation in

standard form:
y=3x2+12x-7= y=3(x* +4X) -7 =

y+12=3(x2 +4x+4)— 7= y =3(x+2)% —19.
This is the graph of y = x2 shifted 2 units left,

stretched vertically by a factor of 3, and then
shifted 19 units down. The vertex is (-2, —19).
The axis of symmetry is x = —2. To find the

X-intercepts, let y = 0 and solve

2

Oz—Lx—J+ :X_J: =
2 4 2/ Copyright © 2018 Pearson Edubaiidiinc?) —19=
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19 2 19 _
x—gzi@:x=—ilm.Tofindthe =(x+2) :i(_x+23
2 2 2 2 3 3

y-intercept, let x = 0 and solve J57 1

2 + =X+2=>-2+_ 57 =X

41
y:—(o_a +—=y=8 3 3
\ 2/ 4 (continued on next page)

Copyright © 2018 Pearson Education Inc.
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(continued)

51.

52.

To find the y-intercept, let x = 0 and solve
y=30+2)2-19= y=-T7.
Zk) —

16 —

12 —

Complete the square to write the equation in
standard form:

y= —3x2 +18x-11= y= —3(x2 -6x)-11=
y—27=-3(x>-6x+9)-11=
y = —3(x—23)% +16. This is the graph of

y = x? shifted three units right, stretched
vertically by a factor of three, reflected about
the x-axis, and then shifted 16 units up. The
vertex is (3, 16). The axis of symmetry is x = 3.
To find the x-intercepts, let y = 0 and solve
y=0=-3(x-3)? +16 =

16 43

I Y v
3(X3):>_3X3:>

3+ é‘ﬁ = x. To find the y-intercept, let x = 0

and solve y =-3(0-3)? +16 = y = —11.

v

20

16

12+

8_

4_

\0 | ,\) | | l L1 .
-19[f1 23 4 5\6 7%
-8

—12F

&lg
Complete the square towrite the equation in

standard form:

y=-5x%—-20x+13 = y=-5(x? +4x) +13=

y—20=-5(x?+4x+4)+13=

y =-5(x+2)%+33.

53.

54.

This is the graph of y = x? shifted two units

left, stretched vertically by a factor of five,
reflected about the x-axis, and then shifted 33
units up. The vertex is (-2, 33). The axis is

x =—2.To find the x-intercepts, lety = 0 and

solve 0=—5(x+2)2+33:>3;—3:(x+2)2 =
33 1 )
i\/;:x+2:>—215\/165=x.Toflndthe

y-intercept, let x = 0 and solve
y=-5(0+2)%+33=y=13.
40 -
30 -

N~

m\

b. The vertex is

L1

1 2 x
720 =
7‘%{] —
—40

a. a=1>0, so the graph opens up.

(=8 (=80

2(1) 2(1)

¢. The axis of symmetry is x = 4.

d. To find the x-intercepts, let y = 0 and solve

0=x2-8x+15=0=(x—-3)(x-5) =
x=3orx=>5. To find the y-intercept, let

x =0 and solve
y =02 -8(0)+15= y =15.

e. 2

|

16

14

12

10

6

4

2

| | 1 | 1L 1 1 1

4%}1 2 35678 90X

a. a=1>0, so the graph opens up.

b. The vertex is

([ _8 (L\\:(_4’_3)_

The axis of symmetry is x = —4.

Copyright © 2018 Pearson Edugation nc.
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55.

d. To find the x-intercepts, let y = 0 and solve

-8+, 8 -4(1)(13 )

0=x?+8x+13= x=
2(1)

-8+
xo 812, 3. To find the
+
2
y-intercept, let x = 0 and solve
y =0%+8(0)+13=13.

18 H
16
14
12
] —
6._
4_
zﬁ
I | | I \ | | |

. a=1>0,sothe graph opens up.

. The vertex is

(1 (
25)
- f - - -

L2 L 20)) L2 4J.

AN (1

. The axis of symmetry is x = %

. To find the x-intercepts, let y = 0 and solve

O:x2—x—6:>0:(x—3)(x+2):>x:3
or x=-2. To find the y-intercept, letx =0

and solve y =02 —(0)—6=> y=-6.

/

| |
4 5%

77 —
56. a. a=1>0, so the graph opens up.

b. The vertex is

(1

f;\\(; 9)

57.

. The vertex is (—

d. To find the x-intercepts, let y = 0 and solve

0:x2+x—2:>0:(x—1)(x+2):
x=1lor x=-2.

To find the y-intercept, let x = 0 and solve
y=0%+(0)-2=y=-2.

. a=1>0, so the graph opens up.

;Z,f C 2\\

2(2) 2(1) J

=(L3).

. The axis of symmetry is x=1.

. To find the x-intercepts, let y = 0 and solve

0=x?-2x+4=

~(-2)£4(-2)* ~40)(4)

X= 2(1) =

2+ 12

X = 5 = there are no x-intercepts.

To find the y-intercept, let x = 0 and solve
y=02-2(0)+4=y=4.

L I I =S

T I I |
—-3-2-10 1 2 3 4x

58. a. a=1>0, so the graph opens up.

Copyright © 2018 Pearson Education Inc.



122 Chapter 2 Polynomial and Rational Functions

L2 4
L 2(2) L 2(1)U 2 4 b. The vertex is (—;4,f ﬁ;ﬂl(z,l)_

2(2) 2(1) J

c. The axis of symmetry is x = — l.

2 c. The axis of symmetry is x = 2.

Copyright © 2018 Pearson Education Inc.



Section 2.1 Quadratic Functions 123

d. To find the x-intercepts, let y = 0 and solve

0=x%-4x+5=

~(-4)* (—H—4H)E)
X= o

2(1)
4+ -4

=

X= = there are no x-intercepts.

To
2

find the y-intercept, let x = 0 and solve
y=0%-4(0)+5=y=5.

59. a. a=-1<0, so the graph opens down.

b. The vertex is

(=2 020,

oy | 2-1))

c. The axis of symmetry is x =-1.

d. To find the x-intercepts, let y = 0 and solve

0=6-2x-x*=

| —(=2)+4] (=2)2-4(=1)(6)
X= =

2(-1)

x=-1£+/7.

To find the y-intercept, let x = 0 and solve

y=6-2(0)-02=y=6.

. The axis of symmetry is x =

a =-3 <0, so the graph opens down.

. The vertex is

(5 ( _5 )\ (5 49)
29 T 2ee))) " L6122 )

5
6

. To find the x-intercepts, let y = 0 and solve

0=2+5x-3x>=0=—(3x*-5x-2) =
1

0:—(3x+1)(x—2):x:—3 orx=2.To

find the y-intercept, let x = 0 and solve
y=2+5(0)-3(0)° = y=2.

. a=1>0, so the graph opens up and has a

minimum value. Find the minimum value by
finding the vertex:

S ) (2-1)

2(1) 2(1)J

The minimum value is —1.

. The range of f is [-1, ).

. a=-1<0, so the graph opens down and has

a maximum value. Find the maximum value
by finding the vertex:

(6 ( 6 )
2 o) ~6Y

The maximum value is 1.

b. The range of fis (—o0,1].

Copyright © 2018 Pearson Education Inc.
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63. a. a=-1<0, so the graph opens down and has
a maximum value. Find the maximum value
by finding the vertex:

(4 f[ —Ji—]\=(zo)

2D\ 2(-

The maximum value is 0.

b. The range of fis (—,0].

Copyright © 2018 Pearson Education Inc.
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64.

65.

66.

67.

68.

. a=1>0, so the graph opens up and has a

minimum value. Find the minimum value by
finding the vertex:

(_;G,fﬁ

2(1)

6ﬂ@®
21))

The minimum value is 0.

. The range of f is [0, «).

. a=2>0, so the graph opens up and has a

minimum value. Find the minimum value by
finding the vertex

[ -8\
2(2) W

The minimum value is 5.

= (2,-5)

. The range of f is [-5, ).

. a=3>0, so the graph opens up and has a

minimum value. Find the minimum value by
finding the vertex:

(12 ( 12))

2(3)J

= (-2,-17)
2(3)

The minimum value is —17.

. The range of fis [-17, ).

. a=-4<0, so the graph opens down and has

a maximum value. Find the maximum value
by finding the vertex:

(12 ( 12 ) (3 )
- f - = 16

L 2cay L acay)) L2 )

The maximum value is 16.

. The range of fis (—0,16].

. a=-2<0, so the graph opens down and has

a maximum value. Find the maximum value
by finding the vertex:

- 2(?2) a [_ 2:2)]\ -(@3)

The maximum value is 3.

. The range of fis (-, 3].

In exercises 69-82, the x-intercepts are the
boundaries of the intervals.

69.

70.

71.

X2 —4<0

Vertex: (0, —4); x-intercepts: -2, 2

v

o W
I

Solution: [-2, 2]

Vertex: (0, 4); x-intercepts: -2, 2

4-x2>0
y
5+
3
2+
1~

[ |

—-4-3-p-10
_1_
—2 =
73_

Solution: [-2, 2]

x> —4x+3<0

Vertex: (2, -1); x-intercepts: 1, 3
N

w —

Ny .

Solution: (1, 3)

Copyright © 2018 Pearson Education Inc.
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72.

73.

74.

X2 +x-2>0

Vertex: [—%,— %) x-intercepts: -2, 1

—_ N R
I

Solution: (—o0,—2)U(L, )

x> -3x-7>0
3 37

Vertex: (— ——)
2' 4

To find the x-intercepts, use the quadratic
equation to solve x? —3x—7=0.

yo (3 (-_?Z)ﬂ(l)ji) 357
2(1 2

]
T rrrrrrt

4
A5dE
T
&I
g
LF
I &L
I/\V_
1111
LU I__
ndh
ol
o
— T
S
-

The solution of the inequality x?> —3x—7>0 is

(3 7l I3 37 )
, = L+ , 00

—00

L2 2|2 2 )
X% +Xx—8<0
Vertex: [_l’_ﬁ)

2 4

To find the x-intercepts, use the quadratic
equation to solve x% +x—8=0.

R e

X= 2(1) T2

75.

76.

The solution of the inequality x2+x-8<0is

[ 1 433 1 3]
- - -+ .

Lz > 2 2J

X2 —4x+920
Vertex: (2, 5)
To find the x-intercepts, use the quadratic

equation to solve x? —4x+9=0.

e [ ame) _anla
_ o _

2

There are no x-intercepts.

| { I I I (N (N (N
L 1T T 1T 1T 1
2-14+12345678F

Solution: (-0, =)

X2 —6Xx+9<0
Vertex: (3, 0); x-intercept: (3, 0)
5

Solution: {3}
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77. x> +2x-2>0
Vertex: (1,-1)

51

Solution:

78. —x?>+6x-9<0

Vertex: (3, 0); x-intercept: (3, 0)

Y

o

Solution: (—o0,—3)(1(3,%0)

79. —x%-3x+10>0

(3 49)

Vertex:  ——,

L2 4)

x-intercepts: -5, 2
y

-l V‘ KX

Solution: [-5, 2]

80. —x>—x+12<0
(1 49)
L2 4)

x-intercepts: —4, 3

Vertex:

81.

82.

Solution: (—oo, —4] [3, )

—6x%2 +13x—-7<0
13 1)

Vertex: (E , Z )

. 7
X-intercepts: 1, 3

y
02+
——eN——1

bt ot
04 i 2%
-1
7

Solution: (o0, 1)[1" —, oo\
)

R T T T Y T S N B
LI B B B B B B B

{
()

6

5x2 4+ 9x—4>0

(9 1)
Vertex: ,
10’ 20/

. 4
x-intercepts: 5 1

y
02+

TN R N Y N N N N B

{
(]

(4
5

Solution: 1

~—— —
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Applying the Concepts

83. h(x):—%x2+x+3

¥

150 -
125
100
75

50

| | | | |
100 200 300 400 500 x

a. Using the graph, we see that the ball
traveled approximately 550 ft horizontally.

b. Using the graph, we see that the ball went
approximately 140 high.

32 2

c. 0=——5X"+x+3

1322

> . 32)
1+ 42 4 (@)

Lig2)

X = = e
o 32
1322
~ -3 or 547
Thus, the ball traveled approximately 547 ft
horizontally. The ball reached its maximum

height at the vertex of the function,

(b (b))
L 2a’ h\ ZaU'
b 1

227225
22 2(-32/(132))
h(272.25) = - 32 (272.25) + 272.25 +3
132°
~139

The ball reached approximately 139 ft

. 2(1
Copyright © 2018 Pearson Educatloplnc.

84.

85.

86.

87.

R (x) = —25x +1700x + 80,000

y
100000
80000
60000
40000

20000

| | | |
0 20 40 60 80 100 x

a. Using the graph, we see that the maximum
revenue from the apartments is
approximately $110,000

b. Using the graph, we see that the maximum
revenue is generated by about 35 $25
increases.

¢. The maximum revenue is at the vertex of the

function, L(— Zf’ R(—z_ba)).

b 1700

Toa 2(-25)”

R(34) = ~25(34)° +1700(34) + 80,000
=108,900

The maximum revenue of $108,900 is
reached at 34 $25 increases.

The vertex of the function is

(114 ( 114 ﬂ=(19,1098).

\ 2(-3)))

The revenue is at its maximum when x = 19.

- =

L 2(-3)

p = 200 — 4x = R(X) = 200x — 4x?.

The vertex of the revenue function is
(200 ([ _200))

|- - | |= (25,2500).
L2 A

The revenue is at its maximum when x = 25.

(_ __50, ; f_ —_50“= (25,-425).

2(2) J
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The total cost is minimum when x = 25.

Copyright © 2018 Pearson Education Inc.
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88.

89.

90.

91.

p =100 - x = R(x) =100x — x2.
Profit = revenue — cost
= P(x) = (100x — x?) - (50 + 2x) =

P(x) = —x? +98x —50. Now find the vertex of

the profit function: (—i f f_&\\ =

Cacn | 2y

(49,2351). So the maximum profit occurs when
x = 49. The maximum profit is $2351.

Let x = the length of the rectangle. Then

80-2x =40 — x = the width of the rectangle.
2
The area of the rectangle = x(40 — x)

= 40x — x2. Find the vertex to find the
maximum value:

(40 (40

, = (20, 400).
2 | 2¢-1)

The rectangle with the maximum area is a
square with sides of length 20 units. Its area is
400 square units.

The fence encloses three sides of the region. Let
x = the width of the region. Then 120 — 2x = the
length of the region. The area of the region =

x(120 — 2x) =120x — 2x2.
120 — 2x

%/—«_/X/
Find the vertex to find the maximum value:

(120 f( 120 )
_ - = (30,1800).

L 2(—2))

The maximum area that can be enclosed is
1800 square meters.

2(-2)

Let x = the width of the fields. Then,

600 —3x

5 - 300 - §2x = the length of the two

92.

fe—300-3x—>
x| Fieldl x| Field2 |x
( 3 ) 3

The total area = xLBOO— ) x =300x - 5 X .

Find the vertex to find the dimensions and
maximum value:

(300 (300 )

L 2(—3/ 2 | 2(—3/ %))

= (100, 15,000).

So the width of each field is 100 meters. The
length of the two fields together is

300 — 1.5(100) = 150 meters, so the length of
each field is 150/2 = 75 meters. The area of
each field is 100(75) = 7500 square meters.

Let x = the amount of high fencing.

Then 8x = the cost of the high fencing. The cost

of the low fencing = 2400 — 8x, and
2400 -8x
4
fencing. This is also the width of the enclosure.
x=2(600-2x) 5x-1200 5
S0 2 T 2 -

=600 — 2x = the amount of low

ﬁ<—600=

the length of the enclosure.

e 3% 600 — >

600 — 2x 600 — 2x 600 — 2x

The area of the entire enclosure is

(600 — 2x) (5 600" = -5x2 + 2700 - 360, 000.

2
Use the vertex to find the dimensions and

maximum area:

(L2700 (2700 _ 500 4500) . s0 the
205 | 2(5))

fields together. (Note that there is fencing
between the two fields, so there are three

Copyright © 2018 Pearson Education 1iweidths.”)
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area of the entire enclosure is 4500 square feet.
There are 270 feet of high fencing, so the
dimensions of the enclosure are

2 2270 —600 =75 feet by 600 — 2(270) = 60

feet. The question asks for the dimensions and
maximum area of each half of the enclosure, so
each half has maximum area 2250 sq ft with
dimensions 37.5 ft by 60 ft.

Copyright © 2018 Pearson Education Inc.
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93.

94,

95.

The yield per tree is modeled by the equation of
a line passing through (26, 500) where the
x-coordinate represents the number of trees
planted, and the y-coordinate represents the
number of apples per tree. The rate of change

is —10; that is, for each tree planted the yield

decreases by 10. So,

y —500 = -10(x — 26) = y = —10x + 760.
Since there are x trees, the total yield =

X(-10x + 760) = ~10x2 + 760x. Use the vertex
to find the number of trees that will maximize

the yield:
(760 (760 \\_ (3014 aao)
210) | 2(-10))

So the maximum yield occurs when 38 trees are
planted per acre.

Let x = the number of days. The original price is
$1.50 per pound and the price decreases $0.02
per pound each day, so the price per pound is
(1.5 -0.02x). The weight of the steer after

x days is 300 + 8x. So the selling price

= number of pounds times price per pound

= (300 +8x)(1.5—0.02x). The original cost of

the steer is 1.5(300) = $450, and the daily cost
of the steer is x, so the total cost of the steer
after x days is x + 450. The profit is
selling price — cost

= (300 +8x)(L.5—0.02x) — (x + 450)

= (~0.16X2 + 6X + 450) — (X + 450)

= -0.16x% +5x.

The maximum profit occurs at the x-coordinate
5 )
2(—0.16))

of the vertex: (— =15.625.

The maximum profit occurs after 16 days.

If 20 students or less go on the trip, the cost is
$72 per students. If more than 20 students go on

the trip, the cost is reduced by $2 per the
number of students over 20. So the cost per

student is a piecewise function based on the
number of students, n, going on the trip:

F(n) = 72 ifn<?20

96.

97.

The maximum revenue is either 1440 (the
revenue if 20 students go on the trip) or the

maximum of 112n — 2n?. Find this by using the

vertex: — 112 ,f[— 112 “

@2 | @)

= (28,1568).

The maximum revenue is $1568 when 28
students go on the trip.

Assume that m bytes per inch can be put on any
track. Let x = the radius of the innermost track.
Then the maximum number of bytes that can be
put on the innermost track is 2rmx. So, each
track will have 2t mx bytes.

A

The total number of bytes on the disk is the
number of bytes on each track times the number
of tracks per inch times the radius (in inches):

2nmx(p(5—x)) = 2nmp(5x — x2)

= -2 mpx? +10m mpx . The maximum occurs

at the x-coordinate of the vertex:

b __ 10mmp :1_0
2a 2(-2ntmp) 4

= 2.5 inches.

h(t)=—g_t +vit+h
M 2
2

0 0

M =1.6m/s2 , hg =5 m, max height =25 m
a. Using the given values, we have

h(t):_LZGtZ+v0t+5=—0.8t2+v0t+5

Using the formula for the vertex of a

v v .
—0 -0 Thisis

2(-0.8) 16

t=—
parabola gives

the time at which the height h(t) =25 miis
attained. Thus,

72 —-2(n-20) =112 — opyright © 2018 Pearson Education Inc.
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The total revenue is ifn>20
72n
n(112-2n)=112n-2n? ifn<20

nf (n):{

ifn>20

(Vo\\
h(t)—25—h[\1.6)
_ MO_\2 Vo
- 0'8[1.6) +V0(1,5)+5
2 2 2
Voo Voo 5 Voo 5

“7327167 T327

(continued on next page)
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continue . en the projectile hits the ground, h =0,
(continued) b. When th jectile hits th d,h=0
Solving for vq yields s0 solve )
) ) 0=-16t° + 64t = -16t(t—4)=0=>
25=Y0_45-20=0 - t=0ort=4,
3.2 3.2 The projectile hits the ground at 4 seconds.

2
V- =64=>vy=8 . .
0 0 100. a. The maximum height occurs at the vertex:

2
Thus, h(t)=-0.8t* +8t+5. |(_ 64 p (_ 64 ﬂ _ .468)
b. Using the formula for the vertex of a L 2(-16) | 2(-16)/)
parabola gives t = _L: 8 _5 The maximum height is 464 feet.
2(-0.8) 16 b. When the projectile hits the ground, h = 0,
The ball reached its highest point 5 seconds so solve 0 = —16t2 + 64t + 400 =

after it was released. 9 2
-16(t“ —4t-25)=0=>t“"-4t-25=0=>

M ;2
98. h(t)=~""t" + vt +ho 4+, (~4)%-4(1)(=25) 4+/116
t= ' 2(1) =>t= 5 =
gy =1.6m/s?, hy =7 m, max height =52 m
J |
a. Using the given values, we have t=2+ 29=1~-3390rt~739. Reject
16 the negative solution (time cannot be
h (t) = _;2'[2 +vot+7 = -0.8t2 + Vot +7 negative). The projectile hits the ground at

7.39 seconds.

Using the formula for the vertex of a . o
101. Let x = the radius of the semicircle. Then the

. v, v .
parabola gives t =——9—=~9_ This is length of the rectangle is 2x. The circumference
2(-0.8) 16 of the semicircle is X, so the perimeter of the

the time at which the height h(t) =52 m is

. rectangular portion of the window is 18 —  x.
attained. Thus,

18 —mx —2X
The width of th tangle =
h(t):52:h(1\{—%) e width of the rectangle 5
_ _o.s(f_%)z v G%) 7
%' o' o % o,

732716 " T327
Solving for v, yields
2

2
52:y0_+7:>45:y0_:>
3.2 3.2

The area of the semicircle is © x2/2, and the

2
Vo =144 = vy =12
0 0 (18 —mx —2X )

Thus, h(t)= 082 +12t+7. area of the rectangle is 2xk ) J =

2

b. Using the formula for the vertex of a 18x—x? — 2x2. So the total area is

12 Copwright © 2018 Pearson Education Inc.



130 Chapter 2 Polynomial and Rational Functions
parabola gives t = — = =75 2 , mx2 , mx2
2(-08) 16 18x—mx —-2x + =18x-2x - ) =
The ball reached its highest point 7.5
ghestp 182552,
seconds after it was released. 2
99. a. The maximum height occurs at the vertex: The maximum area occurs at the x-coordinate of

(64 [ _64 )

L 2(—16), L 2-16)))

=(2,64), so the

maximum height is 64 feet.

the vertex: — 18 =— 18 = 18 .

2(_2_5\ A-m Ad+m
2)

(continued on next page)
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(continued)
This is the radius of the semicircle. The length
(18 ) 36

4+m 447

of the rectangle is 2 ft. The

width of the rectangle is

18 )\ .( 18 )
*—\4'+ V%+ _ 18

2 441

102. a. y
700 -

600
500 |~
400 |-
300 —
200
100

NN Y S I I
100 300 500 700 x

b. The width of the arch is the difference

between the two x-intercepts:
0= —0.00635x> + 4x =

0=4x(-0.0015875x+1) = x =0 or
X =~ 629.92. The arch is 629.92 feet wide.

¢. The maximum height occurs at the vertex of
the arch. Since we know that the arch is
629.92 feet wide, the vertex occurs at
X =629.92/2 = 314.96.

(314.96) = —0.00635(314.96)2 +4(314.96)
=629.92 feet.

103. a. ( 118 (118 ))
V= - 1

L 2(-0.01) L 2(—0.01)U
= (59,36.81)

b. 0=-0.01x%+1.18x+2 =

118+ |/ 1.187-4(-0.01)(2)
2(~0.01)
118+ 14724 -11831.21

-0.02 -0.02

¢. The maximum height occurs at the vertex.
Since we know that the ball hits the ground
at x =120, the vertex occurs at x ~ 60.

f(60) _ _0.01(60)? , 1.18(60) , 2 _ 36.8.

The maximum height is approximately 37 ft.
d. The player is at x = 6 feet.
f (6) = —0.01(6)% +1.18(6) + 2 = 8.72.

The player must reach approximately 9 feet
to block the ball.

e. 7=-0.01x?+1.18x +2

0=-0.01x? +1.18x-5
~1.18 +/1.182 — 4(~0.01)(-5)

a 2(=0.01)

-1.18+ \/1.1924
= =

-0.02
X ~ 4.4 feet or x ~113.6 feet

104. The maximum height occurs at the vertex:
(30 ( _30 )) (15 225)

" 2(-16)" - 2-16))) 16" 16 )

The maximum height is approximately 14 feet,
so it will never reach a height of 16 feet.
105. f(x)=1.51-0.22x +0.029x?

a. We must complete the square to write the
function in standard form.

0.029%x% — 0.22x +1.51

:0.029[x2—ﬁ x\+1.51
" 0.0207)

2

[, 022 022 )
=0.029 x - X+

| 0029 4.0.0202 ]

\ )
0.222

( )
+181-| 7 )(0029)

22
0. +1.09

2.0.029
=0.029(x—3.79)* +1.09

=0.029 (x -

b. Sales were at a minimum at x = 3.79, or

~-1.50r119.5. Reject the&?&%l’é’ﬁ@&%@ Pearson Education Inc.
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and round the positive answer to the nearest during year 4 (2010). This fits the original
whole number. The ball hits the ground data.
approximately 120 feet from the punter. c. The year 2011 is represented by x = 5.

f (5)=1.51-0.22(5)+0.029(5)* =1.135
In 2011, there were about 1.14 million
vehicles sold.

Copyright © 2018 Pearson Education Inc.
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106. f(x)=0.822+0.896x — 0.11x?
a. We must complete the square to write the

function in standard form.
~0.11x? +0.896x +0.822

6 x\ +0.822

= —0.11(x2 _0.89

0.11
2

(., 0896 0896 )
- X+

110.

The x-coordinate of the vertex of the graph is
halfway between the x-intercepts:
2+6

5 = 4 = h. Substitute the coordinates of one

of the x-intercepts and the x-coordinate of the

vertex into the standard form y = a(x — h)2 +k

to find an expression relating a and k:

=-0.11 x2 0=a(2-4)?+k = -da=k.
2
011 4-0.11 J Now substitute the coordinates of the
( 0.8962 ) y-intercept, the x-coordinate of the vertex, and
+0822- 2 (_0'11) the expression for k into the standard form
\4.011 ) :
[ 0.896)° y =a(x—h)“ +k to solve for a:
=-0.11 x- +2.65

2-0.11

= —0.11(x - 4.07)% +2.65

b. Foreclosure filings were at a maximum
during year 4, 2010. This fits the original
data.

24=a(0-4)°>-4a= 24=16a-4a=2=a.

Use this value to find k: k = -4(2) =-8.
The equation is
y=2(x—4)? -8= y=2x"-16x+24.

111. The x-coordinate of the vertex is 3. Substitute
c. The year 2013 is represented by x = 7. the coordinates of the x-intercept and the x-
 (7)=0.822+0.896(7) - 0.11(7)2 ~17 coordinate of the vertex into the standard form
_ 2 . . .
There were about 1.7 million foreclosure y =a(x—h)"+k tofind an expression relating
filings in 2013. aand k: 0=a(7-3)? +k = —16a = k. Now
Beyond the Basics substitute the coordinates of the y-intercept, the
x-coordinate of the vertex, and the expression
107. y=3(x+ 2)2 +3=>y= 3(x2 +4x+4)+3= for k into the standard form y =a(x - h)2 +k
y =3x?+12x+15 to solve fora: 14 =a(0-3)>-16a = -2 =a.
108. Substitute the coordinates (1, 5) for x and y and Use this value to find k: k = -16(-2) = 32. The
(=3, —2) for h and k into the standard form equation is
y=a(x— h)2 +k to solve for a: y = —2(x—3)2 +3R2 = y= —2x% +12x +14.
2 e . . 2 .
5=a(l+3)*-2=>7=16a=>__=a 112. First, write y = x* + 2x + 2 in standard form by

16

7
The equation is y = f(x) = —(x+3)2 -2=
16

completing the square:
2 2

y+l=(X +2x+1)+2=y=(x+1) +1.

109. The y-intercept is 4, so the graph passes
through (0, 4). Substitute the coordinates (0,
4) for xand y and (1, —2) for h and k into the

Copyright © 2018 Pearson Education fidard form
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Move the curve three units to the right by y=(x+1- 3)2 +(1-2)=(x— 2)2 1=
subtracting 3 from x + 1; move the curve two units )
down by subtracting 2 from 1: y =X —4x+3.

y=a(x—h)? +k to solve for a:

4=a(0-1)? -2 = 6 =a. The x-coordinate of

the vertex is 1:—£ = _b =b=-12.
2a 2(6)

The y-intercept = c, so the equation is
f(x) = 6x% 12X + 4.

Copyright © 2018 Pearson Education Inc.
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113.

114.

246

The x-coordinate of the vertex is =2.

Substitute the coordinates of one of the x-

intercepts and the x-coordinate of the vertex into

the standard form y = a(x—h)% +k to find an

expression relating a and k:
0=a(-2-2)? +k = —16a = k.

Now substitute the coordinates of the other

x-intercept, the x-coordinate of the vertex, and
the expression for k into the standard form

y=a(x—h)?+k tosolve for a:

0=a(6-2)%—16a = 1=a. Use this value to
find k: —16(1) = —16 = k. So one equation is

y =(x—2)? -16 = x2 — 4x—12. The graph of
this equation opens upward. To find the

equation of the graph that opens downward,

multiply the equation by —1: y = —x? + 4x +12.

The x-coordinate of the vertex is % =1.

Substitute the coordinates of one of the
x-intercepts and the x-coordinate of the vertex
into the standard form y = a(x—h)? +k to find

an expression relating a and k:
0=a(-3-1)% + k = —16a = k. Now substitute

the coordinates of the other x-intercept, the
x-coordinate of the vertex, and the expression

for k into the standard form y = a(x - h)2 +k

to solve fora: 0= a(5—1)2 —-16a=1=a. Use
this value to find k: —16(1) =-16 =k. So one

equation is y = (x—1)2 —16 = x? —2x—15. The

graph of this equation opens upward. To find

116.

117.

Now substitute the coordinates of the other
x-intercept, the x-coordinate of the vertex, and

the expression for k into the standard form

y=a(x—h)?+k tosolve for a:

0=a(-1+4)> —9a = 1=a. Use this value to

find k: —9(1) = -9 =k. So one equation is
2 2
y=(x+4) —9=x +8x+7. The graph of this

equation opens upward. To find the equation of
the graph that opens downward, multiply the
2

equation by -1: y=-x —8x-7.

The x-coordinate of the vertex is 2+ = 6.

2
Substitute the coordinates of one of the
x-intercepts and the x-coordinate of the vertex

into the standard form y = a(x—h)% +k to find

an expression relating a and k:
0=a(2-6)? +k = —16a = k. Now substitute

the coordinates of the other x-intercept, the
x-coordinate of the vertex, and the expression

for k into the standard form y = a(x - h)2 +k

to solve for a: 0=a(10-6)2 —16a=>1=a.
Use this value to find k: —16(1) =-16 = k. So

one equation is
2 2

y=(x-6) —16=x —12x+20. The graph of

this equation opens upward. To find the
equation of the graph that opens downward,

multiply the equation by —1:

y = —x% +12x - 20.

First, complete the squares on x and y.
2x2 + y2 —4x+6y+15

=2x% —4x+ y2+6y+15

the equation of the graph that opEopydgimv@ra018 Pearson Educegig(\)gmg 2x)+ (yz 4 6y) +15
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115.

multiply the equation by —1: y = —x? + 2x +15.

The x-coordinate of the vertex is Lz_l =-4.

Substitute the coordinates of one of the
x-intercepts and the x-coordinate of the vertex

into the standard form y =a(x— h)2 +k to find

an expression relating a and k:
0=a(-7+4)?%+k = -9a=Kk.

=2(x? ~2x+1)+(y? +6y+9)+15-2(1)- 9
2 2
=2(x-1)"+(y+3)" +4

Now, consider the two functions f = 2(x 1)
2

and g=(y+3) +4.

The minimum of f is 0 and the minimum of g is
4, so the minimum of f + g = 4.

Copyright © 2018 Pearson Education Inc.
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118. First, complete the squares on x and y.
—3x?—y?-12x+2y-11
=-3x?-12x-y?+2y-11

=-3(x? +4x)-(y? - 2y)-11
= 3(x* + 4x+4)-(y? -2y +1)-11+12+1
= 3(x+2)* —(y-1)*+2

Now consider the two functions = -3(x + 2)?

and g =—(x-1)° +2. The maximum of f is 0
and the maximum of g is 2, so the maximum of
f+g=2.

Critical Thinking/Discussion/Writing
119. f(h+p)=a(h+ p)®+b(h+p)+c
f(h—p)=a(h— p)® +b(h+ p)+c

f(h+p)=f(h-p) <

a(h+p)? +b(h+ p)+c
=a(h-p)?+bh-p)+ce

ah2+2ahp+ap2+bh+bp+c
=ah2—2ahp+ap2+bh—bp+c<:>

4ahp = —2bp < 2ah = —b. (We can divide by

p because p = 0.)Since a = 0,2ah=-b =

h=-

2a
120. Write y = 2x? —8x+9 in standard form to find
the axis of symmetry:
y=2X2 -8Xx+9=>y+8= 2(x2 —4X+4)+9=>

y=2(x-2)%+1.
The axis of symmetry is x = 2.

Using the results of exercise 119, we know that
fR+p)=f(-)="f(2-p).
2+p=-1= p=-3,s02-p=2-(-3)=5.

The point symmetric to the point (-1, 19) across
the axis of symmetry lis (5, 19).

121. a. (f olg)(x) ]

This is the equation of a parabola. The
x-coordinate of the vertex is
_ 2abm-2ahm _ 2am (b-h)

2 - 2

2am 2am
b-h h-b

The y-coordinate of the vertex is

| |
am? (H\f +(2abm - 2ahm)(ﬂ\

UmJ Um J
+(ab2—2ahb+k)
=a(h-b)* +2a(b—h)(h-b)
+(ab2—2ahb+ah2+k)
= ah? - 2ahb + ab® — 2ab? + 4abh — 2ah?

+ab%—2ahb+ah®+k
—K

)

The vertex is (H, K.
m’ )

b. (97 f)(x)=g]a(x—h)> +k]
=mra(x—h) +kleb
L |

= m(ax2 — 2ahx + ah? +k)+b

=max -2mahx+mah +mk+b

This is the equation of a parabola. The
—2mah

x-coordinate of the vertex is — =h.
2ma

The y-coordinate of the vertex is
mah? — 2mah? + mah? + mk + b = mk +b
The vertex is (h, mk +b).

122. If the discriminant equals zero, there is exactly

one real solution. Thus, the vertex of y = f (x)
b

lies on the x-axisat x=— _ .
2a

= f(mx+b):a|—(mx+b)—h—|2 +k
:ar(mx+b)2—2h(mx+b)+h2-|+k
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—al m2x2 + 2bmx + b2 — 2hmx — 2hb + hz] +k
= am®x? + 2abmx + ab? — 2ahmx
—2ahb+ah? +k
= am?x? +(2abm — 2ahm) x
+(ab2 —2ahb + ah? +k)

If the discriminant > 0, there are two unequal
real solutions. This means that the graph of

y = f (x) crosses the x-axis in two places. If

a >0, then the vertex lies below the x-axis and
the parabola crosses the x-axis; if a < 0, then the
vertex lies above the x-axis and the parabola
crosses the x-axis. If the discriminant < 0, there
are two nonreal complex solutions. If a > 0,
then the vertex lies above the x-axis and the
parabola does not cross the x-axis (it opens
upward); if a < 0, then the vertex lies below the
x-axis and the parabola does not cross the
x-axis (it opens downward).

Copyright © 2018 Pearson Education Inc.
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123. Start by writing the function in standard form. o  3) (12 3) 9
129. x |3—- =X - =X
f (x) = 2x* - 2ax +a’ 374 474 "4
= 2(x2 - ax)+ a?
(3 5) (3) 5)
2 2 130. x4|1+ |:x4(1)+x4| |+x[|— |
2 .3 2 3
=2 X2-ax+ 2 +a2-2 X2 x* \x?/ x*/
L 4 ) 2 =x*+3x% -5x

2
. . .. a*
The minimum value of this function is ~

Now, rewrite the function as
f (x)=a® - 2ax+ 2x?

= (a2 - 2ax)+ 2x2

= (a2 —2ax+ x2)+ 2x2% — x2
=(a- x)2 +x2
This is the same function, so
2

(a-x)2+x2>2 or x2+(a-x)?> 2.
2 2
124. Start by writing the function in standard form.
f(x)=-x*+ax= —(x2 - ax)

2 a’?) a’
=—| X" —ax+ |+

\ 4) 4

2
. . .. a*®
The maximum value of this functionis ~—

Now, rewrite the function as
f(x)=ax—x?=x(a-x)
a2
This is the same function, so x(a—x) < ? )

Getting Ready for the Next Section

125. 50— —(50) =1

Copyright © 2018 Pearson Education Inc.

131. 4x%-9=(2x+3)(2x-3)

132. X2 +6x+9=(x+3)°
133. 15x% +11x —12 = (3x + 4)(5x - 3)
2
134.

14x —3x—2=(2x-1)(7x+2)

135.

X% (x-1)-4(x-1) = (x* - 4)(x-1)
=(x+2)(x-2)(x-1)

136. 9x?(2x+7)—25(2x +7)

= (9x® - 25)(2x+7)
=(3x+5)(3x—5)(2x+7)

2.2 Polynomial Functions

2.2 Practice Problems

x“+1 . ) .
1 a f(x)= 1 s not a polynomial function
because its domain is not (-0, ).

b. g(x)=2x"+5x?-17 isa polynomial

function. Its degree is 7, the leading term is

2x” , and the leading coefficient is 2.
2. P(x)=4x3+2x% +5x-17
el 2.5 17



Section 2.2 Polynomial Functions 135

126. (—4)7 = -1 1

(47 16

127. (2%)(-3x*) = (2)(-3)(«*)(x*)

128. (2¢°)(3)(—x°) = (2)(B)(-1)(x*)(x)(*)

When |x| is large, the terms _, ,, and — ,
X X X

are close to 0. Therefore,

P(x):x3(4+0+0—0)z4x3.

. Use the leading-term test to determine the end

behavior of y = f (x) = —2x* +5x% +3. Here

n=4and a, =-2<0.Thus, Case 2 applies.
The end behavior is described as

y — —0asX — —oo and y — —o0 as X —> .

Copyright © 2018 Pearson Education Inc.
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4,

First group the terms, then factor and solve
f(x)=0:
f(x)=2x*-3x? +4x-6
=2x3+4x-3x* -6
= 2x(x2 + 2)—3(x2 + 2)

= (2x—3)(x2 +2)

0=(2x-3)(x*+2)
0:2x—3:>x:§ or

2
0 = x? + 2 (no real solution)

The only real zero is g

f(x)=2x>-3x-6

f(1)=-7 and f(2)=4.Since f (1) and

f (2) have opposite signs, by the Intermediate

Value Theorem, f has a real zero between 1
and 2.

f(x)=(x+1)*(x-3)(x+5)=0=
(x+1)° =00rx—3=00rx+5=0=>
x=-lorx=30rx=-5

f (x) has three distinct zeros.

f(x)=(x-1)" (x+3)(x+5)=0=

(x-1)° =0orx+3=00rx+5=0=>

x =1 (multiplicity 2) or x = =3 (multiplicity 1)
or x = =5 (multiplicity 1)

f (x) = —x* +3x% —2 has at most three turning
points. Using a graphing calculator, we see that

there are indeed, three turning points.
2

-5

f (x):—x4 +5x% 4
Since the degree, 4, is even and the leading
coefficient is —1, the end behavior is as shown:

1

O X

/1N

y — —00asXx— —owo and y — —o0 as X — oo.

Now find the zeros of the function:
0=—x*+5x? —4:>0:—(x4 —5x2 +4)

= —(xz —4)(x2 —1):>

0=x’-40r0=x%>-1=
X=12 or x=%41

There are four zeros, each of multiplicity 1, so
the graph crosses the x-axis at each zero.
Next, find the y-intercept:

() 4 2

f0=-x +5x —-4=-4
Determine symmetry:

f(-x)=—(-x)* +5(-x)* - 4
=—x*+5x% —4=f(x)

So fis an even function and its graph is

symmetric with respect to the y-axis.

Now find the intervals on which the graph lies
above or below the x-axis. The four zeros divide

the x-axis into five intervals, (—o0,-2),
(-2,-1),(-11),(1,2), and (2,). Determine
the sign of a test value in each interval

nterval Test Value of | Apove/below
point f (x) X-axis
(=,-2) -3 ~40 below
(-2,-1) -15 2.1875 above
(-11) 0 —4 below
12) 15 2.1875 above
(2,0) 3 —40 below

Plot the zeros, y-intercepts, and test points, and
then join the points with a smooth curve.

¥y

Copyright © 2018 Pearson EdL
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10 f(x)=x(x+2)° (x-1)?

First, find the zeros of the function.
x(x+2)° (x-1)* =0=
x=0|x+2=0 |x-1=0
X=-2 x=1

The function has three distinct zeros, -2, 1, and
0. The zero x = -2 has multiplicity 3, so the
graph crosses the x-axis at —2, and near —2 the
function looks like

f(x)=-2(x+2)° (-2-1)* = -18(x+2)°.

The zero x = 0 has multiplicity 1, so the graph
crosses the x-axis at 0, and near 0 the function

looks like  (x)=x(0+2)°(0-1)* =8x.

The zero x = 1 has multiplicity 2, so the graph
touches the x-axis at 1, and near 1 the function
looks like

f(x)=1(1+2)° (x-1)* = 27(x-1)°.

We can determine the end behavior of the
polynomial by finding its leading term as a

product of the leading terms of each factor.
f(x)=x(x+2)° (x-1)* = x(x3)(x2) =x°
Therefore, the end behavior of f (x) is Case 1:

\ |/

0 ‘ X

Now find the intervals on which the graph lies
above or below the x-axis. The three zeros

divide the x-axis into four intervals, (-0, -2),
(-2,0),(0, 1), and (1,0). Determine the sign of
a test value in each interval

Y.
60
30
| | | | |
-3 -2 = 1 2 3 %
T 3 T 3 3
11. V= X" = -7° ~207.378 dm
33 33
~207.378 L
2.2 Exercises
Concepts and Vocabulary
1. Consider the polynomial 2x° —3x* + x —6.

The degree of this polynomial is 5, its leading
term is 2_x5 , its leading coefficient is 2, and its
constant term is —6.

A number ¢ for which f (¢)=0 is called a zero

of the polynomial function f.

If c is a zero of even multiplicity for a
polynomial function f, then the graph of f
touches the x-axis at c.

If c is a zero of odd multiplicity for a

polynomial function f, then the graph of f
crosses the x-axis at c.

False. The graph of a polynomial function is a
smooth curve. That means it has no corners or
Ccusps.

True

7. False. The polynomial function of degree n has,

8.

at most, n zeros.
True

Interval Test Value of | Apove/below
point f(x) x-axis
(=0, -2) -3 48 above
(-2,0) ~1 —4 below
0,1 0.5 1.95 above
(
(L) 2 128 above

Plot the zeros, y-intercepts, and test points, and

then join the points with a smooth curve.

Building Skills
9. Polynomial function; degree: 5;
leading term: 2x°; leading coefficient: 2

10. Polynomial function; degree: 4;
leading term: —7x%; leading coefficient: —7

11. Polynomial function; degree: 3;
leading term: Zx?’; leading coefficient: 2

3 3

12. Polynomial function; degree: 3; leading term:

3. ; —
Copyright © 2018 Pearson Edué/agf%n IW@.dmg coeficient: 2
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13.

14,

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

32.

35.

Polynomial function; degree: 4; leading term:
nx?: leading coefficient: «t

Polynomial function; degree: 0; leading term: 5;
leading coefficient: 5

Not a polynomial function (the graph has sharp
corners; not a smooth curve; presence of |x|)

Not a polynomial function (the domain is
restricted)

Not a polynomial function because the domain
is not (—oo, ).

Not a polynomial function (the graph is not
continuous)

Not a polynomial function (presence of \/Y)

Not a polynomial function (noninteger

exponent)

Not a polynomial function because the domain
is not (—oo, o).

Not a polynomial function (negative exponent)

Not a polynomial function (graph is not

continuous)

Not a polynomial function (the domain is
restricted)

Not a polynomial function (the graph is not

continuous)
Not a polynomial function (the graph has sharp
corners; not a smooth curve)

Not a polynomial function (not the graph of a
function)

Not a polynomial function (the graph has sharp

corners; not a smooth curve)

c 30. f 31. a
e 33. d 34. b
f(x)=x- x3

3

The leading term is —x°, so f (x) —> o as

37.

38.

39.

40.

41.

42,

43.

44,

f(x)=ax*+2x3+1

The leading term is 4x*, so f (x) > as

x — —oo and f (x)—> o0 as x - .

f(x)=-x*+3x%+x

4

The leading term is —x", so f (x) > - as

X — —o0 and f (x) > -0 as x — oo

f(x)=(x+2)*(2x-1)
The leading term is x?(2x) = 2x3, so

f (x) > —o0 as x > —o and f(x) > o as
X — o,

f(x)=(x—2)*(2x+1)
The leading term is x3(2x) = 2x*, so

f(x) > o as x—> —o0 and f (x) > oo as
X — o

f(x)=(x+2)* (4-x)
The leading term is x? (-x)=-x3, so

f(Xx)—> o as x> —o0 and f (x) > —o as
X — o0

f(x)=(x+3)*(2-x)
The leading term is x3(-x)=—x*, so

f(x) > —0 as x > —o and f(x) > —oo as
X — o,

f(x)=3(x-1)(x+2)(x-3)

Zeros:-2,1,3

x =—2: multiplicity: 1, crosses the x-axis

x = 1: multiplicity: 1, crosses the x-axis
x= 3: multiplicity: 1, crosses the x-axis

f(x)==5(x+1)(x+2)(x-3)

Zeros: -2,-1,3
x = =2: multiplicity: 1, crosses the x-axis
x =—1: multiplicity: 1, crosses the x-axis
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x— -0 and f(X)—> -0 as x— oo.

36. f(x)=2x3-2x*+1

The leading term is 2x%, so f (x) - —oo as

x— - and f(x)—> o0 as X —> .

45,

x = 0: multiplicity: 1, crosses the x-axis
2
f(x)=(x+2) (2x-1)
Zeros: -2, 3
x = —2: multiplicity 2, touches but does not

cross the x-axis
X = 2l : multiplicity 1, crosses the x-axis
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46.

47,

48.

49,

50.

51.

52.

f(x)=(x-2)*(2x+1)
Zeros: -3, 2
x =—=: multiplicity 1, crosses the x-axis

1
2
x = 2: multiplicity 3, crosses the x-axis
f(x)=x? (x2 - 9)(3x +2)°
Zeros: -3,-%,0, 3
x = =3: multiplicity 1, crosses the x-axis
x =—£: multiplicity 3, crosses the x-axis
x = 0: multiplicity 2, touches but does not cross
the x-axis
x = 3: multiplicity 1, crosses the x-axis
f(x)=—x (x2 - 4)(3x -2)?
Zeros: —2,0, 2,2
3
x = —2: multiplicity 1, crosses the x-axis

x = 0: multiplicity 3, crosses the x-axis
2

x = 5 . multiplicity 2, touches but does not
cross the x-axis

x = 2: multiplicity 1, crosses the x-axis
F(0)=(x +1)(3x-2)*

Zero: % multiplicity 2, touches but does not

cross the x-axis

f(x)= (x2 +1)(x +1)(x-2)
Zeros: -1, 2
x = =1: multiplicity 1, crosses the x-axis
x = 2; multiplicity 1, crosses the x-axis

f(2)=24-22-10=-2;

f(3)=3*-3%-10=44.

Because the sign
changes, there is a
real zero between 2
and 3. The zero is
approximately 2.09.

2k
WEENEZ090E  Y=)

f1)=1*-12-2(1)-5=-7;

f(2)=2%-22-2(2)-5=3.

Because the sign : ‘/.-’
changes, there is a .

real zero between 1

Zern
W=l B70Y2nE V=0

53.

54,

55.

56.

57.

58.

f(2)=2%-9(2)% -15=-19;
f(3)=3°-9(3)2 —15=147.

Because the sign
changes, there is a
real zero between 2
and 3. The zero is

approximately 2.28. z.u:f':
HW=Z.ZB1Bz7E ¥=0

f (0) = 0% +5(0*) +8(0%) + 4(0%) - 0~5=-5;
(1) =1°"+50%) +80% +401%) -1-5=12,

Because the sign /

changes, there is a
real zero between 0

The least possible degree is 3. The zeros are -2,
1, and 3, each with multiplicity 1. The end

and 1. The zero is

approximately 0.68. |74
n=.BB4ZE7RE V=0

behavior is f (x) - —o0 as x — —oo and

f (Xx) > o as x — o, s0 the leading
coefficient is 1. The polynomial with smallest
possible degree is (x+2)(x-1)(x - 3).

The least possible degree is 3.The zeros are -1,
1, and 3, each with multiplicity 1. The end

behavior is f (x) —> o as x - - and

f (x) > —o0 as x — oo, so the leading

coefficient is —1. The polynomial with smallest
possible degree is —(x+1)(x -1)(x —3).

The least possible degree is 3.The zeros are —3
(multiplicity 1) and 2 (multiplicity 2). The end

behavior is f (x) - —0 as x —» —0 and

f (Xx) > o as x — oo, s0 the leading
coefficient is 1. The polynomial with smallest

possible degree is (x +3)(x— 2)2 .

The least possible degree is 3.The zeros are —1
(multiplicity 2) and 2 (multiplicity 1). The end

behavior is f (x) — o as x - - and

and 2. The zero is approximately
1.87.

D18 Pearson Education Inc.
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f (x) > —0 as x — oo, so the
leading

coefficient is —1. The polynomial
with smallest possible degree is —

(x+1)° (x-2).

Copyright © 2018 Pearson Education Inc.
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59. The least possible degree is 4. The zeros are —1 (v _1\2 B
(multiplicity 2) and 2 (multiplicity 2). The end 65. f(x)=(x-1)"(x+3)(x~4)
y
behavior is f (x) — o as x — —o and 200 -
100 |-

f (x) > o as x — oo, s0 the leading N/
coefficient is 1. The polynomial with smallest - _W_ l e
possible degree is (x+1)° (x—2)°. o

60. The least possible degree is 4. The zeros are —2
(multiplicity 2) and 2 (multiplicity 2). The end
behavior is f (x) - — as x — —o and 66. f(x)=—x*(x+1)(x-2)
f (x) > —0 as x — oo, so the leading y
coefficient is —1. The polynomial with smallest 5T
. . 2 2 4+
possible degree is —(x+2)" (x—2)".
( ) ( ) [ /\ |
61. The zeros are —2 (multiplicity 2), 2 (multiplicity 32410 1 2 3%
1), and 3 (multiplicity 1), so the least possible —4r-
degree is 4. The end behavior is f (x) > « as —sl
x — —oo and f (x)—> o0 as x — oo, so the
2 2
leading coefficient is 1. The polynomial with 67. f(x)=-x"(x-3)
smallest possible degree is
(x+2)* (x=2)(x-3).
62. The zeros are -3 (multiplicity 1), 0 (multiplicity Y

2), and 2 (multiplicity 1), so the least possible 20| =

10
degree is 4. The end behavior is f (x) > —o as Lo

-3-2-1 3\ 5 X

x— -0 and f (x) > - as x — oo, so the for

20 -
leading coefficient is —1. The polynomial with

68.

smallest possible degree is —x? (x+3)(x-2).

For exercises 63—74, use the procedure shown on
pages 163-164 of the text to graph the function.

63. f(x)= 2(xﬁ)(x—2)(x+4)

200

100

[ e | |
SA-3-2—1

—100

—200

64. f(x)=—(x-1)(x+3)(x—4)

Copyright © 2018 Pearson EdL

f(x)=(x=2)" (x+3)°

400

200

—4-3-2-10 1

—200

—400

2 3 4 x

69. f(x)=(x-1)"(x+2)*(x-3)

y
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y
100 -
50
| | | L~ TN
—4-N=1 071 2 3 4N
—100 |
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141

70.

71.

72.

73.

74.

N .

|
A~
|
w
|
)
|
[=)
w

f(x)=

8

16 —

NG

x(x2 +9)(x—2)2

Copyright © 2018 Pearson Educatic

Applying the Concepts

0.04825
.a P="_""(40)"=~4.14h
75. a 246 (40)° p
0.04825
P=—"" ~17.76 h
b. 246 (65)° 6 hp
0.04825
¢ P= e (80)* ~33.12 hp
0.04825 ( \3
2 (2) 8
d PV _ 746 T
. v .
. 3 T .37
CE

76. a. E=12800(1.75)* =120,050]

b. E=12800(0.5833)* ~1481.76

4 4
E =12800 L _ 12800L* (1)
3 l3)

(1)

=12800L* ~158.02 J

81
It reduced by a factor of 3

c. E=12800(0.07)* ~0.31J

4 4
E =12800 (LY _ 12800L* (1)

25) 25)
)

=128OOL4( ~0.03J

390,625

It reduced by a factor of g5z .

(&) smof) & T

2
E(L) 12800L* L* 16

77. a. 3x2(4—x)=0:>x=00rx=4. x=0,

multiplicity 2; x = 4, multiplicity 1.

b. Y
50

40
30—
20

10 —
| 1 |

L |
-2-10 1 2 3 5%
—10
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[ -

w -

g .

c. There are 2 turning points.

d. Domain: [0, 4]. The portion between the
x-intercepts is the graph of R(x).

Copyright © 2018 Pearson Education Inc.
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78.

Haxirmurm
w=c.BEBEEHAS JY=ZB. 444444 L

R(x) is a maximum at x = 2.67.
79. a. Domain [0, 1]

b. © r
80.
Haxirur
Ww=.BBEEAE 'Y= 14B1Y4B1E L
v is a maximum when r = 0.67.
[ x)?) X
8l. a. R(X)=x]|27- =27x—
300 90,000
b. The domain of R(x) is the same as the
domain of p. p>0 when p<900 3.
b ooV
The domainis '0, 900 3.
c. R
18,000 —
14,000 —
10,000 —
6000 —
2000 | l |
0" 400 1000 1600 X
82. a.

Haxirmurm
REAN0N000Y JY=1EZ00

About 900 pairs of slacks were sold.
b. $16,200

83. a. N(x)=(x +12)(400— 2x2)

b. The low end of the domain is 0. (There
cannot be fewer than 0 workers.) The upper
end of the domain is the value where
productivity is 0, so solve N(x) = 0 to find
the upper end of the domain.

(x+12)(400 - 2x°) = 0 = x = ~12 (reject

this) or 400 — 2x% = 0= 200 = x° =
X =+10y2 (reject the negative solution).
The domain is [0, 10/2].

c N
6000

5000
4000
3000
2000
1000

0

84. a.

Haxirmurm
n=b08z1z08 LY=E050. 4614 .

The maximum number of oranges that can
be picked per hour is about 5950.

b. The number of employees =12 + 5= 17.

85. a. V(x)=x(8-2x)(15-2x)

60

=
T T T T 11

40

Copyright © 2018 Pearson Education Inc.
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86. 91. a. V(x)=2x%(45-3)
b
V
3000 —
2500 |-
Haxirur
nw=1.6666629 _V=00.74074]1 . 2000 —
The largest possible value of the volume of the 1500 [~
box is 90.74 cubic units. 1000
87. a. V(x)=x?(108-4x) wr/ o
1% 0 36 9 12 15X

© 12,000
10,000
8000
6000
4000
2000

92.

Haxirur
I n=in. 1 LV=3000

0 9 18 27x

The volume is greatest when x = 10, so the
88. width of the bag is 10 inches, the length is
2(10) = 20 inches, and the height is

45 —20 - 10 = 15 inches.

93. b
Haxirur —
n=1iB.00000l LY=11664 90
The largest possible volume of the box is ok
11,664 cubic inches. L
50
89. a. V(X)=x?(62-2x) 2oL
b,V L
9000 - 10 [ I
= 0 2 4 6 8 «x
7000 -
5000 [~ 94.
3000 —
1000 -
03 9 15 21 27 B x N e ougE _p=105.0E76L .
90. A worker is most efficient approximately five

hours after 6:00 a.m. or 11:00 a.m.

95. f(x)=0.963+0.88x —0.192x% +0.0117x°

a. The year 2015 is represented by x = 7.
f (7) ~1.73 trillion

Haximurm
n=gl.B6EBEE -Y=BBEZ6.96%

The volume is greatest when x ~ 20.67, so
the dimensions of the suitcase with the b.

largest volume are approximately
20.67 in. x 20.67 in. x 20.67 in.
/]

/

It appears that there is one zero and two
turning points.
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c. /_JH“"--__, 98. The graph of f(x)=—(x+1)* is the graph of

y = x4 shifted one unit left and then reflected

zero is x = -1 with,multiplicity 4.

[0, 8] by [-0.5, 2.5] | | 1 |
The maximum occurs at X ~ 3.27, which is 3 2/ I
during 2011. This fits the original data. \]\

96. f(x)=-0.23+0.0081x —0.0002x>

+0.000002x°
a. The year 2025 is represented by x = 120. -3
f (120)~1.32 4l
b.
99. The graph of f(x)=x*+2 is the graph of
| —— y =x* shifted two units up.
[0, 120] by [ 0.5, 1.5] x*+2=0 =x= {/~2. There are no zeros.
It appears that there is one zero and no
turning points.
C.

ﬁgga.ﬂggﬂﬁg =i 1+
[0, 8] by [-0.5, 2.5] L L

The zero occurs at x ~ 65, which is the year -3 -2 -10 1 2 3%

1970. This fits the original data.

100. The graph of f(x)=x* +81 is the graph of

y =x* shifted 81 u\?iis_up.

. :
97. The graph of f(x)=(x—1)* is the graph of x* +81=0 ~81. There are no zeros.

Beyond the Basics

y = x* shifted one unit right.
(x—l)4 =0= x=1.The zerois x = 1 with
multiplicity 4.

ROF

I [
-3 -2-10 1 2 3 x
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101.

102.

103.

The graph of f(x)=—(x —1)4 is the graph of

y= x* shifted one unit right and then reflected

across the x-axis. —(x—1)*=0= x=1. The
zero is x = 1 with multiplicity 4.

The graph of f(x)= % (x—l)4 —8 isthe graph

of y= x* shifted one unit right, compressed
vertically by a factor of 2, and then shifted eight

units down. % (x-1)*-8=0=

(x—l)4 =16=>x-1=42=x=3o0rx=-1.
Both zeros have multiplicity 1.
y

20—

_]0 —
The graph of f(x)= x> +1 is the graph of

y = x° shifted one unit up. x° +1=0=

X = J-1 = x =—1. The zero is —1 with
multiplicity 1.

104.

105.

_3_

The graph of f(x) = (x —1)5 is the graph of

y = x° shifted one unit right. (x—1)° =0 =
x =1. The zero is 1 with multiplicity 5.

_— W B e

5
The graph of f(x)=8- (x+1)

is the graph of

y = x° shifted one unit left, compressed
vertically by one-fourth, reflected in the
x-axis, and then shifted up eight units.

(x +1)5 (x +1)5

8- 4 =0=- 4 =-8=

(x+1)°=32= x+1=2= x=1. The zero is 1

with multiplicity 1.

A\‘
20
15

10+

—4 -3 -2 -10 2 X

—10
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1° 110.
106. The graph of f(x) =81+ (XJ; ) is the graph .
0.2
of y = x° shifted one unit left, compressed 015
vertically by one-third, and then shifted up 81 -
(x+1)° (x+1)° 0.1
units. 81+ =0= —5 = -8l1= 0.05 -
(x+1)° =—243 = x+1=-3= x=—4. The 05 o5 T
zero is —4 with multiplicity 1. s s
y The graph of y = x” —x° represents the
300
i;g difference between the two functions y = x°
150
100 and y = x>, so the maximum distance between
50
| 11 1
—5—f-3-2-1 i%_ the graphs occurs at the local maximum of
—100+~ y = x° — x°. The maximum vertical distance is
0.19. It occurs at x = 0.77.
107. 1f 0 < x < 1, then x2 <1. Multiplying both sides

108.

1009.

of the inequality by x?, we obtain x* < x2.

Thus, 0 < x4 < x2.

Ifx > 1, then x% >1. Multiplying both sides of

the inequality by x?, we obtain x* > x2. Thus,
x4 >x2>1.

y

0.3

0.25

T

T

0.15
0.1
0.05 —

| ] |
025 05 075 1 «x

The graph of y =x2—x* represents the

difference between the two functions y = x2

and y = x*, so the maximum distance between

the graphs occurs at the local maximum of
y = x? — x*. The maximum vertical distance is
0.25. It occurs at x ~ 0.71.

Haxirmur
W= FOFL0ERS JY=.2E

Haxirmur
H=.PPHEDPEY VS AR50 |

Answerswrttvaryimexercrses 111-114. Sample
answers are given.

111.
112.

113.

114.

115.

116.

117.

118.

f(x) = x?(x+1)

f(x)==x(x+1(x-1)

f(x)=1-x*

f(x) = x2(x +1)(x—1)
The smallest possible degree is 5, because the

graph has five x-intercepts and four turning
points.

The smallest possible degree is 5, because the
graph has four turns.

The smallest possible degree is 6, because the
graph has five turning points.

The smallest possible degree is 6, because the

graph has five turning points.
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119. f(x)=20x* +x+1

For large values of x, f (x) ~10x*. For small

values of x, f (x)~ x+1.

120. f(x)= X% —x+1

For large values of x, f (x)~ x>. For small
values of x, f (x)~—-x+1.

y
8

_ 4
I 1 1 /I\ 11 1
—4-3-2F£10 172.3 4 X

121, f(x)=x*—x%+1
For large values of x, f (x)~ x*. For small

values of x, f (x)~-x?+1.

/ —8 \
122, f(x)=x*—x?+1

For large values of x, f (x) ~ x>. For small

values of x, f (x)~-x?+1.

Critical Thinking/Discussion/Writing

123.

124.

125.

126.

127.

128.

If a human is scaled up by a factor of 20, then

the total weight will increase 20% =8000 times
but the bone strength will increase only

20% =400 times. The bones would probably
break under the increased weight.

If a human is scaled down by a factor of 70,
then the body surface area will decrease

702 = 4900 times while the volume will

decrease 70° = 343,000 times. The body will
rapidly lose heat and will have a very hard time
maintaining body temperature unless its
metabolic rate increases drastically.

It is not possible for a polynomial function to
have no y-intercepts because the domain of any
polynomial function is (-0, ®), which includes

the point x = 0.

It is possible for a polynomial function to have
no x-intercepts because the function can be
shifted above the x-axis. An example is the

function y = x2 +1.

It is not possible for the graph of a polynomial
function of degree 3 to have exactly one local
maximum and no local minimum because the
graph of a function of degree 3 rises in one

direction and falls in the other. This requires an
even number of turning points. Since the degree
is 3, there can be only zero or two turning
points. Therefore, if there is a local maximum,
there must also be another turning point, which
will be a local minimum.

It is not possible for the graph of a polynomial
function of degree 4 to have exactly one local
maximum and exactly one local minimum
because the graph rises in both directions or
falls in both directions. This requires an odd
number of turning points. Since the degree is 4,
there can be only one or three turning points. If

there were exactly one local maximum and
exactly one local minimum, there would be two
turning points.
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129. If P(X)=amx™ +apn_ X"t + 11+ a;x+ay and Q(x) = b,x" +by_x"™ + 11+ byx+by, then

(P - Q)(X) =ay, (bnxn + bn,lx”_l + L+ b1X + bo)m +agm_1 (ann + bn,1Xn71 O+ b]_X + bo)m—l N

n n-1
+a1(bnx +b, X T+ \+b1x+b0)+a0,

which is a polynomial of degree mn.

130. If P(X)= amX™ +apm_yX™ + 11+ ax+ag and Q(x)=byx" +b,_1x"™ +11+byx+by, then

(PIQ)(X)=ay, (bnxn +by X" b+ bo)m +ap_1 (bnxn +by X"+ I+ byx+ bO)Wl +1]

+ al(bnxn +by X"+ b1x+b0)+ ag,

and the leading coefficient is a,, (b, )"

n

n-1
(QUP)(x)=b, (amxm+am,1xm’1+\ \+alx+a0) +bn,1(amxm+am,1xm’1+{ \+alx+a0) +0

+ bl(amxm +a, X" ax+ a0)+ by,

and the leading coefficientis b (a ).

n m
Getting Ready for the Next Section 2.3 Dividing Polynomials and the
— Rational Zeros Test
131, f(x)=x"-3x"+2x-9
f(-2)= (_2)3 _3(_2)2 +2(-2)-9=-33 2.3 Practice Problems
132. g(x)=x*+2x3 - 20x-5 > 3x+4

1. x2+0x+13x3+4x%+ x+7
9(3)=(3)* +2(3)-20(3)-5="70

(-)3x*+0x*+3x

133 g(x)=(-7x° +2x)(x~13) A2 _ 9%+ 7
0 (13)=|-7(13)° +2(13) |[(13) -13] = 0 (=) 4x%+0x+4
—-2x+3
134, f(x)= (x8 —15x" + 5x3)(x +12) Quotient: 3x + 4; remainder: —2x + 3
il
f(-12) 223 2 -1 0 5
=l (-12)* ~15(-12)" +5(-12)° [ (-12) +12] 6 -3 -0
L ] 2 -1 -3 -4
=0

The quotient is 2x2 = x— 3, remainder —4 or
135, x? -3x-10=(x-5)(x+2) 2 4

136. Copyright © 2018 Pearson Education Inc.  _9y2 4 x 1 1= —(2x2 _x _1)
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g x-3

=—(2x+1)(x-1)
=(2x+1)(1-x)

137, (2x+3)(x%+6x=7) = (2x+3)(x+7)(x-1)

138. (x-9)(6x” —7x—3) = (x-9)(3x+1)(2x-3)

3.3/ 2 1 -18 -7

6 21 9
2 7 3 2

2
The quotientis 2x + 7x+ 3, remainder 2.

4, F()=1"9-2.1°" 4y5-1-2+5=4,s0the

remainder when F (x) = x*? —2x°" +5 is
divided by x — 1 is 4.

Copyright © 2018 Pearson Education Inc.
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1 -2 14 -26 32

The remainder is 32, so f(-2) = 32.

. Since -2 is a zero of the function

3x3 — x? —20x—12, x + 2 is a factor. Use

synthetic division to find the depressed
equation.
-2 3 -1 -20 -12

-6 14 12

3 -7 -6 0
Thus,

3¢ —x% —20x-12 = (x+2)(3x* ~ 7x~6).

Now solve 3x2 —7x—6=0 to find the two
remaining zeros:

32 -7x-6=0=(x-3)(3x+2)=0=

x—3:00r3x+2:03x:30rx:—§

The solution set is {—2, - 5 , 3}.

. C(x)=0.23x® - 4.255x% + 0.345x + 41.05
C(3)=10=C(x)=(x-3)Q(x)+10=
C(x)-10=(x-3)Q(x)

So, 3is zero of C(x) —10 =
0.23x® — 4.255x2 +0.345x + 31.05.

We need to find another positive zero of

C(x) — 10. Use synthetic division to find the
depressed equation.

3] 0.23 —4.255 0.345 31.05

0.69 -10.695 -31.05

0.23 -3.565 -10.35 0

Solve the depressed equation
0.23x% —3.565x —10.35 =0 using the quadratic

formula:

L 3565% |J(~3.565)% — 4(0.23)(~10.35)
B 2(0.23)

8. The factors of the constant term, —8, are

{£1,%2,+4,+8}, and the factors of the leading

coefficient, 2, are {il, 12} . The possible

[ ]

+= + + + + Use

rational zerosare 4 |, 1, 2, 4, 8}.
2
synthetic division to find one rational root:
2||]2 3 -6 -8
—4 2 8
2 -1 -4 0

1

The remainder is 0, so —2 is a zero of the

function.
2x3 +3x? —6x—8:(x+2)(2x2 - x—4)

Now find the zeros of 2x% — x—4 using the
quadratic formula:

144 (=D)2-4(2)(=4) 14/ 33

X= 201) = , Which are

not rational roots. The only rational zero is

=25

X
2 J>
L F

=

V180 %

w_/ V—/
Ay D V180 B

From the similar right triangles [JEFC and
:/ABC, we h\?v&
180 y+ 180 X+ 2

= , or y++/180 =+/180- «

X X+2

Using the Pythagorean theorem in right triangle
ABC gives
vV 2
(x+2)*+(y+ 180) =212
Now substitute.

J

2
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~180r -2.5 (x+2)2+( 180-ﬂ\) =21%
The positive zero is 18. X
Check by verifying that C(18) = 10. Multiply both sides by x2 to eliminate the

fraction.

X2 (x+2)* + (JlEi_O(x + 2))2 =21%x?

Now expand and simplify.
X2 (xz +4x+4)+180(x2 +4x+4) = 441x?
x* +4x3 + 42 +180x2 + 720x + 720 = 441x>
x* +4x% - 257x% +720x+720 = 0 = P(x)
(continued on next page)
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(continued)

Use the factorization of 720 =2%.3%.5 to
check for all possible rational zeros of the
polynomial.

+1, +2,+3, £4, £5 £6, £8, £9, £10,

+12, +15, +18, + 20, + 24, +30, + 36,

+40, +48, + 60, +72, £80, +90, +120,
+144, +180, + 240, + 360, +720

We know that x must be a positive number less
than 21. Using synthetic division, we see that

x =4 is azero of P(x).

4 1 4 -257 720 720

4 32 900 -720

1 8 -225 -180 0

So, the remainder is
Q(x) = x* +8x% — 225x ~180.

Using synthetic division again, we see that
X =12 is another zero.

12] 1 8 -225 -180

12 240 180
1 20 15 0
There are no other real zeros.

P(x)=x* +4x3 - 257x? 4 720x + 720
= (x—4)(x-12)(x? +20x +15)

Since the height = x + 2, the top of the ladder
touches the wall at either 6 feet above the
ground or 14 feet above the ground.

2.3 Exercises
Concepts and Vocabulary

1. Consider the equation

x3 _3x+5= (x2 +1)x—4x+5. If both sides

are divided by x? +1, then the dividend is
13——3x +5, the divisor is ffﬂ, the quotient

is x, and the remainder is —4x +5.
2. Consider the division X *4X — x +6+ 12 The

dividend is x2+4x, the divisor is x—2, the

quotient is x+6, and the remainder is 12.

Copyright © 2018 Pearson Education Inc.

6. True

7. False. The possible rational zeros of
P(x)=9x3-9x* —x +1 are
+3, 3, +1
8. False. The remainder is a constant.
Building Skills

3Xx-2

=t

9. 2x+16x%- x-2

—(6x2 +3x)
—4x-2
—(-4x-2)
0

2 7
2X +2x+2

)

—(4x® -6x%)
4x% + X
—(4x2 —6Xx)
7x— 3

15
2

10. 2x-34x°-2x°+ x-3

In exercises 9-14, insert zero coefficients for missing

terms.

11. x+13x*+0x®3 —6x2+3x-7
—(3x* +3x%)
3 2
—3X —6X
—(—3x3 —3x2)

—3x? +3x
2

—(=3x_—=3x)

6x—7
—(6x+ 6)
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. The Remainder Theorem states that if a

polynomial F(x) is divided by (x—a), then

the remainder R = F(a).

The Factor Theorem states that (x—a) isa
factor of a polynomial F(x) if and only if
F(a)=0.

True

Copyright © 2018 Pearson Education Inc.
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x* —2x% +5x+4

12. x> +0x+ 2>x6 +0x° + Ox* +5x3 +0x® + 7x+3
~(x*+0x*+2x*)

—2x* +5x% + 0x?

—(=2x*+0x3—4x2)

5x3 +4x°% + Tx
—(5x3+0x%+10x)

4x% - 3x+3

—(4x2 + 0x+8)
-3x-5

2x-1

13. 2x° - x—5>4x3 —4x% - 9x+5

—(4x3 —2x? —10x)

—2x%>+ X+5
—(—2x2+ X+5)

0

y3+ y2+ y-5

14. y?2+2y-3y°+3y* 10y —6y?+2y-7

—(y>+2y*-3y%)
y4+3y3—6y2
—(y* +2y3 -3y?)
y3-3y?+ 2y
—(y¥+2y%-3y)

-5y24+ 5y—- 7

—(=5y? ~10y +15)
15y -22

22 +22Gapyright © 2018 Pearsonzéduéltionllna

16. First, arrange the terms in order of descending

17.

18.

19.

20.

powers.

4

ThJe quotient is

-2

The quotient is 2x% — 7x +13 and the

—(=9x3+ 3% +15x)

2x% —3x+2

3x? —x-56x* =113 - x2+13x-10

—(6x* —2x® ~10x?)

—9x®+ 9x% +13x

6x% — 2x-10
2
—(6x —-2x-10)
0
1 -1 -7 2
1 0 -7
1 0 -7 -5

2 -3 -1 2
—4 14 -26
2 -7 13 -24

remainder is —24.

=2|

1 4 -7 -10
-2 -4 22
1 2 -11 12

x% —7 and the remainder is —5.

The quotient is x2 +2x—11 and the remainder

is 12.

1 1 -13 2
3 12 -3
1 4 -1 -1

The quotient is x2 +4x—1 and the remainder

is —1.

3

2
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2 -2 0 8

15. 22 -22+1 2% +02% - 22° +0z+1 1 -1 0 4 13
—(z*-22%+ 7% The quotient is x3 — x? +4 and the remainder
223 - 32240z 15 13.
_(223_422 +22) 22. ]J 1 -5 -3 0 10

1 4 7 -

22-27+1
1 -4 -7 -7 3
2
—(z5=2z+1 Nt i
-z —0) The quotient is x° —4x% — 7x—7 and the
remainder is 3.
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152 Chapter 2 Polynomial and Rational Functions

1 d10 1 3 o0 1
285002 4 8 1 10 130 1300
1 5 1 —I 1 13 130 1301

2 4 The remainder is 1301, so f(10) =1301.

28.a. =2/ 2 -3 0 1

The quotient is 2x2 +5x—l and the remainder ——4 14 -28
2 2 -7 14 -27
3 The remainder is —27, so f(-2) = -27.
is -
b. -1 2 -3 0 1
0 1 3 8 1 1 2 5 -5
J 2 5 5 -4
1 3 4 The remainder is —4, so f(-1) = —4.
3
! 1
3 9 4 3 c -5 2 -3 0 1
The quotient is 3x? +9x +4 and the remainder -1 2
is 1 2 4 2 0
is —.
3 The remainder is 0, so f(—l\:o.
1 2
25. —=| 2 -5 3 2
2 7 2 3 0 1
—=1 3 -3 14 77 539
2 6 6 - 2 11 77 540
The quotient is 2x2 —6x+6 and the remainder The remainder is 540, so f (7) = 540.
is—1.
29.a 14y 1 5 -3 0 -2
% 13 2 8 2 1 6 3 3
j 1 6 3 3 -17
L= The remainder is -17, so f (1) = -17.

3 3 9 -1

The quotient is 3x% - 3x+9 and the remainder b.-1 1 5 -3 0 -20

is —1. -1 -4 7 -7
1 4 -1 7 =27

21214 13 0 1 The remainder is —27, so f (-1) = -27.
1 4 4 ]
1 4 4 5 c. -2 1 5 -3 0 -20
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The remainder is 5, so f (1) =5. -2 -6 18 -36

1 3 -9 18 -56

.= 13 0 1 The remainder is -56, so f(-2) = -56.
-1 -2 2
1 2 -2 3 d 2 1 5 -3 0 -20
The remainder is 3,so f(-1) =3. 2 14 22 44
1 7 11 22 24
% 1 3 0 1 The remainder is 24, so f(2) = 24.
_
1 77 30. a. 01 1 05 -03 O -20
2 4 0.1 0.06 —0.024 —0.0024
1 7 7 15 1 0.6 -0.24 -0.024 -20.0024
2 4 8 The remainder is —20.0024, so

f(0.1) = —20.0024.
The remainder is = ,s0 f (1 :E.

8 2 8
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b. 05/ 1 05 -0.3 0  -20

05 05 01 0.05

110 02 01 -19.95
The remainder is —19.95, so
f(0.5) =-19.95.
c. 171105 -03 0 -20
1.7 374 5.848 9.9416

1 22 344 5848 -10.0584

The remainder is —10.0584 , so
f(L.7) =-10.0584.

d -23]1 05 -03 0 -20
—23 4.14 -8.832 20.3136

1-18 384 -8832 0.3136

The remainder is 0.3136, so
f(-2.3) =0.3136.

31 fM)=2(1°+310)%-6()+1=0= x-1isa

factor of 2x° + 3x% —6x +1. Check as follows:

2 5 -1 0

32. 1(3)=3(3)%-9(3)2-4(3)+12=0=>x-3 isa

factor of 3x% —9x? — 4x+12. Check as
follows:

3 3 -9 -4 12

33. f(-1)=5(-1)* +8(-1)% + (-1)?

+2(-)+4=0=>
x+1 is a factor of 5x* +8x° + x2 + 2x + 4.

Check as follows:

15 8 1 2 4
5 -3 2 -4

5 3 -2 4 0

36.

37.

38.

39.

40.

41.

2 1 1 -1 -1 -18

1 2 & 10 18

1 3 5 9 0

f(=3) = (-3)° +3(-3)" +(-3)?
+8(-3)+15=0=

x+3 is a factor of x® +3x* + x? +8x+15.
Check as follows:
-3 1 3 0 1 8 15

=3 0 0 3 -15
1 0 0 1 5 0

f(-2)=(-2)° - (-2)° - 7(-2)* + (-2)°

+8(-2)2+5(-2)+2=0=

X+ 2 is a factor of

x® —x® —7x* + x3 +8x% +5x+2. Check as

follows:

_l
21 -1 -7 1 8 5 2

f(2)=2(2)% -5(2)° +4(2)* + (2)°

—7(2)?-7(2)+2=0=
X —2 is a factor of
2x% —5x5 + 4x* + x3 —7x% —7x+ 2. Check as

f(_)ll lows:

f(-1)=0=(-1)%+3(-)%+(-)+k =
0=1+k=k=-1

fO)=0=-12+410)%+k()-2=1+k=0=
k=-1

3 2
f(2)=0=2(2) +(2 )k—-2k-2=

34. Copyright © 2018 Pearson Eduédtiah +2(—3)* + 9(-3)% — 4(-3)2



Section 2.3 Dividing Polynomials and the Rational Zeros Test 153

14
+
2k

vw|/4\>©|
N

I\'II XUOII

~ —
N T < I =

X+3 -
isa 3(
factor 12
of k
x4 + )—
ox3 - 2(
4x% -
OXx +

9. +

o g onm

I =0 w | ~

N

Check as follows: In exercises 43-46, use synthetic division to find the
33 9 -4 -9 9 remainder.

-9 0 12 -9 ) 1
3 0 -4 3 o Copyright © 2018 PearsordBdu@atieizInc4 -4 9
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35. f(2)=2%+2%-22-2-18=0=>x-2 isa 2 0 -4 1

factor of x* + x3 — x2 — x—18. Check as The remainder is 1, so x—2 is not a factor of

follows: —2x3 + 4x% — 4x+9.

Copyright © 2018 Pearson Education Inc.
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44, -3 -3 -9 5 12 51. The factors of the constant term, 4, are
_
9 0 -15 {il, +2, 14} , and the factors of the leading
=3 0 5 -3 coefficient, 1, are {+1}. The possible rational
The remainder is -3, so X+ 3 is not a factor of o
3 .2 zeros are {+1,+2,+4}. Use synthetic division to
=3x° —9x° +5x +12. . .
find one rational root:
45, 2 4 9 3 1 4 d 1 1 a4 g
_
-8 2 2 2 1 0 -4
4 1 1 -1 6 1 0 -4 0
Th i i 2 is not a factor of
e4rema;nder |25 6,50 x+2 isnota factor o S0, 3 — x2 — dx+ 4= (x—1)(x2 - 4)
4X7 4+9x° +3x° + X+ 4. =(x-)(x-2)(x+2)=>
46. 3| 3 -8 5 7 -3 the rational zeros are {-2, 1, 2}.
9 3 24 93 52. The factors of the constant term, 2, are
3 1 8 31 9% {£1,£2}, and the factors of the leading
The remainder is 90, so x —3 is not a factor of . . .
i o3 coefficient, 1, are {+1} . The possible rational
33X —8X” +5x° +7x-3. o
zeros are {+1,+2} . Use synthetic division to
at. Tii T;tors Odf tt::e fcor;stantftirr]m,l 5,d§re find one rational root:
{£1,45} , and the factors of the leading 11 2 2
coefficient, 3, are {+1,+3}. The possible 1 0 2
) 1 0 2 0
rational zeros are {+ L +1,+ 0 +5
33T Jg S0, X2+ X% +2x+2=(Xx+1)(x*> +2) = the
rational zero is {-1}.
48. The factors of the constant term, 1, are {il} ,
and the factors of the leading coefficient, 2, are 53. TE:e fjl;tirs if the czn;tar;t term, 6f’ z:]rel di
{£1,£2} . The possible rational zeros are {£1£2,%3,%6], and the factors of the leading
1) coefficient, 1, are {+1}. The possible rational
+7 4. i
{ 2 f zeros are {+1,+2,+3, 46} . Use synthetic
49. The factors of the constant term, 6, are division to find one rational root:
_
{+1,£2,+3,46}, and the factors of the leading -1 1 4 16
-1 5 -6
coefficient, 4, are {+1,+2,+4}.The possible 1 -5 6 0
rational zeros are il,ii,ig,ﬂ,ig, S0, x* —4x% + x+6 = (x+1)(x* —5x +6)
1 4 2 4 2 = (X+1)(x-2)(x-3) =
+2,+3, 16} the rational zeros are {-1, 2, 3}.
54. The factors of the constant term, 6, are

50.

The factors of the constant term, —35, are
{+1,45,+7}, and the factors of the leading

coefficient, 6, are {+1,+2,+3, 6} . The possible

rational zeros are

(11 5 5 35 1
£+ 45 +1+5 +5

{+1,£2,+3,6}, and the factors of the leading
coefficient, 1, are {+1}. The possible rational

zeros are {+1,+2,+3, 46} . Use synthetic
division to find one rational root:

115, £7 +Copy‘»"rlgh¥©’2018 Pearson Education Inc.
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6 2 3 2 2 3 6 -3l 1 3 2 6

7,7 .7 .35 .35 3 0 -6
+- +— £ £+ 4350,

63 276" 3 } 10 2 0

So, x3+3x2 +2x+6= (x+3)(x2 +2) = the
rational zero is {-3}.

Copyright © 2018 Pearson Education Inc.
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55.

56.

57.

The factors of the constant term, 6, are
{il, +2,43, J_re} , and the factors of the leading
coefficient, 2, are {il, 12} . The possible

(L1 3 |

+7, 41+, 42,43 46

e 2

Use synthetic division to find one rational root:

rational zeros are

2l 2 1 -13 6

4 10 -6
2 5 3 0

2x3 + X% —13x+6 = (x- 2)(2x2 +5x-3)
=(x-2)(x+3)(2x-1) =

. 1
the rational zeros are J -3, E , 21 .
l J

The factors of the constant term, -2, are
{+1,£2}, and the factors of the leading

coefficient, 3, are {+1,+3}. The possible

. (1,2
rational zerosare '+~ ,+

, 11, iz] . Use
4{ 3 3 J%

synthetic division to find one rational root:

S 3 -2 3 2

2 0 2
3 0 3 0
[, 2)

33— 2x% +3x—2="'x—

3

(3x% +3) = the

21

s}

The factors of the constant term, —2, are
{£1,£2}, and the factors of the leading

coefficient, 6, are {+1,+2,+3, 6} . The possible

rational zero is

. 1
rational zeros are [i == -

16323T

Use synthetic division to find one rational root:

-2 6 13 1 -2

Copyright © 2018 Pearson Edu

58.

59.

60.

The factors of the constant term, 6, are
{+1 42,43 16}, and the factors of the leading
coefficient, 2, are {+1,+2}. The possible

(L1 3 |

+7, 41+ 42,43 46

le 2 ]

Use synthetic division to find one rational root:

rational zeros are

(. 3

23 +3x2 +4X+6=" X+

) (2x% +4) = the

[ 3]

rational zero is 1— 2} .

The factors of the constant term, 2, are
{£1,£2}, and the factors of the leading

coefficient, 3, are {+1,+3} . The possible

(1 2 ]

rational zeros are 14; ; e 3 41, iZT .

Use synthetic division to find one rational root:

(

1
3x3+7x2+8x+2:kx+§)(3x2+6x+6):>

. . 1
the rational zero is ~3[

The factors of the constant term, 4, are
{£1,£2, %4}, and the factors of the leading

coefficient, 2, are {+1,+2}. The possible

1
rational zeros are 11 5 , 11, £2, i4}. Use

synthetic division to find one rational root.

Al 1 8 4

ion Inc.

155
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6x° +13x% + X - 2= (x+2)(6x” + x—1) 1 0 -4
=(X+2)(2x+)H(3x-1) = 2 0 8 0
1
the rational zeros are (—2,— = , 1] 2x% + x% +8x+ 4= (X + 4 (2x* +8) = the

{24 )

rational zero is {— %}

Copyright © 2018 Pearson Education Inc.
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61.

62.

The factors of the constant term, —2, are
{il, J_rz} , and the factors of the leading

coefficient, 1, are {J_rl} . The possible rational

zeros are {+1,+2} . Use synthetic division to
find one rational root:

-1 1 -1 -1 -1 -2

So, —1 is a rational zero. Use synthetic division
again to find another rational zero:.

x4—x3—x2—x—2:(x—1)(x3—2x2+x—2)

xt—x3-x?-x-2= (x+1)(x—2)(x2 +1) =
the rational zeros are {-1, 2}.

The factors of the constant term, —4, are

{£1,£2, 44}, and the factors of the leading

coefficient, 2, are {+1,+
: [ L
rational zeros are '+

R

synthetic division to find one rational root:
-1 2 3 8 3 -4
1

2} . The possible
n ]

+2,+4" . Use

2 1 7 -4 0

So, -1 is a rational zero. Use synthetic division
again to find another rational zero:

2x* +3x3 +8x% +3x— 4

= (x+1)(2x3+x2 +7x-4)

2x% +3x% +8x% +3x— 4

63.

64.

Copyright © 2018 Pearson Education Inc.

The factors of the constant term, 12, are
{+1+2,+3,+4,46,+12} , and the factors of the

leading coefficient, 1, are {1} . The possible
rational zeros are {+1,+2,+3,+4,+6,+12} . Use
synthetic division to find one rational root:

_
31 -1 -13 1 12

So, =3 is a rational zero. Use synthetic division
again to find another rational zero:

x* —x3-13x% £ x+12

] =(x+3)(x3 —4x% = x+4)
-1 1 -4 -1 4

-1 5 -4

1 -5 4 0
So, -1 is also a rational zero.

x* —x3-13x% + x+12

2
=(x+3(x+1(x —5x+4)
=(x+3P(x+DY(x—-4)(x-1) =

the rational zeros are {-3, -1, 1, 4}.

The factors of the constant term, —2, are

{£1,£2}, and the factors of the leading
coefficient, 3, are {+1,+3}. The possible

rational zeros are [il,ig +1 J_r2] Use
T
L J

synthetic division to find one rational root:
-2/ 3 5 1 5 -2

So, -2 is a rational zero. Use synthetic division
again to find another rational zero:

4 3 2
3X +5X +X +5x-2

=(x+ 2)(3x3 —x2 +3x -1

[, 1)

= (x+1)' x=="(2x* +2x+8)
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)
3 -1 3 -1
2 1 0 1
(1) 3 0 3 0
=2(x+1) x-~ (x2+x+4):> 4 3 2
2 3X +5x +x +5x-2
3 (. 1,2
the rational zeros are {—1,%}. =(x+2) x-5 (3x"+3)

(

—3(x+2) x—%\(x2+1):>

the rational zeros are {—2,

Copyright © 2018 Pearson Education Inc.
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65.

66.

67.

The factors of the constant term, 1, are {il} ,
and the factors of the leading coefficient, 1, are

{£1} . The possible rational zeros are {+1}. Use

synthetic division to find one rational root:

1 1 -2 10 -1 1

The remainder is 9 so, 1 is not a rational zero.
Try —1:

-1 1 -2 10 -1 1

-1 3 -13 14

1 -3 13 -14 15

The remainder is 15 so, —1 is not a rational zero.
Therefore, there are no rational zeros.

The factors of the constant term, 2, are
{£1,£2}, and the factors of the leading

coefficient, 1, are {+1} .The possible rational
zeros are {+1,+2} . Testing each value ( f (-2),
f(-1), f (1), f(2)) shows that none cause the

value of the function to equal zero, so there are
no rational zeros.

f(x)=x3+5x% —8x+2

The possible rational zeros are {+1,+2}.

1 1 5 -8 2

1 6 -2 0
So, 1 is a zero. Now solve the depressed

equation x%+6x—2=0.

-6+ 36-4(1)(-2) -6+ 44
,—(—)1—) g

= 200) T2

69.

70.

B 2(1) -

52
N 2
=4+ 13 J

The solution set is {—1, 4+ 13}.

f(x)=x*-3x>+3x-1

The possible rational zeros are {+1}.

] 1 -3 0 3 -1

So, 1 is a zero. Now find a zero of the depressed
equation g(x)=x>—2x% - 2x+1.

11 2 2 1

-1 3 -1
1 -3 1 0
So, —1 is a zero. Now solve the depressed

equation x? —3x+1=0

JE: 9—4(1)_(l)=3ij 5
2(1)

The solution set is { +1,

3¢
512_ |

f(x)=x*-6x3-7x* +54x-18

w N

The possible rational zeros are

{1, £2,£3,+6,+9, +18}.

3 1 6 -7 54 -18

_ 3 -9 -48 18
1 3 16 6 0

So, 3 is a zero. Now find a zero of the depressed

equation g (x) = x> —3x* —16x + 6.

Copyright © 2018 Pearson Education Inc.
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68.

=-3+411

The solution set is {1, -3+ \/ﬁ}

f(x)=x*-7x* -5x+3
The possible rational zeros are {+1,+3}.

-1 1 -7 -5 3

So, —1 is a zero. Now solve the depressed
equation x> —8x+3=0.

-3 1 -3 -16 6

-3 18 -6

1 6 2 0

So, —3 is a zero. Now solve the depressed
2

equation X —6x+2=0
6+, 36-4(1)(2
(S8 622, 7
2() 7

The solution set is {J_r3, 3+ 7}.

Copyright © 2018 Pearson Education Inc.
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71 f(x)= 2%3 _9x2 4 6x—1 So, 1 is a zero. Now find a zero of the depressed
. 3 2
The function has degree 3, so there are three equation x* +2x” -3x-6=0.
zeros, one or three possible positive zeros; no -2 1 2 -3 -6
possible negative zeros. _ -2 0 6
( 1) 1 0 -3 0

The possible rational zeros are " +1, +

1 2} So, —2 is a zero. Now solve the depressed
: 2
equation x“ —-3=0.
Y2 9 6 2 A ;
2 X2 -3=0=x’=3=x=+/3
1 4 1 Vo N

Solution set: {—2, - 3,1 3}
2 -8 2 0

So, 1/2 is a zero. Now solve the depressed 74, f(x)= x4 _2%3 _Bx2 1 A% +6
equation 2x* —8x+2=0 The function has degree 4, so there are four

> zeros, zero or two possible positive real zeros;
_ —(=8) (-8)"=4(2)(2) _ 8448 zero or two possible negative real zeros.
2(2 4

X The possible rational zeros are

-2+.3 {£1, £2, +3, +6}.

; |
1 _ _

Solution set: JZ—\/g, ; 2+\/§1, 3 1 -2 5 4 6

L J 3 3
-6 -6
1 1 -2 =2 0

3 2
72, f(x)=2x"-3x" -4x-1 So, 3 is a zero. Now find a zero of the depressed

The function has degree 3, so there are three

) - equation x3 +x% —2x—2=0.
zeros, one possible positive zero; zero or two

_
. . -1 1 1 -2 =2
possible negative zeros.
( 1) -1 0 2
The possible rational zeros are gLJ_rl, + _f' 1 0 -2 0
2 So, —1 is a zero. Now solve the depressed
R S| equation x? —2=0.
J
2
-1 2 1 x2-2=0=>x4FE2=>xE+ 2
2 4 2 0 Solution set: {— 2,-1 2, 3}

So, —1/2 is a zero. Now solve the depressed
y P 75. f(x):2x3—5x2+x+2

equation 2x% —4x-2=0 . .
q The possible rational zeros are + % , 11 +2.

o :(ﬁ)iJ(ﬂlLiigﬂi) I EN:7] Using synthetic division, we find that x = Lis a
2(2) 4

Zero.

|
—1+2 1 2 -5 1 2
Copyright © 2018 Pearson Education Inc.
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.
Solution set: il—ﬁ,—;,u 2f. 2 3 -2 0

Now factor Q(x)=2x*—3x-2.
73. f(x)=x*+x®-5x% -3x+6

_ 2x? —3x-2=(2x+1)(x-2)
The function has degree 4, so there are four oo )
zeros, zero or two possible positive zeros; zero So, the complete factorization of P(x) is
or two possible negative zeros. (x-1)(2x +1)(x - 2).
The possible rational zeros are
{1 +2, £3, +6}.

Copyright © 2018 Pearson Education Inc.
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76.

77.

78.

f(x)=2x3+x%-4x-3

The possible rational zeros are

1 3

+ .+, ,+1 +
_2,_2,_1,_3.

Using synthetic division, we find that x =-1 is a
zero.

-1 2 1 -4 -3

Now factor Q(x)=2x%-x-3.
2x% = x-3=(2x-3)(x+1)
So, the complete factorization of P(x) is

(x+1)° (2x-3).

f(x)=2x*+3x? -17x-30
The possible rational zeros are

J_rl,J_rZ,J_r3,J_rS,J_r6,i%,

Using synthetic division, wi

+3 45
t5, 12
e find thatx = -2 isa

Zero.
-2/ 2 3 -17 -30

—4 2 30

2 -1 -15 0

Now factor Q(x)=2x? - x—15.

2x% = x-15=(2x+5)(x-3)

So, the complete factorization of P(x) is

(x+2)(2x+5)(x-3).

f(x)=2x*—3x? —23x +12
The possible rational zeros are

=
[8)

+1, +£2,£3,£4,£6,£12, £, £

2 2"

80.

2 1 -1 -9 1 6

B 2 2 14 -6

So, 2 is a zero. Now find a zero of the depressed
function Q(x)= x> +x? - 7x -3,

So, —3 is a zero. Now find the zeros of the
depressed function x2 —2x-1 using the

quadratic formula.

(2t J(2)*=4()(=) 2+8

X 2(1) 2

2i§\/2_:1i\/§

So, the complete factorization of P(\yf is

N
(x—2)(x+3)(x—(1—\/‘2))(x—(1\[ 2)) or

(x—2)(x+3)(x—1+ 2)(x—1— 2).

f(x)=x4—6x3+x2+30x—8

The possible rational zeros are
+1, +2, +£4, +8.

Using synthetic division, we find that x = -2 is a
zero.

21 -6 1 30 -8

-2 16 -34 8

1 -8 17 -4 0

So, -2 is a zero. Now find a zero of the
dJepressed function Q(x)= x> —8x% +17x 4.

4 1 -8 17 -4

Copyright © 2018 Pearson Education Inc.
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79.

Using synthetic division, we find thatx =4 is a
zero.

4 2 -3 -23 12

8 20 -12

2 5 -3 0
Now factor Q(x)=2x%+5x 3.

2x? +5x—3=(2x-1)(x+3)

So, the complete factorization of P(x) is
(x—4)(2x-1)(x+3).
f(x)=x*—x3-9x? +11x+6

The possible rational zeros are

1, +2,£3 £6.

Using synthetic division, we find that x = 2 is a
zero.

4 -16 4
1 4 1 0

So, 4 is a zero. Now find the zeros of the

depressed function x2 —4x+1 using the

quadratic formula.

So, the complete factorijgtion of P(x) is

(x, 2)(x H(x_(2 ‘f3))(x‘(2+\/§))' or
e

(x+2)(x—4)(x-2+ 3)(x-2- 3).

Copyright © 2018 Pearson Education Inc.
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For exercises 81-88, use synthetic division to find the 85. f(x)= x4 _29x2 _24x + 45
zeros of each function and then use the methods

shown in Section 2.2 to complete the graph. Zeros: -3 (multiplicity 2), 1,5

Y

81 f(x)=x>+2x?*-19x-20 2001
Zeros.-5,-1,4 100 |~
Y. L L INC L1
ol =5 -3 -1 | \ 3 x
—100 |-

60
/\ —200 -
L1 1 | 1 1 | 4 3 2
f -3 ~1\1\7 5% 86. f(x)=x"+3x"-13x"-51x-36
—60 Zeros: —3 (multiplicity 2), -1, 4
5

—120
82. f(x):x3+x2—l4x—24 120 |-
Zeros: -3, -2, 4 60
J | | L 1 1 |
60 |- -5 =3 -1\ I 3] 5%
—60
30 -
L 1_1\;\ L1y —120
=5 A3 > 1 3/ s5x
_30\/ 180 |-
—60~ 87. f(x)=6x3+13x%+x-2
11
83. f(x)=x®-x%*-16x-20 Zeros: [—2,——,—]

1 23,

Zeros: —2 (multiplicity 2), 5 L
¥

60 -

=

84. f(x)=x%+2x%-15x—36

Zeros: —3 (rr;ultlpllcny 2),4 88, f (x) —6x3+17x2 + x-10

60 Zeros: {— 5, -1, g}
2 3

20

I

Copyright © 2018 Pearson Education Inc.
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Applying the Concepts

89. A=lw=1= A:>
w
2x2 +1

_—

X2 —x+2 2x4 —2x3 +5x% —x+2

- (2x4 —2x° +4x2)
2

XS—=X+2
— (x2x+2)
0

The width is 2x% +1.

90. V:Iwh:>h:y
lw

IW=(x+3)(x+l):x2+4x+3

X2 —x+1

X2 +ax+3 x* +3x3 +0x% + x+3
—(x4 +4x3 +3x2)
—x3-3x% 4 x
—(—x3 —4x° —3X%)
X2 +4x+3

- (x2 +4x +3)

0
The height is x2 - x+1.

91. a. R(40)=3000= R(40)—3000=0 and
R(60) = 3000 = R (60)—3000 = 0. Thus,

40 and 60 are zeros of R(x)—3000.
Therefore,

R(x)—3000=a(x—40)(x—60)

= a(x? ~100x+ 2400}
Since (30, 2400) lies on R(x), we have

2400 - 3000 = a(30 - 40)(30 - 60) =
—600 = a(-10)(-30) = a=-2
Thus R(x)—3000 = —2(x - 40)(x - 60)

92.

¢. The maximum weekly revenue occurs at the

(b ( b))
vertex of the function, L— 2g’ R . ZaU'

b 200

“2a~ " 2(2) "
R(50) = —2(50)° +200(50) — 1800
=3200

The maximum revenue is $3200 if the phone
is priced at $50.

a. R(8)=4725= R(8)-4725=0. and

R (12) =4725=>R (12) —4725=0. Thus, 8

and 12 are zeros of R(x)—4725. Therefore,
R(x)-4725=a(x -8)(x-12)

- a(x2 - 20x+96)

Since (6, 4125) lies on R(x), we have
4125-4725=2a(6-8)(6-12) =
—-600=a(-2)(-6) = a=-50
Thus,
R(x)-4725=-50(x —8)(x-12)

2

=-50x +1000x — 4800

b. R(x)-4725=-50x? +1000x — 4800 =

R(x) = ~50x? +1000x - 75

¢. The maximum weekly revenue occurs at the

vertex of the function, (— L, R (— g“.

k 2a \ ZaU

_b__ 1000 _,,

2a  2(-50)

N

R(0)=-50(10) +1000(10)-75
— 4925

b. R(x)-3000 = —2x2 + 200x — 4800
=

R(x) = —2x” +200x —1800

2
= —2x"+ 2B0hi% 2018 Pearson Education Inc.
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The maximum revenue is $4925 if tickets
are priced at $10 each.

Copyright © 2018 Pearson Education Inc.
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93.

94.

95.

Since t = 11 represents 2002, we have C(11) =97.6 = C(x) = (x—11)Q(x) +97.6 =
C(t)—97.6 = (t —11)Q(t). So

~0.0006t> —0.0613t? + 2.0829t + 82.904 — 97.6 = —0.0006t> — 0.0613t + 2.0829t —14.6960
= (x=1)Q(x).

Use synthetic division to find Q(x):

11] -0.0006 -0.0613 2.0829 —14.6960

—0.0066 —0.7469  14.6960

—-0.0006 -0.0679 1.3360 0

Now solve the depressed equation to find another zero:

0.0679+ \/(=6-66-7-9-)2——4-(=e-6006-)(-1n"6‘667
~0.00062 —0.0679t +1.3360 =0 = t =

2(~0.0006) =

o 0.0679 ++/ 0.00781681 0.0679+0.0884
B ~0.0012 -~ -0.0012

=1~-130.26 ort =17.0939.

Since we must find t greater than 0, t = 17, and the year is 1991 + 17 = 2008.
Since t = 1 represents 1999, we have s(1) = 737.7 = s(t) = (t —1)Q(t) + 737.7 = s(t) - 737.7 = (t - )Q(t). So

—0.1779t3 — 2.8292t? + 42.0240t +698.6831— 737.7 = —0.1779t> — 2.8292t? + 42.0240t — 39.0169
=(t-1Q()

Use synthetic division to find Q(t):

1 -0.1779 -2.8292 42.0240 —39.0169

-0.1779 -3.0071 39.0169

-0.1779 -3.0071 39.0169 O

Now solve the depressed equation to find another zero:

3.0071+4 (-3.0078 -4(-0.1779)(39.0169) -
2(-0.1779)

~0.1779t% —3.0071t +39.0169 =0 = t =

3.0071+ 36.8071
= ~0.3558 =1t~ -25.5030 ort = 8.5997

Since t must be positive, t = 9, and the year is 1998 + 9 = 2007.

M (t) = -0.0027t* + 0.3681t? — 5.8645t +195.2782

Since M (2)=185.0, M (t) = (t—2)Q(t)+195.2782 = M (t)-195.2782 = (t - 2)Q(t)
We must find two other zeros of

F (t)= M (t)—185=-0.0027t> +0.3681t* - 5.8645t +195.2782 —185

= —0.0027t* +0.3681t > — 5.8645t +10.2782
Because 2 is a zero of F(t), use synthetic division to find Q(t).

2| -0.0027 0.3681 -5.8645 10.2782

—-0.0054 0.7254 -10.2782

-0.0027  0.3627 51391 O

Now use the quadratic formula to solve the depressed equation.

~03627+ 0.3627° - 4(-08937AGrp &3901 8 Ped36A 80 nc.
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t= 2(_0.0027) = 00054 =t~16.10rt~118

Thus, the model shows that the Marine Corps had about 186,000 when t = 16, or in the year
1990 + 16 = 2006.

Copyright © 2018 Pearson Education Inc.
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96.

97.

98.

99.

U (t) = —0.0374t> + 0.5934t* — 2.0553t + 6.7478

Since U (6)=7.7, U (1) = (t-6)Q(x)+ 7.7 = U (1)~ 7.7 = (t- 6)Q(6)
We must find two other zeros of

F(t)=U (t)—7.7 = -0.0374t> + 0.5934t? — 2.0553t + 6.7478 — 7.7

=-0.0374t% +0.5934t2 — 2.0553t — 0.9522
Because 6 is a zero of F(t), use synthetic division to find Q(t).

6] —0.0374  0.5934 -2.0553 -0.9522

—0.2244 2.2140  0.9522
-0.0374 03690 0.1587 O

Now use the quadratic formula to solve the depressed equation.

o —0.36901\‘/ 0.3690%-4(-0.0374)(0.1587)  —0.3690 +./0.1599
- 2(-0.0374) - —0.0748

=t~-041lort~10.3

Reject the negative solution.
According to the model, there was a 7.7% unemployment level in 2002 + 10 = 2012.

Use synthetic division to solve the equation 628 = 3x% —6x2 +108x +100 = 3x° —6x? +108x—528=0. The
factors of the constant term, —528, are {+1,+2,+3,+4,46,48,+11, +48,+66,+88, +132,+176, + 264,+528}.

The factors of the leading coefficient, 3, are {£1,+3}. Only the positive, whole number possibilities make

sense for the problem, so the possible rational zeros are {1, 2, 3, 4, 6, 8, 11, 16, 22, 44, 48, 66, 88, 132, 176,
264, 528}.

4 3 -6 108 -528

12 24 528
3 6 132 0
Thus, x = 4.

The demand function is p(x) = 330 +10x — x> = the revenue function is 330x +10x2 — x°.

Profit = revenue — cost = 910 = (330x +10x% — x3) - (3x3 —6x2 +108x +100) =

910 = —4x3 +16x? + 222x—100 = 0 = —4x> +16x? + 222x —1010. The factors of the constant term, 1010,
are {1,+2,5,+10,+101,+202,+505,+1010}. The factors of the leading coefficient, -4, are {+1,+2, +4}.
Find the zero using synthetic division:

5 -4 16 222 -1010

-20 -20 1010

-4 -4 202 0
Thus, x = 5.
The cost function gives the result as a number of thousands, so set it equal to 125:
x3 —15x2 +5x +50 =125 = x> —15x? + 5x — 75= 0. The factors of the constant term, 75, are
{*1,+3,5,+15, +25,+75}. The factors of the leading coefficient, 1, are {+1}. Only the positive solutions

make sense for the problem, so the possible rational zeros are {1, 3, 5, 15, 25, 75}. Use synthetic division to
find the zero:

5] 1-15 5 -75

15 0 75
1 0 5 0

The total monthly cost is $125,000 wviighi BrROTBeRe6k50Q Rihitadonaraduced.
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100.

101.

102.

The demand function is p(x) =-3x+3+ % , SO

the revenue function is xp(x) = —3x? +3x+ 74.
The break-even point occurs when revenue — cost
=0:
(=3x2 +3x + 74) — (x —=15x2 + 5x+50) = 0
—x3+12x% —2x+24=0
(=x3 = 2x) + (12x2 + 24) =0
—X(x2+2)+12(x? +2) =0
12-x)(x2+2)=0
Xx=12
So 1200 printers must be sold to break even.
Let x represent the edge of the taller box. Then
x — 3 represents the edge of the shorter box.
The volume of the taller box is x*, and the

volume of the shorter box is (x— 3)3. We must
solve x° + (x—3)° =1843,

X3 +(x—3)° =1843
x3 +x3 —9x% +27x—27=1843
2x3 —9x? +27x-1870=0
There are many possible rational zeros, so we start
with an educated guess. The edge must be greater

than 3 and less than 12. (Note that 123 =1728,
which is close to the total volume of the two
boxes.) The possible rational zeros between 3 and

12 are 5, 10, 11, and % Using synthetic division,
we find that 11 is a zero.

11 2 -9

22 143 1870
2 13 170 0

Using the quadratic formula to find the zeros of
2x% +13x +170 , we have

_ =13+,/13%-4(2)(170) 13+ —1191
- 20) -

27 -1870

4

which is not a real number. Thus, there are no
other real zeros.

Therefore, the taller box has edge 11 inches and
the shorter box has edge 11 — 3 = 8 inches.

Let x represent the width of the pool. Then the

volume of the deep water section is x3, and the

volume of the shallow water section is 3x. The

total volume is 536 cubic meter<C89YiiORAFR 2018 Pearson Education I’rﬂc

103.

There are many possible rational zeros, so we start
with an educated guess. The edge must be greater

than 1 and less than 9. (Note that 9% = 729, which
is more the total volume of the pool.) The possible
rational zeros between 1 and 8 are 2, 4, 8. Using
synthetic division, we find that 8 is a zero.
8 1 0 3 -53
8 64 536

1 8 67 0

Using the quadratic formula to find the zeros of

x% +8x + 67, we have
-8+./8%-4(1)(67) -tx D4
_ 20 -

not a real number. Thus, there are no other real
Zeros.

Therefore, the dimensions of the deep water
sectionare 8mx8 mx8 m.

The length and width of the box are 18 — 2x, and
the height is x, so the volume is x(18 — 2x)°.

, Which is

}: 18

/]

Y

»

VS

432 = x(18 - 2x)% =
432 = 4% —72x% + 324x =

x3 — 72x% +324x - 432 = 0.
The factors of the constant term, 432, are
{£1, £2,+3,+4,£6, £8, +9, +12,

+16, £18, +24, +27, £ 36, £48, £ 54,

+72, £108, £144, + 216, +432}.
The factors of the leading coefficient, 4, are
{+1,£2,+4} . There are many possible rational

zeros, but the only ones that make sense for the
1

problem are { 3 1, , 2,3, 4,6, 8}

4’ 2 4

Use synthetic division to fmd the zero:

i
3 4-72 324 432

12 —180 432
+3% =536 = x> +3x—536 = 0.
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4 —60 144 0
The corners should be 3 inches by 3 inches.

Copyright © 2018 Pearson Education Inc.
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104.

X

8 [
E F
N

1 V27 1

— B
Ay D V27 B
From the similar right triangles JEFC and

[JABC, we have
@:y_+\/_27, or y+/27 =27 . X*L
X X+1 X

Using the Pythagorean theorem in right triangle
ABC gives

(x+1)? +(y+ \/f)z =82
Now substitute.

2
(x+1)° + (\/ﬁ~ x+1)"_ 8%

X

Multiply both sides by x? to eliminate the
fraction.

X2 (x +1)° +<\/ﬁ(x +1))2 =82x?

Now expand and simplify.
x? (x2 +2X +1)+27(x2 + 2x+1) = 64x°

x4 +2x3 + x2 + 27x? + 54x + 27 = 64x°
x4 +2x3 - 36x% +54x+27=0= P(x)
The possible rational zeros of the polynomial
are £1, £3, £9, £27.
We know that x must be a positive number less

than 8. Using synthetic division, we see that
x = 3 isazero of P(x).

3 1 2 -36 54 27

3 15 63 -27

1 5 -21 -9

%opyright © 2018 Pearson Ed@mj@nﬁgq

Thus,
P(x) = x* +2x> —36x? +54x + 27
:(x—3)2(x2+8x+3)

Since the height = x + 1, the top of the ladder
touches the wall at 3 + 1 = 4 feet above the
ground.

Beyond the Basics

105. Divide 4x> +8x% —11x+3 by (x—l\:

U 2
1ﬁ|4 8 -11 3

/ (1)
NaJvd"d 4%2 +10x—6 by [ x— _|:
ivide 4x° +10x y LX 2J

12 4 10 -6

2 6

4 12 0

. 1) .

Since | x— >) does not divide 4x+12,

[, 1

X——"is aroot of multiplicity 2 of

2)

4x3 +8x% —11x+3.

106. Divide 9x° +3x? —8x—4 by (x+ Z\:

Y

-2/3)9 3 -8 -4

6 2 4

9 -3 -6 0

Now divide 9x? —3x— 6 by (x+2\:

L 3

-2/3]9 -3 -6
66
9 -9 0
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So, the remainder is Q(x) = x® +5x? —21x 9. 2\ does not divide 9x— 9, | x + 3}
There are no other real zeros. is a root of multiplicity 2 of 9x> +3x? —~8x 4
4 5.3 2
P(x)=x"+2x 3‘ 36X2 +54x+27 107. Let x represent b. Then we can use synthetic
= (x=3)(x® +5x° - 21x-9) division to divide x3 —a3 by x—a.
: : i 3
The possible rational zeros of Q(x) are a 1 o0 0 -a
+1, +3, +9. Using synthetic division, we see a a’ a’
that x = 3 is a zero of Q(x). 1 a a’ 0
3 1 5 21 -9 Then x3—a3=(x—a)(x2+ax+a2) or

b3 -a® =(b—a)(b2 +ab+a2).

Copyright © 2018 Pearson Education Inc.
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108.

109.

110.

111.

112.

Let x represent b. Then we can use synthetic division to divide x*—a* by x — a.
ag 1.0 o0 o0 -a

a a2 c’:l3 a4

1 a a*> a o

Then x* -a* :(x—a)(x3+ax2+a2x+a3), or b®-a® =(b—a)(b3+ab2+a2b+a3).

If x? -1 is a factor of x'° +ax+4, then so are x — 1 and x + 1. Use synthetic division to show that one or the
other is not a factor.

1 1 0 0 O O O O 0 O a 4
11 1 1 1 1 1 1 1 a+1
11 1 1 1 1 1 1 1 a+1 0

4+(a+l)=0=>a=-5

Now see if x + 1isa factor of x? +x®+x’ +x8 + x>+ x* +x3+x% +x-4.

—_ll 1 1 1 1 1 1 1 1 1 4
-1 0 -1 0 -1 0 -1 0 -1
1 O 1 0 1 0 1 0 1 -5

x + 1 is not a factor, so there is no real number a such that x? —1 is a factor of x'° +ax + 4.

If b2 —a? divides b" —a?", then b —aand b + a, must divide b?" —a?". Let x represent b. Then we can use
synthetic division to divide x?" —a2" by x —a and by x + a.
ag 1.0 0 0 .. —a* -al1 0 0 0 0 .. —a%
a a? a3 .. g a2 -a® a2t 22"
1 a a? at 0 1 -a a’? -a® a* 0

Thus, b? —a? divides b%" —a?".
f(x)=(x-3)Qy(x)+2and g(x)=(x-3)Q,(x)-5

F (- 9(0=[(x=3)Qu (x)+2][(x~3)Q2 () - 5]
=(x—3)2Q (x)Qz(x)—S(x—?,)Q (x)+2(x-3)Q 2(x)—lO
f(x)}a(x) (x=3)* Q(Fx)_gf_x) 5(x =3) ) (x)+2(x=3 3)_9_(_x)—10

- x—31
X—3

= (x=3)Qu ()@ (x)-5Q: (x) +2Q, (X)‘is

The remainder is —10.

(%)= (x+2)Q(x)-2

[F (0L +1=[(x+2)Q(x)= 2> +1=(x+2)°[Q(X)T’ - 6(x+2)* [Q(¥)Tf +12(x+2)Q(x)-8+1
= (x+2)°[Q() T - 6(x+2)*[Q() T} +12(x+2)Q(x) -
[ f (xﬂf’ +1: (x+ zf |_Q(Jx)-|3 —6(x+ zL)2 rQJ(x)T2 +12(x+2)Q(x)—
X+2 X+2
7

= (+2°[Q()T -6 (x+ [Q(X)]* +12Q(x)

Copyright © 2018 Pearson Education Inc.
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113. 2x4+2x3+%x2+2x—§

4x* + 4x3 + x% + 4x—3=0. The factors of the
constant term, -3, are {+1,+3}. The factors of
the leading coefficient are {+1,+2,+4}. So, the

possible rational zeros are

(il,il,ig,il, i§,13|

=0=

. Use synthetic

3 r
4 2 4 2

L J

division to find one zero:

1

” 4 4 1 4 -3

1. .
So, 5 is a rational zero and

ax* +4x3 + x2 4 4x -3
(1)

= X-— (4x3+6x2+4x+6)=

2
(1)

2
:2(x—l\(x2(2x+3)+1(2x+3)):
2

=2 (2x3+3x2+2x+3):

:Z(X—D(x2 +1)(2x+3):0:>

2

3. .
X = —" is another rational zero.
2

114. i. Simplifying the fraction if necessary, we can

p p

assume that is in lowest terms. Since

q q

(p)

is a zero of F, we have F =0.

q

ii. Substitute 2 for x in the equation

-2 4 2c-8

q
F(x)=0.

vii. Since p and g have no common prime
factors, p must be a factor of a,.

viii. Rearrange the terms of the equation in (iii).
ix. The left side of the equation in (viii) is
an1p" g+ +apa" Tt +aq" =
g(an 1"+ +agpg" 2 +agq" ).

Therefore q is a factor.

X. a:b<:>§:b

q q
xi. Since p and g have no common prime
factors, g must be a factor of a,,.

Critical Thinking/Discussion/Writing
115, f(x)=x*—cx+2
Possible rational zeros are +1, £ 2.

Use synthetic division to see which zeros lead to
an integer value of c.

-1 0 - 2
-1 1 c-1

1 -1 —c+1 0

2+(c-1)=0=c=-1

1 1 0 —C 2
1 1-—c+1

1 1 —c+1 0
2+(-c+1)=0=>c=3

2 1 0 —C 2
i

2 4 -2c+8

1 2 —c+4 0

2+(-2c+8)=0=c=5
201 0 2

1 -2 —c+4 0

2+(2x-8)=0=c=3

iii. Multiply the equation in (i) BpRyfight © 2018 Pearson Education Inc. ¢ « for which f x) X ox 2
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iv. Subtract ayq" from both sides of the

Vi.

equation.

The left side of the equation in (iv) is

n n-1 n-1
anp +ap4p qt--+ypgq =

n-1 n-2 n-1
p(anp +a,1P q+---+aq ) __1| 1 0

Therefore p is a factor.

= - 4+
has at least one rational zero are —1, 3, and 5.
116. f(x)=x>-cx—6
Possible rational zeros are +1, +2, +3, +6.

Use synthetic division to see which zeros lead to
an integer value of c.

(continued on next page)
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(continued)

1] 1 0 —C -6

1 1 —c+1

1 1 —c+1 0
—6+(-c+1)=0=>c=-5

2 1 0 —C -6
2 4 -2c+8
1 2 —c+4 0

—6+(-2c+8)=0=c=1

-2/ 1 0 —C -6
-2 4 2c-8

1 -2 —c+4 0

—6+(2x-8)=0=c=7

3 1 0 —C -6
3 9 —3c+27

1 3 —c+9 0
—6+(-3c+27)=0=>c=7
-3 1 0 —C —6

=3 9 3c-27

1 -3 —c+9 0

—6+(3k-27)=0=>c=11

6 1 0 —c -6
6 36 —6c+216

1 6 —-c+36 0
—6+(—6c+216)=0=c=35
-6/ 1 0 —C —6

—6 36  6c—216
1 -6 —c+36 0

—6+(6c—216) =0 => ¢ =37

The values of ¢ for which f (x)= x> —cx—6

has at least one rational zero are -5, 1, 7, 11, 35,

and 37.

117. Let x=+/3 = x? =3=x?-3=0. The only

119.

120.

121.

x=3—x/§:>3—x: 259-6x+x°=2=

x> —6x+7=0. The Rp?sible rational zeros of

this equation are {+1,+7}. Since 3— 2 is not
J

in the set, it must be irrational.

3
x=923 = x3= 92/® " = x®_81-0. The
possible rational zeros of this equation are
{+1,+3,+9,+27, +81}. Since 9%° is not in the
set, it must be irrational.

a. x+a isafactorof x" +a" ifnisanodd

integer. The possible rational zeros of

x" +a" are {+a,+a?,+a%,...,+a"}. Since

X+ a is a factor means that —a is a root,
then (-a)" +a" =0= (-a)" =-a" only
for odd values of n.
b. x+a isafactor of x"—a" ifnisaneven
integer. The possible rational zeros of

x" —a" are {+a,+a’ +a%,...,+a"}. Since

X +a is a factor means that —a is a root,

then (-a)" —a" =0= (-a)" =a"only for
even values of n.

c. There is no value of n for which x—a isa

factor of x" +a". The possible rational

zeros of x" +a" are

{+a,+a? +a%,...,+a"}. If x-aisa

factor, then a is a root, and

a"+a"=0=a"=-a", whichis not
possible.

d. x—a isafactor of x" —a" for all positive
integers n. The possible rational zeros of

x"—a" are {+a,+a% +a°,...,+xa"}. If

Copyright © 2018 Pearson Education Inc.
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possible rational zeros of this equation are +1 x—a is a factor, then a is a root, and

and +3. Because /3 is neither of these, it must a" —a" =0, which is true for all values of

be irrational. n. However, if n is negative, then

1 1 .
3 x"—-a"=—--—_and x—a isnota
118. x=£:x3=(34) —~x3-4=0. o
factor.

The only possible rational zeros of this equation

are {£1,42,+4}. Since 4 is not in the set, it
must be irrational.

122. a.

According to exercise 121d, x—a isa
factor of x" —a" for any positive integer n.
Using this result with x =7, a = 2, and

n =11, we find that 7 — 2 = 5 is a factor of
71— 21 Therefore, 71 - 21 is divisible
by 5.

Copyright © 2018 Pearson Education Inc.



b. 192 _10% = (19lO —1010)(1910 +101°).

According to exercises 121b and 121d,

x+a is afactor of x" —a" ifnis an odd
integer, and x—a is a factor of x" —a" for
any positive integer n. Using these results
with x =19, a =10, and n = 10, we find that
19-10=9and 19 + 10 = 29 are both

factors of 19'° —1010, and therefore,

1920 —10% s divisible by 9 and 29. Since 9
and 29 have no common factors,

1920 _10% must be divisible by their

product, 9(29) = 261.

Getting Ready for the Next Section

123.

124.

125.

Y.
4
3_
2
1
I I | L1 |
-4 -3 -2-1 1 2 4 x
1k
=0)|=
3
—4 -
Y.
4+
3
1
I I | L1 1 |
-4 -3 -2-1 1 2 3 4%

Section 2.4 Rational Functions 169
126. L
3 —
2 —
1 —
| | | | | | |
—4 3 21 / 2 3 4%
2 —
;3 e
_4 —
=3 3
121 2(2)+1 5

108, — 18 _ g

129.

(2 +4(2)-1
130 2 +4(2 1:11

9-(2)°
2.4 Rational Functions

2.4 Practice Problems

X-3
1. f(X)=—— —
) x% —4x-5

The domain of f consists of all real numbers for

which x2 —4x-5%0.

X2 —4x-5=0= (X-5)(x+1)=0=
X=5o0rx=-1

Thus, the domain is (—o,—1) [ (-1,5) [ (5, ) .

3
2. a. g(x)_x_2
1
Let f(x)=x. Then

(1)

3
X)=—" _=3 =3f (x-2).
9()="",=3" ", (x-2)
The graph of y = f (x—2) is the graph of
y = f (x) shifted two units to the right. This
moves the vertical asymptote two units to

the right. The graph of y =3f (x—2) is the

graph of y = f (x—2) stretched vertically

Copyright © 2018 Pearson EducatigpaiGinits. The domain of gis



Section 2.4 Rational Functions 169

(=0, 2) 11 (2, ). The range of g is

(=20, 0) 710, ).

(continued on next page)
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(continued)

The vertical asymptote is

x = 2. The horizontal asymptote isy = 0.

v

2x+5
Xx+1
2
X+1)2x+5
2x+2
3

b. h(x)=

h(x):2X+5=2+ 3

x+1 Xx+1

Let f(x)= i Then

n(x)= 27— 24 =2 243f (x+1),

X+1 X+1
The graph of y =h(x) is the graph of

y = f (x) shifted one units to the left and

then stretched vertically three units. The
graph is then shifted two units up. This
moves the vertical asymptote one unit to the
left. The horizontal asymptote is shifted two
units up. The domain of h is

(=0, =1) (=1, ). The range of h is
(=00, 2) (2, ). The vertical asymptote is
x =—1. The horizontal asymptote isy = 2.

o

[

()
N

R e e Rttt
(55}

T T T
[

wn

3.

Xx+1

f(x):z—
X“+3x-10

The vertical asymptotes are located at the zeros

of the denominator.

X% +3x-10=0= (X+5)(x-2) = 0=

X=-50rx=2

The vertical asymptotes are x =—5 and x = 2.
3-X —(x-3) 1

f x = 2 = =
() X -9 (x=3)(x+3) X+3

X+3=0=>x=-3
The vertical asymptote is x = —3.

2x-5
f =

a 19 3x+4

Since the numerator and denominator both

have degree 1, the horizontal asymptote is

b. 900 =——

The degree of the numerator is greater than
the degree of the denominator, so there are
no horizontal asymptotes.

2X
f(x)=
() 2 1
First find the intercepts:

2X
x% -1
The graph passes through the origin.
Find the vertical asymptotes:
x> -1=0= (x-1)(x+1) =0=
x=lorx=-1
Find the horizontal asymptote: The degree of
the numerator is less than the degree of the
denominator, so the horizontal asymptote is the
X-axis.
Test for symmetry:

2(=x) 2X

0= (—x)z—lz_x2 _1=—f(x)

=0=x=0

fisan odd function and is symmetric with
respect to the origin.
Use test numbers to determine where the graph
of f is above and below the x-axis.

(continued on next page)
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(continued)

The zero of R(x)=2-x is 2 and the zeros of
D(x)=2x2+x—3:(2x+3)(x—l) are

3
x:—E and x = 1.

Use test numbers to determine where the graph
of f is above and below the horizontal asymptote

y=1.

Test Value of | Apove/below

Interval point f(x) X-axis

(—o0,-1) -3 - % below

(-1,0) z 4 above
2 3

(0,1) . 4 below
2 3

(1) 2 g above

7.

3 5 x
x2 -1
f(x) = —2—
2X°+x-3
First find the intercepts:
2_
20 gy,
2X°+x-3

Find the vertical asymptotes:

f(0) =

2x2 +x-3=0= (2x+3)(x-1)=0=

3
X=—__orx=1
2

Find the horizontal asymptote: The degree of
the numerator is the same as the degree of the
denominator, so the horizontal asymptote is

y=2-1.

Test for symmetry:

—2x-1

F(ox) = 2(=x)-1

= f(x)and =-f(x)

2=x)2+(=x)-3

2x% —x-3

f is neither even nor odd, so there is no
symmetry with respect to the y-axis or the

origin.

2x2—1 2-x

f(x)= , =1+

2X°+Xx-3

2x% 1 x-3

Copyright © 2018 Pearson Education Inc.

Test Value of | Apove/below
Interval point f (x) X-axis
( 3) 7
5) -2 3 above
(L34) 1
-=1
"o 0 3 below
12 E ! above
2 6
(2,0) 3 = below
18

Notice that the graph crosses the horizontal
asymptote at (2, 1).

x? +1
f(x)=
X2 +2
First find the intercepts:
—2 +—1 =0 = x =i = there is no x-intercept.
XS+ 2
f(0)="7
Find the vertical asymptotes:
x2+2=0= x=iv2 = there is no vertical

asymptote.

Find the horizontal asymptote: The degree of
the numerator is the same as the degree of the
denominator, so the horizontal asymptote is

1
y_l_l.

(continued on next page)
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(continued) The intervals determined by the zeros of the
) numerator and of the denominator of
Test for symmetry: )
XS +2 3
—x)5+1 X241 f(x)— (x+1) = —(x+1) = divide
f(=x)= = = f(x) x-1 x-1
(-x)2+2 x*+2
. . . — the x-axis into two intervals, (—o,1) and (1, «).
f is an even function and is symmetric with )
respect to the y-axis. Use test numbers to determine where the graph
2 1 1 of fis-above and below the x-axis
X<+ - Value of
f(x)= =1+ Test Above/below
(=773 2 Interval point f (x) y=x+1
X +2 X +2
i 2 (=0,1) -1 _3 below
Neither R(x) = —1 nor D(x)=x“+2 have real 2
zeros. Since ;l is negative for all values of (Lo0) 2 6 above

X°+2

x, the graph of f (x) is always below the line
y=1.

y 10 -

I
I
\ =
I

o
I
T

s
-

nupx
2

~

r
11
E

—6

78_
I Y S A —10

-5 -3 -10] 1 3 5%
X(100 — x)
2 10. R(x)=—"—F—
9 fo=X*2 & +20
x-1
First find the intercepts: a. RQ10)= 1011003 ;(;LO =30 billion dollars.
X242 e
=0= x=zi 2 =thereisno This means that if income is taxed at a rate

x-1 of 10%, then the total revenue for the
x-intercept. f(0)=-2 government will be 30 billion dollars.
Find the vertical asymptotes: Similarly, R(20) = $40 billion,
Xx-1=0=>x=1 R(30) = $42 billion, R(40) = $40 billion,
Find the horizontal asymptote: The degree of R(50) = $35.7 billion, R(60) = $30 billion.
the numerator is greater than the degree of the b. v
denominator, so there is no horizontal L
asymptote. However, there is an oblique 40
asymptote:

2. 3 30
X2 x+1+—2 o y = x+1is the oblique -

x-1 x-1

10

asymptote.

| | 1 |
The graph is above the line y = xCogyelylft.€2018 Pearson Educatiut u) 40 60 80 100
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and below the line on (—,1).
Test for symmetry:
(-x)2+2 x%+2
f(—x)= = = f(x
(X)=— =7 * (¥
and = —f(x)

f is neither even nor odd, so there is no
symmetry with respect to the y-axis or the
origin.

Copyright © 2018 Pearson Education Inc.
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2.4

7.
8.

Haxirmurm
n=cB.9E87HEE  Y=4e.oeihl

From the graphing calculator screen, we see
that a tax rate of about 29% generates the
maximum tax revenue of about $42.02
billion.

Exercises
Concept and Vocabulary

A function f is rational if it can be expressed in
N(x)

D(x)
polynomials.

the form where N(x) and D(x) are

. Aline x = a is called a vertical asymptote of the

rational function fif | f (x)) > xas x—>a" or

as x—>a .

A liney =k is called a horizontal asymptote of

the rational function fif |f (x)| > k as x >

oras X — —o.

. Ifaiis a zero of denominator D(x) of the

. . N .
rational function f (x)= N(x) expressed in

D(x)
lowest terms, then x = a is a vertical asymptote
of f.
True

False. The graph of a rational function can cross
its horizontal asymptote.

True

False

Building Skills

9.
10.
11.
12.

13.

(=0, ~4) U (-4, )
(—o0,) U (1, )

xz—x—6=0:(x—3)(x+2)

14,

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

217.

X2 —6x-7=0= (x-7)(x+) =0= x=-17
The domain of the function is
(oo, - U (-1, 7)U (7, ).

X2 —6X+8=0= (X-4)(x-2)=0=>x=2,4
The domain of the function is
(-0,2)U(2,4)U (4, ).

X2 -3Xx+2=0= (x-2)(x-1)=0=>x=1,2

The domain of the function is
(=0, ) U@L 2) U (2, ).

As x > 1", f(X) > .
As x—>17,f(X) >

As x — 2", f(X) > .

As X > =27, f(X) > —x.

As X — o, f(X) > 1.
As X — —oo, f(X) > 1.

The domain of fis (=0, —2) U (—=2,1) U (1, ).

There are two vertical asymptotes.

The equations of the vertical asymptotes of the
graphare x=-2and x =1.

The equation of the horizontal asymptote of the
graphisy=1.

Domain: (—0,—4) U (-4, )
Range: (—o, 0) U (0, )

Vertical asymptote: x = 4
Horizontal asymptote: y =0

%8;)7“6!17?&2%18 Pearson Education Inc.
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28. ! o[- 8L E
1 [ I |
L6 ‘b
1 L R R R
-0 -6 1L T x -10 -6 Lé)_\lta\m;
i E 6 :
1 7EI() —
Domain: (—0,—3) U (=3, ) Domain: (—0,-2) U (-2,)
Range: (—o, 0)U (0, =) Range: (~o,-3) U (=3, )
Vertical asymptote: x = —3 Vertical asymptote: x = -2
Horizontal asymptote: y =0 Horizontal asymptote: y = -3
29. * 32. 75
N 6
R I RN
= =+ j-‘: N = > X < == —_2[]
—% : 6
: —10
Domain: (o0, -)U(-1,0) Domain: (w0, 3)U (3, )
. . Range: (—o, —1) U (-1, =)
Range: (~o0,~ §)U(~4, ) Vertical asymptote: x = 3
Vertical asymptote: x = — % Horizontal asymptote: y = —1
Horizontal asymptote: y =— 3 33.
30.

Domain: (—oo, %) U (% , oo)
Range: (—oo, %) U (% , oo)
1

Vertical asymptote: x = 5

Horizontal asymptote: y = 2l

Domain: (-, 4) U (4, )

Range: (-, 5) U (5, «©)
Vertical asymptote: x = 4
Horizontal asymptote: y = 5

Copyright © 2018 Pearson Education Inc.
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34.

=10

Domain: (-0, -5) U (-5, )
Range: (-, 2) U (2, =)
Vertical asymptote: x = —5

Horizontal asymptote: y = 2

In exercises 35—44, to find the vertical asymptotes,
first eliminate any common factors in the numerator

and denominator, and then set the denominator equal

to zero and solve for x.
35. x=1 36. X=2

3 4
37. x=-4,x=3 38. x——2,x_3

x% -1 _ (x=D(x+1)

39 M= 7 e T e )

The equations of the vertical asymptotes are
Xx=-3and x = 2.

x? -4 _ (x=2)(x+2)

X2 +x—4 (Bx+4)(x-1)°
The equations of the vertical asymptotes are

40, h(x)=

4
x=—"andx=1.

3

2 _ _ _
A f(x)= X 6x+8: (x=4)(x=2) _
x“—x-12  (Xx=4)(x+3)
Disregard the common factor. The vertical
asymptote is x =-3.

f(x)z_x;ﬁ _ (x=3)(x+3) _

x3—4x  X(x—2)(x+2)
The equations of the vertical asymptotes are
x=0,x=2, and x =-2.

42,

43. There is no vertical asymptote.

44. There is no vertical asymptote.

For exercises 45-52, locate the horizontal asymptote

as follows:

45,

47.

49,
50.

52.
53.
56.

59.

If the degree of the numerator of a rational
function equals the degree of the denominator,
the horizontal asymptote is the line with the

equation y = dn , where a,, is the coefficient of
by
the leading term of the numerator and by, is the

coefficient of the leading term of the
denominator.

If the degree of the numerator of a rational
function is greater than the degree of the
denominator, then there is no horizontal
asymptote.

y=0 46. y=0
3 4
There is no horizontal asymptote.
y=0 51. y=0
There is no horizontal asymptote.

d 54, f 55. e
b 57. a 58. ¢

0= X%xs = x =0 is the x-intercept.

2(0)
0-3
vertical asymptote is x = 3. The horizontal
asymptote isy = 2.

(o 260 2

=— = f(x) and

=0= y =0 isthe y-intercept. The

(-x)-3 x+3

f (-x) = —f(x) = there are no symmetries.
The intervals to be tested are

(—o0, 3) and (3,0). The graph is above the
horizontal asymptote on (3,) and below the
horizontal asymptote on (-, 3).

[T T T T

I Y
6 10 14 187

|
=)}
|
(]
™ —
T T T Ty | =t

o0
T TT1
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= If the degree pf the[numerator of a rational

function is leds thn the degree of the
dengminator; then the x-axis (y = 0) if the
hori tel L | 1.

2 6 X

Copyright © 2018 Pearson Education Inc.
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60. 0= ;)1(: x =0 is the x-intercept. 62. 0= 1 = x =0 is the x-intercept.
- - X
0 . .
0-1- 0= y =0 isthe y-intercept. The 1 002 =0= y=0 isthe y-intercept. The

61.

vertical asymptote is x = 1. The horizontal

asymptote isy =-1. f(-x) = (—_g_—xg
_X —

= _XX_ 5 # f0)and = —f(x)= thereareno

symmetries. The intervals to be tested are
(=00, 1), and (1, 0). The graph is above the

horizontal asymptote on (—,1) and below the
horizontal asymptote on (1, ).

X . .
0="7"5 = x =0 is the x-intercept.
X°—4

0 _4 =0= y =0 isthe y-intercept. The
vertical asymptotes are x =—2 and x = 2. The
horizontal asymptote is the x-axis.

—X X

(W= 5 =2 =10

function is odd, and the graph is symmetric with
respect to the origin. The intervals to be tested

are (—,-2),(-2,0),(0,2) and (2,). The
graph is above the x-axis on (-2,0)U (2,%) and
below the x-axis on (—o0,-2) U (0, 2).

¥

63.

vertical asymptotes are x =—1 and x = 1. The

horizontal asymptote is the x-axis.
-X X

= the

f(x)

f(-x)=

1 (% 1%

function is odd, and the graph is symmetric with

respect to the origin. The intervals to be tested
are (—o0,-1),(~1,0),(0,2) and (1, ). The graph

is above the x-axis on (-o,-1)U(0,1) and
below the x-axis on (-1,0) U (L, ).

y
5

|
|

5=
—2x°2 . .
0=— 5 = x =0 is the x-intercept.
X —
02_
0—2 A =0= y =0 isthe y-intercept. The

vertical asymptotes are x = -3 and x = 3. The
horizontal asymptote isy = -2.

(_X)Z XZ
f(-x)= =

(—x)2 -9 x?-9

= f(x) = the

function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be
tested are (—o,-3),(-3, 3), and (3,). The
graph is above the horizontal asymptote on
(-3, 3) and below the horizontal asymptote on

(-0, =3) U (3,) .

Copyright © 2018 Pearson Education Inc.
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4-x* o
64. 0= """, = x==%2 isthe x-intercept.

>

4-0 = there is no y-intercept. The vertical

02
asymptote is the y-axis. The horizontal
asymptote isy = -1.

4-(=x)?  4x*

f(=x) = (=x)?2 .

function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be

= f(x) = the

tested are (—oo, 0), and (0, ). The graph is

above the horizontal asymptote on
(_001 O) U (01 oo)

¥

65. 0=—7% —
)

= there is no x-intercept.
_2 : .

=0= y=-1 is the y-intercept. The
02-2

vertical asymptotes are x = +/2 . The
horizontal asymptote is the x-
2 2

axis. f(-x) = = f(x) = the

(—x)2—2:x2—2

function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be

tested are (—oo, —\/5), (—\/5 ,\/E) and (\/5 , ).
The graph is above the x-axis on (—oo, —\/E)

66.

67.

-2 . .
0=—""there is no x-intercept.

X“ -3
-2 2 . .
——=0=y=" Iisthey-intercept. The
0%-3 3 Vv

vertical asymptotes are x=+ 3. The
horizontal asymptote is the x-axis.

= f(x) the
(-x)2-3 x2-2

function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be

tested are ( \/;) (- 3 \/;) and j;/; )
—00, — A s \/&O .

The graph is above the x-axis on (— 3, 3) and

below the x-axis on (—oo,—\/§)U(\/§,oo) .

0= #J&Jrg) = x =-1 is the x-intercept.
_ 0+ 1 1
0 20 3 6 6

- +

y-intercept. The vertical asymptotes are x = -3

and x = 2. The horizontal asymptote is the
(-x)+1 < (%)

(=x)=2)((-x) +3)

x-axis. f(-x)=
and = —f (x) = there are no symmetries. The
intervals to be tested are (—o,-3),(-3,-1),

(-1,2), and (2,). The graph is above the

x-axis on (=3,-1) U (2,o0) and below the x-axis

Copyright © 2018 Pearson Education Inc.
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U(«/Zoo) and below the x-axis on (— \/5\/5) on (—,-3)U(-12).

Copyright © 2018 Pearson Education Inc.
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68 0=—2"L— \_1 isthe x-intercept
ST x)(x-2) X7 Pt .
o
0-1 1 1

69.

= — = is the y-intercept.
©0+10-2) 2772

The vertical asymptotes are x = -1 and x = 2.
The horizontal asymptote is the x-axis.

(=x)-1
f(-x)= () +D((x)-2) # f(x) and

#—f(X) = there are no symmetries. The
intervals to be tested are (—o0,-1), (-1,1),
(4,2), and (2,). The graph is above the x-axis

on (-1,1) U (2,0) and below the x-axis on
(~0,-1)U(@1,2).

,\.
5

f(x)= 5

X“+3x+2

2X

X2 +3X+2
x-intercept.

=0=>2x=0= x=0 isthe

—ZZ(Q)— =0= y =0 isthe y-intercept.
(0)*+3(0)+2

X2 +3x+2=(x+1)(x+2) = x=-1, x=-2
are the vertical asymptotes. The horizontal
asymptote is the x-axis.

f(—x)= 422(__)()_
(-x) 2+ 3(—x)+2

=—  #-—f(x)orf(x
x2—3x+2 () ()

There are no symmetries. The intervals to be
tested are (—o0,-2),(-2,-1), (-1,0) and (0, ).
The graph is below the x-axis on

(—o0,—2) U (-1, 0) and above the x-axis on

(=2,-)U(0,).

ol
wh
=
2

,i(,_
,I()_
2X
70, f(X)= 55—
() X% —6X+8
2X ;
< . - =0=2x=0=x=0 isthe
X°—6Xx+8
X-intercept.

—22(9)— =0= y =0 isthe y-intercept.
(0)°-6(0)+8

x?—6x+8=(x-2)(x-4)=x=2, x=4 are

the vertical asymptotes. The horizontal
asymptote is the x-axis.

f(_x):JiL

There are no symmetries. The intervals to be

tested are (—0,0),(0, 2), (2, 4) and (4,x). The

graph is below the x-axis on (—0,0) U (2, 4)
and above the x-axis on (0, 2) U (4, ).

v

20—

| i

i 0

I I

I I

1 1

1 1

I I

| | ]

*]01%3#56.‘(

I ]

1 1

1 1

1 1

[} 1

1] 1

I} |
1

—20
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71.

72.

x—1
f(x)=—"—"_
) x% (x+1)
x—=1
2
X (x+1)
x-intercept.

=0=>x-1=0=x=1 isthe

-1 . . .
207 is undefined, so there is no
0°(0+1)
y-intercept.
x?(x+1)=0= x=0, x=—-1 are the vertical

asymptotes. The horizontal asymptote is the

f (—X) _ _ —x=1
(-%)* (-x+1)
(:X)_Xi_l;t —f(x) orf
x% (—x+1)

There are no symmetries. The intervals to be
tested are (—o,-1),(-1,0), (0,1) and (L, ). The
graph is above the x-axis on (—o0,-1) U (1, o)
and below the x-axis on (-1, 0) U (0, 1).

Y
1

20 —

10 —

-3-3-2-10 (

10 H-

i

x=1
Flx)= x(x+1)°
x=1
x(x+1)%
X-intercept.
0-
0(0+1)?
y-intercept.

|
|
|
I
I
:
L |
I
I
I
1
I
]
|
||

=0=>x-1=0=x=1 isthe

is undefined, so there is no

X (x +1)2 =0=x=0, x=-1 are the vertical
asymptotes. The horizontal asymptote is the
X-axis.

f(-x)=

—x-1

() (x+1)°

There are no symmetries. The intervals to be

#—f(x) orf(x)

N_
w|
o
"

= ~ =B=P]
7E]()7
7!207
]
73. f(x)=
() X2 —7x+12
X—3 X =23 1

= = =0=

x2-7x+12 (x-3)(x-4) x-4

there is no x-intercept.
0-3 1

02 7(0)+12 = is the y-intercept.

There is a hole at (3, —1) and x = 4 is the vertical
asymptote. The horizontal asymptote is the
X-axis.

—x-3

f(=x)= 2
(-x)" =7 (-x)+12

—X-3
=— = - #-—f(x)orf(x
X2+ 7x+12 () ()

There are no symmetries.

The intervals to be tested are

(-,3),(3,4), and (4,). The graph is below
the x-axis on (—o0,—1) U (3, 4) and above the
x-axis on (4, o).

y

e L
()
[=)}
=

tested are (—o0,-1),(-1,0), (0,1)Guly(lghf) ©T2@18 Pearson Education Inc.
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graph is below the x-axis on (0, 1) and above : B
the x-axis on (=o0,~1) U (=1, 0)U (1, o). i]

N_
w|
o
=
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X+2
74. f(X):XZ_—X_G

X+2 B X+2 _ 1 0= there

x2—x—6_ (x+2)(x-3) x-3

is no x-intercept. There is a hole at (—2, - %)

_0+2 = 1 is the y-intercept.

02-0-6 3

x = 3 is the vertical asymptote. The horizontal
asymptote is the x-axis.

B —X+2
e
—X+2
- X2+X_6¢—f(x) or f (x)

There are no symmetries.

The intervals to be tested are
(-0,-2),(=2, 3), and (3,»). The graph is

below the x-axis on (—o0,-2)U (-2, 3) and
above the x-axis on (3, «).

4

:

|

|

|

I

|

|

I

[ 11
—5F=0=1+4 2345 %

I

I

I

I

I

I

|

—4

75. 0=——=x=0 isthe x-intercept.
X“+1

02

] =0= y=0 isthe y-intercept. There is

no vertical asymptote. The horizontal asymptote

(- )2_ _X2—

(-x)? 11 X%+l =

isy=1. f(-x)=
the function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be
tested are (—0,0) and (0, ). The graph is

above the x-axis on (—o0,0) U (0,0) and below

|
-6 -4 -2 0 2 46X

2x° . .
76. 0=—— = x=0 is the x-intercept.
X +4
2(0%)

=0= y =0 isthe y-intercept. There is
0% +4

no vertical asymptote. The horizontal asymptote
2 2

isy=2. fox =28 X fy

(—x)2 +4 x> +4

the function is even, and the graph is symmetric
with respect to the y-axis. The intervals to be
tested are (—oo,0) and (0, ). The graph is

above the x-axis on (—oo,0) U (0,0) and below
the horizontal asymptote on (-, ).

|11 1 L 1 1 1
-8 -6 -4-20 2 4 6 87

7.1 ()= X —ax _ x(x=2)(x+2)

x3-ox  x(x-3)(x+3)
_ (x=2)(x+2)
(x=3)(x+3)

f (x)=0= x =2 are the x-intercepts.

Coax KX=4) 24 024 4
= = = = =

x3 — 9x x(x2—9) x>-9 0%2-9 9

Copyright © 2018 Pearson Education Inc.
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; 4 . . .
the horizontal asymptote on (~oo, o). g the y-intercept. However, there is a hole at

(o, 3) since 0°-9(0)=0

x? -9=0= x(x+3)(x-3)=0= x=-3and
x = 3 are the vertical asymptotes.

(continued on next page)

Copyright © 2018 Pearson Education Inc.
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(continued)

78.

The degree of the numerator is the same as the
degree of the denominator, so the horizontal
asymptote isy = 1.

() -4(=x)  —xP4ax X -4x

f)= (-x)* =9(-x) T x349x x3-9x

= f(x) = the function is even, and the

graph is symmetric with respect to the y-axis.
The intervals to be tested are (-0, -3), (-3, 0),

(0, 3), and (3,). The graph is above the

horizontal asymptote on (—o0,-3) U (3,) and
below the horizontal asymptote on

(-3,0)

(x +32) Cx2432

- x(x2 +8) x%+8
2
= )(2;32 = x% =32 = there are no
X“+8
X-intercepts.
04432 32

0 1s =g = y =4 is the y-intercept.
+

However, there is a hole at (0, 4) since

0% +8(0) = 0. Since there is no real solution for
x? +8=0, there are no vertical asymptotes.
The horizontal asymptote is y = 1 since the
degrees of the numerator and the denominator

are equal and the leading coefficients are the
same.

o) = (=x)*+32(=x) _ —x®-32x
(x)°+8(-x)  —x®—8x
x3 +32x
= 4 = f(x) = the function is
X~ +8X

Copyright © 2018 Pearson Education Inc.

79.

80.

isaholeatx =2.)) 02 =2=y=-21is

the y-intercept. There are no vertical
asymptotes. There are no horizontal asymptotes.

(=x —2)2
f(=x) = 2
there are no symmetries. The intervals to be
tested are (—,2) and (2,). The graph is
above the x-axis on (2,%0) and below the x-axis
on (-=,2).

y
4

#=f(x)and = -f(X) =

2
aholeatx=1.) M:—1: y=-1isthe

0-1
y-intercept. There are no vertical asymptotes.
There are no horizontal asymptotes.

(-x-1)?
f(—x)=T¢ f(x)and = -f(x) =>
there are no symmetries. The intervals to be

tested are (—,1) and (1,). The graph is
above the x-axis on (1,o) and below the x-axis

on (—x,1).

(continued on next page)
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even, and the graph is symmetric with respect to
the y-axis. The intervals to be tested are
(-0,0) and (0, x). The graph is above the

horizontal asymptote on (-0, 0) U (0, ).

Copyright © 2018 Pearson Education Inc.
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(continued)

81.

82.

83.

The x-intercept is 1 and the vertical asymptote is

X = 2. The horizontal asymptote isy = -2, so the
degree of the numerator equals the degree of the
denominator, and the ratio of the leading terms
of the numerator and the denominator is —2.

(x=1)

x—ZJ

Thus, the equation is of the form y =a

The y-intercept is —1, so we have

(0=1\_ ,_

-l=a 2.

0-2

—2(x-1)
Xx—2

Thus, the equation is f (x) =

The x-intercept is —2 and the vertical asymptote

. . . 1
is X = 1. The horizontal asymptote is y = 5 , SO

the degree of the numerator equals the degree of
the denominator, and the ratio of the leading
terms of the numerator and the denominator is

1 . Thus, the equation is of the form
2

y=a ( %21\) The y-intercept is —1, so we

have —1=a(w\:>a=l.

0-1 2
X+2
2(x-1)

Thus, the equation is f (x) =

The x-intercepts are 1 and 3, and the vertical
asymptotes are x = 0 and x = 2. The horizontal
asymptote is y = 1, so the degree of the
numerator equals the degree of the denominator,
and the ratio of the leading terms of the
numerator and the denominator is 1. Thus, the

equation is of the form y=a (-1)(x=3)

84.

85.

The x-intercepts are —2 and 3. The vertical
asymptotes are x = —1 and x = 2. The horizontal
asymptote is y = 1, so the degree of the
numerator equals the degree of the denominator,
and the ratio of the leading terms of the
numerator and the denominator is 1. Thus, the

equation is of the form y =a (x+2)(x=3)

(x+1)(x-2)
The y-intercept is 3, so we have
322 @O ) s the
(0+1)(0-2)

_ (e2)(x-3)
(x+1)(x-2)

equation is f (x)

2x%41

1

=2X+
X

The oblique asymptote is y = 2x.

1

T I I
=5 =5 71’9'L1 3 57
;-

." —

.FI —

4 =
/ -3
XZ*—_ 1
=X—-".

X X

€opyrRht © 2018 Pearson Education Inc.
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There is no y-intercept, so the equation is

- B3

x(x=2)

Copyright © 2018 Pearson Education Inc.
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3
x° -1 1

87. ——=X——.
X X

The oblique asymptote is y = X.

— R e

[ | |
—4-3 —2-1,0 2 3 4%

/1
2
3

2x% +x% +1 1
88. =2x+1+ ..
x2 x2

The oblique asymptote is y =2x+1.

y

The oblique asymptote is
9 y=x-2.

2x—-1

90. X —1i2x2 —3x+2  The oblique asymptote is

2x% —2x
- X+2

91. X2 —1>x3 —2x2 4 0x+1

92.

x3 - X
—2x% 1 x+1
—2x° +2

x—1

The oblique asymptote is y = x — 2. Note that

there is a hole in the graph at x = 1.

.\l
W3
I
e
1
I I |
-5 -3 -]
T
[ A
[
i
A3
N
// I
NS
.
z, I —
’ 1
/\fﬁ"_

N

X

x2—4)x3+0x2+0x—1

X3

The oblique asymptote is y = x.

— 4x

4x -1

2
-5 _2’,{

y = 2X

-1

—x+1 Copyright © 2018 Pearson Education Inc.

I
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e
I
I
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Applying the Concepts

93. a.b.
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C(X) = 0.5x + 2000

C(X):C(x):@ _
+2000 05+ 2000

X X

X

Copyright © 2018 Pearson Education Inc.
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94.

95.

2000
1 = 20.
C(100) = 05+2100 05
€500)=05+2220 _45
500

2000
C(1000)= 05+ /=25

These show the average cost of producing

100, 500, and 1000 trinkets, respectively.

. The horizontal asymptote of C(x) is

y = 0.5. It means that the average cost

approaches the fixed daily cost of producing
each trinket as the number of trinkets
approaches oo,

—0.002x2-+6x +7000

. C(x)=
(x) y
=-0.002x+6+— 7000
. C(100) = —0.002(100) + 6 + 71%%0 =75.8
C(500) = —0.002(500) + 6 + 7;)(?00 19
— 7000
C(1000) = —-0.002(1000) + 6 + 1000 =11

These show the average cost of producing
100, 500, and 1000 CD players,
respectively.

. The oblique asymptote is y = —0.002x + 6.

For large values of x, this is a good
approximation of the average cost of
producing x CD players.

4

400 —
300 —
200 —

100 —

] | \
0 20 40 60 80 100 x

f(50) = 4(50) +1
f(75) = 4(75)+1

~ 4 min
~12 min

f(95) = 100 — 95 ~ 76 min

£(99) = i@“—lN 397 min

96.

97.

. (i) As x—> 1007, f(x) > .

(ii) The statement is not applicable because
the domain is x < 100.

. No, the bird doesn’t ever collect all the seed

from the field.

1000
C(50)=—""" _~
100 50
c(5) - 1000
%006
C(90) == =100
55
C(99) =10, _ gg = 1000

These show the estimated cost (in millions
of dollars) of catching and convicting 50%,

75%, 90%, and 99% of the criminals,
respectively.

(&
1000 —

800 —
600 —
400 —

200 —

| | ! |
Ob 20 40 60 80 100 x

. As x> 1007,C(X) > oo.

1000

. 30 =—=—— = 3000-30x =1000 =
100 - x
2000 = 30x = X = 66.67%
 3(50%)+50 .
- C(50) = g9 5y - $5:02 bllion

-
ENY S

300

| | 1
20 40 60 B0 100x

(=]

Copyright © 2018 Pearson Education Inc.
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98.

99.

100.

_ 3x%450 _3x%+50
X(L00—-x)  100x — x?

3000x — 30x? = 3x% +50 =
—33x% +3000X-50 =0 =

. ~3000+ \/30002 — 4(-33)(-50)
a 2(-33)

_ =3000£,/ 8,993,400 —3000+2998.9

—66 —66
~90.89 or —0.017

Reject the negative solution. Approximately
90.89% of the impurities can be removed at
a cost of $30 billion.

. The horizontal asymptote isy = a. a is called

the saturation level because as the
concentration of the nutrient is increased,
the growth rate is pushed close to a.

gl =a—— a2
k+k 2k 2
p0) = 20+16 _ 16 thousand = 16,000

2(0)+1

. The horizontal asymptote is y = 4. This

means that the population will stabilize at
4000.

. The hérlalc)ntéi aglynu‘gtogla is y=0. This

means that, as time passes, the concentration
of the drug approaches 0.

Haxirmurm
n=.998989EF V=2t e

The concentration of the drug in the
bloodstream is maximal at 1 hour after the
injection.

d.

101. a.

102. a.

5t
t2+1

2= =22 -5t+2=0=

(2t—1)(x—2):0:>t=% ort=2

The concentration level equal 2 ml/I at 12 hr
and 2 hr after the injection.

10x +200,000

f(x)=
X — 2500

10(10,000) +200,000
10,000 — 2500

C(10,000) = =$40
10x +200,000

20 >
X — 2500
20x —50,000 > 10x + 200,000 =

10x > 250,000 = x > 25,000

More than 25,000 books must be sold to
bring the average cost under $20.

The vertical asymptote is x = 2500. This

represents the number of free samples. The
horizontal asymptote is y = 10. This
represents the cost of printing and binding

one book.

l+q)d-p)=1=1-p+g-pg=1=

p
1— = = —
adl-p)=p=q -p
q
100 —
80 —
60
40+
20 -
I | |
Of 02 04 06 08 1 p
0.25
= = - 0,
q 1-025 0.33=33.33%

Copyright © 2018 Pearson Education Inc.
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Beyond the Basics ] 1 L
107. Shift the graph of y = — one unit right and
X

103. Stretch the graph of y = i vertically by a factor two units down.
7
of 2, and then reflect the graph about the x-axis. 2
A 4
3

108. Shift the graph of y = iz two units left and
X

—: 1
104. Shift the graB Yof y= X two units right, and

three units up.

y
10—
then reflect the graph about the x-axis. -
5 T
4 6
3 5
2 41
1 ____';_‘_-_—_-)
et 2
—3-2-10 -
1 1 [
-2 —il 0 1 2 X

3k
—4
-5

109. Shift the graph of y = % six units left.
X

105. Shift the )
¥ I 12
o~ M :
ot |t | 10+
s | : gl
T I :
6 ] I 6
5F : ; 4
4 i |
iE | } 2t
2 [ 1o ; ~
L i ! L 12 -10 -8 —6 —4 -2 [0°x
-3 -10 143 5 7% 3
106. Shift the graph of y=_12 one unit left. 110. x? +6x+9)3x? +18x+28 =
X
y 3x% +18x +27
i 0y 1
19N 3x2 +18x+28  3(x® +6x+9)+1
i - X2 +6X+9 X2 +6X+9
P
L 3(x2 + 6 +9) 1 —1—
1= 7 o o T2 =3+ 2
AL X“+6X+9  X°+6x+9 (x+3)
L { J"i,.._L L Shift the graph of y=—12 three units left and
-6 -4 -2'0 2 4% X

three units up.

(continued on next page)
Copyright © 2018 Pearson Education Inc.
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(continued)

111. x? —2x+1jx2 —2X+2 =

x> —2x+1
1

LZ——ZX +2 (LZ——ZX +1)+1

x2 —2x+1 X2 —2x+1
xZ—2x+1 1 1

+ =1+
x? —2x+1 X2—2X-Ii (x—l)2

Shift the graph of y = !
X

, One unit right and

one unit up.

112.

X2 +2x+1 X2 +2x+1
2x*+2x+1) 5 _, 5
x2+2x+1 X2 +42x+1 (x+1)?

Shift the graph of y = —12 one unit left, stretch
X

the graph vertically by a factor of 5, reflect it in

the x-axis, and shift it two units up.

113.

114.

115.

vy

/
)

(S}

a. If cisazero of f(x), then x = c is a vertical
asymptote because c is not a factor of the
numerator.

b. Because the numerators are positive, the
signs of f(x) and g(x) are the same.

c. If the graphs intersect for some value x, then

f(x) = 9(x).

f(x) = g(x):ij(f(x))2 1=

f(x)
f(x) = +1.

d. Iff(x) increases (decreases, remains
constant), then the denominator of g(x)
increases (decreases, remains constant).
Therefore, g(x) decreases (increases,
remains constant).

A
1
|
1
|
1
1
1

[P
12(x)

1
|
I
]
1

Y

f(x)=2x+3=[f(x] " = and
2x+3

y 2x 3becomesx 2y

= + = +3=

x-3_x 3 . .

2 = o 2_y—f (x).

Thus, the functions are different.
Y.

4 sk
{ fx)
[Far-n '-I 3

VL

/‘/_ Fo )
N T 1 . L 5 Y B Y
5‘“'.7 f] 1 3 5 x

PR W

5]
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116. f(x)= XL = [f (0] = X and
X+2 x-1
y:X—_1 becomesx:u:
X+2 y+2

XYy+2x=y-1=>xy-y=-2x-1=

y(x-1)=-2x-1=

=2x-1 2x+1
x-1  1-x

=y=1f"(x).

as X — oo.

118. f(x) has no oblique asymptote. f(x) - «

as x — —oo, and f (x) > oas x — . For large

I|, the graph behaves like the graph of y = x2.
-
16 -
1

F - Y
|

119. The horizontal asymptote isy = 1.
X2 4x-2

5 =1=>% +Xx-2=% —2x-3=>
X°—=2x-3

120.

121.

122.

T i EESYE S S
o
-

The horizontal asymptote is y =— %

2
X L gia-a? sx-3o
2x°-5x-3 2

x =1. The point of intersection is [1,—%).

Vertical asymptote at x =3 = the denominator
is x— 3. Horizontal asymptote at y =-1= the

ratio of the leading coefficients of the numerator
and denominator =—1. The x—intercept =2 =
the numerator is x — 2. So the equation is of the

form f(x):—ﬂ or u.

X—3 X—3

Vertical asymptotesatx =—-1and x=1= the
denominator is (x+1)(x —1). Horizontal

asymptote at y =1 = the degrees of the

numerator and denominator are the same. The

x—intercept = 0 = the numerator is x2. So the
equation is of the form

f()= (x—ls((x +1) - x2_1

Copyright © 2018 Pearson Education Inc.
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X=-1=x=- % The point of intersection is

49

Copyright © 2018 Pearson Education Inc.
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123.

124.

125.

Vertical asymptote at x =0 = the denominator
is X. The slant asymptote y = —x = the degree

of the numerator is one more than the degree of
the denominator and the quotient of the

numerator and the denominator is —. The

x-intercepts —1 and 1 = the numerator is
(x=1)(x +1). So the equation is of the form

O (x-D(x+1)  (x2-1)
f'x'=a =a| |-
X L x )

X However, the slant asymptote is

y =—X, S0 a=-1and the

x&xz—l

equation is

|><
N

-1 f(X):— y = y

Vertical asymptote at x =3 = the denominator
is x — 3. The slant asymptote y = x + 4= the
degree of the numerator is one more than the
degree of the denominator, and the quotient of

the numerator and the denominator is x + 4.
Thus, (x — 3)(x + 4) + a is the numerator.

f(#)=14 f ()= CN0dka

x—3
42 14-12+a
14 = =
i3 =a=6
Therefore, the equation is
(x=3)(x+4}+6  x%4x-6
x-3 x-3

Vertical asymptote at x =2 = the
denominator is X — 2. Horizontal asymptote at
y =1= the degrees of the numerator and
denominator are the same and the leading
coefficients of the numerator and denominator

are the same. So the numerator is x + a , where

aischosensothat f(0)=-2= f(x)= ):(_ig

127. f(x) > —wasx —»>1 andf(x) > o as

128.

129.

+
Xx—=>1 = the denominator is zero if x = 1.

Since x — 1 from both directions, the
denominator is (x—1)2. f(x) — 4 as

X — *oo = the horizontal asymptote is 4. So
the leading coefficient of the numerator is 4 and
the degree of the numerator is the same as the

degree of the denominator. The numerator is

4x2% + a, where a/is €hosen so that

f[l\=0:>_(_)—4f2 +a:>a

=-1. So,
2 (12-1)
4x -1

JRCEE
No vertical asymptotes = the denominator

f(x)

has no real zeros. f(x) symmetric about the y-

axis = f(x) is an even function. So the degree

of the numerator and the degree of the
denominator can equal 2. Then a possible

denominator is X% +1. f(X) — 2 as

X — to0 = the horizontal asymptote is 2. So
the numerator is 2x? +a where a is chosen so

2

2X
2

that f(0)=0=a=0. f(X)=
© = ()x+1

Vertical asymptote at X =1= the denominator
could be x—1. Because the oblique asymptote

is y =3x+2, the numerator is

(3x+2)(x—-1) + a, where a can be any humber
(no x-intercepts or function values are given).
Leta=1. So.

3xZ—x+1
Bx+2)(x-1)+1

0= -1 x-1

130. A rational function cannot have both a

horizontal asymptote and an oblique asymptote

126. Vertical asymptotes at x = 2 an@ X5 ridiroBB18 Pearson Education Inc.
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denominator is (x — 2)(x +1) . Horizontal

asymptote at y = 0= the degree of the

numerator < the degree of the denominator. So
the numerator is x+ a, where a is chosen so

that (0) = 2= f ()= —="— Verify

(x=2)(x+1)
that the x-intercept is 4:

f4=—4 4 =0

() (4-2)(4+1)

because there would values of x which are
mapped to two different function values. In that

case, it wouldn’t be a function.

Critical Thinking/Discussion/Writing

4 1 1
131. = =

R R + , R, =5Q

T 1 2
1 1 1 1 5+4R 5R

="+ = = =R _

a. 1 . 1

Rr R 5 Ry SRy Ry +5

Copyright © 2018 Pearson Education Inc.
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R15515 = R =0 is the x-intercept.
oR__ 5(0) =0=y=0 isthe

Ri+5 0+5

y-intercept. The vertical asymptote is x = -5.
The horizontal asymptote isy = 5.

R (_R):ﬁl) :_§££l)¢ f(X)
Tt (-R)+5 R +5

and f (-x)=#—f(x) = there are no

symmetries. The intervals to be tested are
(-0, —5), (-5, 0) and (0, ). The graph is
above the horizontal asymptote on

(-0, —5) and below the horizontal
asymptote on (=5, 0) U (0,). The graph is
below the x-axis on (-5, 0) and above the
x-axis on (-0, —5) U (0, ).

\ Ry
15
|
10—
|

_______ o coooooon
1

L 1| C 1 1op
~15-10 =5 5 10 15 !
5_

10 —

W15

R; must be greater than 0, so 0 < Ry <5.

The horizontal asymptote is Ry =5, so as
Rl —> O, RT — 5.

2
132. K=9= .c,c=2
o

1-—
2
K :& = a =0 is the x-intercept.
l1-a

2(0)°

=0= K =0 is the y-intercept. The
1-(0) y p
vertical asymptote is o =1. The degree of

the numerator is greater than the degree of
the denominator, so there is an oblique

asymptote.

2
205 _ 5 o, 20
l-a l1-a

The oblique asymptote is K =—-2a — 2.

Use the intervals determined by the zeros of
the numerator and of the denominator of

20.2 2

K-(-20 -2)=———(-20. - 2) = ——
(20 -2)= 72 (20 ~2) =

to create a sign graph. The numerator 2 has

no zero and the denominator has one zero, 1.
The intervals to be tested are

(=20, 1), and (1, ). The graph is above the

obligue asymptote on (—oo, 1) and below the
oblique asymptote on (1, ).

. As o — 0" (meaning as o. approaches 0

from the right), K — 0. In other words, o
is a positive number that is becoming
smaller and smaller. As it approaches 0,

K ~ 20,2

. As . = 1™ (meaning as a. approaches 1

from the left), K — oo. In other words, o
is a positive number > 0 that is becoming
closer and closer to 1. As it approaches 1,
the denominator approaches 0, so Ostwald’s
law cannot hold for strong elctrolytes.

133. Answers may vary. Sample answers are given'

(=7 b 1=

X2 4 x—2
x4+ 2x2 —7x-1
f(X)ZW

X +X —6X+5

134. Answers may vary. Sample answers are given:

x2+1

f(x)=

X _+2Xx-2

Copyright © 2018 Pearson Edd@atl(fr(l‘ac
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X

2 2
2_ <
2(a)” _20° ¢4 gng

1-(-a) 1l+a c. f(x)=

f (-x) = —f (x) = there are no symmetries.

Copyright © 2018 Pearson Education Inc.
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135. Since y = ax + b is the oblique asymptote, we

know that R(x)=ax+b+ Lx) . We are told that
D (x)

the graph of R(x) intersects the asymptote at the
points (c;, R(cy)), (c2. R(c2)). [1(cn, R(cy)).
rx =0. Thus,

D(x)

r(x)=(x-cy)(x—cy) [ 1-(x-c,). Recall that

so R(x)=ax+b when

the numerator of a rational function must have

degree greater than that of the denominator in
order for there to be an oblique asymptote, so the

denominator, D(x), can be any polynomial

whose degree is greater than or equal to n + 2.
Thus, a possible rational function is

R(x)=(ax+b)+ K (x=¢y)(x=cp )1 1(x=C;)

D(x)
_ (ax+b)D (x)+K (x—,)(x—=,) 1 (x—,)
D(x) ’
where D(x) is a polynomial of degree n + 1 and
none of its zeros are at ¢, ¢,, [1, C,,.

a. f(x)= for small values of x. For large
2
X

values of X, f (x)~ x2,

b. x°+ 5= X-— +2
X

X— >0,s0 X- +22>2
X X
2 (2.1
(x—l) +2:2:>|£ ] +2=2=
\
X \

Getting Ready for the Next Section

— ()
137, x—1_3: x—1_d X+3 :x—1—3x—9

X+3 X+3 X+3 X+3
—2x-10  2(x+5)
T ox+3 T x43

138, 27X _,_2=x A(x+l) 2-x-4x-4

x+1 x+1 Xx+1 Xx+1

_ —oXx-2 = 5x+2
x+1 x+1

139 5 4 5(x+1)-4(x-2)

x=2 x+1  (x=2)(x+1)

_ 5x+5-4x+8 x+13

T (x=2)(x+1)  (x=2)(x+1)

2 3 _2(x=5)-3(x+3)

(x+3)(x-5)

_ 2x-10-3x-9

~ (x+3)(x-5)

—x-19 X+19

T (x+3)(x=5)  (x+3)(x-5)

140.

Xx+3 x-5

For exercises 141-144, instead of graphing the
function to determine the solution set as shown in
Section 2.1, we use test points.

141. (x-1)(x+2)>0
The zeros occur at x = -2 and x = 1, so the
intervals to be tested are (-, —2), (-2, 1),

and (1, ).

) Value of
Interval | Test point f(x) Result
(=0, —2) -3 4 +
(-2,1) 0 -2 -
(L ) 2 4 +
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2 2
(-1 =0=>x2-1=0=>x=+1
L X )| (x=1)(x+2) >0 for (~o0, —2) 1 (1, ).
The graph passes through (-1, 2) and (1, 2).

Yy

(-1,2) 1,2
[ 11 1
—4-3-2-10

-
-
-
-

Copyright © 2018 Pearson Education Inc.
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142. (x+2)(x+4)<0
The zeros occur at x = -2 and x = —4, so the

143.

144,

intervals to be tested are (—oo, —4), (-4, - 2),
and (-1, ).
] Value of
Interval Test point f (x) Result
(—0, —4) -5 3 +
(-4, -2) -3 -1 -
(—2, oo) 0 8 +

(x+2)(x+4)<0 for (-4, - 2).

x? +3x-10>0= (x+5)(x-2)>0
The zeros occur at X =-5 and x = 2, so the

intervals to be tested are (—o0, —5], [-5, 2],

and [2, o).
. Value of
Interval | Test point £ (x) Result
(=00, = 5] -10 60 +
[-5, 2] 0 -10 -
Bl hoo ) Ho L ¢
AT WA R O

x> —6x—7 <0=(x-7)(x+1)<0
The zeros occur at x =—1 and x = 7, so the
intervals to be tested are (—o0, —1], [-1, 7], and

[7, ).

Interval | Test point Va;h;i)of Result
(=00, —1] -10 153 +
[-1 7] 0 7 -
[7, o) 10 33 +

x2 —6x—7<0 for [-1 7]

Copyright © 2018 Pearson Education Inc.

2.5 Polynomial and Rational

Inequalities

2.5 Practice Problems

1.

x3 +2x% —5x—21> 4x-2x* +15 =
x3+4x2-9x-36>0

Now solve x +4x? —9x—36=0.

The possible rational zeros are +1, +2,
+3,+4,+6,+9, +12, +18, + 36.

Using synthetic division, we see that x = 3 is a

factor.

3 1 4 -9 -36

3 21 36
1 7 12 0

x® +4x% —9x-36= (x—3)(x2 +7x+12)

=(x=3)(x+3)(x+4)=0
So, the zeros are x =—4,x =-3, and x = 3, and
the intervals to be tested are (—oo, — 4],

[-4,-3],[-3, 3], and [3, ).

Interval Test point Vill(Ji)Of Result
(—o0, —4] -5 -16 -
[-4, -3] -35 1.625 +
[-3, 3] 0 -36 -
[3, ) 5 144 +

Solution set: [-4, —3][/[3, ).

x(x+2)*(x-1)>0
The boundary points are x =0, x = -2, and
x =1, so the intervals are (-, —2), (-2, 0),

(0,1), and (1, »). The leading term of
P(x) = x(x+2)* (x-1) = x(x)* (x) = x*, s0

the end behavior of the graph is f (x) — « as

x —> —oo and f(x)—> o as x — o. Because 0

and 1 are zeros of odd multiplicity, the graph of
P(x) crosses the x-axis at these points.

Because -2 is a zeros of even multiplicity, the
graph touches but does not cross the x-axis at
X=-2.

(continued on next page)
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(continued)

6 -4 -2

|
(38

1

T

(0dd)------S

(even)----- 2
(odd)---

~ yiero
T Zero

— ZEro
+
+

++ ++
———

+ o+t
T6 solve the inkquality! examine the graph to
find the intervals on which P(x) is positive.

The solution set is (-0, —2) (=2, 0) (I (1, ).

3. x(x—Z)(x2 +2x+2)20

Note that the quadratic term X% +2x+2 has no
real zeros and is always positive. The real zeros

of x(x—2)(x2 +2x+2) arex=0and x = 2.
So, the intervals are (-0, 0], [0, 2], and

[2, oo).

The boundary points are 0, 4, and 6. The lines
x =0 and x = 4 are the vertical asymptotes of
R(x). The intervals are (-, 0), (0, 4),

(4, 6], and [6, =). Note that 0 and 4 are not
included in the intervals to be tested because

fhpy cause the denominator of R{x) to nqllnl Q
) Value of

Interval | Test point R (x) Result

(=0 2 | -4 | -

(0, 4) 1 % +

we | s | & | -

) | 10 -

[_10,3«/ LL, 10]

We can verify the solution by examining the
graph. Solution set: (—o0, 0) (4, 6].

) Value of
Interval | Test point P (x) Result
(=00, O] -2 16 +
[O, 2] 1 -5 -
[2, ) 3 51 +

[_6’ 6] b&J_G! 6]

We can verify the solution by examining the
graph. Solution set: (—o0, 0] 1 [2, ).

4, gﬁ 1 :3— 1 <0=

X X-4 X X-—-4

3(x—4)x 2x-12
R(x)= x(x—4): x(x—4§o

5x+1 5x+1
( )<3: ( )—3<0:
X+3 X+3

R(X) = 5x +5-3(x +3) _2x4

0
X+3 X+3

numerator: 2Xx-4=0=x=2

denominator : X+3=0= x=-3

The boundary points are 2 and 3. The line

x = 3 is the vertical asymptote of R(x). The
intervals are (-, —3), (=3, 2), and (2, ).
Note that —3 is not included in the intervals to
be tested because it causes the denominator of
R(x) to equal 0. To determine the sign of

R(x), form the corresponding polynomial
P(x)=(2x—-4)(x+3). The signe rule says that
P(x) has the same sign as R(x) on the
intervals listed above. P(x) is a quadratic

polynomial with leading coefficient a =2 > 0.
2

Copyright © 2018 Pearson Education Inc.



Section 2.5 Polynomial and Rational Inequalities 193

numerator: 2x—-12=0=Xx=6 (continued on next page)
denominator : x(x—4)=0=x=0, x=4

Copyright © 2018 Pearson Education Inc.
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(continued)

From the graph, it is clear that R(x) <0 when
-3 < x < 2. Thus, the solution set is (-3, 2).

X(Xx+2 2
R(x):mzo

numerator: X(x+2)*=0= x =0, x= -2

denominator: (x+3)(x-1)=0= x=-3, x=1
The lings x = -3 and x = 1 are the vertical
asymptotes of R(x). The intervals to be tested
are (-o0, -3), (-3, -2],[-2, 0], [0, 1), and
(1 ). Note that—3 and 1 are not included in

the intervals to be tested because they cause the
denominator of R(x) to equal 0.

) Value of
Interval | Test point R (x) Result
(=0, —3) —4 - 156 -
(3-2 | -3 | & | -
[-2, 0] -1 i +
SHERERE
(1 ) 2 & +
t (e

[-10, 10] by [-10, 10]
We can verify the solution by examining the
graph. Solution set: (-3, —2]7/[-2, 0]/ (1, =)

r (—3, 0] (1, oo).

2.5

Exercises
Concepts and Vocabulary

For the polynomial inequalities P(x)>0 or
P(x) <0, the zeros of the polynomial function

P(x) are always included in the solution set.

For the polynomial inequalities P(x)> 0 or
P(x)<0, the zeros of the polynomial function

P(x) are always excluded from the solution
set.
To solve a rational inequality, we begin by

locating all zeros and vertical asymptotes (if
they exist).

For the rational inequalities R(x) >0,
R(x) <0, R(x) >0, or R(x) <0, the zeros of
the denominator of the rational function R(x)

(vertical asymptotes or holes) are always
excluded from the solution set.

5. True

6.

False. A polynomial function does not change
sign at its zero if its graph touches, but does not
cross the x-axis. A polynomial function changes
sign at its zero if its graph crosses the x-axis.

7. False

8. True
Building Skills

9. Fromthe graph, P(x)>0 on [-2,1]7[3, ).
10. Fromthe graph P(x)<0 on [-2, 0]([3, ).
11. From the graph, P(x)>0 on (-3, 2) [ (2, ).
12. From the graph, P(x) <0 on (2, «).

13. From the graph, P(x) >0 on

(. -2) (2.2) (3 ).

14. From the graph, P(x)<0 on (-2, 1) [ (%, 3).
15. From the graph, P(x)>0 on [-3, 2].

16. From the graph P(x)<0 on

(—oo, —3]\ [—1, oo).

Copyright © 2018 Pearson Education Inc.
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17.

18.

19.

20.

(x=3)(x-4)>0
The zeros are x = 3 and x = 4. So, the intervals
to be tested are (—oo, 3), (3, 4), and (4, »).

) Value of
Interval | Test point P (x) Result
(—o0, 3) 0 12 +
(3 4) 35 -0.25 -
4, ) 5 2 +
olutionsbt: (—o 3V (4 o)
\ =7 AN 7

(x+2)(x-5)<0
The zeros are x = -2 and x = 5. So, the intervals
to be tested are (—o0, —2), (-2, 5), and (5, ).

] Value of
Interval | Test point P(x) Result
(—o0, = 2) -5 30 +
(-2,5) 0 -10 -
(5, » 6 8 +
Calitiononfl: (9 B\
JUTUTIUTT ST \ y J}

(x+1)(x-8)=0
The zeros are x = -1 and x = 8. So, the intervals

r

o betesteq are (—=5, — 1}, {7 81, md {8 -
Interval | Test point P(x) Result
(—o0, —1] -2 10 +
[-1 8] 0 -8 -
[8, ) 10 22 +

Solution set: (—oo, —1][/[8, o)

(x+4)(x+6)<0

The zeros are x = -4 and x = -6. So, the
intervals to be tested are (—oo, — 6], [-6, —4],
and [-4, ).

21.

22.

. Value of
Interval | Test point P (x) Result
(-0, -6] | -10 24 +
[-6, — 4] -5 -1 -
—4, ) 0 24 +
olution set: [-6, —4]

2(x-1)(x+5)(x-3)<0

The zeros are x = 1, x =-5, and x = 3. So, the
intervals to be tested are (-, —5), (-5, 1),

(L 3), and (3, »).

Interval | Test point Vil?i)mc Result
(~0, —5) -6 ~126 -
(-5, 1) 0 30 +
(13) 2 -14 -
(3, =) 6 330 +

Sututionmse

3(x+1)(x-2)(x—4)>0

=0, =5 (573)

The zeros are x = -1, x =2, and x = 4. So, the
intervals to be tested are (-, —1), (-1, 2),

(2, 4), and (4, ).

Value of

Interval | Test point P(x) Result
(~o0, 1) -2 -72 -
(-1, 2) 0 24 +
(2,4 3 -12 -

4, 4

oILCthj?on set: (—152) ( oo)5 *

Copyright © 2018 Pearson Education Inc.
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23.

24,

25.

1-x)(x-4)(x+7)<0
The zeros are x =1, x =4, and x = 7. So, the
intervals to be tested are (-, - 7], [-7, 1],

[1 4], and [4, ).

Interval | Test point VE;IL(Ji)Of Result
(—o0, = 7] -10 462 +
[-7.1] 0 28 -
[1 4] 2 18 +
[4, ) 5 -48 -

Solution set: [-7, 1] [/[4, )

(x+2)(4=x)(x+5)=0
The zeros are x = -2, x = 4, and x = -5. So, the
intervals to be tested are (-0, —5], [-5, - 2],

[-2, 4], and [4, ).

. Value of
Interval | Test point P(x) Result
(—o0, 5] -6 40 +
[-5, - 2] -4 -16 -
[-2, 4] 0 40 +
4, _ _
nllclfizm set: (_mjs_ﬁ] [_7, ZJ

x?(x+2)(x-1) <0
The zeros are x =0, x =-2, and x = 1. So, the
intervals to be tested are (-, —2), (-2, 0),

(0,1), and (1 ).

Interval Test point Vgl(]i)m( Result
(~o0, - 2) -3 36 +
(-2, 0) -1 -2 -
(O, 1) 0.5 -0.3125 -
(1 ) 2 16 +

Solution set: (-2, 0) (0, 1)

26. (x+2)(x-1)°(x-6)>0
The zeros are x =2, x =1, and x = 6. So, the
intervals to be tested are (-, —2), (-2, 1),

(L 6), and (6, ).

27.

28.

Interval | Test point Vi,ll(Ji)Of Result
(o0, —2) -3 144 +
(-2, 1) 0 12 -
(1 6) 2 -16 -
(6, =) 7 324 +

Solution set: (o0, —2) [ (6, )

x?(x-1)(x-3)>0
The zerosare x =0, x =1, and x = 3. So, the

intervals to be tested are (—o0, 0], [0, 1], [1, 3],
and [3, ).

Interval | Test point Vi,llzi)Of Result
(=0, 0] -1 8 +
[0, 1] 0.5 0.3125 +
1 3] 2 _4 _
figtibn spt: 5 200 +

(—oo, O] \ [0, l] [3, oo) = (—oo, 1]\ [3, oo)

(x+4)(x=3)* (x-1)<0
The zeros are x = —4, x =3, and x = 1. So, the
intervals to be tested are (—o0, —4], [-4, 1],

[1, 3], and [3, ).

Interval | Test point V;ill(]i)Of Result
(—o0, — 4] -5 384 +
[-4,1] 0 -36 ~
[1, 3] 2 6 +
[3, ) 5 144 +

Copyright © 2018 Pearson Education Inc.
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(continued)

29.

30.

31.

Note that (x+4)(x—3)*(x-1)=0 when x =3,
so include that value in the solution set.
Solution set: [-4, 1] {3}

2x(x-1)(x* +1)>0
The real zeros are x =0 and x = 1. So, the
intervals to be tested are (-, 0), (0, 1), and

(1 =)

. Value of
Interval | Test point p (x) Result
(—oo, 0) -1 8 +
(0,7) 0.5 -0.625 -
(1 ) 2 20 +

Solution set: (oo, 0) (1 (1, o)

-3x(x+2)(x* +3)>0
The real zeros are x = 0 and x = 2. So, the
intervals to be tested are (-, —2), (-2, 0),

and (0, «).
) Value of

Interval Test point P (x) Result
(=00, = 2) -3 -108 -
(-2,0) -1 12 +
(0, ») 1 -36 —~
Solution set: (-2, 0)
x2-x>2=>x2-x-2>0=

(x=2)(x+1)>0
The zeros are x = 2 and x = —1. So, the intervals
to be tested are (—oo, —1), (-1, 2), and (2, ).

) Value of
Interval | Test point P(x) Result
(-0, —1) -3 10 +
(-1 2) 0 ) _
(2, ) 3 4 +

Solution set: (—o0, —1)(1(2, )

32. 20-x%>x=-x

33.

34.

2

-X+20>0=>

—(x2 +x—20)> 0= —(x+5)(x-4)>0
The zeros are x = -5 and x = 4. So, the intervals
to be tested are (—oo, —5), (-5, 4), and (4, ).

) Value of
Interval | Test point P(x) Result
(—, =5) -6 -10 -
(-5, 4) 0 20 +
(4, ) 5 -10 -

Solution set: (-5, 4)
x2+10>3x = x*> -3x+10>0

P(x)=x?-3x+10 cannot be factored, so
there are no rational zeros. We must examine
the graph. This is a parabola that opens upward
and with vertex (—L, P(— L)) = (3 , ﬂ)

2a 2a

[-10, 10] by [0, 20]

The graph is always greater than 0, so the
solution set is (—o, ).

X2 +4<2x=x? - 2x+4<0
P(x) = x? —3x+4 cannot be factored, so there

are no rational zeros. We must examine the
graph. This is a parabola that opens upward and

with vertex (_Z_ba’ P(— 7ba-)) =(11).

[-10, 10] by [0, 20]
The graph is never less than or equal to 0, so the
solution set is &.

Copyright © 2018 Pearson Education Inc.
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35.

X2 +4x% +X-6>0
The possible rational zeros are
+1, +2, +3, £6.

Using synthetic division, we find thatx =1 is a
zero.

] 1 4 1 -6

1 5 6

1 5 6 0
So,

x3+4x2+x—6=(x—1)(x2+5x+6)

=(x-1)(x+2)(x+3)

The zeros are x = -2, x =-3, and x = 1. So, the

intervals to be tested are (-0, —3), (-3, —2),

(-2,1), and (1, ).

Interval | Test point Vlill(Ji)Of Result
(=o0, =3) 4 -10 -
(-3,-2) 25 0.875 +
(-2,1) 0 -6 -
(1, ) 2 20 +

36.

Solution set: (-3, —=2) [ (1, )

x3+x?-10x+8<0
The possible rational zeros are
+1, +2, +4, £8.

Using synthetic division, we find thatx =1 is a
zero.

1 1 1 -10 8

1 2 -8 0
So,

x3 + x? —10x+8:(x—1)(x2 +2x—8)

=(x-1)(x-2)(x+4)

The zeros are x =4, x =1, and x = 2. So, the

intervals to be tested are (—oo, —4), (-4, 1),

(L 2), and (2, ).

Test Value of

Interval point P(x) Result

(—oo, - 4) -5 —42 -

Copyright © 2013

Test Value of
Interval point P (x) Result
L2 1.5 -1.375 -
(2, 3 14 +
Solution setd (— A (1 2)
Selutiorsetl {4} 11 2}

37. x3-12x>16=x3-12x-16>0

The possible rational zeros are
+1, +2, +4, +8, £16.

Using synthetic division, we find that x =-2 is a
zero.

#‘J 1 0 -12 -16

So,

X2 _12x_16:(x+2)(x2 _2x_8)

=(x+2)(x+2)(x-4)
The zeros are x = -2 and x = 4. So, the intervals
to be tested are (-0, — 2], [-2, 4], and [4, »).

) Value of
Interval Test point = (x) Result
(—oo, - 2] -3 —7 —
[-2, 4] 0 -16
[4, ) 5 49 +
Note-that-x2—12%>16-Wwhenx=—21so-inctude
that value in the solution set.

Solution set: {2} [4, )

38, 3x-x°<2=> -x34+3x-2<0=
—(x3—3x+2)£0

The possible rational zeros are +1, + 2.

Using synthetic division, we find that x = -2 is a
zero.

:Z|10—32

So,

—x3+3x—2:—(x+2)(x2 —2x+1)
Pearson Education Inc.
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= —(x+2)(x-1)°
The zeros are x = -2 and x = 1. So, the intervals
to be tested are (—o0, —2], [-2, 1], and [1, «).

(continued on next page)
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(continued)

] Value of
Interval Test point p (x) Result
(—o0, — 2] -3 16 +
[—2, 1] 0 -2 -
1, 2 -4 -
aolutioncef: [-2 110 Ml Y192 )
“““““““““ i il S A N

39, x®-3x?+3x+5<2x’ +x-3=>

x3 —5x2 +2x+8<0
The possible rational zeros are
+1, £2,+4, £8.

Using synthetic division, we find that x =2 is a

40.

Zero.
2l 1 -5 2 8
2 -6 -8
1 -3 -4 0

So,

x3—5x2+2x+8:(x—2)(x2—3x—4)

=(x-2)(x=4)(x+1)

The zeros are x =1, x = 2, and x = 4. So, the

intervals to be tested are (—o0, —1], [-1, 2],

[2, 4], and [4, o).

) Value of
Interval Test point = (x) Result
(<o, -1] | -2 24 -
[—1, 2] 0 8 +
[2, 4] 3 _4 _
[4, ) 5 18 +

Solution set: (—oo, —1] /]2, 4]

X2 —4x% —9x +13> -2x% + 2x +1=

x2 - 2x% —11x+12>0

The possible rational zeros are
+1, £2,+3,+£4, +6, £12.

Using synthetic division, we find that x =1 is a

Zero.

41.

So,

x® - 2x? ~11x+12 = (x-1)(x* - x-12)

=(x-1)(x—4)(x+3)
The zeros are x = -3, x =1, and x = 4. So, the
intervals to be tested are (—oo, —3], [-3, 1],

[1 4], and [4, ).

) Value of

Interval | Test point = (x) Result
(=, —3] -4 -40 -
[—3, 1] 0 12 +
[1 4] 3 -12 -
4, oo_) 5 32 +
olution set: [=3 1]1114 o)

x4 >3x% = x* - 3x2 20:>x2(x2—3)20:
xz(x+ 3)(x— 3)2 0

7

The zerosare + 3, 0.
$o, the i?@arvals \t}& be tested are

(—oo, ~31 - 3,0l To, 3],

|—\/§, oo). 1L ] | | and

Test Value of
Interval point P(x) Result
(—00, - \/5] -2 4 +
(-3, 0] -1 -2 -
[0, V3] 1 -2 -
M| L

[\/§1 OO) 2 4 +

Note that x* > 3x? when x = 0, so include that

value in the solution set.

e

Solution set: (—oo, - 3lofoyal s, oo)

Copyright © 2018 Pearson Education Inc.
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1 1 -2 -11 12

1 -1 -12

1 -1 -12 0

Copyright © 2018 Pearson Education Inc.
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42,

43.

44,

45,

46.

47.

48.

49.

50.

x4£2x2:x4—2x2£0:x2(x2—2)£0:

x2 (x+ﬁ)<x— Z)SO
A

The zeros are ++/2, 0.

So, the intervals to be tested are

(_oo, ~21T-y2.0l To,v21 and
1L I
V2, oo).

Interval ;;ﬁf]tt V?Dll(J)e()Of Result
(—00, - ﬁ] -2 8 +
[-2.0] 1 -1 -
[0,2] 1 1 -
[\/E 00) 2 8 +
Solution set: [ —v2, 01110, V2 1=1-y2, V21

L I ]
From the graph, R(x) >0 on (—oo, 0] (1 (1, ).
From the graph, R(x)<0 on (-1, 0].
From the graph, R(x)>0 on (-1, 0)[I (L o).
From the graph, R(x) <0 on (=1, 0) (0, 1).
From the graph, R(x)>0 on (-1, 0]11[2, ).
From the graph, R(x) <0 on (—o, 0] (1 (1, 2].

From the graph, R(x) >0 on
(=0, =1) (=1, 0) (1, ).
From the graph, R(x)<0 on
(=1,0)1(0,2) 11 (1, ).

For exercises 51-76, verify your answers by graphing
the function.

51.

x—1

x+2>0
numerator: x-1=0=x=1
denominator: x+2=0=x=-2
The line x = -2 is the vertical asymptote of

R(x), so -2 is not included in the intervals to

52.

53.

] Value of
Interval Test point R (x) Result
(-2,1) 0 -2 -
(1, oo) 2 % +
Solution set: (-, —2) (1 (1, o)
X+3
] <0

numerator: Xx+3=0= x=-3

denominator: x—4=0=x=4

The line x = 4 is the vertical asymptote of
R(x), so 4 is not included in the intervals to be

tested. The boundary points are -3 and 4. The
intervals are (-, —3), (-3, 4), and (4, ).

Interval Test point V;IL(J)?)O]C Result
(—o0, =3) 4 5 +
(-3, 4) 0 -3 -
(4, ») 5 8 +

Solution set: (-3, 4)

X+2

x— 82 0

numerator: X+2=0= x=-2
denominator : x—-8=0=x=8
The line x = 8 is the vertical asymptote of

R(x), so 8 is not included in the intervals to be

tested. The boundary points are -2 and 8. The
intervals are (—oo, —2], [-2, 8), and (8, «).

be tested The boundary points are -2 and 1. The
intervals are (-, —2), (-2,1), and (1, o).

Copyright © 2018 Pearson Education Inc.
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Hterval Festpotnt R(X) Resuit
(=00, — 2] -4 % +
[2.9 0 1| -
(8 ») 10 6 +
Solut
ion
set:
(—o0,
_ 2]

(s
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54.

X+5

x—1£ 0
numerator: Xx+5=0= x=-5
denominator ;: x-1=0=x=1
The line x = 1 is the vertical asymptote of

R(x), so 1 is not included in the intervals to be

tested. The boundary points are -5 and 1. The

intervals are (o, —5], [-5,1), and (1, «).

55.

. Value of

Interval | Test point R(x) Result
(8] 6 | G | o«
[-5.1) 0 -5 -
(1 ) 2 7 +
Solution set: [-5, 1)

3x -2

— 20

4 —3x
numerator: 3x—2=0= x=1
denominator : 4—3x=0= x=3
The line x = ‘51 is the vertical asymptote of

R(x), so % is not included in the intervals to

be tested. The boundary points are % and ‘31.

The intervals are (—oo, ﬂ E 34) and (i oo).

Interval | Test point V;I Fi)Of Result
3| o | 1| -
[% %) 1 1 +
IR ERE

Solution set: [% g)

56.

57.

1-2x
3+2x
numerator: 1-2x=0= x =

>0

NI

denominator : 3+2x=0=x=-3

2
The line 3

is the vertical asymptote of

R(x), so —, isnotincluded in the intervals to
; 1 _3
be tested. The boundary points are 5 and — 3.
i 3 31
The intervals are (_OO, _ 2), (_ y 21 and
1t )
21 @ .
) Value of
Interval Test point R(x) Result
(—oo, —;) -2 -5 -
3 1 1
(3.4 0 3 *
1 1
3. OO) 1 75 -

Solution set: (—% zﬂ

(-1)(x+2)

X+1

>0

numerator: (x-1)(x+2)=0=x=-2, x=1
denominator : x+1=0=>x=-1

The line x = -1 is the vertical asymptote of

R(x), so—1 is not included in the intervals to

be tested. The boundary points are -2, -1, and
1. The intervals are

(—oo, - 2), (—2, —1), (—1, l), and (L oo).

Value of
Interval | Test point R(x) Result
(—o0, —2) -3 -2 -
(-2, -1) 3 2 +
(-11) 0 2 -
(1 ») 2 4 +

. Solution set:
Copyright © 2018 Pearson Education Inc.
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58.

59.

x(x=8) _,

X+2
numerator: X(x-3)=0=x=0, x=3
denominator: x+2=0=>x=-2
The line x = -2 is the vertical asymptote of
R(x), so -2 is not included in the intervals to
be tested. The boundary points are -2, 0, and 3.
The intervals are (-0, —2), (-2, 0), (0, 3),

and (3, »).

] Value of
Interval Test point R (x) Result
(—o0, = 2) -3 -18 -
(-2, 0) | 4 +
(0.3) 2 -1 -
(3 =) 4 z +
Calitina oot ( 2\ lf{n 92)
LSUTUTIOTT SCLL \ Ny L} ! \U, \J}

(xs5)(x2)

X+3
numerator: (x+5)(x-2)=0=x=-5x=2

denominator: Xx+3=0= x=-3
The line x = -3 is the vertical asymptote of
R(x), so -3 is not included in the intervals to

be tested. The boundary points are -5, -3, and

2. The intervals are (—oo, — 5], [-5, - 3),
(-3, 2] and [2, ).
) Value of
Interval Test point R (x) Result

(—o0, —5] -8 -6 -
[-5, -3) 4 6 +
(a2 | o o |-
[2, oo) 3 % +

Solution set: [-5, —3) [2, «)

e0. X0t g

61.

X+4 =
numerator: x(x-1)=0=x=0, x=1
denominator: x+4=0= x=-4
The line x = —4 is the vertical asymptote of
R(x), so—4 is not included in the intervals to
be tested. The boundary points are —4, 0, and 1.
The intervals are (oo, —4), (-4, 0], [0, 1] and

[1, ).

) Value of

Interval Test point R(x) Result
(-0, —4) -5 =30 -
(-4, 0] -2 3 +
0.3 P k| -
[1, oo) 4 % +
Calution cat: [ 4) Iln 1]

oToaaorT oC \ ATy -r} = lU, LJ

numerator: (x+1) (x-1)=0=x=-1, x=1
denominator :
(x+4)(x-3)=0=>x=-4,x=3

The lines x = -4 and x = 3 are the vertical
asymptotes of R(x), so—4 and 3 are not

included in the intervals to be tested. The
boundary points are —4, -1, 1, and 3. The

intervals are (—o0, —4), (-4, -1], [-1 1],

[1,3), and (3, «).

) Value of
Interval Test point R (x) Result
(=0, —4) -5 -12 -
(-4, -1] -2 3 +
[-1 1] 0 > +
1 3) 2 -3 -
(3 ) 5 8 +

Solution set:

(-4 -1 [11]0 (3 %)= (41 ()

Copyright © 2018 Pearson Education Inc.
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g2, XAl
(x=2)"(x-1)

numerator: (Xx+4)(x+2)=0= x=—-4, x=-2
denominator :

(x=2)*(x-1)=0=> x=1, x=2

The lines x = 1 and x = 2 are the vertical
asymptotes of R(x), so 1 and 2 are not

included in the intervals to be tested. The
boundary points are —4, -2, 1, and 2. The

intervals are (—oo, —4], [-4, - 2], [-2, 1),
(1 2), and (2, ).

Interval Test point V;Il(Ji)Of Result
(e-d)| 1 | @ | -
[-4, - 2] -3 W +
[-2,1) 0 ) _
1 2) 2 154 +
(2, ») 3 175 +

Solution set: [-4, —2] (L, 2)11(2, «)

2-x)(x=3
63, (2XI(x=3)

x+1
numerator: (2-x)° (x-=3)=0=>x=2, x=3
denominator: x+1=0= x=-1
The line x = -1 is the vertical asymptote of
R(x), so—1is not included in the intervals to
be tested. The boundary points are -1, 2, and 3.
The intervals are (-, —1), (-1, 2], [2, 3], and

[3, oo).

) Value of
Interval | Test point R(x) Result
(=0, -1) -2 320 +
(-1, 2] 0 —24 -
[2.3] > 5 +
[3, oo) 4 _g _

Solution set: (-1, 2](1[3, «)

3
gq (A"

65.

X—2

numerator: (x—4)(1-x)’ =0=> x=1, x=4
denominator: x—2=0=x=2

The line x = 2 is the vertical asymptote of
R(x), so 2 is not included in the intervals to be
tested. The boundary points are 1, 2, and 4. The
intervals are (-, 1], [, 2), (2, 4], and

[4, ).

] Value of

Interval | Test point R(x) Result
—o0, 1
FLO%\ ] 0 2 +
T Z 5

3 2 _
(2. 4] 3 8 +
o) |5 | -8 | -

Solution set: [1, 2) [ [4, )

5x—9>4:>5x—9_ & 0

X—4 X—4

El:gjﬂijﬂ >0:§i1 >0
X—4 X—4

numerator: x+7=0=x=-7

denominator: x—-4=0=>x=4

The line x = 4 is the vertical asymptote of
R(x), so 4 is not included in the intervals to be
tested. The boundary points are —7 and 4. The
intervals are (—o0, —7), (=7, 4) and (4, «).

Interval | Test point V?;l(Ji)Of Result
=-n| s | 3 | -
(-7, 4) 0 -1 -
(4, ) 5 12 +

Solution set: (—o0, — 7)1 (4, »)

Copyright © 2018 Pearson Education Inc.




204

Chapter 2 Polynomial and Rational Functions

66.

67.

2x-17 2x-17
=<3 T

3 -3<0=>
Xx—5 X—5
2x—17 -3(x-5) 0222 _,
X—-5 X-5

numerator: -Xx—-2=0= x=-2

denominator: x—-5=0=x=5

The line x = 5 is the vertical asymptote of
R(x), so 5 is not included in the intervals to be
tested. The boundary points are —2 and 5. The
intervals are (—oo, —2), (-2, 5) and (5, ).

) Value of
Interval Test point R ( x) Result
1
(—oo, -2) -3 -3 -
(-2,5) 0 2 +
(5 6 -8 -
Chlution cafls (o NE )
Rt Wy AR ey
x+822:> x+8_2>0:>
X+3 X+3
x+8-2(x+3) S0=X*2 S
X+3 X+3

numerator: —-x+2=0= x=2

denominator : Xx+3=0= x=-3

The line x = -3 is the vertical asymptote of
R(x), so -3 is not included in the intervals to
be tested. The boundary points are -3 and 2.
The intervals are (-, —3), (-3, 2], and

[2, oo).

) Value of
Interval | Test point R (x) Result
(—oo, - 3) -4 -6 _
(-3, 2] 0 % +
[2 ) 5 -3 :

Solution set: (-3, 2]

68.

69.

4x -9 4x -9

<3= -3<0=>
Xx—3 Xx—3
4x-9-3(x=3) c0X— <0

Xx—3 x—3

numerator: x=0

denominator: x—3=0= x=3

The line x = 3 is the vertical asymptote of
R(x), so 3 is not included in the intervals to be

tested. The boundary points are 0 and 3. The
intervals are (-0, 0], [0, 3) and (3, «).

) Value of
Interval | Test point R (x) Result
(0] -3 ! I
[0, 3) 1 -1 -
3
gr;llclx:l)nn cat- [N ’24\. 4 N
uuuuuuuuuuu —0-3)
2 > 1 = 2 1 >0=>
X—3 X+2 Xx-3 Xx+2
2(x+2){x=3) ) x+47 .0
(x=3)(x+2) (x=3)(x+2)

numerator: X+7=0= x=-7

denominator :

(x=3)(x+2)=0=x=-2, x=3

The lines x = -2 and x = 3 are the vertical
asymptotes of R(x), so—2 and 3 are not
included in the intervals to be tested. The
boundary points are -7, -2, and 3. The intervals
are (-0, =7), (-7, -2), (-2, 3), and (3, ).

Interval ;;I:iztt V;I l(Ji)Of Result
=-n | e | & | -
(-7,-2) -3 Z +
(-2, 3) -1 -3 -
(3 ) 4 1—61 +

Solution set: (-7, —2)

G )
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70.

71.

X-5
(x=5)-2(x+2) _,__ -x-9
(x=5)(x+2) (x=5)(x+2)
numerator: - x—-9=0= x=-9
denominator :
(x=5)(x+2)=0=x=-2,x=5
The lines x = -2 and x = 5 are the vertical
asymptotes of R(x), so -2 and 5 are not

included in the intervals to be tested. The
boundary points are -9, -2, and 5. The intervals

are (-, -9), (-9, -2), (-2, 5), and (5, »).

X+2 X+2 Xx-5

<0

Test Value of

Interval point R(x) Result
(~o0, —9) -10 56 +
(-9, -2) -3 -3 _
(-2,5) 0 @ +
(5 =) 7 -2 -
Solution set: (-9, —2) [ (5, )

X 2x+1:> X _x+120:>
X+2 x-5 X+2 Xx-5

X(X=B)=(x+1)(x+2)

(x+2)(x=5) B

2 2

X~ —5x—x“-3x-2 50— —-8x -2 >0
(x+2)(x-5) (x+2)(x-5)

numerator: -8X—-2=0= X=— %

denominator : (x+2)(x-5)= x=-2, x=5
The lines x = -2 and x = 5 are the vertical
asymptotes of R(x), so—2 and 5 are not
included in the intervals to be tested. The

boundary points are -2, — % , and 5. The

intervals are (—oo, —2), (—2, -1 r1 5),
4l | 4
and (5, «).

72.

) Value of

Interval | Test point R(x) Result
(-0 =2) -3 n *
21 1 -
(2,1 4

]
[-1 0 L +
b
(5, «) 6 2 -

Solution set: (—, —2) [_i] 5)

Xx=-1 x-2 Xx=1 x-2
=g = =—=_2—=<0
x+1_x+3:> X+1 X+37

(x=D)(x +3)—(x=2)(x +1) <0
(x+1)(x+3) N
1;+2x -3 —(_ ff—x —2)

<0=

(x+1)(x+3)
3x-1
(x+1)(x+3)

numerator: 3x—1=0= x :13

denominator : (x+1)(x+3) = x=-3, x=-1

The lines x = -3 and x = —1 are the vertical
asymptotes of R(x), so—3 and -1 are not

included in the intervals to be tested. The

H 1
boundary points are -3, -1, and 3. The

intervals are (o, —3), (-3, -1), (—1, 8], and
L3

)
) Value of

Interval | Test point R(x) Result
(=, =3) -5 -2 -
(-3, -1 -2 7 +
(_1, 17 0 _1 _

3 | 3

l’ o0 1 l +

L2 ) :

Solution set: (~0, —3) 11 (-1, L]

Copyright © 2018 Pearson Education Inc.
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8 8 x2—6x+8 3x
73. X+ <6=>Xx+ -6<0= <0 B, 2
X X X X5 —4

74.

numerator:

x> -6x+8=0= (x-2)(x-4)=0=
X=2,Xx=4

denominator : x =0

The line x = 0 (the y-axis) is the vertical
asymptote of R(x), so 0 is not included in the
intervals to be tested. The boundary points are
0, 2, and 4. The intervals are

(—oo, 0), (0, 2], [2, 4], and [4, oo).

Interval | Test point V;Il(Ji)Of Result
(o0, 0) -1 -15 -
(0, 2] 1 3 +
[2, 4] 3 -3 -
) | s | 1 | -

Solution set: (—o0, 0)1[2, 4]

12 12
X— 21=x-

X X
numerator:
xz—x—12=0:>(x+3)(x—4)=0:>
x=-3, x=4
denominator : x=0

The line x = 0 (the y-axis) is the vertical
asymptote of R(x), so 0 is not included in the
intervals to be tested. The boundary points are
3,0, and 4. The intervals are (-0, —3],

[-3,0), (0, 4], and [4, ).

numerator: 3x=0=>x=0

denominator : x> —4=0= x=42
The lines x = -2 and x = 2 are the vertical
asymptotes of R(x), so -2 and 2 are not

included in the intervals to be tested. The
boundary points are -2, 0, and 2. The intervals

are (-0, —2), (-2, 0], [0, 2), and (2, »).

Interval | Test point Vg?i)()f Result
(=0, = 2) -4 -1 -
(-2, 0] -1 1 +
[0, 2) 1 -1 -
(2, ) 4 1 +

Solution set: (-2, 0] 11 (2, )

76. ——<0
X“—4

numerator: x? +1=0 has no real solutions.

denominator : x? —4=0=> x=+2
The lines x = -2 and x = 2 are the vertical
asymptotes of R(x), so—2 and 2 are not
included in the intervals to be tested. The
boundary points are —2 and 2. The intervals are
(=0, =2), (=2, 2), and (2, «).

Interval | Test point V;Iz;)e()of Result
(—o0, —3] 4 ) -
[-3,0) -1 10 +
(0, 4] 1 12 -
[4, ) 6 3 +

Solution set: [-3, 0) 1[4, =)

) Value of
Interval Test point R (x) Result
(—o0, —2) -3 2 +
(-2, 2) 0 -3 -
(2, oo) 3 2 +

Solution set: (-2, 2)

Applying the Concepts
77.

d =0.05v2 +v

d =0.05(25)” + 25 =56.25

In a 25-mile-per-hour zone, the stopping
distance is about 56.25 feet, so the driver was

Copyright © 2018 Pearson Ed&%i[?&%%r. the speed limit because it took over
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75 feet to stop.
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78.

79.

80.

~16t2 + 32t +95>110
~16t% +32t-15>0

N /322 - 4(-16)(~15)
- 2(-16)

_ 32+ 64 _-3248

-32 -32
—40 24
=3 =1.250r 39" 0.75

The height of the stone will be at least 110 feet
between 0.75 second and 1.25 seconds.

—Q%+18Q%-11Q0-102>0

The possible rational zeros are

1, £2,+£3, £6, £17, £ 34, £51, £102.

Using synthetic division, we find that 3 is a
factor.

3 -1 18 -11 -102

—3 45 102
1 15 34 0

-Q%+18Q%2-11Q-102

= (Q-3)(-Q? +15Q +34)
= -(Q-3)(Q” -15Q-34)
=-(Q-3)(Q+2)(Q-17)

The zerosare Q =-2,Q=3,and Q = 17.
Because we are looking for an amount, it is not
necessary to test any negative values. So, the

intervals to be tested are (0, 3), (3,17), and
(17, oo).

) Value of
Interval | Test point P(x) Result
(0, 3) 1 -96 -
(3 17) 4 78 +
(17, o) 18 -300 -

The company will make a profit if they sell

between 3000 and 17,000 units of lip gloss.

| |
I I
I I
6 : ]
I I
1 1

81.

The length of the box is 9 —2x, the width is
6 — 2x, and the height is x. Then, the volume is
given by V = x(9-2x)(6 - 2x).

x(9-2x)(6-2x) =20
4x3 —30x? +54x > 20

4x3 —30%x% +54x-20>0

The possible rational zeros are
+1, £2, +4, +5, +10, + 20.

Using synthetic division, we find that 2 is a

factor.
2] 4 -30 54 -20
8 —44 20
4 -22 10

4x3 —30x2% +54x - 20

= (x- 2)(4x2 —22x +1o)

=2(x- 2)(2x2 —11x+5)

=2(x-2)(2x-1)(x-5)
The zeros are % , 2, and 5. Because we are

looking for a length, it is not necessary to test
any negative values. The maximum value of x
cannot be 3 or greater because that would
eliminate the entire width. So, the intervals to be

tested are (
0

1

1o

_WJ ﬁtj 2#, and [2, 3).

) Value of
Interval Test point P (x) Result
(0. 5] 025 | -83125 -
[L,2] 1 8 +
[2, 3) 2.5 -10 -

If 0.5<x<2, the volume of the resulting
open-top box will be at least 20.

We want to find the value of Q that makes

TCp <TCp.
3 2

2

Q -6Q +14Q0+10<5Q -20Q+34

Q% -11Q%2+34Q-24<0
" {ﬁﬁ r)f“}x'right © 2018 Pearson Eduthadsaidle rational zeros are
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+1, £2, £3, +4, £6, +£8, £12, £24.

Using synthetic division, we find that 1 is a
factor.

] 1 -11 34 -24

1 -10 24
1 -10 24 0

(continued on next page)
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(continued)

82.

Q3%-11Q% +34Q - 24
=(Q-1)(Q? -10Q+ 24
=(Q-1)(Q-4)(Q-6)

The zerosare Q =1, Q =4, and Q = 6. Because

we are looking for an amount, it is not necessary
to test any negative values. So, the intervals to

be tested are (0, 1), (1, 4), (4, 6), and (6, =).

Interval | Test point Vzll;i)Of Result
(0, 1) 05 -9.625 =
(1 4) 2 8 +
(4,6) 5 —4 —
(6, ») 7 18 —~

It is more cost effective to produce headphones
at company A when between 0 and 1000
headphones are produced and when between
4000 and 6000 headphones are produced.

64 -0.2x 64 -0.2x
>05=

0.5 -05>0=>

208 — x 208 — x

64-0.2x~0.5(208 )

208 - x
64 —0.2x —104 +0.5x S

>0

—40 +0.3x
= >

0 0

208 - x 208 —x

400
3

denominator : 208 - x=0= x =208
The line x = 208 is the vertical asymptote of
R(x), so 208 is not included in the intervals to

numerator: —40+0.3x=0= x=

be tested. The boundary points are % and 208.

Because we are looking for an amount, it is not
necessary to test any negative values. There are
208 cards in four decks, so it is not necessary to
test values greater than 208. The intervals are

(0, %) and (4%, 208).

) Value of
Interval Test point R(x) Result
400
(0. %) 100 | -0.093 :
400
( : ’208) 150 0.086 +

83.

Note that 43° ~133.3.

The likelihood that the next card dealt will be a
jack, queen, king, or ace will be greater than
50% if between 134 and 208 cards are dealt.

The speed of the ferry against the current is
v — 2, and the speed of the ferry with the current
is v + 2. The time going against the current is

%2 , and the time going with the current is

_40_

vi7- S0, we have

40 40

+— <45
V+2 v-2

40(y=2)+40(v+2) _
s
(+2)v-2) *°=°
80V —4.5(12 ﬁ)
(v+2)(v-2)

—4.5v%+80v +18

(v+2)(v-2)
numerator:
—45v% +80v+18=0

V= ~-0.22,18

2(-4.5)
denominator : (v+2)(v=2)=>v=-2,v=2

The lines v=-2 and v = 2 are the vertical

asymptotes of R(v), so—2 and 2 are not

included in the intervals to be tested. Because
we are looking for a speed, it is not necessary to
test values less than or equal to 0. The boundary

points are 0, 2, and 18. The intervals are (0, 2),

(2,18], and [18, «).

) Value of
Interval Test point R(v) Result
(0, 2) 1 -31.17 -
(2 18] 5 1455 +
[18, ) 20 -0.46 -

The ferry should travel at least 18 miles per
hour to limit the round trip to at most 4.5 hours.

Copyright© 2018 Pearson Education Inc.
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40t 40t
84. , >3= , -3>0=> Test Value
t"+16 ) " +16 Interval e;t of Result
40t —B!t +16! _3t2 140t -48 poin R(x)
2416 o t2i16 0=
+ _
* (0, 4) 1 §
—(t-12)(3t-4) 1
t2 +]_6 > 0 (4, OO) 5 171
numerator: —(t-12)(3t—4)=0=t=4% t=12
(t-12)( ) 3 Py <Pg for 0<1<4.
denominator : t? +16 =0 has no real zeros.
Because we are looking for an amount, it is not 86 —X->08= -2 08>0
necessary to test any negative values. The 1+x2 1+x?
; 4 i 2x-0.8(1+x%) _0.8x2 1% —
boundary points are 7 and 12. The intervals to S0— 0.8x=+2x-0.8 > 0=
2 2
be tested are (0, 41,14,121, and [12, o). 1+x 1+x
sl ls | —0.4(2x2 —5x +2)
Interval | Test point valueof | o It 1+x? ="
nterva est poin esu
P R(x) 04(2x-1)(x-2) _
1+x? a
4
(0' 5] 1 ~0.65 B numerator:
4
|F§,121| 2 1 ¥ —04(2x-1)(x-2)=0=>x=3, x=2
[12, ) 13 -0.19 — denominator : 1+ x? has no real zeros

85.

The drug concentration is least 3 mg/dl for
‘% hr <t <12 hr, or between 1 hr 20 min and 12

hr, inclusive.

We are looking for the values of | that make
P, < Pg.

3l 21 3l 21
< = - <0=

5+1 2+1

31 (2:1)-21 (5+1)

(BG+1)(2+1)

61 +312-101 - 212

(G+1)(2+1)

numerator:
12-41=1(1-4)=0=>1=0,1=4
denominator :
G+1)(2+1)=0=1=-51=-2

2+1 5+1

<0=
1241
<0:>m<0

The lines | = -5 and | = -2 are the vertical

Because we are looking for an amount, it is not
necessary to test any negative values. The

boundary points are % and 2. The intervals to be

tested are (0, 1].[4. 2], and [2, ).

. Value of
Interval Test point R(x) Result
TR
L 2] 1 0.2 +
[2, ) 3 -0.2 -

The efficiency of this rocket is at least 80% for
F<x<2.

87. f(x)=0.29+0.436x—0.066x* +0.00295x°

We want to know when f (x) >1.4. Graph

asymptotes of R(1), so -5 and &)8{/%8% © 2018 Pearson Education [Aguded in the intervals to be tested.
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Because we are looking for an amount, it is not
necessary to test any negative values. The
boundary points are 0 and 4. The intervals to be

tested are (0, 4) and (4, ).

[-1, 7], and then find th

f (x) and y = 1.4 in the window [0, 20] by

e intersection.

/

4 million between 13.5

T
VAL TS excaeded T

years after 1993, or during 2007, and 2013.

Copyright © 2018 Pearson Education Inc.
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88. f (x)=25.269-1.2405x +0.064x* —0.001036x°

We want to know when f (x) <17.65. Graph

f (x) and y = 17.65. Use the window [0, 40] by
[17,19] to be able to see the intersections

clearly.

\‘___ﬂ Vﬂ
Inkerseckion 'IIII Inkerseckion
w=1z345B1  .W=ir.BE . w=iB.2feil W=ir.eE .

A

Inkgrseckion
n=x0 181 Y=1P.EE .

The intersections occur at x ~13.3, which is

during 1988, x ~18.3, which is during 1993,
and at x ~ 30.2, which is during 2005. The
price of a music album was less than $17.65

between the years 1988 and 1993, and between
2005 and 2014.

Beyond the Basics

89. f(x):\/xgx;u

The domain consists of those values of x for
which x2 —4x-12>0.

X2 —4x-12=0=(x-6)(x+2)=0=
X=6, Xx=-2

The intervals to be tested are

(=0, 2], [-2, 6], and [6, ).

) Value of
Interval Test point P(x) Result
(—o0, = 2] -3 9 +
[—2, 6] 0 -12 -
[6, ) 7 9 +

90. f(x)= 15— 2x — X2

The domain is (—o0, —2]11[6, =).

—

91.

92.

The intervals to be tested are

(=0, =5], [-5, 3], and [3, ).

] Value of
Interval Test point ) (x) Result
(~o0, —5] 6 9 -
[—5, 3] 0 15 +
[3, oo) 4 -9 -

The domain is [-5, 3].

f(x):fb(;)é

The domain consists of those values of x for
which 4x—x3>0.
4x-x3=0=x(2-x)(2+x)=0=

x=0,x=2, x=-2
The intervals to be tested are
(-0, —2],[-2, 0], [0, 2], and [2, o).

Interval Test point Vi,IL(]i)Of Result
(o0, - 2] -3 15 +
[-2, 0] -1 -3 -
[0, 2] 1 3 +
[2, ) 3 -15 -

The domain is (-, —2] 1[0, 2].

f(x)= 8x + x*

The domain consists of those values of x for
which 8x + x* > 0.
8x+x*=0=> x(x3+8)=0:>

x(x+2)(x2—2x+4>=0:> x=0, x=-2

The intervals to be tested are
(=0, 2], [-2, 0], and [0, ).

Copyright © 2018 Pearson Education Inc.
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X
The domain consists of those values of x for (_OO’ _ 2] -3 57 "
which 15— 2x—x? > 0. [-2, 0] -1 -7
2 _ _ _9)_
15-2x-x"=0=—(x+5)(x-3)=0= [0, ) 1 9 N
x=-5 x=3

The domain is (—o0, —2] (1[0, ).

Copyright © 2018 Pearson Education Inc.
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2-X

9B 0=\ ¢

95. f(x)= 1+X%3=\/);;_23

94.

The domain consists of those values of x for

which 2=

X+5

> 0.

numerator: 2—x=0=x=2
denominator : x+5=0= x=-5
The line x = -5 is the vertical asymptote of
R(x), so -5 is not included in the intervals to

be tested. The boundary points are

-5 and 2. The intervals to be tested are

(=0, =5), (-5, 2], and [2, ).

. Value of
Interval Test point P(x) Result
(=0, =5) -6 -8 —
(-5, 2] 0 2 +
[2, oo) 3 —% -
The domain is (-5, 2].
X+3
Flo= X—2

The domain consists of those values of x for

X+3

hich =
whic )

>0.

numerator: Xx+3=0= x=-3

denominator: x—2=0=x=2

The line x = 2 is the vertical asymptote of

R(x), so 2 is not included in the intervals to be

tested. The boundary points are

-3 and 2. The intervals to be tested are

(oo =313 2) A (27 of

Interval Test point p (x) Result
S N
[-3,2) 0 -3 -
(2, oo) 3 6 +

The domain is (—o0, —3]11(2, ).
Copyright © 2018 Pearson Education Inc.

96.

The domain consists of those values of x for
which 1+ ——= X725

Xx—3 Xx-3

numerator: Xx—2=0=x=2

denominator; x-3=0=>x=3

The line x = 3 is the vertical asymptote of
R(x), so 3 is not included in the intervals to be
tested. The boundary points are

2 and 3. The intervals to be tested are

(—o0, 2], [2,3), and (3, «).

] Value of
Interval Test point P(x) Result
(—oo, 2] 0 % +
[2,3) 25 -1 -
(3 =) 4 2 +

The domain is (—oo, 2] (3, @).

oy = f x4l 2{x+5)—(3x+11)
2
() \/—x+5 \/ X+5

B —x-1
X+5
The domain consists of those values of x for
which 23X+ _=x=1. 4
X+5 X+5

numerator: —-x—-1=0=x=-1

denominator : x+5=0= x=-5

The line x = -5 is the vertical asymptote of
R(x), so -5 is not included in the intervals to
be tested. The boundary points are

-5 and —1. The intervals to be tested are

(—e0, =5), (-5, —1], and [-1, ).




The domain is (-5, —1].

R F{X)
(—oo, - 5) -6 -5 —

Section £55P6I3'J10m al ana?Ratio al Ine]qualities ton
[—1, oo) 0 1 -

Copyright © 2018 Pearson Education Inc.
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3 x% -1
97. f(x)= =5 | Vvalue of
Interval Test point Result
5 P(x)
X" -4 X —4
_ _ (-0, 0) -2 -5 -
The domain consists of those values of x for
2 _ 1 1 7 +
which 1+2L:X2—120. (o 1 4 4
Xc—4 x°-4 Tz .
numerator: x? —1=0=> x = +1 P A T2 -
=2 3
denominator : x? —4=0=> x=+2 [22 ) A 7 R
The lines x = -2 and x = 2 are the vertical ' 4
asymptotes of R(x), so-2and 2 are not
2

98.

included in the intervals to be tested. The
boundary points are -2, -1, 1 and 2. The

intervals to be tested are (—oo, —2), (-2, —1],
[11].[1 2), and (2, «).

Interval Test point VEFI,I l(Ji)Of Result
(=0, = 2) —4 2 +
(-2, -1] -15 -2 -
[-1 1] 0 : +
[1 2) 15 -3 -
(2, ) 4 i *

The domain is (—oo0, —2) [1[-1, 1] (2, ).

5 xZ—5x +2

f(x)=

The domain consists of those values of x for

2
which X.:,_l_E:wZO_

X 2 2X
numerator:

2x% -5x+2=0= (2x-1)(x-2)= 0=
x=3%,x=2

denominator : 2x=0=x=0

The line x = 0 (the y-axis) is the vertical

asymptotes of R(x), so 0 is not included in the
intervals to be tested. The boundary points are

99.

The domain is (O, 1] [2, ).

P(x) = x® - 2x? ~11x +12, range [-10, 18]
We must solve —10 < P(x) and P(x) < 18.
First inequality:

x3—2x? ~11x+12>-10 =

x2 —2x% —11x+22>0
Possible rational zeros: +1, £2, +11, +22

Using synthetic division, we find that 2 is a
factor.

2 1 -2 -1 2

2 0 =22
1 0 -11 0

x® - 2x® ~11x+ 22 = (x - 2)(x* ~11)

:(x—Z)(x—Jﬁ)(x+Jﬂ)

The zeros are x =2, x = /11, and x = —/11.

-

The intervals to be tested are (—oo, - 11],

N

[~ 11,21, 12, 111, and [ 11, oo). Note that
L 1L ] L

V11 ~3.32.
Test Value of
Interval point P(x) Result
(<o, - IT] | 4 30 -
[—Jﬁ, 2] -2 28 +
[2, V1] 3 -2 -

0, 3, and 2. The intervals to be Gsfsetigfe: © 2018 Pearson ETuEajﬁ_Qp (1@):_ 4 10 +
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(==, 0), (O' 11,12, 21, and 2, ). The solution set for the first inequality is
2] L2 ]
[—\/ﬁ, 2} 0 [Jﬁ ®) ~[-3.32, 2] 1[3.32, ).

(continued on next page)
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(continued)

Second inequality:

x3—2x? —11x+12<18 =

x3—2x? —11x-6<0

Possible rational zeros: +1, +2, +£3, +6 Using

synthetic division, we find that -2 is a factor.

2 1 -2 -11 -6

X2 —2x% —11x - 6 =(x+2)(x2 —4x—3)
Use the quadratic formula to find the zeros of
x? —4x—3.

-(—4)1\/(1)%11)‘(?3) 4+28

= 2Q1) T2

_ 4i§ﬁ =247 ~—0.65, 4.65

The zeros are x = -2, x=2-+/7, and

x = 2 ++/7. The intervals to be tested are

(~o0, - 2], [—2, Z—ﬁ] [2—\/7, 2+\/7} and

|—2 + \/7 00)-
L Value
Interval Te_stt of Result
poin P (X)
(~o0, - 2] 3 | -18 -
[-2.2- 7] 1 2 +
~
N
[2- 7,2+ 7], | o -6 -
~
Y
[2+ 7, oo) 5 14 +
= NE

The solution set for the second inequality is

(oo, —2] 1247, 24471,
L i

~ (o0, —2]11[-0.65, 4.65].

I
1

!
V1L

~“4 3 =2 -1 0 1 3
Verify graphically by graphing y; = P (X)

1
1
&
|
|
1
|

|
|
|
|
s
9
| 11
T

(3]
N
(9]

y, =-10, and y; =18, and then finding the

intersectféﬁ;\. j
Y

[-10, 10] by [-20, 20]

100. P(x)=x>-3x%—4x+20, range [8, 14]

We must solve 8 < P(x) and P(x)<14.

First inequality:
x3—3x2—4x+20>8=

x2—3x% —4x+12>0
Possible rational zeros:
+1, +2,+3, +£4, £6, +12 Using synthetic

division, we find that 2 is a factor.

2 1 -3 -4 12

1 -1 -6 0

x3—3x2—4x+12=(x—2)(x2—x—6)

=(x=2)(x=3)(x+2)
The zerosare x =-2,x=2and x =3 The
intervals to be tested are (—o0, —2],

[-2, 2], [2, 3], and [3, ).

Value of
Interval p;l;)elitt = (x) Result
(—oo, — 2] -3 -30 -
[—2, 2] 0 12 +
[2, 3] 25 ~1.125 -
(contintiad an hoavt nane)
{eghtinted-on-hextpage)
[3, oo) 4 12 +

Copyright © 2018 Pearson Education Inc.
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Now we must see where the two solution sets
intersect. To make the work easier, use the
decimal equivalents.

{[-3.32, 2] 11[3.32, )}
{(-o0, —2] 1[-0.65, 4.65]}
=[-3.32, - 2] [-0.65, 2](/[3.32, 4.65]

=[-y11, —2lcl2= 7. 2100 a3, 24471
] 'L [RNalantl

The number line below shows the overlap.

The solution set for the first inequality is
[-2, 2] [3, ).

Second inequality:

x3-3x% - 4x+20<14 =

x3—3x% —4x+6<0
Possible rational zeros: +1, +2, £3, +6

(continued on next page)
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(continued) Verify graphically by graphing y; = P(x),
Using synthetic division, we find that 1 is a y, =-10, and y3; =18, and then finding the
factor.

intersections.

1 1 -3 -4 6

1 -2 —6
1 2 6 0 f b
x3—3x2—4x+6:(x—1)(x2—2x—6) I[ .
Use the quadratic formula to find the zeros of '

x? - 2x—6. [-10, 10] by [-2, 22]

2 (2P a)(6) 2458 101 R(x)= 222, range [2,6]
B 2(1) 2

We must solve 2 < R(x) and R(x)<6.

_2%2 o :11\/1 ~—1.65, 3.65 First inequality:
2 v X+2 X+2
The zeros are x =1-+/7, x=1, ar\n?,x=l+ 7. X_322j)§;3_220:>
The intervals to be tested are X+2-2(x=3) S0X8 )
(—oo,l—x/?}[l—xﬁ,l][l,l+ 7} and x-3 x-3

numerator: —-x+8=0=x=8
[Hﬁ’ °°)- denominator : x-3=0=>x=3

Value The line x = 3 is the vertical asymptote of
Interval Test of Result R(x), so 3 is not mclud_ed in the intervals to be
point p(x) tested. The boundary points are 3 and 8. The
intervals to be tested are (oo, 3), (3, 8], and
(o 1=VT] | 2 6 - [8, ).
[1- 1] + Value of
1 \/l ' ] 0 6 Interval | Test point P(x) Result
11+ 7] 2 -6 -
I \/z | (-, 3) 2 -6 -
M1+ , 00 4 6 +
. f ) (3, 8] 4 4 +
The solution set for the second inequality is [8, =) 11 - i -
(<0 1-7 10014 Jﬂ,
1L J The solution set for the first inequality is (3, 8].
~(~o0, ~1.65] [/ [1, 3.65]. Second inequality:
Now we must see where the two solution sets X+ 2 X+ 2
intersect. To make the work easier, use the X—3 <6= x—3 6<0=

(continued on next page)
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decimal equivalents.

{[-2. 2] [3, o0)} = {(~o0, —1.65] 1 [1, 3.65]}

=[-2, -1.65]1[1, 2] [3, 3.65]

L

]

M2, 1-J7 101 2]0 [3, 1+ﬁ}

The number line below shows the intersection.

\/1—_7 :\/1_+7
Otk
1

4

I
I
I |
| | |
. ! .
¥ i ¥
=2 =2 = 0 1 3 4 5

ot ——1-—-

x+2-6(x=8) _ —75XX+§0 <0
X—-3 B -

numerator: -5x+20=0=>x=4
denominator : x—-3=0=x=3

The line x = 3 is the vertical asymptote of
R(x), so 3 is not included in the intervals to be
tested. The boundary points are 3 and 4. The
intervals to be tested are (—oo, 3), (3, 4], and

[4, ).

(continued on next page)
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(continued)

102.

] Value of
Interval Test point = ( x) Result
(—o0, 3) 2 -10 -
(3 4] 35 5 +
J;_4l OO) . 8 —4 LT
he solutionl set for the second inequality is

] Value of
Interval Test point P (x) Result
(co0, 5] 1 -3 -
[5.7) 6 2 +
1, oo) 8 _ _
he solutioniset for the first inequality is [R, 7)

(=o0, 3) (1[4, »). Now we must see where the

two solution sets intersect.
(3,8] 11 {(—=0, 3) 1[4, =)} =[4, 8]

The number line below shows the intersection.

o+ O&--—-1--

W T+ 0---0--
ATi---0--

Verify graphically by graphing y; = R(x),

y, =-10, and y; =18, and then finding the
intersections.

;

e
[-4, 16] by [-10, 10]

3-x

R(x)="—_, range [1, 3

(x)=" - range[1,3]
We must solve 1< R(x) and R(x)<3.
First inequality:
313X 9150
X—7 X—7
8x—(x=1) | 5 _2x+10

X—7 X—7

>0

numerator: —-2x+10=0= x=5

denominator : x—-7=0=x=7

The line x = 7 is the vertical asymptote of
R(x), so 7 is not included in the intervals to be

tested. The boundary points are 5 and 7.

The intervals to be tested are (-, 5], [5, 7),
and (7, «).

Copyright © 2018 Pearson Edy

Second inequality:

3—X

<3
X—7 =

3—X

-3<0=

3x=3(x=T) _ 0 =4x+24
X—=7 X—=7

numerator: —4x+24=0=x=6
denominator: Xx—-7=0=x=7

The line x = 7 is the vertical asymptote of
R(x), so 7 is not included in the intervals to be
tested. The boundary points are 6 and 7. The
intervals to be tested are (—oo, 6], [6, 7), and

(7, oo).
] Value of
Interval Test point P(x) Result
(—o0, 6] 3 -3 -
[6, 7) 6.5 4 +
(7, ) 8 -8 -

The solution set for the second inequality is
(—o0, 6] (7, ). Now we must see where the
two solution sets intersect.

[5. 7)1 {(~o0, 6] 11 (7, =)} =[5, 6]

The number line below show§ theI intelrsection.

—ae® O
| |
Lo
I._!_O
R e S S
-1 0 1 2 3 4 5 6 7 8

Verify graphically by graphing y; = R(x),

y, =1, and y; =3, and then finding the

inter sectionjz.

=

—
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[4, 16] by [-10, 10]

Copyright © 2018 Pearson Education Inc.
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5-—x
103. R(x)= 5, range [0, 1] Value of
Interval Test point Result
x -1 P P(x)
We must solve 0 < R(x) and R(x)<1. ( 3] A 2
—o0, — _ 2 _
First inequality: 5
—52_)( >0 [-3 -1) -2 3 *
x“ -1
numerator: 5—x=0=>x=5 (-11) 0 -6 -
denominator : x? —1=0=> x = +1 ) 9 R
The lines x =1 and x = 1 are the vertical (1' ] 15 5
asymptotes of R(x), so—1and 1 are not [2, ) 3 3 B
included in the intervals to be tested. The 4

boundary points are -1, 1, and 5. The intervals
to be tested are (-0, —1), (-1, 1), (1, 5], and

[5, oo).

Interval Test point Vglgiff Result
(=0, =1) -3 1 +
(-1 1) 0 -5 -
(15] 3 ! +
5. %) 0o | -+ | -

The solution set for the first inequality is

(=o0, 1)1 (1, 5].
Second inequality:
g S DY
x2 -1 x2 -1
5-X —!xz —1! X2 %46
> <0= — , <0
x“ =1 x° -1
numerator:

—x2—x+6:0:>—(x2+x—6):0:>

—(x+3)(x-2)=0=>x=-3,x=2

denominator : x° -1=0=> x=+1

The lines x =1 and x = 1 are the vertical
asymptotes of R(x), so—1and 1 are not
included in the intervals to be tested.

The boundary points are -3, -1, 1, and 2. The
intervals to be tested are (—oo, —3], [-3, -1),

(-11), (1 2], and [2, «).

104.

The solution set for the second inequality is
(=0, =3] (-1, 1) [1[2, ). Now we must see
where the two solution sets intersect.
{(=o0, =1) 11 (1, 5]}
(=0, =3] (-1 ) 1 [2, )}
= (—oo, —3]\ [2, 5]
The number line below shows the intersection.

| | I
I S !
| 1 I | 1
| I I | I
| | | | |

} } } } } } } } } }

-3 2 -1 0 1 2 3 4 5 6

Verify graphically by graphing y; = R(x),
y, =1, and y,; =3, and then finding the

intersections.

.

|

[-10, 10] by [-10, 10]

R(x)= 2-1 , range [0, 1]

X —4

We must solve 0 < R(x) and R(x)<1.
First inequality:
2x=1
X2 —4

1

numerator: 2x—-1=0= x= 5

>0

denominator : x? —4=0=> x =42
The lines x =2 and x = 2 are the vertical
asymptotes of R(x), so—2 and 2 are not
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included in the intervals to be tested.

(continued on next page)
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(continued)

The boundary points are -2, 12 and 2. The

intervals to be tested are (-, —2), (—2, 12]

5 2), and (2, ).

. Value of
Interval Test point p (x) Result
(-, -2) -4 — % _
R
EIENENE
(2, ) 3 1 +

The solution set for the first inequality is

1

(—2, E:' (2, OO)

Second inequality:

2=1 g 221 100

x2 -4 x2—4

2X —1—££2—ﬂ) —x242x+3

<0= <0

x% — 4 X2 — 4

numerator:

—x? +2x+3:>—(x2 —2x—3):0:>
-(x+1)(x-3)=0=x=-1 x=3
denominator : x* —4=0= x =42

The lines x = -2 and x = 2 are the vertical
asymptotes of R(x), so—2 and 2 are not

included in the intervals to be tested. The
boundary points are -2, -1, 2, and 3. The

intervals to be tested are (—o0, —2), (-2, -1],
[-1 2), (2 3], and [3, ).

Interval Test point VEFI,I L(Ji)Of Result
(-2 | 4 | -1 | -
(-2, -1] 15 2 +
[-12) 0 - -
(23] 25 g +
THERERE

105.

The solution set for the second inequality is
(=0, =2) L [-1, 2) 13, ). Now we must see
where the two solution sets intersect.

(23] =)

(0, —2) 1[-1 2) 113, )}
= |——1, l—| [ ‘[3, OO)
L 2
The number line below shows the intersection.

. _.__"_._.
0---0--

SIS Sy

Veéifygraplhicaﬂy bjll gréphirfg y1 = R(X)G
y, =1, and y; =3, and then finding the

T
Rl

[_6! 6] by [_67 6]

————1

1 1 X2 —2x+1
X+—22=>X+—-2>20=——+— >0

X X X
numerator:

X2 —2x+1=0= (x-1)* =0=> x =1
denominator : x=0

The boundary points are 0 and 1, so the
intervals to be tested are (—o, 0), (0, 1], and

[1, oo).

) Value of
Interval Test point p (x) Result
(—oo, O) -1 —4 -
(0,1] 05 : +
[l, oo) 2 % +

Solution set: (0, o)
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218 Chapter 2 Polynomial and Rational Functions
106. x*+(x=2)'22=x*+(x-2)*-220= Vel of
2x* —8x3 +24x2 —32x+14 >0 Interval Test point P(x) Result
From the hint, we know that (x—1)° is a factor. ) —
After using long division or synthetic division ( ) -1 Ak -
twice, we have
2(x-1)° (x2-2x+7)20 go, 4 a B ¥
2 ' T N
~1)% = = 3 4
(x-1°=0= x=1 1, 2) . 2 ¥
aZ+da+d
2 [é{’ Oo) a+l T a(atl) -
XT=2x+7=0=
T
X= = = The solution set is (0, 231 0 fzﬁ, a) =(0, a).
2(1) 2 I

there are no real zeros.

The intervals to be tested are (o, 1] and

Therefore, x is a positive number less than a.

108. x3+2a%>3xa’ = x®-3xa?+2a%>0=>

[1, oo).

(a—x)*(2a+x%)>0
The zeros of P(x) arex =aand x = —2a.

Because x is positive, it is not necessary to test
negative values. Substitute the test values for x

in (a—x)*(2a+x).

107.

) Value of
Interval Test point P ( x) Result
(o0, 1] 0 14 +
[1 o) 2 14 +

The solution set is (=00, 1] 1 [1, ) = (—o0, ).
Therefore, the inequality is true for all real
numbers.

1 1 4 1 1 4

+ > =T+ -~ 20>
X a-x a X a-x a

a — —_ .

(a —x)+rax —4x(a—x) S0

ax(a—x)

a? —4ax+4x?

ax(a—x)
numerator:

2 2

(o) a
a —4ax+4x =>a-2x’ =0=>x=

2
denominator : ax(a—x)=0=>x=0, x=a
The boundary points are 0, % and a. The
intervals to be tested are (oo, 0), (0, 2],

L%, a), and [a, «). Substitute the test values
a? — dax + 4x°

for x in ax(a—x)

Test Value of
Interval point P(x) Result
[0. 2] ? %
[a, =) a+1 3a+1

The solution set is [0, a] /[, ©)=[0, «).
Therefore, x is a positive number.

Critical Thinking/Discussion/Writing

For exercises 109-114, answers will vary. Verify
your answer by graphing.

109. (-4, 5)
(x+4)(x-5)<0

110. (-0, —2] 1[4, )
(x+2)(x—4)=0

111. (-1, 2) (3, »)
(x+1)(x-2)(x=3)>0

112. [-3,1] 1 {4}
(x+3)(x-1)(x—4)* <0

113. (-1, 0)11(4,5)
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x(x
+1)(x -
4)(x—

5)<0
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114.

(=0, 2] 1[0, 1] (1[4, )

x(x+2)(x-1)(x-4)=0

For exercises 115-120, answers will vary. Verify
your answer by graphing.

115.

117.

119.

121.

122.

123.

[-2, 6) 116. (—o0, —1)(1[3, )
2 <o LD
[-12)1[3, ) 118, (-1 2]1(3 =)
(e(es) ,  _x2
X_2 (x+1)(x-3)
(-12)[3, @) 120, (o0, —4)11[0,1]
—X3 .9 x(x=-1)
(x+1)(x-2) "~ X+4 =

If P(x) <0, then P(x) could be

(x+2)(x-1)(x-3).
Solving (x+2)(x-1)(x—3)* 20 leads to the
solution set

(com, 2] 7 [ 8] [3, ) = (o0, 2] 7 [1, o).

Thus, P(x)=(x+2)(x-1)(x—3)’ satisfies
both conditions.
Use the graphing transformation rules to find
the solution sets.

a. P(—x)= (0, —6] 1[4, -2]

b. P(2x)=[1 2] [3, =)

¢ P<i x): [4, 8] [12, oo)

(x—a)(x-1)=0
For —o <a <1, the solution set is
(—o0, @] [1[1, o). For a =1, the solution set is

(=0, ). Fora > 1, the solution set is

125.

126.

127.

128.

(x—a)(x+1)(x-1)=0
For —o < a < -1, the solution set is

[a, —1] (1[4, ). Fora =-1, the solution set is
{~1} U[1 @). For—1<a <1, the solution set is

[-1, a] [/[1, o). Fora =1, the solution set is
[-1, ). Fora > 1, the solution set is

[-1, 1] [a, ).
X—a >0

C ) )

x-1 x+1

For a < -1, the solution set is [a, —1) [ (1, «).

For a = -1, the solution set is (1, «).

For -1 <a <1, the solution set is
(-1, a] 71 (1, »). Fora =1, the solution set is

(-1, 1)1 (1, ). Fora> 1, the solution set is

(-1,1) " [a, ).

P has to be a polynomial of odd degree, and its
degree has to be less than or equal to 2k +1. An

example is (-1, 1) (2, 4) (6, ») isthe
solution set of

P(x)=(x+1)(x-1)(x-2)(x—4)(x—6)>0.
The solution set has k = 2 open intervals of the
form (a, b) and one interval of the form

(¢, »). P(x) hasdegree5 =2k + 1.

P has to be a polynomial of even degree, and its
degree has to be greater than or equal to 2k. An

example is (=3, —2)11(=1, 1) 11(2, 4) isthe

solution set of

P(x)=
(x+3)(x+2)(x+1)(x-1)(x-2)(x—4)<0.
The solution set has k = 3 open intervals of the

form (a, b). P(x) has degree 6 = 2k.
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124, (—oo, l] 0 [a, oo).

Xx-—a
Xx-1

For —o < a <1, the solution set is

20

(=o0, @]/ (1, »). Fora =1, the solution set is
(=0, 1) [1 (1, ®). Fora> 1, the solution set is
(—oo, 1) 0 [a, oo).

Getting Ready for the Next Section
129. (x—i)(x+i)=x* —i? =x* = (-1)=x* +1
130. (5x—2i)(5x +2i) = 25x* — 4i% = 25x? — 4(-1)

=25x2+4
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131, (x—1+2i)(x—1-2i) = (x-1)° - (2i)?
= x? - 2x+1-4i?
= x2 - 2x+1-4(-1)

=x2-2x+5

132, (x—2+3i)(x—2-3i) = (x=2)° - (3i)°
= x? —4x+4-09i?
=x%? —4x+4-9(-1)
= x% —4x+13

x>+ 3x -4

)

133. x2-2x+10 x*+ x>+ 0x?+38x—40

x* —2x3 +10x°
3x3 —10x? + 38x

3x3 - 6x? +30x
—4x% + 8x—40

—4x% + 8x—40
0

(x2 - 2x+10)(x2 +3x—4) =

x* +x3 +0x% +38x—40

134. x? —4x+20)x4 —3x3+10x? + 44x—120
x4 —4x3 +20x2
x2 —10x2 + 44x
13—— 4x2-+20x

—6x% +24x-120

—6x%+24x-120

(x2 —4x+20)(x2 +x—6):

136.

x>+ 5X+ 6

x2—2x—4 x*+3x3_ 8x2_32x-24
x* —2x3 — 4x?
3 2
5x — 4x —32x

5x° —10x% —20x
6x% —12x— 24

6x> —12x —24
0

(x2 —2x—4)(x2 +5x+6)=

x* +3x3 -8x% —32x - 24

2.6 Zeros of a Polynomial Function

2.6 Practice Problems

1.

f(x)= 2x% +3x% +5x -1
There is one sign change in f(x), so there is

one positive zero.
5 2

f(=x)=2(-x) +3(-x) +5(-x)-1

=-2x°+3x? —5x -1
There are two sign changes in f (—x), so there

are either 2 or 0 negative zeros.

f(x):x3—x2—4x+4

The possible rational zeros are {+1,+2, +4}.
There are two sign changes in f (x), so there

are either 2 or 0 positive zeros.
3 2

f(-x)=(-x) —(-x) —4(-x)+4

=—x3-x?+4x+4

There is one sign change in f (—x), so there is 1
negative zero. Testing each positive possibility

shows that 2 is an upper bound. Testing the
rﬁgative values shows th_af —2 is a lower bound.
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x* —3x3 +10x% + 44x—120

x?— 3x—4

135. x2 —4x+1)x4 —7x3+ 9x% +13x—4

li—4x3f+ x2

—3x% + 8x2% +13x

—3x3 +12x?% — 3x
—4x% +16x—4
—4x2 +16x -4
0

(x2 —4x+1)(x2 —3x—4):

x* —7x3 +9x% +13x - 4

P(x) =3(x+2)(x —1)[x - @+i)][x— @-1)]

=3(x+2)(x-D(x—-1-1)(x—1+1)

P(x) =3(x+2)(x—1)[x— @+D)][x—(@-1)]
=3(x+ 2)(x—1)(x2 - 2x+2)
:3(x+2)(x3 -3x? +4x—2)

:3(x4 —x3-2x? +6x—4)
3

=3X —3x —6x +18x-12
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4. Since 2 — 3i is a zero of multiplicity 2, so is
2 + 3i. Since i is a zero, so is —i. The eight zeros
are—-3,-3,2-3i,2—-3i,2+3i,2+3i,i,
and —i.

5. The function has degree four, so there are four
zeros. Since one zero is 2i, another zero is —2i.
So (x—2i)(x+2i) = x2 +4 is a factor of P(x) .
Now divide to find the other factor:

X% —3x+2

G +4)x4 —3x3+6x2 —12x+8

x* +4x>

—3x3 +2x% —12x
-3x° —12x

2x2 +8

2x2 +8
0
So,

P(x) = x4 —3x3 +6x2—12x +8
= (x = 2i)(x+ 2i)(x? = 3x + 2)
=(x=20)(x+20)(x=2)(x-1)
The zeros of P(x) are 1,2,2i, and —2i.
6. f(x)=x*-8x3+22x%—28x+16
The function has degree 4, so there are four
zeros. There are three sign changes, so there are
either 3 or 1 positive zeros.

f(=x) = (=x)* =8(=x)% + 22(=x)? - 28(—x) + 16
=x* +8x3+22x+28x +16

There are no sign changes in f (—x), so there

are no negative zeros. The possible rational
zeros are {+1,42,+4,48,+16}. Using synthetic

division to test the positive values, we find that

one zero is 2:
2] 1 -8 22 -28 16

2 -12 20 -16

1 6 10 -8 O

The zeros of the depressed function

x3 —6x2 +10x —8 are also zeros of P.
The possible rational zeros of the depressed

Now find the zeros of x% — 2x + 2 using the
quadratic formula:

2+ (22402 2+ -4 .
X= ) = =1+i
2(1) 2
The zerosare 2, 4,1 +i,and 1 —i.

2.6 Exercises
Concepts and Vocabulary

1. If the nonzero terms of a polynomial are written
in descending order, then a variation of sign
occurs when the sign of two consecutive terms
differ.

2. The number of positive zeros of a polynomial
function P(x), is either equal to the number
changes of sign of P(x) or less than that number

by an even integer.

3. The Fundamental Theorem of Algebra states
that a polynomial function of degree n>1 has
at least one complex zero.

4. If P is a polynomial function with real
coefficients and if z=a + bi is a zero of P, then
Z =a —bi is also a zero of P(x).

5. True.

6. False. If 2 + 3iis a zero of P(x) with real
coefficients, then so is 2 — 3i.

7. True

v .
8. False. -16 =4i

Building Skills

9. f(x)= 5x° — 2x% —3x+4;
f(=x) =5(-x)% = 2(-x)? = 3(-x) + 4
3 2
=-5x —2x +3x+4
There are two sign changes in f (x), so there
are either 2 or 0 positive zeros. There is one

sign change in f (—x), so there is one negative

Zero.

10. g9(x) =3 +x%2-9x-3;
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function are {+1 +2,+4,+8}. Examine only the
positive possibilities and find that 4 is a zero:

4 1 -6 10 -8
4 -8 8

1 -2 2 0

So, x* +8x3 +22x% —28x+16
=(x=2)(x—4)(x> —2x+2).

9(-x) =3(-x)% + (-x)? -9(-x) -3
:—3x3’+x2 +9x-3

There is one sign change in g(x), so there is
one positive zero. There are two sign changes in

g(—x), so there are either 2 or 0 negative zeros.
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11.

12.

13.

14.

15.

16.

f(x):2x3+5x2 —X+2;
f(=x) = 2(=x)% +5(=x)2 = (-x) + 2
=-2x3 +5x% +x+2

There are two sign changes in f (x), so there
are either 2 or 0 positive zeros. There is one

sign change in f (—x), so there is one negative
zero.

g(x)=3x4+8x3—5x2 +2x-3;

g(=x) = 3(-x)* +8(=x)® —5(-x)% + 2(-x) -3
=3x* -8x3-5x?-2x-3
There are three sign changes in g(x), so there

are either 3 or 1 positive zeros. There is one

sign change in g(—x), so there is 1 negative
zero.

h(x) = 2x° —5x3 +3x2 +2x -1

h(=x) = 2(=x)° = 5(=x)® + 3(=x)? + 2(-x) -1
=-2x° +5x3 +3x2 —2x -2

There are three sign changes in h(x), so there

are either 1 or 3 positive zeros. There are two
sign changes in h(—x), so there are either 2 or 0
negative zeros.

F(x) = 5x8 —7x* +2x° - 1;

F(=x) =5(-x)® = 7(=x)* + 2(-x)® -1
=5x0—7x* —2x3 -1

There are three sign changes in F(x) , so there

are either 3 or 1 positive zeros. There is one
sign change in F(—x), so there is 1 negative
zero.

G(x)= —3x4 —ax3 4+ 5x% —3x+ T;
G(—x) = -3(-x)* — 4(-x)3 +5(-x)?
- 3(-x)+7
=-3x* +4x3 +5x% +3x+7
There are three sign changes in G(x), so there

are either 3 or 1 positive zeros. There is one
sign change in G(—x), so there is 1 negative

Zero.

H(x) = —5x> +3x3 - 2x2 —Tx+ 4;

H (=x) = =5(-x)° + 3(=x)® - 2(-x)?

17.

18.

19.

20.

21.

22.

23.

f(x)=x*+2x2+4
f(-x)= (—x)4 + 2(—x)2 +4=x"+2x*+4
There are no sign changes in f(x), nor are there

sign changes in f(—x). Therefore, there are no

positive zeros and no negative zeros.
f(x)=3x" +5x* +6
f (-x)=3(-x)* +5(-x)% +6=3x* +5x2+ 6

There are no sign changes in f(x), nor are there
sign changes in f(—x). Therefore, there are no
positive zeros and no negative zeros.

5 3
g(x)=2x +Xx +3X

g (-x)=2(-%)" +(-x)" +3(-x)
=-2x° - x3 - 3x
There are no sign changes in g(x), nor are there

sign changes in g(—x). Therefore, there are no
positive zeros and no negative zeros.

g(x)=2x° +4x3 +5x

9 (%)= 2(—x)° +4(-x)> +5(-x)

=-2x° - 4x® - 5x
There are no sign changes in g(x), nor are there
sign changes in g(—x). Therefore, there are no
positive zeros and no negative zeros.

h(x)= x> -2x%+4
h(-x)=—(-x)’ —=2(-x)* +4

=x>+2x3+4
There is one sign change in h(x), and no sign
changes in g(—x). Therefore, there is one
positive zero and there are no negative zeros.

h(x)=2x"+3x3+1
h(-x)=2(~x)° +3(-x)> +1
5 3
=-2x —-3x +1

There are no sign changes in h(x), and one sign
change in g(—x). Therefore, there are no positive
zeros and there is one negative zero.

The possible rational zeros are {i%,ﬂ, 13}.

There are three sign changes in f (x), so there
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—7(-x)+4
=5x°—3x3—2x%2 + 7x+ 4

There are three sign changes in H(X), so there

are either 3 or 1 positive zeros. There are two
sign changes in H(—X), so there are 0 or 2

negative zeros.

are either 3 or 1 positive zeros. There are no

sign changes in f (—x), so there are no negative

zeros. Testing each positive possibility shows
that 1/3 is an upper bound. Testing the negative
values shows that —1 3 is a lower bound.
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24.

25.

13 -1 9 -3 -3 -1 9 -3
3 3
1 0 3 _1 2 29
3 0 9 0O 3 9
29 56
3 2 3 g
The possible rational zeros are
[il,il,ig,i&iz,i?,iAile.Thereare
) t
| 2 2 2 2 J

two sign changes in g(x), so there are either 2
or 0 positive zeros. There is one sign change in

g(—x), so there is one negative zero. Testing
each positive possibility shows that 7/2 is an

upper bound. Testing the negative values shows

that —3 is a lower bound.

-3|]2 -3 -14 21
ﬂ2—3—1421—3| 3

2 -6 27 -39
7 14 0 2 -9 13 -18
2 4 0 21

The possible rational zeros are

ls s

F(x) , so there are no positive zeros. There are

three sign changes in F(-X), so there are either
3 or 1 negative zeros. Because there are no

positive zeros, the smallest positive possible
zeros, 1/3, is an upper bound. Verify this with

using synthetic division. Testing the negative
values shows that —7/3 is a lower bound.

112 35 350

217.

28.

The possible rational zeros are {+1,+31}.
There are two sign changes in h(x), so there are

either 2 or 0 positive zeros. There are two sign
changes in h(-x), so there are either 2 or 0

negative zeros. Testing each positive possibility
shows that 31 is an upper bound. Testing the

negative values shows that —31 is a lower
bound.

3_1| 1 3 -15 -9 31

31 1054 32,209 998,200
1 34 1039 32,200 998,231

—aﬂ 1 3 -15 -9 31
-31 868 —26,443 820,012
1 -28 853 -26,452 820,043
The possible rational zeros are
(1, B 4

I+ £+ +
L3 3

changes in H(x), so there are either 3 or 1
positive zeros. There is one sign change in

There are three sign

H (—x) , so there is one negative zero. Testing

upper bound. Testing the negative values shows
that —1 is a lower bound.

133 -20 28 19 -13
39 247 3575 46,722
3 19 275 3594 46,709

-3 -20 28 19 -13
3 23 -51 32
3 23 51 -32 19

29. The possible rational zeros are

(1 1 1 71 1 )

ii e S = R S = ,i7}. There are
6' 372 6' 32

two sign changes in f (X), so there are either 2
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50 287 or0
- positive
Zeros.
There are
two sign
changes
3 9 in f(—x), so there are either 2 or 0 negative
zeros. Testing each positive possibility shows
26. The possible rational zeros are {+1,+2, +4}. that 7/2 is an upper bound. Testing the
There is one sign change in G(x), so there is negative values shows that —7/2 is a lower
one positive zero. There are two sign changes in bound.
G(—X), so there are either 2 or 0 negative zeros. ﬂ 6 1 43 7 7
Testing each positive possibility shows that 1 is 2
an upper bound. Testing the negative values 21 77 119 392
shows that —4 is a lower bound. 6 22 34 112 399
11 3 1 -4 41 3 1 -4
1 4 5 -4 4 -20 (continued on next page)
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(continued)

30.

3L

32.

33.

34.

35.

36.

37.

;
~7l6 143 -
oo o
o1 70 189 142
2 4
6 20 27 223 148
2 4

The possible rational zeros are

[il,ii,ii,i§,il,i§ i§ +

6 3 2 6 3 2
one sign change in g(x), so there is one
positive zero. There are three sign changes in

,_BJL . There is

g(—x), so there are either 3 or 1 negative zeros.
Testing each positive possibility shows that 1/2

is an upper bound. Testing the negative values

shows that -5 is a lower bound.

56 23 25 -9 5

3 13 19 5
6 26 38 10 0

-5/ 6 23 25 -9 -5

—30 35 -300 1545

6 -7 60 -309 1540

X2 +25=0= x> = -25 = X = 45i

9X2+16=0:>x2=—%:>x=i§i

(x-2)2+9=0= (x-2)2=-9=
X—2=43i = x=2=+3i

(x-1)2 +27=0:>(x—1)f/: 271>
Xx—1=+43i\3=x=1+3i 3

x2+4x+4:—9:>(x+2)2:—9:>
X+2=43I=> x=-2%3i

X2 42X+1=-16 = (x+1)2 =-16=
X+1l=44i= x=-1%4i

x}-8=0= (x-2)(x® +2x+4)=0=

38.

39.

40.

41,
42,

43.
44,

45,

46.

47,

48.

49,

50.

51.

x*-1=0=> (X -)(x¥+)=0=
2

(x-D(x+D(x +)=0=>x=1orx=-1lor
X = i,

(X=2)(x-3i)(x+31)=0= x=2o0rx=43i

(x=D(x-2i)(2x - 6i)(2x+ 6i) =0 =
Xx=1o0rx=2iorx==3i

The remaining zero is 3—i.
The remaining zero is 2 +1.

The remaining zero is 2 +1.

The remaining zeros are i and 1+i.
The remaining zeros are —i and -3i.

The remaining zeros are —2i,4—1i, and —1—1.

P(x) = 2(x— (5—i))(x = (5+1))(X = 3i)(x + 3i)
=2x% - 20x3 + 70x% —180x + 468

P(x) = —3(x— (2 + 3i))(x - (2 - 3i))

S(x—=@-40))(x— 1+4i))
4 3 2

=-3X +18x —114x +282x-663

P(x) = 7(x-5)?(x—1)(x— B—1))(x - 3+1)

=7x° —119x* + 777x3 - 2415x°
+3500x —1750

P(x)=4(x- 3)x3(x —(2-3))(x—(2+3i))

= 4x5 - 28x° +100x* —156x>
The function has degree four, so there are four
zeros. Since one zero is 3i, another zero is —3i.
So (x—3i)(x+3i) = x? +9 is a factor of P(x).
Now divide to find the other factor:

5
X"+X

X2 +9 x* +x3 +9x% +9x
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-2+ 27-40)(4) P(x) = x* + x3 +9x% + 9x
X=20rx= 2

2(1) =(x=3)(x+3i)(x +X)
04 A6 24/ 12 = (x=3i)(x+3i)(x+1)x = the zeros of
- - =-1xi P(x) are —1,0,-3i,3i.

3
2 2

The solution set is {2,—1i iﬁ} :
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52.

53.

The function has degree four, so there are four
zeros. Since one zero is 1—i, another zero is

1+i. S0 (Xx—(@—i))(x— @ +i)) =x® —2x+2 is
a factor of P(x) . Now divide to find the other

factor:

x% -1

x2—2x+2)x4—2x3+ X2 +2x-2

P(x):x4—2x3+ X2 +2x-2

= (x—@-)(x- @+ )" -1)
=(X-@Q-)xX-C+D))x-D(x+1) =
the zeros of P(x) are—1,1,1—i,1+1.

The function has degree five, so there are five
zeros. Since one zero is 3—i, another zero is

3+i. S0 (x—(B=1))(x—(B+i)) = x? —6x +10

is a factor of P(x) . Now divide to find the other
factor:

X3 4+ x% - 2x

x% — 6x+10>x5 —5x% + 2x3 +22x% - 20x

X x4+10x3

x* — 8x3+22x2
x* — 6x° +10x2
—2x3 +12x% - 20x
—2x3 +12x% - 20x
0

P(x) = x° —5x* + 2x3 + 22x% - 20x
=(x=@=)(x-GB+i)(x3+x2-2x)
=(x=(B=1))(x=B+i)X(x?+x-2)

=(X=@-i)(x-@+i)x(x+2)(x-1) =
the zeros of P(x) are—2,0,1,3—1i,3+I.

55.

2x% —11x% +17x -6
X2 +1>2x5 —11x% +19x3 —17x% +17x—6

5 3
ZX + ZX

—11x* +17x° —17x2

~11x* —11x°
3 2
17x — 6x +17x
17x3 +17x
—6x2 -6
—6x> -6

0

P(x) = 2x° —11x* +19x3 ~17x? +17x - 6
3 2

=(x—-i)(x+i)(2x —11x +17x-6)
Now find the zeros of 2x3 —11x? +17x —6.

There are either three or one positive, rational
zeros. The possible zeros are

{i i 1+ g , 12,43, i6}. Using synthetic
division, we find that x = 2 is one of the zeros:

2] 2-11 17 -6
4 -14 6

2 -7 3 0
5 4 3 2
P(x)=2x —-11x +19x —-17x +17x-6

= (x—i)(x+i)(2x> —11x2 +17x - 6)
=(x—i)(X+i)(x=2)(2x% = 7x+3)
=(X=DX+DNX-2)2x-H(x-3) =

the zeros of P(x) are %,2,3,—i,i.

The function has degree 3, so there are three
zeros. There are three sign changes, so there are
1 or 3 positive zeros. The possible rational zeros

are {+1, £17}. Using synthetic division we find

tﬂat one zero is 1:

1 1 -9 25 -17
1 -8 17
1 8 17 0
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3 gu2 e 2
54. The function has degree five, so there are five X7 = 9X% 4+ 25X —17 = (X =) (X" ~8x+17).

zeros. Since one zero is i, another zero is —i. So NSW solve the depressed equation
(x—i)(x+i) = x? +1 is a factor of P(x) . Now X" -8x+17=0=
divide to find the other factor: 8+ (=8)% —4()(17) 8+—4

X = 0 =S X=———

X=4=+i. The zerosare 1,4 +1.
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56. The function has degree 3, so there are three 58. The function has degree 3, so there are three
zeros. There are two sign changes, so there are zeros. There are three sign changes, so there are
either 2 or 0 positive zeros. There is one sign either 3 or 1 positive zeros. There are no sign
change in f(—x), so there is one negative zero. changesin f(—x), so there are no negative
The possible rational zeros are {+1,+13}. zeros. The possible rational zeros are
Using synthetic division, we find that one zero {+ 1 + 2 1+ 4 £2 4 4}. Using synthetic
Is_l —3!—3!—!—31— ) -
-1 -5 7 13 division to test the positive values we find that
-1 6 -13 1
1 6 13 0 one zero is 3

x3 —5x% + 7x+13 = (x + 1)(x? — 6x +13). Now 5 11 4
solve the depressed equation 3
x? —6x+13=0= 1 0 4

3 0122 0

6++/(~6)% — 4(1)(13) 6+~/-16
X= =X=—= 3x3—x2+12x—4=(x—l\(3x2+12)
2(1) 2 3
X =3=2i. The zeros are —1,3+ 2i.
_ el D vy =3l D x2iyx+ 20)
57. The function has degree 3, so there are three 3 3
zeros. There are two sign changes, so there are 1
either 2 or 0 positive zeros. There is one sign The zeros are 3 12i.
change in f(—x), so there is one negative zero.
59. The function has degree 4, so there are four

. . 1
The possible rational zeros are {i 5

4.5 8.1 2

, 27, 14,45 + = 48,410,

3 3

R .

3 3

w

40
+ ,£20,440 . Using synthetic division to

s
J

test the negative values we find that one zero is
4.

3

3
—ﬂ3 —2 22 40
3
—4 8 -40
3 63 0

3x3 - 2x2 +22x+40 = (x+ 4\(3x2 —6x+30)

zeros. There are two sign changes, so there are
4, 2, or 0 positive zeros. There are no sign
changesin f(—x), so there are no negative

zeros. The possible rational zeros are

[1 3 9 )

, +9}. Using synthetic

[ 2 2 2 J
division to test the positive values we find that
one zero is 1:

1] 2-10 23 24 9

2 -8 15 -9

2 -8 15 -9 0
The zeros of the depressed function

2x3 —8x? +15x—9 are also zeros of P. The
possible rational zeros are
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3
= 3(x+ ‘—”(xz - 2x+10).
3
Now solve the depressed equation

x> —2x+10=0=

244 (=2)2-4M)(10) . 2+/-36
X= =X =

2(1) 2

x =1+ 3i. The zeros are —i,li 3i.

{il, +1, ig, +3, ig, iQ}.
2 2 2
Using synthetic division to test the positive
\ﬁalues we find that one zero is 1:
1 2 -8 15 -9

2 6 9
2 6 9 0

Thus, 2x* —10x% + 23x% — 24x +9
= (x-1)° (2x2 —6X+ 9). Now solve the

depressed equation 2x? —6x+9=0.

(continued on next page)
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(continued)

60.

6+/(-6)% —4(2)(9) 6++/-36
X 202) =x= , =
X= GL:" = 321 3—; The zeros of P are
113_3_i.
2 2

The function has degree 4, so there are four
zeros. There are two sign changes, so there are
either 2 or 0 positive zeros. There are two sign

change in f(—x), so there are either 2 or 0

negative zeros. The possible rational zeros are

1,21 2428 4148 45,8

i9’9’3939 3 3

4, 18}. Using synthetic division to test the
negative values we find that one zero is —2:

219 30 14 -16 8

-18 24 20 -8
9 12 -10 4 0
The zeros of the depressed function

9x3 +12x% —10x + 4 are also zeros of P. The
possible rational zeros are

1993933

synthetic division to test the negative values we
find that one zerois-2: -2| 9 12-10 4

-18 12 -4
9 6 2 O

Now solve the depressed equation
9x2 —6Xx+2=0=

6y (05 4@@ 636
B 2(9) ~ 18
6
x:;&:lili. The zeros are —2,lili.
18 3 3 3 3

62.

The zeros of the depressed function
x3 —7x% +16x—10 are also zeros of P. The

possible rational zeros of the depressed function
are {+1,+2,45,+10}. Since we have already
found the negative zero, we examine only the
positive possibilities and find that 1 is a zero:
1J 1 -7 16 -10
1 -6 10

1 -6 10 O
x* —4x3 —5x2 +38x-30
=(X+3)(x —1)(x2 —6x+10) . Now solve the

depressed equation:

6 +./(~6)% — 4(1)(10)

X2 —6x+10=0= x = =
21
g @
+ .
x=6_2 = X=3%1I

The zeros are -3, 1, 3.

The function has degree 4, so there are four
zeros. There is one sign change, so there is one
positive zero. There are three sign changes in

f (—X) , so there are either 3 or 1 negative zeros.

The possible rational zeros are
{£1,£2,43,+6,+9,+18}. Using synthetic

division to test the positive values we find that
one zero is 1:

1 1 1 7 9-18

1 2 9 18

1 2 9 18 0

The zeros of the depressed function

x3 +2x% +9x +18 are also zeros of P. We can
factor by grouping to find the next zero:

X3 +2x% +9x+18 = X? (X + 2) + 9(X + 2)

= (x+2)(x2+9). So -2 is a zero, as are +3i.

The zeros are -2, 1, £3i.
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61. The function has degree 4, so there are four

X 63. The function has degree 5, so there are five
zeros. There are three sign changes, so there are

either 3 or 1 positive zeros. There is one sign

change in f(—x), so there is one negative zero.
The possible rational zeros are
{#1,£2,43,45,+6,+10,+15,+30}. Using

synthetic division to test the negative values, we
find that one zero is —3:

-3/ 1 4 -5 38 -30

-3 21 48 30
1 -7 16 -10 O

zeros. There are five sign changes, so there are
either 5, 3, or 1 positive zeros. There are no sign
changes in f(—x), so there are no negative

zeros. The possible rational zeros are

1.3
E L7,2,3 6] . Using synthetic division to

2 2
test the positive values, we find that one zero is

1
2_-

(continued on next page)
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(continued)

64.

ﬂ 2-11 19 -17 17 -6

1 5 7 -5 6
2-10 14 -10 12 O

The zeros of the depressed function

2x* —10x3 +14x? —10x +12 are also zeros of
P. Use synthetic division again to find the next
zero, 2:

2] 2-10 14 -10 12

2x° —11x* +19x% —17x% +17x -6
= (x - 1 (x- 2)(2x3 —6xX% + 2% — 6)

2

:Z(X—?(X—Z)(xg’—?)xz+x—3). Use

factoring by grouping to factor
x3—3x2 +x-3:
x3—3x%+x-3= xz(x—3)+1(x—3)

= (x? +1)(x—3) . So the remaining zeros are 3

and zi. The zeros are %,2,3,ii.

The function has degree 5, so there are five
zeros. There are four sign changes, so there are
either 4, 2, or 0 positive zeros. There is one sign

change in f(—x), so there is one negative zero.

The possible rational zeros are {+1,42,+4}.

Using synthetic division to test the negative
values, we find that one zero is -2:

2/1 -2 -1 8-10 4

-2 8 14 12 -4
14 7 6 2 0

The zeros of the depressed function

65.

66.

67.

1 -2 2
1 -2 2 0

x® —2x% = x® +8x% —10x + 4

= (x+2)(x —1)(x3 —3x?% +4x— 2)

= (x=2)(x—-D)(x -1)(x? - 2x + 2).
Now solve the depressed equation:
X2 -2x+2=0=

2+ (-2)2-40(2) 2+ -4

X = / =
2(1)
&/

(S vs

=1+i. The

mo

zeros are —2,1 (multiplicity 2),1£1.

Since one zero is 3i, —3i is another zero. There

are two zeros, so the degree of the equation is at
least 2. Thus, the equation is of the form

f(x)=a(x—3i)(x+3i)= a(x2 +9). The

graph passes through (0, 3), so we have

3= a(O2 + 9) —a= i Thus, the equation of

the function is f (X) = i(xz + 9).

Since one zero is —i, another zero is i. From the
graph, we see that 3 is another zero. There are
three zeros, so the degree of the equation is at
least 3. Thus, the equation is of the form

f(x)=a(x-3)(x—i)(x+i)=a(x-3)(x? +1)

The graph passes through (0, —3), so we have

~3=2(0-3)(0% +1)= a=1. Thus, the
equation of the function is

F (0= (x-3)(x* +1).

Since i and 2i are zeros, so are —i, and —2i.
From the graph, we see that 2 is also a zero.
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x* —4x3 +7x% —6x+ 2 are also zeros of P.
Use synthetic division again to find the next
zero, 1:

1 1 4 7 -6 2

1 3 4 2
1 3 4 -2 O

x® —2x4 —x®+8x% —10x+ 4

= (x+2)(x=1)(x® -3x? +4x-2).

The zeros of the depressed function

x° —3x% + 4x—2 are also zeros of P. Use
synthetic division again to find the next zero, 1:

There are five zeros, so the degree of the
equation is at least 5. Thus, the equation is of
the form

f(x)=a(x—i)(x+i)(x—2i)(x+2i)(x-2)
= a(x2 +1)(x2 + 4)(x— 2)

The graph passes through (0, 4), so we have

4=a(02+1)(02+4)(0—2):>a:—£.

==, (x
Thus, the equation is

f(x) 1 2+1)(x2+4)(x—2) or

f(x)= i(x2 +1)(x2 +4)(2— X).
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68.

Since —2i is a zero, so is 2i. From the graph, we
see that —1, 0, and 1 are also zeros. There are
five zeros, so the degree of the equation is at
least 5. Thus, the equation is of the form

f(x)=a(x+2i)(x—2i)(x+1)(x-0)(x-1)
= ax(x2 +4)(x2 —1)

The y-intercept is (0, 0), so we have

0= a(O)(O2 + 4)(02 —1) which is true for all

values of a. Thus, the equation is

f(x)= ax(x2 +4)(x2 —1), a<o.

Beyond the Basics

69.

70.

71.

72.

There are three cube roots. We know that one
root is 1. Using synthetic division, we find

0:x3—1:(x—1)(x2 +X+1):

|
1 100 -1
11 1
1 1 1 0

Solve the depressed equation

1+ —
X2+ x+1=0=x= 14/ 1 -4

2(1)

1,03

So, the cube roots of 1 are 1 and —

The solutions of the equation and the zeros of
the polynomial are the same. There are n roots.
The polynomial has degree 6, so there are six
zeros. There are no sign changes in P(x), nor
are there sign changes in P(-x) , so according

to Descartes’s Rule of Signs, there are neither
positive nor negative zeros. Therefore, all six
zeros must be complex.

The polynomial has degree 5, so there are five
zeros. There are no sign changes in P(x) , while

there is one sign change in P(—x) . According

74.

75.

76.

77.

The polynomial has degree 3, so there are three
zeros. There is one sign change in P(x) , while
there are no sign changes in P(—x) . According

to Descartes’s Rule of Signs, there is one
positive zero, and the two remaining zeros must
be complex.

Since 1 + 2i is a zero, so is 1 — 2i. The equation
is of the form

f(x)=a(x—2)(x—(1+2i))(x - (1-2i))
=a(x- 2)(x2 - 2x+5)

The y-intercept is 40, so we have

40=a(0-2)(0?-2(0)+5)=a=—4

Thus, the equation is

f(x)=—4(x- 2)(x2 - 2x+ 5). Because a < 0,

y —>oasX——oo and y — —oo as X — oo,

Since 2 — 3i is a zero, so is 2 + 3i. The equation
is of the form

f(x)=a(x-1)(x—(2-3i))(x—(2+3i))
:a(x—l)(x2 —4x+13)
The y-intercept is —26, so we have

Co 0 )

—26=a 0-1 0°-40 +13 =a=2
Thus, the equation is

() )( )
f x =2 x-1 x?_4x+13 . Because a > 0,

y—>oasXx—>o and y — —oo as X — —oo.

Since 3 + i isazero, so is 3 —i. The equation is
of the form

f(x)=a(x-1)(x+1)(x—(3+1))(x+(3+i))
= a(x2 —1)(x2 —6X +10)

The y-intercept is 20, so we have

20=a(0%-1)(0%-6(0) +10) = a=-2

Thus, the equation is

f(x)= —2(x2 —1)(x2 - 6X +10). Because

a<0, y—>-oasx——wo and

to Descartes’s Rule of Signs, there is one
negative zero, and the remaining four
zeros must be complex.
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73. The polynomial has degree 7, so there are seven
zeros. There are no sign changes in P(x) , while
there is one sign change in P(—x) . According

to Descartes’s Rule of Signs, there is one
negative zero, and the remaining six zeros must
be complex.

y — —00 as X —> o,

78. Since 1 — 2i and 3 — 2i are zeros, so are 1 + 2i
and 3 + 2i. The equation is of the form

f(x)=a(x—(1-2i))(x-(1+2i)):
(x—(3-2i))(x+(3-2i))

= a(x2 - 2x+5)(x2 —6X +13)

(continued on next page)
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(continued)
The y-intercept is 130, so we have 130 = a(0? - 2(0) +5)(0? - 6(0) +13) = a =2

Thus, the equation is f (x) = 2(x2 - 2x +5)(x2 - 6x+13). Because @ >0, y — o0 as X — —oo and
y —> 0 as X — o,

79. P(x)=x®+(i—2)x—2i, x =i

Sij 1 i-2 -2

—i 2i

1 -2 0
x2+(i—2)x—2i=(x+i)(x—2)

80. P(x)=x?+3ix-2, x=-2i

—2i[1 3 -2
2i 2
1 i 0

x% +3ix—2=(x+2)(x+i)
8L. P(x)=x>—(3+i)x? —(4-3i)x+4i, x=i
i| 1 -(3+i) —(4-3) 4

i =3i 4
1 -3 -4 0

x3—(3+i)x2—(4—3i)x+4i:(x2—3x—4)(x—i):(x—4)(x+l)(x—i)
82. P(x)=x%—(4+2i)x*+(7+8i)x—14i, x = 2i
2 1 —(4+2i) 7+8 -14i
2i =8i  14i

1 4 70
X3 — (4+2i)x? + (7 +8i)x—14i :(x2 —4x+7)(x—2i)

Now solve x2 —4x+7 =0 to find linear factors.

(aye [P A7) 4T asaif3

2(1) 2 2

X =2J_ri\/;

Thus,

X3 (44 20)x% + (7 +81) x—14i = (x? — 4x+7)(x= 21) = (x = (2+ ¥3))(x— (2 ¥3)) (x~ 2i)
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= (x—2—i\/§)(x—2+ i\/§>(x—2i)

Critical Thinking/Discussion/Writing

83. Factoring the polynomial, we have a,x" +a, ;x" ™

+...+aX+ag =a,(Xx—nr)(X—"r)---(x—r,). Expanding
the right side, we find that the coefficient of x" ™ is —a,F, —a,r, —...—a,r, and the constant term is
(-)"a,nr, -1, . Comparing the coefficients with those on the left side, we obtain a,_; = —a,(n + 1, +...1,).

Because a, =0, —M:r1+r2 +...1, and —(1)”3 =1l T,

an ap
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84. Because r; and r, are roots of the equation, we have

/2 2
rl:_b—i_tz)—a_zlac and r :_b_g—a_‘lacl Then
— 2 —
r2+r2—(r+r)2—2rr ( —bﬂ-ib——4ac B> b ) _2|(—b+ b —aac bV b —4ac\|
12 12 12 L 24 23 J L 23 ’a J

o 2 ((b)=(bPdac))  (pf (4ac) 6-2ac

_ . -
2a ZL 432 ) a L2:;1ZJ a’

85. a. X°+6X=20=Xx>+6x—20=0. There is one sign change, so there is one positive root. There are no sign

changes in f(—x), so there are no negative roots. Therefore, there is only one real solution.

b. Substituting v—u for x and remembering that v> —u® = 20 and uv = 2, we have
(v—u)3+6(v—u):v3—3v2u+3vu2 —u3+6(v—u):(v3—u3)—(3v2u—3vu2)+6(v—u)
=3 —ud)-3wu(v—u)+6(v—u) = (3 -u®)-(6-3uv)(v-u)
=20-(6-3(2))(v—u)=20
Therefore, x=v—u is the solution.

¢. To solve the system Voudt=20wi=2, d. If gis positive, then, according to

solve the second equation for v, and D3escartes’s Rule of Signs, the polynomial
substitute that value into the first equation, X® + px —q has one positive zero and no
keeping in mind that u cannot be zero, so negative zeros. If g is negative, then it has
division by u is permitted: no positive zeros and one negative zero.
3 Either way, there is exactly one real
voud=20= (2 —u?’:i—u3 =20=>
u u3 solution. From (b), we have v®—u®=q,
8
—u3+F—20=0. vu:?,and X=V-—U.
Let—ud=a so Substituting, we have
' 3 3
a-% 20-0=a%-20a-8-0= X +px=(v-u) +p(v-u)
a =v3-3vZu+3wu?-ud+ pv-u)
a4 20+~ 400+32 —10+6/3 = ud = = (v3—u3)—(3v2u —3vu2)+ p(v—u)
2 =(v3—u3)—3vu(v—u)+ p(v—u)
10163 =u= = (v*—u®)+ (p-3uv)(v-u)
=CI+(p— .E\qu:
V= 3
Y 3

2
Y 10+643 ) _
[ J
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3.10+6 3

=310+6 3

J10+ 643

J10+ 643

X =V —u is the solution. Solving the system

b

3 .
, We obtain
3

vi-ud=q, w=

3
v3—u3=q:>(£) _ul=—
3u

3

:>—u3+g£u3—q=0.

Let —u® = a, so we have

b

3
-

_ :0:>
3%a 8

a —q=0:>a2—qa—3

(continued on next page)
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(continued)

gt ¢ +4|( \| 2,4
ﬁ‘L q
\J L\ )
a2 “2" 4
2 3
(g\ (p\ P

2 2 3
yoad, (aY (9\
\/2 [,
Jg /(g\ (o7,
vl/ (9\

The difference v —u is the same in both
cases, so
X=V-—Uu

QJ% /(g\ (o)

e. Substituting x=y - g , we have

86. x°+6x%+10x+8=0=>a=6,b=10,c=8.
6

Substituting x =y — 3= y—2 asin (1e), we

have
(y-2°%+6(y-2)2+10(y-2)+8=0=
(y3-6y2 +12y—8)+ (6y? — 24y + 24)
+10y-20+8=0=>
y3—2y+4=0= y>—2y=—4. Then, using

the results of (1d), we have

Using a calculator, we find that y = -2. So
X =-2-2=-4. Now use synthetic division
to find the depressed equation:

41 6 10 8
-4 -8 -8
1 2 2 0

x3+6x2+10x+8:(x+4)(x2 +2x+2)=0.

) ~ 2+ 3 —am(2)
X“+2%k2=0=x= 20

24 -4 24D -

The solution set is {~4,-1+i}.

3 Getting Ready for the Next Section

X2+ ax?+bx+c=0=

3 2 )
fy_ﬁj +a[y_§) +b(y_§\+czoj 87.a. y-3= —(x (5)):>y 3———(x+5):>
\ ) 3

3 3 3
2 2 2 1
yoay?+ 2ty 2 V, (gyz_ 2%y, @) y=-3x-5()+3=y=-x-3

Copyright © 2018 Pearson Education Inc.



232 Chapter 2 Polynomial and Rational Functions

3
2a® ab
A==y *3°C
3—£¥+b +E—a—b+c—0:>
Y73 27 ~37¢=

88. a. The slope of the line 4x +5y =6 =

5y=-4x+6= y=—gx+g is —g. The

slope of the line perpendicular to this line is

%. The equation we are seeking is

y—(-3)= > (x-(-2)) =

4
5
y+3=4(x+2):>
5, 5

5.5, 5,1
y_4x+4(2) 3:>y—4x .
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5, 1
b. y=(10)- =12

89. 7=(-2)’k+1=>7=4k+1=>6=4k =

3
k=5
y=3)+1=7
2
k
90. 12=——=k=3
()
2
3 3
y="=y=
22 4
2.7 Variation

2.7 Practice Problems

1. y:kx:>6:30k:>é:k

y = (?120 =24

2. I:kV:>60:220k:>1_31:k

75=(§\v =V =275
11/

A battery of 275 volts is needed to produce 60

amperes of current.

3. y=kx®=48=k(2)> =>12=k
y =12(5)? =300

4. A:_k :>12:K:>60:k

vs)
(6]

N
SN

(6.67 x107 m3 /kg /sec2K6.42 x10% kq)
(3397 km)?

g:

(6.67 x107"-m* 1 kg /sec? ) 6.42 x 10% kg

(3.397 x10° m)
~ 3.7 m/sec?

2.7 Exercises

Concepts and Vocabulary

1. vy varies directly as x if y = kx.

k
2. yvariesinverselyasxif y = .

3. yvaries directly as the nth power of x if
y =kx".

4. zvaries jointly asx and y if z = kxy.

5. True

6. False. A varies directly as the second power
ofr.

™~

False.
8. True

Building Skills

9. x:ky;15:30k:>%:k;x:%(ZS):M

3 3 21
10 y=kx;3=2k=> =k;y= (7)=
2 2 2

11, s=kt%:64=2%k =k =16:5 = 5°(16) = 400

12. y=kx%;270=3% = k =10;
80 =10x> = x =2

13. r=K;3=L:>k=33;r=%=99
u 11 13
k k- 4
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m;m mM
F:G.%jm.gze.%: ko k 8 1
r R 15. B= ,;1= ,=>k=8B= .=
" Mars A3 23 4% 8
g=G. e
k
Rmars 16. ——;10= V'k: =k =10§/§;

Note that the radius of Mars is given in

kilometers, which must be converted to meters.

y:
{x 32

@%@ 3 2000 1
40 = X =40 = y :>x:32
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234 Chapter 2 Polynomial and Rational Functions
17. z=kxy;42=(2)Rk =>k=7,56=2(7)y = (1)
y=4 (i) y= 30.5L53 ~162.67 cm
18 moKka.l 1k o, TD 1 c. (i)  57=305x=x~187ft
p 2 26 14 2 (i)  124=305x = x ~4.07 ft
19, 7=kx2:32 =42k k=27 2(52) —50 32.a. y=2.2x,wherey is the weight in pounds
’ ' and x is the weight in kilograms.
k ~ k 7201 .
20. uz{g,9=§3:>k=72,u=E.§=§ b. (i) y =2.2(0.125) = 0.275 Ib
(ii) y=22(4)=881Ib
21, P=KTQ%36=(17)(6°)k =k = ﬁ; (i)  y=22(24)=5281b
1 324 c. (i 27 =2.2x = x~12.27 k
P @)= W 0
17 17 (i) 160 = 2.2x = x = 72.73 kg
. 1.
22. a:kb\/E,9:13\/ﬁk:> k=13, 33. P =kQ;7 =20k ji: k;p:i)(loo)zssg
1 _15
a=136N0=2 34. W =kh;600 = 40k = k =15;
W =15(25) = $375.
23. ;- M 24 = A/16k — k=54 The constant of proportionality is the hourly
y2 32 wage.
54+/x
21=" =2=Vx=>4=x 35. d=kt?64=2%k=k=16,9=16t> =
t=0.75 sec
kuy® 435k 1. 5 5
24 2= 5 9= 5 =gk 36. F=kql0=4k=-=kF=>(6)=15Ib
1
SN2 - k k
g=3 gt w=13 37. P=";20=—"— =k = 6000;
w2 w2 \Y 300
6 8 P:%:GO Ib/in.2
25, —="=y=6
12y
38. szT—K;SG:M:k:g;P:&
%6 L_-Z _ ,_g5 Vv 13 5 5V
22 110
40 = 2300) 2\90 =V =135in3
o7, WO _ Y 00
Xg  2Xg 9(280) )
P= ~12.92 Ib/in.
5(39) n
2 3 9 81
28, —="/o\Jy=">=y=
el
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234 Chapter 2 Polynomial and Rational Functions

9 vy 2 4

Applying the Concepts

29. y=Hx, wherey is the speed of the galaxies
and x is the distance between them.

30. R =KkP,where k is a constant.

31.a. y=30.5x, wherey is the length in
centimeters and x is the length in feet.

b. (i) y =30.5(8) = 244 cm

39. a. The astronaut is 6000 + 3960 miles from
the Earth’s center.

W = L;120 Ky 120(39602)
d? 329602

w = 120B%60%) _4g 97 1y
(6000 -+ 3960)

b. 200=—5— = k = 200(3960%)
3960

200(39602)

W = , ~20101lb

3950
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2.7 Variation 235

40. You should buy at the higher altitude because
an object weighs less the further it is from the
Earth’s center.

41. 1740 km= 1,740,000 m = 1.740 x10° m
22
g=G1% — 667 x107 1 x0T
R (1.740x10%)

11

_ (6.67)(7.4)(10 )
6.67 24 1?2 ~1.63 m/sec?
1.740° x10

42. 696,000 km = 696,000,000 m = 6.96 x10% m

30
g=G1 M _g67x10-1 x—2210
2 2
R (6.96 ><108)
19
_ (6.67)(2)(10 ) _
6.67 22 1016 ~ 2.75 x10% m/sec?
6.962 x 10
K K
43. a. 1320 = — > = k = 32,000
4 10
32,000

| = 2 - =1280 candla

b. 400=—(;2—:>d2=80:>dz8.94ft

from the source.
44.a. s=kVd:48=kV96 = k = 2v6
s=2.6d

b. (i) s = 2,/6(60) ~ 37.95 mph
(ii) s =2,/6(150) = 60 mph

(iii) s=2 6(200) ~ 69.28 mph

c. 70=26d = /6d =35=

6d =352 =1225 = d ~ 204.17 ft

45, pokflmk=">-20_20

NN

I 21 4]
length is quadrupled if the period is doubled.

46. V =kA;400=100k = 4=k

2 2
J (;e\ (2N)—2kFi N :kRzN _

N| T

=

the horsepower is halved if the radius is
halved and the number of pistons is
doubled.

48. Convert the dimensions given in inches to
feet.

— =k =172,800

S= =3000 Ib

Beyond the Basics

49.a. E=k4°

3
2 3 i)
b. 1920=k(10')@® ) =k = 5 =0.0375

c. E=0.0375(8%)(25°%) = 37,500 watts
d. kl?(2v)® =8kl?°® =8E

e. k@nv'=ak’’ = 4E

f. k@D2(2v)® = 4@)kI>v = 32E

Kl 100k 2
ly=—2="" k=—=0.
50. a. d dz’ 22 k o5 0.08

b. The distance from the bulb to the point on

the floor is v22 +3° =13 m.

4 _ 008200) ) o5 atts/m?

(o

c. Ifthe bulb is raised by 1 meter, then the
distance from the bulb to the point on the

flooris v/32+32 =3 2 m.
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V = 4(120) = 480 cm® 0.08(200)
(120) lg = , ~0.89 watts/m?
J
47.a. H =kR°N (3 2)
b. Kk(2R)?>N =4kR?N =4H = the 51.a. m=kw¥*;75=k(75%*) =

horsepower is multiplied by 4 if the radius
is doubled.

kR2(2N) = 2kR?N = 2H = the
horsepower is doubled if the number of
pistons is doubled.

k =43.5~2094

b. m=2.94(450¥*) ~ 287.25 watts

c. k(@w)¥* =2¥%w¥* ~ 2.83kw¥* ~ 2.83m
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236 Chapter 2 Polynomial and Rational Functions

d. 250~ 2.94w¥* = w¥* ~85.034 =
w ~ 373.93 kg

52. Tsun-garth = 400Nm00n-Earth

F =667 x10 1 Mun ety
s-E rzs_E
30 24
—6.67 x10- « 2x10 2><6 x10
rse

~8.004x10™  8.004x10%
- 2 - 2

(400r,,¢)

lse

_8.004x10*  8.004x10%
- 5 2 - 2

16x10 1 e

1.6r m-E

F =6.67 101 x DmoonMearth
m-E )
MmE
22 24
74%x10 x6x10

2
r m-E

-6.67x10 ! x

_ 2.9615 x10%7
- 2
r m-E
8.004x10%°  2.9615x10%

2
1.6r°me rzm_E

39 2

I mE N
mE__ ~168.92
me  2.9615x10

_8.004x10

2
1.6r

The gravitational attraction between the sun
and the Earth is approximately 168.92 times
as strong as the gravitational pull between the
Earth and the moon.

23

53.a. T2 =L
G(M{+My)

b. Because gravity is in terms of cubic meters
per kilogram per second squared, convert
the distance from kilometers to meters:

54.

55. a.

Because gravity is in terms of cubic meters
per kilogram per second squared, convert the
distance from kilometers to meters:

384,000km = 3.84 x10%m .

27.3 days = 27.3(24)(60)(60) sec

= 2,358,720 sec

2 8 3
2 358, 7202 = 21 (3.84x10 )
-11
6.67x10 M Earth
Mo Ar*(3.84x10%)*—
Earth = =T , N
6.67x10 x 2,358,720

M garth ~ 6.02 x10%* kg

R =kN(P—N), where k is the constant of

proportionality.

45 =1000(9000)k = k =5x107°

R =5 x107°(5000)(5000) =125 people per
day.
100=5x10"°N(10,000— N) =

2

20,000,000=10,000N - N =
2

N —10,000N + 20,000,000 =0 =

10,000 / 10,0002 -4(1)(2 x107)
N =

2(9)
10,0004/ 20,000,
000

= 5 ~ 2764 or 7236

Critical Thinking/Discussion/Writing

56.

K Rokv
8 R
1.5x10%km =15 KV
x10Mm. 13l=—""=
1.561R = kV
=
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236 Chapter 2 Polynomial and Rational Functions

must increase by 56%.

4n? (1.5x10' ¥
-

(3.15x107)? ~
6.67 x107 1\

sun

33
9.9225 10%
_4m (3.375) x10

T 667x10 Mg,

Mo~ 133.24 x10%——
U 6,67 x 10711 % 9.9225 x 101

~2.01x10% kg

the voltage
57.a. Vv =kw?. The diamond is cut into two

2w 3w

pieces whose weights are and

5 5
The value of the first piece is

(4)
25 (1000) = $160, and the value of the

(9)
second piece is 25 (1000) = $360. The

two pieces together are valued at $520, a
loss of $480.
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58.

b. The stone is broken into three pieces whose

weights are 5—W: w,Q_W' and M—W. So,
25 5 25 25

the values of the three pieces are

2
( ? (25,000) = $1000,

9)
55 ) (25,000)=$3240, and

(11)°

25
total value is $9,080, a loss of $15,920.

c. The weights of the pieces are

(25,000) = $4840, respectively. The

wo2w 3w _w 4w . 5w _w
15'15'15 5'15' " 15 3’

respectively. If the original value is x, then

x—85,000=[—1)2“(—2)2“(1]2x

15 15 5
2 2
4—[:1) X4—(l) X=
15 3

X —85,000 = %X: x=$112,500 = the

original value of the diamond. A diamond
whose weight is twice that of the original
diamond is worth 4 times the value of the
original diamond = $450,000.

p=kd(n-f)
80 =k(40)(30- f) and

180 = k(60)(35- f). Solving the first

2
tion for k we have k = - ———.
equation for k we have P

Substitute that value into the second equation
and solve for f:

(2 )

180 = (60)(35— f) =

30—fJ

4200-120f
180 = —3 0 _—f =

5400-180f =4200-120f =

60. s=24—kJwW:20=24—-Kk4 k=2

J

0<24-2 w= w<x<144. The greatest number

of wagons the engine can move is 144.

Getting Ready for the Next Section

61. 2 =8
62, 32-~+_1
32 9
3 3
(1) 1 1
63. 5 g

nt o,
64. (ZJ =2"=16

65. X1 o3-x _ 2(x—l)+(3—x) —22_24
66 52X—3 .53—X — 5(2X-3)+(3—X) — 5X

67 2¥=2 _ 9(3x-2)~(x-5) _ 52x+3
2x—5

68. (2X-1)X _ o0 D(X) _ 93 -x

Chapter 2 Review Exercises

Building Skills

1.(i) opensup (i) vertex: (1, 2)
(i) axis:x=1

1200=60f = f =20 (iv)
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0=(x-1?+2=-2=(x-1)% = the
are no x-intercepts. re
59, Wegjig = Kro 2 Wigpiow = kI — ki3 = gkr03 (v) y=(0-1)2+2= y=3isthe y-intercept.
3 3 [ 3 3 3 I 3
kry —kr; 8kr0 =T —f =gl =
3
lroszrlsjl:_ﬁ_g:l:_ﬁ
8 r, 2 1,
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238 Chapter 2 Polynomial and Rational Functions

(vi) The function is decreasing on (—,1) and
increasing on (1, ).

[ R

1

-3-2-10 1 2 3 4 5%

2.(i) opens up (ii) vertex: (-2,-3)

(iii) axis: x=-2
(iv) 0=(x+2)?-3=3=(x+2)?=

X = —2 + /3 are the x-intercepts.
(v) y=(0+2)?%-3= y=1isthe y-intercept.

(vi) The function is decreasing on (—w,—2) and

increasing on (-2, x).

v

6
5
4
3
2
1

3.(i) opens down
(if) wvertex: (3,4)
(iii) axis:x=3
(iv) 0=-2(x-3)2+4=2=(x-3)°’=

x = 3+/2 are the x-intercepts.

(v) y=-2(0-3)2+4=y=—14isthe
y-intercept.

(vi) The function is increasing on (—«,3) and
decreasing on (3, «).

(NSRRI N

1+

—1F
[ N -
-3
4

4.(1) opens down
(i) vertex: (-1, 2)
(iii) axis:x=-1
(iv) O:—%(x+1)2 2o 4= (x+1)2 >

x = -3 and x =1 are the x-intercepts.
(V) y=—%(0+1)2+2:> yzg is the
y-intercept.

(vi) The function is increasing on (—,-1) and
decreasing on (-1, ).

IIIII'IW\/_VIJIT‘

5.(i) opens down

(i) vertex: (0, 3)
(iii) axis: x = 0 (y-axis)

(iv) 0=—2x2+3:>§=x2:>

X= iAZE are the x-intercepts.

v) Y= -2(0)% +3= y=3isthe y-intercept.
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(vi) The function is increasing on (—,0) and
decreasing on (0, «).

6.() opensup

(i) To find the vertex, write the equation in
standard form by completing the square:

y:2x2+4x—1:>
y+1+2:2(x2+2x+1):>

y=2(x+1)%-3= the vertex is (-1,—3).
(i) axis:x=-1

(iv) 0=2x2+4x-1=x

—4if2—46%3 4t 24
= = =

2(2) 4
x=-1+ Js are the x-intercepts.
2

(v) y=2(0)>%+4(0)-1= y=—1listhe

y-intercept.

(vi) The function is decreasing on (—o0,—1) and
increasing on (-1, ).

7.(i) opensup
(if) To find the vertex, write the equation in
standard form by completing the square:
y= 2x% —4x+3=

(iv) 0=2x>—-4x+3=
. 4+ (-4)*-4(2)(3) 4+/8 N
B 2(2) T4
there are no x-intercepts.

(v) Y=2(0)*-4(0)+3= y=3isthe
y-intercept.

(vi) The function is decreasing on (—0,1) and
increasing on (1, «o).

8.(i) opens down
(if) To find the vertex, write the equation in

standard form by completing the square:

y:—2x2—x+3:

y—3—l=—2(x2+lx+L\:>
8 2 16J
2
y=—2(x+l\ +&:>
s s
(1 25)

the vertex is L— 48 J

. 1
1) axis: X=—-""
(i) p

(iv) 0=-2x>-x+3=
0=—-(2x+3)(x-1) = x:—g and

2—2x+1):>

N+ w <
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239

(v)

D | X
=

th

In
te
rc

ep

oM<

Teogrwil<| wt ol

int
er
ce

pt.

y = 2(x—1)2 +1= the vertex is (1,1).

(i) axis:x=1
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1)
4)

(vi) The function is increasing on (—oo,—

and decreasingon ' —~ ,c0 .

Bt
I

A

1
—5 =& A 305X

”

=3
—4

5
-6

T T T T 1

9.(i) opensup

(if) To find the vertex, write the equation in
standard form by completing the square.

y=3x2—2x+1:>

y—1+l:3 x2—2x+l\:>
3 L 3 9
(1) 2 (12)
y=3kx_ ) + :>thevertexisk , J
3 3 33

N |
(iii) axis: x= 3

(iv) 0=3x?-2x+1=

. 2+.(=2)% - 4(3)()) _2+-8 N

2(3) 6
there are no x-intercepts.

V) Y=3(0)?-3(0)+1= y=listhe
y-intercept.

(vi) The function is decreasing on (—oo, é) and

(1 3

increasingon = =, o0 .

EN.

10.(i) opens up

(ii) To find the vertex, write the equation in
standard form by completing the square:

y=3x2-5x+4=

y—4+&:3(x2—§x+&]:>
12 3 36
( 5\ 23
=3 x-
y X 6 +12:>
(5 23)

the vertex is ,
6 12

. 5
axis: x="
(iii) axis: x 6

(iv) 0=3x?-5x+4=

L5ty (5EAQ@)_ 523
B 2(3) T 6
there are no x-intercepts.

(v) y=3(0)2-50)+4=y=4isthe
y-intercept.

(vi) The function is decreasing on [—oo, 5] and
6

increasing on (5,00\.
L)

In exercises 11-14, find the vertex using the formula
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\ 2a

11.

12.

2a )

a > 0= the graph opens up, so f has a
minimum value at its vertex. The vertex is

(4 ( _-4))
_2(1)’f 20 =20,

a < 0= the graph opens down, so f has a
maximum value at its vertex. The vertex is

- 2(?4) X (‘ z(il)T = (LY).
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13. a< 0= the graph opens down, so f has a 18. Shift the graph of y = x* three units up.
maximum value at its vertex. The vertex is

( —3f( 3 )\ [ 3 25)

L 2(—2), L_z(—z)U_L 4, sJ.

14. a> 0= the graph opens up, so f has a
minimum value at its vertex. The vertex is

(34 ( 34 (3 55)

- - -
L 22) | 2(1/2)J}| l4 32)

15. Sh.ift the graph of y = x3 one unit left and two 19.()  T(x) > —wasx— —o
units down. f(X) >o0asx— o

(if) Zeros: x = =2, multiplicity 1, crosses the
x-axis; x = 0, multiplicity 1, crosses the
x-axis; x = 1, multiplicity 1, crosses the

X-axis.

(iii) x-intercepts: -2, 0, 1;
y=0(0-1)(0+2)= y=0isthe
y-intercept.

(iv) The intervals to be tested are (-2,0),

16. Shift the graph of y = x* one unit left and (0,2), (4 2), and (2,). The graph is above
two units up. the x-axis on (-2,0)uU (L) and below the
' x-axis on (—o0,-2) U (0,1).

v) f(=X)==x(-x-D(-x+2)= f(x)= fis
not even.

—f(X)=-(X(x=D)(x+2)) = f(-x) = fis
not odd. There are no symmetries.
= (vi) A
alk
17. Shift the graph of y = x3 one unit right, oL
: _ R Y 3 4
reflect the resulting graph about the y-axis, -1
and shift it one unit up. ok
¥ -3
12
10 -4

20.()) f(X) > —wasx— —wo
f(X) > oasx— o

(i) f()=x3-x=x(x2-1)
= x(x-1)(x+12).
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Zeros: x = -1, multiplicity 1, crosses the
x-axis; x = 0, multiplicity 1, crosses the x-axis; x = 1, multiplicity
1, crosses the x-axis.
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(iif) x-intercepts: -1, 0, 1;

(iv)

v)

(vi)

21.(i)

(i)

(iii)

(iv)

(v)

(vi)

y=0%-0= y=0 is the y-intercept.

The intervals to be tested are (—o,-1),
(-1,0),(0,1), and (1, ). The graph is
above the x-axis on (-1,0) U (1) and
below the x-axis on (—e,-1) U (0,1).

f(=x) = (-x)° = (=x) =—x> +x
=—f(x) = fisodd. fis symmetric with
respect to the origin.

v

3

U
[
(3] =

f(X) > —0 as Xx - —©
f(X) > —wasx— w©

Zeros: x = 0, multiplicity 2, touches but
does not cross the x- axis; x =1,
multiplicity 2, touches but does not cross
the x- axis.

x-intercepts: 0, 1;

y=-02(0-1)% = y=0is the y-intercept.

The intervals to be tested are (-, 0),
(0,1), and (1, ). The graph is below the
x-axis on (—o0,0) U (0,1) U (1, ).

f(=%) = (=X *(-x-1)
=-x%(=x—=1) = —f(x) or f (x) =
=—f(x) = fis neither even nor odd.
There are no symmetries.

22.(i)

(i)

(iii)

(iv)

v)

(vi)

23.(i)

(i)

(iii)

(iv)

v)

f(X) > wasx — —wo
f(X) > —wasx— o

Zeros: x = 0, multiplicity 3, crosses the
x-axis; x = 2, multiplicity 2, touches but
does not cross the x-axis.

x-intercepts: 0, 2;
y=-03(0-2)%> = y=0 s the y-intercept.

The intervals to be tested are (—,0),
(0,2), and (2,). The graph is above the
x-axis on (—o,0) and below the x-axis on
(0,2) U (2, ).

f (%) =~(-x)°(-x-2)

=x3(=x=2)#—f(x) or f (x) =
f is neither even nor odd. There are no
symmetries.

v

3

f(X) > —0 as Xx - —©
f(X) > —wasx —

Zeros: x = -1, multiplicity 1, crosses the x-
axis; x = 0, multiplicity 2, touches but does
not cross; x = 1, multiplicity 1, crosses the
X-axis.

x-intercepts: -1, 0, 1;

y = —02(02 -1)= y=0isthe
y-intercept.

The intervals to be tested are (—o0,-1),
(-1,0),(0,1), and (1,00). The graph is
above the x-axis on (-1,0) u(0,1) and
below the x-axis on (—o0,—1) U (L, o).

f(=x) = —(-x)2((-x)? -1)

= x*(x* -1 = f(x) =
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fis even, and f is symmetric with respect to the y-axis.
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(vi)

24.(i)

(i)

(iii)

(iv)

v)

f(X) > —wasx— —o
f(X) > —wasx— w©

Zero: x = 1, multiplicity 2, touches but does
not cross.

x-intercept: 1;

y=—(0-1)2(0% +1) = y=—1is the

y-intercept.

The intervals to be tested are (—,1) and
(1,00). The graph is below the x-axis on

(—0,2) U (1, 0).
f(=x) = —(-x-1)%((-x)? +1) = f (x) or
—f(x) = fis neither even nor odd. There

are no symmetries.

2X+3

25. 3x—2'6x%+5x-13

6x> —4x

27.

28.

29.

30.

31.

32.

8x3 —12x% +14x - 21

X+18x4—4x3+ 2x2_ 7x+165

8x* + 8x°
—12x% + 2x2

—12x° —12x?
14x% - 7x

14x% +14x
—21x+165
_21x— 21
186

x—1

)

X2 —2x+6'x2 —3x% +4x+7

53 —2x% +6x
2

—X —2X+7
2

—X_+2X—6
—4x+13

3 9 -9
1 3 -3 -6

Quotient: X +3x—3 remainder —6.

i
64 3 -5 0

—24 126 —786
-4 -21 -131 -786

Quotient: —4x2 —21x —131 remainder —786.

-2 -3 5 -7 165
-2 5 -10 17
2 -5 10 -17 182

Quotient: 2x3 —5x% +10x —17
remainder 182.

213 -2 0 1-16 -132
——616—32 62092

3 -8 16 -31 46 -224

Quotient: 3x* —8x3 +16x% — 31x + 46
remainder —224.
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9x-13

9x— 6
-7

4x -1

et

26. 2x-3'8x%-14x+15
8x? —12x

—-2Xx+15

—2X+ 3
12

33.3)  f(2)=2%-3(2%)+11(2)-29=-11
(i) 2 1 -3 11-29
2 -2 18

1 -1 9-11

The remainder is —11, so f(2) = -11.
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34.G)  f(-2)=2(-2)%+(-2)? -15(-2) -2 =16 The remainder is 0, so % is a zero. Now find
i) —2/2 1-15 -2 thezzeros of the depressed function
33X +15x +18=3(x +2)(x +3) = -2 and -3
-4 6 18
2 -3 -9 16 are also zeros. So the zeros of
3
The remainder is 16, so f(—2) = 16. 3x3 +14x2 +13x—6 are—3,-2, and L.
35.() f(2)=(=3)*-2(-3)2 -5(-3)+10 =88 0. ﬂ 419 _13 2
-
i) 31 0-2 -5 10 1 5 -2
-3 9 -21 78 420 -8 0

1 -3 7 -26 88

The remainder is 88, so f(-3) = 88.

36.() f@)=1°+2=3

37.

38.

) ] 1 0 0 0 0 2
11 1 1 1
1 11 1 1 3

The remainder is 3, so f(1) = 3.

2 1-7 14 -8

2 -10 8
15 4 0
The remainder is 0, so 2 is a zero. Now find
the zeros of the depressed function

X2 —5x+4 = (x—4)(x—1) = 4and 1are

also zeros. So the zeros of x° — 7x° +14x -8
are 1, 2, and 4.

2|2 3-12 4
4 14 -4

2 -1 2 0

The remainder is 0, so -2 is a zero. Now find
the zeros of the depressed function

2x2 - Tx+2:
L1 J(EDE-42)2) 7+4/33
- 2(2) I

41.

42,

The remainder is 0, so 1 4 is a zero. Now find

the zeros of the depresse/d function

—20+ 4/ 202 —4(4)(=8)

4x% + 20x -8 =
2(4)
p0eaV3 52
B 8 B 2

So the zeros of 4x° +19x% —13x +2 are
=

=5+ 33 and l.

2 4

The factors of the constant term are
{+1,£2,+3, 16}, and the factors of the leading

coefficient are {+1}. The possible rational

zeros are {£1,+2,+3, 16} .

The factors of the constant term are

{£1,£2,+4,18,+16} , and the factors of the
leading coefficient are {J_rl,f_rs, +9}. The

[

=
N
=
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So the zeros of 2x° —3x% —12x + 4 are -2

43. f(x) =5x3 +11x% + 2;
and L—:‘@ _ f (%) = 5(=x)2 +11(=X)? + 2(=X)
=—5x3 +11x% — 2x
39. ﬂ 314 13 -6 There are no sign changes in f (x), so there
3 are no positive zeros. There are two sign
1 5 6 changes in f(—x), so there are 2 or 0 negative
315 18 0

Zeros.

5x3 +11x2% + 2x = x(5x2 +11x + 2)
=X(bx+D)(2+x) =

the zeros are —2,— El> ,0.
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44,

45.

f(x)=x>+2x% —5x—6

f(=x) = (%)% +2(-x)2 —=5(-x) - 6
=—x®+2x?> +5x-6

There is one sign change in f (x), so there is

one positive zero. There are two sign changes

in f(—x), so there are 2 or 0 negative zeros.

The possible rational zeros are
{£1,+2,%3,46} . Use synthetic division to find

one zero:

31 2 -5 -6
3 3 6
1-1 -2 0

The remainder is 0, so —3 is a zero. Now find

the zeros of the depressed function.

X2 —x—2=(x-2)(x+1)= —land 2 are

also zeros. So the zeros of x° +2x% —5x—6

are -3, -1, and 2.

f(x)= X2 +3x% —4x-12

f(=x) = (<x)% +3(=x)? — 4(—x) -12
=-x3+3x? +4x-12

There is one sign change in f (x), so there is

one positive zero. There are two sign changes
in f(—x), so there are 2 or 0 negative zeros.

The possible rational zeros are {J_rl, +2,43,44,

16, i12}. Use synthetic division to find one

Z€ero:
-3|1 3 -4 -12

-3 0 12
1 0 4 O
The remainder is 0, so -3 is a zero. Now find
the zeros of the depressed function
x2—4= (X—=2)(x+2)= —2and 2 are also

zeros. So the zeros of x° +3x% —4x—12 are
-3,-2,and 2.

47.

48.

49.

Use synthetic division to find one zero:

1 2-9 12 -5
]

The remainder is 0, so 1 is a zero.

Now find the zeros of the depressed function
2x2 —7x+5=(2x-5)(x-1) = 5/2 and 1 are

also zeros. The zeros of 2x° —9x% +12x -5

are 5/2 and 1 (multiplicity 2).
The function has degree three, so there are
three zeros. Use synthetic division to find the
djpressed function:
2 1 0 -7 6
2 4 -6

1 2 -3 0
Now find the zeros of the depressed function
x2 +2x—3=(x+3)(x—1) = -3 and 1 are

zeros. The zeros of the original function are
-3,1,2.

The function has degree four, so there are four
zeros. Since 1 is a zero of multiplicity 2,

(x—1)2 isafactor of x*+x3—3x%—x+2.
Use synthetic division twice to find the
depressed function:

11 1-3-1 21 1 2 -1 -2
1.2 -1 -2 1 3 2

1 2 -1-2 0 1 3 2 0

Alternatively, divide x*x3-3x% —x+2 by
(x—1)2 = x2 — 2x+1. Now find the zeros of

the depressed function

X2 4+3x+2= (Xx+2)(x+1)= -2 and —1 are
zeros. The zeros of the original function are
-2,-1,and 1.

The function has degree four, so there are four
zeros. Use synthetic division twice to find the
depressed function:
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46, f(x)=2x>-9x%+12x-5; -11-2 6-18 27 3 1 -3 9 -27
f(=x) = 2(=%)% - 9(-x)? +12(-x) -5 1—13 39 —2?7 270 . g g 28
=—2x3 +9x% —-12x -5
There are three sign changes in f (x), so there Al4ternat|3vely, S'V'de
XT —2x° +6x° —18x—27 hy
are 3 or 1 positive zeros. There are two sign )
changes in f(—x), so there are 2 or 0 negative (x+2)(x—3) = x“ —2x—3. Now find the
zeros. The possible rational zeros are zeros of the depressed function x? +9 = +3i
+ 1 414 5 pris are zeros. The zeros of the original function
2 2 are—1, 3,and +3i.
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50. The function has degree three, so there are 53. The function has degree three, so there are
three zeros. Since one zero is 2 — i, another three zeros. The possible rational zeros are
zero is 2 + i. Divide 4x3 —19x? +32x—15 by {+1,£2, +4} . Using synthetic division, we
(X—2-))(x=(2+1i) = x2 —4x+5 to find find that one zero is 1:
|
the depressed function: 1 1-1-4 4
4X - 3 M
1 0-4 0
2 3 2
X" —4x+ 5)4X —19x" +32x-15 Now find the zeros of the depressed function:
4x® —16x% +20x X2 4=0= x=142.
—3x2 +12x-15 The solution set is {2, 1, 2}.
~3x® +12x-15 54. The function has degree three, so there are
0 three zeros. The possible rational zeros are
Now find the zeros of the depressed function: J+ 1,1.8 b3 +6l
4x-3=0=>x= 3. Alternatively, find the L2 2 )
4 Using synthetic division, we find that one zero
possible rational zeros, and then use synthetic is -1/2:
division to find the zero. The zeros of the ~1/2)2 1-12 -6
original function are 3 ,2—1i, and 2 +1. _-1 0 6
4 2 0-12 0
51. The function has degree four, so there are four Now find the zeros of the depressed function:
zeros. Since one zero is —1 + 2i, another zero 2x% —12 =0 = x = +./6.
is —1 — 2i. Divide x* +2x3 +9x% +8x+ 20 by The solution set is {—1/2 ) i\/;}
(X — (=14 2i))(x — (=1— 2i)) = x® + 2x+5 to
. L 55. The function has degree three, so there are
find the depressed function: three zeros. The possible rational zeros are
2
X“+4 l 1138 3 l
¥2 4 2x+5>x4 +2x3 1 9x2 +8% + 20 + 4 t ) ,+ 4 i ) ,£3%. Using synthetic
l4—+2_X3—+5_X2 division, we find that one zero is —1:
_
4%% +8x + 20 14 0 -7 -3
4x%-+8x +20 —4 43
4 -4 -3 0
Now find th fthe d d(l)‘ i Now find the zeros of the depressed function:
ow find the zeros of the depressed function:
) ! P 4x2 —4x-3=0=> (2x-3)(2X+1) =0 =
X +4=0= x==+2i. The zeros of the _3/9 _ 1
original function are +2i and —1+ 2i. Xx=32 orx=-12.
The solution set is {-1/2,-1, 3/2¢ .
52. The function has degree five, so there are five { v / }

zeros. Since two zeros are 2 + 2i, 2 — 2i are
also zeros. Divide

x5 —7x* +24x% - 32x% + 64 by
((x— 2+ 20))(x— (2 2i)))* = (x? — 4x +8)?

56.

The function has degree three, so there are
three zeros. The possible rational zeros are

{+1,+2,43,+6}. Using synthetic division, we
find that one zero is —-3:
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= x* —8x% +32x% — 64x + 64 to find the

depressed function. (Note it may be easier to

divide by x? — 4x +8 and then to divide the
quotient by x2 — 4x +8.) The quotient is

X+1, so -1 is a zero. The zeros of the original

function are —1 and 2 + 2i.

31 1 -8 -6
3 6 6

1-2 -2 0

Now find the zeros of the depressed function:
x2-2x-2=0=

2F (S22 A=) 2+ 12

X = = =1+44/3,

2(1) 2

The solution set is {—3,1J_r \E} .
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57.

58.

59.

60.

61.

The function has degree four, so there are four
zeros. The possible rational zeros are
{£1,£2}. Using synthetic division, we find
that one zero is 2:

2l 1 -1 -1-1-2

2 2 2 2
11 1 1 0

Now find the zeros of the depressed function:

x° +x% +x+1=0. Again using synthetic

division, we find that one zero is —1:
-1 1 1 1

-1 0 -1
10 10
The zeros of the depressed function

x? +1=0 are =i. The solution set is

{-1 2, £i}.

The function has degree four, so there are four
zeros. The possible rational zeros are {il, +2,
+3,+4,46,+12}. Using synthetic division, we
find that one zero is 2:

] 1-1-13 1 12
1 0-13-12

1 0-13-12 0
Now find the zeros of the depressed function:

x> —13x —12 = 0. Again using synthetic
division, we find that one zero is —1:
-1 1 0-13-12

-1 1 12

1 -1-12 O
x2—x—12=0:>(x—4)(x+3)=0:>x=4
or x = —3. The solution set is {-3,-1,1,4} .

The only possible rational roots are {+1,+2}.
None of these satisfies the equation.

The only possible rational roots are
{i $11+ 2,45 } None of these satisfies the
equation.

f)=12+6(1)2%-28=-21

f(2)=22+6(2)2-28=4
Because the sign changes, there is a real zero

between 1 and 2. The zero is approximately
1.88.

62.

63.

64.

T\

2k
n=1.BEY4BZEF ¥=0

f@)=13+31)2-31)-7=-6

f(2)=22+3(2)°-3(2)-7=7
Because the sign changes, there is a real zero

between 1 and 2. The zero is approximately
1.60.

1+ i =0= x=-1 is the x-intercept. There is

no y-intercept. The vertical asymptote is the
y-axis (x = 0). The horizontal asymptote is
1

y=1. f(—x):l—;;t—f(x) and = f(x), so

there are no symmetries. Testing the intervals
(-, 0), and (0, ), we find that the graph is

below the horizontal asymptote on (—oo, 0)
and above the horizontal asymptote on
(0, o).

T 1

Z—;X =0= x=2 isthe x-intercept. There is

no y-intercept. The vertical asymptote is the
y-axis (x = 0). The horizontal asymptote is
y=-1.

f(=x) = 2_—+;‘ +—f(x) and = (x), so there
are no symmetries. Testing the intervals

(—o0,0), and (0,), we find that the graph is
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above the horizontal asymptote on (0, o) nd

below the horizontal asymptote on (—oo, 0).
(continued on next page)
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(continued)

65.

1~ 0 = x =0 is the x-intercept.

-0 _ 0= y =0 isthe y-intercept. The
0%-1
vertical asymptotes are x =1 and x =—1. The

horizontal asymptote is the x-axis.

f(-x)= (0?1 f(x) and = f(x), so
there is symmetry with respect to the origin.
Testing the intervals (—o0,-1),(-1,0), (0,1),
and (1,), we find that the graph is above the
x-axis on (—o0,—1) U (0,00) and below the
x-axis on (-1,0)U(0,1).

W =

3]
T T 1T

T

66.

|

|

1

I

1

I

1

1

i

] 2 3 4 5% =
AY zm

I

. ;

1

1

U

U

U

£ .
== - |- -z ==

h B W R =
I T

Exercise 65 Exercise 66
fi_—i =0 = x =13 are the x-intercepts.
049 9 9
0?4 =4 y= 4 is the y-intercept. The

vertical asymptotes are x =2 and x =—2. The

horizontal asymptote isy = 1.

f(-x)= i—)lz = _ = f(x) = the function is

67.

68.

3

2X =0= x=0 is the x-intercept.
X“ -9
3
79" =0= y =0 isthe y-intercept. The

vertical asymptotes are x = 3 and x = -3. There
is no horizontal asymptote.

f(=x) = Cx ( )X) # f(x) but f(—x) =—-f(x),
so there is symmetry with respect to the origin.
_X3_
= X+ 9x, so the oblique asymptote is
x2 -9
y =X

Testing the intervals (-, -3),(-3,0),(0,3), and

(3,), we find that the graph is above the

obligue asymptote on (-3,0) U(3,0) and
below the oblique asymptote on
(—o0,-3)U(0,3).

1 . .
ZX;=O:>X=—1 is the x-intercept.
X°—2x-8
—0+1 _ 1 y:—l is the

-20)-8 8 8

y-intercept. The vertical asymptotes are x =4
and x = —2. The horizontal asymptote is the
X-axis.

Flox) = — 2L g and = — £ (x),

(-X)? ~2(-x) -8
so there are no symmetries.

Testing the intervals

(-,-2),(-2,-1),(-1,4), and (4,), we find

even and the graph is symmetric with
respect to the y-axis. Testing the
intervals (—o0,—-2),
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(-2,2), and (3,00), we find that the graph is that the graph is above the x-axis on
above the horizontal asymptote on (—2,2) and (-2,-) U (4, «)) and below the
below the al asymptote on (—o0, —2) U (2, ). x-axison (-0,-2)U (-1 4).
(continued on next page)
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(continued)

69. —2X—4 =0= x=0 is the x-intercept.
X —
04
72 =0= y =0 isthe y-intercept. The
vertical asymptotes are x = 2 and x = 2.
There is no horizontal asymptote.

4
f(=x) = (—(‘—’2 , = 109, sothe function is
_X j—
even, and the graph is symmetric with respect
to the y-axis.

Testing the intervals (-0, -2),

(-2,0),(0,2), and (2,), we find that the
graph is above the x-axis on (—oo,—2) U(2, )
and below the x-axis on (-2,0) U (0, 2).

al-
30

—
W
s
-

2
lz X6 _ ) x=2isthe x-intercept.
70. x°-x-12
0%24+0-6 1 1
=, = Y= isthey-intercept.
02-0-12 2 2 BT P

The vertical asymptote is x = 4. The horizontal

asymptote isy = 1.
g 00 -6
-2

# —f(x), so there are no symmetries.

# f(x) and

Testing the intervals (—oo, —3),(-3, 4), and
(4,), we find that the graph is above the
horizontal asymptote on (4,%) and below the
horizontal asymptote on (-, —3) U (-3, 4).

B I
6 8 10 12 147°x

>
#I
|t
S ool & o
T T 171 HLELLL
(%)
|

[
LT

71 (x-2)(x3)(x¥2)<0
The real zeros are x = -2, x =2, and x = 3. So,
the intervals to be tested are (—oo, —2],

[-2,2],[2 3], and [3, ).

Interval | Test point V&Fl,ll(Ji)Of Result
(~o0, - 2] -3 -30 -
[-2, 2] 0 12 +
[2, 3] 2.5 -1.125 -
[3, =) 4 12 +

Solution set: (—o0, —2]11[2, 3]

72. (x=1)(x+1)*(x+2)>0
The real zerosare x =-2,x =-1,and x = 1.
So, the intervals to be tested are (—oo, —2],

[-2, -1], [-1 1], and [1, ).

Interval | Test point V?Dll(i)Of Result
(—o0, - 2] -3 16 +
[-2, -1] -15 -0.3125 -
[-11] 0 2 -
[1, ) 2 36 +

Solution set: (o0, — 2] = {1} [1[1, =)
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73 a2+ Tx-T>x - 4= s (=D(3) o
x3—5x2+7x-3>0 X+2
The possible rational zeros are +1, +3 numerator: (x-1)(x+3)=0=x=1, x=-3
Using synthetic division, we find that x = 3 is denominator: x+2=0= x=-2
a zero. The line x = -2 is the vertical asymptote of
3 15 7 3 R(x), so -2 is not included in the intervals to
1 _;’ _i be tested. The boundary points are -3, -2, and
1. The intervals are (-, —3], [-3, - 2),
3 2 2
X7 —=5X"+7x-3=(x-3)(x°—-2x+1
( )( ) ) (=2.1], and [1, ).
=(x=3)(x-1) _ Value of
The zeros are x = 1 and x = 3. So, the intervals Interval | Test point R(x) | Result
to be tested are (—oo, 1), (1, 3), and (3, ).
(o0, - 3] -5 4 -
Int | Test point Value of Result
nterva est poin P(x) esu [-3,-2) o5 % +
(—o0, 1) 0 -3 - (-2,1] 0 -3 -
(23 2 -1 - [L ) 2 : ¥
(3, oo) 4 9 +
Solution set: [-3, —2)[/[1, )
Solution set: (3, «)
2
x+1)~(x-4)
74, x3-2x% +4x+8<3x%+2x = 76. ¢ ))Z_f'z <0
x3—5x%+2x+8<0 numerator:
The possible rational zeros are 2
11 42 44 48, (x+1) (x—4)=0=>x=-1,x=4
Using synthetic division, we find that x = 2 is denominator : x-2=0= x=2
a zero. The line x = 2 is the vertical asymptote of
2 1 -5 2 8 R(x), so 2 is not included in the intervals to
2 -6 -8 be tested. The boundary points are -1, 2, and
13 4 0 4. The intervals are (-0, —1], [-1, 2),
3 2 2
x° —5X +2x+8:(x—2)(x —3x—4) g}z, 411 arhd_£4, Oog. Value of
= (x=2)(x—4)(x+1) Intérval est point R(x) Result
The zeros are x =1, x = 2 and x = 4. So, the 3
intervals to be tested are (-, —1), (-1, 2), (=0, -] -2 2 *
(2, 4) and (4, ). [_1, 2) 0 2 +
Value of
Interval | Test point P(x) Result (2 4] 3 -16 -
[4, ®) 5 12 +
(~e0, =1) -2 24 -
(-1, 2) 0 8 +
(2.4) 3 N _
Copyright © 2018 Pearson Education Inc.
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Solution set: {1} (2, 4] (Remember to

include —1 in the solution set because it is a
zero.)

Solution set: (—o0, —1) [1(2, 4)

Copyright © 2018 Pearson Education Inc.
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_ _ Applying the Concepts
77 2% 3<3:>2x 3_3<0:> pplying p
X+4 X+4 79. y=kql2=4k =k =3y =3(5) =15
2x-3-3(x+4) co=X=15
X+4 X+4 k k 12
numerator: —x—15=0= x =15 80. p=a;4=§:>12= kip =4 =3
denominator : x+4=0=x=-4
The line x = —_4 is th_e vertical. asymptote of 81. s=kt%20=2%k = 5=k:s=3%(5) = 45
R(x), so—4 is not included in the intervals to
be tested. The boundary points are —15 and —4. 82. y- L;3 ko 1021222 _ v _ 4
The intervals are (—o0, —15), (~15, - 4) and x?2 8 x?

(—4, oo).

) Value of
Interval Test point R (x) Result
(~o0, —15) | -16 -5 -
(-15, - 4) ~12 : +
(-4, ) -3 -12 -

78.

Solution set: (—o0, —15) (-4, =)

2 3__2 3
> = -~ >0=>
X+4 X X+4 X
2x—3(x+4) —x-12 o
x(x+4) x(x+4)

numerator: —x—-12=0= x=-12
denominator : x(x+4)=0= x=0, x=—4
The lines x = —4 and x = 0 are the vertical
asymptotes of R(x), so—4 and 0 are not

included in the intervals to be tested. The
boundary points are —12, —4, and 0. The

intervals are (—co, —12), (-12, - 4), (-4,
0),
and (0, ).

83. The maximum height occurs at the vertex,
(20 (20
2(-1/10) 2(-1/10)

P = (100,1000).

The maximum height is 1000. To find where

the missile hits the ground, solve
—1%x2+20x=0:>x:00rx:200.
The missile hits the ground at x = 200.

1000

800
600 —
400 =

200

I O B
Ol 40 80 120 160 200 x

84. Let x = the length of one piece, and the area of

the square formed by that piece is x2. Then
20— x = the length of the other piece,

(20— x)2 = the area of the square formed by

that piece. The total area is

x2 + (20— x)? = 2x2 — 40x + 400. The

minimum is at the x-coordinate of the vertex
—-40

S 2(2)

85. The area of each section is 400 square feet.

Since the width isx, y = i;O The total

amount of fencing needed is 4x + 2400

Copyright © 2018 Pearson Education Inc.

=10. Each piece must be 10 cm long.

. Using



'JUII n \"/
1
(=0, —12) -13 iy +
1
(—121 - 4) -6 2 B Chapter 2 Review Exercises 251
(-4, 0) -3 3 +
(0. ) 1 13 a graphing calculator, we find that this is a
' 5 - minimum at x ~ 24.5 feet. So
Solution set: (—o0, —12) (-4, 0) y =~ % ~16.3 feet. The dimensions of each

pen should be approximately 24.5 ft by 16.3 ft.
(continued on next page)
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(continued)

Hinipum —————————
nW=g4.494888 Y=19E.9E01H

86. Since x = the width, y = @. Then

X

6y = % = the length of the heavy fencing.

The farmer needs 2x + &)?0 feet of heavy

fencing, so it will cost

5 (2x + 2400 =10x + 12,000 .
X X

The low fencing will cost 3(2x) = 6x. The

12,000 +16x.

Using a graphing calculator, we find this is a
minimum when x =~ 27.4.

total cost of the fencing is

Hiniraun
n=er.rBElzl Y=Bre.zEE0T |

So y~ 490 ~14.6 . The cost will be
27.4

minimized when the dimensions of each pen
are 27.4 ft by 14.6 ft.

87.a. 7”

1 | | ] |
200 400 600 800 1000 X

100%x
b. 5 > 42
(50+x)
10000x —42 (50 +x)°

(50 + x)°

—42x? +5800x — 105,000

7 >0
(50 +x)
—2(7x~150)(3x ~350)
9 >0
(50 +x)

numerator: —2(7x—150)(3x —350) =0 =

_150 y _ 350
X—7,X 3

denominator: (50 +x)* =0 = x = 50

The line x = -50 is the vertical asymptote
of R(x), so-50 is not included in the

intervals to be tested. In the context of this
problem, x > 0, so it is not necessary to test
negative values. The boundary points are 0,
150

350 .
. and P The intervals are

10) (150 350 350
(0.) (= %2) (%0 &)
, and
) Value of

Interval Test point R (x) Result
0

T v
( @5 10 _ 128 _
(1579' ggg) 50 8 +
(& 2 200 10 | -
The power|absorbed by [the circuit is greater

than 42 for %<x< 33@

C.

Haxirmurm
n=kn, 1.Y¥=E]

The maximum occurs at x = 50.

88. a. The total area of the paper is 100 square
inches. If the width of the paper is x, then
the length is 100/x . The width of the

printed area is x —2(1) = x — 2, and the
length of the printed area is

—- 2(5) =——3. The area of the

100 3 100

printed region is (x—2)(X% -3).

(continued on next page)
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10000x —(_ 42x%+4200x +105, ooo)
(50 +x)°

>0

Copyright © 2018 Pearson Education Inc.
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(continued)

i 1.5 in.

-2 Alin.

100 | | 100 _,
pe X

We want to solve (x 2)(100 3) > 56.
(100
(x-2)

X
-3

>56

)

(x-2)/ 10 _3) g0

X

—3x-%+106 56> 0

-3Xx—~ +50=>0

~3x2 +50x — 200

>0
X

numerator: —3x% +50x — 200 = 0 =
~(x-10)(3x—20)> 0= x =10, &
denominator: x=0

Test intervals: (0, %] [% 10], [10, =)

] Value of
Interval Test point R(x) Result
20
pa] s | s | -
20
[%,10] 8 1 +
[10, o) 12 -3 -
The-witth-of-the-paper-should-be-between
2 ~6.67 in.and 10in.

b. The area of the printed region is given by
— 100
A=(x-2)(22-3).

Haxirurm
W=B.1649673 JW=EF0L0Z0E .
[0, 30] by [0, 100]

89. a.

The maximum value of x, the width, is
about 8.16 in., so the maximum length is

490 ~12.25 in. The maximum area of the

printed region is about 57.01 in2.
The revenue is 24x. Profit = revenue — cost,
S0 P(x) = 24x - (150+3.9x+ szj
1000
3

=342, 20,1~ 150.
~Tooo X+ 201x-

The maximum occurs at the x-coordinate of

the vertex: — Z = 3350
2 _ 9
( 1000)
3 2
Cx - C(x) _ 1000 X +3.9x+150
X X
_ 3 £394 150
_ 1000 X
C(x) L
20
181+
16 +
14 -
12
10
8
6
4 —
2 —
[ N N |
0 1000 2000 3000 x
19,340 .
.a. 19,340 feet="-__ =3.66 miles
%.a o %
=——_  —~=11.59 inches
3.66+2.3 '
69.1

91.

92.

23:>0 69.1, which is

|mp055|ble. So there is no altitude at which
the pressure is 0.

280 = 40k = k = 7;5 = 7(35) = $245

1
d=ks?:25=30°k => k==
ST, = 36

s :i(eez) =121 feet
36

Copyright © 2018 Pearson Education Inc.
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ki . S .
93. I ="_5, where | =illumination, i = intensity,
d

and d = distance from the source. The

illumination 6 inches from the source is

| _ 300K

6

, while the illumination x inches

62
300k

from the source is I, = 2 =21 =

300k:2(&2k\:>)(2:72:>x:eﬁ in.

36 X
94. V —kT'12—295k:>k—l—'2
o 12’ '_ 295
V= 2—95 (310) =~ 1.26 cubic feet.
05, 1=%:30== = k=9000
R 300
9000
| 250 = 36 amp
9000

b. 60:?: R =150 ohms

k1 k4

9%. L= , ;20= _, =1440=k
| 12

W™

L= 1440 ~ 24.94 tons

10
97. R=ki(p—i)

a. 255 =k(0.15)(20,000)(0.85)(20, 000)

_ _ -6
= 200,000 > *10
b, R=—— (10,000)(10, 000)
' ~ 200,000 © ’
=500 people per day
c. 95= x(20,000 - x) =

200,000
x2 — 20,000x + 19,000,000 = 0 =
(x—1000)(x—19,000) =0 = x =1000 or

x =19,000

Chapter 2 Practice Test A

2 61+ (=6)2-4(1)(2)
1. X —-6x+2=0=>x= 2(1) =
+
X= 6 ) 28 :3iﬁ are the x-intercepts
2. s
L
I I A _l L1
-7 -5 -3 14 1 37X

3. The vertex is at |(——b ,f {_ ) |

\ 2a 2a )

(e (1
ey Ty ))m O

4. The denominator is 0 when x =—4 or x = 1.
The domain is (—o0,—4) U (-4,1) U (1, «).

5. Using either long division or synthetic
division, we find that the quotient is

x% —4x+3 and the remainder is 0.
21 2 5 6

-2 8 -6
1 4 3 0
6. a0}
16—
12—
R_
I /\1; I I

—8
—12
16—
-20—

7. The function has degree three, so there are
three zeros. Since 2 is a zero, use synthetic

/ Copyright © 2018 Pearson Education Inc.
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g8, F=(kaay) d?.If the distance is

quadrupled, then the force is

Foo_ kay, _ mlgg_ So the original force
"W (4d)?  16d2

is divided by 16: % — 6 units.

division to find the depressed function:
212 -2 -8 8
4 4 -8
2 2 -4 0
Now find the zeros of 2x2 +2x—4:
2x2 +2x—4 = 2(x2 +X-2)=2(x+2)(x-1) =

the zeros are x = -2 and x = 1. The zeros of
the original function are -2, 1, 2.

Copyright © 2018 Pearson Education Inc.
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~3x% +5x+1

8. 2x+3>—6x3+ X2 +17x+3

10.

11.

—6x° —9x?
10x? +17x
10x%+15x
2X+3
2X+3
0
Using synthetic division to find the remainder,
we have P(-2)=-53.
2|1 5 -7 9 17
-2 -6 26 -70

1 3 -13 35 -53

The function has degree three, so there are

three zeros. There are two sign changes in
f (x), so there are either 2 or O positive zeros.

There is one sign change in f (—x), so there is
one negative zero. The possible rational zeros

are {£1,+2,+4,45,+10,%20}. Using synthetic
division, we find that -2 is a zero:

—2|1 -5 -4 20
—2 14 -20

1 -7 10 O
Now find the zeros of the depressed function

X2 —7x+10:x% = 7x+10= (Xx=-5(x-2)=
the zeros are x = 2 and x = 5. The zeros of the
original function are -2, 2, 5.

The function has degree four, so there are four
zeros. Factoring, we have x4+ x3 —15x2
= x?(x? + x—15) = 0 is a zero of multiplicity

2. Now find the zeros of x% + x—15:

= J12-4(1)(=15) -1+ 61

2(2) 2
The zeros of the original function are 0 and
-1+ 61

14,

15.

16.

17.

f(x) = (x% - 4)(x+ 2)?
= (x=2)(x+2)(x+2)? =

the zeros are —2 (multiplicity 3) and 2
(multiplicity 1).

There are two sign changes in f (x), so there

are either two or zero positive zeros. There is

one sign change in f(—x), so there is one
negative zero.

The zeros of the denominator are x =5 and x =
—4, so those are the vertical asymptotes. The
degree of the numerator equals the degree

of the denominator, so the horizontal
asymptote isy = 2.
1 3 1 3

<
X+4 x—Zj

x=2-3(x+4) _ ., _ -2x-14 _
(x+4)(x=2) ~ (x+4)(x-2) ~

numerator: —2Xx-14=0= x=-7

denominator:
(x+4)(x-=2)=0=x=-4,x=2

The intervals to be tested are (—oo, - 7],

[n_tgév_aﬁ)' (_Ti'stz Baiﬁ?c (\Zzh(qi)o "1 Resul
(- | 8 | b |
-7,-4) -6 1 -
(-4, 2) 0 5 +
(2. ) 5 : -

Solution set: [~7, —4)[1(2, =)

. Phe factors of the constant term, 9, are
1 {+1,£3,+9} , while the factors of the
2 leading

Copyright © 2018 Pearson Education Inc.
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18.

13.

coefficient ar

[

Zeros are { +

L

N @

{£1,£2}. The possible rational

,il,i§

N

y _
k
X
t
2

6

8

k

=

k

3
2
2
3
(
1
2

y !

;

19. The minimum occurs at the x-coordinate of

43+ 9 ’ ig1 the vertex: — =30_ 15 thousand units.

.
2 J 2(1)

f(X) > —o0 as x — —oo; f(X) = 00 as x — oo

Copyright © 2018 Pearson Education Inc.



256 Chapter 2 Polynomial and Rational Functions

20. V =x(17-2x)(8-2x)

11—
] — :
8 Y}872.1' :
1 — n
|[«—17-2c—>]

Chapter 2 Practice Test B

1. B
X2 +5x+3=0=

- \ 5%-4(1)(3) _ 5+.3

2(1) 2

2. D.Thegraphof f(x)=4—(x—2)? isthe

graph of f(x) = x? shifted two units right,

reflected across the x-axis, and then shifted 4
units up

3. A

(b bW_( 12 [ 12))

2a 2a) L2 L 29))

=(-1-11)
4. B. The denominator is 0 when x = -3 or x = 2.
D
3|1 0 -8 6
-3 9 -3
1 -3 1 3
6. C

P(x) = x* + 2x® = x3(x+ 2). So the zeros are
0 (multiplicity 3) and -2 (multiplicity 1).

7. C
3] 3-26 61-30
9 -51 30
3-17 10 0
The zeros of the depressed function

3x2 —17x +10 are x:é and x = 5.

8.

10.

11.

12.

13.
14.

15.

B
—5x% +3x—4
2x—3)—10x3 +21x% —17x +12
—10x3 +15x2

6x% —17x

6x> — 9x
—-8x+12
—8x+12
0

C

_
-31 4 7 10 15
-3 3-12 6

11 4 2 21

P(-3) = 21.

A. The polynomial has degree three, so there
are three zeros. The possible rational zeros are

{+1,£2,£3,+4,6,+12}. Using synthetic

division, we find that one zero is —3:
-3-1 1 8-12
3-12 12

1 4 -4 0

The zeros of the depressed function
—x%4+4x-4 arex=2 (multiplicity 2).

A. The polynomial has degree three, so there are
three zeros. Factoring, we have

%2 + x2 = 30x = X(x? + X — 30) = X(X + 6)(x —5)

D. The factors of the constant term, 60, are
{J_rl, +2, + 3,44, +5,+6,+10,+12, +15, +20,

%30, 160}. Since the leading coefficient is 1,
these are also the possible rational zeros.

C

B
(X% =D(x+1)? = (x—=D(x+D(x +1)>.

C. There are three sign changes in P(x), so
there are 3 or 1 positive zeros. There are two
sign changes in P(—X), so there are 2 or 0
negative zeros.

Copyright © 2018 Pearson Education Inc.
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16. C. The zeros of the denominator are x = 3 and
x = -4, so those are the vertical asymptotes.
The degree of the numerator equals the degree
of the denominator, so the horizontal
asymptote isy = 1.

Copyright © 2018 Pearson Education Inc.
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X+2 x-1 X+2

8(x=1)-2(x+2) _

x-1

X7

>0

20— 20

(x+2)(x-1)
numerator: x—7=0=>x=7
denominator:

(x+2)(x-1)=0=x=-2,x=1

(x+2)(x-1)

The intervals to be tested are (oo, — 2),

(-2,1), (1 7] and [7, ).

) Value of
Interval Test point R (x) Result
(=-2 | = | -3 | -
(-2.1) 0 I T
(7] 2 -2 -
[7, ) 8 s +

18.

19.

20.

Solution set: (=2, 1) ({7, =)

B
2
S = Eg_
X
2
27 = 8 3K =k=3
1
3(62
L,
B. The minimum occurs at the x-coordinate of
. =24
the vertex: — 20) =12.
D.

V = x(10 - 2x)(12 — 2x)

12 ———>|
— y
10 im—z\ i
e

-

Cumulative Review Exercises
Chapters 1-2

1. d:\/(x —x)2+(y =v)
2 1 2 1
= J(-1-2)? +(3-5)* =13

2 M :(xl+x2 Y14y, )

2 2
(24+(-8) —5+(=3))

L

3. 0=x*-2x-8=0=(x-4)(x+2)=

X—4=0=>x=40rx+2=0=>x=-2
f(0)=0%-2(0)-8=-8

The x-intercepts are (2, 0) and (4, 0), and the

y-intercept is (0, —8).

4. Write the equation in slope-intercept form:

x+3y—6=0:>3y=_x+6:>y=_lx+2

3

The slope is — 1 , and the y-intercept is (0, 2).

3

X+3(0)-6=0=>x-6=0= x=6, sothe

x-intercept is (6, 0).
.‘.

<

|
=2 0 2 4 6§ *
71ﬁ

5. Write the equation in slope-intercept form:

x:2y—6:>x+6:2y:>%x+3:y

Copyright © 2018 Pearson Education Inc.
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The slope is E , and the y-
intercept is (02 3).

The x-intercept is x = 2(0) —
6=—6.

(contin
ued on
next

page)
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(continued)

10.

11.

12.

5_
4/

|
\

o

|

I

\

e
—_ O
T

(R0 o

(x-2)% +(y+3)? =16

x2+y2+2x—4y—4:0:>
(420 +(y2 - 4y)=4=

(P +2x+D) + (Y2 -4y +4) =4+1+4 =
(x+1)2+(y—2)2 =9

The center is (-1, 2). The radius is 3.
y+2=3(x-1) = y=3x-5

2x+3y=5:>y=—2x+§:> the slope is

3 3
2

3
y—3:—z(x—1):>y:—zx+ﬂ.
3 3 3

2x+3=0:>x=—§.

The domain is (—oo, 3) U'- 3

V4—-2x =0= x=2. The domain is (-, 2).

f(-2) =(-2)2 - 2(-2) +3=11;
f(3)=3%-2(3)+3=6;
f(x+h)=(x+h)2=2(x+h)+3
=x%+2xh+h? -2x-2h+3
=x2+2(h-1)x+h?-2h+3
f(x+h)— f(x)
h
(x? +2(h-)x+h? - 2h+3) - (x? = 2x+3)

Copyright © 2018 Pearson Educatic -2+

13.a. f(g(x)=vx*+1
b. g(f(x))=(x/§)2+1:x+l
()= = %

d g(g (x)):(x2 +1)2 +1=x*+2x2 42

14.a. f()=30)+2=5 f(3)=4(3)-1=11
f(4)=6

TR NN R xS N E

15. y=2x-3. Interchange x and y, and then

solve fory.
X+3

=
e8]

-1

X=2y-3=>y= ) =2X+2=f ().

16. a. Shift the graph of y = x two units left.

b. Shift the graph of y = Jx one unit left,

stretch vertically by a factor of two, reflect
about the x-axis, and then shift up three
units. ”*
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h
_ 2(h—1)x +2x+h?—2h
h
_ 2hx—2x+2x+h?-2h h?+2hx-2h
B h - h

=h+2x-2

Copyright © 2018 Pearson Education Inc.
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17.

18. a.

The factors of the constant term, —6, are

{+1,+2,+3,+6} , and the factors of the leading
coefficient, 2, are {+1,%2}. The possible

. 1 3
rational zeros are

[
1 2 2

= = “\V 3 5%
bk

b. 2x%—4x+1>0
Use the quadratic formula to find the

) E @ eI TeY

2(2)
RENEE 412\/_221 J2
4 4 =2

+7,£1,+ 7 ,£2,£3,46 .

|

J

Zeros.

The intervals to be tested are (—oo, 1- {1,

19. a. y

rl_ 5 11+ 1, and r1 ,oo).
2
2 2 L2
2
Value
Interval TG’TStt of Result
poin R(X)
(—oo, 1- \22] 0 1 +
V2 V2
|:l— wal 1+ T:| 1 -1 -
I'1+VI—
L 2’ OO) 2 1 +

Solution set: (—oo, 1- £ |—1+ —‘2_, oo)
2 2

b.

20. a.

21. a.

—x2+2x+320
—x2+2x+3=0:>—(x2—2x—3)=0:>
—(x+1)(x-3)=0=>x=-1, x=3

The intervals to be tested are (—c0, —1],

[-1, 3], and [3, ). From the graph in
part (a), we see that the solution set is
-1 3].

I[III/IW[II

16
—-20

(x-1)%(x+2)>0
(x-1)°(x+2)=0=>x=1,-2

The intervals to be tested are (—co, —2],
[-2.1], and [1, ). From the graph in part
(a), we see that the solution set is

[—2, 1] 0 [1, oo) = [2, oo).

\\IIIL

N S ]

1
I

1

I

1

i

+

!

i’ 5x
1

I

1

1

1

|

U

I

>0
X2 — 4

numerator: x2 —1=0= x =+1

denominator: x2—4=0= x = +2

The intervals to be tested are (—co, —2),
(-2, -1],[-1.1], [ 2), and (2, »). From
the graph in part (a), we see that the
solution set is (—co, —2) [1[-1, 1] (2, ).
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22. Since one zerois 1 + i, another zerois 1 —i.
So (x—(@L-i))(x-(1+i)=x>-2x+2 isa

factor of f(x). Now divide to find the other
factor:

X2 —x—2

x2—2x+2)x4—3x3+ 2%x% +2x—4

x*—2x3 + 2x°

—x3+ 0x?% + 2x

—2x% +4x—-4
—2x% +4x-4

0
f(x)= x*—3x3+2x% +2x-4
=(x—@-D))(x-@+i) (x> -x-2)
=(x—@-D))(X— @+i)(x-2)(x+1) =
the zeros of f(x) are—1,2,1— i,1\~74.

23. y=kJx;6=k/4d=>k=3,y=3 9=
9

24,

25.

Profit = revenue — cost
150x — (0.02x2 +100x + 3000)

=-0.02x? +50x — 3000.
The maximum occurs at the vertex:

(50 (50 1)

2(~0.02) | 2¢002)))
= (1250, $28, 250).
_|

10 0.02 48.8 -2990 25,000

0.2 490 —25,000

0.02 49 -2500 0

Now solve the depressed equation
0.02x2 + 49x — 2500 = 0.

e /492 — 4(0.02)(~2500)
2(0.02)
4942601 —49+51

0.04  0.04

= x=50o0r

x =—2500 . There cannot be a negative
amount of units sold, so another break-even
point is 50.
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