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CHAPTER 11
Vectors and the Geometry of Space

Section 11.1 Vectors in the Plane

1. Answers will vary. Sample answer: A scalar is a real 9.(b) v= <5 -2,5 - 0> = <3’ 5>
number such as 2. A vector is represented by a directed . .
line segment. A vector has both magnitude and direction. (¢) v=3i+5j
For example <\/§ , 1> has direction ~ and a magnitude of (@), (d) \
6 L B.5e (5.9

2.

2. Notice that v = (6, -7) = <2 — (~4), -1 - 6> = OP.

Hence, Q is the initial point and P is the terminal point.

3. v=(5-14-2) = (42

®) 10. (b) v
(©) v =-i+12]
(a). (@)

(b) }
. 1. (b) v
o : (© v
IS S S ' (a), (@) ‘
-2 6
o 4T 8.3)
2T v{
5. u=(5-36-2)=(24) Y/ RN AN
v=03-18-4)=(24) -2.24)]
v
u=yv

12. (b) v = (-5-0,-1-(-4)) = (-5.3)

= —5i + 3j
C=-27- )= oma

8. u = (11— (-4),-4 - (-1)) = (15,-3)
v =(25-0,10 - 13) = (15,-3)

u=yv
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1092 Chapter 11 Vectors and the Geometry of Space

13. (b) v =(6-6,6-2) =(04) 18. u, - 5=4 w =9
(c) v=4j u, =3 =-9 u2=.—6 |
(a) and (d). ! 0 = (9,-6) Terminal point
of € 19. v =4i
4;<o,4> v Iv]= J4 =4
2 6,2) 20. v =-9j
SRR IvI= 9y =9
14. () v = (-3 - 7,1 - (1)) = (~10,0) 21 v = (815)
(¢) v = -10i [v]=~/8 +15* =17
d (d. y
@ and @ 3t 22. v =(-24,7)
24 B - 3 ;o
10,00 ‘V‘l” HVH_ ( 24) +7 25
(EEEE SR o
“3.-1) I 23. v = —i - 5j

N = )+ (5 =V

24. v = 3i + 3j

15.(b) v=(1-33-4)=(3
®) E-33-9)=(13) v = /3% +3* = V18 =32
(© v=-i+3j
25. (a) 2v = 2(3,5) = (6,10)
(2) and (d) ,
ot 0(6:10)
ol
61 (3.5)
41 v/2v
X 2+
R R
16. (b) v = (0.84 — 0.12,1.25 - 0.60) = (0.72,0.65)
(¢) v = 0.72i + 0.65) (b) —3v = (-9,-15)
(a) and (d) M (0.12, 0.60) "
1254 (0.84, 1.25) 6T o3:9)
3+ /v
1.00 1 I RN A
Ny
(0.72, 0.65)
0.50 61
o
0.25 ‘ v‘ - \ (=9, -15) R -2t
025 050 075 1.00 1.25 ¢ Vst
17. uy — 4 = -1 u =3 © Iv= %%
Uy — 2=3 U, = 5 y
0= (3, 5) Terminal point

[ R
"t
-3 36 9 12 15 18
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@ v =04

26. (a) 4v = 4-2,3) = (-8,12)

0 (-8,12) 12+
10+
st
4v 4+
B(-2,3)
N x
-8 —6 —4 -2 2 4 6

&) ~4v = (.-3)

(¢) 0v =(0,0)

(=2,3)
° 3+

-18 (12,-18) @
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27.

28.

29.

30.

31.

Section 11.1 Vectors in the Plane 1093

u=(49),v=(2-5

@ 2u = 2(4,9) = (%6)

(b) 3v = 3(2,-5) = (6,-15)

() v—u=(2,-5-(49) =(-2,-14)

(d) 2u +5v = 2(4,9) + 5(2,-5)
= (8,18) + (10, -25)

(b) 3v =3(8,7) = (24,21)
(© v—u=(87) —(-3-8 = (11,15

(d) 2u + 5v = 2(-3,-8) + 5(8,7)

= <—6,—16> + <40, 35)
= (34,19)
\x
Twice as long as given vector u.

v

e

I~




1094 Chapter 11

32. y
®
i
33.
L]
-/ ) *
34. !
35. v =(3,12)
|v]|= /3 +122 = /153
LoV o312 <3 12>
ERNERRNENE
V17 407\
= 7 17 unit vector
36. v = (-5,15)
|v]|= ~/25 + 225 = /250 = 510
- Y _ (-5.15) _ _\/E 310 unit vector
T s T 0
37. v = <E é>
22

H H 34 34734
2
<3\/34 5\/34> .
=({— unit vector
34 7 34

Vectors and the Geometry of Space

38. v =(-6234)

Ivl= 62 + GaF = V50 = 533
\ (-6.2,3.4) _ <_31\/E 172
5

u:‘m‘— 5\/5 50 " 30 >unitvector

39. u = (I,-1),v = (-1,2)
@ [uf=V1+1=v2
®) [v]=NT+4 =5
(© wu+v=/(0,1
Ju+v|=~0+1=1

1

@ L=_——0-1
[~ 72"

1

V —_— e (—
© =7

=1

1,2)

u-+v
O vy = O

u+yv

Jus vl

40. u = (0,1), v = (3,-3)
@ Juf=o+1=1
®) |v]=~9+9 =3v2
(© u+v=_;3-2)

HU+VH=\/9+ =13

@ =0

1

Yo (33
R W RN A

=1

u+v 1

f = 03,2
S P Y A
utvy_
[y
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41. u = <1, %>v =(2,3)
]
S 2

(a) HuH =, /1+ 2

) |v]=~4+9 =13

- (37
(c) u+v—<3,2>

Ju+v]= 9449 _8s
4 2
2 1
d 1=7<1,7>
S PRV
u
— =1
[l
(e) L:L<2’3>
Ivl~ 13
\4
L=
K
£ M=L<3,Z>
SR o e AR
u-+v _
Ju+v]

42. u = (2,-4),v = (5,5)
@) Jul=~4+16 = 24/5
®) |v|=~25+25 =52

(© u+v=(71)

Ju+v|=~49+1 = 52

R S
S T RN
u
L
[u]
v
© 7w
A
]
fy utv 1
R e e AR
u-+v _
[l
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Section 11.1 Vectors in the Plane 1095

43. u= <2’1>
A
HIIH = /5 = 2236 ::
V=) T
[v]= /41 = 6403 ]
rv=03 ng
Ju+v]=~/74 = 8.602
Ju+ v]<|ul+]v]
NCZEIN N
44, u= <_3’2>
fuf = VT3 - 3605,
v={(,-2) v
Iv|=~/5 =223 = -
u+vs= <_2,0>
Ju+v|=2

Ju+vi<]ul+]v]

2 <J13 ++/5

u 1
45. — = —(0,3) = (0,1
i 5(0.3) = 0.9

6(3] = 6(0,1) = (0,6)

46. = —(L1)

4[“ = 24/2(1,1)
E2)

<
Il

o A R

u] V55

- (R
48. HE—H - ﬁ(ﬁ 3)
{m) = 5554

vV = <1,\/§>

49. v = 3[(cos 0°)i + (sin 0°)j] = 3i =

(.0)
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50.

51.

52.

53.

54.

60.

61.

62.

v = 5[(cos 120°)i + (sin 120°)j]
5. 53, < 5 5\/§>
=—it+—j=(-—=—
2 2 2 2
v = 2[(cos 150°)i + (sin 150°)j]
= B+ = (—/3.1)
v = 4(cos 3.5°)i + (sin 3.5°)j]
~ 3.9925i + 0.2442j
= (3.9925, 0.2442)

u = (cos 0°)i + (sin 0°)j =i

Vectors and the Geometry of Space

v = 3(cos 45°)i + 3(sin 45°)j = %i + #j
2+3V2) 32, /2432 32
u+v= i + j= ,
2 2 2 2
u = 4(cos 0°)i + 4(sin 0°)j = 4i

v = 2(cos 30°)i + 2(sin 30°)j = i + /3]

5i+/3) = (5./3)

=
+
<
Il

55.

56.

57.

58.

59.

u = 2(cos 4)i + 2(sin 4)j

<
|

cos 2)i + (sin 2)j
u+v = (2cos4 + cos2)i + (2sin 4 + sin 2)j

(
(2cos 4 + cos 2,2sin 4 + sin 2)

S[COS(—O.S):'i + SI:SiIl(—O.S):Ij
= 5(cos 0.5)i — 5(sin 0.5)j
v = 5(cos 0.5)i + 5(sin 0.5)j

u + v = 10(cos 0.5)i = (10 cos 0.5,0)

The forces act along the same direction. & = 0°.

=
I

The forces cancel out each other. 8 = 180°.

Y

XY +YZ +ZX = 0.

Vectors that start and end at the same point have a
magnitude of 0.

(a) True. d has the same magnitude as a but is in the opposite direction.

(b) True. ¢ and s have the same length and direction.

(c) True. a and u are the adjacent sides of a parallelogram. So, the resultant vector, a + u, is the diagonal of the

parallelogram, c.

(d) False. The negative of a vector has the opposite direction of the original vector.

(¢) True.a+d=a+(-a)=0

(f) False. u —v =u - (-u) = 2u

=2(b +t) = =2(b + b) = =2(2b) = —2[2(-u)] = 4u

v =(4,5) = a(l,2) + b(1,-1)
4=a+b

5=2a-b

Adding the equations, 9 = 3a = a = 3.
Thenyouhave b =4 —-a=4-3 =1.
a=3b=1

v =(-7,-2) = a(l,2) + b{1,-1)

-7=a+b

-2=2a-b

Adding the equations, -9 = 3¢ = a = -3.
Thenyouhave b = =7 —a = =7 — (-3) = -4,
a=-3,b=-4
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63.

64.

v =(-6,0) = a(l,2) + 6(1, 1)
-6=a+b

0=2a-b
Adding the equations, —6 = 3¢ = a = -2.

Then youhave b = =6 —a = —6 — (-2) = —4.

a=-2,b=-4

v =(0,6) = a(l,2) + b(1,-1)
0O=a+b

6=2a-b

Adding the equations, 6 = 3a = a = 2.
Then you have b = —a = -2.
a=2b=-2



65. v = (L-3) = a1, 2) + b{1, -1)

Section 11.1 Vectors in the Plane 1097

66. v = (-1,8) = a(L, 2) + b(L, -1)

l=a+5b -1l=a+5b
-3=2a-b 8 =2a-b
. . 7
Adding the equations, -2 = 3¢ = a = —%. Adding the equations, 7 = 3a = a = =.
710
Thenyouhave b = 1 —a = 1 - [-2] = 2 Thenyouhave b = -1 - a = -1 - = —==
3) 3
2 5 a = Z,b = _10
a = —g,b = g 3 3
67. f(x) = 2% f(x) = 2x, //(3) = 6
10+
1 81
a) m=6.Letw = (1,6), ||w| = /37, then +_* = (1, 6).
(a) {L6), [[w] w] \/ﬁ< ) ot @
4+ (b)
1 2+ /3.9
b) m = —LLetw=(=61),|w|= /37, then £ = +———(-6,1). ANV
(b) 6 (=6.1). [w] w] ﬁ< ) AN
68. f(x) = —x*+5, f(x) = =2x, f(1) =2 y

5, then £ % = 141, -2).

vl s

1 w 1
b)) m=—Letw = (2,1), |w :\/g,then +— = +—=(2,1).

(@) m = -2.Let w = (1,-2),

w|=

69. f(x) = x* f/(x) =3x* =3at x = L. Y
(@ m =3.Let w = (1,3), [w] = </10, then ~— = iLQ, 3) @
1wl 10
1 w 1 SR ARG
b) m = ——L = (3,1 = 10, then - = +——(3, -1
(b) m 3 et w = (3,-1), |w| /10, then W] 10< ) ‘
| 2
70. f(x) = X, f(x) = 3x* = 12at x = 2. \
N | S R B
=12.L =(1,12), = /145 ,then — = + 1,12). T
(a) m et w < > wH then HWH \/m< > L
1 w 1 ] ®
b = —. Let = (12,-1), = /145, then — = + 12, -1). |
® m = Letw = (2, = 15 then = 272
71 f(x) =25 - %7
, —X -3 \
= —=—atx = 3.
f(X) 25 - X2 4 *
3 w 1
(@) m = -=Letw = (—4,3), |[w| = 5,then — = £—(-4,3).
et = (3 o] = 5 then 2 = 13
4 w 1
b)) m = —Let w = (3,4), |w| = 5,then — = £—(3,4).
: (.4 I = .hen £ = £,
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1098 Chapter 11 Vectors and the Geometry of Space

72. f(x) = tan x
2.0
f(x) = sec’> x = 2atx = % 15 @
7 ©)
(@ m=2Letw = (l,2), \/—then—= —( 2). ‘ ‘0')” .
W~ s
1 1.0+
(b) m = ——Letw = = /5, then —
5 (-2.1), H |- \f< )
- "o £+£ 74. u = 23/3i + 2j
u+ v = -3i + 3/3j
“+V:\/—’ vi=(utv)-u= (-3 - 243)i+ (373 - 2)j
2. N2, 2 V2
V:(“+V)_":_2'+2J:<_2’2> S = RENCENEE

75. B + F, = (500 cos 30% + 500 sin 30%) + (200 cos(~45°)i + 200 sin(~45%)j) = (250</3 + 100+/2)i + (250 — 100/2};

|F + By = \/(250\/3 + 100\/5)2 + (250 - 10052) = 584.6 Ib

ang = 2010020
250~/3 + 100~/2
76. (a) 180(cos 30°i + sin 30°j) + 275i ~ 430.88i + 90j (b) M = \/(275 + 180 cos ) + (180 sin 6)’

N
|

180 sin &
= arctan| ————
275 + 180 cos @

Direction: o = arctan( j = 0.206 (= 11.8°)

430.88
Magnitude: ~/430.88% + 90> = 440.18 newtons

0 0° 30° 60° 90° 120° 150° 180°

©

M | 455 | 4402 | 3969 | 328.7 | 2419 | 1493 | 95

a | 0° 11.8° | 23.1° | 33.2° | 40.1° | 37.1° | O

(d) 500 50
() M decreases because the forces change from acting
M o in the same direction to acting in the opposite
direction as @ increases from 0° to 180°.
0 180 0 180
0 0

7. F+F +F = (75 cos 30° + 75 sin 30° ) + (100 cos 45°i + 100 sin 45°j) + (125 cos 120° + 125 sin 120°j)
= (B3 + 50872 - 12)i 4 (B 4 5072 + 125./3);
IR =[F +F, + B | = 22851b
HR = 9F1+F2+F3 = 71.3°
78. K+ FK, + F, = [400(005(—30°)i + Sin(—3()°)j):| + [280<COS(45°)i + sin(45°)j)} 4 [350(005(135°)i + sin(]35°)j):|

= [200\/5 + 14042 — 175\/5} + [—200 +140/2 + 175\/3}'
IR|= \/(200\/5 - 35\/5)2 + (200 + 315\/3)2 ~ 385.2483 newtons

o = arctan| 200 +315V2
R 200-/3 — 352

] = 0.6908 = 39.6°
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Section 11.1 Vectors in the Plane 1099

-u=CB= H“H(COS 30° + sin 30°) 80. 6, = arctan[ﬁj = 0.8761or 50.2°
20

v==CA= | v](cos 130°i + sin 130°j)
' 6, = arctan(%) + 7 = 1.9656 or 112.6°

50° > 30°
A 130 30 p u =] uf(cos 6i + sin )
v u

G x v =||v|(cos 6,i + sin 6, )

Vertical components:
HuH sin 6 +HVH sin &, = 5000

Horizontal components:

Vertical components:
HuH cos 6, +HVH cos6 =0

|usin 30° +] v|sin 130° = 3000
Solving this system, you obtain

Horizontal components:
v| = 3611.2.

ufcos 30° + | v]jcos 130° = 0 Ju]l = 2169.4.and |

Solving this system, you obtain

HuH = 1958.1pounds, A e B

|v| = 2638.2 pounds. :

81. Horizontal component = | v| cos &

= 1200 cos 6° =~ 1193.43 ft/sec

Vertical component = H VH sin 6

= 1200 sin 6° = 125.43 ft/sec

82. To lift the weight vertically, the sum of the vertical components of u and v must be 100 and the sum of the horizontal

components must be 0.
u = |ul|(cos 60° + sin 60°j)

v =] v|(cos110° + sin 110°j)

So,

uH sin 60° + HVH sin 110° = 100, or HuH (f] + HVH sin 110° = 100.

And |u] cos 60° +| v| cos 110° = 0 or HuH(%j +||v] cos 110° = 0.
Multiplying the last equation by (\/5 ) and adding to the first equation gives

Juf(sin 110° = </3 cos 110°) = 100 = | v| = 65.27 pounds

Then, HuH[%J +65.27 cos 110° = 0 gives |u| = 44.65 pounds

(a) The tension in each rope: |u|| = 44.65 Ib,

|v] = 65271b
(b) Vertical components: |usin 60° = 38.67 Ib, 100 Ib
|v]sin110° = 61.331b ¥

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1100 Chapter 11 Vectors and the Geometry of Space

83. u = 900(cos 148°i + sin 148°])
v = 100(cos 45°i + sin 45°j)

u+v-=
= —692.53i + 547.64
[ 547.64
@ = arctan
-692.53

Ju+ v]|= \/(-692.53)" + (547.64)° = 882.9 km/h

84. u

400i (plane)

) = —38.34°; 38.34° North of West

(900 cos 148° + 100 cos 45°)i + (900 sin 148° + 100 sin 45°)j

v = 50(cos 135% + sin 135°) = —25+/2i + 25+/2j (wind)

u+ v = (400 - 25V/2)i + 25v/2j = 364.64i + 35.36]

35.36
tan @ = =
364.64
Direction North of East: =

Speed: = 336.35 mi/h

= 5.54°

N 84.46°E

85. False. Weight has direction.

86. True
87. True
88. True
89. True
90. True
91. True

92. False
a=b=0

93. False

Hai + ij = \/E‘a‘
94. True

9

n

. ||u] = </cos® € + sin” 6 =1,

[v|= «/sin® @ + cos® 6 =1

96. Let the triangle have vertices at (0, 0), (a,0),and (b, ¢).
Let u be the vector joining (O, O) and (b, c), as indicated

in the figure. Then v, the vector joining the midpoints, is

I
|
-
+
|
G
p
S
T
>
o

I
Al
oyl
=
+

&
SN—
I
|
=

(0,0) (

97. Let u and v be the vectors that determine the
parallelogram, as indicated in the figure. The two
diagonals are u + v and v — u. So,

r = x(u + v),s = 4(v — u). But,

u=r-s
=x(u+v)-p(v—u)=(x+yu+(x—-yv

So, x + y = land x — y = 0.Solving you have

— — 1
x—y—i.
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Section 11.2 Space Coordinates and Vectors in Space 1101

98. w =Hqu +HvHu
[ vleos 6 + ] sin 5]+ v|Culeos 4 + i 6]
= HuHHVH[(cos 6, + cos 6,)i + (sin 6, + sin BV)jJ

6,+6 (6,-6,\. (6,+6) (6,6
= 2[uf|v| {cos[ jcos( jn + sm[ jcos( j]:|
2 2 2 2

sin[g“ b gvjcos(g“ — gvj
tan 6,, = 2 2 = tan Ou + 6
[9“ + ij (9“ - QVJ 2
cos cos
2 2
So, 6, = (6, + 6,)/2 and w bisects the angle between u and v.

99. The set is a circle of radius 5, centered at the origin.

H“H:H<X’J’>H= \/m =5=x*+)? =25

100. Let x = vyt cosaand y = vyt sin o — %gtz.

2
X . X 1 X
t=———=y=ysing —— | — —g| ——
Vo COS O Vy €OS & 27\ vy cos

= xtan o — %xz sec? o
2v;
g’

= xtan @ — —2(1 + tan? a) y
2v;

2 2
V X X

=—0—g—2—g—tana+xtan0(—
2¢ 2

2

Yo

2g

2 2 2

=v—°—&—&tan a—2tana
26 ¢ 2w}

2 2 2
_ W X gx Vo
———22(1:3.1’10!—}

x,y)

- L

28 2% Vo ax
v gl
If y < 50 "o then ¢ can be chosen to hit the point (x, y). To hit (0, y): Let & = 90°. Then
4 Yo
1 ve (g ’ v
y=vt——gt? =2 -2 Sr_ 1| andyouneed y < L.
2 2g  2g\v, 2g
2 gy
The set His givenby 0 < x, 0 < yand y < >~ -
2g 2w
vi g’
Note: The parabola y = e is called the “parabola of safety.”
g Vo

Section 11.2 Space Coordinates and Vectors in Space

1. Xx,is directed distance to yz-plane. 3. (a) x = 4isapoint on the number line.
¥, is directed distance to xz-plane. (b) x = 4is a vertical line in the plane.
z, is directed distance to xy-plane. (¢) x = 4isaplane in space.
2. The y-coordinate of any point in the xz-plane is 0. 4. The nonzero vectors u and v are parallel if there exists a

scalar such that u = cv.
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1102 Chapter 11 Vectors and the Geometry of Space

20. The point is in front of the plane x = 4.
21. The point (x, y, z)is 3 units below the xy-plane, and

below either quadrant I or III.

22. The point (x, y, z)is 4 units above the xy-plane, and

above either quadrant II or IV.

23. The point could be above the xy-plane and so above
quadrants II or IV, or below the xy-plane, and so below
quadrants I or III.

24. The point could be above the xy-plane, and so above
quadrants I and 11, or below the xy-plane, and so below
quadrants IT or I'V.

25.d = \J8 -4 + (2 1) +(6-5)
=16 +1+1
=18 = 3V/2

2. d = \/(—3 D)+ -1+ (-3-1)
= J4+16+16

=36 =6

8& 2. d = \J3-07 +(2-2" +(8-4)
=~9+0+16

=25 =5

16
1 y

el 2.4 = (-5 - () + (87 (41
=Ja+1+25
= /30
29. 4(0,0,4), B(2,6,7), C(6,4,-8)
|4B|= /2> + 67 + 3 = /49 = 7
1.y =z=0x=12(12,0,0) 4C| = \J6> + 42 + (<12} = /196 = 14

12. x =0,y =3,z =2(032) |BC|= \[# + (<2 + (-15)" = /235 = 75
|BC|* = 245 = 49 + 196 =| 4B|*+|AC|?

9. x=-3,y=4,z=5(-3,45)

10. x =7,y =-2,z=-1:
(7,-2,-1)

13. The point is 1 unit above the xy-plane.

o o Right triangle
14. The point is 6 units in front of the xz-plane.

15. The point is on the plane parallel to the yz-plane that 30. 4(3,4,1), B(0,6,2),C(3,5,6)

passes through x = -3. |4B|= /9 +4+1 =14
16. The point is 5 units below the xy-plane. |AC| = N0 +1+25 = /26

|BC|=~/9+1+16 =26

Because ‘AC‘ = ‘BC

17. The point is to the left of the xz-plane.
, the triangle is isosceles.

18. The point more than 4 units away from the yz-plane.

19. The point is on or between the planes y = 3 and
y =-3.
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31. 4(-1,0,-2), B(-1,5,2),C(-3,-1,1) 1. (7 =5 2 - 2, 2 - 3] _ (l, 0. lj
AB|= O+ 25+ 16 = /al 222
AC|= ATT79 - Jid 3. [3+1’4+8’6+0J=(2’6’3)
|BC|= 4 +36+1 =-/41 P
Because | AB| =|BC|, the triangle is isosceles. 36. [5 +2(_2), _92+ 3, ! ; 3] = [;, -3, 5)

32. A(4,-1,-1), B(2,0,—4),C(3,5,-1)
|4B|= V4 +1+9 =14
|AC| = 1+36 +0 = /37
|BC|=/1+25+9 =/35

37. Center: (7,1, -2)

Radius: 1
=7+ -1 +(z+2" =1

Neither 38. Center: (-1, -5, 8)
448 048 —6+20 Radius: 5
33. 42 = (6.4,7) 2 2 2
2 2 2 (x+1)" +(y+5) +(z-8 =25

39. Center is midpoint of diameter:

(2+1)1+3’3—1j:(§,2’1]
27 27 2 2

Radius is distance from center to endpoint:

al=\/@—1jz+(2—3)2+(1+1)2 = /i+1+4=g

21

(x—;)2+(y—2)2+(z—1)2=4

40. Center is midpoint of diameter:

(—2 - 4, 4 + 0) -5+ 3) ~ (=3,2,-1)
2 2 2

Radius is distance from center to endpoint:
d = \/(—4 )+ (0-2 +B (1) =T+ 4+16 = V21

+3 )+ (-2 +(z+1)° =21

41. Center: (-7,7, 6) 42. Center: (—4,0,0)
Tangent to xy-plane Tangent to yz-plane
Radius is z-coordinate, 6. Radius is distance to yz-plane, 4.
x+7)+ (=7 +(z-6) =36 (x+4) + > +2> =16

43. ¥+ P+ 22 -2x+6y+82+1=0

(P =20+ 1)+ () +6y+9)+ (> +82+16) = -1+ 1+9+16
(x =1+ (y+3) +(z+4) =25

Center: (1,-3,-4)

Radius: 5
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0

44, ¥+ 2+ 22 +9x -2y +10z + 19

81 81
x2+9x+—j+ 22y + 1)+ (22 +102+25) =-19+ —+1+25
[ 2 (y y ) ( ) 2

(x+§j2+(y—l)2+(z+5)2 e

Center: (—2, 1, —SJ
2

/109
2

Radius:

45. 9x2 + 9y +9z2 —6x + 18y +1=10
2 2 2 _2 1 _
X+ y +z—5x+2y+45=0
141

(P -2x+ )+ (P +2p+ )+ 2 =-5+L+1

=Y + )+ (-0 =1
Center: (%, -1, 0)
Radius: 1
46. 4x7 + 4y> + 42% — 24x — 4y + 82 — 23 = 0
(P —bx+9)+ (P —y+d)+ (2 +22+1) =B +9+1+1
=3+ (=2 +(=+1) =16

Center: (3, %, —1)

Radius: 4
47. (@) v=_2-44-23-1)=(-2,2.2) 49. (b) v =(3-(-1)3-2,4-3) = (411
(b) v =-2i+2j+2k () v=4i+j+k
© @, (@
j (-1,2,3)
@, 1,12 R
48. () v=(4-00-53-1)=(4-52) 50. (b) v = (-4 -2,3-(-1),7 - (-2)) = (-6.4,9)
(b) v =4i-5j+2h (¢) v =6i+4j+9k
© *” @, \
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51.

52.

53.

54.

5S.

56.

57.

Section 11.2 Space Coordinates and Vectors in Space 1105

v={(4-31-26-0)=(-16)
[v]=~1T+1+36 =+/38

Unit vector: <1’ -L 6> _ < 1 -1 6 >

V38 V3874387438

v=_02-14-(-2).,-2-4)=(,6-6)

Iv]|= ~1+36+36 =73

Unit vector: {L. 6, -6) - < 1 6 -6 >

V73 737373

v={(0-45-22-0)=(-432)

[v[|= /(-4 + 3% + 22 =16+ 9+ 4 = /29

Unit vector:

;<_4) 35 2> = < 4 5 & 5 2 >
V29 V297297 29
v={(-1-2-(-2),-3-0) =(0,0,-3)
[v][= \/0% + 0> + (=3)* =3

Unit vector:

%(o, 0,-3) = (0,0,-1)

(91,92, 45) = (0,6,2) = (3,-5,6)
0 =(3,1,8)

N|—
~—

(QIb q, q}) - (0’ 2’ %) = (la _%a

0 = (L-4.3)

(@ 2v =(2,4,4)

(b)
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© 3v =333

58. (a) —-v = (-2,2,-1)
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59.

60.

62.

63.

64.

65.

66.

67.

68.

Vectors and the Geometry of Space

Z=u—-V+Ww

6l. -z -3u=w
=(1,2,3) = (2,2,-1) + (4,0,-4)
=<3,0’0> %z=3u+w
Z=5u—3v—%w z = 9u + 3w
=9(,2,3) + 3(4,0,-4
= (5,10,15) — (6,6,-3) — (2,0,-2) (1.2,3) + 3(4,0,-4)
=(9,18,27) + (12,0, -12)
= (-3,4,20)
= (21,18,15)
2u+v—w+3z =223 +(2,2,-1) - (4,0,-4) + 3(z,, 25, z3) = (0,0,0)
(0,6,9) + (37,32,,3z;) = (0,0,0)
0+32 =0=2 =0
6+32, =0= 2z, =-2
9+3z; =0= z3 =3
= (0,-2,-3)
(a) and (b) are parallel because 69. P(1,2,4), 0(2,5,0),R(0,1,5)
(-6,-4,10) = —2(3,2,-5)and _
PO = (1,3,-4)
(2,4,-19) = 2(3,2,-5). _
373/ 73 PR = (-1,-1,1)
(b) and (d) are parallel because Because PQ and PR are not parallel, the points are not
—-i+ J - *k = —2( i- *J + 3k) and collinear.
3i-j+ 2k = 3(di - 2j+ 3k). 70. P(0,0,0), O(1,3,-2), R(2, -6, 4)
z = -3i +4j + 2k PO = (1,3,-2)
(a) is parallel because —6i + 8j + 4k = 2z. PR = (2,-6,4)
7 = <_7, -8, 3> Because PQ and PR are not parallel, the points are not
collinear.
(b) is parallel because (—z)z = (14,16, —6).
71. A4(2,9,1), B(3,11,4), C(0,10, 2), D(1,12, 5)
P(0,-2,-5), 0(3,4,4), R(2,2,1) AB = (1,2,3)
PQ = (3,6,9) CD = (1,2,3)
PR = (2,4,6) AC = (-2,1,1)
(3.6,9) = 3(2,4,6) BD = (-2,1,1)

So, PO and PR are parallel, the points are collinear.

P(4,-2,7),0(-2,0,3),
PQ = (-6,2,-4)

PR = (3,-1,2)
3,-1,2) = -%(—6, 2,-4)

R(7.-3,9)

So, PO and PR are parallel. The points are collinear.

Because AB = CD and AC = BD, the given points
form the vertices of a parallelogram.

72. A(1,1,3) B(9,-1,-2), C(11,2,-9), D(3, 4, —4)
4B = (8,-2,-5)
DC = (8,-2,-5)
AD = (2,3,-7)
BC = (2,3,-7)

Because AB = DC and AD = BC, the given points
form the vertices of a parallelogram.
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73. |v|=|(-10,1)] 77. v =1i-2j-3k = (1,-2,-3)
— (_1)2+02+12 HVH:\/I‘F4+ :\/ﬁ
=Ji+1=+2 78. v = ~4i +3j + 7k = (-4,3,7)
74 ] =[-5.-3 -] I¥I= V16 +9+ 49 = /74
= 5 + (3 (-9 79, v = (2.-1,2)
=25+9 +16 HVH=‘/4+1+4=3
= /50 v 1
— = —(2,-1,2
- 52 @ [
75. v = 3j - 5k = (0,3,-5) (b) —‘ﬁf —%(2,—1, 2)
v
Iv|= ~0+9+25 =+/34
80. v = (6,0,8)
76. v =2i+5j-k =(2,5-1)
=36 +0+64 =10
IV|=~4+25+1 =30 I~
\ 1
(a) M = E<6, 0,8)
v 1
(b) el ~15(6:0.8)
81. v = 4i-5j+3k
[v]= 16 +25+9 = /50 = 52
v 1 w2, 2. W2
— = ——(4i = 5j + 3k) = 5 - XS5+ 0k
® Iv] 5\/5(l i+ 3k) BT
v 1 W2, N2 W2
b) —— = ———=(4i - 5j +3k) = i+ ~5j - Tk
R e AT)
82. v =5i+3-k
Iv|=~25+9+1=1/35
v 1 35, 03/35. /35
v St 3 - k) . L35
S T iy A G Bl At B T ST
1 V35,0 335, 35
b) = ———(5i + 3j — k) = —~L2 - 225 N0y
®) Iv] \/E(HJ ) 7 35 97 35
8. v = 100 = 10(%32) gs. v = 20 32720 3<3,12,1> -
|u] 32 2fu] 2 3 2\3" 373
11 1010
=10<0,—,—>=<0,—,—> (-4,6,2) [-14 21 7
2°V2 NERNG) 86. v =7 =7 "2 =< ==
VU )T Ve T \Vin a4
u {1,1,1)
84. — =3
N TTINE

<1, -1, 1
2

;

)
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87. v = 2[cos(30°)j + sin(+30°)k | ®) (x,,2) = (4,4,98)
Vjtk = <0,\/§,J_rl> v = (4,4,8) - (4,0,0)

=(4-4,4-0,8-0) =(0,4,8)

95. The terminal points of the vectors fu, u + #v and

su + tv are collinear.

/ e

88. v = 5(cos 45° + sin 45°k) = #(1 + k) or
v = 5(cos 135° + sin 135%k) = #(—i + k)

89.
by w=au+bv=ai+(a+b)j+bk=0

a=0,a+b=0,b=0

So, a and b are both zero.

90. (¢) ai +(a+b)j+bk =i+2j+k
a=lLa+b=25b=1

(1,2,5) + (12,4,-2) = (£,6,3) w=u+v

(d) ai +(a+Db)j+bk =i+2j+3k
a=la+b=2b=3

91. A sphere of radius 4 centered at (x;, yi, z)).

HVH:H<"_X2’J’ Iz ZI>H Not possible
= \/(x - x1)2 + (v - yl)z +(z - 21)2 =4 97. Let « be the angle between v and the coordinate axes.
x-x)+(-n)+(Ez-2) =16 v = (cos @)i + (cos )j + (cos @)k
[v|=~3cose =1
902 Jr-n|=Jx-10+(-1+(-1" =2 NG
o)+ (=1t (z -1 =4 CRE=RT S

This is a sphere of radius 2 and center (1, 1, l).

93. The set of all points (x, », z) such that HrH > 1 represent
outside the sphere of radius 1 centered at the origin.
94. (a) (x,y,2) =(3,3,3)
v =(3,3,3) - (3,0,0)
=(3-3,3-03-0) =(0,3,3)
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98. 550 =||c(75i — 50 — 100K)|
302,500 = 18,125¢*
¢ = 16.689655
4.085
4.085(75i — 50§ — 100k )
306i — 204j — 409k

i

c

F

0

0

99. (a) The height of the right triangle is # = ~/ I* — 182,
The vector PQ s given by PO = (0,-18, h).

The tension vector T in each wire is T = c<0, -18, h> where ch = 23—4 = 8.
So, T = §<0,-18,h> and T =T = She v =2 fig+ (22 - 18?) = LR TS
h h 2 —18? NI -18
0 (0,0, h)

(b) ()
L1120 |25 |30]|35 |40 |45 |50

8L

FT:X
100

(d) hm+ ﬁ = oo
L8N - 18 x = 181is a vertical asymptote and y = 8isa
lim 8L = lim 8 -3 horizontal asymptote.

e -8t e - (1g/L)
(e) From the table, T = 10 implies L = 30 inches.

100. As in Exercise 99(c), x = a will be a vertical asymptote. So, lim T = eo.

ro—a
101. 4B = (0,70,115),F, = C,(0,70,115)
AC = (-60,0,115), F, = C,(-60,0,115)
AD = (45,-65,115), F; = C;(45,-65,115)
F=F +F, +F =(0,0,500)
So: - 60C, + 45C; = 0
70C, -65C, = 0
115(C + G+ G) =500
Solving this system yields ¢, = 1&} C, = 28, and C; = 12 So:
|F | = 202.919N
|Fy | = 157.909N
|Fs| = 226.521N
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102. Let 4 lie on the y-axis and the wall on the x-axis. Then 4 = (0,10, 0), B = (8,0,6), C = (-10,0, 6) and
AB = (8,-10,6), AC = (-10,-10, 6).

|4B] = 10v/2,] AC| = 2+/59
Thus, F, = 420i,F2 = i
|42 4]

F =F +F, = (237.6,-297.0,178.2) + (-423.1,-423.1,253.9) = (-185.5,-720.1,432.1)

|F|| = 860.01b
103. d(A4P) = 2d(BP)

\/x2+(y+1)2+(z—1)2 2\/()6—1)2+(y—2)2+z2

xz+y2+z2+2y—22+2=4(x2+y2+22—2x—4y+5)

0 =3x* +3y? +322 —8x — 18y + 2z + 18

SR I S R 2. O L +(y2—6y+9)+ 24241
9 9 379 3219
2 2
44 4 2 1
o -=| t -3) + + —
9 (X 3) (r-3) (Z 3)
Sphere; center: [g, 3, —%],radiuS: 2\3/11

Section 11.3 The Dot Product of Two Vectors

1. The vectors are orthogonal (perpendicular) if the dot 5. u= <6, _4>, v = <_3, 2>
product of the vectors is zero.
(@ u-v=06(-3)+(-4)(2) = 26

2. If arccos ‘i = 30°, then cos 30° = sz (b) u-u = 6(6) + (—4)(-4) = 52
So, the angle between v and j is 30°. © |v|> = (-3 +2* =13

3. u=(34).v=(-15) () (u-v)v =-26(-3,2) = (78,-52)
@ u-v=31)+4(5) =17 () u-(3v) = 3(u-v) = 3(-26) = -78
(0) u-u=3(3)+4(4) =25 6. u=(-7,-1),v = (-4,-1)
© |v[’ = (-1 +5* =26 (@ u-v=-7-4)+-1(-1) = 29
(@ (u-v)v =17(-1,5) = (-17,85) () u-u=-7(=7)+ -1(-1) = 50
() u-(3v) =3(u-v) =3(17) = 51 © |V = (-4 + (1) =17

4. u = (4,10),v = (-2,3) (d) (u-v)v = 29(-4,-1) = (-116,-29)
(@) u-v=4-2)+1003) = 22 (@) w-(3u) = 3(u-v) = 3(29) = 87

(b) u-u = 4(4)+10(10) = 116
© [v]* = (2 +3 =13
(@ (u-v)v =22(-2,3) = (-44,66)

(e) u-(3v) =3(u-v)=322) = 66
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10.

11.

12.

u=(2,-3,4),v =065
(@ u-v=200)+(-3
(b) u-u=202)+(-3
© |v|? =0 +6 +5 =6l

(@ (u-v)v =20,6,5) = (0,12,10)
(€ u-(3v) =3u-v)=32) =6

cu=(=50,5),v=_(-121

(@ u-v=-5-1)+0(2) +501) =10

(b) u-u = (=5)(=5) + (0)(0) + 5(5) = 50
© |v[’ = (-1 +22+1> =6

(d) (u-v)v =10(-1,2,1) = (10, 20,10)

(¢) u-(3v) =3(u-v)=3(10) =30

Lu=2i-j+kv=i-k

(@ u-v=2(1)+ (=1)(0) +1(=1) = 1
(®) u-u=22)+(-n-n+ @)1 =6
© [v[? =1+ (1) =2

d (w-v)v=v=i-k

(€) u-(3v)=3u-v)=301) =3
u=2i+j-2k,v=i-3j+2k

(-2)(2) = -5

® u-u = 2(2) + (1) + (-2)(-2) = 9

(@ u-v=2(1)+1-3)+

© |v|> =1+ (=37 +2° =14
(d) (u-v)v = -5(i - 3j + 2k) = —5i + 15j — 10k

() u-(3v) =3(u-v)=3-5=-15

u=(L1v=(2-2

u-v 0

B ] Y RNCN

(a) a:% (b) 6 =90°

u=_61,v=(2-)

s MV 5 1L
[ufllv] 105 V2

(a) a:% (b) @ = 45°
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13.

14.

15.

16.

17.

u=3i+jv=-2i+4j

u-v -2 -1

[u[v] ~ V1ov20 ~ 52

1
a) 6 = arccos| ———| = 1.713
@ ( 5\/5]

cos @ =

(b) 8 = 98.1°
u = cos(gji+sin[£jj —£1+lj
6 6 2 2
(37[}_ .[37[) V2. 2.
v = cos| — [i + sin| —|j = ———i + —j
4 4 2 2
cosg = 2V
[ulv]
_ N3 V2 1N2) V2
R A R s

(a) 6= arccos[\/z(l - \/5)} _Iz
4
(b) 6 = 105°

u=(L1LI)v=(21-)

sg WY 2 2
[ullvl V3ve 3

(@ 6= arccos% = 1.080

(b) 6 = 61.9°

u=3i+2j+k,v=2i-3j

cos 6 = u-v :3(2)+2(—3)+0 ~ 0
[uf ][] Juf ]
-
(@ 0 = 5
(b) 8 =90°

u=3i+4jv=-2j+3k

cos¢9=u.v= -8 =—8\/ﬁ
[ullv] 513 es
(a) 6 = arccos[—g\6/51—3] = 2.031

(b) 6 = 1163°
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Vectors and the Geometry of Space

u=2i-3j+kv=i-2j+k

sg WY 9 9 _ 321
[ulllv]  Vi4ave 2v21 14
(a) 6 = arccos[S\Qz_l] = 0.190
(b) € =10.9°
uvo_ cos 8
fullv]

u-vs= (8)(5)cos§ =20

u-v

———— = cos &
[uf]v]

u - v = (40)(25) cos%z = —500~/3

o= 49y = ()

u # cv = not parallel

u - v = 0 = orthogonal

u=—1(i - 2j), v =2i-4j
u = —%v = parallel
u=j+o6k,v=i-2j-k

u # cv = not parallel

u-v =-8 # 0 = not orthogonal
Neither
u=-2i+3j-k,v=2i+j-k
u # c¢v = not parallel

u - v = 0 = orthogonal

u=(2,-31),v=(-1-1-I)
u # ¢v = not parallel
u - v = 0 = orthogonal

u = (cos 6, sin 6, 1),
v = <sin 8, —cos 6, O>

u # ¢v = not parallel

u - v = 0 = orthogonal

The vector <1, 2, 0> joining (1,2,0) and (0,0, 0) is
perpendicular to the vector (-2, 1, 0) joining (-2, 1, 0)
and (0,0,0): (1,2,0) - (-2,1,0) = 0

The triangle has a right angle, so it is a right triangle.

28. Consider the vector (-3, 0, 0) joining (0,0, 0) and
(-3,0,0), and the vector <l, 2, 3>joining (0,0,0)and
(1,2,3):(=3,0,0) - (1,2,3) = -3 < 0

The triangle has an obtuse angle, so it is an obtuse triangle.

29. 4(2,0,1), B(0,1,2), C(-1,3,0)

AL
AB = (-2,1,1) BA = (2,-1,-1)
AC=(33-) A=
BC-(-440)  B- (a3

E-TC=5+%—1>O
BA-BC=-1-1+2>0
CA-CB =2+

The triangle has three acute angles, so it is an acute
triangle.

30. A(2,-7,3), B(-1,5,8), C(4,6,-1)

AB = (-3,12,5) BA = (3,-12,-5)
AC = (213,-4)  Cd=(2-134)
BC = (5,1,-9) CB = (-5,-1,9)

AB - AC = -6 +156 =20 > 0
BA-BC=15-12+45>0
CA-CB=10+13+36>0

The triangle has three acute angles, so it is an acute
triangle.

3ou=i+2j+2k Juf=~1+4+4=3
cose =1 = @ = 1.2310 or 70.5°
cos f =2 = f ~084llor482°
cosy =3 = y = 084l1or482°
cosza+0052ﬂ+cos2}/=%+%+%=1

32. u=5i+3j-k |u|=~25+9+1=+/35

5
cosax = — = o = 0.5639 or 32.3°
35
3
cosff = — = = 1.0390 or 59.5°
==t
-1
cos ¥ = —— = ¥ = 1.7406 or 99.7°
4 35 4
cosza+coszﬂ+coszy=§+i+i=1
35 35 35
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Section 11.3 The Dot Product of Two Vectors 1113

cu=Ti+j-k u|=49 +1+1 =+/51
cosaz%: a = 114°
1
= ~ 82.0°
cos f3 NG = p
1
= ~ 98.0°
cos ¥ NG =7
cu = —4i +3j+ 5K, |uf= 16 +9 + 25 = /50 = 52
—4
= ~ 2.1721 or 124.4°
Cos ¥ 5\/5 1 or
3
= ~ 1.1326 or 64.9°
cos s = f or
5 1 V4
=" =__ ~ Z or 45°
cos ¥ 572 > =y 4or
) , ) 16 9 25
= 4+ 2 4+ 2 -
cos” a + cos” B + cos” ¥ 50+50+50
. u = (0,6,-4), [ul|= V0 +36 +16 = /52 = 24/13 38. u=(97),v=(,3)
cosa=0= a="2or90° . |u-v
3 o
cos f = N = f = 0.5880 or 33.7 _ 9(1) + 7(3) 03
2 1+3 Y
cosy = —— = ¥y = 2.1588 or 123.7°
V13 = 3%03) = (3.9)
cos2a+cos2ﬂ+coszy=0+2+i=1 g
13 13 (b) wy =u-w =(97) =39 =(6,-2)
cu=(-1,52), [uf=1+25+4 =+/30 39. u=2i+3j=(23),v=>5i+j=(51I
S = 1.7544 or 100.5° ; u-v
cosa—ﬁ:a~ . or . (a) w, = projyu = HVHZ v
5
= — ~ 0.4205 or 24.1° 2(5) + 3(1
cos 75 = B or _ (5)2 , 1()<5)1>
2
== ~ 1.1970 or 68.6° 13 51
cos ¥ 30 =34 or = %<5, 1) = <5, E>
) » ) 1 25 4
= — + =4+ - =1
cos> a + cos® B + cos® y TR (b) ws = u-w = (23) _<§’l> - <_l,§>
2’2 22
cu=(67) v =049 40. u=2i - 3j = (2,-3), v =3i +2j = (3,2)
(a) w, = proj,u = u- ZIJV (a) W, = proj,u = % v
vl V]
_ S0, _ 20+ (9D,
1" +4 32+ 22 ’
- %(1, 4) = (2,8) = 0(3,2) = (0,0)

(b) Wy, =u—w, =(2,-3)
®) wy =u—-w =(67)-(28) = (4-)
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1114 Chapter 11 Vectors and the Geometry of Space

41. u = <0,3,3>,v = <_1,1,1> 43. u = -9 - 2j -4k, v = 4j + 4k
(a) w; = proj,u = (uj}v () w, = proju = [u ZVJV
[l M
_ =0 +3() + 30, _[(E2)4) + (=44)
ST e MU o G L
6
= —(-LL1) = (-2,2,2) _ —§<o, 4, 4)
4
() wy =u—-w, =(0,3,3) - (-2,2,2) = (2,1,1) = (0,-3,-3)

(b) w, =u-w
(-9,-2,-4) - (0,-3,-3)

(a) w, = proj,u = (UVZ]V = (-9,1,-1)

_ 8(2) + 2(1) + 0(-1) (o1 -i)
22 +1+1 o

42. u = (8,2,0),v = (2,1,-1)

%(2, 1,-1) = (6,3,-3)
(b) wy =u—w, =(82,0)-(6,3,-3) =(2,-1,3)

4. u=5-j-k, v=-i+5j+8k

@ w2 © ws=uw
' = (5,-1,-1) - (1 —1,—§
_ {5(_1) + (1)) + (—1)(8)} 158 < ) <5 5>
(-1)" + 5% + 82 _ <E, 0, §>
= 18( 1,5,8) v
90
= %(—1, 5,8)

= (L%
5 5

45. uis a vector and v - w is a scalar. You cannot add a

48. h 1 =
vector and a scalar. 8. (a) Orthogonal,

SIERIIN

(b) Acute, 0 < 8 <
u-v
46. [z]v =u = u = ¢v = uand v are parallel.
v (c) Obtuse, % <0<

47. Yes, = —u
49. u = <3240, 1450, 2235>
v ML H [ “|v. ‘M v = (2.25,2.95,2.65)
H H ‘ H u - v = 3240(2.25) + 1450(2.95) + 2235(2.65)
1 1
— = — = $17,490.25
[l $
This represents the total revenue the restaurant earned on

Jul =]v] its three products.
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50.

51.

52.

53.

54.

5S.

u = (3240, 1450, 2235)
v = (2.25,2.95,2.65)
Decrease prices by 2%: 0.98v

New total revenue:

0.98(3240, 1450, 2235) - (2.25,2.95, 2.65) = 0.98(17490.25)

$17,140.45

Answers will vary. Sample answer:

—li + Ej.Want u-v=0.
4 2

v = 12i + 2j and —v = —12i — 2j are orthogonal to u.

Answers will vary. Sample answer:
u=9-4jWantu-v=0.
v =4i +9jand -v = —-4i — 9j

are orthogonal to u.

Answers will vary. Sample answer:

u=(31-2).Wantu-v=0.

v =(0,2,1)and —v = (0,2, 1) are orthogonal to u.
Answers will vary. Sample answer:
u=(4-36.Wantu-v =0

v = (0,6,3)and —v = (0,-6,-3)

are orthogonal to u.

Let s =length of a side.
v = <s, s, s>

Ivl= 53

s
cosa =cosff =cosy =——= = —

N33
By L)L sg0
a=pFf=y= arcos[\/gj 54.7

Section 11.3 The Dot Product of Two Vectors 1115

56. v, = <s, s, s>

[vifl = s+/3

v, = <s,s,0>

[v2]l= sv/2

oo 22 _ N6
233

6 = arcos? =~ 35.26°

57. (a) Gravitational Force F = —48,000j

v = cos 10°i + sin 10°j

W, =1V = (F-v)v
VP
= (~48,000)(sin 10°)v
= —8335.1(008 10°i + sin 10°j)
[w, | = 8335.11b

(b) wy = F—w,
—48,000j + 8335.1(cos 10°i + sin 10°j)
= 8208.5i — 46,552.6]

|w,| = 47,270.8 1b

58. (a) Gravitational Force F = —5400j

v = cos 18° + sin 18°j

w, =F.vv=(F-v)v
[v]*
= (—5400)(sin 18°)v
= —1668.7(COS 18° + sin 18°j)
[wi| = 1668.7 1b

(b) w, =F —w,
—5400j + 1668.7(005 18° + sin 18°j)
1587.0i — 4884.3j

0

[w,| =~ 5135.71b
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1116 Chapter 11

59.

60.

61.

62.

63.

64.

65.

Vectors and the Geometry of Space

F=851i+£j
2 T2

v = 10i
W =F - v =4251tlb

W = |proizs ¥ | PO|
= cos 20°| F[|| PO
= (cos 20°)(65)(50)
=~ 3054.0 ft-Ib
F = 1600(cos 25°i + sin 25° j)

v = 2000i

W =F - v =1600(2000)cos 25°
= 2,900,184.9 Newton meters (Joules)
= 2900.2 km-N

W = proirg¥| | 70

(cos 0| | ]

{400)(40)
= 8000 Joules
False.

For example, let u = <1, 1>, v = <2, 3> and w = <l, 4>.

Thenu-v=2+3=5andu-w=1+4=>5.

True
w-(u+v)=w-u+w-v=0+0=0so, wand

u + v are orthogonal.

(a) The graphs y, = x*and y, = x"* intersect at
(0,0) and (1,1).

L
3x2/3'

(b) ¥ = 2xand 35 =

At (0,0), <1, 0> is tangent to y; and i<0, 1> is

tangent to y,.

At (L1), ) = 2and y; = %

iﬁ@, 2> is tangent to y, iﬁ@, 1> is tangent

to y,.

(c) At (0,0), the vectors are perpendicular (90°).

At (L, 1),
1 1
cos @ = $<1’2>'ﬁ<3’]> = 5 = 1
(1) V50 /2
0 = 45°

66. (a) The graphs y, = x*and y, = x"? intersect at
(=1,-1), (0, 0) and (1,1).

’ ’ 1
(b) y =3x%and y, = E
At (0,0), (1, 0) is tangent to y; and +(0, 1) is

tangent to y,.

At (L1), y =3and y, = %

+ \/_<1 3> is tangent to y],if@ 1> is tangent

to V.
At (-1,-1), »{ = 3and y} = %

3, 1> is tangent

_\/_<1 3) is tangent to yl,_ﬁ<

to V-

(c) At (0, 0), the vectors are perpendicular (90°).

At (1,1),
1

1
cos @ = ﬁo’ 3> ' ﬁe’ l> = 6 = E

() T

6 = 0.9273 or 53.13°

By symmetry, the angle is the same at (-1, —1).
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Section 11.3 The Dot Product of Two Vectors 1117

67. (a) The graphsof y; = 1 — x*and »* = x* — | intersect at (1,0)and (-1, 0).
(b) y = —2xand ¥, = 2x.

(©)

68. (a)

At (1,0), )] =

—2and y5 = 2.

s
At (-1,0), y{ = 2and ) = 2.

1 3
At (1,0), 0 =—

(1,0), cos \/§< > > 5
6 = 0.9273 or 53.13°

By symmetry, the angle is the same at (-1, 0).

To find the intersection points, rewrite the second
equation as y + 1 = x*. Substituting into the first
equation

(y+1)2=x:>x"=x:>x=0,1.

There are two points of intersection, (0, —1)and

(1, O), as indicated in the figure.

|

(b) First equation:

(©)

(y+1)2:x:2(y+1)y':1:y': !

At (1,0), Y = %

Second equation: y = x* —1 = ' = 3x% At
(1,0), y = 3.

1 .
iT<2, 1) unit tangent vectors to first curve,

= W

(1, 3) unit tangent vectors to second curve

[y
(]

At (0,1), the unit tangent vectors to the first curve
are i<0, 1>, and the unit tangent vectors to the second

curve are i<l, O>.

At (1,0),
1 1 5 1
0 =—021) - —(,3) = — = —.
cos \/§< ) \/10< ) V50 N2
0z£0r45°
4

At (0, 1) the vectors are perpendicular, 8 = 90°.

2(y + 1)

70.

1 .
>1s tangentto y;, + \/_<1, 2> is tangent to y,.
5

T<l 2> is tangent to y;, %Q, —2> is tangent to .
<

‘ = HVH The diagonals are u + v and

(+v)-(u—-v) =

(u+v) u-

u-u-+yv

(w+v) v

‘U-—u-v-v-v
=[ul=lv]*=o

So, the diagonals are orthogonal.

If u and v are the sides of the parallelogram, then the
diagonals are u + v and u — v, as indicated in the
figure.

the parallelogram is a rectangle.

Su-v=_0

S 2u-v=-2u-v
Su+v)-u+v)=(u=-v) - (u-v)

& a7 =Ju ="

< The diagonals are equal in length.

v
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1118 Chapter 11 Vectors and the Geometry of Space

71. (a)
X (k, k, 0)
(b) Length of each edge: \/k> + k2 + 0% = k~/2
2
(c) cos@ = k = !

) 2

g = arccos(lj = 60°
2

(d) E:(k,k,o>_<ﬁﬁf>:<éﬁ _E>

2°2°2 2’2" 2
o= (00,0 (K EEN_[ K K K
2722 27 2 2
k2
cos @ = 24 = _3
5
2
6 = 109.5°

72. u = <c0s o, sin o, 0>, v = <cos B, sin B, 0>

The angle between u and vis & — f. (Assuming that

o > f).Also,
A MIEY
_ cos & cos [ + sin o sin 3
M)

= cos & cos f + sin o sin f.

73.

74.

75.

Ju+v]>=(@+v) (u+v)

(u+v)-u+(u+v)-v

=u-u+v-ut+tu-v+yv-v

Jul?+ 20 v +]v]?
2
< ul*+ 2fulfiv]+[v]* < (Jul+]v])

So,

u+ v < fuf+]v].

Let w, = proj,u, as indicated in the figure. Because w;
is a scalar multiple of v, you can write

u=w +Ww, =cv+w,

Taking the dot product of both sides with v produces

u-v=_(cv+wy) - v=cv-Vv+w, Vv

= | v|? because w,and v are orthogonol.
So,u-v = cHVH2 = c = Wand
v

. u-v
W = Proji = ¢v = ——V.
M

W, u

w v =[uf]v] cos 6
| =[Jul[v] cos ]
= ul [ ]cos &

SHuH HVH because ‘cos 9‘ <1

Section 11.4 The Cross Product of Two Vectors in Space

1. u x vis a vector that is perpendicular (orthogonal) to
both u and v.

2. If w and v are the adjacent sides of a parallelogram, then

AzHuXVH.
i j k
3. jxi=|0 1 0|=-k
1 0 0

4.

i j ok
ixk=0 1 0l=i
00 1
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Section 11.4 The Cross Product of Two Vectors in Space 1119

i jok i jk
5.ixk=[1 0 0/=-j 7.(@) uxv=|-2 4 0|=20i+10j- l6k
00 1 325

(b) vxu=—(uxv)=-20i —10j + 16k

(c) vxv=20

i j k
8 (@ uxv=|3 0 5/=-15 +16j+ 9k
3 =2

(b) vxu=—(uxv) =15 —16j - 9k

ik () vxv=20
6. kxi=|0 0 1|=j
100 i jk
9.(a uxv=|7 3 2|=17i - 33j - 10k
1 -1 5
1
K () vxu=—(uxv)=-17i + 33j + 10k
j (c) vxv=20
)/]‘i 1
! - ’ i j k
10. (@3 uxv=| 2 1 -9
-6 -2 -1

= —19i + 56 + 2k
(b) vxu

~(u x v) = 19 - 56j — 2k

() vxv=0

11. u = (4,-1,0), v = (=6,3,0)

i jk
uxv=4 -1 0/=6k=/(006)
-6 3 0

u-(uxv)=40)+(-1)0)+06)=0=>u Luxv

v-(uxv)=-60)+30)+06)=0=v Luxy

12. u = (-5,2,2), v = (0,1, 8)
i j ok
uxv=[-5 2 2|=14i + 40j - 5k = (14, 40,-5)
0 1 8

u-(uxv)=(-5)(14) +2(40) + 2(-5) =0 =>u Luxv

v-(uxv)=(0)14) +1(40) + 8(-5) =0 = v Luxv
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1120 Chapter 11 Vectors and the Geometry of Space

B.u=i+j+kv=2i+j-k 17. u = -3i +2j - 5k
i j ok v=i-j+4k
uxv =11 1/==2i+3j-k =(-23,-1) i j k
21 -1 uxv=[-3 2 -5/=3i+7j+k
u-(uxv) =1(=2) +1(3) + 1(-1) I -1 -4

=0=>uluxy uxv _

1
v wxv) = 22) +163) + () IR AN
3

=0=>vluxyv :< 7 1 >
59" /597 /59
4. u=i+6j,v=-2i+j+k
i j k 18. u = 2k
uxv=|16 0/=6i-j+13k v = 4i + 6k
2 1 1 i jk
w (uxv)=16)+6(-1) =0 =u L (uxv) uxv =00 2/=8
40 6
vo(uxv)=-=2(6)+1(-1)+1(13)=0=v L (uxv) .
X . .
uXxv =§(gj)=1=<o,1,o>
15, u=(4-3) Jusx v
v=(253 9. u-=j
i ok —jrk
uxv=[4 -3 1= —14i —10j + 26k ik
253 uxv=01 0/=i
uxyv 1 01 1
= ——(-14,-10, 26)
ol o 4 =fuxvl=[i]=
= ——(-14,-10,26)
183 20. u=i+j+k
=< 7 5 13> voj+k
9V/3" 93793 ik
16. u = (-8,-6,4) uxv=|11 Il=-j+k
v = (10,-12, -2) 01 1
i ok A =luxv]|=]-j+k|=~2
uxv=|-8 —6 4|=60i+ 24j+ 156k
10 12 -2 21. u=(32-)
uxy 1 v=(,23)
= 60, 24,156 .
Jux v]| 36\/Z< ) ik
_< 5 2 13 > uxv =32 -1=(8-10,4)
3227 3v/227 322 3

A =|uxv|=](8-10,4) = V180 = 6/5
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Section 11.4 The Cross Product of Two Vectors in Space 1121

22. u = (2,-1,0) 25. 4(0,0,0), B(1,0,3), C(=3,2,0)
= (-1.2,0) 4B = (1,0,3), 4C = (-3,2,0)
i jok i jk
uxv=|2 -1 0[=(0,0,3) ABx AC =| 1 0 3|=(-6,-9,2)
-1 2 0 -3 2 0
A =[luxv|=](0,03)]=3 4 =1Y4B xaC|= 136 +81+4 =1
23. 4(0,3,2), B(1,5,5), €(6,9,5), D(5,7,2) 26. A(2,-3,4), B(0,1,2),C(-1,2,0)
4B = (1,2,3) AB = (-2,4,-2), AC = (-3,5,—4)
= (1,2,3) ij k
= (5,4,0) ABx AC =|-2 4 -2|= —6i — 2j + 2k
— <5! 470> -3 5 4
. I — . — U 4B x 4Cll = L —
Because AB = DC and BC = AD, the figure ABCD is 4 = ZHAB X ACH - 2\/H - \/ﬁ
llel )
@ paraficlogram 27. F = —20k
AB and AD are adjacent sides .
PQ = 1(cos 40°j + sin 40°k)
i jk
ABx 4D =|1 2 3|= (-12,15-6) - ! ] k
5 4 0 PO XF =|0 cos40°/2 sin40°/2|= —10 cos 40°
0 0 -20

A :HEXEH: 144 + 225 + 36 = 935

HFQ X FH = 10 cos 40° = 7.66 ft-lb

24. 4(2,-3,1), B(6,5,-1), C(7,2,2), D(3, 6, 4)

AB = (4,8,-2)
DC = (4,8,-2)
BC = (1,-3,3)

= (1,-3,3)

Because 4B = DC and BC = AD, the figure ABCD is

a parallelogram. 28. F = —2000(cos 30°j + sin 30°k) = ~1000~/3j — 1000k
AB and 4D are adjacent sides PQ = 0.16k
i j k i j k
AB x AD =|4 8 -2|= (18,-14,-20) POXF =0 0 016
1 -3 3 0 —-1000~/3 ~1000
A =|4B x 4D| = </324 + 196 + 400 = 2/230 — 160-/3i

| PO x F||=160:/3 fi-lb
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1122 Chapter 11 Vectors and the Geometry of Space

29. (a) AC = 15inches = %feet

- i j k
b) ABxF =|0 -3 1
BC = 12 inches = 1foot B ’ ®) 4 .
5 0 —-180cos@ -180sinéd
AB = _Zj +k 12in.

(225 sin @ + 180 cos 6)i
s |4B x ¥ =|225sin 6 + 180 cos 6]
A

C 15 in.

ABxF|= 2256} + 180(\?] ~ 26838

(d) If T =[225sin 6 + 180 cos &

F = —180(cos @ j + sin 6 k)

(c) When @ = 30°,

, T = 0for 225sin@ = —180cos @ = tan § = _% = 6 = 141.34°.

For 0 < 6 < 141.34, T'(6) = 225cos @ — 180sinf = 0 = tan @ =

(e) 400

% = 6 = 51.34°. 4B and F are perpendicular.

0 180
0

From part (d), the zero is & = 141.34°, when the vectors are parallel.

30. (a) Place the wrench in the xy-plane, as indicated in the figure.
The angle from ABto Fis 30° + 180° + 6 = 210° + 6

— [’] o
[07] = 18 inches = 1.5 feet X
O
_ 33, 3 y F
04 = 1.5[cos(30°)i + sin(30°)j] = i+ 2j g
[cos( )i + sin( )]] . i 4] A .

F = 56[cos(210° + )i + sin(210° + 6)j]

i i Kk

100

OAxF = @ 3 0

4 4

56 cos (210° + 8) 565sin (210° + 6) 0

= [424/3 5in(210° + 6) - 42 cos(210° + 6) [k 0

= [42\/§(sin 210° cos @ + cos 210° sin 8) — 42(cos 210° cos 8 — sin 210° sin Q)Jk
= {42\/5(—; cos 6 — % sin 0] - 42[—\2§ cos 6 + %sin 9]}1( = (-84 sin O)k

HéZxFH= 84sin @, 0 < @ < 180°

V2

(b) When 6 = 45°,] 04 x FH =84 = 424/2 = 59.40

(c) Let T = 84sin @
ar = 84 cos @ = 0 when & = 90°.
deo

This is reasonable. When € = 90°, the force is perpendicular to the wrench.
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31.

32.

33.

34.

35.

36.

37.

47.

Section 11.4 The Cross Product of Two Vectors in Space 1123

0 0 38. u = (0,4,0)
u-(vxw)=[(0 1 0|=1 v =(-3,0,0)
01 w = (-115)
Ll 040
uo(vxw) =2 1 0f=-1 u-(vxw)=[-3 0 0/=-4(-15) = 60
0 -1 15

V=‘u-(v><w)‘=60

39. (@) u-(vxw)=(vxw)-u(b

=
—_
<
X
3
S—"
Il
=)
o
1l
o

=
—_
<
X
3
S—"
[
=
—
—
[
(=]

022 © u-(wxv)=w-(vxu) (f)

11 0 =w-(vxu)=(-uxv) w(g)
u-(vxw)=(0 1 1|=2 So,a=b=c=d=hande=f=g

1 01

40. u X v = 0 = uand v are parallel.
u-v =0 = uand v are orthogonal.

So, u or v (or both) is the zero vector.

1 3 1
u-(vxw)=/0 6 6/=-72 41. The cross product is orthogonal to the two vectors, so it
4 0 -4 is orthogonal to the yz-plane. It lies on the x-axis, since it

is of the form <k, 0, O>.

42. Form the vectors for two sides of the triangle, and

u = <3, 0, 0> compute their cross product.
V= <O’ 5, 1> <x2 =X, V2~ VsZ — 21> X <x3 =X, V3~ V23— Zl>
w = (2,0,5)

43. False. If the vectors are ordered pairs, then the cross

300 product does not exist.
u-(vxw)=(0 5 1|=75
20 5 44. False. The cross product is zero if the given vectors are
parallel.
v =‘u (vxw)=175

45. False. Let u = (1,0,0), v = (1,0,0), w = (~1,0,0).

Then, u x v =uxw =0, but v # w.
46. True

u = <ulau21u3>7 vV = <V1,V2,V3>,W = <W1,W2,W3>
i j K
ux(v+w)=| u u, Uy
ViEW Vv, Wy v+ oWy
[uz(v3 +wy) —uz(vy + wz)]i - [u](v3 +wy) —uz(v + wl)]j + [u](vz +wy) —up(y + wl)]k

= (u2v3 - u3v2)i - (u1v3 - u3vl)j + (ulvz - uzvl)k + (u2w3 - u3w2)i - (u1w3 - u3w1)j + (ulwz - uzwl)k

=(uxv)+(uxw)
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1124 Chapter 11 Vectors and the Geometry of Space

48. u = <u1,u2,u3>, v = <v1,v2,v3>,c is a scalar:
i i k
(cu) x v =|cu; cuy cuy
i Vs V3

(cupvy — cusvy)i — (cupvy — cugn)j + (cuyvy — cupn )k

= c[(u2v3 —usm)i — (wyvs — usn)j + (wyv, — uzvl)k] =c(uxv)

49. u = <u1,u2,u3>
i j ok
uxu =lu u uz|= (uguy — usun)i — (wus — uzw)j + (wuy — wpu))k = 0

U Uy Uz

Uy Uy Uz
50. u-(vxw) =y v,
W Wy W
Wi Wy W
(uxv)-w=w-(uxv)=|y u u
LU T ]
= wi(upvy — vauz) — wa(upvy — vius) + ws(uvy — viuy)

= u(vws — wyw3) — uz(v1w3 - w1v3) +uz(vw, — W) = u - (v X w)

51. uxyvs= (u2v3 - u3v2)i - (u1v3 - u3v1)j + (u1v2 - u2vl)k
(ux V) u = (uyy —ugvyJuy + (s — upvs)uy + (wy, — upyus = 0
(wx v) v = (uys = usm)vy + (usvy — uyvs)v, + (v, — upn)vs = 0

So,uxv Luand uxv L v.

52. If u and v are scalar multiples of each other, u = cv for some scalar c.

uxv=_(cv)xv=cvxv)=c0) =0

If u X v = 0, then HuHHVH sin @ = 0. (Assume u=z0v= 0.) So, sin@ = 0,0 = 0, and u and v are parallel. So,

u = cv for some scalar c.

53, Juxv]=[ul|v]sin6

If u and v are orthogonal, @ = 7/2 and sin @ = 1. So, ||u x VH = HuHHVH

54. u = <a1,b1,6'1>,V = <Ll2,b2,C2>,W = <a37b3ac3>

i j ok
VXW =la, by o= (b — bioy)i — (axc; — a30,)j + (arhs — asb, )k
as by ¢
i j k
ux(vxw)s= a b a

(bzc3 - b302) (0302 - 0203) (a2b3 - a3b2)
ux(vxw)= [bl(a2b3 - aby) — ¢/(aze; — a2c3)]i - [al(a2b3 — azby) — ¢/(byes — b3cz)]j
+ [al(a3cz - a203) — bl(b203 — b3cz)]k

= [a2(a1a3 + bby + qc;) — as(ma, + bb, + clcz)]i + [bz(a1b3 + bby + ;) — by(aa, + bb, + clcz)Jj

+ [cz(a1a3 + bby + ¢c3) — cs(way + bby + c]cz)]k

= (aa; + bby + ci;)(ay, by, ¢) — (@ay + bb, + cic))(az, by, ;) = (W - w)v — (w - v)w
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55. u = wi + uyj +wsk, v =vi+ vyj+ vik,w = wii + w,yj + wik

i j ok

VXW =y v, w|l= <v2w3 — wyvy, —(vw; —

W W, W

W1V3), vw, — W1V2>

ux (vxw) = (u,uy, us) - <v2w3 — wyvy, —(ywy — W), vy, — w1v2>

= WVoW3 — UsWy, — UpViWs + UpsW + UsViW, — U3V W

uo U, U

=i V2 %

W W W

Section 11.5 Lines and Planes in Space

1. The parametric equations of a line L parallel to
vV = <a, b, c,> and passing through the point P(x;, y;, zl)
are
xX=x+at,y =y +bt,z =1z +ct
The symmetric equations are
X=X _Y—n _ z-a
a b c

2. In the equation of the plane
2x-1)+4(y-3)-(z+5 =0,a=2b=4,

and ¢ = —1. Therefore, the normal vector is (2, 4, —1).

3. Answers will vary. Any plane that has a missing x-
variable in its equation is parallel to the x-axis.

Sample answer: 3y —z =5

4. First choose a point Q in one plane. Then use Theorem
11.13:

[P0
o]

where P is a point in the other plane and n is normal to
that plane.

5. x=-2+t,y=3tz=4+1t

(@ (O, 6, 6): For x = 0 = -2 + ¢,youhave ¢t = 2.
Then y = 3(2) = 6and z = 4 + 2 = 6. Yes,
(0, 6, 6) lies on the line.

(b) (2,3,5):For x =2 = -2 + f,youhave ¢ = 4.
Then y = 3(4) = 12 # 3.No, (2,3, 5) does not lie
on the line.

(¢) (—4,-6,2):For x = —4 = =2 + t,you have
t=-2.

Then y = 3(-2) = —6and z = 4 — 2 = 2. Yes,
(—4, -6, 2) lies on the line.

6. x_3:g=z+2
2 8

(@) (7,23,0): Substituting, you have

7-3 23-7
2
2=2=2

Yes, (7,23, 0) lies on the line.

=0+2

(b) (1, -1, —3): Substituting, you have

-3 _-1-7_ 5.,
8

1=-1=-1
Yes, (1, -1, —3)lies on the line.

(¢) (=7, 47,-7): Substituting, you have

“1-3 _41-7_ ..,
2 8

—5%5% -5

No, (=7, 47,—7) does not lie on the line.

7. Point: (0,0, 0)
Direction vector: <3, 1, 5>

Direction numbers: 3, 1, 5

(a) Parametric: x = 3t,y =1,z = 5¢

(b) Symmetric: % =y =

(VRN
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1126 Chapter 11 Vectors and the Geometry of Space

8. Point: (0,0, 0) 14. Points: (0,4,3), (-1, 2,5)

. . 5 Direction vector: <1, 2, —2>
Direction vector: v = (-2, —,1

2 Direction numbers: 1,2, -2

Direction numbers: —4, 5,2 (a) Parametric: x = t,y = 4+ 2t,z = 3 - 2t

(a) Parametric: x = —4¢,y = 5t,z = 2t

(b) Symmetric: x = £~ 4_z-3
(b) Symmetric: XYz 2 -2
452
15. Points: (7,-2,6),(-3,0,6)
9. Point: (_2’ 0,3 ) Direction vector: <—10, 2, O>
Direction vector: v = (2,4,-2) Direction numbers: —10, 2, 0
Direction numbers: 2, 4, —2 (a) Parametric: x = 7 -10t,y = -2+ 2t,z = 6
(a) Parametric: x = -2 + 2t,y = 4t,z =3 - 2t (b) Symmetric: Not possible because the direction
) 3 number for z is 0. But, you could describe the
ox+2 _y  z- _
(b) Symmetric: S Ta T 5 line as > 7 _Y +22’ —

10. Point: (-3,0,2
oint: (=3.0.2) 16. Points: (0,0, 25), (10,10, 0)

Direction vector: v = <O’ 6, 3> Direction vector: <10, 10, —25>

Direction numbers: 0, 2, 1 Direction numbers: 2,2, -5

P tric: x = -3,y =2,z =2+1¢ .
(a) Parametric: x 24 - (a) Parametric: x = 2t,y = 2t,z = 25 = 5t

Y

(b) Symmetric: 5 =z—-2,x=-3 (b) Symmetric: X _y_z-125
2 2 -5
11. Point: (1,0,1) 17. Point: (2,3,4)
Direction vector: v = 3i — 2j + k Direction vector: v = k
Direction numbers: 3, -2, 1 Direction numbers: 0, 0, 1
(a) Parametric: x =1+ 31,y = 2t,z =1+t Parametric: x = 2,y =3,z = 4 + ¢

—l_l_z—l
-2 1

(b) Symmetric: ~ 18. Point: (—4,5,2)

Direction vector: v = j

12. Point: (=3,5,4) Direction numbers: 0,1, 0

Directions numbers: 3, -2, 1 Parametric: x = 4,y = 5+ £,z = 2

(a) Parametric: x = -3+ 3,y =5-2t,z =4+1¢
19. Point: (2, 3, 4)

ox+3 _ y-5
(b) Symmetric: 3 5 T 4 Direction vector: v = 3i + 2j — k
22 Direction numbers: 3, 2, -1
13. Points: (5,-3,-2),| -=, 5,1
33 Parametric: x = 2 +3t,y =3+ 2t,z = 4 — ¢
L Lo 17,011,
Direction vector: v = ?1 - ?‘] -3k 20. Point (_4, s, 2)
Direction numbers: 17,11, -9 Direction vector: v = —i + 2j + k
(a) Parametric: Direction numbers: -1, 2,1

x=5+17y =-3-1lt,z=-2-9 Parametric: x = 4 — 1,y = 5+ 26,z = 2 + ¢

-5 _ y+3 z+2
17 -11 -9

(b) Symmetric: ol
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21.

22.

23.

24,

25.

26.

27.

28.

29.

Point: (5, -3, —4)
Direction vector: v = <2, -1, 3>
Direction numbers: 2, —1,3

Parametric: x = 5+ 2,y = -3 —-t,z = -4 + 3t

Point: (-1, 4,-3)
Direction vector: v = 5i — j

Direction numbers: 5,1, 0

|
|
o8}

Parametric: x = -1+ 56,y =4 —t,z =
Point: (2,1, 2)

Direction vector: (—1,1,1)

Direction numbers: —1,1,1

Parametric: x =2 —t,y = 1+¢t,z =2+t
Point: (—6, 0, 8)

Direction vector: <—2, 2, O>

Direction numbers: —2,2,0

Parametric: x = -6 — 2¢t,y = 2t,z = 8

Let r = 0: P = (3,-1,-2) (other answers possible)

vV = <—1, 2, O> (any nonzero multiple of v is correct)

Let t = 0: P = (0,5,4) (other answers possible)

v = (4,-1,3) (any nonzero multiple of v is correct)

Let each quantity equal 0:

P = (7,-6,-2) (other answers possible)

vV = <4, 2, 1> (any nonzero multiple of v is correct)
Let each quantity equal 0:

P = (-3,0,3) (other answers possible)

vV = <5, 8, 6> (any nonzero multiple of v is correct)
L: v, =(=3,2,4)and P = (6,-2,5)on L,

Ly: v, = (6,-4,-8)and P = (6,-2,5) on L,

The lines are identical.

Section 11.5 Lines and Planes in Space 1127

30.

31.

32.

33.

34.

3s.

L:v, = <2, -1, 3> and P = (1,-1,0)on L,

Ly v, = <2, -1, 3> and Pnoton L

The lines are parallel.

L:v, =(4,-2,3)and P = (8,-5,-9) on L,
Ly: v, = (-8,4,-6)and P = (8,-5,-9)on L,
The lines are identical.

L:v, =(4,2,4)and P = (1,1,-3)on L,

Ly v, = <1, 0.5, 1> and Pnoton L,

The lines are parallel.

At the point of intersection, the coordinates for one line
equal the corresponding coordinates for the other line.
So,

(1) 4 +2 =25 +2,(ii) 3 =25+ 3,and

(i) =t +1=s+1.

From (ii), you find that s = 0 and consequently, from
(iii), ¢+ = 0. Letting s = ¢ = 0, you see that equation (i)
is satisfied and so the two lines intersect. Substituting
zero for s or for ¢, you obtain the point (2, 3, 1).
u=4i-k (First line)

2i + 2j+ k  (Second line)

lu-v|  8-1 7 V17
luf[v] ~17+/9 317 sl

6 = 55.5°

v

cos @ =

By equating like variables, you have

(1) 3t+1=3s+1L(i) 4+1=2s+4,and

(iii) 2t +4 = —s + 1.

From (i) you have s = —¢, and consequently from (ii),

t = %and from (iii), # = —3. The lines do not intersect.

Writing the equations of the lines in parametric form you
have

x =3t y=2-t z=-1+1¢
x=1+4s y=-2+s z =-3-3s

For the coordinates to be equal, 3¢ = 1 + 4s and

2 —t = =2 + s5.Solving this system yields = tL-and
s = % When using these values for s and ¢, the z

coordinates are not equal. The lines do not intersect.
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36.

37.

38.

39.

40.

Vectors and the Geometry of Space

Writing the equations of the lines in parametric form you
have

x=2-3t y =246t z=3+1¢

x =342 y=-5+s z = -2+ 4s.

By equating like variables, you have 2 — 3¢ = 3 + 25,
246t =-5+s5,3+t=-2+4s5.S0,t=-1,5s =1

and the point of intersection is (5, —4, 2).

u = (-3,6,1) (First line)

v =(2,1,4) (Second line)

cos 6 = u~v‘: 4 _ 4 23966
lullv] 4621~ <Jos6 483

0 = 82.6°

X+2y-4z-1=0

(@ (-7,2,-1): (-7)+2(2)-4-)-1=0
Point is in plane.

®) (52,2:5+22)-42)-1=0
Point is in plane.

© (6.1,

Point is not in plane.

—1): =6 +2(1) —4(-1) =1 =-1#0

2x+y+3z-6=0

(@ (3,6,-2):23)+6+3(-2)-6=0
Point is in plane.

®) (-L5-1):2(-)+5+3-1)-6=-6%0
Point is not in plane.

(© (2,L,0):2(2)+1+30)-6=-1%0
Point is not in plane.

Point: (1,3,-7)

Normal vector: n = j = <0, 1, 0>

0(x = 1) +1(y = 3) + 0(z - (7))

y-=3

1l Il
oS O

Point: (0,1, 4)
Normal vector: n = k = <O, 0, l>

0(x—0)+0(y+1)+1(z—4)=0
z—-4=0

41.

42.

43.

44,

45.

46.

Point: (3,2,2)

Normal vector: n = 2i + 3j — k

2x=3) +3(y-2)—1(z=2) =0
2x4+3y-z-10=0

Point: (0, 0, 0)

Normal vector: n = =3i + 2k
—3(x—0)+0(y—0)+2(z—0) =0
3x+2z=0

Point: (-1, 4, 0)

Normal vector: v = (2,-1,-2)

Il
[e=)

2(x+l)—1(y—4)—2(z—0)
2x -y —-2z+6

Il
(e}

Point: (3,2,2)
Normal vector: v = 4i + j — 3k
4x=-3)+(y-2)-3z-2)=0

4x+y-3z-8=0
Let u be the vector from (0, 0, 0) to
(2,0,3):u =(2,0,3)
Let u be the vector from (0, 0, 0) to
(-3,-L5): v = (-3,-1,5)

i

Normal vectors: u x v = 2 0

k
31=(3,-19,-2)
-3 -1 5

3(x=0) = 19(y —=0) = 2(z = 0) = 0
3x-19y -2z=0

Let u be the vector from (3,-1,2) to (2,1,5):

u=(-1,2,3)

Let u be the vector from (3,-1,2) to (1, -2, -2):

v = (-2,-1,-4)
Normal vector:
i j ok
uxv=[-1 2 3|=(-5-10,5) = -5(,2,-1)
-2 -1 -4

1(x—3)+2(y+1)—(z—2):0
x+2y—-z+1=0
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47.

48.

49.

50.

51.

Let u be the vector from (1, 2, 3) to
(32,1 u = 2i — 2k
Let v be the vector from (1, 2, 3) to
(-L-2,2) v = 2i —4j - k
Normal vector:

i j ok
0 —1|= 4i - 3j + 4k
4 1

(%u)x(—v)z 1
2
4x-1)-3(r-2)+4z-3)=0

4x -3y +4z-10=0

1,2, 3), Normal vector:
v=illx-1)=0x-1=0
1,2, 3), Normal vector:

v=kl(z-3)=0,z-3=0

The plane passes through the three points

(0,0,0),(0,1,0), (~/3,0,1).
The vector from (0, 0,0)to (0,1,0): u = j

The vector from (0, 0, 0) to (\/5, 0, 1): v=-3i+k

i j ok
Normal vector: ux v =| 0 1 0|=i-~/3k
NERNES|
X — \/gz =0
The direction vectors for the lines are u = -2i + j + Kk,
v=-3i+4j-k
i j k
Normal vector: u x v =|-2 1 1|=-5(i + j + k)
-3 4 -1

Point of intersection of the lines: (-1, 5,1)

(x+l)+(y—5)+(z—1):0

xX+y+z-5=0

Section 11.5 Lines and Planes in Space 1129

52.

53.

54.

5S.

The direction of the line is u = 2i — j + k. Choose any
point on the line, [(O, 4,0), for example], and let v be the
vector from (0, 4, 0) to the given point (2, 2, 1):

v=2i-2j+k
i j k
Normal vector: uxv ={2 -1 1|=1i-2k
2 21
(x-2)=2(z-1)=0
x—-2z=0

Let v be the vector from (-1,1,-1) to (2,2,1):
v=3i+j+2k

Let n be a vector normal to the plane
2x =3y +z=3n=2i-3j+k

Because v and n both lie in the plane P, the normal
vector to P is

i j ok
vxn=[3 1 2[=7i-j-1k
2 31

T(x=2)+1(y-2)-11(z - 1)
Tx+y—-11z -5

Il
(=]

Let v be the vector from (3,2,1) to (3,1, -5):
v =—j— 6k

Let n be the normal to the given plane:
n=6i+7j+2k

Because v and n both lie in the plane P, the normal
vector to P is:

i j k
vxn =|0 -1 -6|= 40i — 36j + 6k
6 7 2

= 2(20i — 18j + 3k)
20x —=3) - 18(y —2)+3(z-1) =0
20x =18y + 3z -27 =0

Let u = iand let v be the vector from (1, -2, —1) to

(2,5,6): v=1i+7j+7k

Because u and v both lie in the plane P, the normal

vector to P is:
i

=-7j+ 7k = -7(j - k)

<N o

j
uxv=[|l 0
1 7

-] -[z-(n]=0

y—z+1=0
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56. Let u = k and let v be the vector from (4,2,1)to (-3,5,7): v = —7i + 3j + 6k

Because u and v both lie in the plane P, the normal vector to P is:

i j ok
uxv=[0 0 1|=-3i-7j=-(Gi+7j)
-7 3 6

3(x—4)+7(y-2)=0
3x+7y-26=0

57. Let (x, y, z) be equidistant from (2, 2,0) and (0, 2, 2).

Je=2P+ (=2 +(z-0 =Jx -0+ (v -2 + (-2
¥ —dx+4+3 -4y +4+ 22 =xr+y -4y +4+22 -4z+ 4
—4x +8 = -4z + 8

x —z = 0 Plane

58. Let (x, y, z) be equidistant from (1, 0,2) and (2, 0,1).

Je-1 =0+ (=2 =J(x-2 +(y -0 +(z - 1)
X2 =2x+1+y?+z22 —dz+4=xr —4x+4+ P+ 22 -2z +1
2x —4z+5=-4x—-2z+5

2x — 2z =0
x —z = 0 Plane

59. Let (x, y, z) be equidistant from (-3, 1, 2) and (6, -2, 4).

e3P+ -0+ (-2 =J(x-6 +(r+2) +(z - 4)
X H6x+9+ 1P -2y +1+z22—4z+4=x>-12x+36+ > +4y +4+ 2> - 82+16
6x — 2y — 4z +14 = —12x + 4y — 8z + 56
18x —6y +4z-42 =0
9x — 3y + 2z — 21 = 0 Plane

60. Let (x, y, z) be equidistant from (-5, 1,-3) and (2, -1, 6)

\/(x+5)2+(y—1)2+(z+3)2 =\/(x—2)2+(y+1)2+(z—6)2
¥ +10x +25+ 3y -2y + 1422 +6z2+9=x>—dx+4+ 3y +2y+1+ 22 -12z + 36
10x — 2y + 6z + 35 = —4x + 2y — 12z + 41
14x -4y +18z -6 =0
7x =2y + 9z — 3 = 0 Plane

61. First plane: n, = <—5, 2, —8> and P = (0,3, 0) on plane 62. First plane: n, = <2, -1, 3> and P = (4,0, 0) on plane
Second plane: n, = <15, -6, 24> = —3n, and P not on Second plane: n, = <8, -4, 12> = 4n, and P not on
plane plane.

Parallel planes Parallel planes
(Note: The equations are not equivalent.) (Note: The equations are not equivalent.)
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63. First plane: m; = (3,-2,5)and P = (0, 0, 2) on plane
Second plane: n, = <75, -50, 125> = 25n, and P on plane

Planes are identical.

(Note: The equations are equivalent.)

64. First plane: n; = (1,4, -1)and P = (-6, 0, 0) on plane

Second plane: n, = <—%, 10, —%> = %nl and P on plane

Planes are identical.

(Note: The equations are equivalent.)

65. (a) n; = 3i +2j—kand n, = i—4j+ 2k 67. () m, = (3,-L1)and n, = (4,6,3)
cos@z‘nl.n2‘= ‘_7‘ =£ ez‘nl'nz‘: ‘9‘ 29\/ﬁ
[mfln.] - Viav21 6 O ] T Vel 671
= 6 = 6591° = 0 = 69.67°
(b) The direction vector for the line is (b) The direction vector for the line is
i j kK i jk
noxn =1 -4 2[=7(j+ 2k). n xn, =3 -1 1|=-9i —5j+ 22k.
3 2 -1 4 6 3
Find a point of intersection of the planes. Find a point of intersection of the planes.
6x + 4y — 2z =14 18x — 6y + 6z = 42
x—4y+2z=0 4x + 6y + 3z = 2
Tx =14 22x + 9z = 44
x= 2

Let z = 0,22x = 44 = x = 2and
Substituting 2 for x in the second equation, you have 3(2) —y+0=7=y=-L
4y +2z =-2o0r z =2y —1.Letting y = l,a

point of intersection is (2,1, 1) A point of intersection is (2, —1, 0).

x=2,y=1+t,z=l+2t x=2—9t,y=—1—5t,z=22t

66. (a) n, = (-2,1,1)and n, = (6,-3,2) 68. (@ m =6i —3j+k, n, =—-i+j+5k
mom| -3 136 cosg = momal 14 2viss
cos 6 = - = V27 207
Inn.]~ Ve~Ja9 42 Iy [ |
= 6 = 40.70° 6 = 1.6845 = 96.52°
(b) The direction vector for the line is (b) The direction vector for the line is
i jok ik
noxn, =(-2 1 1= 5+ 2j). nxn, =| 6 -3 1/=(-16,-313).
6 -3 2 -1 15
Find a point of intersection of the planes. Find a point of intersection of the planes.
—6x +3y +3z= 6 6x-3y+ z=5=> 6x-3y+ z=5
6x — 3y + 2z = 4 X+ y+5z=5= —6x+ 6y + 30z =30
5z =10 3y + 31z =35
z= 2

Let y=-9z=2=x=-4= (-4,-92).

Substituting 2 for z in the first equation, you have X = —4—16ty = -9-3ltz =2+ 3

—2x + y = 0or y = 2x. Letting x = 0, a point of

intersection is (0, 0, 2).

x=5%y=106,z=20rx =t,y =2,z =2
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1132 Chapter 11 Vectors and the Geometry of Space

69. The normal vectors to the planes are 76. z =1
mzﬁp&unzz@&ﬂww6=b¥£d=0
[ l]m: |
So, & = 7/2 and the planes are orthogonal.
70. The normal vectors to the planes are
n, = (3,1,-4), n, = (-9,-3,12).
77.
Because n, = —3n,, the planes are parallel, but not equal.

71. The normal vectors to the planes are
n =i-3j+6k,n, =5+j-k,

o,y _|5-3-6] 4138 _ 24138
In[[[na] ~ 4627~ 414 207

So, @ = arccos 2138 =~ 83.5°.
207

cos @ =

78.

72. The normal vectors to the planes are

n =3i+2j-k,n, =i-4j+ 2k,

‘nl-nz‘_‘3—8—2‘_7\/g J6

cos 8 = = —

(Lo N/ VN YR 6
So, 0 = arccos[\égj ~ 65.9°.

79. 4x + 2y + 6z =12
73. The normal vectors to the planes are n; = <1, -5, —1> and

n, = <5, =25, —5>. Because n, = 5n,, the planes are

parallel, but not equal.

74. The normal vectors to the planes are
n = <2s 0’ _1>’ n, = <4> 1’ 8>’

(3.0,0)

[y - m, |

cosf@ = ——
[m [ ]n2

=0 80. 3x +6y+2z =6

So, 8 = % and the planes are orthogonal.

75. y < -2

81.
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82. 2x—y+z=4

83. Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=-T+2t,y=4+t,z=-1+5¢
(7+2)+34+0)-(-1+5t) =6

6=6
The equation is valid for all 7.

The line lies in the plane.

84. Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=1+4ty =2tz =3+ 6¢

201+ 4¢) +3(2¢) = 5,1 = _71

Substituting ¢ = —% into the parametric equations for
the line you have the point of intersection (-1, 1, 0).

The line does not lie in the plane.

85. Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=14+3t,y=-1-2t,z=3+1¢
2(1 + 3¢) + 3(-1 — 21) = 10,-1 = 10, contradiction
So, the line does not intersect the plane.

86. Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=4+2t,y=-1-3t,z=-2+5¢
54+ 2t)+3(-1-3t) =17, = 0

Substituting ¢ = 0 into the parametric equations for the
line you have the point of intersection (4, -1, —2).

The line does not lie in the plane.
87. Point: 0(0,0,0)

Plane: 2x +3y +2z-12 =0

Normal to plane: n = <2, 3, 1>

Point in plane: P(6,0,0)

Vector P—Q = <—6, 0, 0>

_[POn| _|-12] 614
| 147

D

Section 11.5 Lines and Planes in Space 1133

88. Point: Q(0, 0, 0)
Plane: 5x + y—z-9=0
Normal to plane: n = (5,1, 1)
Point in plane: P(0,9,0)

Vector @ = <0, -9, 0>

89. Point: 0(2,8,4)
Plane: 2x+ y+z =5
Normal to plane: n = <2, 1, 1>
Point in plane: P<0, 0, 5>

Vector: PO = (2,8,-1)

90. Point: Q(1,3,-1)
Plane: 3x —4y + 5z -6 =0
Normal to plane: n = <3, -4, 5>
Point in plane: P(Z, 0, 0)

Vector PO: (-1,3,-1)

91. The normal vectors to the planes are n; = <1, -3, 4> and
n, = <1, -3, 4>. Because n; = n,, the planes are
parallel. Choose a point in each plane.

P(10,0,0) is a pointin x — 3y + 4z = 10.
0(6,0,0)isapointin x — 3y + 4z = 6.

PO-m| 4 226

Wl ~V% B

92. The normal vectors to the planes are n; = <2, 7, 1> and

PQ = (-4,0,0), D =‘

n, = <2, 7, 1>. Because n; = n,, the planes are parallel.
Choose a point in each plane.

P(0,0,13)isapointin 2x + 7y + z = 13.
0(0,0,9)isapointin 2x + 7y + z = 9.
PQ = (0,0, 4)

D:‘}—)Q-nl‘ 4 2\/6

Wl ~ 5 9
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1134 Chapter 11 Vectors and the Geometry of Space

93. The normal vectors to the planes are n; = <—3, 6, 7> and 97. u = <—1, 1, —2> is the direction vector for the line.

n, = (6,-12,-14). Because n, = —2n,, the planes are 0(-2,1,3) s the given point, and P(1, 2, 0) is on the line

parallel. Choose a point in each plane. (let ¢ = 0 in the parametric equations for the line).

P(0,-1,1) is apointin -3x + 6y + 7z = 1.

PQ = (-3,-1,3)
Q(%,0,0jisapointin 6x — 12y — 14z = 25. i ok
POxu=|-3 -1 3|= (-1,-9,-4)
?Q=<%1—1> D
PO w| |272] 21 % N R N S TES TN - S B
T m[ T Vea T 2 ss o]~ Vitizd4 o B 3

94. The normal vectors to the planes are n, = <_1’ 6. 2> and 98. u = <0, 3, 1> is the direction vector for the line.

n, = <_%’ 3, 1>_ Because n, = 2n,, the planes are 0(4, -1, 5) is the given point, and P(3,1,1)is on the line.

parallel. Choose a point in each plane. PQ = <17 -2, 4>
P(-3,0,0)isapointin —x + 6y + 2z = 3. i jk
0(0, 0, 4) is a point in —%x +3y+z =4 POxu=|1 -2 4|=(-14,-13)
0 3 1
PO = (3,0,4) _
_ _[Poxu]
P s sva "l

[ NEI \/142+1+ [206 _ [103 \/
95. u = <4, 0, —1> is the direction vector for the line. 10

5
) ) ) ) 99. The direction vector for L is v, = (-1, >
0(1, 5, -2) is the given point, and P(-2,3,1) is on the

The direction vector for L, is v, = <3, -0, —3>.

line.
FQ = <37 2, _3> Because v, = —3v,, the lines are parallel.
i j ok Let O(2,3,4) to be apoint on L and P(0,1,4) a point
POxu=|3 2 -3|=(-2,-9,-8) on L,. PO = (2,2,0).
40 -1 u = V, is the direction vector for L,.
o] i v oy
|ul V17 17 POxv, =2 2 0|=(-6,6,-18)
3 6 3
96. u = <2, 1, 2> is the direction vector for the line. L
0(1, -2, 4) is the given point, and P(0, -3, 2) is a point D = ‘M‘
on the line (let 1 = 0). [¥|
- m \F ( /66
PO =(1,1,2) J9+36+9 54
ij ok
POxu=|11 2/=(02-1)
21 2
_[Poxu]_5_ 5
|l 9 3
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Section 11.5 Lines and Planes in Space 1135

100. The direction vector for Z;is v, = <6, 9,-1 2>, 101. Exactly one plane contains the point and line. Select two
points on the line and observe that three noncolinear
The direction vector for Lz 18 vV, = <4, 6, —8> points determine a unique plane.
Because v, = %Vz, the lines are parallel. 102. There are an infinite number of planes orthogonal to a

iven plane in space.
Let O(3,-2,1)to be a point on L and P(-1,3, 0)a point & p P

on L,. PO = (4,-5,1). 103. Yes, Consider two points on one line, and a third distinct
point on another line. Three distinct points determine a
u = v, is the direction vector for L,. unique plane.
L ij k 104. (a) ax + by + d = 0 matches (iv). The plane is
POXxv, =|4 =5 1= <34, 36, 44> parallel to the z-axis.
4 6 -8 (b) ax + d = 0 matches (i). The plane is parallel to the
. z-plane.
[P0 x ;] = ) |
D = W (¢) cz + d = 0 matches (ii). The plane is parallel to
2 the xy-plane.
_N 347 +36° + 447 (d) ax + ¢z + d = 0 matches (iii). The plane is
V16 + 36 + 64 parallel to the y-axis.
/4388 1097 _ </31813

S Jiie N 29 29
105. z = 0.23x + 0.14y + 6.85
(@)

Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014

z(Approx) | 18.93 | 19.46 | 2031 | 21.10 | 21.58 | 22.62

The approximations are close to the actual values.

(b) Ifx and y both increase, then so does z.

106. On one side you have the points (0, 0, 0), (6, 0, 0), and (-1, -1, 8).

i j ok
n=[6 0 0|=-48j- 6k
-1 -1 8

On the adjacent side you have the points (0, 0, 0), (0, 6, 0), and (-1, -1, 8).

i j ok
n=0 6 0|=48i+6k LB,
-1 -1 8

I, -m,| 36 1
cosf = ——— = —— = —
[, [|[m, | 2340 65

6 = arccosL = 89.1°
65
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1136 Chapter 11

107.

108.

109.

110.

Lix =6+t =8~t,2 =3+t

Lyx, =1+t y, =2+¢ 2z, =2

Vectors and the Geometry of Space

(a) At = 0, the first insect is at B(6, 8, 3) and the second insect is at (1, 2, 0).

Distance = /(6 — 1)* + (8 = 2)> + (3 - 0)°

_ /70 =

8.37 inches

(b) Distance = \/(xl - xz)2 +(n - yz)2 +(z - z2

(c) The distance is never zero.

=5+

621

=~/52 =30t +70,0 <t <10

3—1

(d) Using a graphing utility, the minimum distance is 5 inches when ¢ = 3 minutes.

15

L/

o) | S ——— ]
0

First find the distance D from the point O(-3, 2, 4) to the plane. Let P(4, 0, 0) be on the plane.

n = <2, 4, —3> is the normal to the plane.

_[PO-n| (724 24-3) |-14+s-12] _ 1829
|n] V4 +16+9 /29 \/ 29
The equation of the sphere with center (-3, 2, 4) and radius 18\/29/29 is (x + 3)2 +(y - 2)2 +(z - 4) 32294
The direction vector v of the line is the normal to the i jk
plane, v = (3,-1,4). 1. uxv=|2 -5 1|=-2li-11j-13k
The parametric equations of the line are x = 5 + 3¢, -3 1 4
y=4—-t z=-3+4. Direction numbers: 21,11,13
To find the point of intersection, solve for # in the x =21y =1+1tz =4+13
following equation:
112. The unknown line L is perpendicular to the normal vector
35+3¢)—(4—-1¢)+4(-3+4) =7 . .
( ) ( ) ( ) = <1, 1, 1> of the plane, and perpendicular to the direction
26t = 8
. vector u = <1, 1, —1>, So, the direction vector of L is
r=4
. . . N ij Kk
Point of intersection: v=ll 1 1= (220
(5+3(@)04-%-3+4) = (- 5-H) L1 -l
. . The parametric equations for Lare x = 1 —2¢, y = 2t,
The normal to the plane, n = <2, -1, —3> is perpendicular 5
z = 4.
to the direction vector v = (2, 4, 0) of the line because
(2,-1,-3) - (2,4,0) = 0. 113. True
So, the plane is parallel to the line. To find the distance 114. False. They may be skew lines. (See Section Project.)
between them, let O(—2, -1, 4) be on the line and 115. True
P -1, 4
P(2 0, O) on the plane. Q < > 116. False. For example, the lines x = ¢, y = 0, z = l and
‘ﬁ@ . n‘ x =0, y =t, z = 1are both parallel to the plane
- |n] z = 0, but the lines are not parallel.
‘<_4, -1, 4> . <2) -1, _3>‘ 19 1914 117. False. For example, planes 7x + y —11z = 5 and
= Ji+1+09 - /s T T4 5x 4+ 2y — 4z =1 are both perpendicular to plane
2x — 3y + z = 3, but are not parallel.
118. True
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Section 11.6 Surfaces in Space

1

N

(]

9]

=)}

=]

o

10

. Quadric surfaces are the three-dimensional analogs of
conic sections.

. In the xz-plane, z = x? is a parabola.
In three-space, z = x?is a cylinder.

. The trace of a surface is the intersection of the surface

with a plane. You find a trace by setting one variable
equal to a constant, suchas x = Oor z = 2.

. No. For example, x> + > + z? = 0is a single point

and x* + y* = 1is aright circular cylinder.

. Ellipsoid
Matches graph (c)

. Hyperboloid of two sheets
Matches graph (e)

. Hyperboloid of one sheet
Matches graph (f)

. Elliptic cone
Matches graph (b)

. Elliptic paraboloid
Matches graph (d)

. Hyperbolic paraboloid
Matches graph (a)

LYy 4z =9

The x-coordinate is missing so you have a right circular
cylinder with rulings parallel to the x-axis. The generating
curve is a circle.

12.

13.

14.

Section 11.6 Surfaces in Space 1137

yV+z=6

The x-coordinate is missing so you have a parabolic
cylinder with the rulings parallel to the x-axis. The
generating curve is a parabola.

The z-coordinate is missing so you have an elliptic
cylinder with rulings parallel to the z-axis. The generating
curve is an ellipse.

¥ -z =25
yo_2
25 25

The x-coordinate is missing so you have a hyperbolic
cylinder with rulings parallel to the x-axis. The generating
curve is a hyperbola.
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1138 Chapter 11 Vectors and the Geometry of Space

2 2 2 _ 2 2 2
15. 4x y z- =1 19. >~ 4 Y L2
Hyperboloid of two sheets ! 4 !
xy-trace: 4x* — y* =1 hyperbola Ellipsoid 2
2 2
yz-trace: none Xxy-trace: xT + y? = lellipse
xz-trace: 4x> — z> = 1 hyperbola )
xz-trace: x> + z> =1 circle i B

[N}

2
yz-trace: yT + ZT = lellipse

20. Zz—xz——zl
4
Hyperboloid of two sheets

Xxy-trace: none

x2 y2 ZZ
16. T6 25 25 ! xz-trace: z2 — x* = lhyperbola
L 2
Ellipsoid yz-trace: z2 — 2— = 1 hyperbola
P n
xy-trace: 6 + 55 =1 ellipse ) 5
z=+J10: 2+ 2 = Lellipse
x?  z? 9 36
xz-trace: — + — =1 ellipse

16 25
yz-trace: y* + z% = 25 circle

Bl
17. 16x> — y? +162% = 4 %\5\‘

2
4x2—y7+422=1

Hyperboloid of one sheet

y2

2
21 22 = 22+
xy-trace: 4x? — i 1 hyperbola 9

Elliptic cone
a2 2\ _ .
xz-trace: 4(x +z ) =1 circle xy-trace: point (0,0, 0)

—2 3 o
yz-trace: % +4z2 =1 hyperbola Xxz-trace: z = *x

yz-trace: z =

When z = +1, x? + % = 1 ellipse

22. 3z = =% + x?

Hyperbolic paraboloid x

Xy-trace: y = *x

18. z = x* + 4)? xz-trace: z = 1x
Elliptic paraboloid yz-trace: z = —1y

xy-trace: point (0, 0, 0)

xz-trace: z = x° parabola

yz-trace: z = 4y’ parabola
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23.

24,

25.

26.

27.

28.

29.

-3y +z=0
Hyperbolic paraboloid
xy-trace: y = £x

xz-trace: z = —x?

yz-trace: z = y2

y=xlz=1-%"

x? = 2y* + 277
Elliptic Cone
Xxy-trace: x = iﬁy
xz-trace: x = +/2z

yz-trace: point: (0, 0,0

P-y+2z2=0

Elliptic paraboloid

xy-trace: y = x? T

2422 =0,

xz-trace: x
point (0, 0, 0) 2 )

2

yz-trace: y = z
y=1lx*+z2=1

—8x% + 18y + 1822 = 2

932 + 9z —4x% =1

Hyperboloid of one sheet

xy-trace: 9y — 4x* = 1 hyperbola
yz-trace: 9y + 922 =1 circle

xz-trace: 9z — 4x*> =1 hyperbola

e

These have to be two minus signs in order to have a
hyperboloid of two sheets. The number of sheets is the
same as the number of minus signs.

Yes. Every trace is an ellipse (or circle or point).

No. See the table on pages 800 and 801.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Section 11.6 Surfaces in Space 1139

z=x*+y°
(a) You are viewing the paraboloid from the x-axis:
(20,0,0)

(b) You are viewing the paraboloid from above, but not
on the z-axis: (10,10, 20)

(¢) You are viewing the paraboloid from the z-axis:
(0,0,20)

(d) You are viewing the paraboloid from the y-axis:
(0,20,0)

X2+ 22 = l:r(y):l2 and z = r(y) = 5y, so

x? + 22 = 25)°

x4+ 27 = [r(y)]2 and z = r(y) £ 3/y,s0

Il
—
~
—_
N
-
[

)
©
=]
oo

<
Il

r(z) = 223, 50

X+ y = [r(z)]z and x = r(z) = €50

Y+ = [r(x)]2 and y = r(x) = E’ $0
X

2
2 4
y2+22=(fj3y2+zz=—2.
X X

Y+ = [r(x)]z and z = r(x) = %\/4 - x%,50

y +22=%(4—x2):>x2+4y2+422=4.

x2+3y2-2z2=0
x4y = (V2z)

Equation of generating curve: y = ~/2z or x = ~/2z

x? + 2% = cos’ y
Equation of generating curve: x = cos yorz = cos y
2

VY +z22=5-8x = (\/S—sz)z

Equation of generating curve: y = ~/5 — 8x? or

z=/5-8x
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1140 Chapter 11 Vectors and the Geometry of Space

40. 6x% + 2y + 2z% =

2
y2+22=l—3x2= ,ll—3x2
2 2
. . 1 5
Equation of generating curve: y = 5~ 3x~ or

l—3x2
2

z =

3 4t
V=27rJ‘4x(4x—x2)dx=27r4i—x— _ 2187
0 3 40 3

41.

<—— p(x) ;>|

V4
42. 7 = 2;rj0 ysin y dy

= 2zfsiny — ycosy|| = 27
o4 45.
051
2 2
43. z = % + y?
46.
P
(a) When z = 2we have 2 = > + 7,or
2 2
1 = L + L
4 8

Major axis: 28 = 42

44.

X2 y2
(b) When z = 8 we have 8 = Y + 7,or
2 2
Xy
16 32

Major axis: 232 =82
Minor axis: 2~/16 = 8

¢? =32-16 =16,c = 4
Foci: (0, +4, 8)

X2

2
=2+
2 4

2
(a) When y = 4youhave z = % + 4,

4@(2 )

Focus: (O, 4, 2)
2

(b) When x = 2 you have

yz
Z=2+7,4(z—2)=y2.

Focus: (2,0,3)

If (x, y, z) is on the surface, then

(y+2)2 —x2+(y—2)2+z2

YV +dy+4=x"+y' -4y +4+7°
x? + 2z =8y

Elliptic paraboloid

Traces parallel to xz-plane are circles.
If (x, y, z) is on the surface, then

zzzxz+y2+(z—4)2

22 =x+ 3P+ 22 -8z +16
2 2
_x2+y2+16:>z=%+L

8

+2

Minor axis: 2</4 = 4 Elliptic paraboloid shifted up 2 units. Traces parallel to
xy-plane are circles.
A =a"-b,*=4c=2 P
. 2 2 2
Foci: (0,%2,2) 7. X Ly Lz _
39632 3963% 39502
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Section 11.7

48. (a) x2+y? = [r(z)]z

I
—/
[N}
—~
)
|
—
Naw
[

I
(e}

a2+ y?—2z+2

() V

27zJ.2x3— lxz+1 dx
12 2
27zJ. ’ 2x — lx3 dx

12 2

2
27{x2 - xl‘}
8 V2

, 3z _ 225w
64 64

~ 11.04 cm®

49.

50.

51.

Cylindrical and Spherical Coordinates 1141

2 2
_JY * _
z—b—z—a—z,z—bx+ay
2 2
y X
bx +ay = =5 - —
Y »
472 214
alz(xz + a’bx + af j = blz(yz —ab’y + b ]
2 )
a® - b?
2 2
yzib(ﬁab] a
a 2

Letting x = at, you obtain the two intersecting lines
x=at,y=-bt,z =0and x = at,

y = bt + ab? z = 2abt + a*h*.

Equating twice the first equation with the second equation:
2% +6y? —4z° + 4y —8 = 2x% + 6y* — 422 = 3x -2
4y -8 =-3x-2
3x + 4y = 6,aplane

The Klein bottle does not have both an “inside” and an
“outside.” It is formed by inserting the small open end
through the side of the bottle and making it contiguous
with the top of the bottle.

Section 11.7 Cylindrical and Spherical Coordinates

1. The cylindrical coordinate system is an extension of the
polar coordinate system. In this system, a point P in
space is represented by an ordered triple (r, 6, z). (r, 6)
is a polar representation of the projection of P in the

xy-plane, and z is the directed distance from (r, 6) to P.

2. The point is 2 units from the origin, in the xz-plane, and
makes an angle of 30° with the z-axis.

(-7,0,5), cylindrical

x =rcos@ = -7cos0 = -7
y=rsinfd = -7sin0 =0
z=15

(=7.,0,5), rectangular
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1142 Chapter 11 Vectors and the Geometry of Space

4. (2,-m,—4), cylindrical 9. (0,5,1), rectangular

x =rcos@ = 2cos(-7) = 2

r=J0)7 +(5° =5

y =rsinf = 2sin(-7) = 0

z =-4 tan9=§:>9=arctan§=£
2 0o 2
(-2, 0, —4), rectangular z=1
P L [5, z 1} cylindrical
5. |3, Z,l , cylindrical 2
T 32 10. (6, 2\/5 s —1), rectangular
x =rcos @ = 30052 :T
2
. T 32 r= 6" +(2V3) =36 + 12 = /48 = 43
y=rsinf = 351112 :T
z=1 tanHz%z?:H—arctan?z%
32 3W2
——, ——, 1|, rectangular 7z =—1
2 2
3 [4\/_ ] cylindrical
6. [6,—77[ ] cylindrical

3 11. (2,-2,-4), rectangular
x =rcosf = 6005[—7ﬁj =0

2+ (-2 =242
. . [ 3« _
y=rsingd =6 s1n(—7) =6 tan @ = -2 = 6 = arctan(-1) = _r
2 4
z=2 7 = —4
0, 6, 2), rectangular
[2\/5 - —4] cylindrical

7. [4, 7—”, —3), cylindrical
12. (3,-3,7), rectangular

x=rcos0=4cos76”=4(—\/§]=_2\/§ ro=4/3+ =18 =32
tan § = — = 6 = arctan(-1) = —-=
y:rsin9=4sin7—”=4[—1j=—z 3 4
6 2 z =17
z=-3 7 .
32 e 7} cylindrical
(—2\/_, -2, —3), rectangular
13. (l, \/§ N 4), rectangular
2 4w g
8. [—5 3 8) cylindrical
2
P+ (V3) =2
2 ar 2 1
x=rcosf = ——cos— = (—fj[—fj 3
3 3 3 2 tan9=T:>9=arctan\/§=—
. 2 . Arx 2\ 3) 3
y=rsing =-—sin—=|-—|-—|=— z=4
3 3 3 2 3
g (2, % 4), cylindrical
é, ?, 8] rectangular
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Section 11.7 Cylindrical and Spherical Coordinates 1143

14. (2\/5, -2, 6),rectangular 24. z = -2, cylindrical equation
z = —2, rectangular equation
r=~12+4=4 .
6= arctan[—%j = 5?” 1+ |
-2
zZ = 6 x Z l %v‘

4, —%, 6), cylindrical -2 >

15. z = 4is the equation in cylindrical coordinates.

V4 . .

(plane) 25. 6 = e cylindrical equation
16. x = 9, rectangular equation tan % = 2
rcosf =9 6 x
s . 1 y
r = 9sec 0, cylindrical equation —_— = =
Y 1 3o«

17. x* + y* — 2z% = 5, rectangular equation x =3y

#2 — 22% = 5, cylindrical equation x-~/3 y = 0, rectangular equation

18. z = x* + y* — 11, rectangular equation

z = r? — 11, cylindrical equation

19. y = x?, rectangular equation

rsin @ = (r cos 6’)2

sin @ = rcos® 8

r = sec @ - tan @, cylindrical equation 26. r = —, cylindrical equation

20. x> + > = 8x, rectangular equation x4yt =

z
2
z
2

2
z .
X+ y° - s = 0, rectangular equation

r? = 8rcos @

r = 8cos 6, cylindrical equation

21. y* = 10 — 22, rectangular equation ¢
(r sin 9)2 =10 - z? y
72 sin? @ + z? = 10, cylindrical equation =5 -2
2 y
22. x* + y? + z% — 3z = 0, rectangular equation / ]
1
r? + z? = 3z = 0, cylindrical equation
2 2 _ . . .
23. r = 3, cylindrical equation 27. r® + z° = 5, cylindrical equation
2, 2 2 -
x° + + z°= = 5, rectangular equation
P+ =3 y ] g q

x* + »? = 9, rectangular equation
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1144 Chapter 11 Vectors and the Geometry of Space

28. z = r? cos? @, cylindrical equation 32. (-4,0,0), rectangular

z = X2,’ rectangular equation o= (_4)2 +02 4+ 0% =4

‘A tmf=2=0=6=0
x

z 4
¢ = arccos — = arccos 0 = 2

(4, 0, %} spherical

1

i»z//‘lZ},
45’6‘Ly

33. (—2, 2\/5 S 4), rectangular

p = \/(—2)2 + (2\/3)2 +42 =42

29. r = 4sin 6, cylindrical equation

2 =4rsin @

\
Il

x4yt =4y tanﬁzzzﬁz—\/g
P+ —4y+4=4 N 2
2r
X+ (y - 2)2 = 4, rectangular equation 0= 3
¢ = arccos Z = arccosL =
p V24

(4\/5 , 27”, %)’ spherical

34. (—5, -5, \/5), rectangular

p =5 + (-5 + (V2] = V3 = 20

30. r = 2 cos @, cylindrical equation
y =5 V4
r? = 2rcos @ tnf===-——=1=6==
x - 4
x*+ y? = 2x
¥+ 2 -2x =0 o= arccos — = arccos 2 = arccos
P 2413

(x - 1)2 + y? = 1, rectangular equation

[2\/ 13, %, arccos

V26 .
e | spherical

35. (\/g , 1, 2\/3 ), rectangular
E p=~3+1+12 =4

1

NG

T tan 6 =

N %<

31. (4,0,0), rectangular g =
o JETETE -4

tnd =2 =0=0=0

o . [4, E, E], spherical
¢=arccosO=E 66

z
¢ = arccos — = arccos

N

oIy

(4, 0, %), spherical
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36.

37.

38.

39.

40.

(-1, 2,1), rectangular

p =~ +22+1> =/6

tnf =2 =2=6-= arctan(-2) + 7
X

1
¢ = arccos Z arccos ——
P J6

[\/g , arctan(—2) + 7, arccos LJ, spherical

76

[4, E, gj, spherical
6 4
X =psingcos = 4sin%c0s% =./6

y=psin¢sin9=4sin%sin%=\/§

z

pcos @ = 4cos% =22
(\/E s V2 , 22 ), rectangular

(6, T, %J, spherical

X = psingcos @ = 6sin§cosn’ =6
. . LT

y = psingsin @ = 6s1n5s1nﬂ =0

z=pcos¢ = 6c0s§ =0

(-6, 0, 0), rectangular

[12, —%, 0], spherical

X = psing@cos @ = IZSinOcos(—%J =0

y = psingsin @ = 12sin0sin(—%j 0

z=pcos¢ =12cos0 =12
(0, 0,12), rectangular

(9, E, ﬂ), spherical
4
. . V3
X = psing@cos @ = 9511171'0052 =0

y:psin¢sin0=9sin7rsin%=0

z=pcos¢p =9cosxw = -9

(0, 0, -9), rectangular
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41.

42.

43.

44,

45.

46.

Cylindrical and Spherical Coordinates 1145

5, z, z , spherical
4712

. . T

x = psin@dcosd = 5sin—cos — = 0.915
P ¢ 12 4
. . . T . T

= psin@sin @ = 5sin — sin — = 0.915
y =psing T

z = pcosf = SCOS% = 4.830

(0.915, 0.915, 4.830), rectangular
[7, 3—”, fj, spherical
4°9
. . 3z
X = psingcos b = 7s1n50057 = —1.693

y = psingsin @ = 7sin%sin37” ~ 1.693

N
Il

pcosg =7 cosg = 6.578
(—1.693,1.693, 6.578), rectangular

y = 2,rectangular equation

psing@sin @ = 2

p = 2 csc ¢ csc 6, spherical equation

z = 6, rectangular equation
pcosg =6

p = 6sec @, spherical equation

x* + y* + 2% = 49, rectangular equation
p? =49

p = 7, spherical equation

x* + y? — 322 = 0, rectangular equation
xt+ y? + 22 = 422

p? = 4p*cos’ ¢

1 = 4cos’ ¢
1
cos ¢ = —
¢ 2
4 . .
¢ = 3 (cone) spherical equation



1146 Chapter 11 Vectors and the Geometry of Space

47. x> + y* = 16, rectangular equation
p? sin? g sin? @ + p?sin? gcos’ O = 16
p? sin’ ¢(sin? & + cos” 6) = 16
p?sin? ¢ =16
psing =4
p = 4 csc @, spherical equation
48. x = 13, rectangular equation
psingcosf =13
p = 13 csc ¢ sec G, spherical equation

49. x? + y? = 2z%, rectangular equation
p? sin? gcos? @ + p?sin? psin? @ = 2p? cos® ¢
p? sin? ¢[cos2 6 + sin? 6} = 2p*cos? ¢
p?sin? ¢ = 2p? cos®
sin® ¢
cos® ¢

tan® ¢ = 2

tan ¢ = +2, spherical equation

50. x> + y? + z? — 9z = 0, rectangular equation 53. ¢ = %’ spherical equation

PP —9pcosg =0
z

p = 9 cos ¢, spherical equation cos ¢ = B ey
NESE A

51. p = 1, spherical equation J3 B
x* + y? + z' = 1, rectangular equation 2 NE SR

ZZ

3__
4 x2+y2+z2

3x? + 3y* — z2 = 0,z > 0, rectangular equation

w
T
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57. p = csc @, spherical equation
psing =1

COS¢=% \¢x2+y2 =1
ANXT Y+ 2z

z

gty 4 2P

z = 0, rectangular equation

54. ¢ = %, spherical equation

x* + y* = 1, rectangular equation
0 =

xy-plane

r =3
_?:? 58. p = 4 csc ¢ sec @, spherical equation
psingcosf =4
55. p = 4 cos ¢, spherical equation x = 4, rectangular equation

I Y 4z
x2+y2+22:—
N

¥+ 3y +z2P—-4z=0

X+ +(z - 2)2 = 4,z 2 0, rectangular equation

59. (4, %, 0) cylindrical
p=~4+0 =
. . 0 =
56. p = 2 sec @, spherical equation
peosg =2 ¢ = arccos ————— \/— = arccos 0 = %

z = 2, rectangular equation
: [4, j spherical

60. (3,

p=\/32+02
0 =

Méu

X 0) cylindrical

z 0
¢ = arccos ————= = arccos — = —
4z 9 2

(3, —Z, Z], spherical
42
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62.

63.

64.

65.

/_\
N\b\

j cylindrical

= /6 + =J72 =62

o="2
2

z -6
@ = arccos ————— = arccos| ——= | = arccos | ——=
r? + z? 6/2

[6\/_ d ]spherlcal
(—4, ) cylindrical

p= ( 4 + 4 = 42
g =

3
V4
4

z 1
@ = arccos ————— = arccos——= = —
r? + z? V2

[4\/— ] spherical

(12, 7, 5), cylindrical

p = \/122 +5 =13

6 =

z 5
¢ = arccos —————= = arccos —
P+ 22 13

13, 7, arccos 153j spherical

4

/_\/_\

N\N

J cylindrical

=4 +3 =5

%b

2

3
¢ = arccos = arccosg

z
Nt + 2?

[5, f, arccos E), spherical
2 5

( 10, z Ej spherical
6" 2

r=10sinZ =10
2

(10, %, oj, cylindrical
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3

66. [4, 1, EJ, spherical
18 2
r = 4sinz =4
2
6 =—
18

z = 4cos£ =0
2
[4, z oj, cylindrical
18

67. [6,—£ E} spherical
6 3

r= 6sin% =33
o=-=
6
z = 6cos£ =3
3

[3\/3 , -%, 3), cylindrical

68. [5, —5?”, ﬂ'j, spherical

r=5sinr =0

g =%
6
z=5cosmw = -5
[O, — —5) cylindrical
69. [ ,7—”, ﬁj spherical
6 6

r—SSln—=4
6

9 =17
6
8/3
z =8cos— = ——

[4, 7?7[, YNEY j, cylindrical
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7 37 ) (b) The surface is a hyperboloid of one sheet. The
70. | 7,—, — |, spherical T ) 2
4" 4 equation is (il) x~ + y~ — z° = 2.
. = Tsin 3z _ 2 In cylindrical coordinates, the equation is
4 2 X2+ y2 —-z2 =2
g = z )
4 2 2
3 72 re=z"+ 2.

z = T7cos— = —
4

79. x* + y* + 22 =27
72 T _7\/5 Jindrical
— T, | lindrca (@ r*+ 22 =27

b) p2=27= p=3J/3

2

71. r =5
Cylinder 80. 4(x2 + yz) = 72
Matches graph (d) (@ 4 =22=2r=z:
2 o2 2 22 429\ 2 2
7. g :% (b) 4<p sin” ¢ cos” @ + p* sin” @ sin 6) = p-cos’ @
4sin’ ¢ = cos? @,
Plane
2, 1
Matches graph (e) tan” ¢ = 7
73. p=5 tan¢:l:>¢§:arctanl
2 2
Sphere R ) s
Matches graph (c) 8l. X" +y"+7 -22=0
@ rP+z2-22=0= ;’2+(z—1)2 =1
b4
4. =2 )
4 (b) p°—2pcosg =0
Cone p(p —2cosg) =0
Matches graph (a) p = 2cos @
75. r2=z,x2+y2:z 82. x2+y2=z
Paraboloid (a) * =z
Matches graph (f) (b) p*sin®¢ = pcos¢@
76. p = dsec,z = pcos¢ = 4 psin’ ¢ = cos ¢
Plane _ cos¢
Matches graph (b) sin® ¢

. o P = csc@cot P
77. @ = cis a half-plane because of the restriction » = 0.

78. (a) The surface is a cone. The equation is (i) 83. x? + ) =4y

24yt = gzz‘ (@) r* = 4rsin@,r = 4sin @

In cylindrical coordinates, the equation is (b) p?sin® ¢ = 4psin §sin 6
byt = A2 psing(psing — 4sinf) = 0
L2 4 p:4§in6’
S0 sin ¢
7:%1 p = 4sinfcsc g
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1150 Chapter 11 Vectors and the Geometry of Space

84. x* + y* =45 89. 0<0 <2
(@) > =450r r = 3/5 Osr<a
(b) p?sin® gcos® @ + p? sin® gsin® § = 45 rezsa

p?sin® ¢ = 45 I

p = 3\/§csc¢

85. x> —1y2 =9
(@) r’cos’@ — r’sin’@ =9

N 9
= 2 )
cos” @ —sin” @

(b) p?sin?® gcos? @ — p?sin gpsin? @ =9

9
Zsin?gp= —s
P ¢ cos? @ —sin? @
2__ 9esc’d
cos® @ —sin* @
86. y =4
(a) rsin@ =4 = r =4cscl 91. 0 < 6 <2rx
(b) psingsind = 4, ngjgf
p = 4cscpescd 6
0< p<asey

87. 0< 0

IN

S O
ININ
N ~
ININ
AN |8
A ]

32 7\;\»
88. - L<g<”
2 2
0<r<3

IN
N
IN
~
o
=}
w1
s
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93.0<9g<” 97. Spherical
2 4<p<6
V4
0<¢g < —
¢ 2
0<p<2
2
2 2 Y
' l<r<s
0<6<2n
9. 0<0<nx
~N9-rt <z<N9-1?
T
0<¢p < —
¢ 2
I1<p<s3

99. Cylindrical coordinates:

r?+2z2 <09,
95. Rectangular r<3cosf,0<0<rx
0<x<10
0<y<10
0<z<10

z

100.

96. Cylindrical:
075 < r <125
0<z<8
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101. False. (r,6,z) = (0,0,1)and (r,0,z) = (0, 7,1) 103. z =sind,r =1
represent the same point (x, y, z) = (0,0,1). 2 = singd = % _ % =y
102. True (except for the origin). The curve of intersection is the ellipse formed by the

intersection of the plane z = y and the cylinder » = 1.

104. p = 2secp = pcos¢ = 2 = z = 2plane
p = 4sphere

The intersection of the plane and the sphere is a circle.

Review Exercises for Chapter 11

L P=(,2),0=(41).R = (54)
(@ u=P0=(4-11-2)=(-)
v=PR=(5-14-2)=(42)
(b) w=3i-jv=4i+2j
© Juf=+/3*+ (1) =10 |v|=+4 +2> =20 = 2./5

(@ =3u+v=-33-1)+ (42 =(-55)

2. P =(-2-1),0 = (5.-1). R = (2,4)
@ u=P0 =(5-(-2),-1-(-1)) = (7,0)
v=PR=(2-(-24- (1) = 49
(b) u =7i,v = 4i + 5j
© Jul=~7+0 =29 =7 |v|=# +5 = Va4l

(@ —-3u+v=-3070)+ (45 =(-17,5)

3. v =|v|(cos @i + sin 6 j) 7 d = \/(_2 _ 1)2 ‘G _6)2 +(5 —3)2
= §(cos 60°i + sin 60° j) - J919+4 =22

= l'+£' = 4i + j =
R Ea~ RSURIEE 8oa =l O T - )

=36 +4+16 = /56 = 24/14

4. v =HVH cos @i +HVH sin @ j
= %cos 225°% + %sin 225° 9. (x =3 +(y+2)] +(z-6) =4
2 2 2
R (=3 e w6 =10
4 4 47 4
10. Center:[o s 4}(0 s 6),[4 i OJ = (2.3.2)
5 0 4, x 5: (-5, 4,0) 2 2 2
. Z = 5 = s = =\~ 5 Ty
g Radius:
6. y = 3 describes a plane parallel to the xz-plane and \/(2 _ 0)2 +(3- 0)2 +(2- 4)2 =J4+9+4 =17

passing through (0, 3, 0). (r- 2)2 - 3)2 ‘o- 2)2 1
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1. (x> —4x+4)+ ()’ -6y +9)+ 22 = 4+4+9 15. 2 = —u 4 3v + 1w
2

(x=2"+(y-3’+22=9 |
= —(5,-2,3) +3(0,2,1) + —(-6,-6,2
Center: (2,3,0) <’ ’>+<”>+2< ’ ’>
Radius: 3 =(=5,2,-3) +(0,6,3) + (-3,-3,1)
: = (-8,5,1)
16. u—-v+w-2z=0
z= %(u -V+w)
= %((5,—2, 3) —(0,2,1) + (=6, -6, 2))
12. (¥ —10x +25) + (> + 6y +9) - %<_1, ~10, 4)
+(22 -4z +4)=-34+25+9+4 |
(x=5 +(y+3  +(z-2" =4 =<_E’_5’2>
Center: (5,-3,2
enter: (5, =3, 2) 17. v =(-1-3,6 -4,9+1) = (-4,2,10)
Radius: 2
w={(5-33-4-6+1)=(2,-1,-5)
Because —2w = v, the points lie in a straight line.
18. v=(8-5-5+45-7)=(3,-1,-2)
w={(11-56+43-7) =(610,-4)
13. (a), (d)

Because v and w are not parallel, the points do not lie in
a straight line.

19. Unit vector: - = <2’ 3’5> = < 2 3 5 >
]

38/ \N387/387/38

(6,-3,2) 8 <48 24 16>
20. 8 = 2(6,-3,2) = (—, -,
49 7< ) 7

21. P =(50,0,0 = (4,4,0,R = (2,0,6)

(®) v =(4-2,4-(-1),-7-3) = (2,5-10) (@) u = PO =(-14,0)
(¢) v =2i+5j-10k v = PR = (-3,0,6)

14. (a), (d) 3.-5.9% () u-v = (-1)(-3) + 4(0) + 0(6) = 3

() v-v=9+36=45

22. P =(2,-1,3),0 = (0,5,1), R = (5,5,0)

e mmmmmm— - —

= (@) u= PO =(-2,6,-2)

é/i\ v
1
ST

(®) u-v = (=2)3)+(6)(6) + (-2)(-3) = 36

PR = (3,6,-3)

() v.-v=9+36+9 =54
(b) v=08-6,-3-2,8-10)=(-3,-538)
() v=-3i-5j+8k
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28.u = (I,-1,1), v =(2,0,2
23. u = [cos i + sin 3—”]} 5\2/5[—i + j] u={ by =A{ )
(a)w=proju=u.vv
V=2(cosz?”i+sin2?”j)=—i+\/§j 1 ' HVH2

=§@qa=@qu

u.v:¥(l+ﬁ)

() wy, =u—-w, =(,-1L1) - (1,0,1) = (0,-1,0)

=5+ 5 =5 IM=vT3=2
2 2 29. There are many correct answers.
F le:v = (6, -5,0).
s 6 u - vl ) (5\/3/2)1+\/§) _ J2 + 6 or example: v ( )
[ulfv] 5(2) 4 w55 _1ellEE _ .
30. W = F - PO = |F||PQ|cos 6 = (75)(8) cos 30
(a) 9=arcos@=%z0.262 = 300\/§ ft-1b
(b) 8 ~15° i j ok
2. w = (1,0, 31.(a) uxv =4 3 6|=-9+26j-7k
T 52 1
= (2,-2,1)
0=l () vxu=—(uxv)=09i-26j+7k
Ju]=~1+9 =~/10 () vxv=0
[v|=~4+4+1=3 i j ok
cosa—‘“'v‘— 1 32.(a) uxv=[0 2 1|=1li+j-2k
[ulllv]  3v10 1 -3 4
@ gzamos[ 1 ]:1_465 (b) vxu=—(uxv)=-1li-j+2k
310 (c) vxv=20
(b) 6 = 83.9°
i j k
25. u = (7,-2,3),v = (-1,4,5) 33.uxv=|2 -10 8|=232i+48j+ 52k
4 6 -8

Because u - v = 0, the vectors are orthogonal.
Jux v|=+/6032 = 4/377

1

26. u = (-3,0,9) = =3(1,0,-3) = -3v

The vectors are parallel. Unit vector: (8,12,13)

(9%}
-
3

27. u =(4,2),v=(34
20 >4 34. u = (3,-1,5),v =(2,-4,1)

(a) w :projvu:[u.:]v i jk
vl uxv=|3 -1 5/=19 +7j-10k
@ng ) 2 -4 1
- (219 4 =Juxv]= i 7 7 2 (107
5\ 575 510
12 16 8 6
b =u-w =42 -(=—=)=(3-=
(b) w, u-w < > <5 5> <5 5>
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35s.

36.

37.

38.

39.

40.

- _ i = 3
F = —40k (9in. = 3 1)
PO = 3(cos 60°j + sin 60°k) = éj + ﬂk
4 8 8
The moment of F about P is
i Kk
M =POXF =0 3 M=—15i
8 8
0 0 —40
Torque = 15 ft-Ib
0
0 2 =2(5) = 10
0 -1 2

v=(9-311-0,6-2) =(6114)
(a) Parametric equations:
x=3+6t,y =11t,z =2+ 4

x -3 y z—-2

(b) Symmetric equations: T

v=_8+110-45-3)=(96,2)

(a) Parametric equations:
x=-14+9%y=4+6t,z =3+ 2t

x+1 _ y-4 z-3

(b) Symmetric equations: G

P = (~6,-8,2)

v =j=1(010)

xX=-6,y =-8+tz=2
Direction numbers: 1,1,1, v = (1,1,1)

P(1,2,3)

x=1+t,y=2+t,z=3+1

41.

42.

43.

44.

45.

Review Exercises for Chapter 11 1155

P=(-3,-42).0=(341,R = (11,-2)
PO = (0,8,-1), PR = [4,5, 4]

i j ok
n=POxPR=|0 8 —1|=-27i —4j-32k
4 5 —4
27(x +3) - 4(y +4)-32(z-2) =0
27x + 4y + 32z = =33
n=3i-j+k

x+2) -1y -3)+1(z-1) =0
3x—-y+z+8=0

The two lines are parallel as they have the same direction
numbers, —2, 1, 1. Therefore, a vector parallel to the

planeis v = —2i + j + k. A point on the first line is
(1,0,-1)and a point on the second line is (-1, 1, 2). The
vectoru = 2i — j — 3k connecting these two points is

also parallel to the plane. Therefore, a normal to the
plane is

i j k
vu=|-2 1 1
2 -1 -3

= —2i — 4j = =2(i + 2j).

Il
(e}

Equation of the plane: (x — 1) + 2y
x+2y =1

Let v = (5-2,1+2,3-1) = (3,3,2) be the direction
vector for the line through the two points. Let
n = <2, 1, —1> be the normal vector to the plane. Then

i j kK
vxn=|3 3 2|=(-57-3)
2 1 -1

is the normal to the unknown plane.
S(x-5+7(y-1)-3z-3)=0
Sx+7y-3z+27=0

0(1,0, 2) point

2x =3y +6z =6

A point P on the plane is (3, 0, 0).

PQ = (-2,0,2)

n = <2, -3, 6> normal to plane

PO -n| g

[l 7
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1156 Chapter 11

46.

47.

48.

49.

Vectors and the Geometry of Space

0(3,-2, 4) point

2x =5y +z =10

A point P on the plane is (5, 0, 0).
PO = (-2,-2,4)

n = (2,-5,1) normal to plane

2 T NAT)

[l 303

The normal vectors to the planes are the same,
n = (5,-3,1).

Choose a point in the first plane P(O, 0, 2). Choose a
point in the second plane, (0, 0, —3).
PQ = (0,0,-5)

p_ P2

_F s s
In] /35 35 7

Q(—S, 1 3) point

u= <1, -2, —l> direction vector

P(1,3,5) point on line
PQ = (-6,-2,-2)
i j ok
POxu=|-6 -2
1

X+2y+3z=6
Plane
Intercepts: (6, 0, 0), (0, 3, 0), (0,0, 2),

50. y = z°

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is a parabola in the yz-coordinate
plane.

51. y = %z

Plane with rulings parallel to the x-axis.

52. y =cosz

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is y = cos z.

2 2
53. 42 422
16 9

Ellipsoid

xy-trace: — +
X
xz-trace: — + z2 =1

yz-trace: — + z2 =1
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Review Exercises for Chapter 11 1157

54. 16x* +16y? — 9z = 0 57. x> + 2% = 4.
Cone Cylinder of radius 2 about y-axis

xy-trace: point (0, 0, 0)

X
xz-trace: z +—

yz-trace:z = +——

— 2 2 _
z=4x+y =9 58. 2 + 2% = 16.

Cylinder of radius 4 about x-axis

2

el g

2 2 59. z? = 2y revolved about y-axis
55'%_%”2:_1 y y
= +

2 2 N
Yo 2 2 2 2

9 16 w2 = [r()] =2y
Hyperboloid of two sheets X2+ 2z =2y

¥R
xy-trace: — — T6 =1 60. 2x + 3z = lrevolved about the x-axis
1-2

xz-trace: None z = 3 al

y 2
yz-trace: — — z= =1 1—2x)
9 x] ,Cone

v a2 =[] = (

61. (—\/3, 3, —5), rectangular

@ r=(-V3) +3 =iz =23

6 5T 00 o =2 =g=-=
anf =—>=60=-=
3 3
Hyperboloid of one sheet 5
z = -
2 2
xy-trace: R A | ju
25 4 (2\/5 =, —5), cylindrical
2 2 3
xz-trace: — — — =1 3
25100 (0) p = J(-V3) +3 +(=5) =37
2 2
yz-trace: — — — =1
4100 nf = - —pg=_~%

3 3

¢ = arccos Z = arccos (_—Sj
P V37
[\/ 37, —%, arccos(—%}], spherical
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1158 Chapter 11 Vectors and the Geometry of Space

62. (8,38, 1), rectangular
(@ r=+/8 +8 =82

nf=S=1=0=72
8 4

64. (— 2, %, 3), cylindrical

x:rcos0:—2cos§=—1

z=1 y=rsin9=—25in§:—\/§
(8\/5 , %, 1), cylindrical z=3
(—1, —\/5 s 3), rectangular
(b) p=~/8+8 +1*> =129
tan @ = § =1= 0= z 65. [4, T, EJ, spherical
8 4 4

z . . T
¢ = arccos — = arccos X = ps1n¢cos0 = 4Sln2COSﬂ' = —2\/5

1
V129

y=psin¢sin0=4sin%sin7r=0

[\/129, %, arccos

V129 .
5 | spherical
z=pcos@ = 4005% =22

(— 22 ,0, 22 ), rectangular

63. (5, 7, 1), cylindrical

=rcosf =5cosxwt = -5

x
y=rsinf =5sinx =0
z =1

5,0, 1), rectangular

66. [8, —%, 5} spherical

3
X = psin@cos @ = §sin z cos(—£] = 8[\/5](\/5] =6
3 6 2 2
. . LT 4 3 1
= 0 =8 — —— | =8 — | —-=] = =2~/3
y = psin ¢sin sin 3 sm[ 6) [ 5 ]( 2) J3

N
Il

pcos P = 8COS§ =4
(6, —2\/5 R 4), rectangular

67. x* —y? =2z 69. z = r?sin® @ + 3r cos 6, cylindrical equation
(a) Cylindrical:

r2cos? @ —r’sin? @ = 2z = r*cos26 = 2z

z = y* + 3x, rectangular equation

(b) Spherical: N
p?sin? gcos? - p*sin® ¢sin® @ = 2p cos ¢ 21
. 4
psin® gcos26 —2cosg =0 4’4 B {i\
23
p = 2sec 26 cos pcsc’ : - & 7
-4

68. x* +y* + 22 =16
(a) Cylindrical: > + z* = 16
(b) Spherical: p = 4
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Problem Solving for Chapter 11 1159

70. r = -5 lindrical ti . .
r z, cylindrical equation . ¢ = %’ spherical equation
Jxt+yt = =52
2 2 _ 95,2 = 1 ¢ = arccos —z -Z
X+ — 25z° = 0, rectangular equation = =—
7 g d ¥+ P+ 4
z V4 2
=cos— = —

Je+yiez 42

2= %(x2 + 7+ 2%)

222=)62+y2+z2

x* + y* — 2% = 0, rectangular equation

72. p = 9 sec 0, spherical equation

pcosf =9

z = 9, rectangular equation

Problem Solving for Chapter 11
1. a+b+c=0 2.f(x):j(jﬁdt

bx(a+b+¢c)=0
(bxa)+(bxc)=10 (a)

[axb]=]bxc]
[bx e]=b]e] sin 4 S

|a>xb]=a[b] sin Al

Then, ad

sin 4 |[bxc|

[al [l lp]]<] ) f(x) =~x*+1
- Jax bl S (0)=1=tan @

al | b |c

s [l , =%
el 1

|
/\
[\)
5
[\)
5
=l

u= ﬁ(l +j) =
2 (5B

(©) 3 3

b
i i (d) Thelineisy = x:x =t,y =t
The other case,% = ﬁ is similar.
a
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1160 Chapter 11 Vectors and the Geometry of Space

3. Label the figure as indicated.
From the figure, you see that
- 1 1

- . 1 1 -
SP =—a—-—b = RQand SR = —a + —b = PQ.
2 0 2 2 ©

2
Because SP = RQ and SR = PQ,
PSRQ is a parallelogram.

4. Label the figure as indicated.
PR=a+bh
@ =b-a
(a+b)-(b—a)= HbH2 —HaH2 = 0, because
HaH = Hb H in a thombus.

S R

P b Q

5.(a) u= <0, 1, 1> is the direction vector of the line
determined by P, and P,.

o x 1)

(b) The shortest distance to the line segment is

|r0]-12.0)] - V5

(@) vV

6. (n+ﬁ’o) L (n—ﬁ’o)

Figure is a square.

So,

PPy H = H n H and the points P form a circle of radius

H n H in the plane with center at P;.

n+P_P\0 n—P_P;

N

1

() V= ﬂj;(\/;)zdz = {”222} = %72’

0

1 1 1
Note: — (base)(altitude) = —z(1) = —x
! (asealinde)= L7(1) = L
2 2
(b) % + Zz = z: (sliceatz = ¢)
2 2

SN
(Vea)  (Veb)

At z = c, figure is ellipse of area

ﬂ'(\/;a)(\/;b) = mabc.

k

2 2
‘[kﬂabc de = mabc _ rabk
0 2, 2

<
Il

) V = %(mzbk)k = %(area of base)(height)

ZI(:E(rZ - xz)dx = 27T|:l’zx - x;:| = —xr’
0

(b) Atheight z = d > 0,

2 2 2
X y d
St — =1
a’> b c?
xz Lzzl_izzcz—dz
a b? c? c?
x2 32
2( .2 2 2( .2 2
a’lc® —d b(c” —d
C-), =)
c c

|
S
Q
S
—
o
5]
U
|
&,
L
1l
|
3
)
S
o

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



9. From Exercise 54, Section 11.4,

(uxv)x(wxz)=[(u><v)~z]w—[(u><v)-w]z.

10. x=—t+3,y=%t+l,z=2t—l;Q=(4,3,s)

(a) u= <—2, 1, 4) direction vector for line
P = (3,1,-1) point on line
PO = (12,5 +1)
i
POxu=|[1 2 s
-2 1

1

INGENT

(7 - s)i + (=6 — 25)j + 5k

"FQ X u" ~ \/(7 - 5)2 + (-6 - 2s)2 + 25
Jul Va1

0

D =

(b)

I

-4

The minimum is D = 2.236l ats = —I.

(c) Yes, there are slant asymptotes. Using s = x, you have
1

Problem Solving for Chapter 11 1161

\/g \/g 2 5
D(s) = —~/5x2 + 10x + 110 = ——=~/x* +2x + 22 = —— +1) +21 -+ [—(x+1
Y TR N Ve TR

/105

y == o0 (s + 1) slant asymptotes.

11. (a) p = 2sing

Torus

(b)
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1162 Chapter 11 Vectors and the Geometry of Space

12. (a) » = 2cos @ (b) z=r*cos28

r2(0052 6 — sin® 6?)

Cylinder
(r cos 0)2 — (rsin 0)2

= x -2
Hyperbolic paraboloid

13. (@) u =|u(cos 0i +sin0j) =|uli
Downward forcew = —j
T =|T|(cos(90° + )i + sin(90° + 6)j)
=|T|(-sin @i + cos 6 j)
0=u+w+T =|ufi-j+|T|(-sin&i+ cos b })

Juf = sin 6] T
1 = cos 0||T||
110 = 30ul= (2 T] and1 = (V3/2)|T] = [T F = 11547 o and u] - %[%J - 05774 b
(b) From part (a),||u|= tan 6 and|T|= sec 6.
Domain: 0 < 8 < 90°
© 0 0° 10° 20° 30° 40° 50° 60°

T 1 1.0154 | 1.0642 1.1547 | 1.3054 | 1.5557 2

[ul | O | 01763 | 0.3640 | 0.5774 | 0.8391 | 1.1918 | 1.7321

@ 2

_y/

[ul]

0

(e) Both are increasing functions.

(f) lim T = oo and 1irr/1 [uf= oo

O—-r/2” O—r/2”

Yes. As 6 increases, both T and |u | increase.
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14. (a) The tension T is the same in each tow line.

6000i = T(cos 20° + cos(—20))i + T(sin 20° + sin(-20°))j

= 2Tcos 20°
= _6000 =~ 3192.51b
2 cos 20°
(b) As in part (a), 6000i = 27cos &
T = 3000
cos @
Domain: 0 < 8 < 90°

(©)

12 10° 20° 30° 40° 50° 60°

T 3046.3 3192.5 3464.1 3916.2 4667.2 6000.0
(d) 10,000

0 90

0

(e) As @ increases, there is less force applied in the direction of motion.

15. Let@ = o — B, the angle between u and v. Then

sin(or — f) = |

Foru = <cos o, sin o, 0> andv = <cos B, sin f, O>,

i i K
vxu=|cos f sinf 0

cosax sina 0

uxv| [vxul

el el

ul =[v] = 1and

= (sin & cos f — cos o sin B)k.

So,sin (& — ) =| v x u| = sin &z cosf — cos e sin .

16. (a) Los Angeles: (4000, —118.24°, 55.95°)

(b) Los Angeles: x = 4000 sin(55.95°)cos(—118.24°)

Problem Solving for Chapter 11 1163

Rio de Janeiro: (4000, —43.23°,112.90°)

y = 4000 sin(55.95)sin(~118.24°)
z = 4000 cos(55.95°)
(x,7,2) ~ (-1568.2,-2919.7,2239.7)

u-v  (-1568.2)(2684.7) + (~2919.7)(~2523.8) + (2239.7)(~1556.5)

(c) cos@ = =

Rio de Janeiro: x = 4000 sin(112.90°)cos(—43.23°)

y = 4000 sin(112.90°)sin(~43.23°)
z = 4000 cos(112.90°)
(x,7,2) =~ (2684.7,-2523.8, -1556.5)

= —0.02047

vl

6 = 91.17° or 1.59 radians

(d) s = r@ = 4000(1.59) =

6360 miles

(4000)(4000)
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1164 Chapter 11 Vectors and the Geometry of Space

(e) For Boston and Honolulu:
a. Boston: (4000, —71.06°, 47.64°)
b. Boston: x = 4000 sin 47.64° cos(—71.06°)
¥ = 4000 sin 47.64° sin(-71.06°)
z = 4000 cos 47.64°
(959.4,-2795.7,2695.1)

u-v o (959.4)(<3451.7) + (~2795.7)(~1404.4) + (2695.1)(1453.7)

Honolulu: (4000, —157.86°, 68.69°)

Honolulu: x = 4000 sin 68.69° cos(—157.86°)
¥ = 4000 sin 68.69° sin(—157.86°)
z = 4000 cos 68.69°
(=3451.7,-1404.4,1453.7)

c. cos @ = = = 0.28329
[ulllv] (4000)(4000)
6 = 73.54° or 1.28 radians
d. s = rf = 4000(1.28) = 5120 miles
17. From Theorem 11.13 and Theorem 11.7 (6) you have 19. x2 +y* =1 cylinder
_ ‘FQ : “‘ z =2y plane
[n|

_‘w~(u><v)‘ _‘(uxv)~w‘ _‘u~(v><w)‘

Juxv] Juxv] Jusv]

18. Assume one of a, b, ¢, is not zero, say a. Choose a point
in the first plane such as (—d, /a, 0, 0). The distance
between this point and the second plane is

‘a(—dl/a) + b(0) + ¢(0) + dz‘

\/ a* + b + ¢?
d, + 4 4, - d,

_\/a2+b2+cz _\/a2+b2+cz.

D =

Introduce a coordinate system in the plane z = 2y.
The new u-axis is the original x-axis.

The new v-axis is the linez = 2y, x = 0.

Then the intersection of the cylinder and plane satisfies
the equation of an ellipse:

2+ =1
2V
X2+(Ej :1
2
x? + % =1 ellipse

20. Essay
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Chapter 2 Differentiation

Chapter Comments

The material presented in Chapter 2 forms the basis for the remainder of calculus. Much of it
needs to be memorized, beginning with the definition of a derivative of a function found on
page 103. Students need to have a thorough understanding of the tangent line problem and they
need to be able to find an equation of a tangent line. Frequently, students will use the function
f'(x) as the slope of the tangent line. They need to understand that f'(x) is the formula for the
slope and the actual value of the slope can be found by substituting into f’(x) the appropriate
value for x. On pages 105-106 of Section 2.1, you will find a discussion of situations where the
derivative fails to exist. These examples (or similar ones) should be discussed in class.

As you teach this chapter, vary your notations for the derivative. One time write y'; another time
write dy/dx or f'(x). Terminology is also important. Instead of saying “find the derivative,”
sometimes say, “differentiate.” This would be an appropriate time, also, to talk a little about
Leibnitz and Newton and the discovery of calculus.

Sections 2.2, 2.3, and 2.4 present a number of rules for differentiation. Have your students
memorize the Product Rule and the Quotient Rule (Theorems 2.7 and 2.8) in words rather than
symbols. Students tend to be lazy when it comes to trigonometry and therefore, you need to
impress upon them that the formulas for the derivatives of the six trigonometric functions need to
be memorized also. You will probably not have enough time in class to prove every one of these
differentiation rules, so choose several to do in class and perhaps assign a few of the other proofs
as homework.

The Chain Rule, in Section 2.4, will require two days of your class time. Students need a lot

of practice with this and the algebra involved in these problems. Many students can find the
derivative of f(x) = x*>/1 — x? without much trouble, but simplifying the answer is often
difficult for them. Insist that they learn to factor and write the answer without negative exponents.
Strive to get the answer in the form given in the back of the book. This will help them later on
when the derivative is set equal to zero.

Implicit differentiation is often difficult for students. Have students think of y as a function of x
and therefore y? is [ f(x)]?. This way they can relate implicit differentiation to the Chain Rule
studied in the previous section.

Try to get your students to see that related rates, discussed in Section 2.6, are another use of the
Chain Rule.

Section 2.1 The Derivative and the Tangent Line Problem

Section Comments

21 The Derivative and the Tangent Line Problem—Find the slope of the tangent line to a
curve at a point. Use the limit definition to find the derivative of a function. Understand
the relationship between differentiability and continuity.

Teaching Tips

Ask students what they think “the line tangent to a curve” means. Draw a curve with tangent lines
to show a visual picture of tangent lines. For example:
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When talking about the tangent line problem, use the suggested example of finding the equation
of the tangent line to the parabola y = x? at the point (1, 1).

Compute an approximation of the slope m by choosing a nearby point Q(x, x?) on the parabola
and computing the slope m,,, of the secant line PQ.

After going over Examples 1-3, return to Example 2 where f(x) = x> + 1 and note that
f'(x) = 2x. How can we find the equation of the line tangent to f and parallel to 4x — y = 0?
Because the slope of the line is 4,

2x = 4

x = 2.

So, at the point (2, 5), the tangent line is parallel to 4x — y = 0. The equation of the tangent
lineisy — 5 =4(x —2)ory = 4x — 3.

Be sure to find the derivatives of various types of functions to show students the different
types of techniques for finding derivatives. Some suggested problems are f(x) = 4x> — 3x2,

glx) =2/(x — 1), and h(x) = /2x + 5.
How Do You See It? Exercise

Page 108, Exercise 64 The figure shows the graph of g'.

y

6 ,
4,,
2,,

1\ At x

—6—4\/4 6
_4 -+
—6 -+

(a) g'(0) =

(b) g'3) =

(c) What can you conclude about the graph of g knowing that g'(1) = —%?
(d) What can you conclude about the graph of g knowing that g'(—4) = %?
(e) Is g(6) — g(4) positive or negative? Explain.

(f) Is it possible to find g(2) from the graph? Explain.
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Solution

(a) g'(0) = -3

(b) g3)=0

(c) Because g'(1) = —%, g is decreasing (falling) at x = 1.
(d) Because g'(—4) = %, g is increasing (rising) at x = —4.

(e) Because g'(4) and g'(6) are both positive, g(6) is greater than g(4) and g(6) — g(4) > 0.
(f) No, it is not possible. All you can say is that g is decreasing (falling) at x = 2.

Suggested Homework Assignment

Pages 107-109: 1, 3,7, 11, 21-27 odd, 37, 4347 odd, 53, 57, 61, 77, 87, 93, and 95.
Section 2.2 Basic Differentiation Rules and Rates of Change

Section Comments

2.2 Basic Differentiation Rules and Rates of Change—Find the derivative of a function
using the Constant Rule. Find the derivative of a function using the Power Rule. Find
the derivative of a function using the Constant Multiple Rule. Find the derivative of a
function using the Sum and Difference Rules. Find the derivatives of the sine function
and of the cosine function. Use derivatives to find rates of change.

Teaching Tips

Start by showing proofs of the Constant Rule and the Power Rule. Students who are mathematics
majors need to start seeing proofs early on in their college careers as they will be taking Functions
of a Real Variable at some point.

5x2 + x

Go over an example in class like f(x) = . Show students that before differentiating

they can rewrite the function as f(x) = 5x + 1. Then they can differentiate to obtain f’(x) = 5.
Use this example to emphasize the prudence of examining the function first before differentiating.
Rewriting the function in a simpler, equivalent form can expedite the differentiating process.

Give mixed examples of finding derivatives. Some suggested examples are:

4
f(x) = 3x6 — x?3 + 3sinxand g(x) = 5~ + — 3cosx + Tx + 3.

2
Jxo (Bxf

This will test students’ understanding of the various differentiation rules of this section.

How Do You See It? Exercise

Page 119, Exercise 76 Use the graph of f to answer each question. To print an enlarged copy of
the graph, go to MathGraphs.com.
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‘ X
(a) Between which two consecutive points is the average rate of change of the function greatest?

(b) Is the average rate of change of the function between A and B greater than or less than the
instantaneous rate of change at B?

(c) Sketch a tangent line to the graph between C and D such that the slope of the tangent line is
the same as the average rate of change of the function between C and D.

Solution
(a) The slope appears to be steepest between A and B.

(b) The average rate of change between A and B is greater than the instantaneous rate of change
at B.

© 3

Suggested Homework Assignment

Pages 118-120: 1, 3, 5, 7-29 odd, 35, 39-53 odd, 55, 59, 65, 75, 85-89 odd, 91, 95, and 97.

Section 2.3 Product and Quotient Rules and Higher-Order
Derivatives

Section Comments

2.3 Product and Quotient Rules and Higher-Order Derivatives—Find the derivative of
a function using the Product Rule. Find the derivative of a function using the Quotient
Rule. Find the derivative of a trigonometric function. Find a higher-order derivative
of a function.

Teaching Tips

Some students have difficulty simplifying polynomial and rational expressions. Students
should review these concepts by studying Appendices A.2—A.4 and A.7 in Precalculus,
10th edition, by Larson.

When teaching the Product and Quotient Rules, give proofs of each rule so that students can see
where the rules come from. This will provide mathematics majors a tool for writing proofs, as
each proof requires subtracting and adding the same quantity to achieve the desired results. For the
Project Rule, emphasize that there are many ways to write the solution. Remind students that there
must be one derivative in each term of the solution. Also, the Product Rule can be extended to
more that just the product of two functions. Simplification is up to the discretion of the instructor.
Examples such as f(x) = (2x*> — 3x)(5x> + 6) can be done with or without the Product Rule.
Show the class both ways.
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After the Quotient Rule has been proved to the class, give students the memorization tool of
LO d HI - HI d LO. This will give students a way to memorize what goes in the numerator
of the Quotient Rule.

2x — 1 4 — (1
Some examples to use are f(x) = x2x—|-77x and g(x) = # Save f(x) for the next section
as this will be a good example for the Chain Rule. g(x) is a good example for first finding the least
common denominator.

How Do You See It? Exercise

Page 132, Exercise 120 The figure shows the graphs of the position, velocity, and acceleration
functions of a particle.

y

(a) Copy the graphs of the functions shown. Identify each graph. Explain your reasoning. To print
an enlarged copy of the graph, go to MathGraphs.com.

(b) On your sketch, identify when the particle speeds up and when it slows down. Explain your
reasoning.

Solution
(a) s position function

v velocity function

a acceleration function

(b) The speed of the particle is the absolute value of its velocity. So, the particle’s speed is
slowing down on the intervals (0, 4/3), and (8/3, 4) and it speeds up on the intervals
(4/3,8/3) and (4, 6).

Suggested Homework Assignment

Pages 129-132: 1, 3,9, 13, 19, 23, 29-55 odd, 59, 61, 63, 75, 77, 91-107 odd, 111, 113, 117, and
131-135 odd.
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Section 2.4 The Chain Rule

Section Comments

24 The Chain Rule—Find the derivative of a composite function using the Chain Rule.
Find the derivative of a function using the General Power Rule. Simplify the derivative
of a function using algebra. Find the derivative of a trigonometric function using the
Chain Rule.

Teaching Tips

Begin this section by asking students to consider finding the derivative of F(x) = /x> + 1. F

is a composite function. Letting y = f(u) = Juand u = g(x) = x> + 1, then y = F(x) = f(g(x))
or F = f - g. When stating the Chain Rule, be sure to state it using function notation and using
Leibniz notation as students will see both forms when studying other courses with other texts.
Following the definition, be sure to prove the Chain Rule as done on page 134.

Be sure to give examples that involve all rules discussed so far. Some examples include:

706 = (sin(6x)", g(x) = (3;;%11(?)2 and h(x) = ( [x - %) < [8x + cos(® + 1)T.

You can use Exercise 98 on page 141 to review the following concepts:
* Product Rule
e Chain Rule
* Quotient Rule
* General Power Rule
Students need to understand these rules because they are the foundation of the study of differentiation.

Use the solution to show students how to solve each problem. As you apply each rule, give the
definition of the rule verbally. Note that part (b) is not possible because we are not given g'(3).

Solution
@ fx) = ghx)
fx) = gh'(x) + g'(x)h(x)
f(5) = (=3)(=2) + (6)(3) = 24
(b) flx) = g(h(x))
f(x) = g'(h(x)h'(x)
f(5) = g'3)(=2) = —2¢'(3)
Not possible. You need g'(3) to find f'(5).

© s =8
o L) — g
A E)E
e - (=32 _ 124
ey - QO =L 2
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@ f) = [gW]P
f(x) = 3[g)Pg'(x)
f(5) = 3(=3)%6) = 162
How Do You See It? Exercise
Page 142, Exercise 106 The cost C (in dollars) of producing x units of a product is C = 60x + 1350.
For one week, management determined that the number of units produced x at the end of ¢ hours can
be modeled by x = —1.6£2 + 192 — 0.5t — 1. The graph shows the cost C in terms of the time .
Cost of Producing a Product
25,000 /_
20,000
15,000 /
10,000 /
5,000

Cost (in dollars)

Time (in hours)

(a) Using the graph, which is greater, the rate of change of the cost after 1 hour or the rate of
change of the cost after 4 hours?

(b) Explain why the cost function is not increasing at a constant rate during the eight-hour shift.
Solution

(a) According to the graph, C'(4) > C'(1).

(b) Answers will vary.

Suggested Homework Assignment

Pages 140-143: 1-53 odd, 63, 67, 75, 81, 83,91, 97, 121, and 123.

Section 2.5 Implicit Differentiation

Section Comments

2.5 Implicit Differentiation—Distinguish between functions written in implicit form and
explicit form. Use implicit differentiation to find the derivative of a function.

Teaching Tips
Material learned in this section will be vital for students to have for related rates. Be sure to ask

.. d
students to find 2 when x = c.
dx
You can use the exercise below to review the following concepts:
* Finding derivatives when the variables agree and when they disagree

» Using implicit differentiation to find the derivative of a function
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Determine if the statement is true. If it is false, explain why and correct it. For each statement,
assume y is a function of x.

(a) % cos(x2) = —2x sin(x?)

d o

(b) 500802) = 2y sin(y?)
d .

() aCOS(yZ) = —2ysin(y?)

Implicit differentiation is often difficult for students, so as you review this concept remind students
to think of y as a function of x. Part (a) is true, and part (b) can be corrected as shown below. Part

(c) requires implicit differentiation. Note that the result can also be written as — 2y sin(y?) d%
Solution

(a) True

(b) False. %cos(yz) = —2ysin(y?).

(c) False. [;ix cos(y?) = —2yy’sin(y?).

A good way to teach students how to understand the differentiation of a mix of variables in part (c)
istoletg = y. Then g’ = y". So,

da o _ 4 >
T cos(y?) = T cos(g?)

—sin (g?) « 2g¢’

—sin(y?) « 2yy’
How Do You See It? Exercise

Page 151, Exercise 70 Use the graph to answer the questions.

) {y3—9y2+27y+5x2:47}

(a) Which is greater, the slope of the tangent line at x = —3 or the slope of the tangent line at
x=-1?

(b) Estimate the point(s) where the graph has a vertical tangent line.
(c) Estimate the point(s) where the graph has a horizontal tangent line.
Solution

(a) The slope is greater at x = —3.

(b) The graph has vertical tangent lines at about (—2, 3) and (2, 3).

(c) The graph has a horizontal tangent line at about (0, 6).
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Suggested Homework Assignment

Pages 149-150: 1-17 odd, 25-35 odd, 53, and 61.

Section 2.6 Related Rates

Section Comments

2.6 Related Rates—Find a related rate. Use related rates to solve real-life problems.

Teaching Tips

Begin this lesson with a quick review of implicit differentiation with an implicit function in terms
of x and y differentiated with respect to time. Follow this with an example similar to Example 1
on page 152, outlining the step-by-step procedure at the top of page 153 along with the guidelines
at the bottom of page 153. Be sure to tell students, that for every related rate problem, to write
down the given information, the equation needed, and the unknown quantity. A suggested problem
to work out with the students is as follows:

A ladder 10 feet long rests against a vertical wall. If the bottom of the ladder slides away from the
wall at a rate of 1 foot per second, how fast is the top of the ladder sliding down the wall when the
bottom of the ladder is 6 feet from the wall?

Be sure to go over a related rate problem similar to Example 5 on page 155 so that students are
exposed to working with related rate problems involving trigonometric functions.

How Do You See It? Exercise

Page 159, Exercise 34 Using the graph of f, (a) determine whether dy/dt is positive or negative
given that dx/dt is negative, and (b) determine whether dx/dt is positive or negative given that
dy/dt is positive. Explain.

M ° (ii) y

Solution

dy

ositive
dar P

1) (a) %negative =

(b) %positive = %negative

d d
(i) (a) lnegative = lnegative

dt dt
dy .. dx ..
(b) i positive = i positive

Suggested Homework Assignment

Pages 157-160: 1,7, 11, 13, 15, 17, 21, 25, 29, and 41.
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Chapter 2 Project

Timing a Handoff

You are a competitive bicyclist. During a race, you bike at a constant velocity of k meters per
second. A chase car waits for you at the ten-mile mark of a course. When you cross the ten-mile
mark, the car immediately accelerates to catch you. The position function of the chase car is given
by the equation s(f) = %IZ — %P, for 0 < t < 6, where ¢ is the time in seconds and s is the distance
traveled in meters. When the car catches you, you and the car are traveling at the same velocity,
and the driver hands you a cup of water while you continue to bike at k meters per second.

Exercises

1.

2.

10.
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Write an equation that represents your position s (in meters) at time ¢ (in seconds).

Use your answer to Exercise 1 and the given information to write an equation that represents
the velocity k at which the chase car catches you in terms of z.

. Find the velocity function of the car.

. Use your answers to Exercises 2 and 3 to find how many seconds it takes the chase car to

catch you.

. What is your velocity when the car catches you?

. Use a graphing utility to graph the chase car’s position function and your position function in

the same viewing window.

. Find the point of intersection of the two graphs in Exercise 6. What does this point represent

in the context of the problem?

. Describe the graphs in Exercise 6 at the point of intersection. Why is this important for a

successful handoff?

. Suppose you bike at a constant velocity of 9 meters per second and the chase car’s position

function is unchanged.

(a) Use a graphing utility to graph the chase car’s position function and your position function
in the same viewing window.

(b) In this scenario, how many times will the chase car be in the same position as you after
the 10-mile mark?

(c) In this scenario, would the driver of the car be able to successfully handoff a cup of water
to you? Explain.

Suppose you bike at a constant velocity of 8 meters per second and the chase car’s position
function is unchanged.

(a) Use a graphing utility to graph the chase car’s position function and your position function
in the same viewing window.

(b) In this scenario, how many times will the chase car be in the same position as you after
the ten-mile mark?

(c) In this scenario, why might it be difficult for the driver of the chase car to successfully
handoff a cup of water to you? Explain.
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Linear Models and Rates of

Change
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B Find the slope of a line passing through two
points.

B Write the equation of a line with a given point
and slope.

M Interpret slope as a ratio or as a rate in a real-life
application.

W Sketch the graph of a linear equation in slope-
Intercept form.

® \Write equations of lines that are parallel or
perpendicular to a given line. 3



The Slope of a Line



The Slope of a Line

The slope of a nonvertical line is a measure of the number
of units the line rises (or falls) vertically for each unit of
horizontal change from left to right.

Consider the two points f
(X1, y1) and (x,, y,) on the
line in Figure P.12.

Ay =y, —y, = change in y
Ax = x, — x;, = change in x

Figure P.12 5



The Slope of a Line

As you move from left to right along this line, a vertical
change of

units corresponds to a horizontal change of

units. (The symbol A is the uppercase Greek letter delta,
and the symbols Ay and Ax are read “delta y” and “delta x.”)



The Slope of a Line

Definition of the Slope of a Line

The slope m of the nonvertical line passing through (x,,y,) and (x,, y,) is

& —_—
m = y=y2 yl, X; F X5
Ax  x, —x

Slope is not defined for vertical lines.




The Slope of a Line

When using the formula for slope, note that

So, it does not matter in which order you subtract as long
as you are consistent and both “subtracted coordinates”
come from the same point.



The Slope of a Line

y v ¥ v
41 | 4+ 4j (0, 4) 4 (3,4)
=S my=0 m,=-5
3+ 34 3 3 34 o
N _ ) ) m4 18
s L2 (2.2 5 5> | undefined.
(3. 1)
20 _L—"" T 't G
—T — ——t— | e e ! | — - x
-2 -l 2 3 -2 -l 2 3 -1 2 3 4 -1 12 4
-1+ -1+ SESR () -1+
If m is positive, then the line rises If im 18 zero, then the line is If m is negative, then the line falls If m 18 undefined, then the line is
from left to right. horizontal. from left to right. vertical.
Figure P.13

Figure P.13 shows four lines: one has a positive slope, one
has a slope of zero, one has a negative slope, and one has
an “undefined” slope.

In general, the greater the absolute value of the slope of a
line, the steeper the line.



Equations of Lines
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Equations of Lines

Any two points on a nonvertical line can be used to
calculate its slope.

This can be verified from the similar triangles shown in
Figure P.14.

7

Any two points on a nonvertical line can be
used to determine its slope.

. 11
Figure P.14



Equations of Lines

If (X4, Y,) IS @ point on a nonvertical line that has a slope of
m and (X, y) is any other point on the line, then

This equation in the variables x and y can be rewritten in
the form

y =Y =Mm(X—X)

which is called the point-slope form of the equation of a

line.
12



Equations of Lines

Point-Slope Form of the Equation of a Line

The point-slope form of the equation of the line that passes through the point
(x,, v,) and has a slope of m is

y—wv = m(.x - xl)*

13



Example 1 — Finding an Equation of a Line

Find an equation of the line that has a slope of 3 and
passes through the point (1, —2). Then sketch the line.

Solution:

14



Example 1 — Solution o

To sketch the line, first plot the point (1, —2). Then, because
the slope is m = 3, you can locate a second point on the line
by moving one unit to the right and three units upward, as
shown in Figure P.15.

15

Figure P.15



Ratios and Rates of Change
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Ratios and Rates of Change

The slope of a line can be interpreted as either a ratio or a
rate.

If the x- and y-axes have the same unit of measure, then
the slope has no units and is a ratio.

If the x- and y-axes have different units of measure, then
the slope is a rate or rate of change.

17



Example 2 — Using Slope as a Ratio

The maximum recommended slope of a wheelchair ramp is
1/12. A business installs a wheelchair ramp that rises to a
height of 22 inches over a length of 24 feet, as shown in
Figure P.16. Is the ramp steeper than recommended?

Figure P.16
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Example 2 — Solution

The length of the ramp is 24 feet or 12 (24) = 288 inches.
The slope of the ramp is the ratio of its height (the rise) to its
length (the run).

Because the slope of the ramp is less than %2 = 0.083, the
ramp Is not steeper than recommended. Note that the slope
IS a ratio and has no units.
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Example 3 — Using Slope as a Rate of Change

The population of Oregon was about 3,831,000 in 2010
and about 3,970,000 in 2014. Find the average rate of
change of the population over this four-year period. What
will the population of Oregon be in 20247

Solution:

Over this four-year period, the average rate of change of
the population of Oregon was

20



Example 3 — Solution o

= 34,750 people per year.

Assuming that Oregon’s
population continues to
Increase at this same rate
for the next 10 years, it will
have a 2024 population of
about 4,318,000.

(See Figure P.17.)

Population of Oregon

Figure P.17
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Ratios and Rates of Change

The rate of change found in Example 3 is an average rate
of change. An average rate of change is always calculated
over an interval.

22



Graphing Linear Models
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Graphing Linear Models

Many problems in analytic geometry can be classified in
two basic categories:

1. Given a graph (or parts of it), find its equation.

2. Given an equation, sketch its graph.

For lines, problems in the first category can be solved by
using the point-slope form. The point-slope form, however,

IS not especially useful for solving problems in the second
category.

24



Graphing Linear Models

The form that is better suited to sketching the graph of a
line is the slope-intercept form of the equation of a line.

The Slope-Intercept Form of the Equation of a Line
The graph of the linear equation

y=mx + b Slope-intercept form

is a line whose slope is m and whose y-intercept is (0, b).

25



Example 4 — Sketching Lines in the Plane

Sketch the graph of each equation.

a.y=2x+1
b.y=2
C.3y+x-6=0
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Example 4(a) — Solution o

Because b = 1, the y-intercept is (0, 1).

Because the slope is m = 2, you know that the line rises
two units for each unit it moves to the right, as shown in
Figure P.18(a).

Figure P.18(a) 217



Example 4(b) — Solution o

By writing the equation y = 2 in slope-intercept form
y =(0)x +2

you can see that the slope is m = 0 and the y-intercept is (0,2).
Because the slope is zero, you know that the line is horizontal,

as shown in Figure P.18(b).

28
Figure P.18(b)



Example 4(c) — Solution

Begin by writing the equation in slope-intercept form.

In this form, you can see that the y-intercept is (0, 2)
and the slope is m = This This means that the line falls one
unit for every three units it moves to the right.

29



Example 4(c) — Solution

This is shown in Figure P.18(c).

Figure P.18(c)
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Graphing Linear Models

Because the slope of a vertical line is not defined, its
equation cannot be written in the slope-intercept form.
However, the equation of any line can be written in the
general form

where A and B are not both zero. For instance, the vertical
line

X =d WVertical line
can be represented by the general form

x —a = 0. General form
31



Graphing Linear Models
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Parallel and Perpendicular Lines

33



Parallel and Perpendicular Lines

The slope of a line is a convenient tool for determining
whether two lines are parallel or perpendicular, as shown in
Figure P.19.

Figure P.19 34



Parallel and Perpendicular Lines

Parallel and Perpendicular Lines
1. Two distinct nonvertical lines are parallel if and only if their slopes are
equal—that is, if and only if
my = m,. Parallel <Z=>> Slopes are equal.

2. Two nonvertical lines are perpendicular if and only if their slopes are
negative reciprocals of each other—that is, if and only if

m; = — Perpendicular <{ZZ7> Slopes are negative reciprocals.

1
o~
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Example 5 — Finding Parallel and Perpendicular Lines

Find the general forms of the equations of the lines that
pass through the point (2, —1) and are

(a) parallel to the line
2X—3y =5

(b) perpendicular to the line
2X — 3y = 5.

36



Example 5 — Solution

Begin by writing the linear equation 2x — 3y =5 in
slope-intercept form.

2x — 3y =35 Write original equation.

So, the given line has a slope
of m = 3. (See Figure P.20.)

Figure P.20
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Example 5 — Solution o

a. The line through (2, —1) that is parallel to the given line
also has a slope of 2/3.

y—y —m (x — }:1) Point-slope form
3}? +3=2x—4 Distributive Property
2x =3y —7=20 General form

Note the similarity to the equation of the given line,
2X — 3y = 5. 38



Example 5 — Solution o

b. Using the negative reciprocal of the slope of the given line,
you can determine that the slope of a line perpendicular to
the given line is —3/2.

y—y, = m(.x‘ — xl) Point-slope form
2y +2=-3x+6 Distributive Property
3x+2y—4=0 General form
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