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2 [J LIMITS AND DERIVATIVES

21 The Tangent and Velocity Problems
1. (@) Using T (15 250), we construct the following table: (D) Using the values of - that correspond to the points

1 closestto 1 (= 10and = 20), we have

1 slope =
—38°8+ (—27'8)
5 (5 694) 694-250 = M4 = —44 4 5 = 3373
10 (10 444) 444=930 = — 1% = 383
20 | (20 111) B = -1 = 2738
25 | (2528) 0 = 45 = —222
30 30 - 0) 95238 = —28 = —166
(c) From the graph, we can estimate the slope of the
Tl
- =nd il OVl
tangent lineat 1 tobe 3% = —33 3. ’ﬂ -:'l:;l:‘;:‘h\nﬂ‘u;:r::n
330 anpraxinmile
AU tungent line
B
f RRIE 3
TNt "
= st 300 dl
(e
0t
100
sut I‘_“—‘[\\A
9 R e 1
rimIraes )
2. (a) Slope = 2948,- 2830 = 418 ~ 6967 (b) Slope = 2%48,- 2681 = 28] = 71175
(c) Slope = 2048 _ 2806 — 142 — 79 (d) Slope = 3080 - 2948 — 132 — (¢
42— 40 2 44— 42 2

From the data, we see that the patient’s heart rate is decreasing from 71 to 66 heartbeats “Iminute after 42 minutes.
After being stable for a while, the patient’s heart rate is dropping.

1

3. = RCARY) (b) The slope appears to be 1.
1-1
(c) Using = =1, an equation of the tangent line to the
lc1a=5 ' ;
- curveat 1(2 —1)is —(=1) = 1( —2),or
@) 15 (151 -2 2

i 1="1-3
@i 19 aoa-1111y 111

(i) 199 (1799 —1'010 101y 1010101
(iv) 11999 (199" 1001 001) | 1001001
(v) 25 (251 —0'666 667) 0666 667
(vi) 21 21, =0:909 091) 0909 091
(vii) : 2,01 201 —0.990 099) 0990 099
(viii) - 2001 | 2 001" —0 999 001) | 0999 001
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4. (a)

6. (8 =

o CHAPTER 2 LIMITS AND DERIVATIVES

(b) The slope appears to be —1.

(©
(d)

-0

N

=—"(C—-05 o0 =—-"+3

N~ tangeat line

0@ +1) 162 1P 16 _ 24 1—16F _ L, 4

r=0andx=1

secint line

= 40(2) — 16(2)? = 16. The average velocity between times 2 and 2 + is

Jif 7 =0.

(b) The instantaneous velocity when

()=10 — 1862 At =1,

asy-Tay

1001 + )

=cos , (030
|
@M o 01 -2
(i) 04 (0°410'309017) ~31090170
(i) 049 (0749 0'031411) —3'141076
(iv) 0499 = (0'499' 0 003142) —3'141587
V) 1 a -1 -2
(vi) 06 (0.6, —0,309017) —3/090170
(vii) 051 (©.51.—0.031411) | —3'141076
(viii) 1 0501 | (© 501. —0 003142) = —3 141587
5@ =(0)=40 —162. At =2
_ e+ =0
I = =
ave (2 + ) _ 2
(i) [2275]:" =05 ae = —321t's
[2°205]: = 005 ae = —248ft's

186(1 + )2 — 814

| ave = =

1+ H)—-1

(I) 1 2]: =1, ave = 442mM s

(III) [1 1 1]: =01, ae = 6094 m s

(v) [1 1°001]: = 0001,

(b) The instantaneous velocity when

ae = 627814 m s

(i) [1
) 11

= 1 ( approaches 0) is628 m s.

(i) 2/ 2/1]:

(iv) 2 2701]:

= 2 (1approaches 0) is —24 ft 7Is.

628 _ 11862

15

101):

=01, ae = —256 ft s (iii)

=001, ae = =24 161s

= 10(1) — 1 86(1)? = 8 14. The average velocity between times 1 and 1 +

=628 —-186 ,if =0.

=05 ae =535mSs

=001, ae = 62614Ms

=293 fts.

=327 fts.

7. (@) (i)Ontheinterval [214],1 _ & —-1@& _ 792
ave 4 _ 2
(i)Ontheinterval 374],1 _ =16 792~
ave
4-3
(iii) On the interval [4' 5], _1lBe) -1 _ 1248-792
ave
5-4
(iv) Ontheinterval [4'6],1 _ O =14 _ 1767 -792
ave 6 _ 4

= 456 ft's.

4875 ft's.
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(b) Using the points (2 16) and (5 105) from the approximate

SECTION 2.1  THE TANGENT AND VELOCITY PROBLEMS = 69

tangent line, the instantaneous velocity at = 3 is about
105 — 16 89
- =7 =297 fts.
5-2 3
8. (a) ()1 =1()=2sin11+3cos|. Ontheinterval [112,1 @-1 _3=E=3D _ums
2—-1 1
(ii) Ontheinterval [1 11}, . = AD-IM) =3 - gy oms,
11 -1 01
(iii) On the interval [1'101], aon—id)  =z30613 = (=3) _ _.3ems
ave 101 —1 001 '
(iv) On the interval [1°1°001], _ 100D =11 | =3100627 = (=3) _ _ (7 om
ave 00l — 1 0001 627 cm’s.

(b) The instantaneous velocity of the particle when

9. (a) Forthe curve =

= 1 appears to be about —6'3 cm’s.

sin(10 ) and the point!| (1 0):

2

15
14
13
12
11

20
(1 5 08660)
(1 4 —04339)

1 3 —08230)
(1 2 08660)

a1 —02817)

0
17321
—1 0847

—2 7433
4 3301

—2 8173

As 71 approaches 1, the slopes do not appear to be approaching any particular value.

(b)

(c) If we choose = 1001, then the point

0'0314) and I

We see that problems with estimation are caused by the frequent
oscillations of the graph. The tangent is so steep at “1that we needto
take 71-values much closer to 1 in order to get accurate estimates of

its slope.

is (1001 —0'0314) and | ~ —313794. If = 0999, then 7 is (0999

= —3174422. The average of these slopes is —31'4108. So we estimate that the slope of tangent

line at 1 is about —31 4.
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70 = CHAPTER2LIMITS AND DERIVATIVES

2.2 The Limit of a Function

1. As = approaches 2, = (") approaches 5. [Or, the values of ~ (1) can be made as close to 5 as we like by taking = suffidently

close to 2 (but = 6= 2).] Yes, the graph could have a hole at (2 5) and be defined such that ~ 2) = 3.

2. As " approaches 1 from the left, ~ (1) approaches 3; and as = approaches 1 from the right, - (") approaches 7. No, the Int

does not exist because the left- and right-hand limits are different.

3. (a) liin . (") = oo means that the values of ( ) can be made arbitrarily large (as large as we please) by taking

sufficiently close to —3 (but not equal to —3).

(b) lim () = —oo means that the values of ~ (") can be made arbitrarily large negative by taking - sufficiently close to 4

1 —4*

through values larger than 4.

4. (a) As™ approaches 2 from the left, the values of * (I ) approach 3,0 lim - (") = 3,
-2~
(b) As” approaches 2 from the right, the values of * (1) approach 1, s0 lim ~ (1) = 1.

—2+

(c) lim ~ (') does not exist since the left-hand limit does not equal the right-hand limit.
-2

(d) When 71=2, 1=23,s0 1(2) = 3.
(e) As "~ approaches 4, the values of ~ (1) approach 4, so lim ~ (ll) = 4.
-4

(F) There is no value of ~ (1) when = = 4, so " (4) does not exist.
5. (a) As ™ approaches 1, the values of ~ (1) approach 2, so lim ~ (I) = 2.
-1

(b) As ~ approaches 3 from the left, the values of ~ (II) approach 1, s0 lim - (") = 1,
—3—

(c) As " approaches 3 from the right, the values of ~ (1) approach 4, so m @) = 4.
—3+

(d) lim ~ (1) does not exist since the left-hand limit does not equal the right-hand limit.
-3

(e) When 11=3, 1=3,s50 "1 (3) = 3.

6. (a) "1("1) approaches 4 as 1 approaches 3 from the left, so lim 7I('T) = 4.

—--3

(b) 71(71) approaches 4 as 71 approaches 3 from the right, so lim 7I(7) = 4.
——3t

() 1im3 I("1) = 4 because the limits in part (a) and part (b) are equal.

(d) 71(—3) is not defined, so it doesn’t exist.

(e) "1("1) approaches 1 as "1 approaches 0 from the left, so lim (1) =1.
—0—

(f) 71("1) approaches 1 as 71 approaches 0 from the right, so lim ()= -—1.

—0t
(9) lim "1("1) does not exist because the limits in part (e) and part (f) are not equal.
-0
(h) ~ (0) = 1 since the point (O 1) is on the graph of
(i) Since lim 7 (7) = 2and lim 7 (7) =2, we have lim 7 (") = 2.
—2- —2+

-2

(i) 71(2) is not defined, so it doesn’t exist.
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—5—
7. (@) lim ~(Q)= -1 (b) lim ~ ()= -2
—0- —0+
(c) lim ~ (1) does not exist because the limits in part (a) and part (b) are not equal.
—0
(d) lim “()=2 (€) im ~()=0
—2- -2+
(f) lim " (1) does not exist because the limits in part (d) and part (e) are not equal.
—2
@ @=1 (h) lim =) = 3
8. (@) lim 1(1)= o (b) lim (1)=—o0
——-3 | —2—
© lim 1 (1)=& (d) lim (1)=—o00
| —2+ —--1
(e) The equations of the vertical asymptotes are 1= -3, 1=—1and 1=2.
9. (a)lin37 ()~ —» (b) Hms ()= o (C)lirno @)= =
(d) lim = e) i _
Jm )= —e (@ lim ()= oo
(f) The equations of the vertical asymptotes are 1= —7, 1=—=3, 1=0,and 71=6.
10. lim ~ (@)= 150 mgand lim ~ (1) = 300 mg. These limits show that there is an abrupt change in the amount of drug in
—12— —127*
the patient’s bloodstream at = = 12 h. The left-hand limit represents the amount of the drug just before the fourth injection.
The right-hand limit represents the amount of the drug just after the fourth injection.
11. From the graph of
W
I 1+ if -1
I Iy
( ) = 2 |f -1 < 1,
Yo i o
> , :
we see that lim ~ (1) exists for all ~ except = = _1. Notice that the
right and left limits are different at 1= —1.
12. From the graph of

SECTION 2.2 THE LIMIT OF A FUNCTION

(k) "1(1) approaches 3 as "1 approaches 5 from the right, so lim 7 (7 ) = 3.

—5+

(I) 71("1) does not approach any one number as "1 approaches 5 from the left, so lim (") does not exist.

I 1+ sin ~ if 0

ol

= i < <
) : Icos ifo< =<, . /
sin 1 if —71 \f\/z” *
we see that lim ~ (1)) exists for all = except ~ = . Notice that the

right and left limits are differentat 1= "1.
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72 & CHAPTER2LIMITS AND DERIVATIVES
13. () im ~()=1
1—0~

b li =
(),jgi @ =0

(c) lim ~ () does not exist because the limits
-0
in part (a) and part (b) are not equal.
14. (a) lim ()= -1

1—0~

b) li -
().ff; o =1

(c) lim ~ (1) does not exist because the limits
-0

in part (a) and part (b) are not equal.

15. im ()=-1, 1m ({)=2 (0 =1
—~0— 1 -0+

¥

™

.

7. lim ~ () =4 lim ()=2 lm “()=2

| —3+ -3~

3 =3
R S )
19. For " (1) = |2_9-
)
) 29 0491 525
31 0508 197 2195 0495 798
3.05 0,504 132 2199 0499 165
301 0500 832 21999 | 0499 917
3;001 | 01500 083 219999 | 0:499 992
3,0001 | 0:500 008

Lo
2

24

0 3 ¥
—1e
—24

18. lim ~()=2 lim ~()=0, lim " () = 3,
1—0- 1 =07+ | —4-

| —4+

12-31 —+
2-9 2

It appears thatlim
-3
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2. For () 12_ 371,
. For = .
12=9
I
) @)
-25 -5 -3'5 7
-219 —29 -31 31
-295 —59 -305 61
-2 99 —299 -301 301
—2/999 —2999 —3.001 3001
—2/9999 [ —29,999 —3:0001 : 30,001
5
1.
21. For™ () = :
T
O O
05 22 364 988 —05 1 835 830
01 6 487 213 —01 3934 693
001 5127 110 -0 01 4 877 058
0 001 5012 521 —0 001 4987 521
0 0001 51001 250 —0 0001 | 4998 750
. 5t
It appears thatlim = 5.
—0
In~ —In4
23. For (1) = n o=
| — 4
a @)
39 0253178 411 01246 926
399 0250 313 401 01249 688
3999 01250 031 41001 0'249 969
319999 i 0250 003 40001 i 0249 997

It appears that lim ~ () = 0'25. The graph confirms that result.
—4

1+ 79
24, For ():H- =
) )
11 01427 397 —09 01771 405
—101 0 582 008 —0199 0:617 992
—1 001 0.598 200 —01999 0 601 800
—10001 @ 0599 820 —019999 : 0'600 180

It appears that lim ~ (") = 0'6. The graph confirms that result.
—--1

SECTION2.2 THELIMITOFAFUNCTION = 73

It appears that lim ~ (") = —oo and that

— -3

. 2_ 3 .
()=00,50 Im _2=° does notexist.

——3— —--3 -9
2+4)»_ 32
2. For ()= ' :
)
0’5 48 812 500
01 72 390 100
—0101 79 203 990
—0001 | 79,920 040
—010001 | 79 992 000
5 __
It appears that lim erir-®2 80.
-0
0.5
0.3
0.2
2 4 6
0
1
0.4
0
-2 -1
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74 ®  CHAPTER 2 LIMITS AND DERIVATIVES

in 3
25 For ()= "
tan 2
2
1 @ .
It appears that lim $831 = 15, L5
+0'1 1457 847 0 tan 2
+0101 11499 575 The graph confirms that result.
+0:001 1499 996
+0.0001 : 1500 000 03 0 o
501
26 For ()= _——:
2
O ©) 15
01 1746 189 -01 1486 601
001 1622 459 —001 17596 556
0 001 1610 734 —0'001 1{608 143
00001 i 1609 567 —0 0001 | 1609 308 ) 0 1

It appears that lim ~ (1) ~ 1/6094. The graph confirms that result.
-0

21. For ™ (1) =
O) It appears that lim ~ (1) = 1.
—0+
01 0 794 328
001 0954 993 The graph confirms that result.

07001 01993 116
0-:0001 § 01999 079

28. For- (1) = ?ln:

@) It appears that lim ~ (1) = 0. .5
—0+
01 —0 023 026
001 —0000 461 The graph confirms that result. 0
07001 { —07000 007
0:0001  ~0'000 000 .
=i1.5
. P
29. (a) From the graphs, it seems that lim €OSL —CO8— _ 5, (b)
-0 2
@
1 1
+0'1 —1493 759
6 6 I - +001 | —11499 938
- +0,001 —1:499 999
- +0.0001 : —1.500 000
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SECTION2.2 THELIMITOFAFUNCTION = 75

30. (a) From the graphs, it seems that lim sin__ = (32, (b)
-0 sin 7]
2
[ & ( )
+0'1 0 323 068
+0'01 0318 357
I £0001 | 0318310
- |02 ‘ ‘ Later we wilhbe aljesig shaw that
T
0 0 0.2 the exact value is

+1 . . L. . L. .
3. lim = oo since the numerator is positive and the denominator approaches 0 from the positive side as = — 5*.

-5  — 5

) +1 . . . . L
32. lim — = —oo since the numerator is positive and the denominator approaches 0 from the negative sideas = — 5-.

-5~ — 5

2 — . . . . .

3B, lim — = o Since the numerator is positive and the denominator approaches 0 through positive valuesas 1 _ 1.

-1(1 — 1)2

\/_I
34 lingi W: —oo since the numerator is positive and the denominator approaches 0 from the negative sideas 71— 3 -
3. Lef = 29 Thenas — 3%, — 0%andlim In( > _9 = lim In = _q by(5).
.3+ —0+

3. lim In(sin 1) = —oo since sin — 0*as — 0%

—0t

. 1 A iy +
37.  lim sec” = —oosince ~ ispositive and sec” — —ocoas’ — (" 2)7.
1—Ci2)*
cos 1 . . . . L.

38. lim cot | = Im = —oo since the numerator is negative and the denominator approaches 0 through positive values

- - — —sin

as 11— 1

39. lim Tlesc 1=lm —_ = —oo since the numerator is positive and the denominator approaches 0 through negative

~2 - -2 -sin

valuesas 1— 27T

_ 2-2 %2 1
0. lim = "4 14 lm - 2)2: lmjr | _ , = oo since the numerator is positive and the denominator

approaches 0 through negative values as 1 — 2-.
2—27-—8 C =8C +2) _
2 5 46 M o0
2t~ 2 (=3 -2

Mo since the numerator is negative and the denominator approaches 0 through
. 1m

negative values as 1 — 2%,

| |
. 1 . 1
4. im ~—ln1 =oosince-—coandln 1— —o as 1— 0"

1 —0*

2

43.limn "2~ " -%=—ocosinceln " ?— —coand ~ -?—ocoas  — 0.
m,
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76 ™  CHAPTER 2LIMITS AND DERIVATIVES

241 241
44, (a) The denominator of 71 = = is equal to zero when (b) 5
371-2P (3-2)
3
=0and = 5 (and the numerator isnot),so =0and =15 . ‘ — 4
vertical asymptotes of the function. \ ﬁ
s '
1
45 (@) () = .
3
F-t O O
0-5 —-1.14 1.5 042
From these calculations, it seems that 09 -3 69 11 3 02_
lim ():—ooand lim ()= oo 0-99 —337 101 330
| —1- —1+ ' 0:999 —333 7 1.001 333 0
09999 —3333 7 10001 3333 0
0199999 | —33,333 7 1 00001 @ 33,333 3

(b) If ~ isslightly smaller than 1, then ~2 — 1 will be a negative number close to 0, and the reciprocal of "3 — 1, that is, ~ (1),

will be a negative number with large absolute value. So lim @) = —oo.
—1—

If ~ isslightly larger than 1, then ~® — 1 will be a small positive number, and its reciprocal, ~ (1), will be a large positive
number. Solim - (1) = co,

—1t

(c) It appears from the graph of “1that 0

' N
lim ()= _q and lim ()= oo, L
1—1- —1*

tan 4

46. (a) From the graphs, it seems that lim =4. (b)
10 -0 5 ( )
f \ ‘j +0 1 4227 932
+0°01 4.002 135
1 P I +0°001 | 4.000 021
| +0°0001  4°000 000
. . "
0 02 35 1.
47.(a) Let T (1) =1+ )t . (b) o
(") \
—0 001 271964
—0-0001 2171842 4 4
—0-00001 = 2/71830 L J
—0 000001 | 2/71828 -2

0-000001 i 2:71828
0-00001 1 2171827

0 0001 2171815
0-001 2171692 In Section 3.6 we will see that the value of the limit is exactly 1.

It appears that lim (1 + ) ., 2171828, which is approximately
-0
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SECTION2.2 THELIMITOFAFUNCTION = 77

48. (a) 100 100 _
i
/
/
///]
o 5 g 5
No, because the calculator-produced graph of * (1) = 1 + In | — 4| looks like an exponential function, but the graph of

has an infinite discontinuity at 71 = 4. A second graph, obtained by increasing the numpoints option in Maple, begins to
reveal the discontinuity at 7 = 4.

(b) There isn’t a single graph that shows all the features of 7. Several graphs are needed since 1looks like In | 71— 4] for large
negative values of 1and like 71'' for 71 715, but yet has the infinite discontiuity at 1= 4.

6 ikl
Al
i _-""', o
—100 0 3.';'.";6 < 4,05
A hand-drawn graph, though distorted, might be better at revealing the main
features of this function.
\
49. For (1) =2 — (2 1000): !
(b)
(@ s
1 0998 000 0-04 0000 572
0'8 0'638 259 002 —0'000 614
0:01 —0 000 907

06 0:358 484
04 0-158 680
02 0038 851
01 0008 928
0.05 | 0:001 465 It appears that lim0 @) = _0001.

It appears that lim ~ (1) = 0.
-0

0:005 : —0.000 978
0:003 { —0.000 993
0:001 : —0°001 000

50. For - (") = 2——
3
(a) I (b) It seems that lim = (") =

(1) -
1.0 0:557 407 73
05 01370 419 92
01 01334 672 09
005 01333 667 00
001 01333 346 67
0°005 | 01333 336 67
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78 ®  CHAPTER 2 LIMITS AND DERIVATIVES

100 . 100
Here the values will vary from one

(©

(1)

0001 0333 333 50
00005 01333 333 44
0°0001 0333 330 00
0:00005 0333 336 00
0°00001 0'333 000 00
0 000001 : 0 000 000 00

calculator to another. Every calculator will

eventually give false values.

(d) As in part (c), when we take a small enough viewing rectangle we get incorrectoutput.

r ™ 'd R
1\ /) —i 1 ™ 401

0 0

04
" ¢ A s 1 )4 J
: $ a2

I
0.2

b

51. No matter how many times we zoom in toward the origin, the graphs of * (") = sin(" ~ ") appear to consist of almost-vertical

lines. This indicates more and more frequent oscillations as 7 — 0.

| =0l 0.1

12
1.2
1.2
0. —=0.000] m 0.0001
1.2

L . 1 1 .
52. (a) For any positive integer 1,if ~ = __ then " (") = tan _= tan( ") = 0. (Remember that the tangent function has
I

1.2

[ ‘ ‘i
1.2

i m
1.2

period I.)
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SECTION 2.3  CALCULATING LIMITSUSING THE LIMIT LAWS & 79

. . 4
(b) For any nonnegative number 7, if 1= , then
@47 +1
1 @al+ 1y 1 - -
()=tan~ = tan = tan + = tan + =tan =1
4 4 4 4 4

(c) From part (a), * (") = 0 infinitely often as =~ — 0. From part (b), * (I) = 1 infinitely oftenas =~ — 0. Thus, lim tan 1
-0 |

does not exist since ~ (1) does not get close to a fixed number as = — Q

53. 6 There appear to be vertical asymptotes of the curve = tan(2sin ) at =~ +0190
U and © = +2 24. To find the exact equations of these asymptotes, we note that the
— ~  graph ofthe tangent function has vertical asymptotesat 1=-+" " . Thus, we
[\ must have 2 sin 7| = I_Z + 717, or equivalently, sin 7| = I71 + S Since
s —1 < sin 7 < 1, we must have sin ] = + Jand so 7 = + sin-! L, (corresponding
to " =~ *0'90). Just as 150° is the reference angle for 30°, © — sin—1 L, isthe
I I .
reference angle for sin-1 %, S0 1== 1—sin-* L, are also equations @
vertical asymptotes (corresponding to = = +2124).
54, lim [ = lim 0 As — 1— 2 2.0*and — oo
m m ) 2 1= , .
: I I 1171
3 1
1 6.6
55, (a) Let = V% s 7 ~
= [ 0 v 65
3
From the table and the graph, we guess 099 5025 31 L - 11
that the limit of 71 as “1approaches 1isa 0-999 5992 50
0:9999 | 5999 25 P 5.3 |
101 6'075 31 i .‘5\4 L /13
1001 | 6007 50 -
3 1:0001 = 6/000 75

(b) We need to have 5'5

’v;—_ 1 6l5. From the graph we obtain the approximate points of intersection | (0 9314 5 5)

and 1(1°0649 6'5). Now 1 — 09314 = 00686 and 10649 — 1 = 010649, so by requiring that = be within 0'0649 of1]

we ensure that  is within 0 5 of 6.

2.3 Calculating Limits Using the Limit Laws

1. @ lim [ ()+5 ()] =lm @)+ lim [5 () [Limit Law 1]

—2 —2 —2

(b) lim [ ()P = lLm (1)  [Limit Law 6]
g ',
=(—23= -8

= lim ~ )+ 51lim ~ (1)  [Limit Law 3]
~2 ~2

4+5-2=—6
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() lim —¢y= tm ¢y [Limit Law11] (d) lim SO SEs [Limit Law 5]

~2 J -2 -2 () lim )
B om0 awa
lim ()
—2
34)

= = G
-2

(e) Because the limit of the denominator is 0, we can’t use Limit Law 5. The given limit, lim ™ ..does not exist because the
=27 (1)
denominator approaches 0 while the numerator approaches a nonzero number.

M) (>|()_1i£n2[()()]

= - Limit Law 5
lim (@ lim * () [ ]
o -2
lim lim T (
= [Limit Law 4]
-2
_=2:0_,
4

2. (a) ijz[ )+ ()= lim2 )+ ]jrn2 @)  [Limit Law 1]

=1+ 2
=1

(b) lim = (") exists, but lim ~ (") does not exist, so we cannot apply Limit Law 2 to lim [* (7)) — ()]
-0 -0 -0

The limit does not exist.
© lm [ C)IO)]= I () Im () [LimitLaw 4]
--1 -1 —--1

=1.2
=2

(d) lim " (1) = 1, but lim ~(7) = 0, so we cannot apply Limit Law 5 to lim ( ). The limit does not exist.

1—3 1—3 1—3 ()
Note: lim DO _ since (1) - 0" as  — 3~ and lim QO
—a- () =3t ()

Therefore, the limit does not exist, even as an infinite limit.

= —oosince () — 0-as = — 3™,

(€ lim, "% () = lim, 2 lim, (1)  [Limit Law 4] (f) (=1 + Im () isundefined since " (—1)is
1 1 1
=22 . (=1 not defined.
= —4
3 ImGB 3=32+" =@ =1mG 3 —1lm@G 2+ lim ~ — lim 6 [Limit Laws 2 and 1]
-3 -3 -3 | =3 -3
|
=5lim 3-3lim 2+1lim — lim 6 [3]
-3 —3 |3 -3

=53% - 339)+3 -6 [9, 8, and 7]

= 105
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SECTION 2.3  CALCULATING LIMITS USING THE LIMIT LAWS

4. 1im (14— 31)C 245 +3)=1lm (14— 3 )lim (12+5 +3)
—-1 -1 --1
= lim 74_ lim 3 lim 12+ lim 5
——1 —--1 —--1 —-—=1
= | | |
lim ‘_ 3 lim lim 2 45 lim
——1 —-—1 —-—1 —-—1
=1 +3)1 -5+ 3)
=4(—1) = —4
4 lim (4 —2)
5 lim — —2 _ ~=2 [Limit Law 5]
~_222_3 42 1im(22_3 +2)
—=2
lim 4 — lim 2
[1, 2, and 3]
2 —=2
= 2 lim 3 lim lim 2
2 — +
-2 -2 -2
16 — 2
= [9, 7, and 8]
24) — 3(—2) + 2
_14_7T
16 8
v
lim 4+3 +6 = nm( 4437 +0) [11]
-2 -=2
|
= lim T*+3 im T+Im 6 [1,2,and 3]
—-=2 ——2 ——2
|
= (—2*+3 (-2 +6 [9, 8, and 7]
J —
= T6—-6Ft6= 16=4

7. lim (1 + 3/—)(2—6 2473y = fim
-8 -

8

(1+5/—)-1jm(2—6 243
-8

= lim 1+ lim 3/_ lim 2 =6 lim "2+ lim
1 —8 1 —8 1 —8 1 —8 | —8
= 1+x°/g-2—6'82+83
= (3)(130) = 390
2 2 2 2
. lim —2 = lim —2 [Limit Law 6]
-2 3-3 45 ~23-3+5
[ . 2 12
lim(* _2)
L [5]
lim(? 3+ 5 -
I
' lim ‘2 — lim 2 2
—2 —2
| [1, 2, and 3]

| 4 2 2
8 — 32 +5

lim 3 —3lim + lim 5
—2 —2

+ fim 3 !

3

[Limit Law 4]

(2, 1]

3]

[9, 8, and7]

[Limit Law 4]

[1, 2, and 3]

[7, 10, 9]

[1\S]

ol

IS

81



[9, 7, and 8]

7 49

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



82 ™  CHAPTER2LIMITS AND DERIVATIVES
[
|

Z
9. m 2 Tl _ im 2 241 [Limit Law 11]
|
1—2 3 =2 -23 =2
lim2 7+ 1)
= E— 5]
IimG ] _2) [
-2
211'%1 |2+1'1m21
= 3Iim - Im2 [1, 2 and 3]
-2 -2
I
T LR S
= & 0 = = [9, 8,and 7]
30 - 2 4 2

10. (a) The left-hand side of the equation is not defined for 71 = 2, but the right-hand side is.

(b) Since the equation holds for all 71 6= 2, it follows that both sides of the equation approach the same limitas 71— 2, justa

in Example 3. Remember that in finding lim ~ (1), we never consider - =

2 __ = — —
M lim =0 5 gy, A=Y — i 1 =5_1=4

-5 |—5 1—5 | —5 -5
1
2 —
12, lim __t3 = lim — L) i —3_3
| | —1
-3 2— -7 ~3( —4H( +3 -3" —4  =3-4 7
2-5 +6 2
13. lig{;—l_s does not existsince 1 —5—0,but = — 5" +6— 6as 1 — 5.
|
1. lim 2 3 = lim (*3 = lim —Thelastlimitdoes not exist sincelim  _ - = —c0 and
| | | '
-4 = =12 -4 —4)( +3 -4 —4 -4 — 4
lim = 00
—4* - 4
2
15. lim % Zhm (+3( -3 =lm 3 - _TE_6
—-—322+7 +3 -=32 +1D(+3 --32" +1 2(=3)+ 1 -5 5

_ |
16, lim 2273 +1 — vy C14+DA 4D =y 201 2(=D+1 _ =1 _ 1
| | |

--1 2-2 =3 —-=1 ( =3)( +1 --1 -3 -1-3 -4 4

17, lim (534 T2 =2 _ g, @5 =101 478 =% o g —100HT oy, Z(E10%) S 10+ =10

1—0 1 —0 1—0 1—0 -0
|
3 _ 2 3 2 3
18. lim 2+ 8 _ lim 8+12 +6 “+ | 8 _ lim 127 +6° <+
1—0 1—0 | | | 1—0

=lim 12+ 61 + 12=12+ 0+0=12
-0

19. By the formula for the sum of cubes, we have +2
! lim = lim +2




= lim 1

--2 3+8 ~2( +2)( 2-2 +3% ~2 22 44 4+ 4+4 12
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SECTION 2.3  CALCULATING LIMITS USING THE LIMIT LAWS

20. We use the difference of squares in the numerator and the difference of cubes in the denominator.

4 (2 D2+ (— D +1D(2+ 1D 2 22 4
lim 5= =Lm  — , = lim ) =im (DO HD 2 -
~1 -1 -1 =D( *+ +) -1 = + +7 -1 2L 4 3 3

N v Y N 2

97 1 -3 oF -3 Tt 7 -3 ©+1)-09
21. lim = lim i ! = lim ./ ! Vv = ]ilm
~0 | —0 9+ +3 -0 9+ + 3 -0 9+ +3
1 1 1
S M S B
lim . 5T - +3 0 9F 13 3+3 6
v 1/ L,
. v H \/ AT FT +3 4+ 3
22. lim _3=lim +1 — _ 1 —
moT4 413 - 4 +1-3../ — Jim |
— ———7 4 H1+3 2 4 3(1—+2;s
47 +1—-9 . 41 =2
= lim \/ = lim \/
1
S EAJTEE F Ays _m -2 4 A1+
—2 4 4 2
47 +1+3 9+3 3
11 11 |
! 3_| 3— -1 1
23. lim 3 = lim 3.7 =lim = lim = -
-3 -3 -3 =3 3 -33" (" —3) -3 3 9
- |
24 Gm G+1) =30 —jjm 3F 1T 3 — iy 3-G+ ) =lim -~
|
~0 -0 ~0  (3+ B ~01 (3 +1)3
! 1 : 1 1 1
= lim — =— = - =—"
|
-0 33+ lim 3G + )] 33 +0) 9
¢44;—\/1—— \/1+ —% \/1+ +\/1 I\/—l—l— '2_ 'i1— 2
25. lim = lim . = lim
) - -
° \/1+ +¢1— ° = + 1-
| | |
A+))=—@1-=") 2 2
= 1i A/ | =1 |/ BV | =
11‘“’m||1+|+\/1—| hm| 1+1+ 1—1 tan 1+71+ 1-—
2 2
-7 = =1
1+ 1 2
|
I 1 1 1 +1 — 1 1 1
26. lim T2y Shmg ey Shme T F T e g

ol

83



4_\/_. (4—¢ )(4+¢—) 16 —
27. lim = lim ~ _ = lim v___
-161671 — -16 (167 — ~ )@ + ) 167 (16 — TH)@E+ )
_ ' 1 1 1
= hm = | = =

~16  (4+ ) 16 4+ 16 16(8) 128

28, lim °“—4 *4 =lim ( —2? = lim ( — 2?2

2TA3To4 2 (17-4(124) 2 (0 + (1 - 912+ D
—h-m—lL:O:_o

S +D( 24D 45

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



84 ©  CHAPTER2LIMITS AND DERIVATIVES
Y — y/ Vv
Vi 1 e I L=/ 1l+ 1 14
IV B | , B —_ L L
29. ling =l = m = lim
1+ ~0 +1 1+ 1+ —0 1+ 1+ 1+
- 1+ -0 i
:h—o\/1+ 1+ :\/\/1+o 1—H\/1+0:_ B
v V v
0. lim  2t9 75 =lim 2+9-5 PEOF5 = i (2+9—-25
|
1——4 | +4 | ——4 |
C+49 2+9+5 -4 (0 + 4 249+ 5
jm 5 | +4)(1 —4)
_ 1 — + —4
=lim + = | 16 JWM‘
|4 E+D 9 a1y 24945
4
|
~=4 249 45 16+9+5 5+5 5
Motim (= g, (P43 243 2 G- B, 33N
1—0 1 —0 | —0
. 2 2
Zh% G +3 T+ ):hm(3|2+3||+4):3|2
: -0
— 1 2—( +F
2 lim gtz 2 =lim _CF % =gim (2= %42 +F —gim —1Q
-0 | =0 | 1—0 2 +°% -0 2(0 + 1)2
=21+ 1) =21 2
= lim = =
) 2( + |)2 |2. |2 r’i
33. (a) (b)
] 1.5 ()
—0 001 0.666 166 3
— —0000 1 0.666 616 7
- 2
-1 / 1 —000001 06666617 Thellmltatppearstobe.3
—0'000 001 0666 666 2
\ L. ) 0:000 0010 666 667 2
-, 0°000 01 0 666 671 7
~ &=
fim %Jﬂ - 0:0001 6667167
0:001 0667 166 3
Vv v v
TF3 +1 TFES 41
: +3 +
©lm v 3 i = lim
' vV
-0 — -0 — -0 3
1+3 =1 Va4 1. A+37)—1
=" lim =37 +1 [Limit Law 3]
3 -0
11 :
== im (I + 31 )+ lim 1 [1 and 11]
3 1—0 1—0
|
= lim 1+ 3 lim = +1 [1, 3, and 7]

1—0 1 —0



:13 |\/-H»—3—-e+l I [7 and 8]
1 2

= (1 +1 =
3
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0.5

r

)
— } 07001 0:288 699 2
07000 1 0:288 677 5
01000 01 0288 675 4

! 1 —0:000 001 | 01288 675 2
34. (a) 0 (b) 0,000 001 (1288 675 1
Voo Vs 0:000 01288 674 9
lim —— =029 0,000 1 01288 672 7
-0 ' 0001 0288 651 1
W J Y J The-limit-appeats-to-be-approximately 0 2887.
3+ -3 3+ + 3 @B+ )-3 1
Y
(c) lim | 3+ - +\/ J =1 J
T3_ _ —
Y = lim —pf———— .
=0 3+ o+ 3 03+ 4+ 3
R im
hgn 1 .

=3 T T T V3 [Limit Laws 5 and 1]
m
1
-0 1 -0

v [7 and 11]

lim G+ )+ 3
-0

e — [1, 7, and 8]
a0+ 3
= _ /L
23
3. Let ()=—2"()= 2cos20 and ()= 2 Then !
—1<cos20 <1 = —2< %c0s200° < % > ())<= (

Y Sosince lim () = lim °( ) = 0, by the Squeeze Theorem we have
-0 -0

lim " () =10
-0

. Lot ()= () = VI siac y,mnd () = VS hen
—l=sin(C " ") =<1 = Verrr Yo Zsin( )sJu—z;x

C)="()="().Sosince lim " () = lim " (7) = 0, by the Squeeze Theorem
1—0 -0
we have lim “ (") = Q
-0
37. We have lim (4~ —9) = 4(4) -9 = 7and lim 24 +7 =4 —4@+7=7.8inced —9=< ()< 2—4
- I

for >0, lim ()= 7bythe Squeeze Theorem.
—4
38. We have lim 2 ) = 2(1) = 2and lim ((*— 2+ 2)=1*—-12+2=2.Since2 < (1) < *— "2+ 2forall ",
-1 -1
lim ~ () = 2 by the Squeeze Theorem.
-1

39. 1 <cos2” " )<1 = —" %< 4cos(2” )< 4 Sincelim —" % =o0andlim” *=0,wek

-0 -

lim ~ #cos(2” ~ ) = 0 by the Squeeze Theorem.
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4. -1 <sin( ) <1 = -t <sinC )<l > \/_/ s\/_ sin( )s\/_.Since}n ( 71/ )=0and
- O
Y, BV
hrré (" =7)=0,wehave lim —1sinC ) = 0 by the Squeeze Theorem.
1 —0+ .0+
| I
-3 if _ —3>0 -3 if =3
41| |_3| = | =
1 I [
(=3 if -3 0 3— if 3
Thus, lim 27 + 7= 3)=1lm 271 + 71— 3 =lm 31 — 3 =33) — 3=6and
| —3* | —3* -3+
im 27 + |7 —=3) =1lm 27 +3 — 7) =1lim (1 + 3) = 3+ 3 = 6. Since the left and right limits are equal,
—3- —3- —3-
lim 27 + 1L |3) =6.
-3
I
+6 if 1+6 =0 +6 if =-¢6
42. |71 +6| = = 9
—( +6) if +6° 0 —( +o6) |if -6
We’ll look at the one-sided limits.
2(1 +6
o 2otz EIEO L, ag g 21k12 0 2046
——6+ |7+6 ——6+ 17106 —~—6- |1+4 ——6-—([ +6)
. L . .27 +12 .
The left and right limits are different, so lim does not exist.
-]+ 6]
43 23— 2 =22 -1 = 2.2 —1= 22 —1]
2 =1 if2 —1>0 2 =1 if =05
i
-2 -1 if2 -1 0 -2 -1 if 05

So 2 8%—"2="2[—2" -1 for 015.

Thus, lim 2 _1:l1m 21 -1 = lim -1__=-1__=1 = —4
P —e5- 23 -3 7 pos= [-@ -1 , ~os= ? 052 0
25
i 2— (1l 2 —(-1) 2+ 1
44, Since | 1| = —"1for 71 71 0, we have n = jm = Im =lim 1 =1.
--2 2+ -—2 2+ --22+ --2
I1 1 : 1 1 2
45, Since | 1) = —"1for 1 710, we have lim T -7 = ~ - =lim =, which does not exist since the
~0- 1 || ~o- 1 = —~0- 1

denominator approaches 0 and the numerator does not.
| 1

. 1 1 1 1
46. Since | 1| = 71 for 0, we have lim ~ — = =k T -7 =l =o.
—o* || —ot _o
47. (a) Y (b) (i) Since sgn =~ =1 for 0,lim sgn 1=1lm 1=1.
4,0+ |4,0+
1 .
(II) Since sgn =_1 for 0, im sgn | = lim —1=—1.

0 X -0~ —0—
| |
(iii) Since lLm I "% sgn  =lim



—0%sgn , linh sgn
does not exist.
-0
(iv) Since [sgn 1| = 1 for  6=0, lim
-0

sgn || =lim1 =1.
-0
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I —1 if sin 0

48. (8) (1) =sgn(sin )= 0 ifsin 1=0

| .
1 if sin 0
(i) im ~ ()= lim sgn(sin =) = 1sincesin ~ is positive for small positive values of .
‘,0+ ‘,0-#

(i) Lim “() = lim son(sin 1) = —1 since sin 1 is negative for small negative values of .
0

-0~ | —0—
(iii) lim ~ (1) does not exist since im (") 6= ).
n
-0 —0+ -0

(iv) lim " ()= lim son(sin 1) = —1 since sin 1 is negative for values of 1 slightly greater than 1.
-1 -1t

(v) lim ~ ()= lim sgn(sin 1) = 1 since sin 1 is positive for values of 71 slightly less than .

(vi) lim ~ () does not exist since Im (1) 6= M ().

— +

(b) The sine function changes sign at every integer multiple of 1, so the (©
. ) . . —0 1 )
signum function equals 1 on one side and —1 on the other side of 717
an integer. Thus, lim ~ (/') does not exist for * = = *, ~ an rgg +— ——
I

2 _ —
49.(a) (i) lim ()= lm T 170 =, (1E3C]
—2t 1 —2% | |—2| 1 =2+ | |—2|
I 1 +3)(1 =
= lim H _ i _, ot
o | — 2 [since 1 =27 0if 11— 2"]
[
= lm( +3 =5
—2+
(ii) The solution is similar to the solution in part (i), butnow | 71— 2| =2 — TIsince 1—2 710if 71— 2.
Thus, lim ~ () = lim —(7 +3) = —5,
—2~ | —2—
(b) Since the right-hand and left-hand limits of at 71 =2 (0) J /

are not equal, lim ~ (1) does not exist. 28|
2 \ =
\0 X
3 -

241 if 1
50. @) () = 5
(1=2 if 1>1
lim ()= lm (2+1)=1+1=2 Im :hm<—2)2—(1)2—1
—1- —1- —1*

(b) Since the right-hand and left-hand limits of 1at 71=1

are not equal, lim ~ (/') does not exist.
-1
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51. For the lim, ~ (') to exist, the one-sided limits at = 2 must be equal. lim
= —2—

lim = () = lim +1= 2+1. Now3= 2+1 = 9:2+| PN ':7,
—2+ —2+
52. (a) (i) lim ()= lm 71=1
—-1- 1—1-

(iilim ()= lim 2—-"2)=2-12=1Since m "(¢)=1and i
—1* | —1* —-1- -1

Note that the fact = (1) = 3 does not affect the value of the limit.
(iii) When = =1, " (1) = 3,50 (1) = 3.

(ivy im ()= lm 2 _ 3 =2_22=2_4=_2
1 —2- —2-

(V) lim ()= lim ( _3=2_3=_1

| =2+ o+

(vi) lim ~ () does notexistsince Im (')  lim ().
-2

—2- —2+
(b) if 1
3 if =1
O 22 11 =2
[ .
-3 if 2
53. (@ ()[]=—2for—-2=< —1,50 lim [ ]= lim (—2)= —2
—~—2 —~ 2"
@) (")) =-3for -3 < =2,80 lim [[7]]= lm (—=3) = —3.
-2 - —-2 -

The right and left limits are different, so lim [[ 71]] does not exist.
—--2

(iiiy [ 7 =—3for -3 < 2, S0 lirlnaizm[“]] :E$4(_3) - 3
GY@Orpg=" —-1for —1< ,S0 Im [[J]= lm (" — 1) =" — 1.
@i [m="1for 1< 717 +1,50 lm[[ ] = lim 1= "1

L. —  *

(c) lim [N exists ., lis not an integer.

y

54. (a) See the graph of 71 = cos . 1
Since =1 <cos” ~Oon|[—  — "2, wehave = ()=[cos |= —1 T 7?” T x
on[—"11-"172).
Since 0 < cos ton[—" "210) U@ N 2,wehave ()=0 y
on[—"210)U@© 1 2. )1
Since —1 < cos 0on( 21 ]J,wehave (1) =—-1on( 27 7‘ 0 e
Note that 1 (0) = 1. R

()= lim 4-'3 =4-1=3 and
—2—

(") = 1, wehave lim "(7) = 1.
-1
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SECTION 2.3
() (i) im "()=0and lim ()= 0,801lm " ()= 0.
0 —0* -0
(iAs" = (2, ()= 0o lm _ ()=0
)

()_,_1,50 lim ():_1

(i) A~ _ (2",
1—(i2)*

(iv) Since the answers in parts (ii) and (iii) are not equal, lim () does not exist.

(c) lim ~ () exists for all = inthe open interval ( _ ") except = _"2and "= ~"2.
55. The graphof = (') = [ ]+ [~ ]is the same as the graph of (") = —1 with holes at each integer, since ~ (") = 0 for any
integer . Thus,lim ~ ()= _tland lim ()= _1,s01lim ~ () = _1. However,
—2- —2+ -2
@ =[]+ [2]=2+(_2 =050 ljmz O 1 (2.
[
2 J
1T — 1 = 0. As the velocity approaches the speed of light, the length approaches 0.

56. lim 0

A left-hand limit is necessary since 1 is not defined for 1 71 1.

-+ . Thus, by the Limit Laws,

| . .
= o+ Nlim 1+ lim B+ + 7

57. Since ~ (" )isapolynomial,” (()="o+ 1 + 2 2+ -
I
lim T()=lim o+ T+ T2 P+ + 0,70

=To+ N1+ 2P+ -+,

Thus, for any polynomial =, lim = (") =" ().

- where ~ (') and 1 (1) are any polynomials, and suppose that 1 (I) = 0. Then

58. Let1() =
)
lim
lim 1¢C)=Im O _ ;” [Limit Law 5] = -0 [Exercise 571 = 1(1).
~ i~ 10 lim 71 (") @
(H—38 (=38
59. lim [ (') — 8] = lim (=1 = lim “lim( —1) =100 =0.
-1 -1 =1 -1 -1 -1
Thus, lim ~ () = lm {[ (") — 8]+ 8} = Lm [ (1) — 8]+ lim 8 =0+ 8 = 8.
-1 1—1 -1 -1
.o (O=238 N - . .
Note: The value of lim does not affect the answer since it’s multiplied by 0. What’s important is that
-1 =1
lim R exists.
-1 -1

60. (@) lim "~ (") = lim BON :lim_Ll-lim 2=5.0=0
1—0 1—0 2 2 -0

(b) lim £ lim .. lim + lim
1—0 1 —0 2 1—0 2 1 —0

61. Observe that 0 < ~ (1) < "2 forall ",and lim 0 = 0 = lim 2, So, by the Squeeze Theorem, lim S =0
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62. Let ()=1[Jand ()= —[ ]. Then lim ~ (/) and lim ~ (") donotexist [Example 10]
-3 -3

butlim [ ()+ ()] = lim ([ ]—=[ )= lim 0= 0.
-3 -3 -3

63. Let” (\) =1 ()and ()=1—"1 (), where 1 isthe Heaviside function defined in Exercise 1.3.59.

Thus, either or is 0 for any value of . Then lim~ ( ) and lim~ ( ) donotexist, but im [ ( Y ( )] = lim 0 = 0.
-0 -0 -0 -0

V V V . V .
== -2 = -2 =42 3= +1
Vv ) )
a4 53— -1 Ye—1+2 V3—1+1
I — —— . —
TEt—T 2 3 +1 : 3
= lim I— = lim 6— -4 =
] —
—2 \/3— 9 Ve 942 =2 3- -1 \/6— +2
v_
_ _~ J 4
@2-) 3= +1 = 1
| = lin2 =
)Je— +2 \/6— +2 2

= litQ (2 —
I
65. Since the denominator approaches 0 as — —2, the limit will exist only if the numerator also approaches

0as |_ _2.Inorder for this to happen, we need lim '3 2+ 77+ 1+3 ':0@

3(=2%+ " (-2)+ 14+3=0< 12— 2" + T+3=0< =15 With 7= 15, the limit becomes
2 [/ —

lim 2. 5t157 4B _ 0 300+ +3 g5, O +3 _3(=2+3) _3 = _q,

-2 N+71-2 -=2 (1T =1 +2 —--2 -1 —z=T1T =3

66. Solution 1: First, we find the coordinates of "1 and 1 as functions of “1. Then we can find the equation of the line determined
by these two points, and thus find the ~ -intercept (the point ), and take the limitas | — 0. The coordinates of 1 are (0 )

The point 7 is the point of intersection of the two circles 1+ = "2and (71— 1)2+ " = 1. Eliminating 71from these

equations, weget 12— 12=1—-(1-1? < ?=1+271—1<« 71="'"7F Substituting back into the equation of te
shrinking circle to find the “-coordinate, we get 512 >+ 2=12 < 2=121-142 o = [ —132
|
(the positive ~ -value). So the coordinates of 7 are £)2 1— %2 The equation of the line joining 1 and 7 HB
121
|1 ZI
- - - 2_0 (71— 0). Weset 1=0in order to find the TI-intercept, and get
- e T
7 _ -
- —
== 1771 1 - - 1241
2 4 =2
1—, 2—1 1—* 22 ¢

Now we take the limitas 1 — 0*:lim 1 = lim 4



—o+ —~0+2 1-172+1 = mo+

So the limiting position of  is the point (4 0).

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.4 THE PRECISE DEFINITIONOFALIMIT = 91

Solution 2: We add a few lines to the diagram, as shown. Note that p

Z = 90° (subtended by diameter ). So « =90° =«

(subtended by diameter 7171). It follows that #1717 = 271 7171. Also U - —
Z =90°— £7171 1= 27171 . Since 4717171 isisosceles, $4 11

1, implying that 7171 = 71 71. As the circle T2 shrinks, the point 71 plainly S

approaches the origin, so the point 71 must approach a point twice

as far from the origin as , that is, the point (4 0), as above.

2.4 The Precise Definition of a Limit

1. IF[ C)—1[7 02, then —0'2 (H)y—-1102 = 08 () 1 2. From the graph, we see that the last reydistrue if

07 111, so we can choose | = min {1 — 07111 — 1} = min {03101} = 0'1 (or any smaller positive number).

2. If[ ¢)—2l1 05, then —0'5 (H)—2105 = 15 (') 1 215. From the graph, we see that the last reydstrue if
26 318, sowe cantake | = min {3 —2d 38 —3} = min {04 0 8} = 04 (or any smaller positive rurba)Note that
16=73.
3. The leftmost question mark is the solution of \/*: 116 and the rightmost, v —= 214, So the values are 1 6> = 256 and

2142 = 5776. Onthe left side, we need |* — 4| 1 2156 — 4| = 1/44. On the right side, we need |~ — 4| 1 |5776 — 4| = T6To

satisfy both conditions, we need the more restrictive condition to hold—namely, | * — 4| 1 1K4. Thus, we can choose
= 1144, or any smaller positive number.
4. The leftmost question mark is the positive solution of 2=, %hat is, 71 = \w'z,%and the rightmost question mark is the positive
r—
solution of 2 = 3, thatis, = . Onthe leftside, weneed |- — 1| 7 ~#7— 1 = 0292 (rounding down to be safe). On

the right side, we need | — 1| ¥ _ 1 ~ 0224. The more restrictive of these two conditions must apply, so we choose
= 0224 (or any smaller positive number).

5. - - From the graph, we findthat* = tan~ = 0’8 when =~ = 0675, SO
iy =11~ 0675 = li~4—0675~01106. Also, =tan =12
1.2
P — when ~ = 01876, 50 4+ + 12 = 0876 = 12 = 01876 — 4 =~ 010906.
. Thus, we choose | = 0 0906 (or any smaller positive number) since this is
il H o _zv
T 5558 ’ the smaller of “11and 2.
6. L - From the graph, we findthat =2 (2+4) = 03 when = %50
s S 1—|1:§ = |1:%.Also, =2 (2+4=05when” = 2,50
0.4 [y
03l 1
/ : _ 1+~ ,=2= " ,=1. Thus, we choose 1 ="1 (o5 any smaller positive

+
&

number) since this is the smaller of 711 and 2.
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92 ®  CHAPTER2LIMITS AND DERIVATIVES

7. 7, — -~ Fromthe graph with | = 02, wefindthat = 3—-3 +4 = 58when
= 119774, 502 — 11 = 119774 = 11 = 00226. Also,

G prm— / = 3-3 +4=062when =2022,802+ 12 =20219 =

I2 = 00219. Thus, we choose | = 00219 (or any smaller positive

: "L 15 ~ 21 8, 7 number) since this is the smaller of 1 and .
For! =01,wegetly =00112 and!, = 0 0110, so we choose
= 0'011 (or any smaller positive number).
8. p e From the graph with | = 05, we findthat = (2 — 1y = 15when
2.3 ' ' = —(/303, 0 11 = 01303. Also, = (2 —1)" = 25when
" p” =~ (215, s0 |, = 0'215. Thus, we choose | = 0215 (or any smaller
] positive number) since this is the smaller of '1and 2.
B S‘h = T o For! = 01,wegetl;=0052and!, = 0048, sowe choose
= 01048 (or any smaller positive number).
9. (a) o 1o

3 - e
- Injx—1)

1

-4 2 201 202
The first graph of "1 :1(—1) shows a vertical asymptote at "1 = 2. The second graph shows that 71 = 100 when
ol —

~ 2/01 (more accurately, 2/01005). Thus, we choose | = 001 (or any smaller positive number).

(b) From part (a), we see that as 71 gets closer to 2 from the right, 71 increases without bound. In symbols,

, 1
lim = 00,
—2+ln([ — 1)
R X~ -\
10. We graph = csc® and = 500. The graphs intersect at ~ 3186, ® e
we choose | = 31186 —  ~ 0044, Thus, if 01 [ —0 [0 0044, tm o
- S5
csc? 500. Similarly, for T = 1000, we get | = 3173 — =~O0@L
. AN
i T Ehy
| -
M.(@ =" "2and” =1000cm? = ~ " 2=1000 = ~2=100 o= 1= B (190)  =178412 cm.
(o) |© —1000] <5= —-5<""2-1000<5=1000—5<""2<1000+5=>
- I — N
JE— | [R—
W < q< B > 1717966 < <17 8858. 4000 — 9~ 004466 and 2005 — 1000 ~ () 04455. So

if the machinist gets the radius within 0'0445 cm of 1718412, the area will be within 5 cm? of 1000.
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13.

14.

15.

16.

17.

SECTION2.4 THE PRECISE DEFINITIONOFALIMIT X 93

(c) istheradius, ( )isthearea, isthe target radius given in part (a), is the target area (1000 cm?), | is the megnitude of

the error tolerance in the area (5 cm?), and 1is the tolerance in the radius given in part (b).

RACAR Bl A

(@ =01 2+215 +20and =200 = 'r.:zm / h
01172+ 2155~ +20=200 = [bythe quadratic formula @ 7 =200 /
from the graph] = ~ 33 0 watts (" ~ 0) T=19 /
325\ / : /315
(b) Fromthe graph, 199 < <201 = 3289 33 11. 198 fwarts)

(c) ~ isthe input power, ~ (I') is the temperature, " is the target input power given in part (a), ~ is the target temperature (200),

is the tolerance in the temperature (1), and | is the tolerance in the power input in watts indicated in part (b) (011 watts).

o 01
@14 —8l=4] =2]7 01 < | —2|1 /S0 1 = T, = 01025
0101 001
(b) [4 —8l=4] —2/T 0001 « | =27 7 so! = , = 00025.
65 —7) —3l=15 —10/ =[5 —2)|=5| —2. Wemusthave| ()— | 1,505 —2| 1 <
" =2 5. Thus, choose ! =" "5.For! =01,! =002;for! =005, | =001; for! =001, ! = 0002.
¥
Given 71 71 0, we need 1 1 Osuch thatifo = |~ — 3| 71 71, then I y=1+
A+3i)-2 1Bt (a+%)-211 © L -11e ire ~
.
It1 |71 =3] 11« |1—3] 7137 5S0ifwe choose 1 =37, then °
071 =31 > (1+3%)-2 .Thus,llir513(1+1§):2by - -
il 3 I+4 X
the definition of a limit.
Given 71 710, we need 1 71 0such thatif 0 ~ |~ — 4] 71 71, then " Vs
¥ =K —
[271=5—=3] 1T 1L.But|21=5-3 1" < [271-8] 1 1< *J\
2] | 1—4] 711 < |71 — 4] 7171712 Soif we choose 1= 1712, then j
%
07117 =4l 171 =1@71—5 = 3] 171 Thus, lim 2,1 — 5) = 3by the ‘
1
definition of a limit.
! /-l- n‘:"’jll'h'.‘“"'-l-riI
Given 71710, weneed 71 10suchthatifo = |~ — (=3)| 71 7, then y=1"4s Mate
--------------- 13
[1—47)—13] 7 1. But |(1 —471) —13] = 31—
[—471-12] < |—4] [1+3] < 1= (=3)| 7171714 Sive
choose 1= 1714, then0 ~ |[r —(=3)| =71 = |[A1—-47H—13]
Thus, ]jm3(1 — 47) = 13 by the definition of a limit.
,3 0 X
-6 —3+8
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94 X  CHAPTER 2 LIMITS AND DERIVATIVES
18. Given 1 10, weneed 1 10suchthatif0 ~ |7 — (—2)| 71 1,then y/
|(3 +5)—(—1)| .But|(3 +5)—(—l)| =
[371+6] T 1< 3] |1+2] 11« [1+2] 171713 So if we choose
I="1713then0 1|7 +2] 11=> |31+ 5 — (=] 717 Thus,
lim (3° + 5) = 1 by the definition of a limit.
-2
_/1—l+s
N -
&
. . 2+4 2+ 4
19. Given1 1 0, weneed 1 7 Osuchthatifo1 | —1| 7 1, then 3 -2 . But 3 -2 <
41—-4 Ve 3= ; 3
57111 e 15 [1-117171 < [1-1]| 1%7.Soifwechoose 1 =2 igthen0o 1|~ -1 T=>
5 -2 . Thus, lim = 2 by the definition of a limit.
=1
20. Given1 = 0,weneed1 1 Osuchthatifo 1 |© —10| 7 1,then 3 — % — (—5) Butz—% — (-5 T <
8—2 11 <o -—¢| —10\I < |0 —10] Ear.SOifwechooseI:*"z,theno I |° —10] =
3-8 - (-5 . Thus, h@m@—“g): —5 by the definition of a vk
2—271-8
21. Given 1 [ 0,weneed1 1 Osuchthatifo 1 |7 —4|7 1,then . -611 &
C=4HC +2)
. -6 11 < | +2-6]1 [ =4 < | —4 . So choose 1 = 1. Then
| —
— + o
071 In —4l1 2|—4I||:>|+2—6|||3ux—2;4 -6 11 [ 6=4 =
I_
254 8_6 ||.Bythedeﬁnition01‘a|imit,lim4 2_ 5 g= 6.
1 - -4
| —4 l
. . 9— 472
22, Given 1 7 0, weneed 1 7 Osuchthatifo 4 |- + 15/ 7 1,then ! -611 &
Cr2)072) 611 o P-2 -6/ [ 6 &5 o |2 —3[171 e |=2/| +15]
3+ 2 |
"+ 1'5/7 112. Sochoose | = "2, Then01 | + 15| | = | +15| 2 = |=2|| +15]1 =
42
|—27— 3| = 3-271-6/"71 = |(3+—23+)‘g_—21—6||| [ -15 = l? M
- o 9 — 42
By the definition of a limit, hT,l s35 5 = O
23. Given 1 10, weneed 1 10suchthatifo ~ | — ~| [ 1, then | 1— 71| 71 1. So 1= "1will work.
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25.

26.

21.

28.

29.

30.

31

32,

SECTION2.4 THE PRECISE DEFINITIONOFALIMIT X

Given 1 10,weneed 7 10suchthatifo 71| — | 7/ 71,then|” —" | 1 71.But|” — " | =0, sothis will be true no newhat
we pick.

. . ) ) va ya
Given 11 0,weneed 1 1 Osuchthatifo 1 |1 — 0 , then -011 = 11 < | .Take 1= "T.
Then0o 1 | —0] 1 = 20 . Thus, lim0 2 = 0 by the definition of a limit. _

P

Gi H 3 3 3/ \/

iven1 - 0,weneed 1 1 Osuchthatifo1 | — 0| , then -011 < I'P11 e || . Take 1=2].
Then0o 1 | —0] 1 = 5-0 13 = 1. Thus, lim0 3 = 0 by the definition of a limit.

s
Given 1 10, weneed 7 1 0suchthatifo 1| —0] 71 71, then |1]—0 71 71.But | 1] =]71[. Sothisistrue if we pick =1.
Thus, h’mol 1| = 0 by the definition of a limit.
i

) ) N VA
Given 7 10, weneed 7 1 0suchthatifo 71 71— (=6) 711, then 6+ 1—=0 171.But 86+ 1—-07171<
%/6+| 11 < 6+ 8 o ~ —(—6)7 18 Soifwechoose | =18, then0 = (=06 1 =

6+ —0 -Jg‘ﬂ %/6_-!-_ = 0 by the definition of a right-hand limit.
Given 11 10, weneed 1 10suchthatifo ~ | —2] 1 1,then  12—471+5 —1 171 < 2—41+4711<

(1—2)2 7171. Sotake |:\/|_.Theno [m=2] 771 < |1-2] |\/|_=> (71— 2?2 71 1. Thus,

| |
lim 71> —47+5 =1 by the definition of a limit.
I

Given 71 710, weneed 71 10suchthatif0 = [T —2] 71 1, then (12 +271—-7)—1 1 71.But (12+271—-7)—1 <
2+27-8 1 < | 1+4||1—2] 171 Thus our goal is to make | 1 — 2| small enough so that its product with | 71+ 4
is less than 1. Suppose we first require that [ 71— 2] 11.Then—1 ~ 1 —2711 = 17171713 = 5771 +4 17=>
" + 4|7 7,andthisgivesus7|" —2|/ 11 = | —2|71 177.Choose | = min{1 "~ 7} Thenif01 || —2| " we
have | 1—2] 1 1717and [ 1+4| 17,50 (P+21=7)—1=[C1+H(1=2)| =] T1+4]|1=2] T17(117) = 7, as

desired. Thus, lim (" 2+2  _ 7) = 1 by the definition of alimit.
-2

Given 1 710, weneed 1 71 0such thatif 0 71 [ — (=2)| 71 71, then I|2—1 |—3 | 71 or upon simplifying we need
12— 4 71 71 whenever 0 71|~ +2| 71 1. Notice that if | 1+ 2| 711, then —1 +2 1= =571 1-21-3=
" —2|7 5.Sotake | = min{ 51} Then01 | +2[° 1 = [ —2]7 5and| + 2|1 5, SO
2-1 =3 =1C+2( =2l=1 +2[]" =271 (1"5)(5)= 1. Thus, by the definition of a limit, lim (¢ ? —1) =3
Given 71 10,weneed 7 10suchthatifo 71| 1—2] 71 1,then -8 71 1. Now B—-8= (1-2) I|2+2 |+4I
If | — 2]~ 1,thatis, 1 3,then =24+ 27 +4 7~ 32+ 2(3)+ 4 =19 and soO
3-8 =] =2 2+2 +4 19 —2|. Soifwetake | = min 1] 44 ,then 07 [ —2|] =

3
S8 = —2] 242 + 4| m ¥ 9=, Thus, by the definition of a limit, lim,1=8.
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33. Given1 " o,welet! = min dg -0 [ =3[ then| -3 2 = -2 -3 2 =
I
4 +378 = | +37 8Also| —371g,50 2-9 =] +3[| -3785 = .Thus,lign3 29,
V3
34. From the figure, our choices for 1are 12=3— 9— and '
V— | '
| Y+
2= 9+ —3.Thelargest possible choice for isthe minimum o—2
value of {11 12} thatis, 1 = min{11 12} = 12 = \/9+ - 3.
_';

35. (a) The points of intersection in the graph are (" 112°6) and ( 213'4) P 7
14
with 1 = 0/891 and ~2 =~ 1'093. Thus, we can take | to be te /"!
smallerof 1 — ;and 2 —1.So! =" 2, —1 = 0093.
| /f ' 2

1

(b) Solving 1®+ 1+1 =3+ 7 gives us two nonreal complex roots and one real root, which is

216+108 +12\/336+324 +81°2 2 ° [
)= T .Thus, = () -1
vV , 13
6216 +108 +12 "336+324 +8l1
©If! =04,then” ()= 1093272342 and | =" () —1 = 0093, which agrees with our answer in part (a).
36. 1. Guessing a value for Let 71 71 0 be given. We have to find anumber 71 7 0 such that il '-; | weea
0 —2| But | 11927 "= -2 Wefind a positive constant | such tn1
1. e = Il p v I | =
| =2 . |
| | I 71|71 —2| and we can make 1|71 —2| 71 71bytaking | 71— 2| = “1Werestrict to lie in the interval
271 I
1 1 1 1 1 1 1 1. .
—a 11 1 1 = ___ 7 _.So7 = _ issuitable. Thus, we should
[ 11 = I 171350 |_||§:>é > 2 2 2 3
choose | = min {1 2 }.
2. Showing that | works Given1 ™ Owelet! = min {1 2 3. If01 [ —2 Jthen| —2]7 1 = 1 3 =
1 1 . 1 1 =2 1 .
— - p— | — _| = I = 1 :1
ERIL éasmpartl). Also | 1—2] ~2I,s0 ) 2] ! 21 I.IhISShOWS'[hathm(lzl h=t. 2
. . V_ o
37. 1. Guessing a valuefor Given 1 710, we mustfind 71 “jOsuchthat| = 71— " 71| ~ TTwhenever 0 77| — " | 1 1. But
1
I
J Y | VA

_ | = |
| 1= 1=+ - Vv (from the hint). Now if we can find a positive constant 7 such ta I+ 7171 1then



T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



SECTION 2.4 THE PRECISE DEFINITIONOFALIMIT =& 97

v |+\/| | ,and we take | 71— 71| 71 7171. Wecan find this number by restricting “1to lie in some interval
centeredat . If [ 71— ~| 7%, then =317 71-717% = 3717171712 |:\/|I\/|_| laJrJl,_a\ndso

= [

I = 21+ Tisasuitable choice for the constant. So | 71— ~| | Y2+ 177 This suggests that wet

11
= min 71 71 +éz
| 5 ||§_ J 1
2. Showing that wo\r)<s Given 10,welet” =min ! Y479 1~ . ifo 11~ —= "] 7, then
. N - i B _
=g e I+ 771 ';+ T(esinpartl). Also|1- | Y3+ is0
_
R e | 2+ = . Therefore, V- \/bythe definition of alimit.
1+ _
|~ — ||:\/ \/ _2+\/_|:| iirn =
38. Suppose that lim 7 () = - . Given | = ! thereexists1 1 Osuchthato1 |- 1 = h O-"1" L <
-0 2 2
L1990 7+ % Foro 1O =1,s0179+% = J7z.For—; 1170 ()=0,
S0 —; 0 = Ilz' This contradicts |1,[. Therefore, lim 7 () does not exist.
-0
39. Suppose that lim ~ () = ~. Given | = 1, thereexists1 1 Osuchthat0- | | => [ ()= 1 Takeany dd
-0 2 2
1
number 1 with0 7 || 7 1. Then " (1) = 0,500 — " |~ % so~ < || 1 3 Now take any irrational number = with
07 "7 1.Then () =1,s0 1 — " | 17.Hence,1— | |1?,so ||15Thiscontradicts 1711,50 lim " () does not
2 -0
exist.
40. First suppose that lim ~ (') = ~. Then, given 1 ~ Othereexists 1 1 0sothat0 1 |1 =" [11 = [ () —"|
Pt
Then™ —1 1 > 07 ) =" [11so] ¢)=—"1"1.Thus, lim ~ ()= ".Also1 11 +1 =
07 1 =1 71so[ ¢)="17 1. Hencehn ()=". T
Now suppose lim () = Im ().Let] 7 O0begiven. Since Im ()= -, thereexists |1 7 0 so that
Lo- - -

-1 = ()" .Since lim ~ (") = ~, there exists 12 7 0 so that +12 =
O . Let | bethesmallerofl;andl, Then01 [ — |1 = 11 or + D
() —"| . Hence, lim ~ (') = . So we have proved that lim (') = ~< lim ()="=m ().

— — — - +
1 4 1 1 1

#H. 71 10,000 & (1 +3 e [ +31T Y/ e | -3 —

1+ 3)4 10,000 10,000 10

I 171 1
42. Given 10, weneed 1 710suchthat0 7 ‘ +3| 1 ( +3* 17 Now—— 7171
= 4 =
(1 +3)
(1 +3 L L L L 1 , S0

| | |
s | o+ 3 ),/I . So take :7_| .Theno | + 3] = ¥y => 7




1
lim = % ¢ +3°
~S8 (1 + 38
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43. Given[ [ 0 we need 0 so that In whenever 0 | thatis, = = 1 | whenever 0 1. This
suggests that we take | =1 . If 0 I, thenn In = [l . By the definition of alimit, Im In = = — .
0+
44. (a) Let 1 begiven. Since lim ~ (') = oo, thereexists 11 1 Osuchthat 071 [F — |~ 11 = ~(C)I [ +1—1.Since
PR
lim ~ (1) = 1, thereexists 12 7 Osuchthato 7 [ —="[7 12 = [()—1711 = ~()711—1 Letbethe
P
smaller of 11 and 12. Then0 1 | — |1 > O+ ()o@ +1=np+d =1 =0 .Thus,

lim [ C)+ ()] = co-

(b) Letr 0 be given. Since ]|er ()= 0, there exists 11 7 Osuchthato 1 | =" |71 11 =
") =1 2 > () 2. Since lim ~ (1) = oo, there exists 12 7 0 such that 0 =1 "1 =
(Ho 2 . Let :min{|l 2}.Theno =111 = OO 2—;: ,S0 lim © ()1 () = oo.
(c) Let 0 be given. Since lim ") =110, there exists 11 7 O suchthato 7 [7 — [ 71 11 =
Fey—1171 =112 = @ 2. Since lim © (1) = oo, there exists 12 7 Osuchthat0 7 [ — |~ 12 =
(") C 207 1. (Notethat 1 1 0and 0 => 2 0) Let! = min{l1 12} Then0o1 || —1| =

T 27 s OO 2—‘-2= ;50 lim  ()7()= —oco.

2.5 Continuity

1. From Definition 1, lim ~ (") = ~ (4).
-4
2. The graph of 71 has no hole, jump, or vertical asymptote.
3. (a) isdiscontinuous at —4 since = (—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right
limits are not the same).

(b) s continuous from the leftat —2 since lim ~ () = "~ (—2). is continuous from the right at 2 and 4 since
-

lim ~ ()= (2 and lm -y = (), Itiscontinuous from neither side at —4 since (—4) is undefined.

| —2+ —qt

4. From the graph of ", we see that = is continuous on the intervals [-3 —2), (=2 —1),(=1 0], (0 1), and (1 3].

5. The graph of =" () must have a discontinuity at 6. The graph of =" () must have discontinuities
= 2 and must show that 113; ) =0 at 1= —1and 71 = 4. It must show that

lim ()= (—Dand lim ()= (4.
—-—1 —a4+

- .
N

\ 0 .

=Y
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7. The graph of =" () must have a removable 8. The graph of = () must have a discontinuity
discontinuity (a hole) at 71 = 3 and a jump discontinuity at = —2with lim () (—2) and
2T
at 1 =>5. 2
! lim = () 6= (—2). It mustalso show that
/_/\ — =2
lim ()= @and m () 7T@.
0 é g x | =2 *;2"'
-2 0 2 X
/ o

9. (a) The toll is $7 between 7:00 Am and 10:00 Am and between 4:00 pm and 7:00 PM.

(b) The function 1 has jump discontinuities at = = 7, 10, 16, and 19. Their significance 3" —
to someone who uses the road is that, because of the sudden jumps in the toll, they
=7and - =10 and between ~ = 16 ol 7w Iots 2z I

may want to avoid the higher rates between

and -~ =19 if feasible.
10. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any instantaneous jumps

from one temperature to another.

(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City increases,

without any instantaneous jumps.

(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump from one

height to another without going through all of the intermediate values—at a cliff, for example.

(d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments.

(e) Discontinuous; when the lights are switched on (or off), the current suddenly changes between 0 and some nonzero value,

without passing through all of the intermediate values. This is debatable, though, depending on your definition of current.

2 1+2(—13* = 4= g =
- (—1D°" = (=3)*=81="(-1.

|
1427 =" 940 gy =

—--1 —--1 -1 —-—1
By the definition of continuity, “1is continuous at 1= —1.
245 lm(‘2+5) lim 2+ 5lim 22+52) 14
12. lim ~ () = Im = =2 = =2 —2 = =_=1©.
—2 —2 72 +1 Im2 + 1) 2Tim - + lim 1 202) + 1 5
—2 —2 —2
| =2.

By the definition of continuity, “1is continuous at
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v VR . . .
13. im "()=1lm2 32+1=2lim 3*+1=2 lm@G?+1)=2 3lm 2+ lim 1

-1 Ly—— -1 -1 -1 -1
— |

V
=23(1)2+1 =2 4=4= (1)

By the definition of continuity, 71is continuous at 1= 1.

14, lim " ()=1lm 3 *-5 + 244 =3lim *—51lm &
IHZ Ia2 -2 1—2 1—2

S

lim ([ 2+ 4)

=32%—5Q2)+ *22+4=48—-10+2=40= (2
By the definition of continuity, 7is continuous at 7 = 2.

15. For 71 71 4, wehawe Y V
lim ()= lim( + ——=#)=lim + lim —=# [Limit Law 1]

=77+ Yim —lim4 [8, 11, and 2]
~ =
= |+\/|—4 [8 and 7]
= O
So~ iscontinuous at = =" forevery " in (4 o ). Also, 1ir21+ ()=4= (4, so iscontinuous from the right at 4.
Thus, is continuous on [4 o).
16. For 71 71 —2, we have )
lim ([ 1 o
lim ()= lim 1=1 = - — [Limit Law 5]
I
- ~ 3 +¢ lm @ +0)
hm 1 — i
= T ~1 [2 1 and 3]
3lim 1+ lim 6
- | —
_1-1 q
T [8 and 7]
Thus, iscontinuousat- =" forevery in (—oco —2);thatis, iscontinuouson (—oco —2).
17. () = 1 is discontinuous at ~ = _2 because ~ ( _2) is undefined.
| +2 N I
%‘_‘
\ o ¥
! f
18 ()=@ —2 T 1 72
| y
I ) I
1 if 1=-2 YT r-2
Here "(—2) = 1,but lim ~ ()= —coand lim "~ () = oo, =2 1]

2 " T ——

50 hin,z (") does not exist and s discontinuous at —2. \ x=-3
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24,

25.

26.

SECTION2.5 CONTINUITY = 101
) +3 if T < -1
2! if 17 —1 !
lim " ()= lm ( +3)=-1+3=2ad
——1 —--1
iiiri+ €)= iiinl,, 2 = 2-1=15Since the left-hand and the
X
right-hand limits of 71 at1 are not equal, lim (") does not exist, and
—--1
| is discontinuous at —1.
-y
- if=1
(=1 _2=1
| y=1
1 if 1=1
0 X
lim ()= —— = lim —=1 —im — =1
T ~1 721 S+ —) 1+ 2]
but (1) = 1,s0 isdiscontinous at 1 x=-1
[ cos if 0 A
()= 0 if 1=0
I )
1—"2 if 0
—T
lim ()= 1but 0) =0=1,s0 isdiscontinuous at 0.
-0
r22-53 jf1=3 y
)= -3 71
60
6 if 1=3
2 _ — —
im ()=dn > 2 “=fm @ TUC T 3jmer+n=7
I [ 1 1
-3 -3 — -3 — -3 ,
l - | 3 - l =3 / 0 : >
but 71 (3) = 6, so 7 is discontinuous at 3.
2-1-2 -2( + . :
():I|—|2:(| )(IZ ) o i ifor =2 Sincelim ()= 2+1=3define (2) = 3 Then is
- [ e D -2
continuous at 2.
P—8 (0 —2(12+27 +4 2427 +4 4+4 + 4
= = = —— for = = 2. Since lim = = 3, define 1 (2) = 3.
O 2=~ o303 — m = ., @
Then 71 is continuous at 2.
1(y=2 = 71 = lis a rational function, so it is continuous on its domain, (—oo  00), by Theorem 5(b).
7+
12 +1 2+1 . . . . . . .
()= = is a rational function, so it is continuous on its domain,
2712="1-1 7+ =)

- _é u -% U o0), by Theorem 5(b).
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Y/ Y, v VAR

21,73 —-2=0=>13=2=> " =250 T( )= ) -

13— 2 hasdomain _o” 2 U *2 0 .Now 3-2%

continuous everywhere by Theorem 5(a) and 3/ — 2 is continuous everywhere by Theorems 5(a), 7, and 9. Thus, 7 is

continuous on its domain by part 5 of Theorem 4.

sin

28. The domainof =~ () = |1 is (—oo! o) since the denominator isnever 0 [cos 11 = —1 = 2+ cos |1 = 1]. By

2 + cos
Theorems 7and 9, ¥ ''and cos “171are continuous on R. By part 1 of Theorem 4, 2+ cos 171is continuous on R and by part5 of

Theorem 4, 1 is continuous on R.

29. By Theorem 5(a), the polynomial 1 + 2 is continuous on R. By Theorem 7, the inverse trigonometric function arcsin is

continuous on its domain, [—1 1]. By Theorem 9, () = arcsin(1 + 2 ) is continuous on its domain, which is

{1-1=<1+2 <1}={|-—2=<2 <0}={|-1< <0}=[-1 (;].

30. By Theorem 7, the trigonometric function tan 7 is continuous on itsdomain, 71| 716=,- + 7171 . By Theorems 5(a), 7, and 9,
th ite function = ———2 A
€ composite function "~ s continuous on its domain [-2'2]. By part 5 of Theorem 4, = (") = \/4 s

continuous on its domain, (=2 =" "2) U(=""2"""2) U (" "2I2).

+ +
M. ()= 1+l: 1isdeﬁnedwhenI 1

>0= 1+1=0and 17100or 1+1<0and 1710= 71710

or < —1,s0 hasdomain (—o0 —1] U (0 o). [ isthe composite of a root function and a rational function, so ité

continuous at every number in its domain by Theorems 7 and 9.

2 2
32. By Theorems 7 and 9, the composite function 71-'" is continuous on R. By part 1 of Theorem 4, 1+ 7='" is continuous on RBy

Theorem 7, the inverse trigonometric function tan—! is continuous on its domain, R. By Theorem 9, the composite

. 2 . N .
function = (1) = tan=1 1+ 1~ is continuous on its domain, R.

. 1
33. The function 1= _______ s discontinuous at 1 = 0 because the 3
1+~ 1n r Al
left- and right-hand limits at 71 = 0 are different. A
_4 &
\ J
-1
34. The function 1 = tan? 71 is discontinuous at 1 =L+ 171, where "lis .
any integer. The function 1 =1n tan? 71 is alsodiscontinuous
where tan? 7is 0, thatis,at 1= 171.S0 1=1ntan® 7156

discontinuous at | any integer.

=%,
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V vV
Because 1 is continuous on R and " 20— J2is continuous on its domain, — 20 < 7 < 260, the product

v _
()=" 20— Ziscontinuouson — 20 < < 20. The number 2 is in that domain, so is continuous at 2, and

lim ()= (2 =2 t6=28.
-2

Because 1 is continuous on R, sin 7 is continuous on R, and 1 + sin 1 is continuous on R, the composite function
() = sin( + sin ) iscontinuouson R,s0 lim ~ (') = ~ (") = sin(C +sin ) = sin = = O.

2
is continuous throughout its domain because it is the composite of a logarithm function
1

The function”™ () = In

5- 712
and a rational function. For the domain of 7, we must have = 1 0, so the numerator and denominator must have the
vV _ V
same sign, that is, the domain is (—co —~ 5]U (=T 5. The number 1 is in that domain, so is continuous at 1, and
5—-1
im ()= "(1) =ln T =In2
-1 1+1

Vo

The function™ () = 3 =2 =45 continuous throughout its domain because it is the composite of an exponential function, a

root function, and a polynomial. Its domain is
I I Il I
1| 12=21-420 = 1| 1¥=-21+1=25 = | (1-12=5
Vv v
= | —1l= 5 =(-01— 5JU[l+ 5 00)

v

The number 4 is in that domain, so 1 is continuous at 4, and lim ()= @) = 3 16-8-4 = 32 = 9.
—4

In 71 if 1711

By Theorem 5, since ~ (") equals the polynomial 1 — "2 on (—oo 1], is continuous on (—oo 1}

By Theorem 7, since ~ (") equals the logarithm function In ~ on (1 ©0), is continuous on (1" o9
At1=1lm ()= lim 1 —-"2)=1-12=0ad Wm ()= Im In =1In1=0. Thus, lim ~ () exists and
—-1- —-1- —-1* =1+ -1
equals 0. Also, (1) = 1 — 12 = 0. Thus, is continuous at” = 1. We conclude that  is continuous on (—oo' c0).
)= sin if 4 -

cos | if 1= 174

By Theorem 7, the trigonometric functions are continuous. Since * (/) = sin ~ on (—oo || "4) and " (/) = cos ~ On

(4 0), iscontinuouson (—eco' "4 U( 4 o)  lim ()= lim sin =sin =1 2since the sine
=4 - a7 4
| I - o . .
function is continuous at * ~ 41 Similarly,  lim ()= lim cos =1 2Dy continuity of the cosine function
=it 1= 14+

at 1714. Thus, lim (") exists and equals 1 2, which agrees with the value (  4). Therefore, iscontinuous at 4,
- 4



S0 iscontinuous on (—oo o).
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r? if -1
y
41. ():II if —1< 1
17171 if1=1

is continuous on (—oo' —1), (=1 1), and (1 oo), where it is a polynomial, a
il, 1)

polynomial, and a rational function, respectively. =1, 1)

Now lim ()= lim 2=1and lim ()= lim ~=_
1 | 1+ 1+ ! — 0 X

so isdiscontinuous at _1. Since  (_1) = _1, is continuous from the right at 1. Also, lim ~ (") = lim 7 =1and

—-1- 1—1-
1

lim ()= lim =1= (1), so iscontinuous at 1.

‘,l+ 4,1+
y

1 if 17 4 5 \ >

is continuous on (—co' 1), (1 4), and (4 oo), where it is an exponential, a

polynomial, and a root function, respectively.
Now lim ~ ()= lim 2 =2and lim ()= lim (3 _ )= 2 Since (1) = 2 we have continuity at 1. Also,
—1- —1- —1* —1+ \/
lim ()= lim 3—-—")=—-1="®% and ()= Im 1=250 lisdiscontinuous at 4, but it is continuous

—4- —4- e —4+

is continuous on (—oco 0) and (1 o) since on each of these intervals it / 0 \

is a polynomial; it is continuous on (O 1) since it is an exponential.

Now lim ~ ()= lim ( +2)=2and ()= Im 1" =1,s0 "lisdiscontinuous at 0. Since 1(0) =1, 1is
| —0— —0— | —0+ —0*
continuous from the right at 0. Also lim ()= lim = andlm ~ ()= lim 2 _ y = 1,50 is discontinuous
-1 1 —1- —1+ —1*
at 1. Since 71 (1) = 71, T1is continuous from the left at 1.

44, By Theorem 5, each piece of 1is continuous on its domain. We need to check for continuity at 1= "1
fm 1 ()= lm =11 and ()= Gim = solim 1()= | .Sincel ()= _
lim

3 2 . a2 2 .

| is continuous at 1. Therefore, 71is a continuous function of 1.

1712 I if 171
5. () = +2 if 2
13— if 1>2

. . I I
is continuous on (_ oo’ 2) and (2' o). Now lim ~ () = lim 1712+271 =47 +4and
—2— | —2—
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. . | . .
hr; )= hf; 13— =8—271.S0 iscontinuous < 4 +4 =8—-2 < 6 =4< =2 Thus, forl
: : | | | -
to be continuous on (—oo ), | = 3.
I P-4 ;
5 if 2
| — 17
)=
2_ +3 if2< 3
I
27— "1+ if1=3
12— 4 A +2(01 =2
At =20 lim ()= lim = lim =lm ([ +2 =2+2=4
—2- j—2- 1—2 | —2— 1—2 —2-
lim ()= lim ("2_""+3) =4 _21+3

| —2+ —2*

We must have 4~ — 27 +3=4,0r4" - 271=1 (1).

At 1=3  lm ()= lm (% _ +3)=9 _3 +3
1—3- -3~
|
lim ()= lm @ _ +)=6_" +]
| —3+ —3*

Wemusthave 9 1—31+3=6— "1+ Lorl01- 471=3 (2).

Now solve the system of equations by adding —2 times equation (1) to equation (2).

—8 +4" =-2
104 =3
2 = 1
So- = ;_ Substituting ;for in(1) givesus —21 = —1,s01 = ;as well. Thus, for ~ to be continuous on (—oo" c0),

NI

If ~ and ~ arecontinuousand (2) = 6,thenlim[3 ( )+ () ()] =36 L
-2

3lim )+ lim @) lim @)=36 = 3@+ (2 6=36 > 92 =36 > (2 =4
-2 | =2 -2

1 1
@ ()= "and ()=",,50C ()= (=" "H=101"3="2
(b) The domain of = o isthe set of numbers inthe domain of = (all nonzero reals) such thati ( ) is in the domain of

(also
o 1 . .
all nonzero reals). Thus, the domain is 6= 0 and _26: 0 =9{ | 6=0}or(—c00) U@ o0).Since "o is
the composite of two rational functions, it is continuous throughout its domain; that is, everywhere except 1= 0.
4_ 124+ 1)(12_1 24T +1)(1 1
@ @)= - 11:( )(1_):< X 1)( —):(|2+1)(|+1)[or|3 +72 4+ 1+1]
1= | — | —

for © 6= 1. The discontinuity is removable and “(7) = "3+ "2+ = + 1 agrees with for~ 6= 1 and is continuous onR

P-?-2l (=" -3 1 =2(1+1)

2
b )= — 2 o =1+ for 4 1for 1 6= 2. The discontinuity

isremovable and " (") = "2 + ~ agrees with for =~ 6= 2 and is continuous on R.

(©) lim ~ ()= lim [sin ]= Jn 0=0and lim ()= lim [sin "]= lim (—=1)= —1,s0 lim ~([) does not

- - + + I, +

exist. The discontinuity at 1= "1is a jump discontinuity.
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+ + +

O u"_‘_i 1 X

ol pas : .
| does not sat‘lsfy the conclusion of the | does satisfy the conclusion of the
Intermediate Value Theorem. Intermediate Value Theorem.

() =2+ 10sin " is continuous on the interval [31 32], ~ (31) =~ 957, and ~ (32) =~ 1030. Since 957 7 1000 7 1030
there is a number c in (31 32) such that- () = 1000 by the Intermediate Value Theorem. Note: There is also a number c in

(—32' —31) such that~ () = 1000

Suppose that (3) ' 6. By the Intermediate Value Theorem applied to the continuous function  on the closed interval [2 3],
thefactthat (2 =8 ' 6and (3) ' 6 implies that there is a number | in (2 3) suchthat () = 6. This contradicts the &that
the only solutions of the equation ( ) = 6are = 1and = 4. Hence, our supposition that (3) 6 was incorrect. tfollows

that (3) = 6. But (3) 6= 6 because the only solutionsof () =¢6are = 1and = 4. Therefore, (3) ' 6.

()= %+ —3iscontinuous ontheinterval [1 2]~ (1) = —1,and " (2) = 15. Since =1 7 07 15, there is a nurigin
(1 2)such that™ () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation "4 + = —3 = 0 inthe
interval (1 2)

The equationln ™ =~ — \/_is equivalent to the equationIn = — = + =0 ()=l - + v “is continuous on the

interval 2 3], (2)=In2-2+ 2 ~ 0107, and 3) =In3-3+ 3~ —0'169. Since 2 10 (3), there &

number ! in (2 3) suchthat” () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

ln = + =00 = - intheinterval 2 3).

The equation | = 3 — 2" isequivalent to the equation | +2 -3 =0. () =1 + 2 — 3iscontinuous on the ied [0
1, (0= —2,and (1) = | —1 = 172. Since =27 01 1 — 1, there is a number I in (0 1) such that™ () = 0 byle
Intermediate Value Theorem. Thus, there is a root of the equation | + 2" —3 =0,0r 1 =3 —2 ,intheinterval (O 1).

The equation sin ~ = ~2 — ~ isequivalent to the equation sin ~ — 2+ ~=0. () =sin = — 2+  iscontinuous ok

interval [1 2]~ (1) = sin1 ~084,and” (2) =sin2 —2~ —1/09. Sincesin1 7 0 7 sin 2 — 2, there isanumber | in (1

2) such that ~ (1) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation sin = — 2 + = = 0, or sin
= 2 —"intheinterval (1 2).
(@ () = cos — 2iscontinuous on the interval [0' 1], *(0) = 17 0,and (1) = cos1 —1 ~ —0'46 1 0. Since

17 07 —0/46, thereisanumber ! in (O 1) suchthat () = 0 by the Intermediate Value Theorem. Thus, there is a miof

the equation cos  — ¥ = 0,0rcos = 3, intheinterval (0 1).
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(b) " (0'86) = 0016 ©* Oand " (0'87) = —0014 7 0, so there is a root between 0'86 and 087, that is, in the interval
(086 0'87).

(@ ()=1In" —3+2 iscontinuous on the interval [1 2], " (1) = =17 0,and" 2) = In2+ 1 =177 0. Since
—17 07 117, there isanumber | in (1" 2) such that” () = 0 by the Intermediate Value Theorem. Thus, there is a rootdthe

equationln = —3+2 = 0,0rln =3 —2 ,intheinterval (1 2).

14

(b) (17349 = —=0'037 0Oand " (1 35 =~ 00001 T 0, so there is aroot between 134 and 135 that is, ink

interval (1 34 1 35).

(@) Let” () =1001- 1% — 001 2] Then" (0) = 100 7 0and

o

(100) = 10011 — 100 = —63'2 7 0. So by the Intermediate

Value Theorem, there is a number | in (0 100) suchthat ()= 0 T

This implies that 1001- %% = 010112,

(b) Using the intersect feature of the graphing device, we find that the

=100 + - . 1oa

root of the equation is ~ = 70347, correct to three decimal places.

(@) Let” () = arctan” + —1.Then (0)= —1 7 Oand

1(1) = -, 0. Sobythe Intermediate Value Theorem, there isa 3

v \ ¥ = arctan x
number | in (0 1) suchthat () = 0. This implies that '

—4.5 45
arctan 1=1— 1.
(b) Using the intersect feature of the graphing device, we find that the

root of the equation is = = 01520, correct to three decimal places. -3

Let () = sin" 3. Then iscontinuous on[1 2] since is the composite of the sine function and the cubing function,
both of which are continuous on R. The zeros of the sineargat  ,sowe notethat 0 — 1 7 » ) 8§ 3 ,and

that te

pertinent cube roots are related by 1 7 ® % [call this value © ] © 2. [By observation, we might notice that = = X‘/_and

= 2 arezerosof .]
Now (1) =sin17 0, ()=sin% = —17 0,and"(2) = sin8 _ 0. Applying the Intermediate Value Theorem on

[1 "] and then on | 2], we see there are numbers | and in(1  )and ( 2) suchthat ()= () = 0. Thus,

laleast two -intercepts in (1 2).

Let (") = "2—-3+1 ".Then iscontinuouson (0 2] since isarational function whose domain is (0 o0). By

. . I 1 . .
inspection, weseethat 7z% =4~ 0, 1(1)=—1" 0,and 1(2) =3 5 0. Appling the Intermediate Value Theorem
|

#11 andthenon [1 2], we see there are numbers | and™ in Z 1 and (1 2)suchthat ()= ()= 0. Thus,

least two -intercepts in (0 2).
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(=) If s continuous at” , then by Theorem 8 with™ ( ) =~ + ", we have
im (1+ )= lim (C+ ) = ()
1—0 1—0
(<) Let1 1 0.Since lim ~ (1 + ) = " (1), thereexists 1 1 Osuchthat0o 1 [[11 =
Pt
[+ >D)—="Ol1nsoifor1 [ =] 1,then| ()= "MDI=1"C+ C =) — 1 Thus,
lim ()= (/)andso iscontinuous at .
lim sin(7 + 71 ) = lim (sin 1cos 1+ cos 1sin” )= lim (sin Tcos )+ lim (cos Tsin" )
-0 -0 -0 —0
| 11 1 | 11 I
=  limsin | limcos 1 + limcos 1 limsin | = (sin )(1) + (cos )(0) =sin |
1—0 1 —0 1 —0 1—0
As in the previous exercise, we must show that lim cos("1 + 1) = cos “1to prove that the cosine function is continuous.
-0
limocos( + ) =lim 0(cos lcos 1—sin Isin )= ling (cos Tlcos ") — lign (sin 1sin )
| 11 | | 11 |
= lim cos 7 limcos 1 — limsin 7 lim sin | = (cos ~)(1) — (sin " )(0) = cos |

| —0 | —0 ,—0 ,—0
(a) Since iscontinuous at , lim () = (). Thus, using the Constant Multiple Law of Limits, we have
lim (11)(C) = lm 11(C)=11lim ~ ()= 11C) = (11)(). Therefore, 11 is continuous at
1= - -

(b) Since and arecontinuous at” , lim "~ ( ) =" ()andlim~ ( ) =" (). Since’ () 6= 0, we can use the Quotient Law
=

1
of Limits: I @ Lm0 ) . Thus, ! is continuous at .
' - - - I
lim — ()= lim
11— 1=

O :li;n (): ()_

0 if "~ isrational

)= Lif s irrational S continuous nowhere. For, given any number ~ and any 0, the interval (" — [ + 1)

contains both infinitely many rational and infinitely many irrational numbers. Since ~ (") = 0 or 1, there are infinitely many

numbers - with0 1 |7 — [ 1 Tand| () — (DI =1 Thus, lim ~ () 6= "(1). [Infact, lim (") does not eani
0 if" isrational )
) = | if 1 is irational is continuous at 0. To see why, note that — |- | < “(7) < | |, so by the Squeeze Theorem
lim ~ (") = 0= "(0). But " is continuous nowhere else. Forif = g 0and1 1 0, theinterval ¢ _ "' [ + 1) contains both
-0

infinitely many rational and infinitely many irrational numbers. Since (1) = 0 or °, there are infinitely many numbers ~ with

o- I ="11rand| () —"O)l HZ.Thus,llirE () 6="(D.

If there is such a number, it satisfies the equation ~ 3+1 =7 < ~ 3 =7 +1 = 0. Let the left-hand side of this equation f&

called " (). Now (=2)= =57 0,and (—1) = 17 0. Note also that™ ( ) is a polynomial, and thus continuous. So byl

Intermediate Value Theorem, there is a number | between —2 and —1 suchthat” () = 0,sothat | =13+ 1.
+ =0 = “(%+ —2+1(%+22-1) =0.Let () denote the left side of the last
B+272—-1 B+71-2
equation. Since " is continuous on [—1 1], "(—1) = —4 0,and "(1) = 21 10, thereexistsa | in (—1 1) such that
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SECTION2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES = 109

(') = 0 by the Intermediate Value Theorem. Note that the only root of either denominator that is in (—1 1) is

V
(—1+ 3)2=1,but ()= @ 5-9 "26= 0. Thus, | isnotaroot of either denominator, s0" () =0 =
| = 1isaroot of the given equation.

71. ()= *sin(1 ") is continuous on (—oo' 0) U (0 oo) since it is the product of a polynomial and a composite of a
trigonometric function and a rational function. Now since —1 <sin(1 177) <1, wehave — 1* < Fsin(l 1) < 1. Beae
lim (=~ % =0 and lim ~ * = 0, the Squeeze Theorem gives us lim (* *sin(1~ ")) = 0, which equals 71(0). Thus, T1is

-0 -0 -0
continuous at 0 and, hence, on (—oo o).

72. (@) lim 7 (7)=0and lim “1(71)=0,s0 lim 71(71) =0, whichis 71(0), and hence 1 iscontinuousat 1= "1if 1=0.
—0* —0— -0

I I
0,lim =~ () =lim,, = 1="71(0.For 7 10,lim 7(7) =lim (=71 =— 1= ~ (). Thus, 1is continuous &

| = 71; that is, continuous everywhere.

(b) Assume that s continuous on the interval 1. Then for = €1, lim | ()| = "lim ~ () = | (1)l by Theorem 8. (If &
1= I
an endpoint of 1, use the appropriate one-sided limit.) So | 71| is continuous on 1
| .
1 if =20
(©) No, the converse is false. For example, the function ~ (") = is not continuous at = = 0, but | ()= 11s
-1 if 1710

continuous on R.

73. Define (1) to be the monk’s distance from the monastery, as a function of time = (in hours), on the first day, and define ()

to be his distance from the monastery, as a function of time, on the second day. Let  be the distance from the monastery to

the top of the mountain. From the given information we know that 71(0) = 0, 12) = ~, 7(0) = land 71(12) = 0. Nw
consider the function 1 — , which is clearly continuous. We calculate that ( =1 )(0) = - and( —1 )(12) =1
So by the Intermediate Value Theorem, there must be some time o between 0 and 12 suchthat ( — )(0) =0 <

(lo) = “(lo). So at time "o after 7:00 Am, the monk will be at the same place on both days.

2.6 Limits at Infinity; Horizontal Asymptotes

1. (a) As~ becomes large, the values of ~ (") approach 5.

(b) As - becomes large negative, the values of = () approach 3.

2. (a) The graph of a function can intersect a The graph of a function can intersect a horizontal asymptote.
vertical asymptote in the sense that it can It can even intersect its horizontal asymptote an infinite
meet but not cross it. number of times.
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(b) The graph of a function can have 0, 1, or 2 horizontal asymptotes. Representative examples are shown.

T

No horizontal asymptote

3. (@) lim

— 00

()=-2
d) lim " () = _
-3

4. (@) lim ()=2

(d) lim

1 =27

()= —x

5. lim ()= —oo,

-0
lim ()=5
lim ()= _5

8. lim

— 00

) =3

lim ()= oo,

1 —2-
lim ()= —o9,
1 —2*
| is odd
| ' .
]

I

1

1

One horizontal asymptote

(©) lm ()=2

(e) Vertical: =1, = 3;horizontal: =
() tm ()= -1
lim - o0
(e) m )=
6.lim ()=o0, lim ()= 0o
-2 ~_2
lim " ()= -0, lim ~()=0q
| ——2— I —— o0
lim ()=0, () =0
i ¥
10) =3, 1lm ()=4
—0—
Iim =~ () = 2,
1 —0+
lim ()= -0, Ilm ()= —00,
o g
lim “ ()= o, lim ()=3
1 —4* e
P k
//,: ‘i V=24

L

Two horizontal asymptotes

(©) lim () = o
-1

2, =2

(€) lim “ (") = —o0
-0

(f) Vertical: - =0, =2
horizontal: 1= -1, 1=2
7.llm ()= =00, lim ()= oo,
1
-2 — o0
lim ~()=0, lim -
1= =% 1—0* )=
lim - _
1 —0— () 0
x =2
0 k
10. lim () =|—0c0, lim ~ ()= 2,
-3 — 00
1 (0)=0, iseven
x=-3 4 ix=2
‘ y=2
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SECTION 2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES  ®

M. 1f ()= 22 ,thenacalculator gives™ (0) = 0, (1) = 05, (2 =1, (3) = 1125, (4 =1, (5) = 078125,
(6) = 0'5625, ~(7) = 013828125, ~(8) = 025, (9) = 01158203125, (10) = 0109765625, (20) ~ 000038147,
(50) =~ 212204 X 1012, ~ (100) ~ 78886 X 10-%". ltappearsthat lim 22 = 0.

1

12. (a) Fromagraphof () = (1 _2 ") inawindow of [0' 10,000] by [0' 0'2], we estimate that lim ~ (7)) = 0114
(to two decimal places.)
(b) From the table, we estimate that lim ~ (/) = 01353 (to four decimal places.)

O

10,000 | 0135 308
100,000 | 01135 333
1,000,000 | 01135 335

— 0

. . )
Boim 227 = jm Q=P [Divide both the numerator and denominator by -1

—w 5 247 —3 (57 24+ — 3 "2 (the highest power of - that appears in the denominator)]
lim 2 _77 73
= - = [Limit Law 5]
imG+1 3 2
lim 2 — lim (77 73 [Limit Laws 1 and 2]
C dlim S5+ lm (1 ) — lm 3 2
1

2_7lim (1773
5+ im (17 ) —3 Im (719

| — o

[Limit Laws 7 and 3]

:2— 7(0)
510+ 3(0) [Theorem 5]
_2
"5
|
|7
14 im 91°+81 —-4= m 9 348 —4 [Limit Law 11]
e 3—-5 473 o 3-5 + 3
= lim 9+8 2-4"3 [Divide by 1]

11 11
o3 3-5 241

mOF8 Z_4 9
= Im(3- - 3_5 - Z+1) [Limit Law 5]

m O+ hm (8 2)— &m @9

lim 31 13— lim (511 2+ liml
I —e [Limit Laws 1 and 2]

| — oo I — o0
| — oo | — o | —

=1 - kel [Limit Laws 7 and 3]
ing(lim™ ) —=3 md(1iin ®¥1

+ p—
R [Theorem 5]

30) — 50) + 1

111
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112
15.

16.

17.

18.

19.

20.

21,

22

23.

24.

H CHAPTER2LIMITS AND DERIVATIVES
lim 3 — 2 lim 1

lim3 "% = lim ¢ -2 = lim 3_12 = f =3=20_3
1 111 . T
~w 27 +1 w27+ w24 lim 2 + lim 2+ 0 2
lim _ 1= 1 = lim A="31" = iim T113—111
oo T3 — +1 aoo( 3 +]) 3 -0 1 —1 241 3
lim1 7% — lim 17 0 0
= s L—oco = =0
lim 1 — lim 1 24+ lim 1 8 1—-0+0
— 00 | — o0 — 00
2 2 m 17 —2im 172
lim  1=2 = 1m (1=271 =1lim 11-2 - === e 0= 200
——oo 241 ——eo (7241 2 =0 1+ 1P lim 1+ Ulm {--2 140
| ——00 | —>—o00

fm 4710F6P2 S m (@6 P-2 P oy 4v6 -2 _4R0- 0

w2 3— 4 45 e w(213-47 +5 3 w2—4 24573 2-0+0
it 2 =+ 12 1113241 0+ 1
lim = lim = lim = = —1
e — 22—~
o 20— —oo (20— —oo 277 —1 0—1
| v Vomo L
m _3 ,= = =lim 32 _ 32:11rn 12 "1 32 = —
2 1 3]
— oo +3 =5 —oo 2 +3 =51 —e 2+ T -5 2+0 -0 2
lim (271 2+1)2 - fim @ 2+1F 4 - Jim [(27 2+ 1)7 71 ?P
—oo (1T =121 247) il (G O G i e [(2=20 D)2+ 7)) 07
— i (2+1 11272 _ @ + 0)2 .
~o(1—=27 " +17 " 51+177) (1 —0+ 0)(1 +0)
I2 2- -2 1 \/
lim, /= lim = lim, [since = = 7, for | 71 0]
4+1 |41+1 | 2 . ( 44 1) 4
= lim 3 = =1
— 1+ 1 Pl 1+0
o
v Vv o4 lim +4 6 © -
lim 1+4 6 = lim 1+ 8 - —w ( [since %= % 18for | 10]
| 6 B
oo T oo im2 3 1
1 PR 1 e 3) B Il—r’n“’( )
1
lim 1 64 lim (1 & + lim 4
:hm(Z 5)—11m1: 0-1
Vv —eo
o+ 2
= ) = _—1: -2
v v .
1+ 4- 6 14+ 47677 lim — (1+4 6 6 Vv
| : I
li = lim ———  __. ; 3__ 6
I"rfnoo 2— 3 | ——o00 (2— B' 3 = Tm ¢ ”_l) [Slnce for 0]
| ——o00
[
lim — 17~ 644 - Im (1 %+ lm4




J
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SECTION 2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES  ®

\/T— \/ﬁ lim' (+39°7 J
2% lim — 2 =lim 3 = oo [since 1= " 12for 1 10]
—eo 47 —1 1~ (47— 1) lim (4 _177)
|
I \/
lim 1  +3 lim (1 )+ lim3 \/D_t_’:_ 3
' =0 —w _ _

T Tm A= Tm (177 = 4 4

— 00

(370 oy 143

2
2. Im T3 ° = jm
e d — 1

- 41 1= (471=D711

=ocosincel+3 1—occand4—1 11— 4as 1— oo,

W [ A— | V
V3 ; | 92+ 1 9P+ 1+3 | OB Iz— G )?
) o . 1 |
2. lim = 5T fim g oo 43 B
9P+ —9 2 | 117
= lim \/ 5 3 = lim \/ |
— 00 9 + + | — o 9 + +3 1
1 1 1 1
= lim = |im = = =
- 9 2 2+ 2+3 —e 9+1 43 93 3+3 6
v 2 _
VA | ) 5 4243 -2
28. lim 4 +3 +2 = lim 4 +37 41 ' ' !
1o 1T 47243 =2 o
|
4243 -2 )2 3 I
= lim = lim [
——00 \/ ) 2 ——00 \/ |
- 43— 2—
4 53 3
= li = I since = _
mo m [ 2for
—— 00 4 2+3 — ——00 — 443 -2
3 32
Y
4
- 0 J W J
N N 12+ - 2+ 12+ + 2+
29. lim,, LS - 2+ o+ A
2+ D=4 =]
i v v . | 1
= hm = um | 11 | 0
I+ 1T+ 1+ 171 v Vo v,

= 1 _ | — —
— D =y gy = Viigr Vie = 2

J J
30. For 0, 241 2="_,S0as~ — oo, we have 241 — oo, thatis, lim®> ~ 2+1 = co.

113

0]



|
3. lim 1*-37%+ . (T'=31P+ )J1B- divide by the highestpower b3+

= lim = lim -
! I +2 3 f in the d inat ! _ =
1—e 3 _ +2 —o ( ) of in the denominator B
since the numerator increases without bound and the denominator approaches 1 as | — co.
32. lim (1= +2cos3 )doesnotexist. lim 1= = 0, but lim (2 cos 3" ) does not exist because the values of 2 cos 3

— 00 — 00 — 00

oscillate between the values of —2 and 2 infinitely often, so the given limit does not exist.

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



114 X CHAPTER 2 LIMITS AND DERIVATIVES
7 1 :
8. lm (1 Z+27 7 = I 1" 7 +2 [factor out the largest power of 1] = —oo because 1" — —co and
11142 —2as 1 — —o0.
or: lim 24+ 27 7=1im 2 1492 5 = _co.
1+ 76 I . : 11+ 7
34, lim = lim (1+ 6) divide by the highest power = lim - o
oo 441 P ( 4+1) 4 of inthe denominator o 1+ 1 4
since the numerator increases without bound and the denominator approaches 1as | — —oo.
35. Let =] .As — o0, — o0. lim arctan(] ) = lim arctan =1 by (3).
— 00 — oo 2
3 3 _-3 1 ——& 1-0
ivi i IR = = =1
36. Divide numerator and denominator by U —o 1+ 5 1+0
1= ap 1 -1 -1 1
37. lim = lim = = —
—o 1+ 2] 1o (1 + 21"y —~o0 177 +2 0+ 2 2
12
38. Since 0 <sin? < 1,wehaveo < *" 1 We know that lim 0 = 0and lim
1 2 T2 > = 0, so by the Squeeze
| +1 I +1 —w —oo T H1
Theorem, lim Sin° 1 = g
—o 7 241
39. Since —1 <cos < 1land |2 0, wehave —1-2 < 1% cos  <1-% . Weknow that lim (—1-% ) = Oand
m
lim -2 = 0, so by the Squeeze Theorem, lim (1=2 cos ") =0
= + . lim tan—Y(In [ ) = lim -1 _
40. Let In .As - 0%, - — ( ) tan = — by (4).
—0+ — — 00
I I
- 1
Mlim a1 + 13 — In(l + 1) =dimh 1F 2=l pm 1+°2 =ln pn 3+ 7T = oo since the limitin
— 00 — 0 1+ | —o0 14 1
parentheses is co. —e =1
2+ s 2 +1 =0
mn@+ )= ln(l + )] =lim In = lim In =l =lnl=
1 1 1
42, li : L
43. (a) (i) lim ()= lim — =0since” — 0*andln~ — —oc0as~ — 0%,
o+ -0+ ln
(i) lim ()= lm == - _gnce | — 1andln | — 0-as |— 1-.
1 ~1-In
(i) im ()= lim =ocosince — landln —0*as — 1%
| =1+ al*lﬂ
(b)
(@)
10,000 10857
100,000 86859
1,000,000 72,382 4

It appears that lim
) =

— 00

00"

(



(©

0
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SECTION 2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES = 115

4. @) lim ()= lim_ z2__L _, © U
2 1 it

since — Oand 1—»Oas — 0,
n

. 2 1
b) lim = Im e
( ) | —0+ ( ) | —0+ h’l o
2 1
since™ —o0 and™ — 0as - — 0.
| In |
. . 2 _1- _ - 2 1 _
© ,Er}_l* )= Iani_ T = oo since ~ — 2and - pea — 1.
. 2 1 2 1
1 = Im == = i = -1t
(d) .H~nl+ ) e, In oo since 2and— .00 as 1"
45. (a) (b)
[ 1
{ P
—10,000 | —0'499 962 5
{ —100,000 | —01499 996 2
—1,000,000 | —0:499 999 6

|
From the graph of ~ (') = \/2+—+1+ e From the table, we estimate the limit to be —0 5.

estimate the value of lim - -y to pe —0'5.

— — 00

1/ I I
i I I z T— 24+ 1+1 = PP
©tm Ve, \/2+—|+1+ TEEI-0 o, !
oo v e
T 2+ 77+1 - 12+ 71+1 —
i =B 1+ @1 )
= lm \/ _ .
R SN R tim T a1
= = —1
- 1+0+ 0— 1 2
V= . . .
Note that for | 10, we have ~ 712= || = — 1, so when we divide the radical by 1, with | 710, we get
I
1. -
- _Zm;—Q/Z_Z F+1=— 1+ H+® )
46. (a) r‘ (b)
N C
10,000 | 17443 39
J 100,000 | 1:443 38
160 1,000,000 | 1443 38
1.4
From the table, we estimate (to four decimal
From the graph of places) the limit to be 1'4434.

()= 32+8 +6— 32+3 +1,weelme



(to one decimal place) the value of lim ~ (") tobe 1'4.
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116 = CHAPTER2 LIMITS AND DERIVATIVES

3PP+81+6— 3712+3 | +1 H 3|2+8|+6+\/3|2+3|+1
lim ~ ()= ln
C
()|4»oo | — o0 \/3 248 +6+\/32+3 +1
3.2487 +6 372+37 +1- Gl +5117)
= lim = lim v v I
—eo 30 +8 46+ ,3 +3 +1 —oo 3248 +6+ 32+3 +1 (1 )
5+5 N
5 5 3
= lim =44 J;és_ T
o 3+8 7 +6 24 3+3 T +1 "2 3+ = 23 6 11443376
3
. + + + +
a1, hm ST AT GHAT) T 5T A 0Rd !
|—*c0 T 43 —teo (T +3) —xo 1+ 3 1+ 0 u
. . 5+4
= 4 is ahorizontal asymptote. = = " (") = ,S0 I ()=-o0 L — |
+3 - 10 10
since 5+ 4~ — —7and~ +3 — 0*as~ — —3* Thus, -~ = —3isa vetica
asymptote. The graph confirms our work. -10
8 lm 2 °F1 =gy @202 >
-0 372427 —1 atoo(:‘} 242 —1) 2
) 24172 2
= lim = _ 5
—+03+ 27 1 —1 3
2 ) 272 41 27241
so |=  isahorizontal asymptote. ~ =" ()= —————  _ ~
3 3242 -1 (371 -1 +1) -
5
The denominator is zero when 1=1!and —1, but the numerator is nonzero, so |1=1!and |= —1 are vertical asymptotes.
3 3

The graph confirms our work.

2 2+ -1 11 lim o4 4L
2%+ -1 T e [
49. lim | | = lim S ) = lim =
2 2 1 2 . —
—+00 + =2 —+00 | +1=2 —+o00 _
> 1+ 5 Er+n 1+ — 22
1 )

lim 2+ lim 1 —1m 1 & — |
—xoo ~*o ~x2 12 _2+0-0 =550 =2isahorizontal asymptote.

lim 1+ lm — — 25m — 1+ 0— 2(0)

—+00 —+o0 —xo00 ~
212+ 11 2 =1 o lm ()=
_ _ _ 1 | 1
= O =7 ( +2( -1 2 « + 3
[ \ y
lim, ()= -0, m ()= -oc,and Im ()= co. Thus, = -2 &
I
o} —1- —1*

and 1 =1 are vertical asymptotes. The graph confirms our work.



1+ 714 1 lim 1 * 1
i+ 2 ~ +1 e T4 b+ 1
= 2 4 = lim = — —*o — + 00
2 _ 4 — 00 _ | _.too 1 _q lim 1 lim -1 lim 1
4 2 |—xo0 —2 1 iw _|—~ioo
ol so0 7] = 1is a horizontal asymptote.
0—-1
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4 1+ 4 1+ 4 . )
= M= s = = . The denominator is 0

e R G

zero when 71 =0, —1, and 1, but the numerator is nonzero, so 1=0, 1= —1,and 1 3

| = 1 are vertical asymptotes. Notice that as 1 — 0, the numerator and

denominator are both positive, so lim ~ (") = . The graph confirms our work.
-0

5 o 3 (2= ( +D =3 (A1
. = I = = = = _ _
2—61+5 (1 -D( -5 (-1 -5 _5 = ()for 6=
The graph of 71is the same as the graph of ~1with the exception of a hole in the 40
o 2+ 30 \/
graph of at = 1. By longdivision, () = s = to+ 5
As~ — *oo, (") — oo, sothere is no horizontal asymptote. The denominator —20 40
of "1iszerowhen 1 =5. lim "(1) = _and lim ()= 00 s0 =5isa L J
—5— —5+ 20
vertical asymptote. The graph confirms our work.
2 2 . .
52 im 2 —um 2o - = 2,50 1 = 2 is a horizontal asymptote.
I
o =5 e 5 1 —wl=(5 ) 1-0
2] 2(0) |
lim 5 = 0_s =0,s0 =0isahorizontal asymptote. The denominator is zero (and the numerator isn’t)
II
when ''=5=0 = I'=5 = | =In5. 5
20
lim = oo Since the numerator approaches 10 and the denominator
—(In 5) 5
7
approaches 0 through positive valuesas = — (In5)*. Similarly, J
27 2
lim = _. Thus, © =In5isa vertical asymptote. The graph
—(In5)- — 5

confirms our work.
53. From the graph, it appears "1 = 1 is a horizontal asymptote.

. , 3734500 2
37 2+ 500 13
lim = 1
e T S 45000 24100 + 2000 b 350 2+ 1000 + 2000
|3
. 34 (5007 7))

~xoo 14 (500 )+ (100 2+ (2000 3)

+ . .
-0 3,50 | =3isa horizontal asymptote.

1+0+ 0+0

The discrepancy can be explained by the choice of the viewing window. Try

[—100,000 100,000] by [—1 4] to get a graph that lends credibility to our

calculation that I = 3 is a horizontal asymptote.

10
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54. (a) 10

_ —

L A
mn I

From the graph, it appears at first that there is only one horizontal asymptote, at = 0 and a vertical asymptote at

~ 1'7. However, if we graph the function with a wider and shorter viewing rectangle, we see that in fact there seem to be

two horizontal asymptotes: oneat ~ 0 5andoneat = —0 5. So we estimate that
. \/2_2—1'+ \/2_2_1'+
lim ~ 05 and lim
1
R — — =05
1—0 371—15 —— o0 3|—5
J

. 12
(b) - (1000) ~ 0'4722 and * (10,000) ~ 0'4715, so we estimate that fm 2 "1 ~ 0 47.

- 3 =5
27241
(—1000) = —0'4706 and - (—10,000) = —0'4713, so we estimate that in
- ' ~ —0 47
—o0 3 =5
v — J
2-241 l 5 = Ng - _2
. I . .
(¢) lim = lim [since ,_ - for qJ = ~ 0 471404,
j—e 3 —5 | — 00 3_5 - 3
I [
)
I 1 . .
For | 710, we have 2= | =— |, so when we divide the numerator by , with 0, we
VA Y |
get — 2247 = —W"? 2 41 = _— 2+ 1717 . Therefore,
e e
lim 27241 = lim _3T512— = — 3" ~ —0471404.

55. Divide the numerator and the denominator by the highest power of 1 in 71( 7).

(@) If deg deg ~ , then the numerator _, 0 but the denominator doesn’t. So lim [© (7))~ ~ (7)] =0.

— 00

(b) If deg deg ~ , then the numerator — + oo but the denominator doesn’t, S0, lim [0 (7)) " ()] ==*o0

(depending on the ratio of the leading coefficients of “1and 7).

/. A\
[

@i1=o0 @ii) =71 0 (T10dd) (@iii) 1710 (T1even) (iv) 0 ( rodd) (v) —10( reven)

From these sketches we see that

1
@ tim = 0 if "0 © tm - 0if170



1 —0*

| —~0— | —oo if 0,71 odd

if I .
* 0 oo if 0, 1 even
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SECTION2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES = 119
[

I1 if~ =0 1 if1=0
(© lm "= oo if "D (@) lim :| —oo if 0, 7 odd
1= I 0 i 10 — =0 oo if 110, 7] even
0if 0

57. Let’s look for a rational function.
@) lim ()=0 = degree of numerator - degree of denominator

—+ oo

(2 lim " ()= _o = thereisafactor of 2 inthe denominator (not just ", since that would produce a sign
-0
change at 1 = 0), and the function is negative near 7 = 0.
®) lir;li ()= o and h'n; ()= —oc = \vertical asymptote at = 3; there is a factor of (- — 3) inthe

denominator.
(4) 12 =0 = 2isan  -intercept; there is at least one factor of (" — 2) in the numerator.

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us

() = =  asone possibility.
2( — 3)

58. Since the function has vertical asymptotes 71 = 1and | = 3, the denominator of the rational function we are looking for must

have factors ("1 — 1) and (71 — 3). Because the horizontal asymptote is "1 = 1, the degree of the numerator must equal the

degree of the denominator, and the ratio of the leading coefficients must be 1. One possibility is * (7) =

¢ =DC =3
59. (a) Wemust first find the function 1. Since 71 has a vertical asymptote |=4and “l-intercept 1= 1, 71— 4is afactor of the
denominator and 1 — 1 is a factor of the numerator. There is a removable discontinuity at 1= —1,s0 11— (=1) = 71+1%
a factor of both the numerator and denominator. Thus, = now looks like this: ~ (7) = , where "~ isstill to
(=490 +1
be determined. Then lim ()= m L =DC1+D_ C=D__"C1=D_2429-2 and
o U S A S T R G N
- +
=5 Thus () = 2 1 1 is a ratio of quadratic functions satisfying all the given conditions and
(1 =41 +1)
1 0) = 5= D) _ 5
(=@ 4
. _ 12 -1 o 2-2_q -3 o __10 _ _
(b) im ()=5Hm _1°=1 =51m ( ( =5 =51)=5
e ~w 23 -4 ee(23-( 0 B¢ 1=0-0
y
60. = ()=2°%— 4= 32 —"). The -interceptis™ (0) = 0. The
I-intercepts are 0 and 2. There are sign changes at 0 and 2 (odd exponents on | £ -
1|2
and2—").As” — oo, (') — —oo because ® — oo and2 —  — —co. As
— —o00, (1) — —oo hecause 3 — —oo and2 — = — oo, Note that the gghof
I near 1= 0 flattens out (looks like 1= T13).
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61.

62.

63.

64.

65.

66.

o CHAPTER 2 LIMITS AND DERIVATIVES

6="141 - % = The ™ -intercept is

= ()= *- fa+Ha- ).
(0) = 0. The -intercepts are 0, —1, and 1 [found by solving ( ) = 0 for ].

Since” 47 ofor 16=0, Idoesn’tchangesignat 1= 0. The function does ¢aw
signat - = —1and = 1. As — oo, (') = 41 — 2) approaches —oo
because ~ 4 — oo and (1 — ~ 3 — —oo.

= ()= 3 +2?2 —1). The -interceptis" (0) = 0. The dewdsare 0,

—2, and 1. There are sign changes at 0 and 1 (odd exponents on "1 and

—1). There is no sign change at —2. Also, (') — o as ~ — oo because dthree

factors are large. And = () — o0 as = — —oo because 3 — —oo,

(1+2?— oo,and (11— 1) — —oo. Note that the graph of TTat 1= 0 flattens at

(looks like 1=—"1).

=" ()=@G-=")A+ )21 =" )% The -nterceptis  (0) = 3(1)2(1)* =3
The - -intercepts are 3, —1, and 1. There isasign change at 3, but notat —1 and 1.
When | is large positive, 3 — 7] is negative and the other factors are positive, so

lim ~ ()= _ - When" islarge negative, 3 _

— 00

is positive, so

lim

——o00

()= .

=T ()= (P12 +2= 2 + 1D -2 +2. The

-intercept is * (0) = 0. The " -intercepts are 0, —1, 1 and —2. There is a sign

change at —2, but not at 0, —1, and 1. When ~1is large positive, all the factors are
positive, so lim -~ (") = ,. When ~ is large negative, only = + 2 is negative, so
lim

()= ~o.

1 sin | 1
(a) Since —1 < sin 1 < 1 forall -, = <
|

sin

=0.

Theorem, (sin 1) 1 I _, 0. Thus, lim
(b) From part (a), the horizontal asymptote is 71 = 0. The function
| = (sin 1) I lcrosses the horizontal asymptote whenever sin  1=0
that is, at 71 = 7171 for every integer 1. Thus, the graph crosses the

asymptote an infinite number of times.

(@) In both viewing rectangles, 2
lim = (I')=1lim 7(1)= o and { jll
lim () =lm )2 e, s -~ X
hf o | J

In the larger viewing rectangle, land !

become less distinguishable.

- 25

I‘n

~for 170. As | = 0,—1 |77—=0and17] | — 0, so by the Squeeze

~\J [idgoc~ -
-
i ofp
=15
10
Plo J
L e
—10 10000
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SECTION 2.6 LIMITS ATINFINITY; HORIZONTALASYMPTOTES =& 121
|

5_ -3 . 5 1 2 1

(b)um—(—lzljm4b_3 5 2 —hm 12—+ 55 =150 L0 =1=

— 00 () | — 0 3 | — oo 2 3 4

| and 71 have the same end behavior.

J
67. lim 2 2 .11 = gy 5 = 5 = sand

7T i 7

~oo -11 e 1—077) 1-0 -
II 1 II

Ho—2r +— Ho—2—— 10—-0 10 -2
) . Y |
lim . = fm = = 5. Since ) N ,
o2 1 — 2 2 2 9=

we have lim ~ (') = 5 by the Squeeze Theorem.

— 00

68. (a) After minutes, 25 liters of brine with 30 g of salt per liter has been pumped into the tank, so it contains

(5000 + 257 liters of water and 25 - 30 = 750 grams of salt. Therefore, the salt concentration at time  will be

y=__T150 _ 30 g
5000 + 25 200+ L°
(b) lim ~ ()= Im 30" = lim 30 =30 = 30. So the salt concentration approaches that of the brine
oo —o0 200 + ~0 20011 + 1 0+ 1
being pumped into the tank.
69. (a) lim ()= lm ¢ 1-1- ' = *(1-0)= * 1.2
{ ]
(b) We graph “ () = 1 — 1-°®*and " (1) = 099 *, or in this case,
() = 0799. Using an intersect feature or zooming in on the point o
intersection, we find that = 047 s. . .
(
70. @) =1- Yand = 01intersectat 1 =~ 23 03. !
If 1, then 1- 10 7 011,
byi- 701 = —107 101 =
—10ln 4 = —10ln10-1 = 101n 10 = 23103 c
o 30
0.10
241
lim ()= %and lim " () = 0. We are interested in finding the
— 00 2 — 00
-value at which = (") 7 0105. From the graph, we find that ~ ~ 141804 so 0 20
we choose | = 15 (or any larger number).
1-3 ]
72. We want to find a value of | such that I > 4/ ei1 (=3» T 1, orequivalently,
2 =31 _ - - - AzZ31 _ _ _
3—1 J 3+ 1. When| =01, wegraph - = ()= +/ revaEE 3:11,and - = —2:9. From the graph,
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122 =  CHAPTER2LIMITS AND DERIVATIVES

we find that ~ (") = —2/9 atabout = = 11283, so we choose 1 = 12 (or any larger number). Similarly for I = 0705, we ful
that ~ (") = —2195 atabout = = 21379, so we choose 1 = 22 (or any larger number).
o8 0 19 20 . n I‘('l 2'0 .":1
y=-24 \
=—205 ™ ___
3 “hi=-3.05
y==1%I
=32 =32 -
1—-37 1—3]
73. We want a value of 1 such that > 241 -3 , or equivalently, 3 — V 241 34+ 1. When1 =01,
1—371
wegraph ™ =" ()= +/ 5 ,” =31,and " = 29. From the graph, we find that ( ) = 3 1 atabout = —8 092, so we
T+1
choose 1 = —9 (or any lesser number). Similarly for | = 0705, we find that = (') = 305 atabout = = —18/338, so w
choose ~ = —19 (or anylessernumber).
y=% N\ i L 3.2
13 SN /'{
=124 A
- \ »=2.935 ll' 3
L J 2.8 l
=20 —10 0
\/ \. L 1 LA 2.0
74. We want to find a value of 7 such that 1= la 1 1100. -0 15 =10 o
v | y= I 1
Wegraph ~ = () = In and = 100. From the graph, we find
that * (") = 100 atabout = = 1382773, so we choose | = 1383 @any
larger number). 0 1000 2000
75. (@) 1°°27 010001 < 27 100001 = 10000 < 100 ( ~ 0)
(b) If 1 10isgiven, then1 127 1Te 27171 1e | 1|\/ I Let |:1|\/ L
— 1 1 1 4
Then = IVARREEN -0 = , S0 lim =0.
| 2 2 2
76. (a) 1 v 010001 < v 17010001 = 10* < 108
- J J ) .
(b)If 1 10isgiven,then1 1 =111«  + 11711« 71711 1A Let 1=1 '~
Then 1= | —1|2 > ¥ 0=+ I, SO lim v]{ = 0.
| — o0
77. For 0,/1 171=0]=—=171 1 If 7710isgiven,then—171 1 11<  171-1 11
Take 1=—=1171.Then 1171 = 171-1711 = |01 DH=0=—-1711"1 I,8lim (17 7)y=0.

78. Given[ [ 0, we need 0 such that > 3 Now "3 | = __.sotake 7 = *_.Then

= 3 | ,S0 lim 3=

— 00

00"
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SECTION 2.7 DERIVATIVES AND RATES OF CHANGE = 123

79. Given 10, we need | 0 such that I 1= 1" 177.Now 1" 71 1< 71 1ln 1, sotake
= max(1 Infl ). (This ensures that 0.) Then
lim =

— 0

= max(l I ) = | max( _ ¥ , SO
o0 -

80. Definition Let  bea function defined on some interval (—oco~ “1). Then lim

m () = —oomeans that for every negative
number [ there is a corresponding negative number 7 suchthat (") I [ whenever . Now we use the definition b
: I
prove thathffiw 1+ 13 = —oo. Given a negative number |, we need a negative number “suchthat 1 | 1=
1+ °3 Nowi+3rr1r o 311 -1 \/| — 1. Thus, we take :5/| — 1 and find thet
-~ 1+ 18 . This proves that Im
o 1+ 7% = —o0,
81. (a) Suppose that lim ~ () = ~. Then for every 1 1 0 there is a corresponding positive number ~ such that 1) — ] I
whenever | 7177.1f" =171 Lthen 111 & 0 1171117 < 0 1717117 71.Thus, for every 1 10 there is
a corresponding 1 1 0 (namely 1~ "~ )suchthat | (111) — " | 1 1 whenever 0 1 1 1 [. This proves that
lim ~(11))=" = lim " ().
—0+ — 0o
Now suppose that lim (') = ~. Then for every | ; 0 there is a corresponding negative number 7 such that
() —="17 1 whenever Jf =17 then = 1 0 < 1 0. Thus,Bevery
| 7 0 thereisacorresponding 1 1 0 (namely —1~ " )suchthat | (111) — | whenever —1 0. This provestd
lim “(111)="= lm ().
—0— — —o00
. 1 . 1
(b) lim " sin _= lim °sin [let = = ]
1—0* —0+*
1 .
= lim Tsin [part () with 71 =1 17]
—oo |
= lim 22 [let 1= 1]
=0 [by Exercise 65]
2.7 Derivatives and Rates of Change
1. (a) This is just the slope of the line through two points: _A _ _O= §32_
A | —3
(b) This is the limit of the slope of the secant line as | approaches 1: [ = lim O-"6 .
-3 | — 3

2. The curve looks more like a line as the viewing rectangle gets smaller.
2

1 0.5 L5 0l
il 5
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124 = CHAPTER 2 LIMITS AND DERIVATIVES

3. (a) (i) Using Definition 1 with (") = 4~ — 2and 1 (1 3),
Fo=tim O~ 0 =gim ¢~ 973y

(4 ) gy =

=lm@G _1)=3_1=2
-1

(i) Using Equation 2with " (") =4~ — "2and 1 (1 3),

-1

Fomdim (D=0 gy, A =0 gy, AL+ )+ ) -3
-0 1—0 1—0
2
2
= fim AFA 12 = PSS N sy D gy (=2
-0 1—0 1—0 -0
(b) An equation of the tangent lineis = — " (1) = ') =) = - = " -1 = -3=2( tor |
=27 +1
(c) 6 The graph of | =271+1 is tangent to the graph of 1=471— " atthe
point (1 3). Now zoom in toward the point (1 3) until the parabola and
the tangent line are indistiguishable.
4. (a) (i) Using Definition Lwith - () =" —"%and 1 (1' 0),
Fo=tim O70=gim =% o (=9 = iy LA+ A=
| ! |
-1 1—1 -1 1—=1 1—1 -1 -1 -1
=lm [1(1+ 1) =10 =2 _
-1
(ii) Using Equation 2with " (') =~ — "%and 1 (1 0),
[ =1im (T )=0 =iy 2AF V=10 =, A+ D=0+ )2 =0
-0 1—0 1—0
3 2 2
i At 1= +3 #3724 = =30 -3 -
-0 | —0 | —0
— 1 —_n2 _ — = —
= 1.“30< 3 2)=-2
(b) An equation of the tangent lineis — ()= "()( = ) = - = N -1 = -0=-2( jor
I
=-=2" +2
The graph of 1 = —271+2 istangent to the graph of 1= 71— B atthe

© &

point (1 0). Now zoom in toward the point (1 0O) until the cubic and the

‘ N 2 tangent line are indistinguishable.
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SECTION 2.7  DERIVATIVES AND RATES OF CHANGE

5. Using (1) with - () =4~ —3 2and 1 (2 —4) [we could also use (2)],

2

— 2 _
[ =lim =0 -y 4 73 "7 gy, 23T +4 +4
-1 — 1 =2 1 —2 1—2 | =2
| |
-3 -2 -2
:Iim( A ):lim(—3| -2=-32—-2=-8
-2 1—2 -2
Tangentline: 1— (—4)=—-8(1—2) < [+4=-81+16& 1=-8 I+ 12
6. Using Qwith- ()= "3—-3 +1and1 (2 3),
[ =lim —(F)Y="0 _jjy 12+ H)=710 _y, @+1)° =32+ )+1-3
-0 | —0 1 —0
2 3_ (4 — _ 2 3
= lim St 121 +67 °+ 6—3 Zzlim9+6 + — lim (9+671 +°3
-0 | —0 1 —0
=lim 9+61 +1%)=9
-0
Tangentline: 1 -3=91-2 < 1-3=971-18 < 71=971-15
V= V- V= - 1
I 1)(\/ + 1 1—1 1 -
7. Using (1), 7 = Im e e e \/_I = lim \/_I = lim +/ =
-1 —1 =1 =1y +1) -1(1 =1 +1) 1—1 | +1 2
Tangent line: 1—1=1%1-1) < 1= 1+L
2 2 2
. . 20 +1
8. Using (1) with ™~ (') = and 1 (19
| +2
2 *l _ 4 2 41— +2 .
[ = lim ()_ ():}n |+2 = lim |+ 2 = lim I
o _ -1 -1 —1 -1 ~1(1 = 1)(1 +2)
=lim_t __1 _1
I
-1 +2 1+ 2 3
Tangentline: 1—1=(1-1) & [1-1=11-! o =10+ 2
3 3 3 3 3
9. (@) Using 2) with =" ()=3+42-23 5
[ = lim —(t )=0 _ iy 3t4C + V=2 + P¥P-(3+4 2— "3
-0 1—0
i 3H4C 24277 +7H 203437 43 "2+7%H 3472423
1—0
i 3P4 P8 4422362 -6 2-23%5-3-42+2"3
= lm
1—0 2
= Qim 8114412612 1=6 12— % _ . T(8[+471-617—6 1121
-0 1 —0
I =lim@ +471-6"2-6" " —2" =8 —-¢&
P

(b) At (1 5)7F = 8(1) — 6(1)2 = 2, so an equation of the tangent line

is 1—5=2(C —1) e 1=2" +3.

At (2 3):T = 8(2) — 6(2)%> = —8, so an equation of the tangent

o

line is
— 3 =
2) &
=-8
19.

125

+



(©)

et H

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly aee2sil

.
website;

H-A

J 4
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10. (a) Using (1), NV
1 -1 - v VY
- + | R M
| VAR
= lim L:Ii:lim :]jmj_ A \/t )\/_ = lim = — =
- | - - - 1= e =10+ ) - (NN G (G e D)
sim ¢ V' ooy _ T oa=t sz g
- I
- 11+ ) 22°7) 2r 32 2 171
(b) At(1 1): [ = — 2, soan equation of the tangent line (c)
isT—1==3'(1-1)e 1=—151+3% - \
At I4' JZ-I: r = — 116 , S0 an equation of the tangent line
|
9 2 1 SR
IS —2:—1(( —4)@ = — 6+ . 17

11. (a) The particle is moving to the right when ! is increasing; that is, on the intervals (O 1) and (4 6). The particle is moving
to the left when | is decreasing; that is, on the interval (2 3). The particle is standing still when | is constant; that is, on

the intervals (1 2) and (3 4).

m/s)
(b) The velocity of the particle is equal to the slope of the tangent line of the

graph. Note that there is no slope at the corner points on the graph. On the 1 o—

. . 3—-0 . i - —
interval (0 '1) ' the slope is ~ = 3. Ontheinterval 2 3), the slope is L I f |
1—0 T (secomds)

— 7 = =2 Ontheinterval (4 ¢), theslopeis =™ = = 1.

-2 6—4

[SN]

12. (a) Runner A runs the entire 100-meter race at the same velocity since the slope of the position function is constant.

Runner B starts the race at a slower velocity than runner A, but finishes the race at a faster velocity.

(b) The distance between the runners is the greatest at the time when the largest vertical line segment fits between the two

graphs—this appears to be somewhere between 9 and 10 seconds.

(c) The runners had the same velocity when the slopes of their respective position functions are equal—this also appears to be
at about 9'5 s. Note that the answers for parts (b) and (c) must be the same for these graphs because as soon as the velocity

for runner B overtakes the velocity for runner A, the distance between the runners starts to decrease.
13. Let 1() = 40 — 162,

— 2. _ 2 _ 2 _
| @ =tm LQ=1@ =i, 40 —16 16 _ iy —16% +40 =16 _ —82°—-5+2
-2 -2 ﬂzfz -2 -2 -2 -2
. =8 =22 —1 '
= lim = —8lim2 —1) = —8(3) = —24
—2 -2 )

Thus, the instantaneous velocity when = = 2 is —24 ft 7.
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SECTION 2.7  DERIVATIVES AND RATES OF CHANGE & 127
14. (@) Let1 () =10 — 186 2.

_ 2 _ _
M= lim —4E1= = iy 200+ ) —186(1+ )? — (10 —186)
-0 1 —0
— 2\ _
— lim 10+ 100 —186(1 +2 + % —10+186
1—0
— _ _ 2 _
iy 104107 — 1186 —372° — 1186 10 + 186
1—0
628 186 2
=lim =% = lim(628—186)=628
-0 ~0

The velocity of the rock after one second is 628 m"s.

—_ 2 _ _ 2
) ()= lm (L +1)="0 = iy 10C + ) —186C + ) (10" —1186"2)
-0 1 —0
— i 100+ 10 —186(2+2  + 3 —10 + 186 2
1—0
—lim 1004100 118672 372" — 186" 210" + B  _ 10 —372  — 18?2
1—0 1—0
10 =372 —1
= i =27 86’:1@(10—372 —1186") =10 — 3172
-0
-0
The velocity of the rock when = " is (10 =372 ) m's
(c) The rock will hit the surfacewhen 1 =0 < 10 —1862=0 < (10 -18)=0 < =00r186 = 10.

The rock hits the surface when = 10" 1186 ~ 54 s.

. - ]
(d) The velocity of the rock when it hits the surface is © 3%, = 10 =372 2220 = 10 —20 = —10 ms

S S | - (0T
— 2 2
15, ()= lm L+ I2=10 = jim L+ )2 2 = lim —C* P oy —( %42 " +°5
-0 1—0 1—0 | —0 20 +7)2
2
_ r _ -2
= I ) g = E ) =2 ) 2 - m
S
-0 2 + % -0 2 + 3 -0 2 + % 2. 2 3
=2 =2_ 1 -2 _2
So 1) =73 =-2m s, @="pz=—"jn s,and ™ (3) =733 ==% m s,
16. (a) The average velocity between times ~ and = + 71is
G+ D=1 [ CF D), =6+ )+25- =6 +23
+-
Y2+l -6 +23-124+6 —23
-z z 2

|
+4792-67 +371-6
_ Vi _ z —
= = = +59-6 ft's

4, so the average velocity is 4 + 1;(4) —6=0fts.

4, =8—4
6" =8—6

(i) 4 8]:

(ii) [6 8] 2, S0 the average velocity is 6 + 1;(2) —6=1fts.

-] = - _ h locity i (iv) 8 12): =8, =12-8=4,
(iii) [8 10): =8, = 10 — 8 = 2, sothe average velocity is 8 + 0 the average velocity is § -+



12 —6=3fts 1;(4)—():4fts
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TGRS T C)
(b) ():hm' =lm +5% =6 () ~

1 —0 | —0 2

=" — 6,50 (8=2fts. a0l

17. 7 0(0) is the only negative value. The slope at = = 4 is smaller than the slope at = = 2 and both are smaller than the slope at
= —2.Thus, %0)7 07 %41 9271 I(-2).

Z(60) =" (20) 700 — 300 _ 400
60 — 20 40 40

18. (a) On [20' 60]: =10

(b) Pick any interval that has the same -value at its endpoints. [0 57] is such an interval since (0) = 600 and (57) = 600.

(60) = " (40) 700 — 200 _ 500

(c) On [0 60]: = 2= =025
60 — 40 20 20

On 401 70]: (J0) = (30) _ 200 = 200 _ 700 _ 234
70 — 40 30 30

Since 25 1 23 %, the average rate of change on [40' 60] is larger.

()_|(4o>— | (10) _ 200 = 400 _ =200 _ _
40 —10 T30 T30 o3

This value represents the slope of the line segment from (10~ *(10)) to (40 * ~ (40)).

19. (&) The tangent line at = = 50 appears to pass through the points (43 200) and (60 640), so

1(50) ~ 640 — _ 440 6.
200
60 — 43 17
(b) The tangent line at 1= 10 is steeper than the tangent line at 1= 30, so it is larger in magnitude, but less in numerical

value, thatis, °(10) 1(30).

(c) The slope of the tangent lineat = 60, !(60), is greater than the slope of the line through (40  (40)) and 80  (80)).

So yes, " 1(60) —@__&)‘.
80 — 40

20. Since " (5) = —3, the point (5 —3) is on the graph of " . Since " !(5) = 4, the slope of the tangent lineat = = 5 is 4
Using the point-slope form of a line givesus | — (—=3) =4(1—=5),0r =4 |—23.
21. Forthetangentline 1=4" —5:when 1=2, 1=4(2) —5=3and itsslope is 4 (the coefficient of ~ ). At the point @

tangency, these values are shared with the curve = ( );thatis, (2) = 3and (2) = 4.

22. Since (4 3)ison = (), 4 = 3. The slope of the tangent line between (0 2) and (4 3) is 1,*30 (4 = 1’.4
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SECTION 2.7 DERIVATIVES AND RATES OF CHANGE = 129
23. We begin by drawing a curve through the origin with a 3

slope of 3 to satisfy (0) = 0and ?(0) = 3. Since ] 4

(1) = 0, we will round off our figure so that there is 1 — 1 ' \

a horizontal tangent directly over 7 = 1. Last, we

make sure that the curve has a slope of —1 as we pass

over 71 = 2. Two of the many possibilities are shown.
24. We begin by drawing a curve through the origin with a slope of 1 tosatisfy !
(0) = 0and” °(0) = 1. We round off our figure at” = 1 to satisfy (1) = Q Ly
and then pass through (2 0) with slope —1 to satisfy~ (2) = 0 and™ (2) = —1. o v >
We round the figureat = 3 tosatisfy !(3) = 0, and then pass through (4 0) Iy

with slope 1 to satisfy (4) = 0and '(4) = 1 Finally we extend the curve on
both ends to satisfy lim (') = o and lim () = —oo.

—— 00

25. \We begin by drawing a curve through (0 1) with a slope of 1 to satisfy (0) = 1 !
and "%(0) = 1. We round off our figure at = = —2 to satisfy "(=2) = 0. As
| — —5% 1 — oo, 0 we draw a vertical asymptote at 1 = —5. As 71 — 5-, /|
— 3, so we draw a dot at (5 3) [the dot could be open or closed]. V ] 3
=-5

26. We begin by drawing an odd function (symmetric with respect to the origin)

through the origin with slope —2 to satisfy  9(0) = —2. Now draw a curve starting

at 1=1and increasing without bound as ! — 2~ since lim () = oo. Lastly, :
-2~ H i

reflect the last curve through the origin (rotate 180°) since | is an odd function.

H
H
i
T

27. Using (4) with  (()=3"2—"3and =1

"1y = lim At D=0 g BA+ P2+ )P -2
-0

| -0 |

2 2 3 3
lim B+61 +379—-(1+31+3 + 92 = lim 31— = lim 3— E
-0 1—0 1—0

im@3 _[3=3_0=3
-0

Tangentline: 1—2=3(1-1D&e 1-2=31-3< 1=31-1
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28. Using (5) with ()= *—2and ™ =]

0(1):1im4—)lb- =lim (*=2—(CD =jim V-1 =14m A2+ DO%2—1

-1 |—1 1—1 |—1 -1 -1

~1 | — 1

1 —1

fim (2D DO =Y _ 2 o DT+ =22 =4
-1

Tangentline: 1— (=) =4(1-1) & 1+l =41-4 & 1=41-5
29. (a) Using (4) with™ () =5 (1 + 2)and the point (2 2), we have (b) 4
52 + 1)
— -
|U(2) = lim _(2+—)__@ = lim % -1
1—0 1—0
—21+10 51 410 — 2(12+ 4 +5)
_ 1 2447 +5 . 24 4- +5
= lim = lim
1—0 1—0
2
-0 ( 24+4 +5) -0 ( 2447 +5) ~072+47 +5 5
So an equation of the tangent lineat (2' 2) is™ —2 = —35( -2 or = —35 +LZ.
30. (a) Using (4) with 1(71) = 4712 — 713, we have
()= fm OFD=0 = pjm BCH il G ol Al |
-0 1—0
i AT P8 442 (34372 43 24784 2
-0
= lim 81 1+41°=37121-3 1"12—3 _ . "8 +41-317-311-"1
-0 1 —0
=lm(8" +4° =37 2-3" " —" =8 %
s
At the point (2 8), 7 %(2) = 16 — 12 = 4, and an equation of the tangent (b) 12
lineis™ —8 =4(C —2),0r =4 .Atthepoint(3 9
0(3) = 24 — 27 = —3, and an equation of the tangent line is
—9=-3 —3),0r =-3 +18 ,
1
-2
3. Use (@) with () =32-4 +1.
0():lim_(—)_o+ - =lim BO + 72 —40 + D)+ 11— (312-41 +1)]
-0 | -0 |
2 2 _ _ _ 2 2_
= lim 3 6 T 43 4 -4 +1-3 %44 & _ 0 6 11+371°—4
-0 | —0
. 6 +37 — 4 .
= lim =lim (67 +37 — 4 =61 — 4

-0 -0
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SECTION 2.7  DERIVATIVES AND RATES OF CHANGE

32, Use () with (1) =23+ .

0():hmJL);O —lim RO IR+ = @13+ )
-0 | -0 ]
— i 2O 6 12427 1+ =2 612 1+6 112+2713 +
-0 1—0
. (67246 " +27 2+ _ . 2
= lim =lm@G 1% +6 11+2% +1) =612 +1
-0

-0

33 Use (4 with” () =2 +1) ( +3).
200 1)+ 27 +1
0():lim4;)__(—):hl ( +|)+3_ 1 +3

-0 | -0 |

Lo R1T+21 + D1 +3)— 21 +D(1 + + 3)

= lim
1—0 (T +7 +3)( +3)
— lim 2 2467 427 T 46 -2 2427 T 467+ 1+1B)
1—0 T+ +3)0 +3
= lim > = lim 5 _ 5
~0 (I+ +3)(|+3 ﬁo(|+ +3)(|+;s (|+3)2
34. Use (@ with ()= -2=1"72
1 1 -+ )
') = lim (+H=-0 :hmi;u:lim ¢+
-0 1 —0 1—0
1 I [
_ P=(P+2 + 0D -2 -2 =2 - )
= lim
W Foe 2 A o Bk o F
)
-2 - 21 _ =2
B "
35. Use (4) with ():\/1—2.
\/1 2
o():thu_z:hm 1=2C+)—- 1=
1—0 1 =0
' T
— lim 1-200+71)— 1—=2 IILZ(_F +\+)+l/’)1_|2
-0 -
2 2
1 2C0+7) = 1-2 -2 —2)=—(@1-2)
[ | T |
= lim = I |
=0 1—-2( + )+ 1-2 i 1—=21+1)+ T=-2
2 1

o

131
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4
36. Use (4) with~ () = «,%

R = O N

(\/1—)2 - (\/'1—|— )2

1—|—|\/1— |(\/1—|+\/1—|— )
I
-0 |\/1— | — |\/1— (\/1— |+1\/— = )
1

') = lim L
1 —0 \/1 I_\/1 1 —0
T L
-0
v,V
= 41im —
-0 \/1_ _|\/1_"\/_
=4 lim — (= )H)-Q0-
~0Y— = V1= 1=+
= 4lm A
o T (1_|

:(1_\/)<2 1_|):(1_|)1<1_ |)l 2_<1_ )32

9 +

37. By (4), lim T2 2 09y, where () =

1—0

38. By (4), lim ——— _ 0(—2), where. ()=

1—0

; B
39. By Equation 5, hin2 5 - 1(2), where () =
1
40. By Equation , 54 °
5 lim — 1 (4)
—14 | — 1
4

M. By (@), im U T )T

-0 |
+ )+ 1
Or: By (4), lim cos( ) =
-0
sin
42. By Equation 5, lim ———=="0
—1n6 —

43. (4 = (4= lm

, Where

0C ), where () = cos
0(0), where * (") = cos(" + ) and

, Where ~ () = sin

= 0.

@+ ) =8 - B0(@E ) — 6@ + )2 — 80(4) — 6(4)>

6



320 +80 —96—-48 —6 2 —(320 32 — 2

—0 1
oo 1032 =61y

= lim =lim 32 —61)=32m/s
-0 -0

The speed when = =41is 32| =32 ms.
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SECTION 2.7 DERIVATIVES AND RATES OF CHANGE = 133
45 '

10 + - 10+ A5
(4 + ) - (4) 45 |
4 —
4. = 1P= = I 4+ +1 4+1 = lim 5+
lim
-0 -0 I -0
— JF — —
= lim 3 — ):]jrn d = lim 9:—_m/s.
-0 G+7) -0 (5+) -0 5+ | 5
The speed when ' = 4is —2 = £ m s,
45. The sketch shows the graph fora room temperature of 72° and a refrigerator Temperature

{in °F)
2

temperature of 38°. The initial rate of change is greater in magnitude than the
rate of change after an hour.

+ + -
il 1 2 Tune
(an kours)

46. The slope of the tangent (that is, the rate of change of temperature with respect HH
. 5 = . :
totime) at = 1 hseems to be about 7 /¢ ~ =07 °F min. w1
132 — 0 — P

A0 un LMD iE 1R ¢
rah)

@ - (1) 018033
2-1 1 h

|

|
(e}
—_
3

47. (a) (i) [1'012:0):

- - mg/mL
(ii) [1 512 0] 2 (15 _018 024:_006:_012_9_

215 05 015 h
25— (2 012-018 mg/mt.

iy o2y G207 @ = = 006 _ p12
25-2 05 015 h

(iv) [2°0130]: (3;:2(2) _ 007—1018 N mg/th

(b) We estimate the instantaneous rate of change at = 2 by averaging the average rates of change for [1 512'0] and [2 012 5]:

—012 + (=012) mag/mL . .
> = —-012 _gh_ After 2 hours, the BAC is decreasing at a rate of 0/12 (mg "mL) "h.
. 2008) — (2006 16,680 — 12,440 4240 .
48. (a) (i) [2006 12008]: ( : ( L = = 2120 locations year
2008 — 2006 2 2
.. 2010) — © (2008 16,858 — 16,680 178 .
(i) [2008 1 2010: - g - ) _ = = 89 locations year.
2010 — 2008 2 2

The rate of growth decreased over the period from 2006 to 2010.

(2012) — 1(2010) 18,066 — 16,858 1208 .
= = 604 locations year.

2012 — 2010 2 2

89 + 604 693 .
= ___ = 3465 locations "year.

2 2

(b) [2010 '2012]:

Using that value and the value from part (a)(ii), we have
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; N
(c) The tangent segment has endpoints (2008 16,250) and (2012 17,500).
An estimate of the instantaneous rate of growth in 2010 is 15,0041 1
17,500 — 16,250 1250 .
=__" = 312 5 locations/year. 0+
2012 — 2008 4
S0
0 2004 ' e ' miz i

77 — 1 . .
49. (a) 1990 2005]: BLOTT — 66033 _ 1754 _ 1169 6 thousands of barrels per day per year. This means that oil

2005 — 1990 15
consumption rose by an average of 1169 '6 thousands of barrels per day each year from 1990 to 2005.

76,784 — 70,099 6685

(b) [1995 ' 2000]: 0% = 1337
2000 — 1995 5
84077 — 76784 7293
[2000 1 2005]: = 7 - s8¢
2005 — 2000 5

An estimate of the instantaneous rate of change in 2000 is %;(1337 + 1458'6) = 1397 '8 thousands of barrels

per day per year.
) ) - B ~53 - )
50, (@) () 4 11 Q= (@ _ 94-55 436 . RNA copies mL,
1 —4 7 7 day
. ] — ~ 18 - _
(i) [8 11]: ab 8 _94-18 =86 _ g7 RNA copies “mL
11 -8 3 3 day
) — - _94  —42 i
(|||) [11 15] (15) (11) — 52 94 _ 42 = —105 RNA copies ml.
15 — 11 4 4 day
- (2= a1 _36-94 _ =58 RNA copies “mL
(V) (1122 === = = T ~053 day

(b) An estimate of  0(11) is the average of the answers from part (a)(ii) and (iii).

RNA copies “mL
I(11) & } [-2/87 + (—105)] = —1196 C‘(’ia‘;S —

0(11) measures the instantaneous rate of change of patient 303’s viral load 11 days after ABT-538 treatment began.

5. @) () A" _ 7105 =" (100) _ 6601125 = 6500 _ gonc i
A 105 — 100 5
(i) AT _ (0D =" (100) _ 6520105 = 6500 _ oo
A 101 — 100 1
() Q00 +7)=7000 _ 5000 + 10(100 + )+ 01050100 + 2 —@n 20 +005°2

=20+005, 6=0

100 + ) — "~ (100
( =00 _ 20 + 005 ) = $20 “uni.

-0 -0

So the instantaneous rate of change is lim
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| + |2 | |2
5.4 = (+ - O=wmw =T, = 100000 -7
T =xy? B , 1 s o
: 1750 " a600 ~ 30 " 3600 " 3600
= 100,000 _
106,000 ' 30 3600 100,000

= Teoo (C120+2 + )= B0 (12042 + )

_ 0
Dividing A” by = and then letting — 0, we see that the instantaneous rate of change is % ( — 60) gal min.

Flow rate (gal Imin) Wiater remaining () (gal)
0 —3333 3 100 000
10 —2777°7 69 444 4
20 —
20 2222 2 44 444 4
;‘0 —1666 6 257 000
—1111 1 11 1111
50 — 5555
2:777 7
60 0
0

The magnitude of the flow rate is greatest at the beginning and gradually decreases to 0.

53. (a)  °( ) isthe rate of change of the production cost with respect to the number of ounces of gold produced. Its units are
dollars per ounce.

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17 ~punce. So the cost

of producing the 800th (or 801st) ounce is about $17.

(c) In the short term, the values of “0( ") will decrease because more efficient use is made of start-up costs as ~ increases. But

eventually ~ °(" ) might increase due to large-scale operations.
54, (a) (5) is the rate of growth of the bacteria population when = 5 hours. Its units are bacteria per hour.

(b) With unlimited space and nutrients, ! should increase as increases; so  (5) 0(10). If the supply of nutrients
gimited, the growth rate slows down at some point in time, and the opposite may be true.

55. (a) 1 !(58) is the rate at which the daily heating cost changes with respect to temperature when the outside temperature is

58 °F. The units are dollars 71 °F.
(b) If the outside temperature increases, the building should require less heating, so we would expect 1 !(58) to be negative.

56. (a) "(8) isthe rate of change of the quantity of coffee sold with respect to the price per pound when the price is $8 per pound.

The units for  9(8) are pounds (dollars pound).

(b)  9(8) is negative since the quantity of coffee sold will decrease as the price charged for it increases. People are generally
less willing to buy a product when its price increases.

57. (a) 1 (" ) isthe rate at which the oxygen solubility changes with respect to the water temperature. Its units are (mg ‘L) °C.

(b) For = 16°C, it appears that the tangent line to the curve goes through the points (0 14) and (32 6). So
1'(16) = j = — " = -0125 (mg L) °C. This means that as the temperature increases past 16°C, the oxygen
32 -0 32

solubility is decreasing at a rate of 025 (mg L) °C.
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58. (a) 1 ! ) isthe rate of change of the maximum sustainable speed of Coho salmon with respect to the temperature. Its units

are (cmrs)I°C.

(b) For = 15°C, it appears the tangent line to the curve goes through the points (10 25) and (20 32). So
32— 25 . . . .
19(15) o =07(m§ °C. Thistellsusthatat” = 15°C, the maximum sustainable speed of Coho salmon is
20 — 10

changing at a rate of 0.7 (cm”s) °C. In asimilar fashion for = 25°C, we can use the points (20 35) and (25 25) to

. 25 — . . .
obtain 1°0(25) _ 35 = _2(cm’s) °C. Asit gets warmer than 20°C, the maximum sustainable speed decreases
rapidly. 25 =20

59. Since” () = sin(1 ") when” 6= 0 and "~ (0) = 0, we have
+ ) - i -
00y = lim —CFA==O SR =0 G ). This limit does not exist since sin(1 ) takes the

-0 -0 -0

values —1 and 1 on any interval containing 0. (Compare with Example 2.2.4.)

60. Since () = Zsin(1 ") when 6= 0and  (0) = 0, we have

_ 2 _ . . . o1
'0) = hmo d0+H) =10 _ hmo sinl” ) =0 = hmo sin(17 7). Since _1_sin © _ 1 e have
- 11— -
1 1
I I I 1 I I
—| <] Joo — <] | = =] | £ sin_<| | Becauselim(— | |)=0andlim || =0, we know that
| | 1 —0 -0

1
lim0 sin = = 0 by the Squeeze Theorem. Thus, “(0) = 0.
P

61. (a) The slope at the origin appears to be 1.

2

(b) The slope at the origin still appears to be 1. 0.25

[ERELLY { /
(c) Yes, the slope at the origin now appears to be 0.
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SECTION 2.8 THE DERIVATIVE ASA FUNCTION
2.8 The Derivative as a Function

2137
1. ltappears that = isan odd function, so

0 will be an even function—that !
is, (=) ="10).
(@ "'(=3) = —012
M =0 © ChHET @ O ~2 =
(ORMOER f) '@ =0 Eg) '(3) = =0

2. Your answers may vary depending on your estimates.

(a) Note: By estimating the slopes of tangent lines on the

NHe
|
graph of ~, it appears that  ?(0) = 6. ll.
(b) (1) ~0 |
© '@=-15 () 'G~-13 () '@ ~-08 'll'f'
(f) ' =-03 (9) ') =0 (h) 7 =o02 \
| l% / B
' K 3o 67 X

3. (a)0 =11, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then positive, then 0, then
negative again. The actual function values in graph Il follow the same pattern.

(b)0 = 1V, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly
become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the slopes of the tangents.
(c)0 = 1, since the slopes of the tangents to graph (c) are negative for

graph I.

| 10 and positive for 1 10, as are the function values &

(d)o = 111, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then
positive, then 0, then negative again, and the function values in graph 111 follow the same pattern.

Hints for Exercises 4—11: First plot1 -intercepts on the graphof 0 for any horizontal tangents on the grapH of . Look for any corners on the graph of
— there will be a discontinuity on the graph 6f 0. On any interval wheére  has a tangent with positive (or negative) slope, the graph of

0 will positive (or negative). If the graph of the function is linear, the graph of
4. !

0 will be a horizontal line.
5.
.'.
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6 ) 7. ¥
_'/& f
0 {
1 :
N\ I r
I—
0 . ”
8 y 9. Yy
! f
0 X
0 X
_
y 1
i 50 X
o —
_jo %

10. 11.
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12. The slopes of the tangent lines on the graph of = | () are always positive,
1N+

sothe -valuesof = ! i) arealways positive. These values satout

04

relatively small and keep increasing, reaching a maximum at about

= 6. Then the -values of = | ) decrease and get close to zero. Tre

graph of 10 tells us that the yeast culture grows most rapidly after 6 hours
and then the growth rate declines.

13. (@) © () is the instantaneous rate of change of percentage

of full capacity with respect to elapsed time inhours.
(b) The graph of © °() tells us that the rate of change of 204

percentage of full capacity is decreasing and

approaching 0.

14. (a) 1 °() is the instantaneous rate of change of fuel
economy with respect to speed.

(b) Graphs will vary depending on estimates of 719, but
will change from positive to negative at about "1 =50.

" 4 ——1 60 "
(c) Tosave on gas, drive at the speed where “1isa M 0 20 w40 {.\ T
maximum and 19 is 0, which is about 50 mi Th —
15. It appears that there are horizontal tangents on the graph of 7 for = = 1963
and -~ = 1971. Thus, there are zeros for those values of = on the graph of
| 0. The derivative is negative for the years 1963 to 1971. ' '
o .{ v ,
1950 1960 1970 1980 1990 20X

16. See Figure 3.3.1.

17. !

The slope at 0 appears to be 1 and the slope at 1 appears

_../ tobe 2'7. As = decreases, the slope gets closer to 0. Since

the graphs are so similar, we might guess that "°(") = ™.

v = f1x]
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18. ¥
T /

1

As increases toward 1, !( ) decreases from very late

+

== Iny

numbers to 1. As  becomes large, °( ) gets closer to 0

Asaguess, ()= 1 "20r ()= 1" makes &

19. (a) By zooming in, we estimate that  °(0) = 0, =2
0
and (2 = 4. 3
@ = -1, (-1 = -2 f h
(b) By symmetry, 0(— )= —109).S0o ¢ -1
and (=2) = —4.
(c) It appears that ~ !(") is twice the value of ~, so we guess that "0(") = 2°.
. J A
@ ()= im —CFAI=0 =gy ()27 :
-0 1 —0
24277 472 — 2 2 +2 @+ I |
= lim = lim = lim =lm @2 +1)=2
-0 1—0 1—0 -0

20. (a) By zooming in, we estimate that  °0) = 0, 3 ~ 075 1) ~3, 2~ 12, and '(3) ~ 2(b)
0

By symmetry, (— )="0().So ¢ -1 m075 (1) =~3, (-2)~12,and I(-3) =7

(©) (d) Since  9(0) = 0, it appears that ¢ may have the form () = 12
Using (1) = 3, wehave = 3,s0 () =3 2

1 1 ¥

(e) ') = lm —(;)_—() = lim (P70 o gy (P43
-0

2 +3 24 3)_ 3

1 —0 1 —0

372 437724 3 (B72+3 " +
:lirrol :lirra

. 2 2 2
=lmGT + 3717+ 1) =371
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N G D KB € R —8 -3 =8 _ . —8-
2 °C) = in + _h%B( + )-8 -0 8)_11@03 +3 8| 3 +8
:hm3|:hm3:3
~0 1 ~0

Domain of ©~ = domain of = 0 =R,

gt D= ) - _ - -1
2. 'C) = lim + _hmII(Jr)Jrll I +)_hml +0 +1-=1 I
-0 =0 =0 1

= lim | =lim [ =

-0 -0

|
Domain of - =domainof- 0 =R

[ |
2 _ 52
23 0()= hm —CFE D= @ =gy 205( + )2+ 6(+ ) 2152+ 6
-0 1—0
25(2+211+ H+6+6 =252 2524511 +25 246 — 2
= lim _25( ) = lim
-0 1—0
2
:hmM:hmM:ng + 25 +6)
-0 1—0 -0
=5 +6
Domain of © =domainof - 0 =R
_ 2 _ _ 2
2% ()= lm 2= =jim 4+8C+ ) =5 + ) (¢+8 =59
-0 1—0
448 48 50242 4y 4 42 8 1=5712-10 11— 512+ 4
= lim ( ) = lim
-0 1 —0

lim 8110 11=5% _ iy AB=101=5) _ 8 10 5 )

) 1 —0 -0

=8—10
Domain of = =domainof ~ 0 =R
CHEDH= O MO+ m20 T - (022713
25, ")) = lim = lim
) ) |
~ lim P+27170+12=2718 =612 1—=611P—2718— 1°+38

-0

2
— fim 2 11+71%-6 |2|—6||2—23 - lim CO+1=61—=6 11—
-0 1 —0
=lim (2 +°~ -6 2-6"" —23=2" —¢6 2
=
Domain of © = domain of -~ 0 =R.
1 1 N
- — V- A -
T HY)-0 _+_\/ — + - F +\/+
26. 0() = lim =lim =l =1 i Vi |
() -0 II% II% |14r?(1) + \/ +\/ +

ol

141



Domain of = domainof 0= (0 o).
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v v,
27. ¢y = lim (=0 _ 4y 9-(C+)H)= 9= 9—(I+ )+t 97
-0 -0 9—( + )+ 9 —
=+ -0-7) =
=l =1
- 9—(+)+\/9—| - |9—(+)+\/9——|
= lim =1 = —1
ﬂol — \/_
Domain of = (—oo 9], domain of 0:(—200 99)_.9
2 _
-1 271
. C+ )= ()
28. ()= lim = o
o | o "k T ) |3 2 =3

C+22-1R1 =3 - + 1) =-3C%=1
RC +)—3]21 =3)

= lim
-0
2427 T+ DRI =) (27 427 =3 2=
= lim — )( ) —( )( )
-0 2C+ ) =3e =3
— lim @7 3447 2% 4277207 —372_6" " —3"243)—(2" 342" 2 —3"2_2" —24)
~0 @2 +2° =32 -3
2 2 _ _ 2 _ 2 2 — —
i A2 1P -6 1322 L OR024271 126137143
~o @ +2° =32 -3 1—0 T Q20 +27 =32 -3
fim 222 -6 =3 R 22-6 +2
0 (20 +2° —3)(2 -3 @2 - 3)2

Domain of = domain of 0:(—00;)U(; 00).
1—2(+ ) _1-2
2. 0)=1lim ()7 Oz 34+ =3+
| |
-0 -0

=2+ M@+ )H)—[B+ (+)]d=2
B+ G +)

= lim
-0
= lim 3+t —6 —-22-6 —2|1 -3 -6+ —2%+ —3 =iy -6 -
-0 B+(C+ )G +) -0 3+ + HYB+ )
3
- =71 o =7 =7
Sl )Gy moGr 1 )G+ ). B+ )2
Domain of 7 = domain of 70 = (=00 —3) U (=3 ©0).
( 32 32 32 3 32
3. (()=tm (T D7 ) =qim (+ ) °— = lim [+ P A+ P2+ ]
1
~0 | —0 ~0 [ + W24 32 °
L, , |
) (+ )B3="3 ] 34372 43 -24-3_ 3 ) | 371°+3711+ 71
= lim im = lim

Il
— -

-0 [(+)32+ 32] ~0 [(+)32+ 32] ) [<+)32+ 32]



= lim 3 2 3 2 3.7 24

-0 (" +7) + 2

371P+3 1143 _ 32 _ a1 2

Domain of = domainof = [0 oo). Strictly speaking, the domain of 0is (O oo) because the limit that defines  ?(0) does
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not exist (as a two-sided limit). But the right-hand derivative (in the sense of Exercise 64) does exist at 0, so in that sense one
could regard the domain of 0 to be [0 o0).

_ 4 __ -4 4 3 2- 2 3 4 _ 4
Mo )y=m CFEI=0 =g CF V=" gy TATT T T 4T+
-0 1 —0 1—0
3 22 3 4
= lim 4711 +67 119 +H4 1P+ = lim 4 3+6|2|+4 2, s 4 5
| —0 1—0 -

Domain of © = domain of = 0 =R.

32. () — 1 X -1 L« 1 R

(b) Note that the third graph in part (a) has small negative values for its slope, 10; butas |— 6=, 10— —oo.

See the graph in part (d).

.+ H=0
© () = tim —— ()
-0
| |
o 6=( + )= 6= 6=(C F )+ 6= 1
= lim T6—( + )+
-0 6 — X
L 6—(C +1)—-06-7) 4 — |
= lim [
-0 6—( + =i |
( \/() hmollx/6_ = Voo
)+
-1
1
= lim /[ ——— = S
| |
~0 66— — + 6- 26— 2
Domain of = (—o0 ¢], domain of 0= (—o0 0).
33.(a) ()= lm L+ DN=0 oy O H20+ =+ D)
-0 1—0
- lim 44473 4672244 "3+ 442" 427 —" 4
) 2
3 2= 2 3 4 3 2 2 3
— i 4 ¥ +6 S S L N C e S e S e |
-0 | —0

=lim @1°%+6121 +4112+1%+2) =41%+2
-0

(b) Notice that ( ) = 0 when has a horizontal tangent, °( )§

positive when the tangents have positive slope, and “!(") is ¥

negative when the tangents have negative slope.
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(1 +1)2+1 249
OO _ =2
34. (a) 0( )_ lim + = lim [+ Y+ 1 C + )] . +1 )_hm I+ |

-0 —0 | -0 |
i CICFIPHU O RIYO Y o, (342772472347 472

-0 C+ ) 1 —0 ( +7)

2

S SN S OO (G i I ey S P e S _10”_ 1

-0 |(|+ |)| | —0 |(|+ |)| , —0 (|+|)| van 2

4

(b) Notice that °( ) = 0 when has a horizontal tangent, °( )§

positive when the tangents have positive slope, and °( ) is -6

negative when the tangents have negative slope. Both functions

are discontinuous at 1 = 0.

35. (a) ~ () isthe rate at which the unemployment rate is changing with respect to time. Its units are percent unemployed
per year.

(b) Tofind = (), we use lim (= O L= O gy gmall values of

-0 | 1
(2004) — - (2003) 555 =610

For 2003: ~ %(2003) =~ —015
2004 — 2003 1

For 2004: We estimate ~ {(2004) by using = = —1and = = 1, and then average the two results to obtain a final estimate.

S 1 s 004y ~ —(2008 =7 (2004 _ 6055 _ .

2003 — 2004 -1
-1 = 0(2004) ~ (2005) —  (2004) _ 51 =515 _ 04
2005 — 2004 1

So we estimate that = 9(2004) ~ Y—0'5 + (—014)] = —045. Other values for ~ (") are calculated in a similar fashion.

2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
iy | =050 —045 —045 —025 060 235 190 —020 -075 —080

36. (a) - () is the rate at which the number of minimally invasive cosmetic surgery procedures performed in the United States is
changing with respect to time. Its units are thousands of surgeries per year.

(b) To find = °(), we use lim (=10 C* = O o gmall values of

~0 |
|

(2002) — 1 (2000) _ 4897 — 5500

For 2000: 7 '(2000) ~

= —3015
2002 — 2000 2
For 2002: We estimate 7 {(2002) by using = = —2and = = 2, and then average the two results to obtain a final estimate.
S 2 5 70000 ~ SR000) =7 (2002) _ 5500 — 4897 _ 0, o
2000 — 2002 -2
-2 = 0(2002) ~ (2004) — 7 (2002) _ 7470 — 4897 ~ 1986 5
2004 — 2002 2

So we estimate that = 0(2002) ~ L[—301'5 + 1286 5] = 492'5.

2000 2002 2004 2006 2008 2010 2012
0¢) | —301,5 492:5 106025 856,75 605,75 5345 737
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(d) We could get more accurate values

c
( ) 15,000 -
for = () by obtaining data for
1200 .
16,000 { more values of '
800 l'
S0 ‘| _/
400 [ v=win
|
'l
L + ———t 0 e
0 Nind Mx Mux ! / 200 2008 a0z
el ) 200 2o ; 2004 2008
Y
—400

37. As in Exercise 35, we use one-sided difference quotients for the

first and last values, and average two difference quotients for all

other values.

14 21 28 35 42 49
(|4 54 64 72 78 83

'O 7 8 % on ou 7
0 ' 1‘4 ll 1 lli ':5 -“2 4‘\" )
38. As in Exercise 35, we use one-sided difference quotients for the ﬂ ) , ,
first and last values, and average two difference quotients for all N s s
other values. The units for Z () are grams per degree g °C). \__
15'5 1717 200 2214 2414 L \ ¥~ Wi}
r(a) | 372 310 198 97 98 | \*.,H
10) | —2182  —3'87 —453 —673 —975 .

39. () 1 isthe rate at which the percentage of the city’s electrical power produced by solar panels changes with respect b
time *, measured in percentage points per year.

(b) 2 years after January 1, 2000 (January 1, 2002), the percentage of electrical power produced by solar panels was increasing
at a rate of 3.5 percentage points per year.

lis the rate at which the number of people who travel by car to another state for a vacation changes with respect to te

40.
[tole

price of gasoline. If the price of gasoline goes up, we would expect fewer people to travel, so we would expect

negative.

41. "1 is not differentiable at "1 = —4, because the graph has a corner there, and at "1 = 0, because there is a discontinuity there.

| is not differentiable at 71 = —1, because there is a discontinuity there, and at 71 = 2, because the graph has a corner there.

42
I is not defined there, and at 1= 5, because the graph has a vertical tangent there.

43. | is notdifferentiable at 1= 1, because

44. 71isnot differentiable at 1= —2and |= 3, because the graph has corners there, and at 1= 1, because there is a discontinuity

there.

T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



146 =  CHAPTER2LIMITS AND DERIVATIVES

45. As we zoom in toward (—1 0), the curve appears more and more like a straight -
line,so () ="+ I |_| is differentiable at- = —1. But no matter how much
we zoom in toward the origin, the curve doesn’t straighten out—we can’t - e .
eliminate the sharp point (a cusp). So 1is not differentiable at 1=0. f',"." )

46. As we zoom in toward (O 1), the curve appears more and more like a straight

- N
line, so " () = ( 2 — 1)? % is differentiable at = = 0. But no matter how nuh

we zoom in toward (1 0) or (—1 0), the curve doesn’t straighten out—we can’t - 5
eliminate the sharp point (a cusp). So 1is not differentiable at 1= +1. \ /

-1
47. Call the curve with the positive “1-intercept 1 and the other curve 1. Notice that | has a maximum (horizontal tangent) at
I =0,but 16=0,s0 1 cannot be the derivative of 1. Also notice that where 1is positive, Iisincreasing. Thus, 1= "land
= 0. Now 0(—1) is negative since isbelow the -axisthereand (1) is positive since is concave upward at
=1 Therefore, (1) is greater than "(—1).
48. Call the curve with the smallest positive T1-intercept = and the other curve 1. Notice that where ™ is positive in the first

quadrant, = isincreasing. Thus, = and = 0 Now 0(—1) ispositive since 0 is above the -axis thereand
0
appears to be zerosince  hasan inflection pointat ~ = 1. Therefore, (1) is greater than  ©(—1).

49. | =101,00="10, | = 100 Wecan see this because where 1has ahorizontal tangent, 1 = 0, and where ~Thas a horizontal tangent,

I = 0. We can immediately see that 1can be neither I'nor 10, since at the points where 1has a horizontal tangent, neither |
nor isequal to 0.

50. Where "1 has horizontal tangents, only = is0,s0 ~ 0 =1[1.[ has negative tangents for | 10and = isthe only graph that is
negative for 71 10,50 ~ 0 =[1. 7 has positive tangents on R (exceptat |=0), and the only graph that is positive on the are
domainis 7,50~ 0= 7. We conclude that 7= "1, 1 = 19, = 7190, and 7= 7000,

51. We can immediately see that 1 is the graph of the acceleration function, since at the points where 7| has a horizontal tangent,

neither ~ nor  isequal to 0. Next, we note that | = 0 at the point where ~  has a horizontal tangent, so must be the graph dhe

velocity function, and hence, ~ © = . We conclude that ~ is the graph of the position function.

52. "1 must be the jerk since none of the graphs are 0 at its high and low points.  1is 0 where ~ hasa maximum, so "0 = [1. [ is0
where ~ hasamaximum, so - 9= |. Weconclude that - isthe position function, - isthe velocity, - isthe acceleration,and ' §
the jerk.

53. ()= fim C+ D=0 _ iy BO+TP2+2(0 + )+ 1]=(312+27 +)

-0 1—0

= lim G 2461 4312421 421 + )= (312421 4 _ o 611431421
-0 | —0
6 +3 +2

= lim =lm 61 +37 +2 =61 +2

-0 -0
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6 +6 +2)—(6 +2)
" |

[6C + ) +2]=(6 +2) _ .

-0

-0

We see from the graph that our answers are reasonable because the graph of

-0
6
-0 7 -0
r 0 js that of a linear function and the graph of ~ 00is that of a constant
f function.
4L 7 p——t J;
1
54, 0y = fim —CF =0 =iy 1€ +0)°=3C +1)=( %= 1)
-0 1—0 3
= lm (343 %7 43 24783 -3 )—( 53— _ iy 31143112+ 1-3
-0 1—0
3
= lim (BI2+3711+ |2_3:1im(3|2 +3 +2_3):3 2_ 4
-0 -0
Y= fim (=0 oy BO TP =3=(G72=3 gy, (724611431223 —(372—3
-0 1—0 1—0
2
= lim 3 i 2O 61 431y =60
-0 | —0 -0
; 3 We see from the graph that our answers are reasonable because the graph of
\ ] f
] Yo | ) ) ) ) A
" \ ;’ /! / 0js that of an even function (1 is an odd function) and the graph of = 00 g
\ v
= v . 4 that of an odd function. Furthermore, -~ 0 = 0 when ~ has a horizontal
L |
Vo {
L / x.,' / tangent and - 00 = 0 when - 0 has a horizontal tangent.
55. "0( ) = lim (i)_):hm 20+ -+ ) -2 2=%
-0 1—0
( 171
o @4o+27-3712-3 % ) 2 2 2
= lim Slim (1421 =3 390 - ) =41-3
WY = lim WA D)= 0 g A+ D =3C+ )2 - =F o @3 =61-3Y
-0 1—0 1—0
=lim@ _671_31)=4_6
-0
We + "y =" _ + — (4 — -6
PRI G0 Il © SRR LGSR ERCESCR NI
-0 -0 -0 -0
—6 — 0
@cy=1im "C+ D)= " = gim == = lim = lim () = 0
) (=6)
i 10 h -0 -0 -0
—4 6
f']
‘: f»n
. i




The graphs are consistent with the geometric interpretations of the

derivatives because ~ 0 has zeros where ~ has a local minimum and a local
maximum, ~ 90 has a zero where ~ 0 has a local maximum, and ~ 000 is a

constant function equal to the slope of = 00,
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56. (a) Since we estimate the velocity to be a maximum ¥
3+
at = =10, the acceleration is 0 at = =10. ! 20

'J m )

(b) Drawing a tangent line at = = 10 on the graph of [, [ appears to decrease by 10 ft 7Is? over a period of 20 s

Soat = 10 s, the jerk is approximately —10°20 = —0'5 (ft's?) s or ft's.

57. (a) Note that we have factored 71 — 7 as the difference of two cubes in the third step.
€)= Im (]—Q - lim |13_J|3 - lim 118 _ L8
1 - [ - ~ (13— 713 2347137134+ 23
= lim 1 - _1 orl 23

I [

. 234 13 1343 3 23 3
J0+1H) = 10 —=0 1

(b) " 40) = lim I = lim ——— = lim, 5 . This function increases without bound, so the limit does not

exist, and therefore ~ {0) does not exist.
1

©) lim |7 ' )| = lim = oo and ~ is continuous at © = 0 (root function), so = has a vertical tangent at - = 0.
-0 -03 28
1 . .
58. () (0) = tm () =0 =1im _>°=0 = lim —,which does not exist.
1
| 1
-0 -0 -0 -0 3
O =i O=0 =1lm 1»°~# =jim Qri-1t390ti+nt 3
1
- =1 - - ~ (113 71371234 7137134 723
13 13 13
= lim + =2 = 2 o2 13
L TM2B 4 LB LE 4+ B 323 313 3
4 R
(c) " () = "2 3%iscontinuous at = = 0 and (d)
2
lim |74 )| = lim = co. This shows that
-0 ~03 | |1 3
| has a vertical tangent line at 1= 0. s\ Jon
2 m 0.2
6 i =626 _gif 's¢
5. ()=| -0= = o
—C =6 if" =670 — if 6
1—6_ .
So the right-hand limit is im —(2 =@ _ [~ [0=6l=0_ =lim | =1, and the left-hand limit
—6* 1—6 | —6+ 1—6 -6+ — 0 —6*

& 1_G'_| — . -
is lim & _ n =or—0_ lim = lim (—1) = —1. Since these limits are not equal,
1 | ! |



—6—

-6 —6— -6 -6~ —0 —6—
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0(6) = lim L= o does not exist and

is not differentiable at6 y
-6 1 —6 1 o
y=1ilx
o—_
1 if 6 0 . x
However, a formula for  "is () o
= -1 if 176 -1
Another way of writing the formulais “ (") = 6 .
71— ol
60. - () = [ ]isnot continuous at any integer 1, so is not differentiable ¥
| at by the contrapositive of Theorem 4. Hj s not an integer, then i
is constant on an open interval containing ~, so " ") = 0. Thus, ! ! '
i) =0, notan integer.
I .
12 if1=0
6. @ ()="11= 2 i1 10 (b) Since () = 2for~ =0, wehave () =2 for~ "0
Y [See Exercise 19(d).] Similarly, since (1) = — 2 for 0,
we have " 0(") = —2" for 0. At~ = 0, we have
g O(O)Zlim_(_)__@ZIim_l_Zlim||:0
¥ -0 1—0 -0 -0
So 7 is differentiable at 0. Thus, 71 is differentiable for all .
2 if >0
(c) From part (b), we have " (") = =2 L
-2 1 if 770
b if1=o0
62. (a) [ = ¥
-1 if170
2 if =0
soT()="+]||= . 24
0 if 170
Graph the line 71=271for 1 = 0and graph 71 = 0 (the x-axis) for 7171 0. 5 ;
1 X
(b) 71is not differentiable at "1 = 0 because the graph has a corner there, but
is differentiable at all other values; that is, ~ is differentiable on (—oco 0) U (0 0).
if >0 2 if 0
© ()= - 'O)=
0o if 1710 0 if 1710
Another way of writing the formulais (") = 1 + sgn ~ for ~ 6= 0.
63. (a) If 1is even, then
(=) = lim (= +H= (=) _ lim [=C =D]="(=)
-0 | —0 I
:lir%i;g—l:—limi;ﬂ letA = —"]
- -0 —
= lm 40— ()
A —0 A O

Therefore, ~ 0isodd.
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(b) If 1 is odd, then

=) = tim (—+)—(—):h.m [=C =) ="(=)
-0 1 -0 |
:]_ll—n_(_)+ ():hm (_)_I [IetA :—]
-0 -0 _
_ CHADN= )
=1 =
Aiflnqo A o)
Therefore, = Oiseven.
64.(a) 04 =lm JEFD)- 1& _, 5-@4+ )-1 (b) , .
_ o o |
=lim — =1 v = fix] ,\ 5
| —0— o i
and 0 4 v
1
A = tm AT )T 8 —him s—@+ )
—0+ _| |_ | —0+
1
= lim 1= =1 = Im = 1
—or T (1-7) ot 1 —
| 0 if <0
©-C)= s5— 1 jfo 114

16— if =4

1
At4wehave lim ()= lim 66— ")=1land m ()= Im =1,50lm ()=1
—4- | —4- —4+ —4+ 5 — -4

(4) and " is

continuous at 4. Since 1 (5) is not defined, 1 is discontinuous at 5. These expressions show that ~1is continuous on the
intervals (—co' 0), (0" 4), (4'5) and (5' ©0).Since im ()= lim 56— )=56=0= (), lim © () does
n

—0+ | —0+ —0— -0

not exist, so 1 is discontinuous (and therefore not differentiable) at 0.
(d) From (a), ~ is not differentiable at 4 since ~_0 (4) 6=+ © (4), and from (c), ~ is not differentiable at 0 or 5.

65. These graphs are idealizations conveying the spirit of the problem. In reality, changes in speed are not instantaneous, so the

graph in (a) would not have corners and the graph in (b) would be coritinuous. o = didh

@ (b) ° o
+ Q0 “+ -
1 BRI 15 19
t
66. (a) T
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(b) The initial temperature of the water is close to room temperature because of (o)

the water that was in the pipes. When the water from the hot water tank

starts coming out, 171 ) 111 is large and positive as | increases to the y=dTik

temperature of the water in the tank. Inthe nextphase, 1 10 |0 =0asthe

water comes out ataconstant, hightemperature. Aftersometime, &1 110 1]
becomes small and negative as the contents of the hot water tank are
exhausted. Finally, whenthe hot water hasrunout, | I 17isonce again 0 he

water maintains its (cold) temperature.

151

. False. Consider lim - or lim

67. In the right triangle in the diagram, let A be the side opposite angle
the side adjacent to angle 1. Then the slope of the tangent line
islT = A""A" = tan . Note that 0 L. We know (see Exercise 19)
14
\ that the derivative of - (() = ~21is "!(") = 2" . Sothe slope of the tangentb
. the curve at the point (1' 1) is 2. Thus,  is the angle between 0 and -, Whose
tangent is 2; that is, = = tan-12 =~ 63°.
2 Review i
TRUE-FALSE QUIZ
1. False.  Limit Law 2 applies only if the individual limits exist (these don’t).

. False. Limit Law 5 cannot be applied if the limit of the denominator is 0 (itis).

. True. Limit Law 5 applies.

2_ g, .
. False. I = 95 not defined when 1 =3, but | +3is.
-3
CTree. Gm 129 = lim (#3T =3 = im (1 + 3)
-371—3 1—3 ( — 3) -3
. True. The limit doesn’t exist since (" )" (') doesn’t approach any real number as = approaches5

(The denominator approaches 0 and the numerator doesn’t.)

—5) in(

-5 1—=5 -5 1-5
the latter limit exists (and it is equal to 1).

LFRalse.  If ()=17, ()= -1"",and " = 0, then lim () does not exist, lim (") does not exist, but
0

1—0 -

lim [ ( )+ ()] = lim 0 =0 eds
-0 -0

. True. Suppose that lim [ () + ~ ()] exists. Now lim ~ (") exists and lim () does not exist, but

lim ()= lim{[ ()+ ()] — (O}=1lm [ ()+ ()] — lim () [by Limit Law 2], which exists, at

1
we have a contradiction. Thus, lim [ () + - ()] does not exist.
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). The first limit exists and is equal to 5. By Example 2.2.3, we know that
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10.

1.

12,

13.

14.

15.

16.

17.

18.

19.

20.

21,
22,

23.

24,

25.

26.

ol

False.

True.

False.

True.

False.

False.

False.

True.

True.

CHAPTER 2 LIMITS AND DERIVATIVES

Consider lim [ ( )) ()] = lim ( —0) — . It exists (its value is 1) but * (6) = 0 and ~(6) does not exist,
-6 -6 -6

S0 1(6) (6) 6= 1 '

A polynomial is continuous everywhere, so lim © () exists and is equal to ~ (7).

Consider lim [ ( ) =7 ()] = lim 1_41 . This limit is —co (not 0), but each of the individual functions
~0 0 2 4

approaches oo.

See Figure 2.6.8.

Consider - () = sin~ for = = 0. lim = () 6= *oo and has no horizontal asymptote.
| — oo

. ¢ -1 if =1
Consider™ () =
2 if 1=1
The function "1 must be continuous in order to use the Intermediate Value Theorem. For example, let
1 if 0 < 3

)= Lif ; There isno number 1 € [0" 3] with () = 0.
—11 I:

Use Theorem 2.5.8 with ~ = 2, | = 5 and’ () = 4 2 —11. Note that” (4) = 3 is not needed.

Use the Intermediate Value Theorem with 71 = —1, 71 =1, and 1= "1, since 3 1 4.

True, by the definition of a limit with | = 1.

False.

False.

True.

False.

True.

True.

False

c e | 24+1if =0
or example, let =
P ©) 2 if 1=0

Then® () 1forall ,butlim ()= lim 2+ 1 %
-0 -0

See the note after Theorem 2.8.4.
) exists _  isdifferentiableat | . iscontinuousat! _ lm ()= ().

|
2 172

— is the second derivative while —I is the first derivative squared. For example, if 7= T,

()= "1 —10" 2+ 5 is continuous on the interval [0 2], “(0) =5, (1) = —4,and " (2) = 989. Since
—47 07 5, thereisanumber | in (0 1) suchthat () = 0 by the Intermediate Value Theorem. Thus, there &

root of the equation ~*° — 10" 2 + 5 = 0 inthe interval (O 1). Similarly, there isarootin (1 2).

See Exercise 2.5.72(b).

See Exercise 2.5.72(b).
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EXERCIEES
1. @ (@) lim ()=3 (i) lm ()=0
2+

— 3+
(iii) l_ifl_ls (©) does not exist since the left and right limits are not equal. (The left limit is —2.)

(iv) lim = () =2
-4

(W) lim ()= o (Vi) lm © ()= —o0
-0 -
(vii) lim = () =4 (viii) Lm ()= -1
(b) The equations of the horizontal asymptotes are 1= —1and 71=4

(c) The equations of the vertical asymptotes are 1= 0and =2

(d) 71 isdiscontinuous at 71 = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively.
2. lim ()=-2 lm "(C)=0, lirr_]s ()= oo,

— — 00 — 00

lim ()= —e, lim ()=2
| =3~ —3*

| is continuous from the right at 3 ,_//

3
3. Since the exponential function is continuous, lim 1 ~ = =0 =g,
-1

2
4, Sincerational functions are continuous, lim -9 = 32-9 -0 -y

3 242 —3 R +23) -3 12

5. lim _ 1"=9 =1lim (1*A1=3 =|jm 1=3_=3=3_-6_3
2 ] | - 2
1 _4
111
) 2 + + 12-9
6. h_.n},ﬁ:—oosince +27 -3-0 as |—1 andﬁ3 1 0 for 1 3.
|
|
3 3_ 2 —_ 3 _
7olim (LoD 1 =gy (PZ3PHS T2l A gy =33 0 gy Loy 50
1 —0 1—0 1—0 1 —0

Another solution: Factor the numerator as a sum of two cubes and then simplify.

i (D341 =D+ L[ =D+ =D -1 =)+ 1P

-0 —0 —0

=lm (=12 - +2=1-0+2=3
=

2

8. lim = = =
-283-8 —2(=2(%2+2+34 -22+2 +4  4+4+4 12 3
J v

. . 4 + -
9. lim =ocosince(!l =9 —0 a! —9and______ | 0for 6=0.

—4 = lim (+2( =2  =fm — +2 242 4 _1




~o (1 = 9)* ¢ -9
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1
0. lim 4= =lim —2—1_, ~ —=-1
4+ |4 =] —a+ —(4 =) g+ —1
M. lim P=1  =fim Q24D 2-) =jim A2+DA+D(1 =) =jim A2HDA+D 220 _ 4
1345 2.0 =1 (245 —3p 1—1 ( +6)( =) -1 ( +6 17 7
v N v v
- —++6— —+6+ 1 (—+6)2 - 12
I 1
12, lim —5——= lim — = = lim J ! |
=3 1-31 - (=3 +6+ S +6 +
| +6 — 12 (V- =9 ! (1 =3 +2)
= lim3 | 1= lim-3 va ' =1lim -3 |
2(1 =3) 1+6+ 7 ¢ 3) +6+ ¢ =3 -6
|
—’?ﬁ—f 5 5
= lim v - _ - ——
3 2 16+ 93 +3) 54
13. Since | is positive \/_Z—l | = 1. Ths i N v
' P o P= I\/_ I 2_g V-2 L --2 1—-0 1
-2 g 9 =
1—o0 2 —6 1—e  (271—07T1 1—o  2—6 2-0 2
v
| |
14. Since 1 is negative, 2:|\/||:— . Thes, y J
—2_9 =2 o - 1—-9 "2 \/]_() 1
21-6 —2+6
) lim )
im,, = —e@ ozg ()~ hime = =2+0= 2
nd hnd - 1
15. Let =sin .Thenas -, sin 0%, so 0*. Thus, lim In(sin )= limln = _4.
- - —0+
6. fim 1=2 2—=* —jim  (1=21P— " * = gy 142 ?2-1 _0=0-1_ -1 1
|——oc 5+ =3¢ ——0 (5+7 =34 "4 ——5 441 373 0+0-—3 -3 3
R — Y
2 _ 2+4 +1+
17. lim v = lim _ Pr4+1-- T T (244D - 02
244 41 ! V# ! J
oo — oo 1 244 w1+ — o0 2441 +1+
4 +1 I N 1
| |
= lim divideby = 2for 0
—eo ( PH4 1+1+ Y1
) 4+1 11 ___4+0 4
1—e 1447 +1° 241 1+ 0+0+ 1 2
1—12 _ .
18.let - = |— 2= (1 —T).Thenas |— o,  — —oo,andm = lim ~ =0.

| —

|
19.Let - =1"".Thenas ™~ — 0%, ~ — o ,and lim tan-!(1" ") =lim tan-! = = .
|4.0+ — 00 2



20.

lim

-1

+ - lim - 4+ =lm 1 - + :
I e Y . LGl B CRE [ G
-1 I 1 1
= lim I = lim = =—1
-1 (1 =11 =2 -7 -2 1-2
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CHAPTER2 REVIEW = 155

21, From the graph of 1 = cos? 1 1712, itappears that 1 = 0is the horizontal S

asymptote and 71 = 0 is the vertical asymptote. Now 0 < (cos 2> < 1 =
I

2 2 1
Occs <L sos %_'s_h.ButliriOOO:oand . )
1 cos? | 7 L J
lim - = 0, so by the Squeeze Theorem, lim 5 = 0.
—+00 —+00 —1
cos® | 2 2 +
. . I I I I
Thus, 1= 0 isthe horizontal asymptote. ]jm0 , =oobecausecos —1land —0 as — 0,50 =0isthe
vertical asymptote.
J
22. Fromthegraphof = ()= 2+ +1— 2 —" jtappears that there are 2 horizontal asymptotes and possibly 2

vertical asymptotes. To obtain a different form for 7, let’s multiply and divide it by its conjugate.

W V. | 24 T +H1+ 2= (24 1+ - (2=
1) = Tarl- == T+
=T + T+ + -

27 +1

24+ 41+ 2 —

Now
27 +1
lim 1( )= lim
- At [ e e Bl NG
2+ (17 ) [since _2 for 1 10]
= lim q t =1
- 11 Y+ (1 R SD)
2 1
1+1° 7 |
. . v = o .
so | = lisahorizontal asymptote. For | 10, wehave = 2= || = — , so when we divide the denominator by ,
with 7 710, we get
I 1
2+ 7+1+ 12 — 2+ +1+4 2 — 1 1 1
1 ___1 A _ 1+|Jr2+ 11
2
Therefore,
27 +1 2+ (1)
lim 1( )= lim > = lim - f
I I e
- —— + +1+ - - 1+ H+Qa 2+ -1 )
- —2 = 1
-1 +1)
4
I '
so | = —1 is a horizontal asymptote. ——
_10 + + + + & - & > 10
The domain of is(—oc0 OJU[1 o). As — 0=, () — 1,50 ]
= (0 isnot a vertical asymptote. As =~ — 1", () — 350" =1 L ] ;




is not a vertical asymptote and hence there are no vertical asymptotes.
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23.

24,

25.

26.

27.

29.

30.

X CHAPTER 2 LIMITS AND DERIVATIVES
Since2 —1< ()= 2foro 3and lim 2~ —1) = 1= lim "2 wehave lim . () = 1 by the Squeeze Theorem.
-1 -1 -1
Let- ()= —2(C)= 2cos 1"°2 and ()= 2 Thensince cos 1°°2 < 1for 6= 0, we have
(H)Y=<i(¢)=_()for 6=0,andsolim ()= 1lim ()=0 = lim () = 0bythe Squeeze Theorem.
-0 | —0 -0
Given 1 10, weneed 1 10suchthatifor [ —2] 71 I,then [(14—5T)—4| 1 1.But|{14 -5 -4/ 171
[-571+10] 11 < [|=5/|1=2] 11 < | 1-2] 171715 Soifwechoose 1= "1715then0 |0 —=2] 171 >
(14 — 57 ) — 4] . Thus, lim (14 — 57 ) = 4 by the definition of a limit.
i
Given1 1 Owemustfind1 1 0sothatifo~ | —0] |,then\\/——0| .Nowlz/——olz |3/T | =
_ - B B
I=1°"F 7 15 sotake | =13 Theno= [ —ol=1]]- 1® = \Xﬂ/ _0|:\*J =211 E1.
Therefore, by the definition of a limit, lim 5/_: 0.
-0
Given 1 710, weneed 71 10sothatifoO [0 —2] 1 1,then 12 —371—(—2) 71 1. First, note that if | 1 — 2| 711, then
-1 —271,%00 —172 = | =17 2. Nowlet! = min{ 201} Then0o- | —2| ! =
2-3 —(=2) = |C =2C -Dl=1 =2 -1t (2@ =
Thus, limz( 2 _ 37 ) = 2Dby the definition of a limit.
28. Given 1 0, we need 1 0suchthatif0 171 — 4" |,tﬁen2|\/|—4 | 7. Thisistrue &~ 1 -4 |21
| — 410140712 Soifwechoose 1=471712%then0 1| |—4 71 1= 271 1—4 711 So by the definition of a Ini
[V I
lim 271 1—4 =o0.
1 —4%
_V_ _ : _ 2
@ ()= - if 0, ()=3—-"lifo< 3, ()=( =3)°if 3. .
I
() im ()= lim 3_ )=3 (i) im ()= lim
—0t | —0+ -0~ | —0— — =0
(iii) Because of (i) and (ii), lim = (_) does not exist. (iv) im ()= Im @-1)=0
-0 33— ~3-
(V) im ()= lim ( _ 32 =0 (vi) Because of (iv) and (v), lim = ( ) = 0.
—3* | —3+ -3
(b) isdiscontinuous at 0 since lim - (- ) does not exist. (c)
-0
| is discontinuous at 3 since | (3) does not exist.
n[ 1
@ (C)y=2 —"2ifo<  <2,0()=2—"if2 <3,0()="—4if3 4,7(C)y="if =z 4
Therefore, im 7 () = lim " Z=0and lim ()= lim (2 ")=0.Thus, lim ()=0= "¢,
—2- 1 —2— —2+ | =2+ -2

so Tiscontinuousat2.lim ()= lim (2 _1)=1and im [ ()= lim (" — 4) = —1. Thus,
-3~ 1 —3~ —3* | —3%
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32,

33.

34.

35.

36.

37.

CHAPTER2 REVIEW = 157

lim © ()= _1="(3), so iscontinuous at 3 oy
-3

tim =)= lim (I —4 =0and lim ()= lim 7=

| —4— —4q+ | —4+
0 2 4 x
Thus, lim - () does not exist, so s discontinuous at 4. But \/
-4
lim ()= "= "(4), so  iscontinuous from the right at 4.

| —4+

sin 1and 1" are continuous on R by Theorem 2.5.7. Since I''is continuous on R, 18" is continuous on R by Theorem 259
Lastly, 1is continuous on R since it’s a polynomial and the product 17" ' is continuous on its domain R by Theorem 2.5.4.
2 — 9 is continuous on R since it is a polynomial and v ~is continuous on [0’ o) by Theorem 2.5.7, so the composition
Z =79 is continuous on - | i/— 9 >0 = (—o00/—3] U35 00) by Theorem 2.5.9. Note that -2 — 2 6= 0 on this set ad
_ 2. 9. . . .
50 the quotient function () = ———= is continuous on its domain,
2_ o (=00 —3] U [3' 09) by Theorem 2.5.4.
()="5-="%+3 —5iscontinuous on the interval [1 2], ~ (1) = —2,and " (2) = 25. Since —2 7 07 25, thereba
number | in (1 2) suchthat () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation
5—-"3+3 —5=0intheinterval (1 2).
() = cos V= —1 + 2 is continuous on the interval [0"1], ~ (0) = 2,and " (1) = —0/2. Since =02 7 0 | 2, thereta
number | in (O 1) such that () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation
cos V= —1 +2=0,0rcos \/_: — 2, intheinterval (0 '1).
(a) The slope of the tangent lineat (2 1) is
— _ 2 _ _ 2 2
lim (07 @ —gim 972 T oy 8727 o 22T ) gy, 220 =20
1 1 1 | 1 |
1—2 | —2 -2 —2— -2 =2 -2 -2 -2 -2
I
=lim[-2(" +2)]=-2-4=-8
1
(b) An equation of this tangent lineis 1—1=—-8( I—2)or 1=-8 1+17.
For a general point with “1-coordinate 1, we have
L2 (1=-3)—-2"(1-=37) .20 =31H)—-2(1—-3") . 6C =)
= lim = lim = lim
- - - (=31 =30)C - ) - @=3)a=3)0 - 1)
= lim 6 -_ 6
- (1=3)01-3 ) (1-3 )
For~ = 0,1 = 6and" (0) = 2, soan equation of the tangent lineis ~ —2=6( —0)or =6 +2 For- = -1, =%
and ~ (—1) = %, so an equation of the tangent lineis  — 3= ¥ o+ Do =3 + 73
@ ! =1¢)=1+2 + % 4. The average velocity over the time interval [1 1 + ]is

|
A+ y—ly 1420+ D)+ a+ )P4 134100 +72 g0+

| ave = =

a+71y-1 4 4

[continued]



T 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



158 = CHAPTER 2LIMITS AND DERIVATIVES

So for the following intervals the average velocities are:

@ n 3: =2, ae = (10+2)4=3ms @iy 11 2): =1 ae = (10+1) 4=275ms
(i) 115 =05 ae =(010+05 4=26255ms (V)1 11 =01, ae =(10+01) 4=2525ms
) o 1A+ Y=y 10+ 10
(b) When ~ = 1, the instantaneous velocity is lim = lim = _=25m’s.
-0 I -0 4 4

38. (a) When ~ increases from 200 in® to 250 in%, we have A~ =250 — 200 = 50 in®, and since = = 800 ,

800 800 .
Al =1@50) —1200)= — —~ =32-4=—-08Ib"in%2. Sothe average rate of change
250 200
AL 08 I~ in?
IS = —— = _0016
A 50 ind’

(b) Since 1 =800, the instantaneous rate of change of “1with respectto 1is

fim 2! (+ )= ()_,800+1)-®

— = lim

i 8001 =+ )]

-0A -0 -0 -0 ( + )
— 800 _ 800

Do+ T
which is inversely proportional to the square of 1.
3. @ Q2= ()= @ — iy P-21-4 ©
hm 1 I

-2 1 —2 —2 -2 12

_ 2
= 1im =20 F2 *3 124 97 42 = 10
-2 1 —2 -2 —4 4

(b) 1T—4=10C1=2)0r 1=10 1— 16

40. 26 = 64,50 ()= %and” =2
41, (a) " '(1) is the rate at which the total cost changes with respect to the interest rate. Its units are dollars ~ (percent per year).
(b) The total cost of paying off the loan is increasing by $1200 “I(percent per year) as the interest rate reaches 10%. So if the

interest rate goes up from 10% to 11%, the cost goes up approximately $1200.

(c) As | increases, increases. So (1) will always be positive.

¥

42. _—//\' 43. \ / 44,

{
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3-5C + )—\/3—5 I 3 =5 + )+\/5-5

45, (a) 0< ) = lim J;)__(_)

= lim

-0 ~0 3-5( + )+ 3-5

B-5 # }-G-5) | -5 -5

= lim

B 3-8+ )b Vaosm TIMT L oo >+“3—5 =V5 s

(b) Domain of 71: (the radicand must be nonnegative) 3 — 5 1> 0 = G
I

p
5 =3 = %eo \f\ }
Domain of 19 exclude?® because it makes the denominator zero; 3 ™~ :
_\A,\
I N
(c) Our answer to part (a) is reasonable because (") is always negative and -
f
| is always decreasing.
46. (3) AS° — oo, ()= (@ —)HI(BG+ ) — —1,sothereis ahoizond asymptote v -3 Y
aa = —-1.As — -3 ()— o,andas’ — —3-,
f
() — —oo. Thus, there is a vertical asymptote at = = —3. . N
S —— .......I\I..T..IE.?
(b) Note that  is decreasing on (—oo' —3) and (—3 ©0), so (is negative e——qi
athose intervals. As — +o0,” 0—-(0.As — —3-andas — —3%, : -
0 - —oo0, -
{ X
—
4—( + 4 =
CF Oy () ( ) = II
(©) "'C) = lim =t 3] 3 L GF P+ )=E- )BRC + )]
I
—0 -0 -0 B+ +DIG+ )
- lim _(2=3" =3 +4” —"2-"")—(12+4" +4° -3 —"2- 7
~0 B+ +G+7)
. —71 . -7 7
= lim = lim = _
-0 1B+ (0 + )3+ ) 03+ +71)]G+7) G+71)?
(d) The graphing device confirms our graph in part (b).
47. 71isnot differentiable: at 1= —4 because 71is not continuous, at 1= —1 because “1has a corner, at “1=2because 1is

continuous, and at "1 = 5 because 1 has a vertical tangent.

48. The graph of = has tangent lines with positive slope for | 10 and negative slope for 0, and the values of ~ fit this paemso
must be the graph of the derivative of the function for 1. The graph of ~ has horizontal tangent lines to the left and right dthe

I-axisand ~ has zeros at these points. Hence, ~ is the graph of the derivative of the function for | Therefore, " is the ggphof 7,

is the graph of = 9, and " is the graph of = 00,
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160 = CHAPTER2LIMITS AND DERIVATIVES
49. Domain: (_oo 0) (0 ); lim ~ () =1; lim ~ (1) = 0;
-0~

1 —0*

—— 00

0C )1 oforall ~ inthe domain; lim 0()=0; lim 0C)=1

50. (a) 1 °() isthe rate at which the percentage of Americans under the age of 18 is changing with respect to time. Its units are
percent per year (% “1yr).

(b) Tofind 1 9(), we use lim LCx 0 =10 1CH D= 1D o gl values of
) |
|

| (1960) = 1(1950) = 357 =311
1960 — 1950 10

For 1960: We estimate | (1960) by using’ = —10 and”~ = 10, and then average the two results to obtain a
final estimate.

For 1950: 1'(1950) ~ =046

1 (1950) — 1(1960) _ 311 =357

=-10 = 1'1960) =

= 046
1950 — 1960 —10
— 10 = |0(1960) ~ | (1970) — 1 (1960) _ 340 =357 _ 0117
1970 — 1960 10

So we estimate that 19(1960) = {0146 + (—0'17)] = 07145.

1950 1960 1970 1980 1990 2000 2010
I 0¢) | 00460 0145 —0385 —0415 —0/115 —0-085 —0:170

© Firt y
- i
-
KRS / PR
i 3
"’ y =Pt
1 ¢ az
X
20 I \
!II
271 ——— t —
—.- 1950 l‘){‘\('l 19700 19800 1990 2000 2000 !
a5 4 - - | ——
d \ | |' \
237 .24 \
Il
t t t t t t .
P50 10A0 1970 osg paon MO0 agn ! 4
LML

(d) We could get more accurate values for 1 (") by obtaining data for the mid-decade years 1955, 1965, 1975, 1985, 1995, and
20065.

51. 7 9() is the rate at which the number of US $20 bills in circulation is changing with respect to time. Its units are billions of

bills per year. We use a symmetric difference quotient to estimate ~ (2000).
2005) — ~ (1995 577 —421
12000) ~ ( ) ( ) _

= 07156 billions of bills per year (or 156 million bills per year).

2005 — 1995 10
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52. (a) Drawing slope triangles, we obtain the following estimates: 1 0(1950) =L = 011, 1 0(1965) =t 8 = =0 16,
10 10

and I 9(1987) 92 = ¢ (o

(b) The rate of change of the average number of children born to each woman was increasing by 0 11 in 1950, decreasing
by 0716 in 1965, and increasing by 0'02 in 1987.
(c) There are many possible reasons:

+ In the baby-boom era (post-WW]I), there was optimism about the economy and family size was rising.

+ In the baby-bust era, there was less economic optimism, and it was considered less socially responsible to have a
large family.

« In the baby-boomlet era, there was increased economic optimism and a return to more conservative attitudes.
5.0 O)<i() © =)< ()< OHadlim 1 ()=0= lim — ().
|~ -

Thus, by the Squeeze Theorem, lim ~ () = Q

54. (a) Note that is an even function since” ( ) =~ (— ). Now for any integer 1,
[ +[="11= 1= "1=0,and for any real number | which is not an integer,

[1+[-1=01+CI11-1=-1.50 ]{'rE () exists (and is equal to —1)

for all values of I.

(b) T1is discontinuous at all integers.
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2 Limits and Derivatives

2.1 TheTangentand Velocity Problems
UGGESTED TIME AND EMPHASIS

I-1class  Essential material

POINTS TO STRESS

1. The tangent line viewed as the limit of secant lines.
2. The concepts of average versus instantaneous velocity, described numerically, visually, and in physical
terms.

3. The tangent line as the line obtained by “zooming in” on a smooth function; local linearity.

4. Approximating the slope of the tangent line using slopes of secant lines.
QUIZ QUESTIONS

~ TEXT QUESTION Geometrically, what is “the line tangent to a curve” at a particular point?
ANSWER There are different correct ones. Examples include the best linear approximation to a curve at a
point, or the result of repeated “zooming in” on a curve.

"~ DRILLQUESTION Draw the line tangent to the following curve at each of the indicated points:

y

/wa
7 \‘_ ;

ANSWER

y=t(x)

/ } x
MATERIALS FOR LECTURE

" Point out that if a car is driving along a curve, the headlights will point along the direction of the tangent
line.

" Discuss the phrase “instantaneous velocity.” Ask the class for a definition, such as, “It is the limit of
average velocities.” Use this discussion to shape a more precise definition of a limit.

. Mlustrate that many functions such as x and x = 2 sin x look locally linear, and discuss the relationship
of this property to the concept of the tangent line. Then pose the question, “What does a secant line to a
linear function look like?”
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CHAPTER 2  LIMITS AND DERIVATIVES

~ Show that the slopes of the tangent linesto f 'x -~ 3xandg x [ "x arenot definedat x ~ 0. Mhat
f has a tangent line (which is vertical), but g does not (it has a cusp). The absolute value function can be
explored graphically.

WORKSHOP/DISCUSSION

" Estimate slopes from discrete data, as in Exercises 2 and 7.

1 1
at the point 1" 3 using the graph, and then numerically. Draw the

11 x2 ]
3

tangent line to this curve at the indicated point. Do the same for the points '0°3"and 12 % .
ANSWERT 1'5,0, T 0'48 B

" Estimate the slope of y T

o r

1 1 1 . . .
" Draw tangent lines to the curvey Msin = atx "~ and x ™~ . Notice the difference in te

.
X 217 m 2

quality of the tangent line approximations.

GROUP WORK 1: WHAT’S THE PATTERN?

The students will not be able to do Praoblem 3 from the graph alone, although some will try. After a majority
of them are working on Problem 3, announce that they can do this numerically.
If they are unable to get Problem 6, have them repeat Problem 4 for x ™ 15, and again for x " 0.

ANSWERS r r
1,2. 3.27 37 0268, 5r 2. 0236,
3 ) 42, 38
(I B :
457 35T 025, 04 0250
) 4. , is agoodestimate.
o 5. % is a good estimate.
/] 6
‘ 2 ar 1
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SECTION 2.1 THE TANGENT AND VELOCITY PROBLEMS

GROUP WORK 2: SLOPE PATTERNS

When introducing this activity, it may be best to fill out the first line of the table with your students, or to
estimate the slope at x ™ " 1. If a group finishes early, have them try to justify the observations made in te

last part of Problem 2.
ANSWERS
1.(a) 0,02,04,06 (b) 115
2. (a) Estimating from the graph gives that the function is increasing for x T 32, decreasing for
r327 x7 32,andincreasing for x = 3°2.
(b) The slope of the tangent line is positive when the function is increasing, and the slope of the tangent
line is negative when the function is decreasing.
(c) Theslope of the tangent line is zero somewhere between x = T 3'2and T 3'1, and somewhere between
X T 3'1and 3'2. The graph has a local maximum at the first point and a local minimum at the second.

(d) The tangent line approximates the curve worst at the maximum and the minimum. It approximates
best at x ™ 0, where the curve is “straightest,” that is, at the point of inflection.
HOMEWORK PROBLEMS
CORE EXERCISES 1,5, 9
SAMPLE ASSIGNMENT 1, 3, 5, 9

EXERCISE D | A [ N | G
1 rIr
3 [ r
5 r
9 L]l
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GROUP WORK 1, SECTION 2.1
What's the Pattern?

Consider the function f'x' T 17 Xx.
1. Carefully sketcha graph of this function on the grid below.

yl\

w

)]

-

1 0 1 2 3 4 5 6 7 8 x

2. Sketch the secant line to f between the points with x -coordinates x " 2 and x ™ 4.

3. Sketch the secant lines to f between the pairs of points with the following x -coordinates, and compute

their slopes:
@x7 2andx”™ 3 (b)xT 3andx™ 4 (¢)xT 25andxT” 35 (d)xT 28andx T 32
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What's the Pattern?

4. Using the slopes you’ve found so far, estimate the slope of the tangent line at x 3.

5. Repeat Problem 4 for x I 8.

6. Based on Problems4 and 5, guess the slope of the tangent line at any point x " a, fora M 1.
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GROUP WORK 2, SECTION 2.1
Slope Patterns

1. (a) Estimate the slope of the line tangent to the curve y - 0'1x2, where x ~ 0, 1, 2, 3. Use your
information to fill in the following table:

slope of tangent line

W NP, O X

(b) Youshould notice a pattern in the above table. Using this pattern, estimate the slope of the line tangent
toy ~ 0'1x? at the pointx ~ 57'5.

2. Consider the function f 'x’ T 0'1x37 3x.
(@) On what intervals is this function increasing? On what intervals is it decreasing?

(b) On what interval or intervals is the slope of the tangent line positive? On what interval or intervals is
the slope of the tangent line negative? What is the connection between these questions and part(a)?

(c) Where does the slope of the tangent line appear to be zero? What properties of the graph occur at
these points?

(d) Where does the tangent line appear to approximate the curve the best? The worst? What properties of
the graph seem to make it s0?
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2.2 TheLimit of a Function

SUGGESTED TIMEAND EMPHASIS
1 class Essential material

POINTS TO STRESS
1. The various meanings of “limit” (descriptive, numeric, graphic), both finite and infinite. Note that
algebraic manipulations are not yet emphasized.

2. The geometric and limit definitions of vertical asymptotes.
3. The advantages and disadvantages of using a calculator to compute a limit.

QUIZ QUESTIONS
TEXT QUESTION What is the difference between the statements “f "a° | L”and “lim f -x 1 L»?
X-a

ANSWER The first is a statement about the value of f at the point x = a" the second is a statement about the
values of f at points near, but not equal to, X T a.

" DRILL QUESTION The graph of a function f is shown below. Are the following statements about f true or
false? Why?

(@) x; ais inthe domain of f (b) lim f x exists (c) lim f x isequalto lim f x
X" a X~ a X" a
y
.
0 a X
ANSWER

(@) True, because f is defined at x " a.
(b) True, because as x gets closeto a, f "X approaches a value.
(c) True, because the same value is approached from both directions.

MATERIALS FOR LECTURE
" Present the “motivational definition of limit”: Wesay that lim f ‘x' 1 L ifas x getsclosetoa, f 'x' gets
X" a

close to L, and then lead into the definition in the text. (Note that limits will be defined more precisely in
Section 2.4.)

" Describe asymptotes verbally, and then give graphic and limit definitions. If foreshadowing horizontal
asymptotes, note that a function can cross a horizontal asymptote. Perhaps foreshadow the notion of slant
asymptotes, which are covered later in the text.

" Discuss how we can rephrase the last section’s concept as “the slope of the tangent line is the limit of the
slopes of the secant linesasT x = 0.

~ Stress that if >!m; f'x r - and )!irmag ‘X T 7, then we still don’t know anything &bt
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lim f x
X" a

g X
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CHAPTER 2 LIMITS AND DERIVATIVES

WORKSHOP/DISCUSSION

" Explore the greatest integer function f 'x I [x]] on the interval [T 1° 2] in terms of left-hand and ngt hand
limits.

] Explore lim 2 21 X looking carefully at 21 * from both sides for small x. Discuss in graphical,
;o x0 . .
numerical, and algebraic (“what happens to 1 ™x when x is small?”’) contexts.
ANSWER The left-hand limitis 2, because2® X vanishes.
The right-hand limitis " T".

3 i .
. When can you “just plug in the numbers?

r
x~34x 2

. L. . xC
Discuss a limit such as lim

GROUPWORK1: AN INTERESTING FUNCTION

Introduce this activity with a review of the concepts of left- and right-hand limits. Also make sure that the
students can articulate that when a denominator gets small, the function gets large, and vice versa. (This will
be needed for the second question in Problems 2 and 3.) When a group is done, inform them that one of them
will be chosen at random to discuss the answer with the class, so all should be able to describe their results.

When they graph y | ”% they are expected to use graphing technology. When they are all finished,
have a different person present the solution to each part.

ANSWERS -

1. y 2. The limit is 0. When x is small and positive, 1 x islarge
and positive, sol ™ 21 ¥ is large and negative. Therefore
its reciprocal is very small and negative, approaching
zero.

3. The limit is 1. When x is small and negative, 17X is large

0 1 X and negative, and 1 ™ 21 X is very close to 1.
4. The limit doesn’t exist because the left- andright-hand
limits are not equal.

GROUP WORK 2: INFINITE LIMITS

After the students are finished, Problem 2 can be used to initiate a discussion of left and right hand limits,

and of the precise definition of a vertical asymptote, as presented in the text. In addition, Section 2.6 can

be foreshadowed by asking the students to explore the behavior of 3’ 4x 5 for large positive and large
— T

4
negative values of x, both on the graph and numericalé)é. If there is ti ﬁile(?)ihe students can be asked to analyze



the asymptotes of f 'x ' secx and the other trigonometric functions.
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SECTION 2.2 THE LIMIT OF A FUNCTION

ANSWERS

1. Answers will vary. The main thing to check is that there are vertical asymptotes at ™—and at 3.
2 2

2. y There are vertical asymptotes at x 15
20 I
10
| > a4
4 2 0 X

GROUP WORK 3: THE SHAPE OF THINGS TO COME

This activity foreshadows concepts that will be discussed later, but can be introduced now. The idea is to
show the students that the concept of “limit” can get fairly subtle, and that care is needed. The second page
anticipates Section 2.6, and the third page anticipates Section 2.4. Pages 2 and 3 are independent of each
other; either or both can be used. Problem 4 on page 3 is a little tricky and can be omitted if desired.

ANSWERS

PAGE 1

1.217 2,°06%7 036,083 0512,04T 0,°1018"7 10829

2. y 3.fn "1 7 1foralln.

2 fi -
fo 4. The curves all go through the origin.

1 2 X
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CHAPTER 2 LIMITS AND DERIVATIVES

PAGE 2

.0 (M1 (1
2.0 ®O0 (©0 (d1

3. The function g "x" is important in real analysis. Its graph looks like this:

y
1+ °
B ————
0 1 X

4. (@) 1 (b) 0

PAGE 3

1. L (or any positive number less than- ) 2. Estimates will vary.
10 10

3. 11_0ﬁ T 17 00049876 (or any positive number less than 0 0049876)

4. Yes, the problems could have been done with any smaller positive number.

5. The students can be forgiven for not answering this question. It will be fully answered in Section 2.4. The
short answer: Let a be the “small number you can name.” Then we have shown that we can always find a
small interval about x such that x 2 0™ a. A similar argument can be made for the second part. Tremain
idea here is to set up ideas that will be explored more fully in Section2.4.

GROUP WORK 4: WHY CAN’T WE JUST TRUST THE TABLE?

This activity was inspired by the article “An Introduction to Limits” from College Mathematics Journal,
January 1997, page 51, and extends Example 4.

Put the students into groups and give each group two different digits between 1 and 9, and then let them
proceed with the problems in the handout.
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ANSWERS

SECTION 2.2 THE LIMIT OF A FUNCTION

1. The answer, of course, depends on the starting digit:

T T i
X sin _ X sin _ X SIn _
X X X
01 0 02 0 03 3
001 0 002 0 : 2
0001 0 0002 0 003 i
00001 0 0 0002 0 0003 -
0 00001 0 0 00002 0 P
0000001 | O 0000002 | 0 00003 | =3
0 00003 2
r 3
0000003 | =2
— T —TT A
X sin X sin_ X sinc_
X X —X
04 1 05 0 UG 3
004 0 005 0 2
0 004 0 0 005 0 006 -5
0 0004 0 0 0005 0 0006 =
0 00004 0 0 00005 0 7
0000004 | O 0000005 | O 0 0006 >
0 00006 _2;
0 000006 ?
sin T sin i sin m
_ X
X X ) X X X
07 0974927912 08 o 09 0342020143
007 " 0781831482 : ry 009 0 342020143
0007 0 433883739 8 888 1 0:009 [ 0342020143
0 0007 0 974927912 010008 0 0-0009 i | 0342020143
0 00007 i 0 781831482 0100008 0 8-8888(9)9 | r 01342020143
: | r 01342020143
0 000007 : 0 433883739 0000008 | O | E ; .
2. Answers will vary. i
3. Answers will vary.
4. There is no limit.
y 'Y
1
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CHAPTER 2 LIMITS AND DERIVATIVES

HOMEWORK PROBLEMS
CORE EXERCISES 1, 5, 8, 11, 19, 33, 50
SAMPLE ASSIGNMENT 1, 5, 7, 8, 11, 16, 17, 19, 33, 42, 50, 53

EXERCISED [ A[ N | G

1 I

5

7

8 |

11 I

16

17

19

33

42

50

|—|——————

53
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GROUPWORK1,SECTION 2.2
An Interesting Function

1. Create a graph of the functiony | r2-xr 2

2. Estimate lim 1 from the graph. Back up your estimate by looking at the function, and discussing

x—on 1, 21 x
why your estimate is probably correct.

3. Estimate lim from the graph. Back up your estimate by looking at the function, and discussing

x-on 1, 21 x
why your estimate is probably correct.

. 1 . .
4. Does lim exist? Justify your answer.

r
x-01 21 x
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GROUPWORK 2,SECTION 2.2
Infinite Limits

1. Draw an odd function which has the lines x ™ —éandx nlln % among its vertical asymptotes.

X2 4xr 5

2. Analyze the vertical asymptotes of .
y ymp Tox3 - 81
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GROUPWORK 3,SECTION 2.2
The Shape of Things to Come

In this activity we are going to explore a set of functions:

fix 7 xf2
X T %3
XT X?,
fn x" 7 x", nany positive integer

1. Tostart with, let’s practice the new notation. Compute the following:

fir2 - fo06 T f308 ° fs 0 " fg 101 -
2. Sketch the functions f1, f2, f3, fs, and fg on the set of axes below.

VA
2 4
1.5+
1 4
0.5t

+ 0 + + + + g

O 0.5 0.5 1 > 2 X

0.5

3. The number 0 plays a special role, since fn 0" = 0" 7 0 for all positive integers n. Find another number
a ™ Osuchthat fa-a' r a for all positive integers n.

4. We know that |ing fn x' T 0 for all positive integers n. How is this fact reflected on your graphs above?
e
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GROUPWORK 3,SECTION 2.2
The Shape of Things to Come: Approaching Infinity

1. Using what you know about limits, compute the following quantities:
(@ lim f3-x (b) lim f4 x
X~ 0 X" 1

X~ 1

2. Using what ;{ou_ know about limits, compute the following quantities:

@ lim fn 2 (b) lim fn 099
nrr nrr

() lim  fn x,where x ~ 1 (d) lim f, 1
ni- ni-

3.Letg'x n|[|m fn"x for 0 ™ x ™ 1. Sketch g x , paying particular attentionto g 1" and values of x

close to 1.

4. Are the fallowing quantities defined? If so, what are they? If net, why not? -

@ lim lim fa x () Iim Iim f, x
ni- Xrl xr1 nrr
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GROUPWORK 3,SECTION 2.2
The Shape of Things to Come: The Nitty-Gritty
By definition, “)!i_r% f2'x" T 0” means that by taking X very close to zero, we can make x 2 0. smaller than

any small number you can name. )

1. Find anumber 5~ Osuchthatif & x  &,then f2 x ;o

2. Use a graph to finda number 3 ™ Osuchthatif 787 x 7 17 &,then x27 1 7 .

3. Now use algebra to finda number 8 ~ Osuchthatif 7d ™ x T 17 O,then X271 7 1310

4. When constructing this problem,—ll(yyas used as an arbitrary smallish number. Could you have done the

. . 1 1 ) 1 )
previous problems if we replaced 100 by 10,000 - How abOUtil,OOO,OOO'

5. Reread the first sentence on this page. How do your answers to Problems 1 and 4 show that !(inb fo x

I I
0? Do your answers to Problems 2, 3, and 4 show that lim X1 ro? Why?
xr 1
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GROUPWORK4,SECTION 2.2
Why Can’t We Just Trust the Table?

Ll )
We are going to investigate lim sin — - We will take values of x closer and closer to zero, and see what value
x~ 0 X

the function approaches.
1. Your teacher has given you a dig%t —rlet’s call it d. Fill out the following table. If, for example, your digit

. 0L o L
is 3, then you would compute sin 03T 555 . SIN 5003 * SN G003 etc.

1 x 1 ]
sin

< 4 T

00d

0 0od

0 000d

0 0000d

0 00000d

T
2. What is limsin _?

X~ 0 X

3. Now fill out the table with a different digit.

X sin

x|

0d

00d

0 00d

0 000d

0 0000d

0 00000d

Do you get the same result?

T | |
4. \What is limsin _?

x~ 0 X
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2.3 Calculating Limits Using the Limit Laws
SUGGESTED TIMEAND EMPHASIS

1 class Essential material
POINTS TO STRESS

1. The algebraic computation of limits: manipulating algebraically, examining left- and right-hand limits,
using the limit laws to break monstrous functions into pieces, and analyzing the pieces.

2. The evaluation of limits from graphical representations.

3. Examples where limits don’t exist (using algebraic and graphical approaches).

4. The computation of limits when the limit laws do not apply, and the use of direct substitution property
when they do.

QUIZ QUESTIONS
TEXT QUESTION In Example 4, why isn’t limg 'x°  117?
X~ 1

ANSWER Because the limit isn’t affecEed by the fupction when x ~ 1" only when x is near 1.

. . X 2axr a
" DRILLQUESTION Ifa O, find y_n],j -
1 1 x2 [ a2
(A)Z_a (B)Z_612 ©) 2_22 (D)0 (E) Does not exist

ANSWER (D)

MATERIALS FOR LECTURE
Discuss why lim [[x]] sin x " 0 is not a straightforward application of the Product Law.
x~ 0

- Have the students determine the existence of lim | x and determine why we cannot compute lim  x.

0 X~ 0
Use the Squeeze Theorem to show that lim xé [[X]] = O.
x- 0

WORKSHOP/DISCUSSION

2 3 3 3
. i . . 8 . r . 8
Compute some limits of quotients, such aS|I_mX r4, lim X 8, lim X 8,andI|m X , always
x2xr2xr0xr2xr3xr2 xrzxr2
attempting to plug values infirst.
pting 10 plug XI5
™ Have the students check if lim r  exists, and then compute left- and right-hand limits. Then check
x115°X 5
o X, 52 r r
i .
x115 XTI 5l :

Do some subtle product and quotients, such as lim, X sinx andl ; x 3 2

Present some graphical examples, suchasli f x and i 48 JT
My M f'x"inthe grapﬁ below.

y
067/
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CHAPTER 2 LIMITS AND DERIVATIVES

GROUP WORK 1: EXPLORING LIMITS

Have the students work on this activity in groups. Problem 2 is more conceptual than Problem 1, but makes
an important point about the sums and products of limits.

ANSWERS
1.(a) (i) Doesnot exist (ii) Does not exist  (iii) 4 (iv) Does not exist

(b) (i) Does notexist (ii))1 (c) (i) 0 (ii) Does not exist
2. (a) Both guantities exist.

(b) Each quantity may or may not exist.

GROUP WORK 2: FIXING A HOLE

This activity foreshadows concepts used later in the discussion of continuity, in addition to giving the students
practice in taking limits. After the activity, point out that mathematicians use the word “puncture” as well as
“hole”.

ANSWERS
1. No, yes, yes, no
2.x x 12
3. Does not exist, 3
4.

One of the discontinuities can be “filled in” and the other cannot.

5. A “hole” is an x-value at which the function is not defined, yet the left- and right-hand limits exist.

Or: A “hole” is an x-value where the function is undefined, yet the function is defined near x.

Or: A “hole” is an x -value at which we can add a point to the function and thus make it continuous there.
6. y

1

ghasaholeatx I 0.
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SECTION2.3 CALCULATINGLIMITSUSINGTHELIMITLAWS

GROUP WORK 3: THE SQUEEZE THEOREM

. L . . . sinx
This activity gives an informal graphical way to show that lim 1. A more careful geometric argument

is given in Section 3.3.

ANSWERS
1,2. y
1 y=X
/_,( Lsin x
y=x— xt/6
_1 0 1 X
1
HOMEWORK PROBLEMS

CORE EXERCISES 2, 5, 18, 50, 51, 60

SAMPLEASSIGNMENT 2, 5,10, 18,32, 35,47,50, 51,60, 61

X

3.Forx I 0,sinx™ x Trl
r sin X
Forx O,sinx x T —r 1
r X

(reversing the second inequality because
x I 0).

2

atx-1 X

5. The Squeeze Theorem now gives

. sinXx
||m - I 1.
x~0 X

EXERCISE

2

5

10

18

32

35

47

50

51

60

61

|—|
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GROUP WORK 1, SECTION 2.3
Exploring Limits

1. Given the functions f and g (defined visually below) and h and j (defined algebraically), compute each

of the following limits, or state why they don’t exist:
y y

X2 4
(I 1/9. Xl 572
; ) . : x L0 ifx M2
‘ r
X~ 2 X" 2 X 2 X 2
oy ] 1 b e ] I
(b) () lim g'xr hx @i lim f'xr j'x
X 2 xI 2
oy ] 1 g ] N
© (@ lim f 'xgx @i) lim f 'x j'x
Xr 2 Xr 2

2. (a) In general, if I|m m X  exists and I|m N X' exists, is it true that lim [m 'x° - n x'] exists? How
X a

about lim [m - x n X]? Justify your answers
X" a

(b) In general, if I|m m "X does not exist and lim n "x~ does not exist, is it true that lim [m 'x" 1 n 'x]]
X~ a X" a
does not eX|st7 How about lim [m "x" n "x"]? Compare these with your answers to part (a).
X" a
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GROUPWORK 2,SECTION 2.3
Fixing a Hole

X2

rxr2
1.1s f "x definedforx = "1?Forx - 0? Forx ~ 1? For x = 2?

Consider f- x
X2

2. What is the domain of f?

. X2 . X2 . .
3. Compute lim and lim . Notice that one limit exists, and one does not.

x""1X2F XT 2 X 2X2[ XTI 2

x[[2
X2 [ xIM 2
“discontinuities”. Geometrically, what is the difference between the two discontinuities?

4. Graphy I . There are two x-values that are not in the domain of f . Later, we will call these

5. We say that f "x" has one hole in it. Where do you think that the hole is? Define “hole” in this context.

sinx
6. The functiong 'x T ~ is not defined at x I 0. Sketch this function. Does it have a hole at x I 0?
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GROUPWORK 3,SECTION 2.3
The Squeeze Theorem

In this activity, we take a graphical approach to computing lim SInx .
x"0 X
. . . x3 .
1. Using a graphing calculator, showthat if 0 M x ™ 1, thenx - 5 Sinx ™ X. Givea rough sketch of the

three functions over the interval [0" 1] on the graph below.
3

); ?r sin x 7 X. If you have not

2. Again using a graphing calculator, show that if T1 = x 7 0, then x
done so already, add these portions of the three functions to your graph above.

. sin x
3. Explain why — M 1for M1~ x 1, x T 0. Use the inequalities in parts 1 and 2 to help you.

SInx onT1 - xIC1LxrC™ O
X

4. Again using parts 1 and 2, can you find a function f "x" with f "x°

that lim f 'x 1 1?
X~ 0

. . sinx
5. Using parts 3 and 4, compute lim

x>0 X
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2.4 The Precise Definition of a Limit

UGGESTED TIME AND EMPHASIS

1-11 classes  Optional material

POINTS TO STRESS

1. The geometry of the €-0 definition, what the notation means, and how it relates to the geometry.
2. The “narrow range” definition of a limit, as defined below.

3. Extending the precise definition to one-sided and infinite limits.

QUIZ QUESTIONS

!
T TEXT QUESTION Exarhple 1 finds a number & Such that %3 5x7 6 2 = 02whenever x 1 = &
Why does this not prove that Iim1x3 Cr5xr-6r 2?
X

ANSWER It is not a proof because we only dealt with € = 0°2; a proof would hold for all €.

" DRILL QUESTION Let f 'x' T 5x © 2. Finddsuchthat f 'x T 12°7 001 whenever "87 x7 27 &
ANSWER & ~ 0 002 works, as does any smaller &.

MATERIALS FOR LECTURE

" The “narrow range” definition of limit may be covered as a way of introducing the e-& definition to the
students in a familiar numerical context. We say that lim f 'x 7 L if for any y-range centered at L there
X" a

is an x-range centered at a such that the graph is “trapped” in the window — that is, does not go off the
top or the bottom of the window. The transition to the traditional definition can now be made easier by
observing that the width of the y-range is 2¢€ and the width of the x-range is 28. If the students are familiar
with graphing calculators, this definition can be illustrated with setting different viewing windows for a
particular graph.

~ Make sure the students understand that limit proofs, as described in the book, are two-step processes.
The act of finding & is separate from writing the proof that the students’ choice of & works in the limit
definition. This fact is stated clearly in the text, but it is a novel enough idea that it should be reinforced.

1
Discuss how close x needs to be to 4, first to ensure that

1 )
T 20 000. Then argue intuitively that Im rr.
XT 47 ’ e

> [ 1000, and then so that
XT 4

rl ifxr o0
1 ifxr o0
as x goes to 0. Emphasize that although this result is obvious from the graph, the idea is to see how the
definition works using a function that is easy to work with.
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CHAPTER 2 LIMITS AND DERIVATIVES

WORKSHOP/DISCUSSION

Estimate how close x must be to 0 to ensure that ‘sinx™ “x is within 0 03 of 1. Then estimate how close x
must be to 0 to ensure that "sin x* “x is within 0 001 of 1. Describe what you did in terms of the definition
of a limit.

1
the right- and left-hand limits exist at x I 0, but the limit does not exist.

Return to the interesting function f 'x " 7 from Group Work 1 in Section 2.2, and describe why

Discuss why f 'x~ 7 [[x] does not have a limit at y
X [0, first using the “narrow range” definition of 2
limit, and then possibly the €-0 definition of limit.
o 1 /
x~ 0 X
“narrow range” definition of limit and a graph like /‘
the one at right.
1 0 1X

" Find, numerically or algebraically,a® = 0 suchthatif 0 I 'x T 01 ~ &,then X3~ 017 10 3. Srhy
computead ™ OsuchthatifO ™ xT 21 78,then x3T 8 ~ 10 3.

GROUP WORK 1: AJITTERY FUNCTION

This activity can be done in several ways. After they have worked for a while, perhaps ask one group to try
to solve it using the Squeeze Theorem, another to solve it using the “narrow range” definition of limit, and a
third to solve it using the €-0 definition of limit. They should show why their method works for Problem 2,
and fails for Problem 3.

ANSWERS
1. ya 2. lim f'x" 7 0. Choose € withe _ 0. Letd _ 1 & Now

if O T x M, thenx2 g, regardless of whether x &
rational or irrational. This can also be shown using the
Squeeze Theorem and the fact that0 = f 'x" 1 x2, aul

then using the Limit Laws to compute lim 0 and lim x 2.
x- 0 x- 0
3. It does not exist. Assume that lim f-x- r L. Choose
x 1

r
1 .
1 0 1y € W . Now, whatever your choice of , there are some

x-values intheinterval ‘11 611~ & with f 'x 1 0,9

L must be less than- . But there are also values of x in the interval with f x* 1 2, so L must be greater
10

than—llo So L cannot exist. The “narrow range” definition of limit can also be used to solve this problem.

4. We can conjecture that the limit does not exist by applying the reasoning from Problem 3.
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SECTION2.4 THEPRECISEDEFINITION OFALIMIT

GROUP WORK2: THE DIRE WOLF COLLECTS HIS DUE

The students will not be able to do Problem 1 with any kind of accuracy. Let them discover for themselves
how deceptively difficult it is, and then tell them that they should do the best that they can to show what is
happening as x goes to zero. Ask them to compare their result with lim x sin “1r"x". If a group finishes early,

x- 0
pass out the supplementary problems.
ANSWERS

1.

2.3 1,1,1 (M1 (00

(d) A function must approach only one number for the limit to exist.
ANSWERSTOSUPPLEMENTARY PROBLEMS

1. The length of the boundary is infinite. There are infinitely many wiggles, each adding at least 2 to the total
perimeter length.

2. The area is finite. It is less than the area of the rectangle defined by0 mx 1, M2 ~y ri.
3. Answers will vary.

GROUP WORK 3: INFINITY IS VERY BIG

The precise definition of infinite limits is similar to the standard definition, but it is different enough that most
students need a little practice before they can grasp it.

ANSWERS
1.x 7 0001
1 forxr thenl 1
2. (a) Choose M. Now letd ' — ’ — ' M. Values of & less than —— WOrk,
2
M M X M
too.
1

(b) is large negative for small negative values of x, and large positive for small positive values of x.
X

GROUP WORK4: THE SIGNIFICANCE OF THE"FOR EVERY”
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The purpose of this activity is to allow the students to discover that rigor in mathematics is often necessary
and useful. Praoblem 1 is designed to lead the students to make a false assumption about the third function, h
X . Problem 2 should dispel that assumption.
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CHAPTER 2 LIMITS AND DERIVATIVES

This activity is longer than it appears. Allow the students plenty of time to do the first three questions, which
should help them to internalize and understand the formal definition of a limit. Closure is important to ensure
that the “punchline” isn’t lost in the algebra.

When the students are finishing up, it is crucial to pass out Problem 2. This part asks them to look at the
functions a third time, with € © 001 Make sure that the students remember to check values of h x " frx =
0 and for x T 0. Finish up by having them draw a graph of h 'x"°

NOTE If time is limited, allow the students to find a & that works from looking at graphs, as opposed to finding
the largest possible & algebraically.

ANSWERS

PART 1

1 () 80 O (c) Any & will work.

1.. 008 ifx0

25 0 ifxro
3. Students may or may not see the wrinkle in h "x " at this point.

2.57 L5 Tlo any 5 will work. “h ' x’

- - _l
20 which is always less than—

PART 2

-1 =- 1 - hey- - 1.- 008 ifx0 o
07 555007 1o MO O Willwork. "hix' 7 — 0 ifxp o Whichisalways greater than 0 01.

+JOMEWORK PROBLEMS
CORE EXERCISES 3, 7, 28, 42

SAMPLE ASSIGNMENT 3, 7, 28, 33, 37, 41, 42, 44

EXERCISE D [ AN | G
3 |
7
28
33
37
41
42
44

|_|_
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GROUPWORK1,SECTION 2.4
A littery Function

Not all functions that occur in mathematics are simple combinations of the “toolkit” functions usually seen in
calculus. Consider this function:

fx O if x isrational
2 - .- . -
X< ifx isirrational
1. It is obvious that you can’t graph this function in the same literal way that you would graph y ™ cos x,
but it is useful to have some idea of what this function looks like. Try to sketch the graphofy = f x".

2. Does lim f'x  exist? If so, what is its value? If not, why not? Make sure to justify your answer
x~ 0

carefully.

3. Does |Im1 f 'x exist? Carefully justify your answer.
X

4. What do you conjecture about lim f "x  ifa mr 0?
X" a
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GROUPWORK 2,SECTION 2.4
The Dire Wolf Collects his Due

In this activity we will explore a function that is particularly loved by mathematicians everywhere, sin 11 x .

1. Sketch the graph of y 7 sin 11" x" on the interval [T 113].

2. It appears that this function is not definedat x ~ 0" does not have a limit at x ~ 0" and in fact, does i

even have a right-hand limit.
(2) Evaluatesin 't x atx =~ 2, 2, and

oo

(b) Evaluate sin "1 x" for x T 4n2_1, n a positive integer, using the pattern from part (a).

(c) Evaluatesin 't x forx = %, 1 and 1. Using this pattern, evaluate sin T x for x = %, n a positive
12 3 n

integer.

(d) Givean argument to show that lim sin 11 x~ does not exist.
X~ 0
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GROUPWORK2,SECTION 2.4
The Dire Wolf Collects his Due (Supplementary Problems)

Consider the region bounded on the bottom by the line y T T 27 on the left by the line x ™ 0, on the right ly
the line x 7 1, and on top by the graph of y 7 sin 1" x " as shown:

1. Is the length of the boundary of this region finite or infinite? Justify your answer.

2. Is the area of this region finite or infinite? Justify your answer.

3. Do you think this result is as interesting as we do? Why or why not?
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2.

GROUPWORK 3,SECTION 2.4
Infinity is Very Big

. 1
1. For what values of x near O is it true that 2 r 1,000,000?

The precise definition of X“”; f x T T states that for every positive number M, no matter how large,

there is a corresponding positive number16 sugfh that f 'x 7 M whenever0~™ x, a 7 d.

. I . 1
(@) Use this definition to prove that lim — © -~
xr 0 x2

rr
_ i 1 .
(b) Why is it not true that lim = ™ ™? Give reasons for your answer.
r
x 0 X
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GROUPWORK4,SECTION 2.4

TheSignificance ofthe“ ForEvery” (Part 1)
Consider the following functions:

le_é h X L
f'x 1 2x1 3 g X x- 2 |25x
We want to try to prove the following statements:
limf x5 limg'x 7 4 limhx 1
x~ 1 X" 2 X 0 25

Notice that these are not obvious statements, since g ‘2" and h 0" are both undefined.
1. Westart with e 3. .
(@) Canyou finda number & with the property that, when x 7 1" 7 8, f x' 7 5 7 ,?
answer with a graph, and prove it algebraically.

(b) Can you finda humber & with the property that, when 'x 7 217 8, g 'x' | 4 21’7

(c) Canyou finda number & with the property that, when x 7 017 &, 'h 'x" ~ 215' 0 %?
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The Significance of the “ For Every” (Part 1)

2. We now have some reason to believe that the above statements are true. But just having “some reason to
believe” isn’t enough for mathematicians. Repeat the previous problem for € r—io.

3. Now, what do you believe about these limits?
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GROUP WORK 4, SECTION 2.4
The Significance of the “ For Every” (Part 2)
Try the three limits again, this time for € rl_lOO Make sure that when you are trying to verify the condition

X T Xo 7 ©,youcheck values of xo © xand xo ” X. Do you wish to change your answer to Problem 3 fmPart
1?

83



2.5 Continuity

SUGGESTED TIME AND EMPHASIS

1-13 classes  Essential material

POINTS TO STRESS

1. The graphical and mathematical definitions of continuity, and the basic principles.
2. Examples of discontinuity.

3. The Intermediate Value Theorem: mathematical statement, graphical examples, and applied examples.
QUIZ QUESTIONS

TEXT QUESTION The text says that y I tan x is discontinuous at x I~ - » This would seem to contradict
Theorem 7. Does it? Why or why not?

ANSWER It does not; tan x is indeed continuous at every point in its domain, but x T -lis not in its domain.
DRILL QUESTION Assume that f'1' 7 7 5,and f '3 1 5. Does there have to be a value of x, between 1 &8,
suchthat f "x I 0?

ANSWER No, there does not. Only if the function is continuous does the IvT indicate that there must be such
a value.

MATERIALS FOR LECTURE

~ Discuss the idea of continuity at a point, continuity on an interval, and the basic types of discontinuities.
Note that the statement “ f is continuous at x " a” is implicitly saying three things:
1. f "a’ exists.

2. lim f x exists.
X-a
3. The two quantities are equal.

To show that all three statements are important to continuity, have the students come up with examples
where the first holds and the second does not, the second holds and the first does not, and where the first
two hold and the third does not. Examples are sketched below.

y y y

| X | X | X

" Some students tend to believe that all piecewise functions are discontinuous at the border points. Examine

| NG ifx m1
the function f 'x 1 Inx ™1 ifl0xI &« atthepoints x ™ 1and x 7 e. This would be a good
[ .
ifxe

time to point out that the function 'x is continuous everywhere, includingat x © 0
I Start by stating the basic idea of the Intermediate Value Theorem (1vT) in broad terms. (Given a function

on an interval, the function hits every y-value between the starting and ending y-values.) Then attempt
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SECTION 2.5 CONTINUITY

to translate this statement into precise mathematical notation. Show that this process reveals some flaws

in our original statement that have to be corrected (the interval must be closed; the function must be

continuous.)
™ To many students the IvT says something trivial to the point of uselessness. It is important to show
examples where the 1vT is used to do non-trivial things.

Example: A graphing calculator uses the IvT when it graphs a function. A pixel represents a starting and
ending y-value, and it is assumed that all the intermediate values are there. This is why
graphing calculators are notoriously bad at graphing discontinuous functions.

Example: Assume a circular wire is heated. Use the IvT to show that there exist two diametrically
opposite points with the same temperature.

ANSWER Let f x ~ be the difference between the temperature at a point x and the temperature at
the point opposite x . f is a difference of continous functions, and is thus continuous itself. If f
‘X T 0O,then f T x 7 0, so by the 1vT there must exist a point at which f 7 0.

Example: Show that there exists a number whose cube is one more than the number itself. (This is

Exercise 69.)
ANSWER Let f 'x 7 x37 x~ 1. f is continuous,and f '0' T Oand f 2" 7 0. So by then
there exists an x with f "x" 7 0.
0 X irrational
Have the students look at the function f "X 1 xr qu , Where p and q are integers, q is
! g positive, and the fraction is in lowest terms

This function, discovered by Riemann, has the property that it is continuous where X is irrational, and not
continuous where X is rational.

WORKSHOP/DISCUSSION

Indicate why f 'x = cscx is continuous everywhere on its domain, but is not continuous everywhere.

Then discuss the continuity of g 'x © e X' and why all the discontintities of g are removable.

. . . . . 0 if x isrational
If the group activity “A Jittery Function” was assigned, revisit f 'x '~ D e Ask

x= if xis irrational

the students to guess if this function is continuous at x " 0. Many will not believe that it is. Now look at it
using the definition of continuity. They should agree that f ‘0" = 0. In the activity it was shown tet
hrmo f "x existed and was equal to 0. So, this function is continuous at x 0. A sketch such as the one
X

found in the answer to that group work may be helpful.

" Present the following scenario: two ice fishermen are fishing in the middle of a lake. One of them gets up
at 6:00 p.M. and wanders back to camp along a scenic route, taking two and a half hours to get there. The
second one leaves at 7:00 p.Mm., and walks to camp along a direct route, taking one hour to get there. Show
that there was a time where they were equidistant from camp.

Revisit Exercise 5 in Section 2.2, discussing why the function is discontinuous.
1

Show that f 'x° r 1= oT% is not continuous.ss(l' his is the same function used in “An Interesting



Function”, Group Workl in Section 2.2.)
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CHAPTER 2 LIMITS AND DERIVATIVES

GROUP WORK 1: EXPLORING CONTINUITY

Warm the students up by having them graph 7 21 * without their calculators, and asking where it is continuous.
The first problem is appropriate for all classes. Problem 2 assumes the students have previously seen the
activity “A Jittery Function”. If they have not, skip it and go directly to Problem 3. Before handing out
Problem 3, make sure that the students recall the definition of the greatest integer (“floor”) function y I [[x]].
After this activity, discuss the continuity of [[x ]| at integer and at non-integer values. Problem 4 is intended
for classes with a more theoretical bent.

ANSWERS
l.cm4mn5
2.(b) 0 ()0 (d) It is continuous because f "0 | lim f x".
"0
0o
3.(a) y (b) All values except a|r| r1, 2, 3,2
8 (c) lim x2 ro0;lim x? doesnotexistbecause
5 xr 0 X 2
.- the left- and right-hand limits are different.
. 1 —o
0 1 X
4. (a) The fact that f is continuous implies that Iimx_ . f 'x 7 fra forall a. Then, by the Limit Laws,
. . 2 ¢
limh'x | lim fx?2 limf x|, "a?: h-a.
X~ a Xr a Xr a
(b) False. For example, let f X! Litx 0
1 ifxro0

GROUP WORK 2: THE AREA FUNCTION

This activity is designed to reinforce the notion of continuity by presenting it in an unfamiliar context. It
will also ease the transition to area functions in Chapter 5. It is important that this activity be well set up.

Do Problem 1 with the students, making sure to compute a few values of A r and to sketch it. The
students should try to answer Problems 2 and 3 using their intuition and the definition of continuity. It may
be desirable to have the students restrict themselves to r I 0. Note that in this activity, one can “prove”
continuity by looking at the actual formulas for A r and B r , but that the goal of the activity is that te
students understand intuitively why both area functions are continuous.

Students may disagree on the answer to Problem 3. If you are fortunate enough to have groups that have
reached opposite conclusions, break up one or more of them, and have representatives go to other groups to
try to convince them of the error of their ways.

ANSWER Yes to all three questions. For all r, A'r, B'r, and C r" exist; and limA'x" | A'rj
X-r

imB'x 7T Br,and limC 'x 7 Cr. (The limits can be shown to exist by looking at the left- ad
X°r X" r
right-hand limits.)
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SECTION 2.5 CONTINUITY

GROUP WORK 3: THE TWIN PROBLEM

When students see this problem, there is a good chance that they will disagree among themselves about the
answer. Let them argue for a while. Ideally, they will come up with the idea of using the Intermediate Value
Theorem to prove that Dr. Stewart was correct. If they don’t, this may need to be given to them as a hint.
Another hint they may need is that the Intermediate Value Theorem deals with a single continuous function,
whereas the problem is talking about two functions, Stewart’s temperature and Shasta’s temperature. They
will have to figure out a way to find a single function that they can use. Encourage them to write up a solution
to the exact degree of rigor that will be expected of them on homework and exams; this is a good opportunity
to convey the course’s expectations to the students.

ANSWER Let S°t” and O "t be Dr. Stewart’s and Shasta’s temperatures at timet. NowletT t° 7 St 7 OtT 't
" is continuous (being a difference of continuous functions), T°0" - 0 (Dr. Stewart is warmer at first), and
T- f~ 1 0 (where f represents the end of the vacation; Shasta is warmer at the end). Therefore, by the 1vT,
there exists a time a at which T "a” 7 O and hence S'a | O a . Notice that most students who try to
argue that the conclusion is false (using things such as stasis chambers and exceeding the speed of light) are
really trying to construct a scenario where the continuity of the temperature function is violated.

GROUP WORK 4: SWIMMING TO THE SHORE

Emphasize to the students that they are not trying to find x, but simply trying to prove its existence. As in the
Twin Problem, a first hint might be to use the 1vT, and a second could be to find a single continuous function
of x.

It is probably best to do this activity after the students have seen the solution to the ice fisherman problem
above, or the Twin Problem.
ANSWER Let D 'x" T d 'Px A'T d Px B'. D'x iscontinuous, D AT 0,and D' B I 0. Traefoefythe
IVT, there is a place where D 'x' 1 0.

HOMEWORK PROBLEMS
CORE EXERCISES 4, 7, 10, 12, 24, 44, 53, 67
SAMPLE ASSIGNMENT 4, 7, 10, 12, 15, 19, 24, 25, 40, 44, 53, 67, 73

EXERCISE D | A[ N | G
4 r
7 r
10 r
12 r
15
19
24
25
40
44
53
67
73

|_|__|_|____|_
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GROUP WORK 1, SECTION 2.5

Exploring Continuity
NG ifx m1
1. Are there values of ¢ and m that make h "'x° - 4 ifx M1

orx3mmx ifx m1
and m, or explain why they do not exist.

2. Recall the function f "x" T 02 |_fx S _ratlc_)nal
x< if xisirrational

(@) Do you believe that f 'x " is continuous at x = 0? Why or why not?

(b) Whatis f "0°?

(c) Whatis lim f x 7
X~ 0

continuous at x M 1? Find ¢

(d) Use parts (b) and (c) either to revise your answer to part (a), or to prove that your answer is correct.
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Exploring Continuity

3. Consider the functionh 'x" 7 x2
(@) Sketch the graph of the function for m1 = x ™ 2.
y
1
0 1 X

(b) Forwhat valuesofa, 711 ar 2is )I(irmah ‘X'T ha?

2

.1 I I, . .
(c) Compute lim x2 andlim x? |, if they exist. Explain your answers.
Xr 0

Xr 2
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Exploring Continuity

4. We know that the function g 'x” 7 x2 is continuous everywhere.

(a) Show that if f is continuous everywhere, thenh x T f "x 2 is continuous everywhere, using a limi
argument.

(b) Is it true or false that if h "x” 7 f 'x'2 is continuous everywhere, then f is continuous everywhere? If
it is true, prove it. If it is false, give a counterexample.
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GROUP WORK 2, SECTION 2.5
The Area Function

The following are graphsof y = f 'x,y " g'x,andy ” h'x":

y y

S /\

1 ‘ 1 2 )

X1 ifxm1
x4 ifx m1

fx _2 gx ' x_1

1. Let A'r  be the area enclosed by the x-axis, the y-axis, the graph of the function f, and the line x ~ r.
Would you conjecture that A 'r is continuous at every point in the domain of f? Why or why not?

2. Let B 'r’ be the area enclosed by the x-axis, the y-axis, the graph of the function g, and the line x ™ r.
Would you conjecture that B 'r " is continuous at every point in the domain of g? Why or why not?

3. Let C 'r’ be the area enclosed by the x-axis, the y-axis, the graph of the function h, and the line x ~ r.
Would you conjecture that C 'r " is continuous at every point in the domain of h? Why or why not?
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GROUP WORK 3, SECTION 2.5
The Twin Problem

There is a bit of trivia about the author of your textbook, Dr. James Stewart, that few people know. He has
an evil twin sister named Shasta. Although he loves his sister dearly, she dislikes him and tries to be different
from him in all things.

Last winter, they both went on vacation. Dr. Stewart went to Hawaii. Shasta had planned on going to
Aruba, but she decided against it. She hates her brother so much that she was afraid there would be a chance
that they might be experiencing the same temperature at the same time, and that prospect was distasteful to
her. So she decided to vacation in northern Alaska.

After a few days, Dr. Stewart received a call: “This is Shasta. | am cold and uncomfortable here. That’s
good, since you are undoubtedly warm and comfortable, and | want us to be different. But I’m not sure why
I should be the one in northern Alaska. I think we should switch places for the last half of our trip.”

“It is only fair,” he agreed.

So they each traveled again. Dr. Stewart took a trip from Hawaii to Alaska, while Shasta took a trip from
Alaska to Hawaii. They each traveled their own different routes, perhaps stopping at different places along
the way. Eventually, they had reversed locations. Dr. Stewart was shivering in Alaska; Shasta was in Hawaii,
warm and happy. She received a call from her brother.

“Hi, Shasta. Guess what? At some time during our travels, we were experiencing exactly the same
temperature at the same time. So HA!”

Is Dr. Stewart right? Has Good triumphed over Evil? He would try to write out a proof of his statement,
but his hands are too frozen to grasp his pen. Help him out. Either prove him right, or prove him wrong, using
mathematics.
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GROUP WORK 4, SECTION 2.5
Swimming to the Shore

A swimmer crosses a river starting at point A and ending at point B, following the path shown below. Prove
that for some value x, the swimmer’s distance d 'Px~ A" from A is the same as the distance d 'Px  B" fumB.

y
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2.6 LimitsatInfinity; Horizontal Asymptotes

SUGGESTED TIME AND EMPHASIS

1 class Essential material(This material may also be covered after Section 4.2.)

POINTS TO STRESS

1. The geometric and limit definitions of horizontal asymptotes, particularly as they pertain to rational
functions.

2. The computation of infinite limits.

3. The technique and the dangers of using calculators to check limits (both numerically and graphically).

QUIZ QUESTIONS

" TEXT QUESTION Toevaluatethe limit at infinity of a rational function, we first divide both the numerator and
denominator by the highest power of x that occurs in the denominator. Why must we do such a thing?
ANSWER By doing this division, we make the denominator approach a finite value as x = . Now we @&
take the limit of the numerator, and easily divide it by the limit of the denominator.

_ 1 x2r 2x3
DRILL QUESTION Computexl_llr_r|1

X3M 5x2m 3xm 5°
ANSWER 2

MATERIALS FOR LECTURE

™ Describe asymptotes verbally and then give graphical and limit definitions. Note that a function can
cross its horizontal asymptote. Explain the difference between the definitions of lim f'x ° L and

X a

Irmr] f 'x* 7 L, emphasizing that in one case we choose a small & and in the other, a large value N.
X

Perhaps include a description of slant asymptotes.

I" Ask students if a function can be bounded but not have a horizontal asymptote. Does sin x have a horizontal

in x . sinx .
asymptote? What about SINX 5 Howis ° —dlﬁerggt?
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SECTION 2.6 LIMITS AT INFINITY; HORIZONTAL ASYMPTOTES
Examine lim In In x on a graphing calculator, first by plugging in large numbers, then by examining the
X711

graph. Then show that this limit is, in fact, infinity. If teaching an advanced class, one might try to “prove”
that this limit is the expected 5'429 using epsilons and deltas, and see how the attempt fails. (NOTE 5 429 is

InIn10%°, which is what a student would come up with by plugging very large numbers intoa calculator.)

y y y
6 6
5 5 5
4 4 4
3 31 3
2 2 2
."..--
1] 1 1
0 2000 4000 6000 8000 10,000 X 0 2x10" 4x10"' 6x10" 8x10' 10x10" X 0 2x10" 4x10" 6x10" 8x10" 10x10" X
y T Ininx y Ininx yr Inlnx

Discuss rates of growth. For large values of x X3T %1 x31 x12xT Inx! Inlnx, even toth

they all approach infinity. (An advanced class can discuss the even larger x* .) Point out that functions
such as 0 85* and x 2 don’t go to infinity. Note that for values of x near zero, x © x27 x3, although 4
approach zero. Point out that as x approaches 0, a* approaches 1 and log, x approaches ' T".

WORKSHOP/DISCUSSION
Compute the limits of yr X_ri asxn I ,andasx © | | . Graphthe function. Also fgreview
x¢ 5
how to find the limits as x 5.
2x3r 16 _ -
~ Graphy x3r—27 after calculating limitsas x 3 and as x

X X
Calculate y lim e . Show the students how to find a domain for x such that e T 0001 for all x in that
T

domain.

A1 [[x]]

Examine lim —— and lim —
X1 X Xrr o X2

GROUP WORK 1: TO INFINITY AND BEYOND

This activity is intended to develop the students’ intuition about infinite limits. While they should justify their
answers, it is important that they also get some feel for how limits as x © ™ behave.
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ANSWERS1. (a) y

1
3

(b) None

€y

6

2.0
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CHAPTER 2  LIMITS AND DERIVATIVES

GROUP WORK 2: INFINITE LIMITS

This activity is too long to be done in a 50-minute session. Pick and choose problems. It is more important
to have good introduction and closure on each part than to have all of them worked out. Problem 4 is an
extension of Exercise 55.

ANSWERS

|r§ F§4

y 3. Answers will vary. Possible answers: (a) f'x' 7 X2,
gx T x (M) Ffx7TxgxTx%2 fx7Tx
gx T x (d)fx o1 x27 42, gx 1 x?

am

1 |'\ bn

iR

GROUP WORK 3: 1 AM THE GREATEST

Before handing this activity out, make sure the students know the definition of the greatest integer function,
and can sketch its graph.

ANSWERS

1. This can be done from the graph, or using the definition. (Choose € ~ 0,thenletd = 02.)
2.(a)

5 oe
4 o
3 o
2 o—
1 ° *
e T L X

654 3 2
(b) Lower bound . : T upper bound 1

(c) Use the Squeeze Theorem, taking the limits of the bounds asn 1 0.

3.0
r-,rr

4. Whenx ™ 1, 1 ro
X
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SECTION 2.6 LIMITS AT INFINITY; HORIZONTAL ASYMPTOTES

5. lim M " 1. This can be seen by a similar bounding argument to the one above. If you use this activity,
X771 X

it is a good idea to show the graph to your students, for it is a truly pretty thing:

y y Ya

VAN \\\\\\\\\ |

|

=
I

1 2 3 4 5 x 0 2 4 6 8 10X O 10 20 30 40 50X
The tops of the lines are at y ™ 1 and the bottoms trace out the curvey T 1 I 1X.

HOMEWORK PROBLEMS
CORE EXERCISES 3, 10, 49, 55, 56, 71, 77
SAMPLE ASSIGNMENT 3, 10, 12, 18, 44, 49, 51, 55, 56, 59, 65, 68, 71, 77, 81

EXERCISE D [ AN | G
3 [
10 |
12 |
18
44
49 |
51 |
55 |
56 |
59 |
65 | |
68 | [
71
77 |
81

|—|
|
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GROUPWORK1,SECTION 2.6
To Infinity and Beyond

1. Describe the horizontal asymptotes, if any, of the following functions.
o xt, x% 2
(@) fx 3x*T x27 5

2. Find lim  y25¢ x_
X711

3.Find lim X
x~~ Inx

4.Find lim *95X
x>~ InIn x
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GROUPWORK 2,SECTION 2.6
Infinite Limits

1. Draw an even function which has the linesy ™ 1, x " T4, and x ™ "1 among itsasymptotes.

_ _ _ 32 4x 5
2. Describe all vertical and horizontal asymptotes of f 'x ' T~ = .
3. . -
Find formulas for two functions, f and g, such that lim  f x lin g x and
X111 X
(@) lim 7 gx T
X117
(b) lim-fx 7 gx 717
X711
(© lim fx " gx 70
X171
(d lim-f-x " gx 1 42
X1
4. Let P 'x 7 amx™T 177 aix™ ap,and Q 'x' T bnx"T 117 b1x™ bo be polynomials of degree ral
n, respectively.
. .o Pxo
(@) Find lim ifmr7T n.
xrr Q'x

) Find tim © % itm7 n.
rr o

X Qx

(c) Find lim P ifm7 n.
rr -

X Q X
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GROUPWORK 3,SECTION 2.6
| Am the Greatest

- [Ix1]
1. Show that lim o
x0 X

I
2. (a) Sketcha graph of i on the axes below.

0 0.2 0.4 0.6 0.8 1.0 x

(b) If—1 rXr 1 find upper and lower bounds for the expression x ' | E 1,

.
n 1 n

. i 1
(c) Use the estimates above to show that lim x lx_ r 1
X~ 0

10(



| Am the Greatest

3. Compute lim  x2
x~0

4. Show that lim x 1 r 0.
X117 X

1 . .
5. Compute lim ™ [[x T Justify your reasoning.

X X
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2.7 Derivatives and Rates of Change

SUGGESTED TIME AND EMPHASIS

1-2 classes Essential material

POINTS TOSTRESS

1. The slope of the tangent line as the limit of the slopes of secant lines (visually, numerically, algebraically).

2. Physical examples of instantaneous rates of change (velocity, reaction rate, marginal cost, and so on) and
their units.

. . fo foa
3. The derivative notations f''a 7 lim flal hid fla and f''a 7 lim— .

h- 0 h X~ a XTI a

4. Using f 'to write an equation of the tangent line to a curve at a given point.

5. Using f as an approximate rate of change when working with discrete data.

QUIZ QUESTIONS

* TEXT QUESTION Why is it necessary to take a limit when computing the slope of the tangent line?
ANSWER There are several possible answers here. Examples include the following:

" By definition, the slope of the tangent line is the limit of the slopes of secant lines.
You don’t know where to draw the tangent line unless you pick two points very close together.
The idea is to get them thinking about this question.

" DRILLQUESTION For the function g whose graph is given, arrange the following numbers in increasing order
and explain your reasoning:

0 g|_2 g|0 g|2 g|4

y=g(x)

ANSWERg' 07 Or ¢4 17 g 27 g2 o



SECTION2.7 DERIVATIVESANDRATESOF CHANGE

MATERIALS FOR LECTURE
I Review the geometry of the tangent line, and the concept of “locally linear”. Estimate the slope of the

line tangent toy ~ x3 T x at "1 2 by looking at the slopes of the lines between x | 09 and x | X
T 099and x T 101, and so forth. lllustrate these secant lines on a graph of the function, redrawing te
figure when necessary to illustrate the “zooming in” process.

y y y
3 2.2

2.4

) 2.1 29

2 2

1 1.8
1.9

0 1 2 3x I;DS 0.9 1 11 12X 015 0811.214X

Similarly examiney 7 .1 at'0'1.

Y y 11
2
1.4
15 12
—_—
1
- 1
- \ /\a
,--’f S, - 0.8 -
- 0.5 -
0.6 0.9
\12
05 05 T 04 0200204 X - 0T U050 005 0T X

- If “A Jittery Function” was covered in Section 2.4, look at f 'x" © 0 ) '_f X !S !ratlc?nal Poll the
x< if xisirrational
class: Is there a tangent line at x I 0? Then examine what happens if you look at the limits of the secant
lines.

- Have students estimate the slope of the tangent lineto y ™ sinx at various points. Foreshadow the concept
of concavity by asking them some open-ended questions such as the following: What happens to the
function when the slope of the tangent is increasing? Decreasing? Zero? Slowly changing?

" Discuss how physical situations can be translated into statements about derivatives. For example, the
budget deficit can be viewed as the derivative of the national debt. Describe the units of derivatives in
real world situations. The budget deficit, for example, is measured in billions of dollars per year. Another
example: if s 'd’ represents the sales figures for a magazine given d dollars of advertising, where s is the
number of magazines sold, thens' 'd" is in magazines per dollar spent. Describe enough examples to make
the pattern evident.

" Note that the text shows that if f x° = x21 8xr 9,then f''a” = 2ar 8 Thus, f'55 1 Imaf'
100" T 192. Demonstrate that these quantities cannot be easily estimated from a graph of the function.
Foreshadow the treatment of a as a variable in Section 2.8.

* If a function models discrete data and the quantities involved are orders of magnitude larger than 1, we
can use the approximation f''x T f'xr 1 7 f x . (Thatis, we canuse hl 1 in the limit cdrin of
the derivative.) For example, let f "t Dbe the total population of the world, where t is measured in years

since 1800. Then f 211 is the world population in 2011, f 212 is the total population in 2012, audf
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'"211 is approximately the change in population from 2011 to 2012. In business, if f n" is the total
cost of producing n objects, f' n" approximates the cost of producing the 'n 7 1Tth object.
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CHAPTER 2 LIMITS AND DERIVATIVES

WORKSHOP/DISCUSSION

“Thumbnail” derivative estimates: graph a function on the board and have the class call out rough values
of the derivative. Is it larger than 1? About 1? Between 0 and 1? About 0? Between 1 and 0? About

m1? Smaller than "1? This is good preparation for Group Work 2 (“Oiling Up Your Calculators™).

~ Draw a function like the following, and first estimate slopes of secant lines between x ™ a and xI™ b
" band x © c. Then order the five quantities f'"a, f b, f ¢, mpg, and mgr in
decreasing order. [Answer: f''b" 7 mpg ™ mgr? fl'c flra]

and between x

y
R
P
Q
a b c X

Start the following problem with the students: A car is travelling down a highway away from its starting
location with distance functiond t' 7 8 t37 6t27 12t , where t is in hours, and d is in miles.
1. How far has the car travelled after 1, 2, and 3 hours?

2. What is the average velocity over the intervals [0 1], [1' 2], and [2
3]? Consider a car’s velocity function described by the graph below.

Vv

|

|

|

|

|

| i
0 A B cC D t
1. Ask the students to determine when the car was stopped.

2. Ask the students when the car was accelerating (that is, when the velocity was increasing). When was
the car decelerating?

3. Ask the students to describe what is happening at times A, C, and D in terms of both velocity and
acceleration. What is happening at time B?

Estimate the slope of the tangent linetoy ™ sin x at x ™ 1 by looking at the following table of values.

. sinxr sinl
X sin X T xr1 1
0 0 0841471

05 04794 | 0724091
09 07833 | 0581441
099 08360 | 0544501
0999 | 08409 | 0540723
10001 | 08415 | 0540260
1001 | 08420 | 0539881
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SECTION2.7 DERIVATIVESANDRATESOF CHANGE

" Demonstrate some sample computations similar to Example 4, such as finding the derivative of
ft7 T tatt? 3,orofg'x 7 x7 x%atx ™ 1.
GROUP WORK 1: FOLLOW THAT CAR

Start this problem by giving the students the functiond 't” = 8 t37 6t27 12t and having them sketch §
graph. Ask them how far the car has traveled after 1, 2, and 3 hours, and then show them how to compute the

average velocity for [0 1], [1 2], and [2 3].

ANSWERS
1 2. It appearstostopatt - 2.
601 3.8mi"h,2mi"h,008 mi"h
] 4.0 mir" h. This is where the car stops.
40
20
o 1 T 2 T X

GROUP WORK 2: OILING UP YOUR CALCULATORS
As long as the students have the ability to estimate the slope of a curve at a point, this is a good time to hint
at the uniqueness of e as the base of an exponential function.
ANSWERS

1. If the students do this numerically, they should be able to get some pretty good estimates of In3
1'098612. If they use graphs, they should be able to get 1 1 as an estimate.

2.0 7 is a good estimate from a graph, and In2 = 0 693147 is attainable numerically.

3. As a increases, the slope of the curve at x ™ 0 is increasing, as can be seen below.

y y y y
3| 3| 3|
2 2 2 2
1 0 1 X 1 0 1 X 1 0 1 X 1 0 1 X

4. The slope is less than 1 at a ™ 2 and greater than 1 at a ™ 3. Now apply the Intermediate VValueTheorem.
5. The students are estimating e and should get 272 at a minimum level of accuracy.

GROUP WORK 3: CONNECT THE DOTS

Closure is particularly important on this activity. At this point in the course, many students will have the
impression that all reasonable estimates are equally valid, so it is crucial that students discuss Problem 4. If
there is student interest, this table can generate a rich discussion. Can A'ever be negative? What would that

1 T
mean in real terms? What would A' " mean in real terms in this instance?
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CHAPTER 2 LIMITS AND DERIVATIVES

ANSWERS

1.A'"3500° 7 006 % $ It is likely to be an overestimate, because the function lies below its tangent ke
near p I 3500.

2. After spending $3500, consumer approval is increasing at the rate of about 006 % for every additional
dollar spent.

3. Percent per dollar

4.A'"'$3550 T 006 % $. This is a better estimate because the same figures now give a two-sided
approximation of the limit of the difference quotient.

GROUP WORK 4: DERIVATIVES AND INVERSES

If inverse functions were covered, this activity is an excellent way for students to synthesize the two concepts,
and to gain intuition and understanding about what the derivative means in a real-world context.

ANSWERS

1. f Lis the time at which a given number of centimeters of rain have fallen. The domain is from 0 cm to
the maximum total rainfall. The range is from midnight to the end of the storm.

2. (a) At 5:00 A.M., 2 cm of rain has fallen.
(b) 5 cm of rain has fallen at 2:00 A.Mm.
(c) At5 A.Mm., the rain is falling at the rate of 0 5 cm’ h.
(d) After 5 cm of rain has fallen, time is passing at a rate of one half hour per centimeter of rainfall.

HOMEWORK PROBLEMS
CORE EXERCISES 3, 7, 13, 14, 18, 23, 29, 33, 59
SAMPLE ASSIGNMENT 3, 7, 11, 13, 14, 17, 18, 23, 29, 33, 37, 47, 49, 54, 59

EXERCISED | A [ N | G
3 | |
7 [
11
13 |
14 |
17
18
23 |
29 |
33 |
37 |

[

|

47
49
54
59
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GROUPWORK1,SECTION 2.7
Follow that Car

Here, we continue with the analysis of the distanced 't 7 8 t37 6t27 12t of acar, whered is in mis

and t is in hours.

1. Drawagraphofd 't fromt - Otot 7 3.

2. Does the car ever stop?

3. What is the average velocity over [1 3]? over [15 2 5]? over [1 9 2 1]?

4. Estimate the instantaneous velocity at t ™ 2. Give a physical interpretation of your answer.
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GROUPWORK 2,SECTION 2.7
Oiling Up Your Calculators

. Use your calculator to graph y " 3*. Estimate the slope of the line tangent to this curve at x " 0 using a
method of your choosing.

. Use your calculator to graph y ™ 2X. Estimate the slope of the line tangent to this curve at x ™ 0 using a
method of your choosing.

. It is a fact that, as a increases, the slope of the line tangent toy ™ a* at x [T 0 also increases in a
continuous way. Geometrically, why should this be the case?

. Prove that there is a special value of a for which the slope of the line tangenttoy ™ a*at x T 0 is1.

. By trial and error, find an estimate of this special value of a, accurate to two decimal places.
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GROUPWORK 3,SECTION 2.7
Connect the Dots

A company does a study on the effect of production value p of an advertisement on its consumer approval
rating A. After interviewing eight focus groups, they come up with the following data:

Production Value Consumer Approval
$1000 32%
$2000 33%
$3000 46%
$3500 55%
$3600 61%
$3800 65%
$4000 69%
$5000 70%

Assume that A p  gives the consumer approval percentage as a function of p.

1. Estimate A' '$3500'. Is this likely to be an overestimate or an underestimate?

2. Interpret your answer to Problem 1 in real terms. What does your estimate of A''$3500 tell you?

3. What are the units of A' 'p°?

4. Estimate A' "$3550'. Is your estimate better or worse than your estimate of A' '$3500? Why?
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GROUPWORK4,SECTION 2.7
Derivatives and Inverses

Let f "t~ be the number of centimeters of rainfall that has fallen on my porch since midnight, where t is the
time in hours.

1. Describe the inverse function f 1 in words. What are the domain and range of f 1?2

2. Interpret the following in practical terms. Include units in your answers.

(@) 572
(b) f 1’57 2
() f''5 705

] [
@ f L5705
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WRITING PROJECT Early Methods for Finding Tangents

The history of calculus is a fascinating and too-often neglected subject. Most people who study history never
see calculus, and vice versa. We recommend assigning this section as extra credit to any motivated class, and
possibly as a required group project, especially for a class consisting of students who are not science or math
majors.

The students will need clear instructions detailing what their final result should look like. For example,
recommend a page or two about Fermat’s or Barrow’s life and career, followed by two or three technical pages
describing the alternate method of finding tangent lines as in the project’s directions, and completed by a final
half page of meaningful conclusion.
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2.8 The Derivative asa Function

SUGGESTED TIME AND EMPHASIS

2 classes Essential material

POINTS TO STRESS

1. The concept of a differentiable function interpreted visually, algebraically, and descriptively.

2. Obtaining the derivative function f ~ by first considering the derivative at a point x, and then treating x as
a variable.

3. How a function can fail to be differentiable.

4. Sketching the derivative function given a graph of the original function.

5. Second and higher derivatives

QUIZ QUESTIONS

TEXT QUESTION The previous section discussed the derivative f' a for some function f. This section discusses

the derivative f' x= for some function f. What is the difference, and why is it significant enough to merit
separate sections?

ANSWER a is considered a constant, x is considered a variable. So ' a is a number (the slope of the tangent
line) and f' x" is a function.

DRILL QUESTION Consider the graph of f 'x X, Is this function defined at x 7 0? Continuous at x 7 @
Differentiable at x ' 0? Why?

yA
2] —
14
10 5 0 5 10 x
/ 1
f__.u—"'
/ b _2

ANSWER It is defined and continuous, but not differentiable because it has a vertical tangent.

MATERIALS FOR LECTURE

 Ask the class this question: “If you were in a car, blindfolded, ears plugged, all five senses neutralized, what
quantities would you still be able to perceive?” (Answers: They could feel the second derivative of motion,
acceleration. They could also feel the third derivative of motion, “jerk”.) Many students incorrectly add
velocity to this list. Stress that acceleration is perceived as a force (hence F ™ ma) and that “jerk” causes
the uncomfortable sensation when the car stops suddenly.

"~ Review definitions of differentiability, continuity, and the existence of a limit.

- Sketch f' from a graphical representation of f 'x° | &1 4, noting where f' does not exist. Then
_
1.
sketch f from the graph of f'. Point out that differentiability implies continuity, and not vice versa.
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SECTION 2.8 THE DERIVATIVEAS A FUNCTION

~ Examine graphs of fand f ~ aligned vertically as shown. If y
you wish to foreshadow f ", add its graph below. /
Discuss what it means for f to be positive, negative or zero.
Then discuss what it means for f  to be increasing, / X
decreasing or constant. y o

oy

If the group work “A Jittery Function” was covered in Section 2.4, then examine the differentiability of
0 ifxis rational
x2  if x is irrational
Show thatif f 'x 7 x*~ x27 x 7 1,then f ® 'x 7 0. Conclude that if f -x- is a polynomial of dge
m,then f™ 1-x 1 0.

fx at x ™ 0 and elsewhere, if you have not already done so.

WORKSHOP/DISCUSSION

Estimate derivatives from the graph of f 'x’ 7 sinx. Do this at various points, and plot the results on te
blackboard. See if the class can recognize the graph as a graph of the cosine curve.

Giventhe graph of f below, have students determine where f has a horizontal tangent, where f is positive,
where f ~ is negative, where f is increasing (this may require some additional discussion), and where f -
is decreasing. Then have them sketch the graph of f'.

\
\\ X

TEC has more exercises of this type using a wide variety of functions.
ANSWER There is a horizontal tangent near x ™ 0. f is positive to the right of 0, negative to the left. f &
increasing between the x-intercepts, and decreasing outside of them.

A

NN

Compute f''x andg' x if f 'x 7 x27 x~ 2andg x T x?7 x~ 4. Pointoutthat f' 'x’ © gxand
discuss why the constant term is not important. Next, compute h "x "ifh 'x* 7 x2 7 2x ~ 2. Point out that
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CHAPTER 2 LIMITS AND DERIVATIVES

the graph of h' 'x" is just the graph of f' x  shifted up one unit, so the linear term just shifts derivatives.
TEC contains more explorations on how the coefficients in polynomials and other functions affect first and
second derivatives.

onsider the functio how that it is not djfferentiable at O in two . by inspection
it has a cuspg; and By computmg the?ef? an(?rlght hand Hfmlrts o? #P X atx | (\)N?ylslrg X" 'xp n -,
lim fl'x 7 -
Xxr 0 Fx )

r ;LEC TEC can be used to develop students’ ability to look at the graph of a function and visualize the
graph of that function’s derivative. The key feature of this module is that it allows the students to mark
various features of the derivative directly on the graph of the function (for example, where the derivative is
positive or negative). Then, after using this information and sketching a graph of the derivative, they can
view the actual graph of the derivative and check their work.

GROUP WORK 1: TANGENT LINES AND THE DERIVATIVE FUNCTION

This simple activity reinforces that although we are moving to thinking of the derivative as a function of x , it
is still the slope of the line tangent to the graph of f .

ANSWERS
1,3. v 2.y In27 111x - 2~ 2In2ory” 'In27 1'x 2
3 4.yr rire
2
(2.9))
1
y=g(x)
O'x__h /1/ 2 3 x

(1/e, g(V/e)) )
GROUP WORK 2: THE REVENGE OF ORVILLE REDENBACHER
In an advanced class, or a class in which one group has finished far ahead of the others, ask the students to
repeat the activity substituting “D 't ', the density function” for V 't ".
ANSWERS
1. 2.y 3. y

y = V(1)
y = Vr(t) y = Vo (t)
/‘I
/'J 0 | !
|
I.

Units are cm37 s.

When the second derivative
crosses the x -axis, the first

derivative has a maximum,
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meaning the popcorn is
expanding the fastest.
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SECTION 2.8 THE DERIVATIVEAS A FUNCTION

GROUP WORK 3: THE DERIVATIVE
FUNCTION

Give each group of between three and five students the picture of all eight graphs. They are to sketch the
derivative functions by first estimating the slopes at points, and plotting the values of f'-x . Each group
should also be given a large copy of one of the graphs, perhaps on acetate. When they are ready, with this
information they can draw the derivative graph on the same axes. For closure, project their solutions on the
wall and point out salient features. Perhaps the students will notice that the derivatives turn out to bepositive
when their corresponding functions are increasing. Concavity can even be introduced at this time. Large
copies of the answers are provided, in case the instructor wishes to overlay them on top of students’ answers
for reinforcement. Note that the derivative of graph 6 (y " e*) is itself. Also note that the derivative of graph
1 (y  cosh x ) is not a straight line. Leave at least 15 minutes for closure. The whole activity should take
about 45-60 minutes, but it is really, truly worth the time.

If a group finishes early, have them discuss where f is increasing and where it is decreasing. Also showthat
where f is increasing, f is positive, and where f is decreasing, f ~is negative.

ANSWER (larger answer graphs are included after the group work) T 7
\ T y
\\ ,I ! \\ At
v K /’ A 1,
i ST <
T |
/] I
! [ AL
Graph1l Graph2 Graph3 Graph4

1
II /l‘ [ \ ’l §-_
N S f o 4 N
\ ’I \ l/ '] / 1 \ / —-l / - \‘_,*
/ \ f iy K / ,1 L1 -
\\ / ‘\‘ '/ }J / ll
o7 s "f p |
,l

Graph5 Graph6 Graph7 Graph8
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CHAPTER 2  LIMITS AND DERIVATIVES

HOMEWORK PROBLEMS
CORE EXERCISES 1, 3, 13, 16, 19, 28, 39, 42, 49
SAMPLE ASSIGNMENT 1, 3, 13, 14, 16, 17, 19, 22, 28, 36, 39, 42, 49, 61, 63

EXERCISE D | A | N | G
1 |
3
13 |
14 I
16 |
|
|

17
19 |
22 I
28 I
36 I
39
42 I
49 I
61 |
63
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GROUP WORK 1, SECTION 2.8
Tangent Lines and the Derivative Function

The following is a graph of g 'x* 7 x Inx.

y

3t /

y=g(x)

0 '\_/l 2 3
It is a fact that the derivative of this functionisg''x 7 Inx 7 1.

1. Sketch the line tangent to g "x" at x = 2 on the graph above.
2. Find an equation of the tangent line at x ™ 2.

1
3. Now sketch the line tangentto g 'x atx T - 1 0 368.

4. Find an equation of the tangent lineat x |
e
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GROUP WORK 2, SECTION 2.8
The Revenge of Orville Redenbacher

1. Consider a single kernel of popcorn in a microwave oven. Let V 't* be the volume in cm® of the kernel a
time t seconds. Draw a graph of V "t ', including as much detail as you can, up to the time that the kernel
is taken from the oven.

2. Now sketch a graph of the derivative function V't . What are the units of V't 2

3. Finally, sketch a graph of V' 't". What does it mean when this graph crosses the x-axis?
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GROUPWORK 3,SECTION 2.8
The Derivative Function

The graphs of several functions f are shown below. For each function, estimate the slope of the graph of f at
various points. From your estimates, sketch graphs of f .

\ |/

N / —

4

Graph1l Graph2

\\

T~

Graph3 Graph4
|
/

/
T
Graph5 Graph6
A
/1\
/AN
/
/ \ /I~
Graph7 Graph8
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The Derivative Function

Graph1
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The Derivative Function

Graph2
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The Derivative Function

Graph3
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The Derivative Function

Graph4
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The Derivative Function

Graph5
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The Derivative Function

Graph6

125




The Derivative Function

Graph7
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The Derivative Function

Graph 8
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The Derivative Function

Answerl
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The Derivative Function

Answer2
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The Derivative Function

Answer3
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The Derivative Function

Answer4
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The Derivative Function

Answerb
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The Derivative Function

Answerb
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The Derivative Function

Answer7
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The Derivative Function

Answer8
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2 SAMPLE EXAM
Problems marked with an asterisk (*) are particularly challenging and should be given careful consideration.

1. Consider the following graph of f.

(@ Whatislim f t? lim f t? lim f t? lim ft?9
t-0 t-o Sot2 SR

(b) For what values of x does lim f 't exist?
t~x

(c) Does f have any vertical asymptotes? If so, where?

(d) Does f have any horizontal asymptotes? If so, where?

(e) For what values of x is f discontinuous?

2. Find values for a and b that will make f continuous everywhere, if

3xr1 ifxrz
fxr ax™b if2rxrb
| x2 if 5 X
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CHAPTER 2 SAMPLE EXAM

] ]
3. Find the vertical and horizontal asymptotes for f 'x 7 a 17 x 1 1, where a is a positive number.

4. Consider the function f - x- — X4

23X 4
(a) What is the domain of f?

(b) Compute lim . f "x, if this limit exists.
o

(c) Isf continuous at x I 4? Explain your answer by either proving that f is continuous atx I T4 @
telling how to modify f to make it continuous.

5. Let f bea continuous functionsuchthat f - 1 =~ ~1and f "1 7 1. Classify the following saarekas

(A) Always true
(B) Never true, or
(C) True in some cases, false in others.

Justify your answers.

@ f0r70

(b) Forsomex with - 1Ix 1, f'x 70
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CHAPTER 2 LIMITS AND DERIVATIVES

() Forallxwith - 1 0ox L1000 fx 1l

(d) Givenanyyin[r 111],theny = f 'x" forsome x in[7 111].

() fx” "lorxT™ Lthenf x 7 Tlorf'x 7 L

() f'x 7 "1forx™ Oand f'x 7 1forx ™ O.

6. Consider the function f 'x- = rz 2 ifxt 71

) 2X ifxm i
(@) LetL'! Ilrrg) f x . Find L.
XT

(b) Findanumberd™ Osothatif0" x = &,then f x 7 L ~ 001.

(c) Show that f does not have a limit at 1.

(d) Explain what would go wrong if you tried to show that XIim1 f 'x" 7 1 using the -0 definition.

HINT Try € 1.
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CHAPTER 2 SAMPLE EXAM

7. Let f be the function whose graph is given below.

y
2

N

o 1 2 3x

(@) Sketch a plausible graph of f'. (b) Sketch a plausible graph of a function F
" suchthat F' = fand F 0"~ 1.
2” )7
11 3
‘ 2

of 1 2 3 x

17 1

27 0 1 2 3

8. Suppose that the line tangent to the graph of y © f X at x~ 3 passes through the points = 2 3 ad
4T 1.

(@) Find '3,

(b) Find f 3.

(c) What is the equation of the line tangent to f at3?
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CHAPTER 2  LIMITS AND DERIVATIVES

9. Give examples of functions f 'x and g 'x" with lm f x [ lim gx " and
X711 X711
(@ lim ~% ¢
X T g'x'

®) lim X 6
Xrr g'X'

fx

(c) lim
Xrrogox

ro

(d) Is it possible to have lim T ™ 1? Either give an example or explain why it is not possible.
Xrrogox

10. Each of the following limits represent the derivative of a function f at some point a. State a formula for
f and the value of the point a.

ch s l2-
(@ lim 27" 9 ©) lim 22
h™0 h x 1 xr]_
= 1-32- .
© limX_ """ 8 @ lim SN.T.2_h. 0
X3 Xr3 h-0 )
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CHAPTER 2 SAMPLE EXAM
11. Let r
I x ifx,; 1
fx - G if1mxr3
27T X ifxm3

(a) Evaluate each limit, if it exists.

() lim fx (i) lim f x (iii) lim f x @(iv) lim f-x
x~ 1 x~ 1 x~ 1 X~ 3

(V) lim  f-x (vi) lim f x (vii) lim f "x (viii) lim f x
X" 3 X~ 3 X~ 9 X~ "6

(b) Where is f discontinuous?

12.The graph of f "X  is given below. For which value(s) of x is f 'x not differentiable? Justify your
answer(s).
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CHAPTER 2  LIMITS AND DERIVATIVES

13. A bicycle starts from rest and its distance travelled is recorded in the following table at one-second
intervals.

TG [0[I [2 [3 [4 5 [6
d(f) [0 10|24 [42 [ 63 [ 845 [ 107

(a) Estimate the speed after 2 seconds.

(b) Estimate the speed after 5 seconds.

(c) Estimate the speed after 6 seconds.

(d) Can we determine if the cyclist’s speed is constantly increasing? Explain.

14. Referring to the graphs given below, find each limit.

y
- y f
@) >!Irm0g'x i !
/ 1 0 1 2
1 0 1 2
1
flx ] N
()Xlrmlgx X © lm +— ()Xlrmzxgx

N ' . I 1 . gX
€ lim gx ™ fx' Hm x- f.x () lim
x| 1 Xr 1 xr 1 f X

15.Drawa graphof f 'x” 7 Inlnx
(a) Over the range [2° 10].
(b) Over the range [2° 100].
(c) Whatis lim InInx?
X1
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2 SAMPLE EXAM SOLUTIONS

L@ lmft¢, -, limft -1 limft -3 lm ft-1
-0 - - 11°-

t t O t 2

(b) t"_ﬁ; f 't exists forall x exceptx Oandx 2.

(c) There is a vertical asymptote at x " 0.
(d) There is a horizontal asymptote aty " 1.

(e) fisdiscontinuous at x " 0, 2, and 4.
2.Solve32°7 17 2a” band5%" 5a” btogeta™ 6,b™ 5.
3. Taking |Lq11 f 'x* gives a horizontal asymptote at y ~ a Algebraic simplification gives a vertical

asymptote at x a The function is undefined at x ~ O, but there is no asymptote there because
limf x o0
Xr 0
a.fx X~ 4
X4 IxT U

(@) The domain is all values of x except x " 1and x " 4.
(b) Algebraic simplification gives a limit of F15.

(c) f is not continuous at x = T 4, for it is not defined there. It can be modified by defining f '~ 4/b
be M.
5.(a) C.Truefor f 'x 7 x,untruefor f x 7 x27 x7 1
(b) A. True by the Intermediate Value Theorem
(c) C.Truefor f 'x 7 x,untruefor f 'x 7 x27 x7 1
(d) A. True by the Intermediate Value Theorem
(e) C.Truefor f 'x = x,untruefor f 'x =~ x2~ x~ 1

(f) B. Iing) f x* does not exist, contradicting the continuity of f.
e

6. @ LT O

(b) Let & be any number greater than zero and less than (ﬁ_ d ” 007 works, for example.
(c) The left hand limit is 2, and the right hand limit is 1.
1

1
(d) Choose € ~ ; We nowneeda dsuchthat f x = 1 z_for all x with x = 11~ & Butifx ms x
approaches ” 1, f 'x approaches 2, and f x' ° 1 approaches 1, which is greater than ,. 1
7. (a) Answers will vary. Lookfor:

(i) zeros at 1 and 2
(i) f' positiveforx [0 1 and 2 3]
(iii) f' negative forx 12’ 143



(iv) f flattensout forx = 2'5
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CHAPTER 2 LIMITS AND DERIVATIVES

(b) Answers will vary. Look for
MFO0T1
(i) F always increasing
(ii) F is never perfectly flat
(iv) Fis closest to being flat at x " 2

(v) Fisconcaveupforx Ol andx -~ '2°3
(vi) F is concave down for x =~ "1 2

3 -1 2
8.() o rry

(b) The equation of the tangent lineisy m37 ~5§1x7 2,s0 f3 = 7337 23 3.

wWIN - wIN
x

1
N

(c) The equation of the tangent lineisy ™ 3~
9. Answers will vary; the following are samples only.

(@ f'x ™ x2,gx  x

(b) f'x 1 6X,0°X 7 X

(€ f'x ™ x,gx 7 x2

(d) This is not possible. For lim Tix I 1, either f or g would have to be negative for large x ~ This

Xrrogox
contradicts the assumption that lim f x| lim g'x = -
X1 1 Xrr
10.(a) f 'x 7 x%,aT” 3 (b) f'x 7 25a" 1
@© fx7 x"1%2a" 3 (d) fx 7 sinmx,a” 2

11. (a) () r2 (ii) 1 (ifi) Does not exist (iv) 9 w9 (vi)9 (vii) 3 (viii) 3
(b) f is discontinuous at x - 1.

12. f isn’t differentiable at x ~ 1, because it is not continuous there; at x T T 21 because it has a vertical
tangent there; and at x I™ 4, because it has a cusp there.

13.(a) Answers will vary. One good answer would be to compute the average speed between 1 and 2 (14 ft/s)
and the average speed between 2 and 3 (18 ft/s) and average them to get 16 ft/s. This is also the answer
obtained by computing the average speed between 1 and 3.

(b) Answers will vary. Using reasoning similar to the previous part, we get an estimate of 22 ft/s, but it
could be argued that a number closer to 22 5 would be more accurate.

(c) Answers will vary. The average speed betweent 7 5andt © 6is 22 5 ft/s

(d) Since we are given information only about the cyclist’s position at one-second intervals, we cannot
determine if the speed is constantly increasing.

14. (a) 12 (b) 0 (c) Does not exist (d) T4 (e 1 2 (9)0
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15. (@) v

CHAPTER 2 SAMPLE EXAM SOLUTIONS

(b) »

10 X
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