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2 [ LIMIT AND DERIVATIVES

21 The Tangent and Velocity Problems
1. (a) Using T (15 250), we construct the following table:

closestto 1 (" = 10 and = 20), we have
slope =

—38'8+ (—278) _
5 (5 694) 8%=£50 = 44 = —44'4 > = _333

10 | (10 444) 444-280 = 19 = 3878
20 | (20 111) 144-280 = 19 = 738
25 | (25 28) 2200 = 28 = 2202

30 30.0) 95238 = —38 = —16.6

(c) From the graph, we can estimate the slope of the

tangent lineat | tobe -3%° = —33 3.
appoImale
graph ol Tuncion
23 appraxinle
- Sy tungent line
£ w \
_=-_' 15114
EANE o
it 3wl N\
214
504
100
s I‘_”—‘[\\A
J R (O R O
2. (a) Slope = 2948,- 2530 — 418 ~ (967 (b) Slope = 298" Sb61 287 — 7175
(c) Slope = 2248 = 2806 — 122 — 74 (d) Slope = 3802948 — 122 — ¢
42 — 40 2 44— 82 2

From the data, we see that the patient’s heart rate is decreasing from 71 to 66 heartbeats “iminute after 42 minutes.
After being stable for a while, the patient’s heart rate is dropping.

3. = RCANRY) (b) The slope appears to be 1.

(c) Using = =1, an equation of the tangent line to the

L 11 —=)) :
@i :i15 (151 -2 2
(i) - 19 191 —1111 111) 1111111
(iii) : 1799 (199" —1'010 101) 1010 101
(iv) 11999 (17999° —1 001 001) 1001001
(V) | 25 (251 —0°666 667) 0 666 667
(vi) 21 21, =0-909 091) 0909 091

(vii) : 2.01 (2.01. —0.990 099) 0990 099

(viii) i 2001 (2.001-—0.999 001) i 0.999 001

© Cengage Learning. All Rights Reserved.

curveat 12 —1)is —(=1)= 1 —2), or
1="1-3.



https://testbankpack.com/p/solution-manual-for-single-variable-calculus-early-transcendentals-volume-i-8th-edition-stewart-1305270347-9781305270343/
https://testbankpack.com/p/solution-manual-for-single-variable-calculus-early-transcendentals-volume-i-8th-edition-stewart-1305270347-9781305270343/

NOT FOR SALE
INSTRUCTOR'USE ONLY



NOT FOR SALE

68 =  CHAPTER2LIMITS AND DERIVATIVES

4. (@ =cos, (030 (b) The slope appears to be —1.
| (€ —0=—-"(C-05 0 =-"+3

@i o 0'1 -2 ; :

(i) 04 Eo 4)0 309017) 31090170 @ / tangear fiae

(i) 1 049 (0749 0 031411) —3'141076 \

(iv) 0499 (0499 0 003142) —3'141587 .

v 1 a -1 2 '-

(vi) 06 0-6,—0-309017) —3'090170 st line
(vii) 051 (0.51°—0.031411) = —3'141076

(viii) 1 0501 | (0 501, —0 003142) = —3 141587

5@ ="()=40 —162 At =2, = 40(2) —16(2)? = 16. The average velocity between times 2 and 2 + s
402 + 162 + 1)>? 16 _ _ .
e 2= MCFD) TCTIN- 10 —240-16F = 5y 46, if- =0
e+71)-2
() 225 =05 ae = —321s (i) 221 =01, ae = —256 ft s i)
[2/205: =005 ae = —248fts (iv) 2°201]: " =001, ae = —24 16fs

(b) The instantaneous velocity when =~ = 2 (7 approaches 0) is —24 ft 7.

6. ="()=10 —1862 At =1, = 10(1) —186(1)%2 = 8 14. The average velocity between times 1 and 1 +

A+ y- gy 1001 + ) 18601 + )2-—814 628 1186 2 _
= = =628-186,if 6=0.

| ave = =

1+ H)-1
Mz =1, ae =442ms @ii)y[(1 15: =05 ae =535mSs
(i) 111 =01, ae =609 ms (iV) 11101 =001, ae = 62614 Ms
(V) [1 1001]: =0001, ae = 627814 m s

(b) The instantaneous velocity when = 1 ( approaches 0) is 6 28 m s.

7.(@ ()Ontheinterval (24,1 ~_ L =1A _ 102-206_ )54

4-2

(ii) On the interval [3 4], | = D=-103)  792-465 g4
4-3

(iii) On the interval [4'5], =~ _ 1G)=1th _ 12438 =2 _ ssetts
5-4 1

(iv)Ontheinterval (476],1 ~_ WO =1 _ LI6T=792 _ 4454
6—4 2
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SECTION 2.1  THE TANGENT AND VELOCITY PROBLEMS = 69

(b) Using the points (2 16) and (5 105) from the approximate

tangent line, the instantaneous velocity at = 3 is about
105 — 16~ 89

T =297 ft s
5-2 3
8. () ()1 =1()=2sin1l +3cos1l.Ontheinterval [1'2,7 e = @-1 _3=E=3D_ums
2—-1 1
(i) On the interval [171'1], e = AD-1A) =34 —(=3) . 49y emes.
11 -1 01

(iii) On the interval [111°01], _aon-—i@  =30613 = (=3) _ 3 m-s
e 101 —1 001 )

(iv) On the interval [1 1 001], - 1doon —id) | =3000627 —(=3) _ _ )
ave ol 1 0001 627 ¢cm’s

(b) The instantaneous velocity of the particle when = 1 appears to be about —6'3 cm’s.

9. (a) Forthecurve = sin(10 ) and the point! (1 0):

|
2 @' 0 0 1
15 (15 08660) 17321 I
14 (14 -04339) @ —10847 1
13 (13 -08230)  —27433 !
12 (12 08660) 43301 I
11 (11 -02817)  —28173

As 71 approaches 1, the slopes do not appear to be approaching any particular value.

(b) I : We see that problems with estimation are caused by the frequent

oscillations of the graph. The tangent is so steep at ~1that we needto

" 4 2 take 71-values much closer to 1 in order to get accurate estimates of
b V \ \/ its slope.
4 k" J

(c) If we choose = = 1001, then the point 71 is (1 001 —0'0314) and | ~ —3113794. If = = 01999, then 71 is (07999

00314) and | = —314422. The average of these slopes is —314108. So we estimate that the slope of Btangent

line at 7 is about —31 4.

INSTRUCTOR USE ONLY

© Cengage Learning. All Rights Reserved.



NOT FOR SALE

70 = CHAPTER2LIMITS AND DERIVATIVES

2.2 The Limit of a Function

1. As ~ approaches 2, - (1) approaches 5. [Or, the values of ~ (II) can be made as close to 5 as we like by taking = sufficiently

close to 2 (but =~ 6= 2).] Yes, the graph could have a hole at (2' 5) and be defined such that ~ (2) = 3.

2. As  approaches 1 from the left, ~ (II) approaches 3; and as = approaches 1 from the right, - (") approaches 7. No, the Int

does not exist because the left- and right-hand limits are different.

3. (a) 1131 . (") = oo means that the values of ( ) can be made arbitrarily large (as large as we please) by taking

sufficiently close to —3 (but not equal to —3).

(b) lim4+ () = —oo means that the values of ~ (") can be made arbitrarily large negative by taking - sufficiently close to 4
| —

through values larger than 4.

4. () As" approaches 2 from the left, the values of * (Il ) approach 3, so lim - (') = 3,
-2~

(b) As " approaches 2 from the right, the values of * (1 ) approach 1, so lim = () = 1.
—2+

(c) lim ~ () does not exist since the left-hand limit does not equal the right-hand limit.
-2

(d) When 71=2, 1=23,s0 71(2) = 3.
(e) As ~ approaches 4, the values of ~ (1) approach 4, so lim ~(ll) = 4.
—4

(f) There is no value of * (") when = = 4, s0 " (4) does not exist.
5. (a) As~ approaches 1, the values of ~ (1) approach 2, so lim ~ (1) = 2.
-1

(b) As " approaches 3 from the left, the values of ~ (1) approach 1,50 lim - () = 1,
-3~
(c) As~ approaches 3 from the right, the values of ~ (1) approach 4, so m @) = 4.
—3*
(d) lim ~ (1) does not exist since the left-hand limit does not equal the right-hand limit.
-3
(e) When 1=3, 1=3,s50 1 (3) = 3.
6. (a) "1("1) approaches 4 as 71 approaches 3 from the left, so lim 7I(71) = 4.
--3

(b) 71(71) approaches 4 as "1 approaches 3 from the right, so lim 7I( ") = 4.
— 3T

(¢) lim (1) = 4 because the limits in part (a) and part (b) are equal.
—-3

(d) "1(=3) is not defined, so it doesn’t exist.

(e) 71("1) approaches 1 as "1 approaches 0 from the left, so lim () =1.
—0—

(f) 71("1) approaches 1 as "1 approaches 0 from the right, so lim ()= -1.

—0+
(9) lLim "1("T) does not exist because the limits in part (e) and part (f) are not equal.
-0

(h) ~ (0) = 1 since the point (O 1) is on the graph of " .
(i) Since lim 7 (7)=2andlim ( ) =2, we have lim ( )=2.
—2- —2+ -2

() 712 is not defined, so it doesn’t exist.

© Cengage Learning. All Rights Reserved.
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SECTION2.2 THELIMITOFAFUNCTION = 71
(k) “1(1) approaches 3 as "1 approaches 5 from the right, so lim 7 (7 ) = 3.

—5+

(I) 71("1) does not approach any one number as 1 approaches 5 from the left, so lim (" ) does not exist.
—5—

7. (@) lim ()= —1 (b) lim ()= -2

—0- —0+

(c) lim ~ (1) does not exist because the limits in part (a) and part (b) are not equal.
—0

(d) lim () =2 (€ lim ~()=0
—2- —2+

(F) lim " (1) does not exist because the limits in part (d) and part (e) are not equal.
—2

@ @=1 (h) tim ~ () = 3
8. (@) lim ()y=o (b) lim = (7 ) does not exist. (€) im 1(1)= —o0
—--3 -2 —2-
d) lim 7(1)= o (e) lim () =—00
| —2+ —--1
(f) The equations of the vertical asymptotes are 1= —3, 1= —1and 1=2.
@ lim () = o (B) lim () = oo (©) lim * (1) = oo
(d) lim - ()= _q (e) lim ()= oo
| —6— —6*
(f) The equations of the vertical asymptotes are 1=—7, 1= -3, 1=0,and 1=6.
10. lim ~ () =150 mgand lim ~ (1) = 300 mg. These limits show that there is an abrupt change in the amount of drug in
—12- —12"

the patient’s bloodstream at = = 12 h. The left-hand limit represents the amount of the drug just before the fourth injection.

The right-hand limit represents the amount of the drug just after the fourth injection.
11. From the graph of

W
I 1+ if -1
| 1
()= 2 if —1 < 1,
Yol i o |
- 0 1 X
we see that lim - () exists for all = except ©~ = _1. Notice that the
right and left limits are different at 1= —1.
12. From the graph of !
1+ sin T ifT 70 1
| /
(II):I cos ifo< <7, 0 \1‘7\/277' x
sin if 1
we see that lim ~ () exists for all = except ~ = . Notice that the

right and left limits are differentat 1= "1.
INSTRUCTOR USE ONLY
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13. (@) im ~()=1
=0 1.5

(c) lim = (1) does not exist because the limits
-0

in part (a) and part (b) are not equal. L J
14. (a) L - _ .5
( ) |:n(])_ ( ) 1 2
®) tim =1 | ‘
1 —0+
(c) lim ~ (1) does not exist because the limits 1 \. y = L‘
-0 RS
in part (a) and part (b) are not equal. g
15. im ()=-1, lm (@)=2 "() =1 16.im () =1, m ()= -2 Im
—~0— | —0+ -0 —3- —3+

17. lim () =4 lim ()=2 lim ()=2 18. lim ()=2 lim ()=0, lim
1 —3% —~3- -2 1 —0— 1 0% 1—4=
3)=3 lim “()=0, ©=2 @=1
| —
Tk
3l
A
1,,
0
19. F r_s
. For = :
Q) 79
@)
o) 219 0491 525
31 01508 197 2195 0:495 798 Co2—3 1
3.05 0504 132 2199 01499 165 It appears thathin3 Ty )
301 0 500 832 2999 | 0:499 917
3:001 07500 083 219999 | 0:499 992
3:0001 | 0'500 008

© Cengage Learning. All Rights Reserved.
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SECTION2.2 THELIMIT OFAFUNCTION =

. 12_371.
20. For (1) = :
a 2o
) )
=25 -5 —-3'5 7
=29 —-29 =31 31
—2.95 —59 ~305 61 It appears that  lim L ()=~ and that
—-3
-299 —299 =301 301
—-2999 —2999 —3.001 3001 ) 2_3 .
lim ~ ()= 00,5 lIm _2=> doesnotexist.
—29999 | —29,999 —30001 30,001
—-—3- --3 -9
5
_1. 2+9) 32
21. For ™ (1) = : 2 For ()= @+7) :
1
O O @)
— 48 812 500
05 22 364 988 05 1 835 830 015
01 6 487 213 01 3934 693 01 72 390 100
001 5127 110 —001 | 4877058 —0'01 | 79203990
0 001 5012 521 —0 001 41987 521 —0'001 79,920 040
0 0001 5:001 250 —0 0001 4 998 750 —070001 79 992 000
51 _ 5 _
It appears thatlim 1o, It appears that lim 2+ =2 _
—0 -0
In —1In4,
23. For  (1)="—_ _: 0.5
1 — 4
) O 0.3
39 0253 178 41 0246 926 02
399 0250 313 401 0249 688
0 L
3999 0250 031 4001 0249 969 2 4 6
379999 1 0250 003 40001 § 01249 997
It appears that lim ~ (1) = 0'25. The graph confirms that result.
—~4
1+ 79
24, For " (1) = T 5
O O |
—11 01427 397 —09 0771 405
—1 01 0 582 008 —0'99 0617 992 L6
—1001 0598200 —0999 | 0601800
—1 0001 0599 820 ~09999 | 0600 180
0
) -1

It appears that lim
—--1

(") = 0'6. The graph confirms that result.

© Cengage Learning. All Rights Reserved.
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74 X CHAPTER2LIMITS AND DERIVATIVES
in3
25 For ()= "
tan 2
[ ) .
It appears that lim 10371 = 15,
+0'1 1457 847 0 tan 2
+0:01 11499 575 The graph confirms that result.
+0:001 1499 996
+0.0001 : 1 500 000
50 1
26. For™ () = :
O ©)
01 1746 189 —01 1486 601
001 1622 459 —0'01 11596 556
0 001 1610 734 —0'001 1 608 143
00001 i 1609 567 —0'0001 : 1609 308

It appears that lim ~ (1) ~ 1'6094. The graph confirms that result.
—0

27. For~ (1) =
)
01 0794 328
001 0954 993
07001 0993 116
0:0001 § 01999 079
28. For” (1) = 2?In":
P
011 —0 023 026
001 —0000 461
07001 —07000 007
0:0001 = —0'000 000

cos 2

29. (a) From the graphs, it seems that lim

-0

—6 TN\

6 —15

It appears that lim
—0t

The graph confirms that result.

It appears that lim
—0+

@) =0

The graph confirms that result.

— cos
= —105.
2

@) =1

(b)

NOT FOR SALE

-0.5 0 0.5
2
1.5
-1 0 1
2
1
0 1
[
0
.5
D)
+01 —1493 759
+0'01 —1'499 938
+0-001 —1:499 999
+0.0001 —1:500 000
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SECTION2.2 THELIMITOFAFUNCTION = 75

30. (a) From the graphs, it seems that lim S0 = 0'32. (b)
-0 sin 7]
2
e )
+01 0323 068
+001 0318 357
I £0001 | 0318310
3 ‘ ‘ | 02 Later we)wilhbe abjestg shaw fhat
1
0 0 0.2 the exact value is

+1 . . . . e
3. lim —_ = oo since the numerator is positive and the denominator approaches 0 from the positive side as = — 5*.

-5  — 5
+1 . . . . L
32. lim = —oo since the numerator is positive and the denominator approaches 0 from the negative sideas =~ — 5-.
—5- -5
2 — . . .. . .
3, lim —— = _ since the numerator is positive and the denominator approaches 0 through positive valuesas 7 _ 1.
-1(1 — 1)2
\/_I
34. lin; W: —oo since the numerator is positive and the denominator approaches 0 from the negative side as 71— 3 =
35 Let = 29 Thenas — 3%, — 0% and lim InC 2 _9)= lim In_ = _q by(5).
.3+ —0+
36. lim jn(sin 1) = —oo since sin — 0" as — 0%
—0t
. 1 . 1. -
37, lim sec = —oosince ~ ispositive and sec” — —o0ast — (2)*.
1—(12)*
1 . . . . -
38. lim cot | = Im B since the numerator is negative and the denominator approaches 0 through positive values
- - -~ —sin
as 11—
39. lim “lcsc 1=lm —— = —oo since the numerator is positive and the denominator approaches 0 through negative
~2 ~2 -sin
valuesas 1—2"-.
2-2 =2 i
4. lim = = lim o= lim = —oo since the numerator is positive and the denominator
A S G ) S S D P

approaches 0 through negative values as 71 — 2-.
|2 —-27-8 1;4)1;2) —

2 5 +6:]'m o0
—2 - 2 (=3 -2

» since the numerator is negative and the denominator approaches 0 through
. lim

negative values as 71 — 2%,
I I

. 1 1
42. hrr(l) “—lnl =oosincer—coandln 1— —o0 as 11— 0.
|4'+

. 2 _ 2 — R 2, _ -2 _, .
43.tim (in ) * SN 8engage oLoegrr]fjﬂng. AIIOOR?&hts Rg'served.
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CHAPTER 2 LIMITS AND DERIVATIVES

241

7% =

241

44. (a) The denominator of 71 = is equal to zero when

(b) >

37-27F 3-2)
3
=0and = 5 (and the numerator isnot),so =o0and =15 _y : — 4
vertical asymptotes of the function. \ F-
s '
1
45. (a) ()=
3 —
Pt O O
05 114 1.5 042
From these calculations, it seems that 09 —3.69 1.1 302
lim * ()= _and lim -y = o, 099 —337 1.01 330
| —1- —1* 0999 —333|7 1,001 333 0
09999 —3333.7 1.0001 3333 0
099999 | —33,333 7 1.00001 | 33,333 3
(b) If * isslightly smaller than 1, then ~2 — 1 will be a negative number close to 0, and the reciprocal of "3 — 1, thatis, ("),

will be a negative number with large absolute value. So lim
—1-

() = —co.
If
number. So lim

—1t

is slightly larger than 1, then ~3 — 1 will be a small positive number, and its reciprocal,

) = oo

(1), will be a large positive

(c) It appears from the graph of 71 that

1n
.
lim ():_ooandlim () = o,
1—1- —1+*
0 2
\ I J
. . tan4 "
46. (a) From the graphs, it seems that lim =4. (b)
10 - 5
U
J ®) /] 6
- | -/V \
\ 02 \ na2 [
1 35
—4 4
47. (@) Let ~ ()= + )t . . J
)
+01 4 227 932
+0 01 4002 135
+0 001 4 000 021
+0 0001 i 4000 000
(1)
—0 001 271964
—0-0001 271842
—0-00001 271830
—0000001 | 271828 @ © Cengage Learning. All Rights Reserved.
0-000001 : 271828
0.00001 | 5171827
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It appears that lim (1 + ") . 2/71828, which is approximately .
-0

© Cengage Learning. All Rights Reserved.
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In Section 3.6 we will see that the value of the limit is exactly 1.
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SECTION2.2 THELIMITOFAFUNCTION = 77

48. (a) 100 100

yd
— '-H-/
0 - . \ \ 5 'Ih —m . . 5
No, because the calculator-produced graph of * (1) = + In | — 4] looks like an exponential function, but the graph of
has an infinite discontinuity at "1 = 4. A second graph, obtained by increasing the numpoints option in Maple, begins to
reveal the discontinuity at 7 = 4.
(b) There isn’t a single graph that shows all the features of 1. Several graphs are needed since “1looks like In | 71— 4| for large
negative values of “1and like 71' for 71 715, but yet has the infinite discontiuity at 71= 4.
6 aill
i1
.-""-FF-- a
—_— —_‘_\ _/'”'
— . 50 - i
100 0 s.0s -
A hand-drawn graph, though distorted, might be better at revealing the main
features of this function.
\
49. For ™ (1) = "2 — (2 ~1000): ! I |
(b)
(a) 4
(”) ( )
1 0998 000 004 0000 572
08 07638 259 0:02 —0°000 614
0:01 —0 000 907

06 0°358 484

0:4 0:158 680

02 0038 851

01 0008 928

0.05 | 0:001 465 It appears that lim ~ (1) = _0001.
-0

It appears that lim ~ (1) = 0.
-0

0:005 : —0.000 978
0:003 { —0.000 993
0:001 : —0'001 000

tan —

50.For = (") =
(€] ® (b) It seems that lim = (1) :31.

() 0
1:0 01557 407 73
05 0370 419 92
01 01334 672 09
0:05 01333 667 00
001 01333 346 67
0°005 : 01333 336 67

INSTRUCTOR USE ONLY
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78 ®  CHAPTER 2 LIMITS AND DERIVATIVES

(c) Here the values will vary from one
(1)

0'001 0333 333 50
020005 0333 333 44
0:0001 07333 330 00
000005 0333 336 00
0:00001 0°333 000 00
0:000001 : 02000 000 00

calculator to another. Every calculator will

eventually give false values.

(d) As in part (c), when we take a small enough viewing rectangle we get incorrect output.

1 0.4
r ™ 'd R
i\ J . RN y

( 04

[ ) 1 )

sx 107 < 50 4 J
0.2

0.2

51. No matter how many times we zoom in toward the origin, the graphs of * (") = sin(" " ") appear to consist of almost-vertical

lines. This indicates more and more frequent oscillations as 71— 0.

| =01 .l

1.2 12
[ ‘ B
1.2 1.2
1.2 1.2
0.0 —=0.000) 0.0001
il
1.2 1.2

52. (a) For any positive integer 71, if = = l_ then (1) = tan 1_: tan(" ") = 0. (Remember that the tangent function has
|

period 71.)

INSTRUCTOR USE ONLY

© Cengage Learning. All Rights Reserved.



NOT FOR SALE

SECTION 2.3 CALCULATING LIMITS USING THE LIMIT LAWS & 79

(b) For any nonnegative number 7, if 1= . then
@4 +1
1 “l+ 1y 4 _ L -
()=tan~ = tan = tan + = tan + =tan =1
4 4 4 4 4

(c) From part (8), ~ (") = 0 infinitely often as = — 0. From part (b), ~(7) = 1 infinitelyoftenas =~ — 0. Thus, lim tan 1
-0 |

does not exist since ~ (') does not get close to a fixed number as = — Q

53. 6 There appear to be vertical asymptotes of the curve = tan(2sin ) at = 090
U and -~ = +2 24. To find the exact equations of these asymptotes, we note that the
—n =  graph ofthe tangent function has vertical asymptotesat 1=+~ " . Thus, we
[\ must have 2 sin | = I_Z + 717, or equivalently, sin ] = I71 + 2 Since
s —1 <sin 7 < 1, we must have sin ] = + Jand so = * sin-! 4 (corresponding
to " =~ %0'90). Just as 150° is the reference angle for 30°, = — sin—1 L, isthe
I I .
reference angle for sin-* £, SO 1=+ 1 —sin~! 1, are also equations &
vertical asymptotes (corresponding to © ~ +224).
54. lim [ = lim 1—024A5 - -, _.1— 2 2-0%and — co.
B I I 1171
3 1
1
55.(a) Let = v%l " 4 ~
I 1 (e a5
From the table and the graph, we guess 0199 21925 31 o X Il
that the limit of 7 as 71approaches 1is 6 0999 5:992 50 3
09999 | 5999 25 P 5.3
101 6075 31 0 .'5\4 L "k
1001 | 6007 50 N
3_1 1°:0001 : 6000 75

(b) We need to have 5'5

= 1 6l5. From the graph we obtain the approximate points of intersection | (0 9314 5'5)

and 1 (170649 6'5). Now 1 — 09314 = 0°0686 and 10649 — 1 = 0'0649, so by requiring that ~ be within 0°0649 of1

we ensure that  is within 0 5 of 6.

2.3 Calculating Limits Using the Limit Laws

1. @ im [ ()+5 ) =1lm @)+ lm [5 () [Limit Law 1] () im [ ()= lm @)  [LimitLaw6]
—2 —2 —2 —2 —2

= lim ")+ 5lm ~ ()  [Limit Law 3] =(—23= -8
-2 -2

=4+ 5-2=—6
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() lim ¢r= tim ¢y [Limit Law 11]

-2 \/ -2

(@ tim 20 =B

[Limit Law 5]

-2 () lim ()
= 3o O [Limit Law 3]

lim ()
-2
:M:Q
-2

(e) Because the limit of the denominator is 0, we can’t use Limit Law 5. The given limit, lim O . does not exist because the

~27.()

denominator approaches 0 while the numerator approaches a nonzero number.

g MmO

® %irn oo- i () [Limit Law 5]
-2 -
lim ~lim (
= im0 [Limit Law 4]
-2
_=2-0_,
4

2 @ lm [ ()+ ()] =1lm @)+ lim () [LimitLaw 1]
-2 -2 -2

= -1+ 2
=1

(b) lim = (") exists, but lim ~ (") does not exist, so we cannot apply Limit Law 2 to lim [* (7)) — ()]
-0

-0 -0
The limit does not exist.

€ lm [C)I)]= I () Im () [Limit Law 4]
--1

-1 -1
=12
=2

(d) lim ~ (") = 1, but lim " (/) = 0, so we cannot apply Limit Law 5 to lim

1—3 1—3
Note: lim L
1—3- ()

Therefore, the limit does not exist, even as an infinite limit.

(e) lim, 2y = lim, . lim,” () [Limit Law 4]

=22 (=1
=—4

3.ImGB =324+ -6 =Im(5 3 —lm@G )+l
-3 -3

-3

=51lim 73— 31lim 72+ lim

-3 1 —3
=53% — 3(3%)+3 -6
=105

Q) _
O

= cosince () —» 0" as — 3~ and lim

O

=3 ()

The limit does not exist.

= —oosince () — 0-as = — 37,

(f) (=D + Im () isundefinedsince " (—1) is

not defined.

[Limit Laws 2 and 1]
(3]

[9, 8, and 7]
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4.51m (14— 31)C2+5 +3)=1lim (*—3")lim (" 2+5 +3) [Limit Law 4]
-1 --1 --1
=" lim 74_ Lm 3 lim 12+ lim 5 +lim 3 ' 2 1]
--1 --1 -1 | —-—1
= | |
im  ‘_ 3 lim lim 2+51lim  +1lim 3 [3]
—--1 —-—1 —-—1 —-—1 ——1
=1 +301 -5+ 3) [9, 8, and 7]
=4(—1) = —4
4 lim (*-2)
5 lm — —2 =2 [Limit Law 5]
~222 -3 +2 lin_qz(Z _3+2
lim 4 — lim 2
[1, 2, and 3]
- =2 -
= 2 lim 3 lim lim 2
2 — +
-2 -2 -2
16 — 2
= [9, 7, and 8]
24) — 3(—=2)+ 2
16 8
v
_
6. lim 4+3 +6 = Iim ( 4+3 +6) [11]
-2 —-2
= lim 1*+3 Im T+1Im ¢ [1,2,and 3]
g} - =2 — =2
|
= (=2*+3 (-2 +6 [9, 8, and 7]
v VT
= ' T6-6+6= 16=4
7. lim (1 + 3/—) 2-62+ 3= lm (1 + 3/—) ‘lim 2 —6 2+ 3 [Limit Law 4]
) ) -8
= lim 1+ lim é/_ lim 2 —6lim "2+ lim 3 [1, 2, and 3]
1—8 1 —8 1 —8 1—8 1—8
= 1+5/g L 2-6-8+ 8 [7, 10, 9]
= (3)(130) = 390
2 2 2 2
8.lim _ =2  =lm —2 [Limit Law 6]
~2 33 45 ~23 -3 +5
[ . 2 2
li _2
. im ( ) [5]
ling( 3 3 4+5—
|
lim 2 — lim 2 2
| ~Z —Z [1, 2, and 3]
~ lim 3—3lm + lm5 22 4
-2 -2 -2
L4 2 2
8 — 32 +5
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9. m 2 Tl _ im 2 2+1 [Limit Law 11]
12 3|—2 -23 =2
Tm@17+1)
p TR ) o
-2
2 lim 72+ lim 1
=1 ﬁ [1, 2, and 3]
2 -2
i r—
= ﬁ: 2.2 [9, 8,and 7]
32) — 2 4 2

10. (a) The left-hand side of the equation is not defined for “1 = 2, but the right-hand side is.
(b) Since the equation holds for all 16= 2, it follows that both sides of the equation approach the same limitas 71— 2, justa

in Example 3. Remember that in finding lim ~ ('), we never consider = =

2 _ — —
M. lim ——0 ™ =y EAO =D —gimg _1)=5_1=4
-5

1—5 1—5 1—5 1 —5

12. lim 2+3 =lim —C ) = |im ——=3_3
|
-3 2— -7 ~3( —4( +3 -3 —4 —3—-4 7
2_5 +6 2
13. h?; B does not existsince 1 —5—0,but = — 5" +6— 6as 1 — 5.
14, lim _, -*3 = lim *+3 = lim The last limit does not exist since lim _ - =—00 and
1 | | '
-4 = =12 -4 —4)( +3 -4 —4 -4 — 4
lim = 00.
—4* - 4
2
5. lim =2 =lm (+3)(—3 =tim -3 _"37"3 _—6_6
--322+4+7 43 -32 +1D(+3 --32 +1 2(=3)+ 1 -5 5 1

2 (—1)
16. lim2 +3 41 = lim ool b = lim 2+l 2=D+1

—1 2=27-3 -1 ( —=3)( +1) —-1 - 11
-3 —-1-3 = =
—4 4
—-10 +
_ 2 _ _ 2\ _ 2 _
17. Tim (Z5F D iy =100+ 95—y 1 sy 0 ) Sy 10+ ) =10
1—0 1—0 1—0 1—0 -0
|
3 _ 2. 3 _ 2, -3
18. lim 2+ 8:lirn 8+12 +6 <+ | 8 = lim 127 +6 <+
1—0 1 —0 | | | 1—0

=lim 12+ 61 + 12=12+ 0+0=12
-0

19. By the formula for the sum of cubes, we have . .
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20. We use the difference of squares in the numerator and the difference of cubes in the denominator.

4 2 2 — D+ D(E+1 22 4
I N G (G G R (G C+D( 4 1) 4
lim 3= = lim 2 = lim 2 = lim = -
R
T -1 =N + +) -1 C=nC * |+1) I——1 +7 +1 3 3
— -— _ — =0 9+ 1)
2. fim 2t 173 gy 9T 123 J= li J= lim L2
-0 1—0 9+ 1 +3 -0 9+ -0 9 +
+3 +3
1 1 1
! |
1—0 7 Y9+ +3 -0 9+ 43 3+3 6
v v 12
47 +1 -3 ) \/4 +1 -3 #+t+3 4+t _32
22. lim = 1i — |
| l | . .
-2 -2 -2 -2 4 +1+3 -2 & lim 2
+3
4 +1-9 4 44 =2
=lim — = lim Vv
1 1
= il =2 4 :+147_3 = -2 4 +1+3
2 4 4 2
47 +1+3 9+3 3
11 11
- 1 _
3
3 3 = =1 1 !
23. lim 3 = lim .7 =lim = lim = = — | |
= I_
-3 -3 -3~ =3 3 -33 ( —3) -3 3 9
1 1
2. tm B+ 1) =30 —im 3T 3 — i, 3=0G+ D =fim -
[
—0 -0 i—0 3+ B -0 3+ )3
! 1 : 1 1 1
= lim — = — = — = —"
0 33+ 1) lim 3G + )] 3(3 +0) 9
| | | |
\/—1%—\/1——— \/1= —J1 \/1= +\/1 \/—1—'— = i1— 2
25 lm — = lim : = lim
-0 -0 -0
\/1+ +¢1— | + 1-—
| | |
A+ —-@1-) 2 2
=i BV =i 14/ \/ | =
hm°| : 1+|+\/1—|I lHjml +7+ 1-1 ILm\/1+|+\/1—
2 2
1+ 1 2
26. I 1 1 _ i 1 #1=1 1 1_ .
g 24 T M, (+1 o+ M F1 T o+ 1
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27 lim = lm , =i
-161671 — —16 (16 — )(4 + ) —16 (1() — )(4 + )

~16  (4+ )y 16 4+ 16 16(8) 128

2. lim _2—4 t4 =1im (1 =2 = lim (=272
S2TAS3 a2 (12-4(124) =21 +2(1 - (124 1)
= —1=2— 0y

2 +D( 24D 45
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VA
— 1=, 1+ 1
2 tim A= - b N -
-0 1+ h,‘O 1+ lfo +1 1+ 1+ —~o 1+ 1+ 1+
:hao\/1+ =1+ \/\/1+0 1—H\/1+0:_hrn -
J v J
30. Iim 2+9 _5:11m 2+9—5 2+9+5 = lim (2+79)_25
I
——4 | +4 — 1/
C+4 2+9+5 -4 (0 + 4 249+ 5
i 5 | +4)(1 _4)
=1 — - 16 + _
=1lim ./ _I _(ﬁ.(‘
——4 t +4 T a1y 21945
4
= lim o —= _y—4—4 -8 4
|
——4 2+9 +5 16 +9+5 5+ 5 5
Modim (T P gy (3432743 24y B 343112+
10 1—0 1—0
=1 (B 243 "+ _ .
= lim =1lim@12+3711+ 3)=37
: -0
— 2 +f

2 lim o2 =lim _C* % —gim = P+2  +F =gm —1Q
-0 | =0

| 1—0 2" +°¥% -0 (- + 1)
i —& ) =21 2
=0 2T+ )2 12712 P
33. (a) I (b)
)
-~ —0 001 01666 166 3
- . 2
-1 1 1 1 0,000 1 01666 616 7 The limit appears to be .~
L J —000001 | 0:666 6617 3
—0'000 001 | 0:666 666 2
—5 0000001 (666 667 2
lim A/ ~ 2 000001 0666671 7
-0 1+371 -1 3 00001 0666 716 7
0°001 01667 166 3
Vv Vv
TF3 +1 TT3 +1
(© lim v ____ 3 41 i
. _ 0 A+3v—1 -0 3
o 1+3 —1 \/1+3 . 1uo (3/+3) 1
=" lim 3T +1 [Limit Law 3]
3 -0
1 -
=~ Tm@d+31)+ lim 1 [1 and 11]
3 1 —0 1 —0
l a4 - -
= lim 14+ 3 1lim =~ + 1 [1, 3, and 7]
3 1 —0 1 —0
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05
£
P)
—_— —0:001 01288 699 2
—01000 1 01288 677 5
—0:000 01 01288 675 4
I % I —0:000 001 | 0288 675 2
(@ L (b) 0:000 001288 675 1
0000 01
_ Vs _\/3 o 01288 674 9
lim ~ 029 01288 672 7
- ! L, 0on Y —
he limit-appears-to-be-approximate .
1/ N, v PP PP y
3 - 3 B+ 3 B+ )-—3 1
i
i S+ 3 _; - - . -
(C) lim | — L}m \/ \/ — h'm \/ \/
- -0 3+ + 3 O3+ o+ 3
lim 1
T I 5T v Im V3 [Limit Laws 5 and 1]
1
- -0
° ! N [7 and 11]
lim G+ )+ 3
-0
1
= v [1, 7, and 8]
13+ 0+ 3
= AVL
2 3
Let  ()=—2%" ()= 2cos20  and ()= 2 Then !
—1 < cos 20 <1 = — 2< %6520 <? > OH =)= <
) Sosince lign ()= liron () = 0, by the Squeeze Theorem we have I
lim " ()=0
-0
J . , -
Let ()=— 3F 2 ()= TF Zsin( ),and ()= ¥ Z Then
—1 <sin( y<1 = —\/ 3+ Zs\/3+ Zsin( y< 312 o |

C)="()="().Sosince lim " ()
we have hmo H)=20
We have hin4(4 -9 =44)—9=7and 1@4

for >0, lim ()= 7bythe Squeeze Theorem.
—4

= lim ~ () = 0, by the Squeeze Theorem
-0

24 +7 =42 —4@+7=7.8Sinced —9< ()< ?2—-4 7

We have lim 2 ) =2(1) =2and lim (*— 2+ 2)=1*—-12+2=2.Since2 < ()< *— "2+2forall -,
-1 -1
lim ~ (1) = 2 by the Squeeze Theorem.
-1
—1<cos2” " )<1=> — %< %4cos(2” ") <~ 4 Since lim 5 4 =o0and lim ‘;’): 0, welr
lim ~ #cos(2” ~ ) = 0 by the Squeeze Theorem.

-0
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4. -1 <sin( ) <1 = 1-t<isC )<t o \/_/ s\/_s‘”( )s\/_.Since}n ( T/7)=o0and
[
Vo VA
lim ( ) =0, wehave lim sinC ) = 0 by the Squeeze Theorem.
1 —0* —0*
I I
-3 if —-32>0 -3 if =3
4.1 -3 = T =
I I 17
—-(1=3 if =3 0 3 - if 3
Thus, lim 27 + [7—=3) =lm 27 + 1—=3) =1lm 31 — 3) =33) — 3 =6 and
|_3+ |_3+ —3+
lim 27 +[71—=3)=1lm @7 +3 — ) =1lim (1 + 3) =3+ 3 = 6. Since the left and right limits are equal,
-3~ -3~ -3~
lim 271 + |I_|3):6.
-3
) I I
+6 if 1+6 =0 +6 if =-¢6
42. | |+6| = =
—( +6 if 4670 —( +06) if -6

We’ll look at the one-sided limits.
2 12, 2028 _ ) gng g 21 %12 201+6

lim m im =
——6+ |1+d ——6+ 116 ——6= |71+ --6-—(I +06)
. L . .27 +12 .
The left and right limits are different, so lim does not exist.
-=6|71 + 6]
43 273 -2 =722 -1y = T2 —1]="2]2 -1
2 -1 if2 —1>0 2 -1 if =05
20 —1] = =
1
-2 -1 if22—-1 0 -2 =1 if 05
So 273 —"2 ="2[—2" —1) for 015.
Thus, lim —2—=1_ —21=1 . —21 =1 :2—_1 —
—os- 273 =73 | ps— 2[—2 -1 | —05- © 5) 025
. _ _ 2+ 1
44. Since | 1| = —"1for 71 71 0, we have m 2 |'|:]im 2-=( ”:]jm =lm 1 =1.
--2 2+ -—2 2+ --22+ --2
I1 ! 1 1 2
45. Since | 1| =—"1for 71 10,wehave lim ~ —~ = =~ -7 =lim ~, which does not exist since the
-0 1 | —0- = —~0- |
denominator approaches 0 and the numerator does not.
. oot 11
46. Since | 1| = 7 for 0, we have lim - = - =l =o.
—ot |” | ~0* —~0*
47.(a) Y (b) (i) Since sgn = =1 for 0,lim sgn 1=1lm 1=1.
4,0+ |4’O+
1 e .
(i) Since sgn = =_1 for 0,fm sgn 1 =1lm _q-_4
0 X —0- '—o-
I I
(iii) Since lim sgn | lim sgn ,limsgn does not exist.
—0— —0+ -0
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I —1 if sin 0
48. (3) ()= sgn@Gin )= 0 ifsin 1=0

|
1 if sin 0
() lim ()= hm sgn(sin ~ ) = 1 since sin = is positive for small positive values of .
—0t

(i) lim " () = hm ' sgn(sin 1) = —1 since sin 1 is negative for small negative values of 1.
—0—

(iii) lim ~ () does not exist since im (") 6= ).
n
-0 —0+ -0

(iv) hm ()= 1im+ sgn(sin 1) = —1 since sin 71 is negative for values of 71 slightly greater than 1.

(v) lim ()= lim sgn(sin 1) = 1since sin 1 is positive for values of 7 slightly less than .

(vi) lim ~ () does not exist since im () lim ().

(b) The sine function changes sign at every integer multiple of 1, so the (c)

signum function equals 1 on one side and —1 on the other side of

an integer. Thus, lim ~ (") does not exist for = = ~*, = an rgg p * o
G
2 _ —
49.(a) (i) lim “ ()= Lim T 176 =y, (131
—2+ =2+ |7 = 2] 1 -2+ [ 71— 2]
o +3 . .
=lim  H [since 1—2" 0if 17— 2%]
| —2+ 1 =2
[
=lim ( +3 =5
—2+
(ii) The solution is similar to the solution in part (i), butnow | 71— 2] =2 — “7Isince 1—2 710if 71— 2.

ThUS lim ()— llm _(| + 3) —5.
2

(b) Since the right-hand and left-hand limits of “Tat 71=2 (c) Y /
are not equal, lim ~ (") does not exist.
-2

\0 X
i 1o

241 if 1

50. (@) () = 5
(=2 if 121
lim ()= lim (?2+1D=12+1=2 lm :hm(—Z)Z*(l)Z*l
—1- —1- —1*

(b) Since the right-hand and left-hand limits of 71at 71=1

are not equal, lim ~ (/') does not exist.
-1
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51. For the lim, ~ (') to exist, the one-sided limits at = 2 must be equal. lim = () = lim 4 — 5 =4-1=3 and
—2- —2-

. R el s Vv
lim = () = lim +1= 2+1. Now3= 2+1 = 9:2+| = |:7.
2+ 2+
52. (a) (i) lim ()= lm 7=1
—1- 1—1-

(ii)lim ()= lm - 3=2-12=18ince m ()=1and im ()= 1 wehavelim ()= 1.
—1+ | —1* —1- —1+ -1

Note that the fact = (1) = 3 does not affect the value of the limit.
(iif) When = =1, (') = 3,s0 (1) = 3.

(iv) lim ()= lirr; 2_"3»)=2_22=2_4=_2
1—2- —en

(V) m ()= lim ( _3=2_3=_1

1 —2% —2+

(vi) lim ~ () does notexistsince Im () lim ().
-2

—2— o+

®) it~ 1 ,

3 if =1 37
O= 5 2 i1 <2
I
-3 if 2
53. (@ ()[]=—2for—2=< —1,50 lim [ |= lin;+(—2) = _»

—_ 2 I

@iy [q=-3for -3 < =2,80 lim [[7] = lim (=3) = —3.

——2 —--2
The right and left limits are different, so lim [| 71]] does not exist.
—--2

(iii) [ 1 =—-3for =3 < 2, S0 lim (1] =1lm (3 = —3,
I ——214 -2 4

@Oryp=" —-1for- —1< ,S0 lim [J]= lim (" —1)=" — 1.

@ [m="1for 1< 17 +1,50 lm[[]] = lim 1= "1

.+

(c) lim [ exists , lis not an integer.

54. (a) See the graph of 1= cos 1. !

Since —1 < cos oon[— —""2),wehave =" () =[cos |]=—-1 w ol T
on -1 —"1712).

Since 0 < cos lon[—""210) U@ 1N 2], wehave (") =20
on[—""210) U®© 2]

Since —1 < cos Oon( 21 ]J,wehave (1) =—-1lon (27

Note that 71 (0) = 1. — -t o—
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() (i) im " ()=0and lim ()= 0,801lm "~ ()= 0.
-0~ —0* -0

=09 lm _~()=0
- 2

(A" = ("2,

(iiiyAs” . (2% @) o _1,%0 lim ()= -1
=012

(iv) Since the answers in parts (ii) and (iii) are not equal, Hril () does not exist.

(c) hin (") exists for all = inthe openinterval ( " ") except "= _~"2and " = "2

—1 with holes at each integer, since ~ (7) = 0 for any

55. The graph of =~ (1) = [ ] + [— ] is the same as the graph of ~ (")
()= _1and lim ()= _1,s0lim ()= _1. However,
-2

integer ~ . Thus, lim
2 —2+

@ =2+ [2]=2+(2)=0,8Lm "~ ()= "(2).
—2

2 J
56. lim 0o 1——= =70 T—1=0.As the velocity approaches the speed of light, the length approaches 0.

A left-hand limit is necessary since 71 is not defined for 71 71 1.

27240+ . Thus, by the Limit Laws,
I

S+, = o+ lim 1+ Tlim R4+ T Y
- L= -

57. Since ™ (" )isapolynomial,” (" )=" o+ 1 +
I
lim T(T)=1lim o+ a1+ T2 2+ -

=To+ N+ P+ + T

Thus, for any polynomial =, lim = (") =" (7).

e where ~ () and 1 (1) are any polynomials, and suppose that 1 (1) = 0. Then

58. Let1() =
I
lim 1C) = Q:# [Limit Law 5]= - [Exercise 571 = 1¢1).
- - 10 lim 71C) Q)
m—-28 =238
59, lim [ (1) — 8] = lim (=1 = lim dim ( —1) =10-0 = 0.
-1 -1 -t

= -1 -1

Thus, lim ~ () = lim {[ (1) — 8] + 8} = lim[ (1) — 8]+ lim 8 =0+ 8 = 8.
-1 | —1 -1 -1
_ ()-8 ST o ,
Note: The value of lim does not affect the answer since it’s multiplied by 0. What’s important is that
-1 =1
-8 .
im — =8 eists
-1 =1

. o 2 _
60. (a) Ith0 () = }19’1.0 5 = 1|1r£10 5

(b)umi—l:h'm (DN im —2 i - = 5
=0 2 \ =0 -2 ;=0

| —0
,and lim 0 = 0 = lim 2. So, by the Squeeze Theorem, lim (= 0.
-0 -0 -0

61. Observe that 0 <~ (1) < ~ 2 for all
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62. Let” (1) =[ Jand” (1) = —[ ]. Then ]jm3 () and lim3 (") donot exist [Example 10]
butlim [ () + ()] = lm ([[J—[ )= lim 0= 0.
=3 -3 -3

63. Let” ()= ()and ()=1—"1 (), where 1 isthe Heaviside function defined in Exercise 1.3.59.

Thus, either or is 0 for any value of . Then lim "~ ( ) and lim "~ ( ) donotexist, but im [ ( Y ( )] = lim 0 = 0.
-0 ) -0 -0

J J v v
== -2 = -2 t=—=+2 3= 1
Vv ) )
A —;_14 37 -1 Ye—1+2 V3— 141
64. lim -7 -1 lum i 5 V Y
1 —3 4 L =
6 2 3+l | 3
= lim - =lm 07 7% =1
— ' p— — —
2 3—77%—¢ 6— 142 =23 1 \/6— 2
W
_ _ v 4
e-> a= vt A2
| — line -
)Je— +2 \/6— +2 2

= lin} (2 _
I
65. Since the denominator approaches 0 as — —2, the limit will exist only if the numerator also approaches

0as | — _2.Inorder for this to happen, we need lim '3 2+ 717+ 1+3 ':0 o

3(—2)2+2 (=2)+ 1+3=0< 12 -2~ + 1+3=0< 71=15 With 71 =15, the limit becomes
lim 251 B oy A +DA Y gy, O FF 3243 3 = g
-2 I+71-2 -2 (1 =1 +2 -—2 -1 —z2=T1 =3

66. Solution 1: First, we find the coordinates of 1 and 1 as functions of “I. Then we can find the equation of the line determined
by these two points, and thus find the ~ -intercept (the point ~ ), and take the limitas | — 0. The coordinates of 1 are (0 1)
The point 71 is the point of intersection of the two circles 1>+ = "2and (71— 1)2+ 2 = 1. Eliminating 71from these
equations, weget 12— 12=1—-(1-1? < P=1+27—-1 < 71=1 % Substituting back into the equati40n of te

1_22+2:|2<: 2-j21-12 P = [ }—Ll=

shrinking circle to find the *-coordinate, we get 3l
3

(the positive * -value). So the coordinates of 7 are £)2 1— %2 The equation of the line joining 1 and 7 H®B

_ 1,2 _
I 1=3
- ; 2_ o (71— 0). Weset 71 =0 in order to find the “I-intercept, and get
1 —1-2 1124

7 _ _

- —
| =— 1 1 - - .1—12+1

2 1 4 =2 4

1—,2-1 == - 21
J
Now we take the limitas = — 0":lim =~ =lm2 1-— 241 =1lim?2 So the limiting position of is the point (4 0).
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Solution 2: We add a few lines to the diagram, as shown. Note that

Z = 90° (subtended by diameter ). So « =90° =«

(subtended by diameter 7171). It follows that #1717 = 271 7171. Also U - —
Z =90°— 27171 71= 27171 . Since 47171I" is isosceles, &4 11

I, implying that 171 = 1 1. As the circle 1z shrinks, the point 71 plainly S

approaches the origin, so the point 71 must approach a point twice

as far from the origin as , that is, the point (4 0), as above.

2.4 The Precise Definition of a Limit

1L IF ) =171 012, then —0'2 (H)—1102 = 08 (') 1 2. From the graph, we see that the last reydistrue if

07 111, so we can choose | = min {1 — 07111 —1}= min {03101} = 0'1 (or any smaller positive number).

2. If]" C)—2/17 015, then —0'5 ()—-2105 = 15 (') 1 215. From the graph, we see that the last reqeitrue if

26 318, sowe can take | = min {3 — 26/ 3’8 — 3} = min {04 0'8} = 0 4 (or any smaller positive nurte)Note that
1 =3.

3. The leftmost question mark is the solution of \/7: 1'6 and the rightmost, v = 2'4. So the values are 1 6> = 256 and

2142 = 5776. Onthe left side, we need |* — 4| 1 |2/56 — 4] = 144. Ontheright side, we need |~ — 4| 1 |576 — 4| = T6To

satisfy both conditions, we need the more restrictive condition to hold —namely, |~ — 4| 7 144. Thus, we can choose
= 144, or any smaller positive number.
4. The leftmost question mark is the positive solution of 2=, %hat is, 71 = v”z%and the rightmost question mark is the positive
r—
solution of 2 = ¥, thatis, = % Onthe leftside, weneed |" — 1| 7 ~#2— 1 =~ 0292 (rounding down to be safe). On
the right side, we need | — 1| ¥ _ 1 ~ 0224. The more restrictive of these two conditions must apply, so we choose

= 0224 (or any smaller positive number).

5. = From the graph, we findthat ~ = tan = = 0’8 when =~ = 0675, SO

v=tanx

L, —11=0675 = 11~a —0675~01106. Also, =tan = 12

when = = 0'876,50 4 + 12 = 0876 = 12 = 0876 — 4 = 0'0906.

Thus, we choose | = 0 0906 (or any smaller positive number) since this is

T 8T T8 ’ the smaller of 11and 2.
6. L From the graph, we findthat = 2 (> + 4) = 03when =% s0
s 1-11=2 = J1=1A0 =2 (2+4=05when =250

0, frermmremeemeesy
02 1
/ J 1+~ 2=2= " ,=1. Thus, we choose 1 =1 (ogany smaller positive
9

number) since this is the smaller of 711 and 2.

INSTRUCTOR USE ONLY

© Cengage Learning. All Rights Reserved.




NOT FOR SALE

92 ®  CHAPTER2LIMITS AND DERIVATIVES

7. - — ~ Fromthe graph with | = 02, we findthat =" 3 -3 + 4 = 58when
) o e =19774,502 — 11 = 19774 = 1 = 010226. Also,
:‘E """""""""""" : = 3-3 +4=062when =2022,s02+ 12 =20219 =
h . ' I2 = 00219. Thus, we choose | = 00219 (or any smaller positive
I\L 18 ;_* I a, 7 number) since this is the smaller of 1 and 2.
For! = 01,weget!1 = 00112 and !, = 0 0110, so we choose
= 0011 (or any smaller positive number).
8. : — From the graph with | = 05, wefindthat = (2 —1) = 15when
2.3 : =~ —0303, 50 11 = 0303. Also, = (2% —1) = 25when
S p = (215, s0 |, = 0'215. Thus, we choose | = 0215 (or any svdler
| : positive number) since this is the smaller of lyand ‘2.
_l"S’L =8 0 8, " For! = 01,weget!1 =0052and!, = 0048, sowe choose
= 0'048 (or any smaller positive number).
9. (a) 150 -
- LR PTTY
4 v = R (1) 1] —
- In{x— 1)
1 4
el 1) .
. ~dn " 2.0l 2002
The first graph of I :ln( - shows a vertical asymptote at 71 = 2. The second graph shows that 1= 100 when

~ 2'01 (more accurately, 2'01005). Thus, we choose | = 001 (or any smaller positive number).

(b) From part (a), we see that as "1 gets closer to 2 from the right, 71 increases without bound. In symbols,
1

Iim —— = oo,
—2+ln([ — 1)
. 1500~
10. We graph = csc® and = 500. The graphs intersect at ~ 3186, ® ™ [
. [REL
we choose | = 31186 — =~ 0044. Thus, if 071 | =7 |7 0044, "
.. 50
csc? 500. Similarly, for T = 1000, we get | = 3173 — =~ 0@l
o ]
a - 2w
| —_
1M.(@ " =" "2%2and " =1000 cm? = 2=1000 = ~ 2=1000 o= 1= 1 (170) = 1718412 cm.
(b) |~ — 1000] < 5= -5< 2-1000 < 5= 1000 — 5 < 2<1000 + 5=
— r_— -
r— r—
W << B > 177966 < | <17 8858, L0 %B % 004466 and 1095 — 2000 ~ () 04455, So

if the machinist gets the radius within 0'0445 cm of 17 8412, the area will be within 5 cm? of 1000.
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(c) istheradius, ( )isthearea, isthe target radius given in part (a), isthe target area (1000), ' is the tolerance in te
area (5), and !is the tolerance in the radius given in part(b).

2 )

— — !' Ny
122 =01 2+2155 +20and =200 = T =301 /
01" 2421155~ +20 =200 = [bythe quadratic formula @ 7 =200 /
from the graph] =~ ~ 330 watts (" ~ 0) T=19 /
325\ / : < 3E
(b) From the graph, 199 < <201 = 3289 33 11. 1498

(warts)
(c) ~ isthe input power, ~ () is the temperature, ~ is the target input power given in part (a), ~ is the target temperature (200),

is the tolerance in the temperature (1), and | is the tolerance in the power input in watts indicated in part (b) (0’11 watts).

o 01
13. @4 —8l=4] =2[71 01 < | =27 /S0 1= " = 0025,
0101 001
(b) 147 =8[=4] =2[71 001 < [ =27 7, " sol =, = 00025
4. |5 —7) —3[=1|5 —10 =[5 —2)|=5]" —2]. Wemusthave | ()—"|" 1,505 —2|1 =
" —2] 5. Thus,choose | = 5. For! =01, =002;for! =005, | =001; for =001, ! = 0002.
15. Given 71 710, we need 1 71 Osuch thatif0 = |~ — 3| 71 1, then 1 vt Ly
G+i)—2 1Bt a+i)-211 © L -11e e -~
"l . b
181 |71 = 3] 17« |1—3] 137 Soifwe choose 1 =37, then ot
0711 =31 > (1+%5)-2 - Thus, lim(1+ 5) = 2 by
[ 1] I—-6 3 1448 X
the definition of a limit.
16. Given 1 10, we need 1 1 0Osuchthatif0 ~ |7 — 4| 71 1, then 4 -
y=2—
[2T=5—=3] T1L.But|21=5-3"1" < [271=-8] 1 1< \ /
2] 71— 4] 171 < [71— 4] 7171712 So if we choose 1 = 71712, then I
. Y—g
01l —4l 11 =>1e1-5 -3 |- Thus, lim (2,71 — 5) = 3 by the
definition of a limit. .
i i
I 4 .s/"“u &
17. Given 71 10, weneed 1 T10suchthatifo ~ |~ — (=3)] 7171, then T Miate
............... L 13
[(1—=4T)—13] T 1L.But|1—47T)—13] 11 & I3—e¢
-4~ —12] < |—4|]|1+3] s | 1-(=3)] 4. Sive
choose 1=""4,then0”™ |71 —(=3)| => [(1—4")—13]
Thus, lim (1 — 47 ) =13 by the definition of a limit.
—-3
_=3 0 X
3-8 —3+38
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18. Given 71 710, weneed 1 1 0suchthatif0 1[I — (=2)| 71 71,then
|3~ +5) — (=1 CBUt |3 +5)— (=1 o
[371+6] 7T 1< 3] |1+2] 171< |1+2| 71 71713. So if we choose
I="1713,then0 1| +2] 11= [G1+5 — (=] 717 Thus,

lim 3~ + 5) = 1 by the definition of a limit.
-2

. . 2+ 4 2+ 4
19. Given 0,weneed1 1 Osuchthatifo 1 |1 — 1| , then 3 -2 . But 3 -2 =
=4y 141 i =3
3 11 < 171 -1717 < [71-1] ~ 3% .Soifwechoose 1 =2 g theno ~ [ —1] T =
2+ 41 2+ 4 . -
5 -2 . Thus, lim 5 = 2 by the definition of a limit.
I
20. Given1 ~ 0,weneed 1 7 Osuchthatifo 1 |1 — 10| ,then 3 —% — (—5) .But 3 — % — (-5 =
8—% 11 < -t | —101 s | =10 5I.SoifwechooseI = Y, then0 1 |1 — 10 LN
3-8 - (-5 . Thus, lim (3 — %) = —5 by the definition of a imt
2—271—8
21. Given1 ~ 0, weneed 1 1 Osuchthatif0 1 [ —4[7 1, then _g 611 e

=B _ _
-611 © | +2-06]1 [ 6=4 < | —4]/7 1.Sochoose | = 1. Then

1—4
L =4H +2 _
07 In —41 > =471 = |"+2-611 = . -6 11 [ 6=4 =
I_
2_, 5_6 .Bythedefinitionofalimit,linl4 2_5-_g=6.
| —4 ! | —4
9-4717
22, Given 1~ 0,weneed 7 7 Osuchthatifo 7 |* + 1'5] , then 342 -6 &
3+2)H)3 =2
( X )6 11 e [3—2 —6/11 [ -15 o |-2 -3/11 e |2/ +1511 o
3+ 2
|+ 1517 1m2. Sochoose | =""2.Then071 [ +15/11 = | + 15| 2 = |=2]| +15]1 =
2
o o | 8+2 )3=2") _ 19—4° _
[—271=3| = |3—-271-6] "1 310 6111 [ 15 = . 6
9—4°2
By the definition of a limit, lim — =5
—-—15 3+ 2 '
23. Given 1 10, weneed 71 10suchthatifo ~ | — ~| I I, then| 71— 7| " 1.So 1= "1will work.
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24. Given 71 10, weneed 7 T10suchthatifo = |7 — ~| 7 71,then|” —~ | 71 71.But|~ — " | =0, sothis will be true no nwhat
we pick.
_ _ ) ) Ve o
25. Given 1 ~ 0, weneed 1 1 Osuchthatifo1 [ — 0 , then -011 < 11 e | .Take 1 = " T.
Then0 71 |" —0] 1 = 20 . Thus, lim 2 = 0 by the definition of a limit. _
1 —
26. Given] - 0,weneed 1 1 Osuchthatifo] |© — 0| then "3-011 < |'F11 o || 5/.Take|:3\/.
Then0 71 |" —0] 1 = 30 7 1%=1.Thus, lim 3 = 0 by the definition of a limit.
|
27. Given 71 710, we need 77 1 Osuchthatifo 71| —0| 1 71,then | 1| —0 71 71.But | 1] =|71]. Sothisistrue if we pick =1.
Thus, h’mol 1| = 0 by the definition of a limit.
-
VAR VA
28. Given 71 71 0,weneed 1 71 0suchthatif0 71 71— (—6) 711, then 6+ 1—0 1T1.But 36+ 1—-07171 <
}/6+| 11 < 6+ 8 &  —(=6)7 18 Soifwe choose | =18 then0 (=0 1 =
Y 6+ —0 .m}/BT’:Obythe definition of a right-hand limit.
. —~—6
29. Given 1 10,weneed 1 10suchthatifo 1|71—2| 71 1,then " 12—471+5 —1 171 < R—41+471 1<
(1—2)% 7171 Sotake |:\/|_.Then0 |==2 771 & |1-2 I\/ I & (71— 2271 1.Thus,
I I
lim 72— 47+5 =1 by the definition of a limit.
1
30. Given 1710, weneed 1 10suchthatifo = [ —2] 71 71,then (12+27—=7)—1 71 1.But (1?+21-7)—1 <
2+27-8 1 < |71+4||71—=2] 7171 Thus our goal is to make | 71— 2| small enough so that its product with | 71+ 4
isless than = . Suppose we first require that |~ — 2| = 1. Then —1 -2 1= 1 3 = 5 +4 7=
" + 4|71 7,andthisgivesus 7| — 2|11 = | —2| 7. Choose | = min{1 "~ 7} Thenifo1 || —2| —we
have | 1—2] 1 1717and [ 1+4| 17,50 (P+21=7)—1=[C1+H(1=2)| =] T1+4][|1=2] 171717 = 7, as

desired. Thus, lim (" 2+2 _ 7) = 1 by the definition of a limit.
-2

31.Given 1710, we need 1 “10such thatif 0 71| — (=2)| 71 7, then I|2—1 |—3 | "1 or upon simplifying we need

12— 4 71 71 whenever 0 1[I~ +2| 71 1. Notice that if | 71+ 2| 711, then —1 +2 1= =571 71-21-3=

" —2|7 5.Sotake | = min{ 51} Then01 | +2[° 1 = [ —2]7 5and| + 2|7 5, SO

21 =3 =1 +2( =2l=1 +2[" =271 (1"5)(5)= 1. Thus, by the definition of alimit, lm ¢ *—1) 3
32. Given 71710, weneed 71 T10suchthatif0 |7 —2] 717, then =8 7T 1.Now B —-8= (1-2) I|2+2 |+4I

If |77 — 2] 1, thatis, 1 3,then "2+ 27 +4 71 32+ 23)+ 4=19 and so

3-8 =] =2 2+2 +4 19| —2|. Soifwetake | = min 1 79 »then 07 [ —21 =>

| 19 [T 3
3_g =| -2/ 2+2 +4 1 19 = 71. Thus, by the definition of a limit, lim, 1 = 8.
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33. Given! o, welet! =min 45 -0 [ =3 ,then| =3 2 = -2 -3 2 =
4774378 = | +3[7 8Aso| —-3[7g,50 -9 =] +3[] =3[7 85 =1 Thus lim 2.
34. From the figure, our choices for Tare 711 =3— 9 — 7Jand
— . >
2= 94+ —3.The largest possible choice for isthe minimum 9=
value of {11 12} thatis, | = minf11/ 12} = 12 = \/9 + 1 — 3.
9 J0=e
35. (&) The points of intersection in the graph are (" 112'6) and (" 213/4) - . 7 -
14
with "1 = 0'891 and "2 =~ 1'093. Thus, we can take | to be te /‘;
smallerof 1 — 1and , —1.So! =", —1 = 0093.
|// ' 2

1

(b) Solving ¥+ 71+1 =3+ 7] gives us two nonreal complex roots and one real root, which is

\/ 2 3
2 _
O = 216+108° +12 336+324~ +81 .Thus,' = -1
\/ 13
6216 +108 +12 Y336+324 +81 2
() Ifl = 04,then” ()= 1093272342 and | =" () —1 = 0093, which agrees with our answer in part (a).
36. 1. Guessing a value for Let 71 71 0 be given. We have to find anumber 7 7 0 such that | il I % | wang
0 —2| 71 71.But L h _1n-2l | 1. We find a positive constant |suchhi1
: =7 e— T POSILIVE 2 | =

1—=2 .

| 5 1171— 2| and we canmake ~ | 7 —2| 7 Tbytaking | 1—2| ' = 7 We restrict 1to lie in the interval

1217 | 1

1 1 1 1 1 1 1 1. .

—2 71 = 1 3501 1= 1= = - => ___ 71 _.So7 = _issuitable. Thus, we should
R 1717 =73 T 2 2 22 3
choose | = min {1 2 }.
2. Showing that | works  Given1 ~ Owelet| = min {1 2 }. If01 [ —2 Jthen| —2]7 1 = 1 3 =
1 1 . 1 1 1—2 1 . .
— 7~ (asinpartl). Also| 1—-2| " 21,50 | = =" 1,= - = 7). This shows that lim (1 =l =
|2|II§ part 1) =2 72 i L 2 V2T m (L1 >

. . . Vo
37. 1. Guessing a valuefor Given 7 710, we must find ] 7JOsuchthat | = 7 — | 7Twhenever0 71|7—" 1|1 7. But
I

VooV | -1 VooV

71— 1=+ |+\/ (from the hint). Now if we can find a positive constant | such t |+ 7 7 7then
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" = - ="

v |+\/| | | 71,and we take | 71— 7| | 1. We can find this number by restricting 71to lie in some interval
centeredat 7. If [ 1— [ 0 30, then =417 1= > 3717 ||?|:\/|I\/|_| 1j+\/fandso
— 1 — /7
| = 31+ Tisasuitable choice for the constant. So | 71— ~| | Y7+ 17T This suggests that wet
11
= min 71 71 +AZ
|5 I; J i |
2. Showing that = works  Given | 710, we let~ =min ‘! 94 " o fo L r =711 71, then
Ve 1 A LY
T=7lria = T4V 1:+ I'(asinpart1). Also | 71— | 1:+ SO
BNV N, - .
N - + . Therefore, - by the definition of alimit.
1+ .
|~ - I =/ v _2+ J = lim =
38. Suppose that lim 7 () = ~. Given | = 1 thereexists1 1 Osuchthat07 [~ 1 = 1 ()-— s
-0 2
— 57 7¢) 77+ % Foro 1 () =1,50177+% = 7% For— 0,7() =0,
S0 — ; 0 = | 17 This contradicts 7 17. Therefore, lim 7 () does not exist.
—0
39. Suppose that lim ~ (') = ~. Given | = ! thereexists1 1 Osuchthato” | | => [ ()-" | L Takeany dd
-0 2 2
1
number 1 with 0 7 |1 | .Then () =0,50]0—"|1n Hso~ <] | 3 Now take any irrational number | with
07 "7 1.Then (@) =1,s01 — | 17. Hence, 1 — 7 |1?, S0 |15This contradicts 1711 ,s0lim ~ () does not
2 )
exist.
40. First suppose that lim ~ (') = ~. Then, given 1 | Othereexists ™ 1 0sothato 1 |1 = [11 = [ (¢)—"|
it
Then™ —" 1 => 07 =" [11sol ¢)="1"1.Thus, lim ~()=".Also1 11 +1 =
07 " =71~ 780l (¢)="17 1. Hencem )= o
Now suppose lim () = Im ().Let] " Obegiven. Since Im ()= -,thereexists 11 7 0 so that
- - = * I
-1 > |[()—"| .Since lim " () = ", thereexists 12 7 0 so that +12 =
() —-"| . Let | bethesmallerofiiand1, Then01 || — |1 => 11 or + D
) —"1 . Hence, lim ~ (") = . So we have proved that lim " () = ~< lim ()= = I M.
— — I 1=
1 4 1 1 1
4. | 10,000 & (1 +3 e | +3l7 e | =31 —
a1+ 3)4 10,000 10,000 10
. I
42. Given 1 0, we need 1 71 0suchthat0 7 | +3 11 +3)* 717, Now—1 |
| = (1 + 34 Aad
(1 +3 L L [ L 1 . S0
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= + 3| .Sotake = 3/ . Theno + 3| = = (O +3)?

. 1
lim
--3 (1 + 3)*

I N E ?lOlG eaMll @w\/edlaay ai or dupﬁw pGSPWDEIE accessibnvN in plt. Y

= o0,
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43. Given[ [ 0 we need 0 so that In whenever 0 ;thatis, = = | whenever 0 . This
suggests that we take | =1 . If0 , then In In =l . By the definition of a limit, im In = = —oo.
0+
44. (a) Let1 be given. Since lim ~ (1) = oo, thereexists 117 Osuchthat01 |" = [~ 12 = ~(¢)I I +1—1.Since
Pt
lim ()= 1,thereexists 12 7 Osuchthat0 1 [" —"[71 12 = [ ()—=1711 = ~()11—1 Letbethe
o
smaller of 11 and 12. Then0 71 |7 — |1 > O+ ¢ +1=nH+d =1 =0 .Thus,

lim T-C)+ 7O = oo

(b) Letr 0 be given. Since }igl ()=170,thereexists 11 7 Osuchthato 7 [ —"[71 11 =
() =1l 2 = (O 2. Since lim (1) = oo, there exists 12 7 Osuchthat0 7 | —"[ = 12 =
()7 20t leti=mia{l X Theno 1|~ 111 = ()0 2—';: (S0 lim ()1 ()= o
(c) Let 0 be given. Since ].jtll ()=110,thereexists 11 7 Osuchthato 1 |7 —"[ 1 11 =
Fey—171 =112 = @) 2. Since lim () = oo, there exists 12 7| 0 such that 0 =171 =
(H:- 2 . (Note that 1 7 0 and 0 = 2 0.) Let| = min {1 "2} Then0O 1 [ —"| =

o2z s oy E L= soim ()i0) = —w.

2

2.5 Continuity

1. From Definition 1, lim ~ (") = ~ (4).
-4
2. The graph of 71 has no hole, jump, or vertical asymptote.
3. (a) isdiscontinuous at —4 since = (—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right
limits are not the same).

(b) s continuous from the leftat —2since lim " () = " (—2). iscontinuous from the right at 2 and 4 since
-2

1i1121 ()= @ and lim - y= (), Itiscontinuous from neither side at —4 since (—4) is undefined.
| —2% —4+
4. From the graph of *, we see that ~ is continuous on the intervals [-3 —2), (=2 —1),(—=1 0], (0 1), and (1 3].

5. The graph of =" () must have a discontinuity at 6. The graph of =" () must have discontinuities

= 2 and must show that hj; =0 at 1=—1and 71 = 4. It must show that

\ lim " ()= (-Dand lim "~ ()= (4.
——1 —a+

o .
N

>
\ 0 . X
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7. The graph of =" () must have a removable 8. The graph of = () must have a discontinuity
discontinuity (a hole) at | = 3 and a jump discontinuity at = —2with lim " ()6= (—2)and
at 1 =>5. o
W
/_//\ lim = () 6= (—2). It mustalso show that
-2
0 3 5 x lim ()= @ and Im () 1 Q.
| —2— —2+

9. (a) The toll is $7 between 7:00 Am and 10:00 Am and between 4:00 pPm and 7:00 pPM. !

¥

(b) The function 1 has jump discontinuities at = = 7, 10, 16, and 19. Their significance iIf =+ =

to someone who uses the road is that, because of the sudden jumps in the toll, they
{ -

may want to avoid the higher rates between = = 7and = = 10 and between ~ =16 o 710 ,}, 9 24 7

and -~ =19 if feasible.

10. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any instantaneous jumps

12,

from one temperature to another.

(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City increases,

without any instantaneous jumps.

(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump from one

height to another without going through all of the intermediate values —at a cliff, for example.
(d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments.

(e) Discontinuous; when the lights are switched on (or off), the current suddenly changes between 0 and some nonzero value,

without passing through all of the intermediate values. This is debatable, though, depending on your definition of current.
4

| 4
im ()= i 14273 "= " m 942 fm 3 :—1+2(—1)34:(—3)4:81: 1.
--1 --1 --1 --1
By the definition of continuity, 71is continuous at 1 = —1.
245  Lm(2+5) lim 2+ 5lim 22 +52) 14
lim () = Im = =2 = =2 —2 = _=1©.
-2 -2 2 +1 ImQ2 + 1) 2Tim - + lim 1 22) +1 5
—2 —2 —2
By the definition of continuity, 71is continuous at 7 = 2.
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J J I
13, lim " ()=1lm 2 32F1=21lim 32+1=2 lim@G2+1)=2 3lm 2+ lim 1
M -
—1 I — -1 —1 -1 -1
\/_ |
= 2301241 =2 4=4= (]

By the definition of continuity, 71is continuous at 1= 1.

‘/ lim ([ 2+ 4)
14. lim ~ () = lim 34-5 4+ 244 =3lim *—5lm &+

—2 —2 -2 1—2 1—2

S

24+ 4=48-10+2=40= (2)

= 3% —5(2) +

By the definition of continuity, 71is continuous at 7 = 2.

15. For 1 71 4, wehawe V Y
lim ()= lm( + —=#)=lm + lim —4 [Limit Law 1]
- = - R
I
=74+ lim —lim4 [8, 11, and 2]
- L
= |+\/|—4 [8and7]
=M
So " iscontinuous at = = - forevery " in (4! o, ). Also, lim ()=4= (4, so iscontinuous from the right at 4.
—4+
Thus, is continuous on [4 o).
16. For 71 71 —2, we have .
lim ([ 1) o
lim ()= lim 1=1 = ~ I— [Limit Law 5]
- -~ 3 46 lim 3 + 06)
N
= - —1 [21 and 3]
31lim 1+ lim 6
= .
_1-1
T 346 [8 and 7]
Thus, iscontinuousat. = forevery in(—oco —2);thatis, iscontinuouson (—oco —2).
1. . . . )
17. () = is discontinuous at = = _2 because ~ ( _2) is undefined.
| +2 N I
-“_ﬁ_‘
! if 16=
18 ()=1 — 1116572
r . B
1 if 1=-2 YTy =2
Here " (—2) = 1,but lim ~ ()= —occand lim ~ ()= oo, i—2. 1]

50 lifl,z (") does not exist and s discontinuous at —2. \ R
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19. ()= ,
2 if 17 —1 y
lim ()= lm ( +3)=—-1+3=2ad y=x+3
——1 --1
. o =
fim ()= lm 5 = 5-1=15Since the left-hand and the —
—11 0 x

right-hand limits of 7 at 1 are not equal, lim (") does not exist, and
—--1

| is discontinuous at —1.

T 6=t -
IT 1 6=
20 ()= -1 ‘J
1 if 1=1 i y=1

. 2- A (1—1 . | 1 : Ao x
lim ()= Im = lim =lim — = _, :
-1 -1 72-1 —~1 (T + D - -177+1 2
but -~ (1) = 1, so - isdiscontinous at 1 x=cl
[ cos if 0
2. ()= o if = VA
| ) >
1—"2 if 0
=TT
lim ()= 1but 0) =0=1,s0 isdiscontinuous at 0.
-0
2 _g5 _
r2°-5 =3 jf6=3 ‘ ¥
2 ()= =3 )
6 if 1=3 6y
2 _ _ —
lim ~ ()= Im 2 5 3 lim @ + 1 3L lim@2 1 +1) =7,
L R -1 1
-3 1—3 1—3 1—3 1—3 -3
. . / 0 3 X
but 1 (3) = 6, so 71 is discontinuous at 3.
P—1-2_d=2(1+19 . : ) .
23. ():72— 5 = +1for =2 Sincelim ()=2+1= 3, define (2) = 3. Then is
| — | — -2
continuous at 2.
P-8 (1 —=2(12%+27 +4 2427 +4 4+4 + 4
2. = = = for - = 2. Since lim = = 3, define 71 (2) = 3.
) 12— 4 (1-=2(1+2 | +2 -2 ) 242 @
Then 71 is continuous at 2.
25. 1() = 2% = 71 = lis g rational function, so it is continuous on its domain, (—oo  c0), by Theorem 5(b).
—r—
2241 2+1 . . . . . . .
2.7 (1) = = is a rational function, so it is continuous on its domain,
2712-"1-1 @1 +DC =)

—o0 =1 U =11 U@ o), by Theorem 50

IN S;I"’QI?@U"”CT@”PWU”SPE“““@"N”L Y
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\/ _ vy 2 Vv Voo
3_2=0=>"%=2=>" =%2,507(1) = .
13— 2 hasdomain —co’ 2 U *2 00 . Now 3 —2F
continuous everywhere by Theorem 5(a) and — 2 is continuous everywhere by Theorems 5(a), 7, and 9. Thus, is

continuous on its domain by part 5 of Theorem 4.

sin

The domain of = () = is (— oo’ o) since the denominator isnever 0 [cos |1 = =1 = 2+ cos |1 = 1]. By

2 + cos
Theorems 7 and 9, 1" '"and cos 1 "1are continuous on R. By part 1 of Theorem 4, 2+ cos 71 1is continuous on R and by part5 of

Theorem 4, 1 is continuous on R.

By Theorem 5(a), the polynomial 1 + 2 is continuous on R. By Theorem 7, the inverse trigonometric function arcsin is
continuous on its domain, [—1 1]. By Theorem 9, () = arcsin(1 + 2) is continuous on its domain, which is

{|l-1=<1+2 <1}={ |-—2=<2 <0}={|-1< =<0}=1[-129]

By Theorem 7, the trigonometric function tan 7 is continuous on its domain, 71| 716=,- + 171 . By Theorems 5(a), 7, and 9,
: : 2 _tan |
the composite function 3¢ ontinuous on its domain [~2 2. By part 5 of Theorem 4, - () = \/4 ~ s
continuous on its domain, (=2 — "2) U (=" "2 "2) U ( "2/2).
1 41, . 1
()= 1+7= is defined when >0=" +1=0and 0or~ +1<o0and 0= 0

or < —1,s0 hasdomain (—c0 —1] U (0 o). [ isthe composite of a root function and a rational function, so ité

continuous at every number in its domain by Theorems 7 and 9.

2 2
By Theorems 7 and 9, the composite function 7-' is continuous on R. By part 1 of Theorem 4, 1+ ~='' is continuous on RBy

Theorem 7, the inverse trigonometric function tan—! is continuous on its domain, R. By Theorem 9, the composite

. 2 . . .
function = (1) = tan= 1+ |- is continuous on its domain, R.

. 1
The function "I = s discontinuous at 71 = 0 because the 3
1+~ 1n 4 ]
left- and right-hand limits at 7] = 0 are different. A~
_4 4
\ J
-1
The function 71 = tan? 1 is discontinuous at 1 =L+ 7171, where "1is 6
any integer. The function 71 =1n tan? 7 isalso discontinuous
where tan? s 0, thatis, at 7= 77.S0 1=Intan?® 7 is
discontinuous at "1 =% 1, 71 any integer.
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Because 71 is continuous on R and 20 — —J2is continuous on its domain, — 20 < 7] < 20, the product

_ V
()=" 20— Ziscontinuouson — 20 < < 20. The number 2 is in that domain, so is continuous at 2, and

lim ()= (2 =2 t6=28.
-2

Because 1 is continuous on R, sin 7 is continuous on R, and 1+ sin 1 is continuous on R, the composite function
() = sin( + sin ) iscontinuouson R,s0 lim ~ () = ~ (") = sin(C +sin ") = sin = = 0.

2

The function ™ () = In " is continuous throughout its domain because it is the composite of a logarithm function

1+ 71
5—- 712
and a rational function. For the domain of -], we must have 1 0, so the numerator and denominator must have the
v_ Vi
same sign, that is, the domain is (—co —~ 5JU (—1 5]. The number 1 is in that domain, so is continuous at 1, and
. 5-1
lim ()= (1) =1l =In2
-1 1+1

v

The function™ () = 3 =2 ~4js continuous throughout its domain because it is the composite of an exponential function, a

root function, and a polynomial. Its domain is

17 17
1| 1?P=271—4=20 = 7| 1?=27+1=25 = | (1—-12=5

J v v
= " =1>= 5 =(-0 1= 5JU[l+ 5 )

The number 4 is in that domain, so  is continuous at 4, and lim ()= (4) =3
—4

1- 12 if 11
)=
In 1 if 1711

By Theorem 5, since ~ (") equals the polynomial 1 — 2 on (—oco 1], is continuous on (—oo 1}

By Theorem 7, since ~ (") equals the logarithm function In = on (1' o), is continuous on (1 o9

At 1=1lim ()= lm (1 - 3=1-12=0ad im ()= m In =In1= 0. Thus, lim () exists and
— — -1

1- —1- 1+ 1 —1+
equals 0. Also, (1) = 1 — 12 = 0. Thus, is continuous at~ = 1. We conclude that is continuous on (—co o).
sin if 4
)=
cos | if 1= 14

By Theorem 7, the trigonometric functions are continuous. Since ~ (1) = sin ~on (=o' "4) and “(7) = cos ~ On

("4 o0), liscontinuous on (—oo' Il "4) U( 4 oo) lim ()= lim sin® =sin =1 Zsince thesine
- 4 -( 4
| 1~ o ) )
function is continuous at - 4| Similarly,  lim ()= lim cos =1 2bycontinuity of the cosine function
=Gt 1 —(id)t

at 1714. Thus, lim (") exists and equals 1 2, which agrees with the value (  4). Therefore, is continuous at 4,
- 4
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r 2 if -1
y
4. ():II if —1< 1
1717 if1=1

is continuous on (—oo —1), (—1 1), and (1 o), where it is a polynomial, a
il, 1)

polynomial, and a rational function, respectively. =1, 1)

Now lim ()= lm ?=1andlim ()= lim -=_1
-1 -1 - - ’ - '
so isdiscontinuous at _1. Since (_1) = _1, is continuous from the right at - Also, lim ()= lim " =1and
—-1- 1—1
1
im ()= lim =1= (1), so iscontinuous at 1.
—1* —1*

=

o~
=)
=

is continuous on (—co 1), (1 4), and (4 oo), where it is an exponential, a
polynomial, and a root function, respectively.

Now lim ~ ()= lim 2 =2and lim " (/)= lim (3 _ )= 2 Since (1) = 2 we have continuity at 1. Also,
—1- —1- —1* —-1* J

lim ()= lm 33— )=—-1="(# and m ()= Im “1=2,50 isdiscontinuous at 4, but it is continuous

—4- —4- | —4t —4+
from the left at 4.

I +2 if 0 W L€l
4. ()= 1 ifos <1 0

is continuous on (—oo 0) and (1 o) since on each of these intenals it

is a polynomial; it is continuous on (O 1) since it is an exponential.

Now lim ~ (1) = lim ( + 2)= 2and I ()= Im 1" =1,s0 "lisdiscontinuous at 0. Since “1(0) =1, 1is
1—0~ -0~ 1 —0+ -0+
continuous from the right at 0. Also lim ()= lim = andlm ()= lim 2 _ y=1 50 isdiscontinuous
-1~ 1—1- —1* —1*
at 1. Since "1 (1) = 71, "1 is continuous from the left at 1.

44. By Theorem 5, each piece of 7 is continuous on its domain. We need to check for continuity at 1= "1
lim 1 ()= lim s I (1) = lm e , SO lim |():I : .Since 1 (") = ! ,

lim

_ . .3 2 . o4 2 2 2 2

| is continuous at 1. Therefore, 71is a continuous function of 1.

1712 [
5. ()= +2 if 2

13— if 1>2

is continuous on (_ o' 2)and 2/ o). Now lLim ~ () = lim ! 1712+ 271 |:4 | +4 and
-2~ 1 =2
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‘ . I
hf; )= hf; 13— =8—271.S0 iscontinuous < 4 +4 =8—-2 < 6 =4< =2 Thus, forl
' ' | | | -
to be continuous on (—oo o), | = 3.
2
[ —4 if 1712
| =2
)=
2—"" 43 if2< 7173
I
-+ i >
271-1 |f|_?2_4 |+ o] — 2
At =20 lim ()= lim = lim =lim (1 +2) =242 =4
—2- 1 —2— 1—=2 | —2- 1—2 —-2-
lim ()= lim ("2_""+3)=4 _21+3
1 =2+ —2*

We must have 4° — 27 +3=4,0r4" - 271=1 (1).

At 1=3 lm ()= lm (- %_ +3)=9 _3 +3
1—3~ =3~
' [
lim " ()= lim 2 _ + )=6_"+
1 —3+ -3

Wemusthave 91— 31+3=6— "1+ ,or1071- 471=3 (2).

Now solve the system of equations by adding —2 times equation (1) to equation (2).

—8 +4- =-2
104 =3
2 = 1
So- = 1T Substituting 1Tfor in(1) givesus —2! = —1,s0 = ;as well. Thus, for ~ to be continuous on (—oo' c0),

NI

If ~ and ~ arecontinuousand (2) = 6,thenlim[3 ( )+l () ()] =36 L
-2

3lim )+ lim () dim () =36 > 3@+ Q@ 6=36 > 9 Q=3 > Q=4

1 1
@ ()= Tand ()=",,50C e )()= ((N="(1"H=1(1"%="2

(b) The domain of o isthe set of numberis in the domain of  (all Inonzero reals) such that ( ) isinthe domain of  @oall

nonzero reals). Thus, the domain is = Opand 1_ 0 ={ | =0}or(-c0 0) UWO. o). Since - o is
2
|
the composite of two rational functions, it is continuous throughout its domain; that is, everywhere except 7= 0.
4_ 1241521 1241 +1)(h — 1
@ ()= -1 = =D = X X ):(|2+1)(|+1)[or|3 +72 4+ 1+1]

-1 | —1 | =1

for ~ = 1. The discontinuity is removableand " (') = "+ 2+ ~ + 1 agrees with for = 6= 1 and is continuous on R

3_ =2 _ 2_ — ( _:)( ])
B ()=— I_IZZ = <|_2 2 = |_2+ =7( +1) [or T+ 7]for 71 6= 2. The discontinuity

isremovableand (') = 2+ agreeswith for = 2and is continuous on R.

(€ lim ()= lim [sin ]= Jm 0=0and lim ()= lim [sin |= Ih‘m (—1) = —1,s0 lim ~ (") does not

R + o+
1 =1

exist. The discontinuity at 71 = 71 is a jump discontinuity.
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0 .25 1 x

0} 0.25 y . =~ . -
| does notlsatisfy the conclusion of the | does satisfy the conclusion of the
Intermediate Value Theorem. Intermediate Value Theorem.

()= 2+ 10sin " iscontinuous on the interval [31 32], ~ (31) = 957, and ~ (32) =~ 1030. Since 957 7 1000 T 1B

there is a number c in (31 32) such that- () = 1000 by the Intermediate Value Theorem. Note: There is also a number ¢ in

(=32 —31) such that () = 1000

Suppose that (3) ' 6. By the Intermediate Value Theorem applied to the continuous function  on the closed interval [2 3],
thefactthat (2) =8 ' 6and (3) ' ¢ implies that there is a number I in (2 3) suchthat () = 6. This contradicts the fthat
the only solutions of the equation ( ) = 6are = 1and = 4. Hence, our supposition that (3) ~ 6 was incorrect. tfollows

that (3) = 6. But (3) 6= 6 because the only solutionsof () =c6are = 1and = 4. Therefore, (3) ' 6.

()= "%+ —3iscontinuous ontheinterval [1' 2]~ (1) = —1,and " (2) = 15. Since —1 1 07 15, there is a nurmin
(1 2)such that™ () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation "4+ = —3 = 0 inthe
interval (1 2)

The equationln ™~ =~ — V- is equivalent to the equationln = — = + =0. ()=Iln" — +  Tiscontinuous on the

- -
interval [2 3], (2)=1ln2-2+4+ 2=0107,and (3) =ln3 -3+ 3~ —0169. Since (2) 1 0 (3), there a

number I in (2' 3) such that” () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

In - — + =00l = - intheinterval 2 3).

The equation | = 3 — 2" is equivalent to the equation 1 +2° —3 =0. () =1 + 2  — 3 is continuous on the ir&d [0
1, ©) = —2,and (1) = | —1 =~ 172 Since =27 01 1 — 1, there is a number | in (0 1) such that™ () = 0 hyte
Intermediate Value Theorem. Thus, there is a root of the equation | +2° —3 =0,0r I =3 — 2, intheinterval (O 1).

The equation sin ~ = ~2 — ~ is equivalent to the equation sin ~ — "2+ ~ = 0. () =sin = — 2+  is continuous o®
interval [1 2]/~ (1) =sin1 ~084,and” (2) =sin2—2 =~ —1/09. Sincesin1 1 0 sin 2 — 2, there is a number | in (1

2) such that ~ (1) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation sin = — "2 + = = 0, or sin

= 2 —"intheinterval (1 2).

(@ () = cos — 2 iscontinuous on the interval [0' 1], *©) = 17 0,and (1) = cos1 —1 = —0'46 7 0. Since

17 07 —0'46, thereisanumber | in (O 1) suchthat () = 0 by the Intermediate Value Theorem. Thus, there is a mof

the equation cos = — % =0, orcos = = "3, inthe interval (0" 1).
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(b) " (0'86) = 0016 7 0Oand " (087) = —0'014 7 0, so there is a root between 0'86 and 087, that is, in the interval
(086 0'87).

(@ ()=1In" —3+2 iscontinuous on theinterval [1 2], (1) = —17 0,and” 2) = In2+ 1 =177 0. Since
—17 07 117, thereisanumber 1in (1 2) suchthat™ () = 0 by the Intermediate Value Theorem. Thus, there is a rootd
theequationln = =3+ 2 = 0,0rln " =3 —2",intheinterval (1 2).

(b) "(17349) = =003 7 0Oand " (135 =~ 00001 T 0, so there is a root between 134 and 135 that is, ink

interval (1 34 1 35).

(a) Let” () = 1001= 100 — 001" 2| Then" (0) = 100 1 0 and

0

(100) = 1001~ — 100 = —63'2 7 0. So by the Intermediate

Value Theorem, there is a number | in (0' 100) suchthat () = 0 T

This implies that 1001- %% = 010112,

(b) Using the intersect feature of the graphing device, we find that the

root of the equation is ~ = 70347, correct to three decimal places.

(@) Let” () = arctan  + —1.Then (0) = —1 7 Oand

I(1) = -, 0.Sobythe Intermediate Value Theorem, there isa 3

-
\ l\ V = arctanx
number | in (0’ 1) such that () = 0. This implies that ’

-45 4.5
arctan | =1 — "I
(b) Using the intersect feature of the graphing device, we find that the L

-3

root of the equation is = = 0520, correct to three decimal places.

Let () =sin S Then iscontinuous on [1 2] since isthe composite of the sine function and the cubing function, both

of which are continuous on R. The zeros of the sine are at 717, o we note that 0 71 137 727 718 713r, and thatte

pertinent cube roots are related by 1 7 3 % [call this value ~ ] 71 2. [By observation, we might notice that = = X‘/_and

= 2 arezerosof .]
Now (1) =sin17 0, ()=sin% = —17 0,and"(2) = sin8 , 0. Applying the Intermediate Value Theorem on

[t Tjandthenon| 2], we see there are numbers | and in(1  )and ( 2) suchthat ()= () = 0. Thus,

laleast two -intercepts in (1 2).

Let ()= 2-3+4+1 ".Then iscontinuouson (0 2] since is arational function whose domain is (0' c0). By

inspection, weseethat 7z% =4~ 0, 17(1)=—1" 0,and 1(2) = * 3 0. Appling the Intermediate Value Theorem @
I
#11 and thenon [1 2], we see there are numbers | and™ in E 1 and (1 2)suchthat () =" () = 0. Thus,

ldeast two™ -intercepts in (O 2).
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63. (=) If iscontinuous at” , then by Theorem 8 with™ ( ) =~ + ", we have
lim “(1+ )= Iim ¢ +°) = ().
1 —0 | —0
(«) Let1 7 0. Since lim ~ (1 + ") = ~ ("), there exists 1 | 0 such that 0 I ["[11 =
Pt
@+ )y="Ol71 1.Soifo7 |7 =117 1,then| ()= "MI=1C+C =) — Bl Thus,

lim ()= (')andso iscontinuous at .

64. lim sin(" + 7 ) = lim (sin 7cos 1+ cos Isin” ) = lim (sin 7T cos = )+ lim (cos T[sin7 )
-0 -0 -0 ~0
| 1 1 | 1 |

= limsin | limcos | + limcos | limsin | =(in )(1)+ (cos )(0) =sin |
1—0 1 —0 1 —0 1—0

65. As in the previous exercise, we must show that lim cos(1 + ) = cos "1 to prove that the cosine function is continuous.
-0

lirnocos( + ) =lim 0(cos | cos 1 —sin TIsin ") = ling (cos lcos ") — lign (sin Tsin )
| 11 | | 11 |
= lim cos 7 limcos 1 — limsin 7 lim sin - = (cos ~)(1) — (sin " )(0) = cos |
) ;| —0 , —0 ,—0

66. (a) Since iscontinuousat ,lim () = (I). Thus, using the Constant Multiple Law of Limits, we have
lim (11)C)=lim 11¢C)=11m ~ )= 11C) = (11)(). Therefore, 11 is continuous at
= 1= -
(b) Since and arecontinuous at” , lim~ () =" ()andlim~ () =" (). Since’ ( ) = 0, we can use the Quotient Law
- =

of Limits: | O im0 ) . Thus, 'is continuous at .

© , - - 1 - [
lim ~ ()= lim ()

I I ()} :]ﬁ: ():

67. 0 if " isrational

= A i i . - - ] . 3 3 +
) Lif 1 isirrational ' continuous nowhere. For, given any number - and any 0, the interval ( )

contains both infinitely many rational and infinitely many irrational numbers. Since “ (/) = 0 or 1, there are infinitely many

numbers - with0 7 |- — [ 7 7and |- () — (DI = 1. Thus, lim - (7) 6= - ())). [In fact, lim - (7) does not easd
68. 0 if " isrational )
()= i 1 s irrational is continuous at 0. To see why, note that —[-| < “(7) < | |, so by the Squeeze Theorem
lim “ (') = 0= "(0). But" iscontinuous nowhere else. Forif " g 0and1 1 0, theinterval ( [ + 1) contains both

-0
infinitely many rational and infinitely many irrational numbers. Since (1) = 0 or ", there are infinitely many numbers = with

071 1 =711 71and| () —="Ol Hz.Thus,llirE () 6=".

69. If there is such a number, it satisfies the equation ~ 3+1 =7 < - 3 =71 +1 = 0. Let the left-hand side of this equation e

called " ("). Now (=2)= =57 0,and (—=1) = 17 0. Note also that™ ( ) is a polynomial, and thus continuous. So byl

Intermediate Value Theorem, there is a number | between —2 and —1 suchthat” () = 0, sothat | =13+ 1.
70. + =0 = “(%+ —2+1(3%+22—1) =0.Let () denote the left side of the last
B+2712—-1 B+ 7 -2
equation. Since " is continuous on [—1 1], "(—1) = —4 0,and "(1) = 271 10, thereexistsa | in (—1' 1) such that
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(1) = 0 by the Intermediate Value Theorem. Note that the only root of either denominator that isin (=1 1) is

(—1+ 35)2=1,but ()=@ \/5—9) 2 6= 0. Thus, | is not a root of either denominator, so" ()=0 =

| = 1isaroot of the given equation.

71. " () = *sin(1 ") is continuous on (—oo 0) U (0 oo) since it is the product of a polynomial and a composite of a

trigonometric function and a rational function. Now since —1 < sin(1 17) <1, we have — " < Psin(1 1) < . Beage

lim (= % =0 and lim ~ # = 0, the Squeeze Theorem gives us lim (* *sin(1~ ")) = 0, which equals 7 (0). Thus, 7is
-0 -0 -0

continuous at 0 and, hence, on (—oo o).

72. (@) lim 7 (7)=0and lim "1(7)=0,s0 lim (1) =0, whichis 71(0), and hence 1 is continuous at 1= 1if 1=0. &
—0* -0~ -0
! I0,11'm (M) = lim = I="1(n.For 71 10,lim 71 () =lim (=) =—"= 7(). Thus, |is continuous &

| = 71; that is, continuous everywhere.

(b) Assume that s continuous on the interval 1. Then for = €1, lim | ()| = "lim ~ () = | (1)l by Theorem8. (If &
1= =
an endpoint of 1, use the appropriate one-sided limit.) So | 71| is continuous on 1
| .
1 if =0
(c) No, the converse is false. For example, the function ~ (*) = is not continuous at - = 0, but [()]=1 is
-1 if 170

continuous on R.

73. Define (1) to be the monk’s distance from the monastery, as a function of time = (in hours), on the first day, and define ()

to be his distance from the monastery, as a function of time, on the second day. Let  be the distance from the monastery to

the top of the mountain. From the given information we know that 71(0) = 0, I(12) = 7, 7(0) = land 71(12) = 0. Nw
consider the function 71—, which is clearly continuous. We calculate that ¢ =1 )©0) =4 and( -1 )(12) =1
So by the Intermediate Value Theorem, there must be some time o between 0 and 12 suchthat ( — )(0) =0 <

(lo) = " (lo). So at time "o after 7:00 AM, the monk will be at the same place on both days.

2.6 Limits at Infinity; Horizontal Asymptotes

1. (a) As~ becomes large, the values of ~ (") approach 5.
(b) As = becomes large negative, the values of = () approach 3.
2. (a) The graph of a function can intersect a The graph of a function can intersect a horizontal asymptote.
vertical asymptote in the sense that it can It can even intersect its horizontal asy;m tote an infinite

meet but not cross it. number of times.
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(b) The graph of a function can have 0, 1, or 2 horizontal asymptotes. Representative examples are shown.

. T :

- H—.:
\ w
No horizontal asymptote One horizontal asymptote Two horizontal asymptotes
3@ lim ()= -2 (b) lim ()=2 (©) lim () = oo
— 00 ——00 -1
(d) Iim ()= _s (e) Vertical: =1, = 3;horizontal: = _2, =2
-3
4. () lim () =2 (b) lm ()= -1 (© lim " ()= -
— 00 ——00 -0
() lirnz ()= -~ () lirrzl ()= (f) Vertical: = =0, = 2;
1 — - 2+
horizontal: 1= -1, 71=2
5. lim ~ (1) = —oo, 6. lim ()=o00, lim ()= o9 7. lim ()= —o00, lim ()= oo,
+ 1
-0 ~2 —~-2 -2 — o0
lim ~ () =5 lim ()= —c, lLm ~@y)=nq lim ~()=0  lim ()= o
——o00 o I —— o0 ——o00 | —0+ !
lim ()= _5 lim ()=0, (0 =0 lim -~ () = —co
—~o0 ~oo . | —o-
v=75§ ¥ X 2 ’

S 7

0 v )

8 lim () =3, 9. '0)=3, lim ()=4 0. lim ()=-0, lm ()=2

— 0 ~0— -3 — 00

lim =y = oo, lim () =2 1 0)=0, Tiseven

1—=2- | —0+

lim ~ ()= —oo, lim ()= —0, lm =)= —o0, x=-3 4 ix=2

| =2+ ——00 —4- y=2

I is odd . _ : _ :
lim = &y lim =3 !
|l4+ ) ® 1”°° « \ \ /,.

[ g =3
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M. If ()= 22, thenacalculator gives (0) = 0, (1) = 05, (2) =1, (3) = 1125, "(4) =1, (5) = 0778125,
(6) = 015625, *(7) = 013828125, " (8) = 025, " (9) = 0158203125,  (10) = 0'09765625, (20) ~ 000038147,

(50) = 212204 X 10-%2, - (100) = 7:8886 X 10-?7. Itappearsthat lim 22 = 0.

| —~

12. (a) Fromagraphof * (') = (1 _2 ") inawindow of [0’ 10,000] by [0’ 0 2], we estimate that lim ~ ( ) = 0 14

(to two decimal places.)
(b) From the table, we estimate that lim ~ (") = 071353 (to four decimal places.)

O
10,000 | 0 135 308

100,000 | 07135 333
1,000,000 | 07135 335

B im  22-7 = im Q-7 [Divide both the numerator and denominator by 712
~05 247 —3 —o0 (57 247 =3 "2 (the highest power of 7 that appears in the denominator)]
lim 2 _77 73
= i = [Limit Law 5]
limG+1 3 2
lim 2 = lim (77 7 9 [Limit Laws 1 and 2]

lim 5+ lim (1@ ') — lim 3 ' 2
1
2_ 7lm (1772
= — T TR T [Limit Laws 7 and 3]

| — oo

_2- 70
5 0+ 3(0) [Theorem 2.6.5]

_2
5

[
: 3 3
14, im 91°+81 —4 =7 'l 9 *+8 —4 [Limit Law 11]
- 3—5 +°38 3—-5 + 3

= lim 9+8 "2—4"3 [Divide by 1°]

11 11
~o3  3-5 241

lim (9+ 8 _4773
- h?noo(fi 3_5 - Z+1) [Limit Law 5]

m 9+ hm (8 2) — Im &9

lim 37 13— lim (57 13+ liml
I —e [Limit Laws 1 and 2]

| — oo I — o0
| — oo | — o | — o

[ - kel [Limit Laws 7 and 3]
g (lim™ =3 ]%fiﬂgolim O¥F1

9+80) = 40

- 280 40 [Theorem 2.6.5]
3(0) — 5(0) + 1

= - = 2 =3
1
© Cengage Learning. All Rights Reserved.
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

NOT FOR SALE
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- _ _ lim 3 — 2 lim 1 _
lim3 2=1im(3 2 =]im312 = _'1°° =3=20_3
1 N - T
—~0 27 +1 o (27 + ) 0 24 lim 2 + lim 24+ 0 2
lim 1= 1% = lim 1-— B = im 1T1I1¥—111
—~00 " 3— +1 aoc( 3 +I) 3 -0 1 — 1 241 3
lim 177% — lim 17 0 0
= - | — 0 = =
lim1—1lim 17 72+ 1lim 1773 1-0+0
— 00 I — oo — o0
2 2 im 17" —2km 1772
lim  1-2 = lim (1=27T1  =lm 11 -4 - == —me 0= 200
——w 241 ——c0 (7 24 1) 2 ——o 1+ 17P lim 1+ lim 1--2 140
im 47°+67°-2 —jim @ %+6°%-2 "% —jy 4+6 " —2° _40-0_,
——® 27 3— 4" 45 ——0 (273—47 +5 "3 ~—w2—4" " 2+4+5°3 2-0+0
Vo 2
+ =+ 1113241 0+ 1
lim , = lim 5= lim = =—1
—o 20— —oo (27 =) —oo 27— 0-1
) \/ . \/ 32 . 1 12 1 _ 0 1 = 1
lim 3 ,— _ = lim 3 2 _ 3 p— lim 12 1 32 - ==
2 I 3]
— oo +3 =5 —e(2 +3 =51 - 2+ T -5 2+0-0 2
lim (212+1)? - lim @ 2+1pF 4 - fim (27 2+ 17 71?2
—eo (1T =12(12+7) —e[(C =122+ —o [(12=27 + DT T[22+ 7)1 77
2+117 13?2 2 + 0)2
= @+1119 . exor
—o(1=27 7 +1" " Y1+177) (1 =0+ 0)(1 +0)
12 2= -2 1 ; \/
Jim, /= lim, , L = [lim, [since = |4f0r 1 710]
4+1 |41+1 | 2 . ( 4 4 1) 4
= lim 31 = =1
o 1+1I La 1+0
1+ 6 L
o J lm | TETTT VA
lim " 1+4 6 = lim 4 8 -~ [since - 3= ““8for | | 0]
| _
g —————— e ———————— lim@2 3 1
! 2 — |3 ! (2 3)||3 Im( )
T
lim 1 64 lim (1 & + lim 4
T TIm @ 9 —ImT 0-1
Vo e
o+ 2
\/ \/ 3 6 6
1+ 4- 6 1+ 476 lim — (1+4 \/
| 1
lim = lim ————— L i 3—_  Gfor 0]
_ o 5 since
Sl 2-— 3 ——c0 2—PT3 = — =1 [
|
lim — 1 6+4 - Il (1 9+ lm4
2lim

g © Cengage Learniné} Allsﬂ?l“ghts Reserved.
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| T
25, i i li Mz S [since 1 = V724
. lim ——— = lim = > i -
T TH ST e @) m 10 ) #for 1710]
|
B — T y y
lim 1 +3 lim (1 )+ lim3 0+3 3
=__ - = T4 -0 -~ _ -
Tim 4 — Tm (1° ) = 4 Ty
2% fm 3T gy OO gy, 1430
- 4 =1 e (@47—=DT] -4 —1
=oosincel+3 | —oand4 —1 171 — 4as |1 — oo,
N—, 1 e | v o, 2 ,
V3 ; | 9 24+ 9+ 143 | J92 -6
. _ _ | |
a im, TEEI-T Tam | I\/I() 2 43 _l,linm 9 2+ +3
9 f+ ) =92 | 17 1
= lm \/ 2 3 = lim \/ b |
- 9 4+ + 1~ 9 4+ 43 1
1 1 1 1
= lim = lim = _= =
o 9 2 24 2+3 —c  9+1 +3 93 3+3 6

28. lim 4 +3 +2 = lim 4 +37 +1
T B 47243 =2 o
|
4243 —(2 ) 3 |
= lim = lim
e 2 —— o/
4E3 - TS 2
= lim Y = lim [since =_ 5
~—e 47243 -2 o 4+3 =2 | for
3 3
= —vf: —
-2 4
— 4+ 0
W v W v
v v 12+ - %+ 12+ + 2+
2. lim, Pt 1T 2E 0 im , , 2t A
(v + )—(v + ) [(C =01
. : I
= lim = Him
e e Y v, VA
—_— 2+ + [

= lim | — _ _
— R T4 e T Vases Vieo s 2

J J
30. For 0, 241 2="_,S0as "~ — oo, we have 241 — oo, thatis, im® ~ 2+1 = .

lim

31 i 4_ 3 2 =
a8 fm - © éenérage Learning. All Rights Reserved.
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divide by .
the = lim 2
highest - 1
power
| — o0 3_ +2 —eo (= +2 3 of inthe denominator 1 1 249 3= @
since the numerator increases without bound and the denominator approaches 1 as 1 — co.
32. lim (1= +2cos3 )doesnotexist. lim |- = 0, but lim (2 cos 3 ) does not exist because the values of 2 cos 3

— 00 — o0 — 00

oscillate between the values of —2 and 2 infinitely often, so the given limit does not exist.
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| [
. _ 1
8. lm (1 Z+27 7 = I 97 — 42 [factor out the largest power of = —co because {— —co and

117742 - 2as 1 — —oo.

Or: lim 24277 =lim 2 1+2 5 = —co.
| 4 2
1+ 6 4 L . 11717+ 71
34, lim = lim 1+ 6) divide by the highest power = lim - 00
oo 41 —meo (44D 4 of inthe denominator .o 1+ 1 4

since the numerator increases without bound and the denominator approaches 1as | — —oo.

35. Let =] .As" — o0, — 00, lim arctan(] ) = lim arctan =21 by (3).
— 00 — o0 2
3 3 _-3 1 — 6 1-— Q

ivi i i = I = =1

36. Divide numerator and denominator by m, 34 3 o1+ -6 1+0
1-1 ap 17 -1 0—1 1

37. lim = lim = lim — —

—o 14 2] 1—oo (1 + 21"y —0 177 42 0+ 2 2

1n2
38. Since 0 <sin? < 1,wehave0 < st < 1 . We know that lim 0 = 0and lim
| 2 =2
| +1 | +1 — 00 - +1

= 0, so by the Squeeze

2
Theorem, im 310" 1 =0,
—0 1241

39. Since —1 < cos < 1land|-2 0, wehave —1-2 < 1-2 cos < 1-2 .We know that lim G -2y = 0and
tm

lim 1-2 = 0, so by the Squeeze Theorem, lim (1-2 cos ") =0
40.Let =In  .As— 0%, — —co - lim tan~'(In[) = lim go-1 - = — ~py (4).
.0+ — — 00

- 1
Mlmnl +12 —ln(l + 1) =Mmbh 1+ 2=l py 1+ 2 =l gy + 7T = oo sincethe limitin
— o0 — 00 1+ —o0 1+ "
parentheses is co. ~eo =41
2+ o 2 1 _ 1o,
mn@+ )= ln(l + 1) =lim In = lim In =l =hil=
1 1 1
42, | : ——
e e 14 o 1 41 1
43. (a) (i) lim ()= lim — =0since” — 0*andln~ — —oc0as~ — 0%,
o+ -0+ In
(i) lim ()= lm = — _gnce |— 1andln 1—0-as |— 1-.
—1- -1~ In
(i) m ()= lm =oosince — landln — 0"as — 17
| =1+ —~1+1ln
(b)
)
10,000 10857
100,000 86859 | — -
1,000,000 | 72,3824 ©'CERFEY A idfning ) All Rights Reserved.
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2 1 .
. _ 2 1 _ e Tl
M. () lim ()= lim_ ” 0 ) UE
5+ i
2 1 i
4 | E
since. — Oand —~0a — oo, iv=1
ooz 1
(b) lim ()= Im 2_1—1 = 00 : x Inx
| —0+ 1 —0+ n
L2 1
since™ —o and™ — 0as -~ — 0*
| In1
. .2 -2 1 _
() ,13{5 )= .hjri* “n = oo since = — 2and - pra — 1.
. 2 i
@lm ()= £ 1 osince?~ 2and~ w0 as — 1%,
| —1+ | —1+ In In
]
45, (a) ""T (b)
)
{ —10,000 | —0499 962 5
—100,000 [ —0'499 996 2
1
—1,000,000 | —0-499 999 6

From the graph of * (') = N/WJF e From the table, we estimate the limit to be —0 5.

estimate the value of lim - -y to pe —0'5.

—— 00

N l_, L,
c) lim \/—rz—,— - W l_ T 1Fr-1 . _12++1 =
() o0 + +1+ — hrn 2+ |+1+ - - ]_erioo \/
T 12+ 7+1 - 12+ 71+1 —
( + 11 \ 1+ (1 )
= lim = lim
e 24+ 41— ) ——e — 1+(1771)+(1771?)—1
1

V—
Note that for | 710, we have ~ -j2= || = — ], so when we divide the radical by 7, with 7 710, we get
I
1. -
Demrr L) ol e @ )
46. (a) r (b)
N .
10,000 | 1443 39
J 100,000 | 1:443 38
o\ 100 1,000,000 | 1:443 38
1.4
From the table, we estimate (to four decimal
From the graph of o
grap places) the limit to be 1'4434.

V.

()= 32+8 +6— 3 2+3 + 1, wedime
© Cengage Learning. All Rights Reserved.
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171
2+ +6 — 2+ + 2+ +6+ 2+ +
lm @) = m 312+ 871+6 3712+ 371+1 3712+ 87146+ 3712+ 37 +1
C
()'*"" 1= v 2+8 +6+\/3 2+3 +1
3
3248 46 3243 41 G1+51717)
= lim =lm v !
~o 3 +8 +6+23 +3 +1 —oc0 32+8 +6+ 32+3 +1 (1 )
5+5 N
5 5 5
= lim = VooE- s
0 3+ 8 T 46 2+ 3+3 7 +1 "2 3+ = 23 6 1 443376
3
. + + + +
4. tm 27 4] = Jm Gra ) - :1im5 _ 40 4_—_4.,50 1
j—*c0 ~ +3 i (T +3) —t0 1+ 3 1+ 0 L/
. . 5+4
= 4 is ahorizontal asymptote. -~ ="~ (") = ,S0 I ()= -0 L — |
+3 3+ 10 10
since 5+ 4 — —7and =~ +3 — 0"as™ — —3* Thus, ~ = —3isa vertica
asymptote. The graph confirms our work. -10
48. lim 22—+1 = lim @2+ 2 s
~xe0 372427 —1 —xoeo (372427 —1)7 "2
_ 241 "2 2
= lim _ o =_ 5
—x0034+ 27 |—1 3 :
2. _ 27241 272 +1 -
so 1= isahorizontal asymptote. ~ =~ () = = .
3 372427 —1 (37 =1 +1)

5

The denominator is zero when =1 and —1, but the numerator is nonzero, so 71=1*and 7= —1 are vertical asymptotes.
3 3

The graph confirms ourwork.

212+ 1—1 1 1 lim o4 1_-1
24+ 11—
2 2+ 1= 5 too 2
49, lim 21"+ 1=1 =gy | 2| = lim =
2 L B l _2 1|_ |
TEe + =2 TEe + =2 TER A+ - lim 1+
2 | —+o00 —22

lim 2+ lim + — lim -

_ o — oo -+ ]2 _2+0-0 =2,50 ' = 2 is a horizontal asymptote.
1 1
lim 1+ lim  — 2 lim 1+ 0 — 2(0) .
- x
—+ 00 —+o0 —to0 2 +
2 | 2 —1 +1 T
ey | 50 lm ()= 1
= e — I e TN 3
OF=757=2 (v -y -2 ” [ 1)
1 )
3
lim =~ ()= -0, In ()= =—0,and Im ()= o0 Thus, = -2
—=2 —1- —1*
and | =1 are vertical asymptotes. The graph confirms our work.

© Cengage Learning. All Rights Reserved.
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7 X L im - %+ fm 1
50 lim = Im |4 = 1iitm = - —*® —+00
— 400 2 _ 4 —- I +oo 1 . .
% = = li -
1 Gm 1 " fim 1
— 2 —
4 2 | -+oc0 2 1 — 400 I —*o0
+ . .
L 1,50 71 =1is ahorizontal asymptote.
0-1
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4 1+ 74 1+ 4 . .
@) = 1+ = = . The denominator is 10

2— 41— 3+ )(1- )

zero when 71 =0, —1, and 1, but the numerator is nonzero, so 1=0, 1= —1,and L 3

| = 1 are vertical asymptotes. Notice that as "1 — 0, the numerator and

denominator are both positive, so lim ~ () = . The graph confirms our work.
-0

R e S (+D0 =1° (41
B R 5 (-1 -5 (-1 -5 _g = () for 6= 1.

The graph of 71is the same as the graph of ~1with the exception of a hole in the 40

12+ 30 \/

graph of ~ at” = 1. By long division, (1) = s +o+ —r
. . . -20 40
As~ — +o0, (II) — oo, so there is no horizontal asymptote. The denominator L J
of 1iszerowhen 1=5 lim (1) = _y and lim ()= o, s0 =5isa
—5— .5+ ! 20
vertical asymptote. The graph confirms our work.
52. lim = lim ‘ = lm = =2,s0 | = 2isa horizontal asymptote.
o s Lo ls g el =G ) 1-0
2 2(0) |
lim _ — ——=0,%0 =0isahorizontal asymptote. The denominator is zero (and the numerator isn’t)
il 0-5
when 1''=5=0 = I"'=5 = | =In5. 5
270 T
lim = oo Since the numerator approaches 10 and the denominator L
L _ -4
—(In 5) 5
. . 7
approaches 0 through positive valuesas = — (In5)*. Similarly,
27 g
lim = _oo- Thus, " =In5isa vertical asymptote. The graph :
—(In5)- — 5
confirms our work.
53. From the graph, it appears 71 = 1 is a horizontal asymptote.
3734500 2
37345000 2 —
lim = 1
e a0 21000 +200 T I 50 24 1000 <+ 2000
|3
= lim 3+ (5007 )
—+o0 1+ (500 )+ (100 2+ (2000  3)
_ 3+ 0 B L .
= 1107 050" 3,50 "1 =3 s a horizontal asymptote.
2
The discrepancy can be explained by the choice of the viewing window. Try
[_100’00(‘()? 2({163 (%‘:e(zgwgae Lg§n[ir§.f|lﬁig{1(t)s SeeSfrée[érhg%n%hbaetstiagﬁeg,scg?gddigﬂt{{]}li/c%t(e)dbﬂ'postedtoapublicly accessible wellitelig wholl} o, R
calculation that 71 = 3 is a horizontal asymptote.
© Cengage Learning. All Rights Reserved.
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10
54. (a) 1 I
i L W i —100 100
{ 1

L™ >
1 I

=,

From the graph, it appears at first that there is only one horizontal asymptote, at =~ 0 and a vertical asymptote at

~ 1'7. However, if we graph the function with a wider and shorter viewing rectangle, we see that in fact there seem to ke

two horizontal asymptotes: oneat =~ (0 5andoneat ~ —0 5. So we estimate that
V. v
272FT 27 2FT
lim ~ 05 and lim
_— — =~ 05
1—0 371—15 I -~ — oo 3|—5

(b) ~ (1000) ~ 014722 and * (10,000) ~ 04715, s0 we estimate that m 2 - *1 =~ 047.

—~o 3 =5
27241
(—1000) = —0'4706 and (—10,000) = —0'4713, so we estimate that In
- ' ~ —0 47,
-0 3 =5
Vv V.
2-241 F v 172 NE - _2
. | . .
(c) lim = lim [since ,_ - for qQ = ~ 0 471404,
1~ 3 —5 | — 00 - 3
3—-5 | 171
v |
| I |
For | 710, we have 2= | =— |, sowhen we divide the numerator by , with 0, we
1 4, Y |
get — 2241 = —W‘-T 3 41 =— 2+ 12| . Therefore,
- JQ
lim v 2 = hl’l’l _2—1_2_ = —" . ~ _
32 ;1 im =% 3~ —0471404.

55. Divide the numerator and the denominator by the highest power of 71 in (7).

(@) If deg deg ~ , then the numerator _, 0 but the denominator doesn’t. So lim [© (1)~ ~ (7)] =0.

— 00

(b) If deg deg ~ , then the numerator — =+ oo but the denominator doesn’t, so lim [T (7)™ ~(7)] = oo
| — oo

(depending on the ratio of the leading coefficients of 1and ).

) AU
[

@i 1=0 (i) =71 0 ( 10dd) @iii) 1710 (71even) (iv) 0 ( 1odd) (V) — 1 0(1even)
From these sketches we see that
1if =0 M =0
@ lim - 0 if 0 = 0if71 10

Bl
© Cengage Learning. All Rights Reserved.
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[

I1 if~ =0 1 if1=0
© lim 1= o if- 0 (@ lim _ [ —eo if 770, 1 odd
1= T if |10 = | oo if 1710, 7 even
0if 0

57. Let’s look for a rational function.
@) lim (") =0 = degree of numerator _ degree of denominator

—+ oo

(2) im ()= _ - thereisafactor of 2 inthe denominator (not just ", since that would produce a sign
-0
change at 1 = 0), and the function is negative near 7| = 0.
®) lir;li () = o and lin; ()= —oc = \vertical asymptoteat = 3; there is a factor of (- — 3) inthe

denominator.
(4 12 =0 = 2isan " -intercept; there is at least one factor of (" — 2) in the numerator.

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us

() = = asone possibility.
20 =3
58. Since the function has vertical asymptotes 71 = 1 and 71 = 3, the denominator of the rational function we are looking for must
have factors ("1 — 1) and ("1 — 3). Because the horizontal asymptote is | = 1, the degree of the numerator must equal the
2
degree of the denominator, and the ratio of the leading coefficients must be 1. One possibility is * (*) = m
59. (a) We must first find the function 7. Since 71 has a vertical asymptote 1= 4and “l-intercept |1=1, 7| — 4is a factor of the
denominator and 1 — 1 is a factor of the numerator. There is a removable discontinuity at 1= —1,s0 1—(=1)= 1+18%
. . . C=DC+1D _
a factor of both the numerator and denominator. Thus, - now looks like this: ~ (1) = L 1 » where s still to
=490 +1
be determined. Thenlim ()= m L =DC1+D_ C=b__(=1=-D_2 I 502 =2, and
~-1 ==1 (] —4)(1 +1) -1 -4 (-1-4 5 5
( p— 2( + } R 3 R R 3 R 3 .
=5 Thus () = > ! ! is a ratio of quadratic functions satisfying all the given conditions and
(1 =41 +1)
1 0) = 5= D) _ 5_
(=@ 4
() lim ()=5km __1°=1 =51]m (Z"3-a"3 —5—0 -5y =
e ~w 23 -4 ee(23-( 0 B¢ 1=0-0
y
60. = ()=2°%—"4="32—"). The -interceptis” (0) = 0. The

I-intercepts are 0 and 2. There are sign changes at 0 and 2 (odd exponents on 1 ;

and2— ). As — o0, (1) — —oo because 3 — coand2— — —o0. As

— —o00, (1) — —oo hecause ® — —oo and2 — = — oo, Note that the gghof

I near | = 0 flattens out (looks like 1= "19).
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6. = ()= 44— 6= 41 - 2= 41+ Y1 - ). The -interceptis
(0) = 0. The “-intercepts are 0, —1, and 1 [found by solving™ ( ) = 0 for 1. 0
Since” 47 0for 1=0, T1doesn’t change sign at 1= 0. The function does denge

signat - = —1and = 1. As~ — oo, (') = 41 — "?2)approaches —oo
because = 4 — o0 and (1 — ~ 2 — —oo.
62 = ()= 3 +22( —1). The -interceptis’ (0) = 0. The Twdsare 0, iy

—2, and 1. There are sign changes at 0 and 1 (odd exponents on "1 and
—1). There is no sign change at —2. Also, (") — o as =~ — oo because d

three factors are large. And ~ (1) — o0 as  — —oo because 3 — —oo, ‘

(1422 — oo,and (71— 1) — —oo. Note that the graph of 1at 71 = 0 flattens at
(looks like 1= —"1).

6. = ()=@-" )1+ )21 — )4 The -interceptis  (0) = 3(D2(1)* =3
The = -intercepts are 3, —1, and 1. There is asign change at 3, but notat —1 and 1.

When - is large positive, 3 — 77 is negative and the other factors are positive, so
lim = (1) = _ . When " is large negative, 3 _ - is positive, so

— 0

——o00

6. = ()= 2(2-12( +2)="2( + 12 —12( +2. The
-intercept is * (0) = 0. The " -intercepts are 0, —1, 1 and —2. There is a sign

change at —2, but not at 0, —1, and 1. When ~1is large positive, all the factors are

positive, o lim =~ (") = . When " is large negative, only = + 2 is negative, so 0 |
T
1 sin | 1
65. (a) Since —1 <sin | <1 forall - IS < . for 7170.As 71— o0, —1 71— 0and1 |7 — 0,so by the Squeeze
|
Theorem, (sin 1) 171 _, 0. Thus, lim sin—_

— 00

(b) From part (a), the horizontal asymptote is 71 = 0. The function
| = (sin ) 171 crosses the horizontal asymptote whenever sin 1=0

thatis, at 1 = 7171 for every integer 1. Thus, the graph crosses the -5

asymptote an infinite number of times.

66. (a) In both viewing rectangles,

lim = (') =1lim 7(1) = o and

— 00

lim @)= ]iﬂioo 1 (1) = —oo0. —10 10,000

— —00

In the larger viewing rectangle, land |

become less distinguishable. -2
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I

5_ -3 5 1 2 1
(b)lirn_<_l() = fim 2 T2 "*2 35 *2 =lm -3 75t 5.7, S1-%50 50 =1=
— 00 | —~ — 00
| and 1 have the same end behavior.
J
67. lim 2 .11 gy 5 = 5 = sand
\; :/ |
~o - 11 —o  1—(71) \/1 -0 -
I 1 I
—2t +— H—e—— 10-0 10 -2
71_
lim . = fm = = 5. Since @) \/:) | ,
- 2 1 — 00 2 2 2] =1

we have lim ~ (') = 5 by the Squeeze Theorem.

68. (a) After minutes, 25 liters of brine with 30 g of salt per liter has been pumped into the tank, so it contains

(5000 + 257) liters of water and 25 - 30 = 750 grams of salt. Therefore, the salt concentration at time ~ will be
)= 750 30 g

5000 + 25° 200+ - L

(b) lim ~ ()= Im 30" = lim 30 =30 = 30. So the salt concentration approaches that of the brine
oo —o0 200 + —~0 20011+ 1 0+ 1
being pumped into the tank.
69. (a) lim ()= lim "+ 1-1- ' = x(1-0=* L

™ Niw
|/

(b) We graph “ () = 1 — 1-%8%and " (1) = 099 *, or in this case,
() = 0'99. Using an intersect feature or zooming in on the point of

intersection, we find that =~ 0747 s.

70. @) =1- and = 01intersectat” 1 ~ 23 03.
If 1, then 1= 10 7 Q1.
()1- 701 = - 107 001 =
—101ni:—101n10*1:1()1n10%2303 t
it 30
2
71. Let =__  and = _ 1'5). Note that 0.10
O= g @ O=70 15
lim “ ()= 2and lim ~ () = 0. We are interested in finding the s
oo 2 — o0 y={iL0
-value at which = (") 7 0105. From the graph, we find that = ~ 14804 s0
we choose | =15 (or any larger number). 0 20
1-37
72. We want to find a value of | such that 17 > Pl (=3) T 1, orequivalently,
_a =31 . _ _ _ _ A=31  _ _ _
3—1 J 3+ 1. When| =01, wegraph - = - ()= +/ revaE 3:1,and - = —2'9. From the graph,
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we findthat ~ (") = —2'9 atabout = = 11283, so we choose 7 = 12 (or any larger number). Similarly for | = 0105, we fu
that ~ () = —2/95 atabout = = 21379, so we choose 1 = 22 (or any larger number).
o 0 10 20 - n l'('l 2'0 .'-:’l
y=-214 \\
y=—2.05 "~ ___
-3l Rl S |
y__1
-3.2 \ =32 -
1-3 1 1—3]
73. We want a value of 1 such that > 24 -3 , or equivalently, 3 — 1 v 241 34+ 1.When1 =01,
1,—-31
wegraph ™ =" () = v 5 ,” =31,and " = 29. From the graph, we findthat ( ) = 3 1 atabout = —8 092, sowe
f+1
choose 7 = —9 (or any lesser number). Similarly for ' = 005, we findthat - ( ) = 305 atabout = = —181338, so ¥
choose = = —19 (or any lesser number).
N 3.2 7 - 3.2
y=2A
= ¢ = 3015 ____,/'|
13 208 'l 3
y=24 ] l
—10 \
. 2. . L 1 P2y
74. We want to find a valt€ of | such that 1= 18 1 1100. 30 ~ig0 ——=10 o
\/ y= 1l |
Wegraph ~ = " () = In and = 100. From the graph, we find

that * (") = 100 at about = = 1382 773, so we choose 1 = 1383 @any

larger number). 0 1000 2000
75. (@) 1°°27 0100001 < 27 1.00001 = 10000 < 100 (°0)
(b) If 1 10isgiven, then1 12 1< 12010 1< 171 \/l.l__et |:1|\/ L
_ 1 1 1 1
Then = IVARREEN -0 = , S0 lim =0.
I 2 2 o — 2
76. () 1 v 010001 < Vo 17010001 = 10* < 108
- J J ) ,
(b)If 71 10isgiven,then1 1 =171 1<  t 11771« 717711 14 Let 1=1 1714
1 1 1 . 1
Then 1= 11 = 2 v -0 =¥ l,solm 3/ =o.
|4~OO
77. For 0,[1 171=0]=—171 1If 7T 70isgiven,then—1 1 | | 1< | 1—=1 |1
Take I=—1171.Then 171 1 = T I1=111 = [11H=0==11717 1,9lim 1717y =0.
78. Given [ [ 0, we need 0 such that > 3 Now 3 | = 3/_,sotake = X/I_LThen
X"/1—
= = 38 ,S0 lim 3 = oo,
| — oo
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79. Given 1 0, we need | 0 such that I 1= 1" 17.Now 1" 71 < 71 1ln1, sotake
= max(1 Infl ). (This ensures that 1 7 0.) Then = max(l In ) = max(/ 0 ¥ , SO
lim = 00 -

— 00

80. Definition Let  bea function defined on some interval (—co ™~ 7). Then lim
I

M () = —oo means that for every negative
number [ there is a corresponding negative number 7 suchthat = (") I I whenever . Now we use the definitiond
. I
prove thathf_n_oo 1+ 13 = —oo. Given a negative number 1, we need a negative number Isuch that 1 1 1=
1+ °3 Nowi+3r 1 o 311 -1 o t — 1. Thus, we take :5/ — 1 and find that
- 1+ 8 . This proves that m
o 1+ 7% = —o0,
81. (a) Suppose that lim ~ (') = ~ . Then for every 1 1 0 there is a corresponding positive number 7 such that |() | |
whenever 1 17.1f" =171 Lthen 1171 & 07177171717 < 071717117 1. Thus, for every 71 710 there is
a corresponding 1 1 0 (namely 1~ ) such that | (111) — | whenever 0 ~ 1 1 [. This proves that
lim ~(11)="= lim ().
—0+ — 00
Now suppose that lim * (') = ~. Then for every | ;| 0 there is a corresponding negative number 7 such that
") =217 1 whenever Jf =17, then < 1 1 0 < 1 0. Thus;gevery
| 1 0 thereisacorresponding 1 1 0 (namely —1" " )suchthat| (111) — | whenever — 1 0. This provestt
lim ") ="= lm ().
—0— — —o00
. 1 . 1
(b) lim " sin _ = lim °sin [let = = ]
1—0+ —0+
1 .
= lim Zsin [part (a) with 71 =1717]
— 0 |
= lim S0 [let 1= 1]
=0 [by Exercise 65]

2.7 Derivatives and Rates of Change

1. (a) This is just the slope of the line through two points: _A O 06
A -3
(b) This is the limit of the slope of the secant line as | approaches 1: [ = lim O-0 .
-3 1 — 3
2. The curve looks more like a line as the viewing rectangle gets smaller.
2 1.5
y=¢ y = ¢°
| 0.5 5 0.1

© Cengage Learning. All Rights Reserved.



NOT FOR SALE
INSTRUCTORUSE ONLY



NOT FOR SALE

124 = CHAPTER 2 LIMITS AND DERIVATIVES

3. (a) (i) Using Definition 1 with - () = 4" — 2and 1 (1 3),

F=tim O~ 0 =tim & = 9732 (=4 43 =y =0 =00 =
! I
] — 1—1 =1 1—1 1 —1 -1 -1
=lim@G_1)=3_1=2
-1
(i) Using Equation 2with " (") =4~ — "2and 1 (1 3),
Fomdim (D=0 gy, A =0 gy, AL+ )+ ) -3
-0 1 —0 1 —0
2
2
e et et e SO P e S O s 3 R T R
-0 1—0 1—0 -0

(b) An equation of the tangent lineis = — () = 'O =) = - = " -1 = -3=2( tor |

=27 +1.

(c) 6 The graph of | =2 |+1 istangent to the graph of |1=471— Patthe
point (1 3). Now zoom in toward the point (1 3) until the parabola and
the tangent line are indistiguishable.

4. (a) (i) Using Definition1lwith ()= "— "3%and 1 (1 0),
Fomtim O 70 = gim = him (7 ) = gim 10—
- ! |
-1 1—1 -1 | —1 1—1 '—1 —1 -1
=lim [1(1+1)=1L) =2 _
-1
(ii) Using Equation 2 with = (") = = — "3 and 1 (1'0),
P o= lim (Y=Y gy, A= 0 o, A D)=+ )8 -0
-0 1 —0 1 —0
3 2 2
= lim LH 1= (A#3T #3784 gy m 12302 T gy 2-3" —
-0 1—0 1—0
— 1 _ "2 _ — - _
= lim 3 2 =-2
(b) An equation of the tangent lineis — ()= "()( = ) = - = N -1 = -0=-2( 1Yor
I
=-2" +2
(c) 2 The graph of | = —271+2 istangent to the graph of 1= 71— 7°atthe
- \ point (1 0). Now zoom in toward the point (1 0) until the cubic and the

‘ N 2 tangent line are indistinguishable.
© Cengage Learning. All Rights Reserved.
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5. Using (1) with - () =4~ —3 2and 1 (2 —4) [we could also use (2)],

()= O = jim 4 =372 = Ch =37 447 44

[ = lim
| ! |

- —1 2 -2 ~2 -2

=him A=A 50 -9 = 3@ - 2= -8
-2 | —2 -2

Tangentline: 1 — (=4 =-8(1-2 & |+4=-871+16< |=—-8 |+12
6. Using Q) with- ()= "3-3 +1and1 (2 3),
I =tim —(F )=0 = fjm L2+ )=710 -5y @+ )P -32+ H)+1-3
-0 1—0 1—0

8+ 121 +6 247 %—6-3" -2 _ 0 9 F6 2+ T (96 +79

-0 1—0 1—0

=lm QO +61 +13)=9
-0

Tangentline: 1 -3=9(1-2) & 1-3=91-18 < 1=971-15
_ oA _ _ 1
\/I V- 1)(\/ 1 1 1 1
Z.Using (1), 7 =k = l=im (- = lim | f' = lim +/ =
~1 -1 -1 =1+ ~1( =1 +) -1 T+l 2
Tangent line: 1-1=1 -1 < | =17+1
2 2 2
. . 2 1
8. Using (1) with (') = " and 1 (19
] +2
21 +1 _ 4 2 1 -1 +2 .
¢ = lim O W _y, 1+ - lim |t 2 = fim '
= - 11 -1 1—1 -1 -1(1 — DA +2)
=lim_1 __1 _1
|
-1 +2 1+ 2 3
Tangentline: 1—1=2(1-1) < -1=21-! o =1+ 2
3 3 3 3
9. (@) Using (2 with =" ()=3+42-23, )
[ o= lim () ="0 _ oy, 3+4C +71)2-2(C +7p¥3-(3+47%2- "9
-0 | —0

i 3FA4C2+2T T 4+ H -2 %43 % 43 24 Y34 2+42°3
1—0

344248 " +4°2-28-62% —6 "2-2"83-3—-4"242"3

= lim
1 —0
= lim 8 1 1+412—6121-6 12— 2 _ . (8 +4 1-617=6711-2]1
-0 1 —0
| Slim@ +471-6"2-6" " —2"H=8 —¢ line is
=
— 3 =
(o) At (1 5): T = 8(1) — 6(1)2 = 2, so an equation of the tangent line -8( -
is1—-5=2 -1 e 1=2" +3. 2) <
= —8 —+
At (2 3):T = 8(2) — 6(2)%> = —8, so an equation of the tangent 19.

© Cengage Learning. All Rights Reserved.



NOT FOR SALE

IN STWU“CTNO””FQWU”S”E@L ‘ \



NOT FOR SALE

126 X  CHAPTER 2 LIMITS AND DERIVATIVES
10. (a) Using (1),

V_
a- VARV
a4, +
I e
cim Y o 7T s JTTATCUE 1 =
R e R (G DIGIE D B S =N GEE (G D)
=lm v__ v  v_ = _1_ =—_lor—l -3 2] 0]
J
- () 227 2732 2 1 \
(b) At (1" 1): 1 = — 4, soan equation of the tangent line (c)
is 1—1==73(1-)e 1==-131+3%
| ( 12
At 41%5.: = — 1 soanequation of the tangent line
| 16
N T
is ' =— —He =- 1%

11. (a) The particle is moving to the right when

is increasing; that is, on the intervals (O' 1) and (4 6). The particle is moving
to the left when | is decreasing; that is, on the interval (2' 3). The particle is standing still when

is constant; that is, on
the intervals (1' 2) and (3 4).

(m/s)

(b) The velocity of the particle is equal to the slope of the tangent line of the

graph. Note that there is no slope at the corner points on the graph. On the

. . 3—-0 . . ——% %
interval (0 '1) ' the slope is ~ = 3. Ontheinterval (2 3), the slope is oo f |
1—0 I Isecomds)
1= 3 : . 3=1 —
= —2. Ontheinterval (4 6), the slope is =1
3-2

6—4

12. (a) Runner A runs the entire 100-meter race at the same velocity since the slope of the position function is constant.
Runner B starts the race at a slower velocity than runner A, but finishes the race at a faster velocity.
(b) The distance between the runners is the greatest at the time when the largest vertical line segment fits between the two

graphs—this appears to be somewhere between 9 and 10 seconds.

(c) The runners had the same velocity when the slopes of their respective position functions are equal—this also appears to be

at about 9'5 s. Note that the answers for parts (b) and (c) must be the same for these graphs because as soon as the velocity

for runner B overtakes the velocity for runner A, the distance between the runners starts to decrease.

13. Let 1()) = 40 — 16 2.

@) =fim LQ=1@ _ 40 =16 16 =162 440 =6 =8 2%-5 +2
=2 -2 2 ) Ty — m -
=8 =22 —1 .
= lim = —8lim(2 —1) = —8(3) = —24
-2 _2 >

Thus, the instantaneous velocity when = = 2is —24 ft s.
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14. (a) Let1 () =10 — 186 2.

_ 2 _ _
()= lim A+ 1= i 200+ ) —186(1+ )% — (10 — 1186)
-0 | —0
—_ 2\ _
— lim 10+ 100 —186(1 +2 + 3 —10+186

1—0

2
— i 104100 —186—372° =186 210+ 186
1—0

628 1 2
——%:ij(ezs—ms):azs

= lim
-0 -0

The velocity of the rock after one second is 628 m's.

) ()= m LFN=0 =y, 10C+ ) - 186C + )2 — (10 — 118677
-0

| —0

100 +10° —186(°2+2  + 2 —10" + 1862

lim

1—0

107 +10° —186°2—-372"" —186 2 —-10" + B — lim 10 =372 — 182

= lim
1—0 1—0
=g L0 =3TE L8600 — 3720 — 186 ) =10 — 372
~0 .
The velocity of the rock when = " is (10 — 372" ) m's
(c) The rock will hitthe surfacewhen 1 =0 < 10 —186'2=0 < (10 -18)=0 < =00r18 = 10.

The rock hits the surface when = 1071186 =~ 54 s.

, - .
(d) The velocity of the rock when it hits the surface is * 4%, = 10 =372 222 = 10 —20 = —10 ms

1 1 2 (1 +7)?
— 2 2 _ 2
5. ()=bm L I=10 —jim (472 2 =lim — CFY P -y (2+2° " +°3
-0 | —0 1 —0 | —0 20 +7)?
2
-2
- + - + - + —_—
= lim 2 ):ljm 2 )Zlim = )‘—':3 - m
S
-0 2 + % -0 2 + ¥ -0 2 + % 2. 2 3
=2 =2 =2 2
' 1
So ()= 3=-2m s, (2= 5 =—,m s,and ~ (3) =33 = —pym s
16. (a) The average velocity between times = and = + s
1(1+7)—1 LU ), ol ) - 12—6+23
= 2 2
+-
Y2i i+l 26 -6 +23-124+6 —23
-z s 2
+3712-67 316
= 2 = 2 = T+%57-6 ft's
()[4 8: =4, =8 —4 =4, sothe average velocity is 4 + %(4) — 6 = 0 ft’s.

8 — 6 = 2, so the average velocity is 6 + 12(2) —6=1fts.

1
o
1

(ii) [6 8]:
= 10 _a— . (iv) [8 12]: =18, =12-8 =4,
(10 =8 = 1O© éeﬁéhaoeﬂffeag%?ﬂegwaﬁlig'ﬁﬁ;Reserved. so the average velocity is8 +  ——
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o CEDY =IO
() () = limg

=lim +%5 6 (c) ~
im

=" —6,50 (8 =2ft s

204

17. 7 0(0) is the only negative value. The slope at = = 4 is smaller than the slope at © = 2 and both are smaller than the slope at
= —2. Thus, %0) 7 07 04 1 %21 %(-2).

Z(60) =" (20) 700 — 300 _ 400
60 — 20 40 40

18. (a) On [20° 60]: =10

(b) Pick any interval that has the same -value at its endpoints. [0 57] is such an interval since (0) = 600 and (57) = 600.

(60) = " (40) 700 — 200 _ 500

(c) On [40" 60]: = 2= =25
60 — 40 20 20

On 40 70]: (J0) = (30) _ 900 = 200 _ 700 _ 234
70 — 40 30 30

Since 25 71 23 %, the average rate of change on [40 60] is larger.

1(40) = 100) _ 200 = 400 _ _= 200 _

2
40 —10 30 30 36

(@)

This value represents the slope of the line segment from (10 * *(10)) to (40 * * (40)).

19. (a) The tangent line at ©= = 50 appears to pass through the points (43 200) and (60 640), so

1(50) ~ 640 — _ 440 6.
200
60 — 43 17
(b) The tangent line at 71 = 10 is steeper than the tangent line at "1 = 30, so it is larger in magnitude, but less in numerical

value, that is, %(10) 1(30).

(c) The slope of the tangent lineat = 60, !(60), is greater than the slope of the line through (40  (40)) and 80  (80)).

So yes, " 1(60) —@__@.
80 — 40

20. Since " (5) = —3, the point (5 —3) is on the graph of ". Since "/(5) = 4, the slope of the tangent lineat = = 5 is 4
Using the point-slope form of a line gives us 1 — (—=3) = 4(71—5),0r 1=471—23.
21. Forthetangentline 71=4" —5:when 71=2, 1= 4(2) — 5=3and itsslope is 4 (the coefficient of ~ ). At the point @

tangency, these values are shared with the curve = ( );thatis, (2) = 3and '(2) = 4.

22. Since (4 3)ison = (), @) = 3. The slope of the tangent line between (0 2) and (4 3) is 1,ﬂso 1(4) = lz‘;

INSTRUCTOR USE ONLY
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23. We begin by drawing a curve through the origin with a 3

slope of 3 to satisfy (0) = 0and !(0) = 3. Since

(1) = 0, we will round off our figure so that there is | ' N — 1 ' \

a horizontal tangent directly over 71 = 1. Last, we

make sure that the curve has a slope of —1 as we pass

over 71 = 2. Two of the many possibilities are shown.

24. \We begin by drawing a curve through the origin with a slope of 1 tosatisfy !

(0) = 0and” °(0) = 1. We round off our figureat” = 1 tosatisfy (1) = Q 1+

and then pass through (2' 0) with slope —1 to satisfy - (2) = 0 and” (2) = —1.

We round the figureat = 3 tosatisfy !(3) = 0, and then pass through (4' 0) Iy

with slope 1 to satisfy (4) = 0and °(4) = 1 Finally we extend the curve on
both ends to satisfy lim (') = co and lim ~ () = —oo.

—— 00

25. \We begin by drawing a curve through (0 1) with a slope of 1 to satisfy (0) = 1 !
and " °(0) = 1. We round off our figureat = = —2 to satisfy "/(—2) = 0. As
| — —5% | — oo, S0 we draw a vertical asymptote at 1 = —5. As 71 — 5-, /l
— 3, so we draw a dot at (5' 3) [the dot could be open or closed]. AN / D I
fym—§

26. We begin by drawing an odd function (symmetric with respect to the origin)

through the origin with slope —2 to satisfy ~ 9(0) = —2. Now draw a curve starting

at 1 =1and increasing without bound as | — 2~ since lim (") = oo. Lastly, i
-2 T il

reflect the last curve through the origin (rotate 180°) since | is an odd function.

27. Using (4) with () =3"2—"3and " =1,

"1y = lim A+ D=0 —gyy, BA+ R -0+ ) -2
-0

| -0 |

2y 2 3 _ 8 —
lim B+6 +379—(1+31 +3 + =2 = lim 37 = lim 3 E
) 1 —0 1 —0

im@3 _[3=3_0=3
-0

Tangentline: 1 —2=3(1-1D&e 1-2=31-3< 1=31-1
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28. Using (5)with ()= % —2and ™ =]

om:hm_(_);@ =1im O*=2 =) =1m 1"—1=1m (12+D(1%2-1)

-1 1—1 1—1 1—1 -171—1 1—1 1 —1
2 —
= 1im a “)“*11)(' = timi(12 11 + 1] =20) = 4
- ] — -1
Tangentline: 1— (—D)=4(1—-1) & 1+1=471—-4 & 71=41-5
29. (a) Using (4) with® () =5 (1 + 2)and the point (2 2), we have (b) 4
52 + 1)
_ 1t 2+ 12
11(2) = lim 2+ = im P @1 -1
| —0 1—0
—+10 57 +10 — 2012+ 47 +5)
2
- lim +47 +5 — lim 2+ 47 +5 2
1—0 1—0
2
—hm—IZI 3I—hm (=2 3)—hm 2 3_ 3
~0 ( 2+4 +5) -01(12+47 +5) ~0 2+47 +5 5
So an equation of the tangent lineat (2 2)is~ —2 = —35_( -2 or = —i_ +L65.

30. (a) Using (4) with “1(71) = 4712 — 713, we have
0C) = Im ld+0)= 1 = lim [4C + )2_( + )3]_(4 2_3
-0

( 1—0

4 2+8 " 4428437 2° 437 " 24 34 24

= lim
-0

= lim 8 11+4712-37121-3 1712=% _ . @ +41-312=371 -1
-0 1 —0

=lm(8" +4° =37 2-3" " —" =8 —7F
o

At the point (2' 8), 1 9(2) = 16 — 12 = 4, and an equation of te tangent (b) 12
lineis” —8 =4( —2),0r =4 .Atthepoint (3 9
0(3) = 24 — 27 = —3, and an equation of the tangent line is
—9=-3 —3,0r =-3 +18
~ IV
-2
M. Use(d)with ()=32-4" + 1.
Y= Tim A+ D=0 g BO+ 12— 4C + D)+ - (31%2- 4 +1)]
-0 I -0 |
2 2 2 2
i D 26 T 43 24 —4 +1-3 244k gy 611437124
-0 1—0
. 61 +37 -4
= lim =lim (67 +37 — 4 =61 — 4
-0 -0

© Cengage Learning. All Rights Reserved.
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32. Use (4) with () =23+ .

0():lim_(+_)J —gim RO +IP+(C + )] - 273+ )
-0 [ -0 [
— Qi 2 PH6TM U6 12427 1+ T =271 g 6712 1+6 112+2713+
-0 1—0

= lim

. 2467 7 +27 2+ .
= © ):hm(6|2+6||+22+1):6|2+1
) -0

33. Use (@) with” ()= (2 +1) ( + 3).
2( +|)+1_2 +1
0():hm_(;);1:fn (1 +7)+3 | +3

-0 | -0 |

im(ZI + 21T + 11T +3) — 21 +1D(1 + ~ + 3)

=1

1—0 T+ 43 +3)
— iy @ PH6T 427 T 46T AN —(27 2427 T 46+ 1+ B)
| —0 C+ F=3)C +3)
= lim > = lim 5 _ 5
-0 (+ 3 3 ~O(IJr +3)(I+55 (I +3)?
4. Use (@) with ()= "-2=1"72
1 1 o+ Y
()= lim —E2=0 -y, (792 Zzhmo_zmz_
0 I II 0 1 I 1
i 12— (12+2  + P -2 - 2 (-2 - )
-0 I)z("+ 2 _hr—n0|2( +)2:h§3|2( + ¥
|
=2 = =21 _ =2
~00 20+ )2 22 13

35. Use (4) with™ () = \/1 -2,

ey = CEY= ()

lim
1—0 1 —0
I
12+ Y+ YD
iy 20— 1-2 T—2( ¥ )+ 1—2
-0 . —
2 2 1 I I
[
1 20 +7) — 1—2 A=z =2z _<1_€_>|
:IhIPO \/ :]lgb
1-2( + )y 1-2 1-2( + )+ 1-2
_ZI =2 —
= lim :

L
-0 © Cengage Learning—AHl Rights Reserved. 1T=2(

+
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1_
2
J 2 ) 1
T oo + V12 =,V s :\/1—2
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4
36. Use (4) with (') = «,%

Gt )= 1— (1 +7) 1=

IC) = lim 5
1—0 \/1 \/‘ 1 —0
— 17 = v V.
S R
catim TN g V
|
-0 _ = _
J J J 0\/1 1 ﬂ
Il e E S B == (=)= (Tt F
= 41lim — T + |
|
-0 \/1 NN Vv =4lim Vv Vv N
T | 11 |
- ] 1=« 1 - 1- — 1- (1- + 1- -
=4lim —(=)=-0= =) = 4lim | [
oY= - 171 1=+ 1=-1-") 0 e (\’/1_ ——
; I
=411rn\/ /1 =4 \/l
o oo o 1— (1- +1—|—) —'1—'(1—'+1—'>
4 2 2

:(1_\/)<2 1_|):<1_|)1<1_ |)1 2:<1_ )32

9+ -3
37. By (4), lim = 0(9),where ()= v and =09.
1—0
. |—2+ _ |—2
38. By (4), ,hir}) —— = )(-2),where ()=1 and = -2
. . |6 — &
39. By Equation 5, 11512 —2 = ‘'(@.where ()= 6 and” = 2
1
. _ —4 0 1 1
40. By Equation , | , Where and
5lim ——_ | ) = =
—114 - + |
4 4

M. By (@), im T )T

-0 |
cos( + )+ 1 _

0C ),where () =cos and =

Or: By (4), lim
-0

00y, where “ (") = cos(" + )and = = 0.

. 1
sin =
42. By Equation 5, lim Z=-0  owhere (1) = sin | and ==,

6 -
6

43. 4 = (4= Im 1@+ ) =8 -y 80@+ D) 0@ + )2 = 80(4) —6(4)?
-0 1—0

© Cengage Learning. All Rights Resesved.
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(320 +80. —96— 48, — 6.3~ (320 ~ % _ ;. 32— 2
= lim
1—0
-0
162 -61) .
= lim - = im 32 —61) = 32 mis
-0 ~0

The speed when ~ =4is |32 =32 ms.
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0+ *® - 10+ 45
(4 + ) - (4) 45 I
4 -
4. 4 = Y= = 4+ +1 4+1 = lim 5+
lim
-0 -0 I -0
— JF — —
= lim 3 — : = lim 2 = lim 2 = —-"m/s
-0 (5+7) 07 (5+7) -0 5+ | 5
The speed when ' = 41is —2% = $m"s.
45. The sketch shows the graph fora room temperature of 72° and a refrigerator Temperature

{in °F)
2

temperature of 38°. The initial rate of change is greater in magnitude than the
rate of change after an hour.

+ - -
] 1 2 lume

(i kours)

46. The slope of the tangent (that is, the rate of change of temperature with respect WIF
. 5 = .
totime) at = 1 hseems to be about | ¢ ~ —07°F min. ]
132 — 0 — L T

a0 40 IO 0E0 IR ¢
Lt

4. @ () oz — S0 018=03 5 monl
2-1 1 h
- - mg/mL
@pseo @ (15 _ 018024 _ —006 _ g2
215 05 015 h
mag/mL
i) 2012 5]: (2|5)-—(27: 012=018 _ —006 _ 12
25 -2 05 05 h

(V) 20130} (3;12(23 _ 007—1018 _ oy Mo/mL

(b) We estimate the instantaneous rate of change at = 2 by averaging the average rates of change for [1 52 0] and [2 0'2 5]:

—012 + (—=012) mag/mL . .
5 = —012 _gh_ After 2 hours, the BAC is decreasing at a rate of 0'12 (mg "mL) "h.
. 2008) — " (2006 16,680 — 12,440 4240 .
48. (a) (i) [2006 2008 —ZUB—_(2006) _ 166 = = 2120 locations year
2008 — 2006 2 2
.. 2010) = ° (2008 16,858 — 16,680 178 .
(if) [2008 1 2010]: ‘ : ‘ ) 16 i = 89 locations year.
2010 — 2008 2 2

The rate of growth decreased over the period from 2006 to 2010.

(2012) — 1 (2010) 18,066 — 16,858 1208 .
(b) [2010 '2012): = = = 604 locations year.

2012 — 2010 2 2

89 + 604 693 .
= _~ = 3465 locations "year.

2

Using that value and the value from part (a)(ii), we have

© Cengage Learning. All Rights Reserved.
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. N
(c) The tangent segment has endpoints (2008 16,250) and (2012 17,500).
An estimate of the instantaneous rate of growth in 2010 is 15,1001 -
17,500 — 16,250 1250 . ]
= = 312 5 locations/year. 100080
2012 — 2008 4

Sl +

0 2008+ e | mz

84,077 — 66,533 17,544 . .
49. (a) [1990 2005]: = = 1169 6 thousands of barrels per day per year. This means that oil

2005 — 1990 15
consumption rose by an average of 1169 '6 thousands of barrels per day each year from 1990 to 2005.

76,784 — 70,099 6685

(b) [1995 " 2000]: = 1337
2000 — 1995 5
84,077 — 76,784 7293
[2000 * 2005]: = = 1458 6
2005 — 2000 5

An estimate of the instantaneous rate of change in 2000 is (1337 + 14586) = 1397 '8 thousands of barrels

per day per year.
i A —" (9 _ 94-53 =436 RNA copies " mlL
50. (a) (i) [4 11]: = — ~—623 p
@ )@ 11— - - ope
. ] _ ~ —18 - .
iy [ 11 (= () _ 9418 =86 . RNA copies ml
1 -8 3 3 day
) — ~ _ a2 i
(i) [11°15]: (15) a1 _52-94 —42 _ _, ., RNA copies'mL
15 — 11 4 4 day
; L _(@22—"(d1) 36-94 =58 RNA copies mL
(v [1122) — == = T 208 —P—day

(b) An estimate of  0(11) is the average of the answers from part (a)(ii) and (iii).

RNA copies “mlL
'(11) ~ 5 [-2'87 + (—105)] = —196 CZ;;S a

0(11) measures the instantaneous rate of change of patient 303’s viral load 11 days after ABT-538 treatment began.

5. @) () A" _ T (105) = (100) _ 660125 = 6500 _ oo
A 105 — 100 5
(i) AT _ (101~ (100) _ 6520105 = 6500 _ (oo
A 101 — 100 1
(b LA00+7)=7000 _ 5000 + 10(100 + 1) + 0'05(100 + 2 —@p _ 20 +005°2

=20+ 005, 6=0
(100 + ) = = (100)

= lim (20 + 005°) = $20 "unit.
-0 -0

INSTRUCTORUSE ONLY
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I v L I I2
5. A = (+)— (=10 1= "¢ = 100,000 1=
AR _ 2 | oo ;!
_ - 1730 3600 ~ 30 " 3600 * 3600
= 110000,%%% U 50t 00 = 100,000

= Teop (C120+2 + )=V (—120+2 + )

_0
Dividing A" by -~ and then letting — 0, we see that the instantaneous rate of change is %% ( — 60) gal min.

Flow rate (gal Imin) Water remaining () (gal)
0 —3333 3 100 000 _
10 —2777 7 69 444 4
2 —
38 2222 2 44 444 4
o —1666 6 25 000
- 11111 1
50 — 5555 -
217777
60 0
0

The magnitude of the flow rate is greatest at the beginning and gradually decreases to 0.

53. (a)  °( ) isthe rate of change of the production cost with respect to the number of ounces of gold produced. Its units are
dollars per ounce.

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17 ounce. So the cost
of producing the 800th (or 801st) ounce is about $17.

(c) In the short term, the values of “ (") will decrease because more efficient use is made of start-up costs as = increases. But

eventually ~ °(" ) might increase due to large-scale operations.
54, (a) ((5) isthe rate of growth of the bacteria population when = 5 hours. Its units are bacteria per hour.

(b) With unlimited space and nutrients, ! should increase as increases; so  (5) 0(10). If the supply of nutrients
gimited, the growth rate slows down at some point in time, and the opposite may be true.

55. (a) 1 %(58) is the rate at which the daily heating cost changes with respect to temperature when the outside temperature is

58 °F. The units are dollars | °F.
(b) If the outside temperature increases, the building should require less heating, so we would expect 19(58) to be negative.
56. (a) 0(8) is the rate of change of the quantity of coffee sold with respect to the price per pound when the price is $8 per pound.

The units for  9(8) are pounds (dollars pound).

(b) °(8) is negative since the quantity of coffee sold will decrease as the price charged for it increases. People are generally
less willing to buy a product when its price increases.

57. (a) 1 °(C ) isthe rate at which the oxygen solubility changes with respect to the water temperature. Its units are (mg 'L) °C.

(b) For = 16°C, it appears that the tangent line to the curve goes through the points (0 14) and (32 6). So
6 — 8 . .
19(16) = I = — " = —025(mg L) °C. This means that as the temperature increases past 16°C, the oxygen
32-0 32

solubility is decreasing at gt gl O-23(PAMinG: All Rights Reserved.



NOT FOR SALE
INSTRUCTOR'USE ONLY



NOT FOR SALE

136 =  CHAPTER 2 LIMITS AND DERIVATIVES

58. (a) 1 9(C ) isthe rate of change of the maximum sustainable speed of Coho salmon with respect to the temperature. Its units
are (cmris)ci°C.
(b) For = 15°C, it appears the tangent line to the curve goes through the points (10 25) and (20 32). So

25 . . . .
1°(15) =07(m§ °C. Thistellsusthatat: = 15°C, the maximum sustainable speed of Coho salmon is
20 — 10

changing at a rate of 0.7 (cm”s) °C. In asimilar fashion for = 25°C, we can use the points (20 35) and (25 25) to

obtain 10(25) ~ %5—_ = _2(cm’s) °C. Asit gets warmer than 20°C, the maximum sustainable speed decreases
rapidly. 25 =20
59. Since " () = “sin(1 ") when = 0Oand” (0) = 0, we have
0+ - (© in(1 -0 Lo L
00y = lim —F=—O o sin =0 God ). This limit does not exist since sin(1 ) takes the
-0 -0 -0

values —1 and 1 on any interval containing 0. (Compare with Example 2.2.4.)
60. Since " () = Zsin1 "~ ")when = O0and  (0) = 0, we have

: . 1
1(0) = lim A0+ )= 10 - im _Zsin(l” ) =0 = iy sin(1 ). Since _1_ sin ~

< < 1, we have
-0 1—0 -0
1 1
| | I I |
—| <] Joo — <] | = =] | < sin_<| [ Becauselim(— |1])=0andlim | 1| =0, we know that
1 | 10 -0
1
IlimO sin = = 0 by the Squeeze Theorem. Thus, “(0) = 0.
61. (a) The slope at the origin appears to be 1. 4
=27 2
—4
(b) The slope at the origin still appears to be 1. 0.25
—0.4 0.4
—0.25
(c) Yes, the slope at the origin now appears to be 0. 0.005

( / )
|

(IR LS HKLIR)
L /

—0.003

© Cengage Learning. All Rights Reserved.
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2.8 The Derivative as a Function

SECTION 2.8 THE DERIVATIVE ASA FUNCTION
1. It appears that

is an odd function, so

a0 137
0 will be an even function—that !
is, (=)= ).
(@ '"(=3)=-02
(b) '(=2) =0 (© -1 =1 (d) " %0) = 2
(&) -'(1) ~ 1 ) \@=0

9 ') =~-0
2. Your answers may vary depending on your estimates.

(a) Note: By estimating the slopes of tangent lines on the
graph of ", it appears that

|
|
1(0) =~ 6. l.'
(b) (1) = 0 ',
© '@ ~-15 (@ '@~-13 (& ‘4 ~-08
M ' ~-03 (@ 6 ~0

I'(l
() o7 ~02

3. (a)0 =11, since from left to right, the slopes of the tangents to graph () start out negative, become 0, then positive, then 0, then
negative again. The actual function values in graph Il follow the same pattern.

(b)0 =1V, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly
become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the slopes of the tangents.
(c)0 = I, since the slopes of the tangents to graph (c) are negative for "1 710 and positive for 71 710, as are the function values &
graph I.
(d)o = 11, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then
positive, then 0, then negative again, and the function values in graph Il follow the same pattern.
Hints for Exercises 4—11: First plot1 -intercepts on the graphof 0 for any horizontal tangents on the graph of . Look for any corners on the graph of
— there will be a discontinuity on the graph of 0. On any interval where  has a tangent with positive (or negative) slope, the graph of
0 will mositive (or negative). If the graph of the function is linear, the'graph of
4. J

0 will be a horizontal line.
5.

/‘5 ‘0‘
/ 0 X
0 X
Iz

INSTRUCTOR USE ONLY
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6. 7. ,
i X
P I r
L] 3
9 3 9. Y
! i)
0 X
0 X

10. . 1.
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12. The slopes of the tangent lines on the graph of = | (') are always positive, ¥

sothe -values of = ! U ) are always positive. These values satout

0+

relatively small and keep increasing, reaching a maximum at about

= 6. Then the -values of = | %) decrease and get close to zero. Te

graph of 710 tells us that the yeast culture grows most rapidly after 6 hours
and then the growth rate declines.

13. (a) ~ () is the instantaneous rate of change of percentage
of full capacity with respect to elapsed time inhours.

204

(b) The graph of = 0() tells us that the rate of change of

percentage of full capacity is decreasing and

approaching 0.

14. (a) 1 °() isthe instantaneous rate of change of fuel
economy with respect to speed.

(b) Graphs will vary depending on estimates of 719, but
will change from positive to negative at about 7 =50.

S— G0

—

(c) Tosave on gas, drive at the speed where “Tis a 0 0 20 w 40 s'u\ 0
maximum and 19 is 0, which is about 50 mi TTh -

15. It appears that there are horizontal tangents on the graph of 7 for = = 1963 o il

and - = 1971. Thus, there are zeros for those values of = on the graph of

(0 ns

| 0. The derivative is negative for the years 1963 to 1971. '
(IR R) * U

1950 1960 1970 1980 1990 XX

16. See Figure 3.3.1.

17. )

The slope at 0 appears to be 1 and the slope at 1 appears
_,/ tobe2'7. As ~ decreases, the slope gets closer to 0. Since

the graphs are so similar, we might guess that " (") = .

INSTRUCTOR USE ONLY

© Cengage Learning. All Rights Reserved.



NOT FOR SALE

140 ™ CHAPTER 2 LIMITS AND DERIVATIVES

18.

As increases toward 1, °( ) decreases from very lage
numbers to 1. As  becomes large, °( ) gets closer to 0

Asaguess, '()=1 2o0r !()=1 " makes 5

19. (a) By zooming in, we estimate that 0y = 0, & =1, (1) = 2,
0

and  (2) = 4.
= -1, (-1)= -2 Y
(b) By symmetry, 0(— )= — 9().So " -2
and '(—2) = —4.
(c) It appears that ~ 0(") is twice the value of *, so we guess that "0(") = 2°.
Z A
@ ) =tim —CF2=0 =y C+)2=72 ;
-0 1 —0
1 |
2 2 _ 2 2
+27 4+ 2+ @+ |
= lim = lim = lim =lm 2 + )=2
-0 1—0 1—0 -0

20. (a) By zooming in, we estimate that %) = 0, 2z ~ 075 1) ~3, (2)~12,ad ((3) ~27.
)

(b) By symmetry, (= )="0().S0 0 —5 =075 (-=1)=3 (-2)~=12,and ((=3) = 27.
1

(©) (d) Since  9(0) = 0, it appears that ¢ may have the form 0( ) = 112

Using (1) = 3, we have = 3,s0° !( ) =3 2,

1 1 ¥

© )= fm —LF21=) — =lim (* P70 =y (#4372 43 2479
-0

1 —0 1 —0

372 43" 24 8 (o243 -+ 2 2

2 2
=i =1 =1 =
im im 12110(3 +3 11+ 1)=37

© Cengage Learning. All Rights Reserved.
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— M _ — M — — — — . _ _
2. o()_hm(+) QO B+ -8-03 -8 . 3 +3 -8-3 +8
-0 -0 -0 |
.37 .
=lm _ =1lm3=3
-0 | -0
Domain of ©~ = domain of = 0 =R,
SR G S Bl G I - .- - -1
2. °()-hm + _hmll(+ Y+ 1] = +)_hm| +r +1-—1 I
-0 -0 -0 |
= lim I_'Zlim| =
-0 ] -0
Domain of - =domainof- 0 =R

= lim

23. () = MOJJF_);_)

[ |
A5+ )2+ 6(+ ) — 215246

1 —0

25(2+211+ H+6+6 —252—

= lim
-0

2 5425 +
510425246 _ . ( 5 _

| —0

= lim
-0
=5 +6
Domain of ©~ =domainof - 0 =R

24. U():hml;):—):
-0

= lim

%,
252+4511+252+6 — 2

-0

lim 5 + 25 +6)
-0

lim A8 ) =5+ )2 —@+8 —5?

1—0

5 5
— i 48 48 —5C 242 "+ A —4-8 +2 _ o 81=512-10 =512+ 1
-0 1—0
— Jim 8110 11=5% _ g, IB=100=5) = iy 8 107 _571)
) 1—0 -0
=8-10
Domain of © =domainof " 0 =R
(= O [+ )2 —20 +7) - (1%-279
25. () = lim = lim
-0 -0 |
= lim _ P+200+ 122186712 1-6 112 -2713— 12+2
-0
2
2 _ 2 2_23 _ 2 _ —
— i 2V THT1P=6T12 16 1] — lim QO+ 1-6712—6 11
-0 1 —0
=lim@2 + —62%2-6 " —2?%=2" —6 2
'
Domain of © = domain of = 0 =R.
1 1 N
G B Ve \/+;\/ \/_—\/+ \/_+ ¥
= 17 [
26. 1()= lim = lim = lim =1lim NAERVAW.
-0 1 —0 1—0 1 —0 + + +
- (+ - i =/1 - 1
llrzlo V= = ].ltilo- -_ - = hrrlo - VLY
© Cengage Learning. All Rights Reserved.
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= == —+ =1 = 2\/— :—232

Domain of = domainof 0= (0 o).
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v v,
27, )= dim 2= Oy, 22 CF )= 97 9o ( ) F Of
-0 -0 9—( + ) 9-—
9—(+)—-0-7) -
= lin = lig [
By Yoo By ey Y=
= lim -1 =_—=1
ol —_—
Domain of = (—oco 9], domain of 0:(—200 99)_.9
2 _
-1 271
D )
28. ()= lim = o
0 | o nk g ) |3 2 —3

O+ -1R1 =3 -2 + H=3(C*-1
2 +1) =321 =3)

= lim
-0
i (#2714 DRT =3 - @271 +27 =32 )
-0 200 +7)—=3]27 — 3
i AT 42T 227 2326 T =3 24320 P27 2 —37 20 —24)
-0 @ +2° =32 -3
2 2 _ _ 2 _ 2 2 — —
- im _APH2 1P -6 1 1=3P 2P L DOROPH211-671-3 1+2
-0 @ +2° =32 -3 -0 1 (20 +2° —3)@2 -3
—im 222 -6 =3 R 22— 6 42
“0 @2 42 =32 —3) @ -3
Domain of = domainof 0= (—oo;)u(; 00).

1—2(+ ) 1-2
20 00 =1im (727 O 3+(+) 73+
| |

L=2C+ DG+ H—-3+(C+)H]A =3
B+ C+ )G+ )

lim
-0

=fim 3+ —6 —-22-6 —2]1-3—-6+ —224+ -3 = lim -6 -
~0 B+(C+ )G +) =0 B3+ + HB+ )

i -71 i —7 =7
-0 3+ + )3+ ) 1—0@+ +)3+) (B+)2

Domain of © = domain of "0 = (—o0 —3) U (=3 ©0).
30. 0(): lim J—M - = lim C+ )3 232 = lim [ + )3 2- 32][( + )3 2+ i
~0 1 —0 1 —0 [+ B2+ 37 -
3_-3 3 2 24 -33_ 3 II3|2+3||+|2|
= Jim —— = | o [T THI AT P
S G EE R L IR G I o (42 a2

© Cengage Learning. All Rights Reserved.
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m
-0 (" +7) + 2

Domain of = domainof = [0 oo). Strictly speaking, the domain of 0is (0 oo) because the limit that defines °(0) does
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not exist (as a two-sided limit). But the right-hand derivative (in the sense of Exercise 64) does exist at 0, so in that sense one

could regard the domain of to be [0 o0).

_ 4_-4 4 3 2- 2 3.4 _ 4
M0y =tm CFEI=0 gy CH )= gy +4 +6 t4 "
-0 1—0 1—0
3 22 34 4
= gim AT IHOT A4 =lim 4 246715 1+4 2, 13 _4 3
1—0 1—0 -

Domain of = =domainof ~ 0 =R,

3 3

32.(a) —1 ! ! -l ! *

(b) Note that the third graph in part (a) has small negative values for its slope, 719; butas |— 6=, [0 — —co.

See the graph in part (d).

o+ ) =0
© () = lim = ©
-0
| |
. 6-(C+)- °71 6—(C F-)+ 06— 7
= lim 6— (- +- )+
-0 6— N
. 6—=C +1—-06-9 \ — 1
= lim [
|
-0 | = | |
6—( + )+ Ve=al=lmo W 4 Vo
-1
- —
= lim = v
I —
-0 66— — + 6-— 26—
Domain of = (—oo 6], domain of ! = (-0 6). 2
B (@) ()= fim —EI=0 oy, (O N =)
-0 1—0
2
- lim 447 4672 244 T34 442" 42 4
~0 2
3 2= 2 3 4 3 2 2 3
- lim 24 +6 +4 R PN C S o ¢ +4 + 3%+3
-0 I"O

=lim 413+672%1 +417%2+ 13+2) =4713+2
-0

(b) Notice that °( ) = 0 when has a horizontal tangent, °( )$§

positive when the tangents have positive slope, and !( ) is £y

negative when the tangents have negative slope.
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(I +1)+1 124
DT - i B
3. @ ()= lim —— =i L CE =T D I+ |

-0 -0 | -0 |
= lim [(C +7)2+1)=(C +0)(C 2+) = Jim _( $42° " 247 T2+ (3 4729

) C +7) 1—0 C +9)

2

= hm 72+ - = 1 —I< |2+ I I_) :hm |2+ I I_l = _10r1_ _1

~o 11+ 1 —0 1T+ D1 1—o 1+ D71 ' 2

(b) Notice that °( ) = 0 when has a horizontal tangent, °( )

positive when the tangents have positive slope, and “!( ") is

negative when the tangents have negative slope. Both functions

are discontinuous at 1 = 0.

35. (a) ~ () isthe rate at which the unemployment rate is changing with respect to time. Its units are percent unemployed

per year.
(b) To find - 0("), we use lim (* - ()z (+ )— O

-0 | |

for small values of

For 2003: - '(2003) ~ —2200 = _(2003) _ 55-60 _

=05
2004 — 2003 1
For 2004: We estimate ~ °(2004) by using = = —1and = = 1, and then average the two results to obtain a final estimate.
S 1 o Y004 ~ (2009 =T (2004) _ 6055 _ ..
2003 — 2004 -1
-1 = 0(2004): (2005) — (2004): 51—55: _04.
2005 — 2004 1

So we estimate that = 0(2004) =~ 5[—0'5 + (—04)] = —0145.

2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
')y | 050 —045 —045 —025 060 235 190 —020 —075

—0.80

36. (a) - () is the rate at which the number of minimally invasive cosmetic surgery procedures performed in the United States is

changing with respect to time. Its units are thousands of surgeries per year.

(b) To find® (), we use lim -1 10 )= O

~0 |
|

for small values of

For 2000: 0(2000) ~ (2002) — 1 (2000) _ 4897 — 5500 _ 301 5
2002 — 2000 2

For 2002: We estimate 7 (2002) by using = = —2 and

= 2, and then average the two results to obtain a final estimate.
= -2 = 0(2002) ~ (2000) — ~ (2002) _ 5500 — 4897

= —3015
2000 — 2002 -2
—5 = 0(2002) ~ (2004) — © (2002) _ 7470 — 4897 ~ 1286 5
2004 — 2002 2

So we estimate that 7 9(2002) ~ L[—301'5 + 1286 5] = 4925,

2000 2002 2004 2006 2008 2010 2012

I¢) | —301:5 4925 106025 85675 60575 5345 737

© Cengage Learning. All Rights Reserved.
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(©

s ‘ (d) We could get more accurate values
5000

for = 1) by obtaining data for
12004 .

f more values of .
800 4 |' /

|
4
400 4 )
|
|
|
)

1D

= NN

210 Mg 2008 i ! 2004 2008 00z

—400

37. As in Exercise 35, we use one-sided difference quotients for the

first and last values, and average two difference quotients for all

other values.

14 21 28 35 42 49
() |41 54 o064 72 78 83

ORI T T A - I
0;‘ 4 2 lli 5 4‘2 49
38. As in Exercise 35, we use one-sided difference quotients for the \, ) , ,
13 20 R iy
first and last values, and average two difference quotients for all X
other values. The units for = () are grams per degree g °C). .l \,_
155 177 200 224 244 » \5 v~ Wikl
\
Ty | 372 310 198 97  _og 3
)| —282 —387 —453 —673 —975
1011 .

39. (a) [1 isthe rate at which the percentage of the city’s electrical power produced by solar panels changes with respect b

time *, measured in percentage points per year.

(b) 2 years after January 1, 2000 (January 1, 2002), the percentage of electrical power produced by solar panels was increasing
at a rate of 3.5 percentage points per year.

40. lis the rate at which the number of people who travel by car to another state for a vacation changes with respect to te
price of gasoline. If the price of gasoline goes up, we would expect fewer people to travel, so we would expect | tole
negative.

41. "1 is not differentiable at "1 = —4, because the graph has a corner there, and at "1= 0, because there is a discontinuity there.

42. "1 is not differentiable at 1 = —1, because there is a discontinuity there, and at "1 = 2, because the graph has a corner there.

43. "1isnot differentiable at "1 =1, because 71 is not defined there, and at "1 = 5, because the graph has a vertical tangent there.

44. 1is not differentiable at "1 = —2 and "1 = 3, because the graph has corners there, and at 1 = 1, because there is a discontinuity
there.
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45.

46.

47.

48.

49.

50.

51.

52.

53.
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As we zoom in toward (—1 0), the curve appears more and more like a straight - 2
r—
line,so” () =" + | |isdifferentiable at- = —1. But no matter how much
we zoom in toward the origin, the curve doesn’t straighten out—we can’t _ fﬁ |
eliminate the sharp point (a cusp). So “1is not differentiable at 1= 0. L |
-1
As we zoom in toward (O 1), the curve appears more and more like a straight - 3
line, so !is differentiable at ! = 0. But no matter how much we zoom in toward
(1 0) or (=1 0), the curve doesn’t straighten out—we can’t eliminate the sharp
-2 2
point (a cusp). So !is not differentiable at 1= +1. \ J

-1
Call the curve with the positive T1-intercept "1 and the other curve ~1. Notice that | has a maximum (horizontal tangent) at
I =0, but 71=0,s0 71cannot be the derivative of 1. Also notice that where ~Tis positive, “1is increasing. Thus, 1= Tland
= 0. Now !(—1) isnegative since (isbelow the -axisthereand (1) is positive since is concave upward at
=1 Therefore,  ®(1) is greater than  °(—1).
Call the curve with the smallest positive T1-intercept =~ and the other curve 1. Notice that where ~ is positive in the first
quadrant, ~ isincreasing. Thus, = and = 0 Now ?(—1)ispositive since 0isabove the -axisthereand {

appears to be zero since  has an inflection point at = = 1. Therefore, (1) is greater than  ®(—1).

, 1 =710, 7= 100, Wecan see this because where 71 has a horizontal tangent, 71 =0, and where “1has a horizontal tangent,

I = 0. We can immediately see that 1can be neither Tnor 19, since at the points where 1has a horizontal tangent, neither |
nor isequal to 0.

Where 71 has horizontal tangents, only ™ is0,s0 " 0 =[1." has negative tangents for 1 “10and ~ isthe only graph that is
negative for 71 710,50 - 0 = [1. 7 has positive tangents on R (except at 1= 0), and the only graph that is positive on the
gmelomain is 71,50 - 0 = 7. We conclude that 1=, 7 = 719, © = 7100, and —= 7000,

We can immediately see that 71 is the graph of the acceleration function, since at the points where 71 has a horizontal tangent,

neither = nor = isequal to 0. Next, we note that 1= 0 at the point where ~ has a horizontal tangent, so = must be the graph dhe

velocity function, and hence, ~ © = 1. We conclude that ~ is the graph of the position function.

I must be the jerk since none of the graphs are 0 at its high and low points. 71is 0 where ~ hasamaximum,so "0 = [. 7 is0
where ~ hasamaximum, so = 9= 7. Weconclude that - isthe position function, - isthe velocity, - isthe acceleration,and &
the jerk.

()= im —F2=0 =}y BCH PH2( + )+ 1] —-(312+2° +)

-0 1—0

= fim G126 T 43242 421+ D=3 2421 4 gy, 6113 12+2
-0 1—0
6 +3 +2

= lim =lm 61 +37 +2 =6 +2

-0 -0
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0y = qim CF DT MO 2 g 60+ ) F2A=6 4D 2y 6 +6 =6 +2
|

-0

-0

We see from the graph that our answers are reasonable because the graph of

-0
6
= ' —lm6=6
-0 7] -0
r 0 is that of a linear function and the graph of ~ 00 s that of a constant
function.
i YA B b
1
54, “0( )= Im D=0 - gy MC+ P=3C +=(C3=0)
-0 1—0 3
= lim (343 % 43 " 24733 -3 )30 _ . 31F143 112+ 1P-3
-0 3 | —0
12 2 _
-0 -0
cm (D=0 gy BO A3 =0G722 gy G161 1437223 (723
W)= lm = lim = lim
-0 1—0 1—0
2
= fim 37 = i SO i 61 +31) =61
-0 1—0 -0
3 We see from the graph that our answers are reasonable because the graph of
\ ] {
r . f. P i ) ) ) i
( ;" I L 0jsthat of an even function ("1is an odd function) and the graph of ~ 00 g
J {
- N/ . that of an odd function. Furthermore, = 9 = 0 when ~ has a horizontal
‘
A,..' ' tangent and - 00 = 0 when - 0 has a horizontal tangent.
55 0()=fm (F )" ) opim 20+ 2-C+ )P —@ 2"
-0 ( 1—0
171
) @n+271-3 12-3 - 5 ) 2 2 2
:11£1’01 :llrgo(ﬁ‘- +27 -3 — 377 — |):4|_3|
3
W) = lim WA D=0 gy AC D =3C+ ) - = F g, d@3=61-3)
-0 1—0 1—0
=lim@ _61_3)=4_6
-0
0e + H)y—"0 - + — (4 - . =6
M) i ( ) O - gy, B=a =4 6):hm_):ﬁm(_6):_6
-0 -0 -0 -0
@y =tim "CH D= " 2 gim == = fim _=lim (©) =0
) =6
( -p ) -0 -0 -0
-4 6
The graphs are consistent with the geometric interpretations of the
iy
/ i derivatives because ~ © has zeros where ~ has a local minimum and a local
' Lengage Learning. All Rights Reserved.
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maximum, 90 has azerowhere 0 has alocal maximum, and 000 s a

constant function equal to the slope of = 00,
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56. (a) Since we estimate the velocity to be a maximum ¥ 1
ik
at = =10, the acceleration is 0 at = =10. T 210
i m !
(b) Drawing atangent line at -~ = 10 on the graph of [, [ appears to decrease by 10 ft 7Is? over a period of 20 s

Soat = 10 s, the jerk is approximately —10 20 = —0'5 (ft"s?) s or ft s5.

57. (a) Note that we have factored 1 — 7 as the difference of two cubes in the third step.
(Yy=im (=0 =1lm 1"*—* —jm 18— que
-1 - 1= - H(lB_ 13)(23+ 13134 23)
= lim 1 — 1 ori -2 3
I A -
L 234+ 13 1343 323 3
do+1) = 1O -=0 1
(b) " Y0y = h'ﬁ% | = lirra —_— = ling% 5 . This function increases without bound, so the limit does not
exist, and therefore ~ {0) does not exist.
1 . . . .
©) lim |70 )H] = lim = oo and ~ is continuous at = = 0 (root function), so ~ has a vertical tangent at = = 0.
-0 ~03 23
1 . .
5. (@) (0)=lm (Q="Q =jm _2°%=0 = Jim —, which does not exist.
1
| |
~0 -0 -0 -0 3

(b) U():hn M:hnl 23_ 23 = lim (13_ 13)(13+ 13)

- - = =1 - (113— 7132347137134 723
I3 13 13
= lim + =2 =_2 or?2 13
2084 LB LE 4 B 323 313 3
(¢) ()= 23iscontinuousat = = 0 and (d)
2 r '
lim |14 )] = lim = o0. This shows that
~0 ~o3| b0

| has a vertical tangent lineat 1 =0. |

L o
n
-6 if —626 -
— =06 if =6
5. ()=| -9 = =
—C —6if" -6 0 — if
=6
So the right-hand limitis lim —(2=—© _ 11=6l=0_,  ——="=1lim 1 =1, and the left-hand limit
—6* |—6 | —6+ |—6 ~6t " — 0 —6+
6 - -
is lim  —( =0 _ Li=6l=0_ im = lim (—1) = —1. Since these limits are not equal,

| |
© Cengage Learning. All Rights Reserved.
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— (6 . . . .
(6) = lim =06 does not exist and " is not differentiable at6 y v = il

-6 | —6 11 S

However, a formula for  tis () 0 6 x
= -1 if 176 0

Another way of writing the formulais “ (") = -6

|1 — ol

60. ~ (") = [ ] is not continuous at any integer 1, so is not differentiable ¥

| at by the contrapositive of Theorem 4. Hj  is not an integer, then, i

is constant on an open interval containing ~, so " ") = 0. Thus,
i) = 0, not an integer.
I .
12 if1=0

6. @ ()= _1|1= 2 i1 10 (b) Since " (') = "2for " =0, wehave () =2 for~ "0
Y [See Exercise 19(d).] Similarly, since (') = — 2 for 0,
we have " 0(" ) = =2 for 0. At~ = 0, we have
0 O(O)Zlim_(_)__@ZIim_LZIim||:O

-0 1 =0 -0 -0

So 7 is differentiable at 0. Thus, 1 is differentiable for all |.

(c) From part (b), we have " (") = =2 Bt

L if>0
62. () | | = ¥
2 if >0

0. ()= "+ |= .
0 if 1710

Graph the line 1=27for | = 0and graph 1 =0 (the x-axis) for 1710.

(b) 71is not differentiable at "1 = 0 because the graph has a corner there, but

is differentiable at all other values; that is, is differentiable on (—oc0 0) U (0 ©0).

2 if >0 ;
© ()= L ey = 2 if 0
0 if 110 0 if 1710

Another way of writing the formulais '9(") = 1 + sgn ~ for = = 0.
63. (a) If 1is even, then
(—+)—(—),l. [FC=D]="(=)
[ T |

T G S € P Gl Bl fleta- = —- ]

—u )

"(=7) = lim

m FADY= O 'O

Ay —0 A

Therefore, ~ 0isodd.

© Cengage Learning. All Rights Reserved.

149



NOT FOR SALE
INSTRUCTORUSE ONLY



NOT FOR SALE

150 ™ CHAPTER 2 LIMITS AND DERIVATIVES

(b) If 71is odd,then
0 o (=— + )= (=) _ . [C =)= "(=1)
=)= h% | - hrf,lo 1
=1im_<_)+ ():lim (Rl Bl | [letA~ = —"1]
—0 ~0 _
o CHADN= O)
=1
Al?lo A @)
Therefore, ~ 0iseven.
64. (@) " 0 (4) = lim A+1)— 14 _ hn 5—@4+7)—1 (b) , .
_ o n |
=lim — =1 ¥ = fix ,\ 5
1—0~ i
and 0 M \
1
b4y = lim AGF =8 -y 5@+ y !
—0+ | —0+
1
e == ) Ty
= lim = Im - —
-0+ ~(1-7) -0t 1 —
| 0 if <0
© )= s5—= 1 ifo 71 14

"6 —) if =4

At4wehave lim ()= lim G- ")=1land m ()= Im 1 =1,30lm ()=1= (@ and is
—4- | —4— —4+ 4+ 5 — —4

continuous at 4. Since 7 (5) is not defined, | is discontinuous at 5. These expressions show that 7 is continuous on the
intervals (—co' 0), (0" 4), (4'5) and (5’ 00).Since Im =~ ()= lim 56— )=56=0= (), lim © () does
n

—0+ | —0+ —-0— -0

not exist, so | is discontinuous (and therefore not differentiable) at 0.
(d) From (a), ~ is not differentiable at 4 since "_0 (4) 6=+ © (4), and from (c), ~ is not differentiable at 0 or 5.

65. These graphs are idealizations conveying the spirit of the problem. In reality, changes in speed are not instantaneous, so the

graph in (a) would not have corners and the graph in (b) would be cortinuous. dsids

(@ (b) o o
! 1 ?—l?l I‘* l:-' t
I3
66. (a) T

0 t

© Cengage Learning. All Rights Reserved.
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(b) The initial temperature of the water is close to room temperature because of (©)

the water that was in the pipes. When the water from the hot water tank

starts coming out, 171 111 is large and positive as 71 increases to the

temperature of the water in the tank. In the next phase, | 17 710 =0asthe

CHAPTER2 REVIEW *®

water comes out ataconstant, hightemperature. Aftersometime, | 17 |

becomes small and negative as the contents of the hot water tank are

exhausted. Finally, whenthe hot water hasrunout, | IZ I17isonce again0she

water maintains its (cold) temperature.

151

67. In the right triangle in the diagram, let A be the side opposite angle and A
) the side adjacent to angle 1. Then the slope of the tangent line
islT = A""A" = tan . Note that 0 L. We know (see Exercise 19)
1
\ that the derivative of = (') = ~21is " !(") = 2°. Sothe slope of the tangentb
" X
the curve at the point (1' 1) is 2. Thus,  is the angle between 0 and +, Whose
tangent is 2; that is, = = tan—12 =~ 63°.
2 Review -
TRUE-FALSE LIz
1. False.  Limit Law 2 applies only if the individual limits exist (these don’t).
2. False. Limit Law 5 cannot be applied if the limit of the denominator is 0 (itis).
3. True. Limit Law 5 applies.
2_9. . .
4. False. " = 9is not defined when 1 = 3, but 1+3is.
-3
5 True.  lm 1°=9 = lim (1#3(1 =3 =lim (1 + 3)
R ) 1—3 =3 -3
6. True. The limit doesn’t exist since © ()7 () doesn’t approach any real number as ~ approaches5
(The denominator approaches 0 and the numerator doesn’t.)
. . (=5 . osin(C = 5) T .
7. False.  Consider lim or lim . The first limit exists and is equal to 5. By Example 2.2.3, we know that
-5 1=5 -5 -5
the latter limit exists (and it is equal to1).
8. False. If ¢()=117,¢C)=—1"",and " = 0, then lim ~ (*) does not exist, lim " () does not exist, but
1—0 -0
lim [ ()+ ()] = lim 0 = 0 edss.
-0 -0
9. True.

Suppose that lim [ () + ~ ()] exists. Now lim ~ (") exists and lim (") does not exist, but

lim () =lm{[ )+ )] - OO}=lm [ )+ ()] — lim () [by Limit Law 2], which exists, ad
- = - ~

we have a contradiction. Thus, lim [ () + - ()] does not exist.
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13.

14.

15.

16.

17.

18.

19.

20.

21.
22

23.

24.

25.

26.

ol

False.

True.

False.

True.

False.

False.

False.

True.

True.
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Consider lim [ ( )' ()] = lim ( —0) — . It exists (its value is 1) but * (6) = 0 and " (6) does not exist,
-6 -6 -6

$0 1(6)” (6) 6=1 '

A polynomial is continuous everywhere, so lim ~ (") exists and is equal to ~ (1).

Consider lim [ ( ) — ()] = lim 14 . This limit is —co (not 0), but each of the individual functions
-0 -0 2 4

approaches co.

See Figure 2.6.8.

Consider - () = sin = for = = 0. Ih'glm () 6= o0 and has no horizontal asymptote.

. 1°C -1 if 6=1
Consider () =
2 if 1=1
The function 71 must be continuous in order to use the Intermediate Value Theorem. For example, let
1 if 0 < 3

)= Lif 5 There is no number 1 € [0’ 3] with () = 0.
—1if =

Use Theorem 2.5.8 with~ = 2, | = 5,and” ( ) = 4 2 — 11. Note that” (4) = 3 is not needed.

Use the Intermediate Value Theorem with 71 = —1, 7T =1,and |= "1, since 3 1 4.

True, by the definition of a limit with 7 =1.

False.

False.

True.

False.

True.

True.

False

2+1if =0

For example, let =
P ©) 2 if 1=0

Then: ¢ )~ 1forall ", butlim ()= lim "2+ 1 *
-0 -0

See the note after Theorem 2.8.4.
() exists _ ° isdifferentiableat | _,  iscontinuousat ! - lim ()= ().

I
2 2
— Is the second derivative while % is the first derivative squared. For example, if = 7,

()= "% —10 2+ 5 iscontinuous on the interval [0' 2], “(0) = 5, (1) = —4, and " (2) = 989. Since
—4 7 07 5, thereisanumber I in (0 1) suchthat” () = 0 by the Intermediate Value Theorem. Thus, there i

root of the equation " — 10" 2 + 5 = 0 inthe interval (0 1). Similarly, there is arootin (1' 2).

See Exercise 2.5.72(b).

See Exercise 2.5.72(b).
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EXERTISES
1. @) (i) im ()=3 (i) lim ()=0

2+ — 3+
(iii) 11}}3 () does not exist since the left and right limits are not equal. (The left limit is —2.)

(iv) lim  ()=2
—~4

(W) lim ()= o0 (Vi) im ()= —o0
-0 -
(vii) im ()=4 (viii) lim ()= -1
(b) The equations of the horizontal asymptotes are 1= —1and =4

(c) The equations of the vertical asymptotes are = 0and = 2.

(d) 71 isdiscontinuous at | = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively.

¥

2. lim ()=-2 lm ()=0, lim ()= oo,

— — 00 — 00

Iim ()= _g, lm () =2,

y=-2 i :
| is continuous from the right at 3 ’ i \[
v 3i r=3
3
3. Since the exponential function is continuous, lim 1 ~ = =0 =,
-1
. . . - . 2_ 9 32 _0
4. Sincerational functions are continuous, lim = =9 = =0.
-3 2+2 =3 32+23) -3 12
5 fim _ 129 =Jm (+3(1=3 =|m I=3_-3=3_-06_3
~—372+27 -3 ~=3(1 +3)(1 =1 -3 =1 =3—-1 —4 2 1
12—9 2 + + 2 =9
I
6. 1 _—_ : —3 - and ——  o0ofor1 3.
T, _j--cosinces 20 =3-0 as i~ 242 —3
I
— 13 +1 I|3—3|2+3|—1 H 13— 37243 | I I
7.lim = D°F1 = iy Sl = lim 2= ¢ lim '2_37 1323
1—0 1 —0 1—0 1 —0 )

Another solution: Factor the numerator as a sum of two cubes and then simplify.
i (=31 (=134 = Jim [ —D+1.( =D —1( —1) + 12
1

-0 -0 -0
:limo(—1)2— +2 =1-0+2=3
=

+2 2+ 2 4 _ 1
8.1im > =4 =1lim - (T2( -2 = lim - -
—~2°'3_8 —2( =2)(2+2 +3% —2 242 +4 44+4+4 12 3
\/— 4 + - |
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9. lim =osince(! —9 —-0 as! — 9and 0for 6=

o ( 9yt (I -9
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0 Gm 4= =im —4=1_, -1 _-_4
a4+ |4 — ] —a+ —(4 =) —4+ —1
1. lim =1 =lim ( 2D 2= =Lm ( 24D +1( —) —pm ( TEDC D _20_4
| | | | [ I v
17345 2_g =1 - (245 —§ =1 (T +6)(7 = =1 C +0 7 7
v W Vv v
++6— —++6— 6+ (" +6)2 -2
12. lim 3 7= lim 5 . = lim 5 ] I
-3 1= 31 1—3 (0 =3) | +6+ =301 (1 — 3) 1+6+ 1
2
. B L - =G —1 73 +2)
li — =1 = i .
R I e I O T D R
| +2 5 5
=1im_%:_—:_—
e -
3 2 16+ 93 +3) 54
13. Since 7 is positive \/?—I Il = 1. The V v V
v_, 29 2 —g-2 1=0 1
lim ] = lim = lim = =
i—e 2 =6 1—w 27—§71 1= 2-6 2-0 2
V— 1
| |
14. Since 1 is negative, 2:|\/|:— . Ths,
—2_ 9 \/_2_9_\/_2_ 1—9 "2 \/-1&9 1
216 —2+6
. lim
lim, Tow@ -9 () T e T S2007 2
_ - lim
15. Let =sin .Thenas -, sin 0*,s0” _, 0*. Thus, lim In(sin )= limln = _4.
- - -0+
6. Gm 127 °—"% —jim (=229 gy 2721 02021 11
——oo 5+ |—374 e (5T =34 4 w57 T4+ 733 0+0-3 -3 3
V I\/|z+4 1+1 — 2+47+1+ ‘|I 2 1 2
17. lim —_— =lim _1"t41+l= " gy (T4 D -
244 +1-— i '
1—oo | —oo 1 244 41+ — oo 2440 41+
4 +1 v
| | 17
= lim divideby = 2for 0
= TI2+H471414 Y1
) 4+ 17171 _4+0 4
= lim F—m—e—ou-— = =_=2
1= 1+4 7 +17 2 41 1+ 0+0+ 1 2
-1z _ .
18.Let - = 71— 12= (1 —T). Thenas 1— o, — —oo, andn = lim ~ =0

| — 0

19.Let = =1" " .Thenas  — 0%, " — oo ,and lim tan=}(1" ") =lim tan-! = = .
os oo 2 l
| |
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20. lim 1 + = lim = lim
B B R B e B e G E BRI G
-1 . 1 1
- lim 1~ =lm = =—1
1 (=D —2) 1t -2 1-2
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21. From the graph of 71 = cos? | 171? itappearsthat | = 0is the horizontal

asymptote and 7 = 0 is the vertical asymptote. Now 0 < (cos N2 <1 =

|
0 2 1 21
L= <, =sos ﬁ_cosl < ,.Butlim 0=o0and
mE® -6 e b —
1 _I cos? | ( J
lim — =0, s0 by the Squeeze Theorem, lim  ——— — -1
cos? | > 2 +
= oo becausecos - — land 4 — 0 as - — 0,50 - =0isthe
Thus, 1= 0 isthe horizontal asymptote. lim0
vertical asymptote.
Vi
22, Fromthegraphof = ()= "2+ +1— "2 —" ijtappears that there are 2 horizontal asymptotes and possibly 2

vertical asymptotes. To obtain a different form for 7, let’s multiply and divide it by its conjugate.

Y Vv I 24+ +1+ "2— _ (1%+ 1+ —-(12-7)
10) = FIFT - 7= — —
L =T T+ 7=
27 +1
24 +1+ 2—
Now
+
lim 1( )= lim 2
—oo et I I ) v
2+ (17 ) [since 2 for 1 0]
- 1+ (1T )H (A1 HE 1= )
2
= :1,
1+1 |
_ . V = - . |
so | = 1lisahorizontal asymptote. For | |0, wehave = -2 =|-| = — |, so when we divide the denominator by ,
with 7 10, we get
I |
2+ 7+1+ 72— 24 414+ 2- 1 1 1
: =-— — = - 1+'+2+ 1— |
2
Therefore,
27 +1 24 (17 7)
lim “1()= lim = lim : :
- | |
oo S T R T ¢ B o B S B
-1+1)
so "1 = —1 is a horizontal asymptote.

The domain of is (—oc0 OJU[1 o). As" — 0-," () — 1,50

= (0 isnot a vertical asymptote. As = — 1+, () — 350" =1
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is not a vertical asymptote and hence there are no vertical asymptotes.
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23.

24,

25.

26.

27.

29.

30.

NOT FOR SALE

X CHAPTER 2 LIMITS AND DERIVATIVES
Since2 —1 <7 ()< 2%foro 3and lim 2° —1) = 1= lim "2 wehave lim = ( ) = 1 by the Squeeze Theorem.
1 -1 -1
Let: ()= —27()= 2cos 1772 and ()= 2 Thensince cos 1°°2 < 1for 6= 0, wehave
(H)=<i()= ()for =0andsolim ()=1lm ()=0 = lim ()= 0Dbythe Squeeze Theorem.
-0 | —0 -0
Given | 10, weneed 1 | 0suchthatifor [[J —2] 71 7I,then [(14 —5T)—4| 1 ILBut|{(14 -5 -4 11
[-=571+10] T 1 < [=5[171=2] 11 < | 1=2] 71 1715 Soifwechoose 1= 1715, then0 |0 —=2] | | =
[(14 — 57 ) — 4] . Thus, lim (14 — 5 ) = 4 by the definition of a limit.
{E:
Given1 1 Owemust find1 1 0Osothatifo - | — 0] ,then\x/_—ol .Nowl\!_—olz |3/T | =
- - - = =
I=1°7F 7 15 sotake | =13 Theno= [ —o0l=1[[2 1® = \\*/ —OIZ\\J =211 =l
Therefore, by the definition of a limit, lim 3/_: 0.
-0
Given | 10,weneed 71 10sothatifo [0 —2] 1 1,then 12 =3 | — (—2) | 7. First, note that if | 1 —2| 11, then
-1 —271,%00 —172 = | =17 2. Nowlet! = min{ 201} Theno- || —=2|11 =
23 (=2 =IC =C -pl=1"=2[" =17 (2@ =
Thus, lim (- 2 _ 37 ) = 2. by the definition of a limit.
-2
28. Given 1 0, we need | OsuchthatifO | 71— 47 |,tﬁen2|\/|—4 | 1. This is true & | —4 121
| — 41074 12 Soifwechoose 1=471712%then0 | |—4 | 1=271 1—4 | 7. So by the definition of a Ini
lim |2 |3'|L— 4 I:oo,
1 —4*
V. B , B 5
@ ()y="-if 0, ()=3- ifo< 3, ()=( —32if = 3. _
() lim ()= lim G_ )=3 (i) im ()= lm
-0+ | —0+ —0- | —0—  —" =0
(iii) Because of (i) and (ii), lim = (') does not exist. (v im ()= Im @3- 1)=0
-0 -3~ -3~
W lm ()= lim ( - 32 =0 (vi) Because of (iv) and (v), lim () = 0.
—3+ | —3+ -3
(b) is discontinuous at 0 since lim - () does not exist. (©
-0
| is discontinuous at 3 since | (3) does not exist.
|J|’ 1
@ ()=2 - 2ifo< <2,0()=2—if2 <3,0()="—4if3 4,7()= "if =4
Therefore, lim © () = lim 2 2=0and lim ()= lm (2 )=0.Thus,lim 1 ()=0="¢Q
—2- | —2— —2+ | —2+ -2

so liscontinuousat2.lim ()= lim (2 _1)=_1and lim _ ()= lm (" — 4) = —1. Thus,
-3~ 1 -3~ —3* 1 =3+
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lim " ()= _1="(3), so  iscontinuous at 3 (b) Y
-3

lim “(C) = lir:l_(l_4):0and lim “ ()= lim 71="

| —4— —a+ | —4+

™\

Thus, lim - (- ) does not exist, so is discontinuous at 4. But
—4

lim ©(C)="="(4), so" iscontinuous from the right at 4.

1 —4*

. sin"land I'"are continuous on R by Theorem 2.5.7. Since 1' is continuous on R, """ is continuous on R by Theorem 259

Lastly, 1is continuous on R since it’s a polynomial and the product 75" ' is continuous on its domain R by Theorem 2.5.4.

- o . Voo .
2 — 9 is continuous on R since it is a polynomial and is continuous on [0’ o0) by Theorem 2.5.7, so the composition

v Z—79 is continuous on - | i/— 9 >0 = (—o00 —3] U [3 00) by Theorem 2.5.9. Note that 2 — 2 6= 0 on this set ad
2

2 is continuous on its domain,
2=2 (=0 —3] U [3 oo) by Theorem 2.5.4.

so the quotient function €)=

()="5-="%+3 —5iscontinuous on the interval [1 2], " (1) = —2,and " (2) = 25. Since =27 07 25, thereba

number | in (1 2) suchthat () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

5—"%+3 —5=0intheinterval (1 2).

()=cos  —1 +2iscontinuous on the interval [0'1],  (0) = 2,and " (1) = —0'2. Since —02 " 0 2, there&

number | in (0" 1) suchthat” () = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

cos V= —1 +2=0,0r cos \/_: — 2, intheinterval (0 '1).
. (a) The slope of the tangent line at (2 1) is
— _ 2 _ _ 2 2
im (07 @ =qim 272 T o 8727 i 2200 = 4 - gy, 220 =2C
1 | 1 |
1—2 1 —2 1—2 | —2 1—-2 | =2 -2 -2 -2 -2
=lim [-2(" +2)]=~-2-4=-8
1

(b) An equation of this tangent lineis 1—1=-8( I—2)or 1=-8 |+17.

. For a general point with “I-coordinate 1, we have

. 22 (1=3)Y=2711=3") .. 20 =3 )—=21—=3") _ . 6C =)
= lim = lim = lim
- - - (=3 =30)C =) - @ =3N)a =3)C - )
o 6 6
= lim =
- (1=3)01-3 ) (1-3 )
For- =0, = 6and  (0) = 2, so0an equation of the tangent lineis - —2=6(C —0) or =6 +2 For- = -1, = %
and ~ (—1) = %, so an equation of the tangent lineis  — 3= ¥ + Do =% +
.(@ ! =1¢)=1+2 + 2 4 The average velocity over the time interval [1 1 + ] is

|
Lo lae y— iy 1+ 201+ 1)+ 1+ 1H)24= 1374 _ 100+ 2 _ 10+
ave — = = =

a+7)-1 4 4

[continued]
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So for the following intervals the average velocities are:

MMN3: =2 aw=>00+24=3ms (D[ 2: =1 ae =@00+1)4=275ms
(i) 115 =05 ae=(10+05 4=2625ms (V)1 11]: =01, ae = (10+01) 4=2525ms
. Lo ld+ Y=y 10+ 10
(b) When * = 1, the instantaneous velocity is lim = lim = _=25ms.
-0 ' -0 4 4

38. (a) When ~ increases from 200 in®to 250 in%, we have A~ = 250 — 200 = 50 in®, and since =~ = 800

800 800 .
Al =1@50) —1200)= ~ —= =32-—4=—08Ib"in%2. Sothe average rate of change
250 200
A 08 I in?
1S = —— =_0016
A 50 in®

(b) Since 1 =800"171, the instantaneous rate of change of "1 with respectto 1is

tim 2! (+ )= ()80 +)-8

—— = lim

800 —( + )

=1l

-0A -0 -0 -0 ( + )
— 800 _ 800

S0+ 2
which is inversely proportional to the square of 1.
— . 3 _ —
%@ ‘@= 7 @ =im o204 ©
lim ! |

) | — 2 -2 -2 12

_ 2
= 1im L =20 "*2 %3 — 12497 12 =10
) 1 —2 -2 —4 4

(b) 1T—4=10C1=2)0r 1=10"1— 16

40. 26 = 64,50 ()= %and” = 2
41, (a) “ '(1) isthe rate at which the total cost changes with respect to the interest rate. Its units are dollars ™ (percent per year).

(b) The total cost of paying off the loan is increasing by $1200 “I(percent per year) as the interest rate reaches 10%. So if the
interest rate goes up from 10% to 11%, the cost goes up approximately $1200.

(c) As ! increases, increases. So (l) will always be positive.

4. ‘/‘/\" 43. \ / 44,

7

N 3
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' v | J
45. (a) 0():hmi+_):_l:hm 3—5( + )— 3—75 3—5 + Y+ 35
f___ 11 0 3-5( + )+ 3-5
[3—=5C + )l_(3—5) I _ 5 — 5
= lim
- 3-5( + )+ Va_5- - Hm° S5+ \/3_5 =V,

(b) Domain of 71: (the radicand must be nonnegative) 3 — 5 1> 0 = G

p
5 <3 = %éeo \f\ }
Domain of 1 0: excludes® because it makes the denominator zero; 3 ™~ I
S e——
(c) Our answer to part (a) is reasonable because (") is always negative and -
3]
| is always decreasing.

46. (a) As° — +oo, ()= (@A—-"N @B+ ) — —1,sothereisa hoizond R Y

asymptoteat = —1. As" — —3% () — o,andas — —3-,

f
( ) — —oo. Thus, there is a vertical asymptoteat = —3. ~ N

(b) Note that is decreasing on (—oo —3) and (—3 o0), so ! is negative =gl
othose intervals. As — +o0,” 0— (0.As — —3-andas — —37, .
I
0 - —o0, :
: 0 |
4=( + ) __4- A
T F o= O =
(© () = lim = 3 (It 3+ ~ lim @G+ Y4-0 + N—@—- YBH( + )]
I
-0 -0 -0 B+( + )G+ )
- lim _(2-3" =3 44" —"2—" ") (1244 +4° -3 —"2- 7
-0 B+ + )]G+ 7)
) =71 . -7 7
= lim = lim = _
0 B+ G+ ) ~0B+( + )G+ 7) G+71)?
(d) The graphing device confirms our graph in part (b).
47. 71isnot differentiable: at 71 = —4 because |is not continuous, at |= —1 because 71hasa corner, at 1= 2 because Tism

continuous, and at | = 5 because | has a vertical tangent.

48. The graph of = has tangent lines with positive slope for 71 10 and negative slope for 1~ 0, and the values of ~ fit this patemso
must be the graph of the derivative of the function for 1. The graph of ~ has horizontal tangent lines to the left and right dthe

[-axisand = has zeros at these points. Hence, ~ is the graph of the derivative of the function for | Therefore, ~ is the ggohof 7,
is the graph of = 9, and " is the graph of = 00,
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49. Domain: (_oo 0) (0 o) lim 7 () =1; lim () =0;
—-0—

1 —0*

0C )1 oforall ~ inthe domain; lim 0(C)=0; lim 0C)=1

——00

50. (@) 1 °() isthe rate at which the percentage of Americans under the age of 18 is changing with respect to time. Its units are
percent per year (% 1yr).
1 (+H-10 1+ )=

-0 |
|

For 1950: 1 0(1950) ~ 1 (1960) — 1 (1950) _ 357-=311 — 046
1960 — 1950 10
For 1960: We estimate | ?(1960) by using

a final estimate.

1O for small values of

(b) To find | 0( ), we use lim

—10 and = 10, and then average the two results to obtain

1 (1950) — 1(1960) _ 3111 =357

=—-10 = 1'1960) = 22 L _ 46
1950 — 1960 -10
S 10 = 1%1960) ~ LATQ 10960 _ 340357 _ .,
1970 — 1960 10

So we estimate that 19(1960) =~ {0746 + (—0'17)] = 07145.

1950 1960 1970 1980 1990 2000 2010
KO) 0460 0145 —-0385 —0415 -0115 —0085 —0-170

© -
5T 114
i s
m ni
o y=Pr
4 ni+
3
a7 0.1+
a1t t i t t t + -
B 19500 19600 1970 19500 1900 2000 2010 7
- —
257 \ ol g \
23+ WL 2
: : : : : : .l
150 1060 1970 g paan 2000 Mo ! -
DT

(d) We could get more accurate values for 1°(") by obtaining data for the mid-decade years 1955, 1965, 1975, 1985, 1995, and
2005.

51. 7 1)) is the rate at which the number of US $20 bills in circulation is changing with respect to time. Its units are billions of

bills per year. We use a symmetric difference quotient to estimate ~ °(2000).
(2005) — - (1995) 577 — 421

1(2000) =~ = 0156 billions of bills per year (or 156 million bills per year).

2005 — 1995 10
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52. (a) Drawing slope triangles, we obtain the following estimates: 1 °(1950) zil =011, 1 91965) E’*I; 6 = =016,

and | 9(1987) %% = o o2

(b) The rate of change of the average number of children born to each woman was increasing by 0 11 in 1950, decreasing
by 0716 in 1965, and increasing by 002 in 1987.
(c) There are many possible reasons:

+ In the baby-boom era (post-WWII), there was optimism about the economy and family size was rising.

- In the baby-bust era, there was less economic optimism, and it was considered less socially responsible to have a
large family.

+ In the baby-boomlet era, there was increased economic optimism and a return to more conservative attitudes.
8. (<) © YOO ()<iOadlim I ()=0= lm — ().
| -
Thus, by the Squeeze Theorem, lim ~ () = Q

54. (a) Note that is an even function since” ( ) = (— ). Now for any integer 1,

[T +[[=T1]= 1= T1=0,and for any real number 1which is not an integer,

C1+0=1=01+¢-I[1-1» =-1.50 h;n_l () exists (and is equal to —1)

for all values of |.

(b) T1is discontinuous at all integers.
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1. Let :B/_,so = 6 Then - 1as — 1,50
m 1 =1 = Felofm C=DERD g b1 IR 2
lim
-1 -1 -1 =1 —1(=D( + +1D -1 + +1 1 +1+1 3

Another method: Multiply both the numerator and the denominator by (\/ + 1) }/ T 3/ +1 .

J

. . . +1 -2 +1 +2 +1 —4
2. First rationalize the numerator: lim Ll Lo+ = L1+]

lim™— . Now since the denominator

I/ [
—g | 11 1+ H2 11+ 1+2

Lo . | .
approaches 0 as 71— 0, the limit will exist only if the numerator also approaches 0 as | —_ 0. So we require that

(0)+ 1 — 4 =0= 7= 4. So the equation becomes lim v—————= 1= Voo =12 =4,
1 —0 +4 +2 4+2
Therefore, 1= 1=4.
3. For —3 s wehave2™ —1° 0and2” +1° 0,s0|2° — 1] =—@2" — 1and [2° +1|=2" +1.
—1] = _ 1 — —41 _
Therefore, lim 2 -l 1] fim = D= *D_y, = (=9 = —4
-0 -0 -0 -0
I I
4. Let 1bethemidpointof 7171, sothe coordinates of 1are ! 51 % since the coordinates of |are 1> .Let 1=0).
12 1 1-2 12 _p |
Since the slope = — _ — _ (negative reciprocal). But = f_ = , 50 we conclude that
I ' I
2 —0
11
-1=2-2 = 2=24+1 = =524 L As ~0, — ¥ andthe limiting position of 7 is 01 3
5 (@ Foro 171 1, [1=0s0" =0, and hng+ 0 — 0. For —1 0, J=—-1,50" 1:_ »and
11— 2
| |
. . -1 . . . .
hrrol - = hmo — = o0. Since the one-sided limits are not equal, lim L([Jldoes not exist.
1—0— 1—0— [
(b)yFor 110,11 1=1<[[I1M<111=0007-D<1 1M=<=010D=1-"1<7[7171]=<1
As |_ 0%, 1 _ 1, 1,sobythe Squeeze Theorem, lim Mm n=1
-0t
For 110,11 1—=1<[[M11<111=0001=D="71 1 =0aomn=1— 1="7[t 11]=1.

As | 0-,1 _ L. 1,s0bythe Squeeze Theorem, lim M =1
-0~

Since the one-sided limits are equal, lim ~ [[1” " ]] = 1.
-0
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6. (a) [ 1%+ [ 'T? = 1. Since [T and [ ]| are positive integers or 0, there ae o S

only 4 cases:

Case (i): [M=1[M=0=1< " 12and0 < | Case

@i):[M=-,[M=0=>-1< "71"710and0 < 7 1Case

@ii):[m=0,[M=1 =20< 7 11land1 < | 2 Case ' | )
@iV): [M=0,[M=-1=0< "T"11and -1 < 10 -
() [[)1% = [N = 3. The only integral solution of 12 — 712 =3is 1= =2 7 -
and -~ = *1. So the graph is Ll L
2< <30 —-2< 1
{CDIM1==2 [1=*1}= (D e oty Lno 1 Lx

@1+ E=1=[1+T=x1=>1<"1+7172

or—1<"71+"7110
1 X
dFor 1< 171 1+1,[[]= LThen[[]+[[N=1=[N=1-"1= ¥y
1 — 1< 71712— "1 Choosing integer values for 71 produces the graph.

7. iscontinuous on (—oo ) and (~ oo). To make continuous on R, we must have continuity at™ . Thus,
lim = ()= lm “C) = lm 2=jnC +1)= 12=1+1= 12— 1-1=0=
+ - - -+
v
[by the quadratic formula] = 1+ 5 2=16180r—0618.
8. (a) Here are a few possibilities:

(b) The “obstacle” is the line "1= "1 (see diagram). Any intersection of the graph of "1 with the line 1= Tlconstitutes a fed
point, and if the graph of the function does not cross the line somewhere in (O 1), then it must either start at (O 0)

(in which case 0 is a fixed point) or finishat (1 1) (in which case 1 is a fixed point).
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(c) Consider the function © (") = * (") — ", where s any continuous function with domain [0 1] and range in [0 1]. W\
shall prove that 71 has a fixed point. Nowif 71(0) = 0 then we are done: 1 has a fixed point (the number 0), which is what
we are trying to prove. So assume ~ (0) 6= Bor the same reason we can assume that “ (1) 6= Then 1(0) = “(0) 7 0
and 1 (1) = (1) —1 7 0. Soby the Intermediate Value Theorem, there exists some number | in the interval (0' 1) such

that” ()= ()— ' =0.S0 () =1,andtherefore has a fixed point.

Flim [ ()40 O)) =2 Flim () F m()=2 (1)
9. 1 = 1 1
M lim [ ()= ) =1 Fim () —lm()=1 ()

Adding equations (1) and (2) gives us 2 lim ~ (') =3 = lim _ () = 3. Fromequation (1), lim 7 () = L. Thus,
- . 2 _ 2

1.3

3,
7 2 '3

lim [ ()2 ()= lm () lim ()=

10. (a) Solution 1: We introduce a coordinate system and drop a perpendicular y 4
I

from 71, as shown. Wesee from « = 7171that tan2 1= , and from
I

1 —
£ 10 that tan 1= [0 7110 . Using the double-angle formula for tangents, Pix, 5l

| 2 tan 2(
we get =tn2 =__ = . After a bit of f
1— 1 1 — tan? 11— (7)Y B/ 20\ C

1 0 W N 1 x

. A . 1 2
simplification, this becomes = < lFE 1312,

-1 3- 4

As the altitude 171 decreases in length, the point | will approach the “l-axis, that is, "1 — 0, so the limiting location of

must be one of the roots of the equation 1317 — 2) = 0. Obviously it is not 1= 0 (the point 7 can never be to the left of

the altitude -7, which it would have to be in order to approach 0) so it mustbe 3 |— 2 =0, thatis, |= 23
Solution 2: We add a few lines to the original diagram, as shown. Now note
that #7171 1=« (alternate angles; 171k 7171 by symmetry) a

similarly 20710 = 20710, SoA |71 1and A |[I are isosceles, athe o 4

line segments 17, [ 1 and 7171 are all of equal length. As | 7171 — 0,

| and 7 approach points on the base, and the point | is seen to approacha

position two-thirds of the way between 1and 1, as above.

(b) The equation 712 = (I3 — 2) calculated in part (a) is the equation d

A
N
the curve traced outby 1. Nowas | 171 = 00,2 |- & 11— 4 /

| — 1,andsince tan 1 =1 1], 71— 1. Thus, 1onlytraces out

part of the curve with 0 < I1. 8 ‘
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11. (a) Consider “1("1) = [ (L] + 180°) — [ (). Fix any number 1. If 1("1) = 0, we are done: Temperature at 7| = Tavpaeleat 1+
180°. If 71(C1) 1 0, then 711+ 180°) = “1(71+ 360°) — (0 + 180°)= () — 1( 1+ 180°)= —71() 0.
Also, “1is continuous since temperature varies continuously. So, by the Intermediate Value Theorem, Ihas a zero on te
interval [ 171 1+ 180°]. If 71(C0) C 0, then a similar argument applies.

(b) Yes. The same argument applies.

(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could argue that

altitude above sea level is sometimes discontinuous, so the result might not always hold for that quantity.

(+H=-""0)

120y = tim 2O g, CHF X CH 2 Oy
1—0 1—0 —0 1
lim <+)_()+Iim(+): 0()-‘,— ()
-0

C+)

+

-0

because 71 is differentiable and therefore continuous.

13. (@) Put1 = 0and 1 = 0 inthe equation: 1 0O+ 0)=1 () + 1 (0) + 02 - 0+0 - 0% = 1 (0) =21 (0).
Subtracting 1 (0) from each side of this equation gives 7 (0) = 0.
® 0 = tim ¢ )=00 =iy O F O+ 0 402 =70 gy O o gy 2y

-0 1—0 1—0 1—0

© ()=fm (+)=0 cjim _Q+ Q+ 2+ 2 -y _p QO+ 2+72

-0 -0 1—0

)

= lim + 2+ =1+ 2
1 —0

14, \We are given that | ( )| <~ 2forall . In particular, | (0)| < 0, but || > 0 for all . The only conclusion is
b LSl
O=-"O O Lo 2 2 ' (- ©

that ~1(0) = 0. Now - = — — =] |=>-| |= <| |

| ] |
_ < = —
1-0 BRI 0

But lim (—| |) = 0= lim | |, so by the Squeeze Theorem, lim O=-"0 _ 0. So by the definition of a derivative,
-0 -0 -0 1 -0

is differentiable at 0 and, furthermore,  9(0) = 0.
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