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CHAPTER 2. DIFFERENTIATION

Section 2.1 Tangent Lines and Their Slopes

(page 100)
1. Slopeofy=3x -1lat(l,2)is
31+h)-1-Bx1-1) 3h
m = lim lim - 3.
h—0 h h-0h

The tangent lineisy — 2 = 3(x — 1), ory = 3x — 1. (The
tangent to a straight line at any point on it is the same
straight line.)

2. Since y = x /2 is a straight line, its tangent at any point
(a, a/2) on it is the same liney = x/2.

3. Slope of y=2x2-5at(2, 3) is
22 + h2-5 - (2(2%) - 5)

m = lim
h-0 h
i 8+ 8h+2h2-8
py ——h——
=1lim(8 + 2h) =8
h—0

Tangent line is y -3 =8(x - 2) or y=8x - 13.

4. The slope of y=6-x-x2at x =-2 is

— (- — (- 2 _
m =plign 67 (72 # 1) = (-2 + )4

=1imgq _h2 =lim(3-h) = 3.
h-0 — h h-0
The tangent line at (-2, 4) is y = 3x + 10.

3
5. Slopeofy=x +8atx=-2is

m = lim

7. Slope ofy = x+1latx=3is
v v
. 4+h-2 4+h+2
m = ling h v = +h+2

. 4+h-4
lim
h-0h— h+h+2
1 1

= lim v =
h-0 =ZF=Fh+2 4

s 1
Tangent lineisy — 2 = _ Ay = —
g y 4 (x = 3),orx -4y =-5.

8. The slope of y = \/1_ atx = 9is

X

m = Iimi v 1
h-0 h ~,/9+
_ IimS—\/9+ﬁ.3+\9+ﬁ

Tho03m 9+h 3F 9+h

lim_y 9-9-b

h—-0 =+ NGB+ g+n)

3E)E 54

The t?ngerlt line at (9, ! Bisy = ! —é_(x 549), or

y= " -——X.
2 54

1
Sy

2X

9. Slope of y = ) atx  2is

m = lim_2&hhp - 1
h-0 h
o 4+2h-2-h-2
= limo
:Iim h _1

h-0 h@+ h) 4
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1
gz +hP+8-(-8+ Tangentlineisy - 1 = 4(X -2), _
h—0 h I
lim =8 + 12h - 6h? + h® + 8 - 0 or x—4y= -2,
h—0 h 10. The slope of y = 5-x2atx=1is
= lim 12-6h+h?> =12 P by 2
h—0 m = lim
Lo h-0 h
Tangent lineisy - 0 = 12(x + 2) ory = 12x + 24. " —(L+h2-4
o " n% rés—rr
6. Theslopeofy = i at (0, 1) is h-0 =+ h)2+2
x2+1 — lim p _2-h ) _]__
m=|im1 1 1 = lim —h -0 h—0 5 (1+h)2+2 2
h—oh =1 — o+ T . : 1
The tangent lineat (1, 2)isy =2 — “(x — 1), or
The tangent lineat (0, 1) is y = 1. y=°"-1x. 2

2 2



11.

12.

13.

14.

15.

16.

17.

18.

Slope of y=x?at x = o is

(xo+ h)? = x2 2xh + h?
m = lim 0 - |im—2 = 2%
h-0 h h—0 h
Tangent lineisy - x20= 2X0(X = X0),
ory=2xpX — X2
Theslopeofy = ~at(a, 1) is
1 1 %X 1 a—a-h 1
m = lim + =lim =—- .
h-oh a+h @& h-0 h(a + h)(a) a2
1 1 1

The tangeng line at (&, 7y ic v= . (y —
yzéng_”ﬁ' ( ) isy= . pk-a)or

a2

a v
Since lim  _|0+h/-0 i
_ lim—1 _ does not
h-0 h h-0 |h|sgn (h)
exist (and is not oo or — o), the graphlo# fg(xg = \/IX-I—
has no tangent at x = 0. .
The slopeof f (x ) = (x - 1)*3atx = 1 is
_ (1+h-1)*-0 13
m lim =limh =0.
h—0 h h—0

The graph of f has a tangent line with slope 0 at x = 1.
Since f (1) = 0, the tangent has equationy = 0

The slope of f (x) = (x + 2)¥%atx = -2 is

m  lim (-2+h+2)¥ -0 _|imh -25 = o,
h—0 h h—0

The graph of f has vertical tangent x = -2 at x = -2.

Theslope of f(x) = [x2 - 1] at x = 1,
eslope of 1003 M LA = 15 oy
m = limh-o = lim )
h -0 h

which does not exist, and is not —co or c. The graph
of f has no taqgent atx = 1.

Iff(x) = Xx___ifx=0 , then
- —-x ifx<0
\/h
. f(0+h)-f(0) . -
it = IR =
lim fQ+h)-1(0) _ lim _hzoo

h-0- h h-0- h
Thus the graph of f has a vertical tangent x = 0.
The slope of y = x? - 1 at x = X is

0
[(xo+ h)*-1] - (x2- 1)
m = lim 0
h—0 , h
im 2X0h +h - 2x.

0
h-0 h

Ifm= -3, theg Xg= — 3._Tg1e tangent3line with slope
m=-3at¢ ,,)isy= -3+ ) that,is,
13
X — 4

19. a)Slopeofy=x3atx=ais
lim (a+h)*-ad

m =
h-0 h
i ad + 3a%h + 3ah? + h3 - a3
n'g h

= lim (3a2 + 3ah + h?) = 3a2
h—0

b) We have m = 3if3a?= 3, i.e., ifa = *1.
Lines of slope 3tangenttoy = x 3are
y=1+3(x-1)andy = -1+ 3(x+ 1),0r
y=3x-2andy = 3x + 2.
20. The slope of y = x 3 — 3xatx = ais
h .
m liml + 3 3 :
heo b (@ hy -3@+h-a —3a)
lim ~“ha% 3a2h + 3ah?+h%-3a-3h-a3+3a
= [ii0f3a2 + 3ah + h? - 3] = 322 — 3,
h-0

At points where the tangent line is parallel to the x -axis,

the slope is zero, so such points must satisfy 3a? — 3 = 0.

Thus, a = +1. Hence, th e tangent line is parallel to the
x -axis at the points (1, “2)and ( 1, 2).

21. Theslope of thecurvey = x3—x + latx = ais
m = lim (a+h)3—(a+h):l—(a3—a+ 1)

h—0 — 5 2 31
3a h+3ah +a —-h

= lim
-0

- [inY(3a2 + 3ah * h2 - 1) =3a%- 1.
h-0

The tangent at x = a is parallel to the line y = 2x + 5 if

3a% — 1 = 2, that is, if a = 1. The corresponding points
on the curve are (-1, 1) and (1,1).

22. The slope of the curve y = 1/x atx = a is

1 1
EEN 3y, A-@rh 1
m= iy =—p— = UM an@+hy~ - -a

The tangent at x = a is perpendicular to the line

y = 4x — 3if -1/a® = -1/4, that is, if a = £2. The
corresponding points on the curve are (-2, —1/2) and
(2, 1/2).



23. The slope of the %r\_ie%z:_xé@t X =ais

24,

25.

26.

m = lim =lim(2a + h) = 2a.

h—0 h h—0

The normal at x = a has slope —1/(2a), and has equa-
tion

1 X 1
y-a?=-_ (x-a), o +y= a2
2a 2a z

This is the line x + y = kif2a = 1,and so
k= (1/2) + (1/2)? = 3/4.
The curves y = kx 2and y = k(x — 2)%intersect at (1, k).
The slope of y = kx 2at2x =1is
m = lim =K i 2 4 bk = 2k
L ohoo 70 h-o
The slope of y = k(x - 2)%atx = 1 is

i K@ = (@ + 1)? =k

2 hoo h h-0
The two curves intersect at right angles if
2k = -1/(-2k), that is, if 4k> = 1, which is satisfied

ifk =+1/2.
Horizontal tangents at (0, 0), (3, 108), and (5, 0).
Y4 (3, 108)
100 +
80 +
60 +
40 1
201
-1
-20 |
Fig. 2.1.25
Horizontal tangent at (-1, 8) and (2, —19).
y
20 +
b - 3 _ 2
(-1,8) 10 | y = 2X 3x 12x +
N4 1 X

Fig. 2.1.26

= lim (=2 + h)k = —2k.

27. Horizontal tangent at (-1/2, 5/4). No tangents at

(-1,1) and (1, -1).

-3 -7 T T 7 *
y=x2-1]-x
-2 1
-3 |
Fig. 2.1.27

28. Horizontal tangent at (a, 2) and
No tangents at (1, 2) and (-1,

(-a, -2) for all a > 1.
-2).

A

y

51

1A

y=x+1 - x

14

-2

-3
Fig. 2

.1.28

29. Horizontal tangent at (0, —1). The tangents at (+1, 0)

are vertical.
y A

y= (2= 1%,

N

-

Fig. 2.

1.29

30. Horizontal tangent at (0, 1). No tangents at (-1, 0) and

(1,0).

1
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32.

Ya

y = ((x2 - 1)
21

Fig. 2/1.30

The graph of the function f(x) = x 23 (see Figure 2.1.7
in the text) has a cusp at the origin O, so does not have
a tangent line there. However, the angle between O P

and the positive y -axis does — 0 as P approaches 0
along the graph. Thus the answer is NO.

The slope of P(x ) atx = a is

m limP(@+h) - P@)
h-0 h

Since P(a + h) = ag + aih + agh? + -+ ash"and
P(a) = ao, the slope is

ap + aih + ash? + -+ aph" —ag

m i
fim :
= lim ag + agh + + anhn—l = a.
h-0

Thus the line y = £(x) = m(x — a) + b istangent to
y=P(x)atx=a ifandonlyifm = a; andb = ao,
that is, if and only if

P(x)-0(x) = az(x — a)® + ag(x —a)® +-+ an(x —a)"
h i

=(x-a) az+asx-a)+---+an(x-a)?

= (x — @ Q(x)
where Q is a polynomial.
Section 2.2 The Derivative (page 107)

y 'Y

y=1x)
o ° !

|

3.

y”
O—0—o0
o——o0 :
y=gx) X
(@]
o——o0
y s ,
A///\\<=hu)
* %
Y a
, , >
1 Y=k

Assuming the tick marks are spaced 1 unit apart, the
function f is differentiable on the intervals (-2, -1),
(-1, 1), and (1, 2).

Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the intervals (-2, -1),
(-1, 0), (0, 1), and (1,2).

y = f (x) has its minimum at x = 3/2 where f'(x) =0



1 y=f(x)=|x3-
=f(x)=3x-x2-

/
/

y =
A\ : 15\ N + X
1 SN— \
: Fig. 227\ Fig. 2.2.9

10. y=f(x) is constant on the intervals (- o, -2), (-1, 1),
and (2, o). It is not differentiable at x = +2 and
X =zl

Xy

8. y =f(x) has horizontal tangents at the points near 1/2
and 3/2 wheref (x ) =0 y=f(x)=[x2-1] -

Tx2-
Yt ]
‘/\/ T 1 —f >
/ T y=f(x)=x3-3x2+2x+ 1 ]
i Y.

y=f(x) |

. X
X 4
~— =) ’ g / ]
Fig. 2.2.10
Fig. 2.2.8
11, y=x%2-3x
. 2 _ —(x2 -
y = lim (X + h)2 = 3(x + h) = (x 3x)
h—0 h
9. 'y =f(x) fails to be differentiable at x = -1, x = 0, = lim 2 + h*-3h _ 2x-3
and x = 1. It has horizontal tangents at two points, one h-0 h

between -1 and 0 and the other between 0 and 1. dy = (2x — 3) dx



v
12. f(x)= 1+ 4x —5x? 17.  F(t)= 2t+12

v v
F)=lim L+ 4+ h) —5x+ 2= (L+dx=5x?) o | _2t+h)+1- 2t+1
i ah - 10xh - 502 _ " R B S,
= - - _ + +1-2t-
m =4-K = lim _v v
h-0 h h-0h 2(t+h)+1+2t+1
df(x) = (4 — 10x) dx = lim v 2 v
0 =L + 2t
=V
2T+ 1
13, f(x)=x3 dF )=V ! dt
. 3_,3
F(x) = lim (+ )7~ x a1
h-0
2 2,13
_ Iim3x h +3xh + h =32
h-0 h X v
df(x)=3x2dx 18.  fx)=% 27X 5V
f‘(X) Ilmi 2—(X +h) —4 2—X
1 h-0 h
14, s = =lim \/2—x—h—2\+/x
3+ 4t h—044h( 2-(X+h)+2-x)
U _ jim L r 1 =-V
dt h-0h 3+4(t+h) 3+4t 8‘2‘§x
_ 3+4t -3-4t-4h _ _ 4 df(x)= - v dx
h=0 AC + 40)[3 + (4T + )] @+ )2 B2 -x
ds=—mdt
. 19. y=x+ '
15.  g(x) = X 1 1
2+X X +h+ - X —-_
2-(x+h) 2-x y = lim Xx+h X
g'(x)zlim 2+X+h 2+ X h-0 h
h—0 h =lim ,,x-x-h
— i 2=x—=—h)(2+x)—(2+x+h)(2—x) h-0 ﬁ(x1+ﬁ)x 1
=M h(2 + x + h)2 + X) 1 lim =1-
___ 4 h-0 (X + )X XZ
2 + x)>? 1
( 4 ) d dy = 1—72 dx
dg(x)——zﬁjz X
16.  y=1'x3-x ) 20. z= °
3 i
y’zﬁmlgl(x+h)3—(x+h)—(1x3—X) g 1+d s+h s
h-o.h 3 — lim -
=limlx2h + xh 2+ 1h3-h ds h-0h l+s+h 1+s
h=0 Ir * (st +s) —sL+s+h) 1
- Iim(x2+xh+31h2—1)=x2—1 =r|lm1 NI +s)T+s +N) = (T +53)°
h—0
dz = _S)_st

dy=(x2—1)dx @



21, Fx)= v °

I 1
p 1 -V
F(x)=limo 1+(x+h)h 1+x2
B \/; xz_Pg ¢ )2
" lim v

h=0RT+ (X + h)? THX*

1+§2—1—>§2—2hx;\h2

25. Since f(x) = xsgn x = |x|, for x = 0, f will become
continuous at x = 0 if we define f (0) = 0. However,
f will still not be differentiable at x = 0 since |x | is not

26. Yiffesgiapleatoesfy = xx| = x*  ifx>0 g
-x2ifx< 0
will become continuous and differentiable at x = 0 if we
define g(0) = 0.
27.h(x) = | x2 + 3x + 2| fails to be differentiable where

h~0h 1+ (x +h)2 1+x2 L1+x2+ 1+ (x+h)? x2+3x+2=0,thatis atx = -2andx = 1. Note:

= lim g
_ -2X _ X
- 2(1.,_&4)5/4 - _(1+X4)JI£
dF(x) = - dx
(I +x2)32
22 y= 1
xZ
.1 1 1
y = lim -
<2
=0 B, Rz 2
= lim = —
h—éohx 2(x + h)2 x3
dy = — “dx
V=5
1
23. y=v
1+X
1 1
t_\/
y'(x)=|im l+x+h —ITFx
=0 V14 x = Pisrh
= lim v Vi
h-0h  1+x+h 1+X
lim _V v Vv v
h—-0R— I +x+hn 1+X T+x+ "T+X+N
=lim - v v \]7 Vv
h—0 I+Xx+h IT+x T+x+1+X+h
1
2(1 +x)%?
dyz—wdx
2 _
24, fy="t "3

f'(t):f?m i (t+h)?-3

h—>0h_ (t+h)2+3_ ‘[2 +3
[(t + h)2 = 3](t2+3) — (t2=3)[(t + h)2+ 3]

t2-3

= limy A2+ )T+ 2+ 3]
B 12th + 6h2 1ot
=i eyt s T @i g
12t
d1t)= froyap ™

both of these are single zeros of x 2+ 3x + 2. If they

were higher order zeros (i.e. if (x + 2)" or (x + 1)" were
a factor of x 2+ 3x + 2 for some integer n > 2) then h
would be differentiable at the corresponding point.

28. y=x3-2x

x | ) —f(@) x | fe) (@)
x—1 x—-1
0.9 0.71000 TT T.31000
0.99 0.97010 1.01 1.03010
0.999 0.99700 1.001 1.00300
0.9999 0.99970 1.0001 1.00030
d .3 1+h3®-21+h)-(-1
(x 2x _ lim (1+h) (T+h)-(-1)
" h-0 n
dx )
x=1 2. 13
= lim h+3h“+h
_ h-0 h ,
“liml+3h+h =1
h—0
29. f(x)=1i
T =T HOESO)
X | Tx=2— | Tx=2—
1.9 —VU.Z0510 Z.1 —U.Z501U
1.99 -0.25126 2.01 -0.24876
1.999 -0.25013 2.001 —-0.24988
1.9999| -0.25001 2.0001| -0.24999
, P 2-@+h
@) = lim-ZFH— tim @+h
=0 Tz T 4
2
30. The slope of y = 5 + 4x — x atx = 21is

d 5+4(2+h)-(2+h2-9
Y i B4R - @+h)
_ h-0 h
dxx=2
lim ~h? =0
h—-otr—

Thus, the tangent line at x = 2 has the equationy = 9.
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32.

33.

34.
35.
36.

37.
38.

39.

40.
41.

42.

43.

v
y = X+ 6.Slopeat (3,3)is
v

1
m=1lim 9*+h-3 jim ¢+h-9 =7,
h—0 ) h—-0 F—9+ N +3 6
1
Tangentlineisy - 3= _ (X - 3),orx -6y = -15
6
_ t
The slope of y 2 att=-2 andy = -11is
& _gml T2¥h gy
Tdte_p h-0h(-2+h) -2
=2 G N -2 3
= lim = —_
h-0 h[(-2 + h)* - 2] 2
Thus, the tangent line has the equgtion
y=-1- 2(t+2),thatis,y= - 5—4.
y = 2 Slopeatt = ais
t2+t
2 2
m = lim@+h2+(@+h) a’+a
h—0 h
- lim 2@2+a-a’-2ah-h?-a-
h—0 Ph[(a + h)2+ a + h](aZ + a)
= lim —4a-2h- 2
m 2
h olga++2h) +a+h]@ % a)
-5 2 2 2(2a +1
@+ ay SR D g
Tangent lineisy = 42 4 5 (a2 + a)2
f'(x)= —17x —18 forx = 0

gt) =22t * forallt

d_y= 1_)(—2/3forx =0
dx 3
dlz - 1_x “43forx =0
3
—2.25 325
—t = -2.25t for t>0
ddt 11914 _ 119 154
ds. S _LS fors >0
d Vv
— 1 1
o5~ SS9 ZS59 6
1 1 1
F’(X)=X12F(X)__X2,F 4 = -16
@) =-"x"3 1
3 x=8 = — 48
d
Yo _lpa - b
at ., 4 t=4 8 2

v
44. Theslopeofy = xatx=xois

dy 1
= Vv .
Z Xo

dX_X=XO

Thusythe equation of the tangent lineis  x + x

y= Xo+ Vv (x-x), thatis, y=

2 X0 0
2 Xo
1 . 1 1

45. Slope ofy = atx=als — ="

X X
Normal has slope B2, and equation =a(x - a
has slope B° andequation y (x — a),

a
46. Theintersection points of y = 2 +

x and x 4y 18 satisfy

4x2+x-18=0
@x+9)x-2)=0

Thereforex=—9zorx=2 dy
The slopepfy = x 2i ml- =2X.
Atx—pgolynl— é XZ mi1 = 4.

2 18
Theslopeofx+4y—18 iey=— x+—4 is

Thus at x = 2, the product of these slopes is
(4)(- 4) = -1. So, the curve and line intersect at right
angle s at that point.

47. Let thezpoint of tangency be (a, a®). Slope of tangent is
X

=2a
dx x=a
This is the slope from (a, a)to 1, =3), so
= 2a, and
a—1

a?+3=2a’-2a
a?-2a-3=0
a=30r—1

The two tangent lines are

(fora=3); y—9=6(x —3) orbx—9
(fora=-1):y-1=-2(x+1)ory=-2x-1



(@a?)

1,-3
Fig. 2.2.47
48. The slope of y = ! atx = ais
X
dy 1
- = _Ez-

dX y-q
1

. 1
If the slope is -2, then — =-2o0ra==%V —
Thergfore, the equatipns of tAe two straight lines are 1

X =V 9 X+ v
y= 2-2 o, andy=- "-2 _2
ory=-2x+22.
v
49. Let the point of tangency be (a, a)
Slope of tangentis d * = \]7
ox za

\/5_0 x=a
Thus 2\]7a= 7a+2 ,s0a+2=2a,and a = 2.

The required slope is ——-
22
y

/ Vo
y=X >
-b X
Fig. 2.2.49

50. Ifalineistangenttoy = x2  at(tt ), then its slope is
d_y = 2t. If this line also passes through (a, b), then
dx
x=t
its e satisfies
slop

=2t thatist?- 2at+b=0.

Vv
2_4b P
Hencet=%=at 3—5-\/

Ifb < a2, ie. a2 — b>0tent=a+ a2- b
has two real solutions. Therefore, there will be two dis-
tinct tangent Iine\s/ passing through (a, b) with equations
y=b+2azt aZ-b(x—a)lfb=2a% thent=a.
There will be only one tangent line with slope 2a and
equationy = b + 2a(x — a).

If b > a?, then a2 — b < 0. There will be no real solution
for t. Thus, there will be no tangent line.

51. Suppose fisodd: f (-x) = — f (x). Then
f'(-x) = lim f(=x+h) - f(-x)

h-0 n
e fx=h) —f(x)
=im h

(leth = —k)

= lim fix+k) -fX) =f'«x)
. -0 K
Thus f is even.

Now suppose f iseven: f (=x) = f(x). Then
, fex+h)=f(=x)
f'(=x) =lim " * h

_ i 0= h) - £.0)
= =1

h-0
- lim f(x+k)—f(x)

k=0, -k
= - 1)

sof isodd.

52. Letf(x)=x"".Then

Foy=lim X W™ —x-n
h-0 1 h
= lim 1 1

h-o i (X + T X"
_lim X" = (x + h)"

~ h-0
X iX+ i

=lim X-(+h)

h—-0 hx" ((x + h)"

XL X2+ h) -+ (X + )M
= 1 n -(n+1)
o X X7 = -nx :
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53, f0)=x® L s e

fx)=fip o
(X + h)1/3 —x 1/3
= lim
h-0 h
y (X + h)2/3 + (X + h)1/3x 1/3 + X2/3
(X + h)LIJ + (X + h)J.IJ X 173 + X Z13
lim Xx+h-x
h—0 h[(X + h)2/3 + (X + h)1/3xll3 + X2/3]
im (X + 2 + (x +1h) U3X1/3 + x 23
h = 1x23

54. Letf(x) =x . Then

(X + h)l/n — X 1/n

f(x) = lim
n n
h—0 h (IetX+h=a,X=b)
= digar? P
= lim 1
asgaFEETE At ot F o F bl
_ - g@m-1
nbn-T"  n
2.
d x h" X
55. X" lim
X . h-o h 3.
=lim~ x"+ x"h + n(n - 1) x""2p? 4
h-0 h 1 1x2
nn—-1)MN-2) n3s n n
+ ..
Tx2x3 ﬁ + Hh X
. _ nin-1) _
= | n-1 n-2
ery nx +h_1x2 x"~2h 6.
+ =DM =2) g2, o1 7.
1x2x3
— an—l
56. Let
fa+)=lim f(@+h)-f() 9.
h—-0+ h
fa) lim f(a+h) -f(a)
h—0- h

ADAMS GG HOSEX3CARPAGEUIB

Iff '$a+; is fipite, call the half-line with equation

y=1(@) +f (a+)(x — a), (x > a), the right tangent

line to the graph of f at x = a. Similarly, if f (a-)

is finite, call the half-liney = f@ + f'a-)x-a),

(x a), the left tangent li If f ) ( ),
< ne. (a+ = o0 or —o0

the right tangent line is the half-line x = a, y > f (a) (or

x=a y<f(@) Iff (a=) = oo (or —oo), the right

tangent line is the half-linex = a,y < f(a) (orx = a,

y > f(a)). _ ) _

The graph has a tangent line at x = a if and only if

f (a+) = f (a-). (This includes the possibility that both
quantities may be + oo or both may be —c0.) In this

case the right and left tangents are typ opposite halves of

the same straight line. For f(x)=x , f (x)= 3

At (0, 0), we have f (0+) = +o and f'(0-) = 3—00.
In this case both left and right tangents are the positivey-
axis, and the curve does not have a tangent line at the
origin.

For f (x) = |x |, we have

n .
Loifxze

i @glﬁ]t)tgng;%ﬁ? i y=2pd f)é(g'@,zan_dlth@"léwst%%t is

y = =X, (x £ 0). There is no tangent line.

f'(x)=sgn (x) =

Section 2.3 Differentiation Rules
(page 115)

y=3x2-5x —7, y =6x -5,

y=4xl/2‘x5’ y = 2x V2 4 5y 2

2

f(x)= Ax +Bx +C, f(x)=2Ax+B.

f(x)=6+ _o, flxy=-18_4
X3 x2 x4 x3
z=—15 ' dx 3 55
y = x4 —x745 y = 45x 4 + 45x ~46
1/3 1/4 1/5
g =t +2t +3t
gt)=Lt-23,l¢-34, 3 a5
3 2 5
P
y=33T2— = 3t2/3_ 2t —3/2
t3
Y op-13 4 3¢ -5
dt
u= X3 5, _3s
5 3

d_U=X2/3+X—8/5
dx



10.

11.

12.

13.

14.

15.

16.

18.

19.

20.

21.

F(xx)=(3x-2)(1-5x)
F'(x)=3(1-5x)+ (3 - 2)(-5) = 13 - 3

v
y= X 5-X-,2 v 3/2—1x5/2
? :5 Y_) ~
5 3
5 3V 312
y= VvV - %-— X-
27X 12 6 )
g(t) = L og(t)= -
2t -3 @t-3),
1
y:
X 2F5X
y = - 1 @2x +5)= - 2x+ 5
(x 2+ 5x)2 (x 2+ 5x)2
y = 4 4
=< 7 3 -x)?
fty=_"
, 2—-mt 1'[2
f(t)=—(2 ;592(_”):
2-=nt)2
4y
9ay) = gy =
_yzzg()’) 1 -y2)?
1-%4
f(x) X" x-34
X 3 *2
-4 2 4x" -3
f(x)=-3x  +4x = 4
u\/u—S
gu) = =u2_3y2
, " 12 - uu
gu)=-1u32+6u=3=
2 2u3
2 +:t4+|t2 v2 Vi . ap
R EE SN LN
t 324 VA -
dt 2t 2 1T At
x 1
7= X2/3 =X1/3_X—2/3
dZ _ 1 _2/3 2 _5/3 _ X + 2
a3 Tat T Taxe
f(x) = 3 - 4x
ey = B+ 4x)(-4) - B -4x)(4)
o) @+ ax )
_ 24
(3 + 4x)2

50

22.

23.

24.

25.

26.

217.

28.

t2 +2t
Z=

t2-1
R 2_1)(2t +(:23 - 9)5 +20)(2t)

_ 22+ t+1)

1+‘/'£

v o1 v 1
- ") -@+ H-D
oYy Va 2 ¢
dt 1 1- t)?
vy v
t(l-1t)?
fx)=x°-4
X+ 1
' (x + DBx2) = (x3 = 4)(1)
f(x)=
(x+1)?
_ 23+ 3x2+4
T (x+ 1)2
ax b

)= cX
f'(x) _ (cx + d)(gx—faé(); b)c
—_ad — bc
(cx + d)?
2

Ft)y=" +7t-8
T>=t+t

' (t?-t+1)Qt+7) - (t2+ 7t - 8)(2t - 1)
F@O-= tr—t+1)7

_—8t2+18t-1
CETEE
f(x)=(0@Q+x)1+2x)1+3x)1 + 4x)
fl(x)=(1+2x)(l+3x)(1+4X)+2(1+X)(1+3X)(1+4x)
+3(1+x)A+2x)(1 +4x) +4(1+x) +2x)(1 + 3x)
OR = [(1 + x)(L + 4] [(1 + 2x)(1 + 3x)]
f(x)

=(1+5x+4x)2(1 +5x+6x)2
=1 +10x + 25x 2+ 10x ?(1 + 5x ) + 24x*

=1+ 10x + 35X 2+ 50x 3 + 24x 4
f'(x) = 10 + 70x + 150x % + 96x °

fr)y=(2+r2-a)r?+r3+1)

F) = (-2r 8- 3r )t ?

rs- 3-(212 +3r?
or

f(ry=-=2+r2+r2+r34r-4r2_4r3
firy=-r2-2r3-3r*+1-8r-12r?

50



29. = (X2 4)( x +1BEx?R - 2)
y =2x( %+ 1)Bx 213 — 2)

+i 2 23
I_&X(X +4)(5x\/ 2)

X~ 1/3(X 2 4+

3 4 x+1)

30. y=& % 21

X2+ x3+2x242
T XTFXSFX2FZ
(x5 2x3 4+ x 2+ 2)(5x 4+ 3x 2+ 4x)

)= (x°+2x3+x‘+2)‘
(x5+x3+2x +2)(5x +6X 2+ 2x)
é +4x°+x 25 2)2
= —3x - 3x4-6x2+4x
—eé—.—zae?—.—»z-.—zaz—
_2x7-3x%-3x*-6x%+ 4
(x*+2)(x*+ 1)
31, y= X _ 3 Z+x
2% + 1 X+ 2x + 1
x 1
(6x2 +2x + 1)(6x + 1) — (B3x 2+ x)(12x + 2)
Y= (6x2+ 2x+1)2
_ 6x + 1
(6x2 4 2x + 1)?
(Xx=1)2 —-x)1—x)2
32, f(x) = e SCET-9)
1 2-x—-2x2+x3
- 1-
1=y 32—
1 2 —x—2x2+x3 1
' -3/2 —
f(x)= X 3+ 2x ti-Y
L BH2)(=1-4x+3x?) - (2-x-2%2+xP
(3 + 2x)?
_@2-x)1-x?
2x 32(3 + 2x)
1 4x8+5x2-12x-7
+ l-ag B+ X
33 ¢ x2 f(x)2x) - x2f'(x)
e oy [f ()P x=2
_AfQR-4f @) _ _"=-1
[f(2]1° 4
d K x2f(x)  2xF ()
34, . =
dx  x2 - 4
x=2 X=2
51

35.

36.

37.

38.

39.

40.

41.

%xx 2f(x) =20 (x) + X2 (x)
= x=2
2 = ‘
4f(2) +4f(2) =20
d f (x)
X FRO - foo@ec 1)
K+ O? ' x=2
_ @+ Q) fQ@Q-fQ@+f@) _18-14 _1
@+ Ty 62 9
d x2-4 d 8
o x2+4 D2 Tgy x2+4
= X " ) X=—2
w2
v
t(l+t)
d't —5=t— t=4
d ¢+ 32
dt 5t
t=4 3/2
G-+ ;tllz)—(t+t )(1)
) G-1)? t=4
(M@ 1) _ 44
(1)
\/X
f(X)z)(_+1_ 1 v
(x +1)4,L -
' _ == x (1)
P = (£ ¥ 1)2
25 VR
f(2) = —=
182
d

dt LI+ L+ 2t)( + 3t)(L + 4t)]
=(DA+2)1+3t)1+4t)+ (1 + ts)(Z)(l +3t)(1 + 4t)+

QA+t)@+2t)R)(A+4t)+ QA +t)@ +2t)A + 3t)4)
t=0

=1+2+3+4=10

. 2 4
y = 2 = =V
v 2 P
3—4¥ ALY
8 4
Slope of tangent at (1, -2) ism = =
peof tangent (1, -2 ism=_

50



52

=4f'(2)—4f(2)=4_=

16 16

1

4

Tangent line has the equationy = -2 + 4(x — 1) or
y=4x -6

50



Xx+1 ) X
42. Fory= ___ we calculate y 1
x—1 1
b a
_x-DO -+ DO = - 2
y= > -
x-1 (x = 1)? a

Atx = 2we havey = 3and y = -2. Thus, the X
equation of the tangent lineisy = 3 — 2(x — 2), or .
y = —2x + 7. The normal line isy = 3 + 1 (x —2), or
y=1x+2

43, y= x+ 1,y'= 1-1

X X2 ,
For horizontal tangent: 0=y = 1 —X{._L s0 X2 =1 and

Fig. 2.3.47
X = %1 1
The tangent is horizontal at (1, 2) and at (-1, -2) 48. Sincev. _ . _ .2 52 _ _
44.1fy = x2(4 _ Xz)’ then = TYy=xT=sxTts 1, therefore xz- lat
the intersection point. The slope of y = xatx = 11is
. 1
y = 2x(4 - x?%) + x%(-2x) = 8x - 4x 3= 4x (2 - x ?). 2x =2 Theslopeofy=v"__ ~\_1is
The slope of a horizontal line must be zero, so y x=1
4x (2 = x?) = 0, which impliesy/that x = 0 or x = 2 dy 1 1
Atx=0,y=0andatx=+2,y=4. = — x -3 =—.
. . dx— x=1 z x=1 2
I—rllence, thereha_re two horizontal Ilngs thé;\t are tangent to
the curve. Their equationsarey = 0 andy = 4. The product of the slopes is (2) — = —1. Hence, the
1 C_ o 2&x+1 two curves intersect at right angles. 2
45. y = Yy (x2+x+1)?
For héfizon-+ 1 2+ 1 49. Thetangenttoy = x 3at (a, a% has equation
tal tangent wewant 0 = y = — . Thus y = a3 + 3a%(x — a), ory = 3a®x — 2ad. This line
x=FX+T) passes through (2, 8) if 8 = 6a2 — 2a3 or, equivalently, if
erasoae X - 14 e 2 Mo 8RS i 55 O 7t e Mo
The tangent is horizontf;? only at €as on 20 equation. . St bea dotible
~ g root; (a —2) must be a factor ofa — 3a + 4. Dividing
X+ 1 by this factor, we find that the other factor is a + 1, that
, then is,
46. Ify= 3 ) 5
X+ 2 a’-3a"+4=(@a-2)%(a+1).
y = x+2)1) -x+H®) _ 1 The two tangent lines to y = x 3 passing through (2, 8)
(x + 2)? (x 2)? correspond to a = 2 and a = -1, so their equations are

. =12x - 16andy = 3x + 2.
In order to be parallel to y = 4x, the tangent line must y y

have slope equal to 4, i.e., 50. The tangent to y = x 2/(x — 1) at (a, a2/(a — 1)) has slope

=4, or (x + 2)°= 1. (x - 1)2x = x2 (1) a? - 2a

w2 4 m - - .

Hence x+2 = =1, andx = -3or-5 Atx = -3 (x - 1) vea (@=1)2
y=-1,andatx Z ,y=3 Z z z The equation of the tangent is

=—2
Hence , the tangent is parallel to 4x at the points
1 andg ,S.p y P a2 a2 - 2a

_g — g y - = 2 (X _a)
g 3 a-1 (a-1
47.  Let the point of tangency; be (a, l).a,The slope of the ( )

tangent is — L = P 72 Thush - 1 1anda =2 This line passes through (2, 0) provided

a2 0- a a a b
b2 b2 a2 aZ - 2a

53 50



_ H = — O - = 2 - a Il
Tangent has slope — S0 has equation y=Db oy X a-1 (a- 1)2( )

54



51.

52.

or, upon simplification, 3a® — 4a = 0. Thus we can have
eithera =0ora = 4/3. There are two tangents through

2, 0). Their equations/are y = 0 and y =,—-8x + 16.

( d)p q y Y; E%é§

f(x) =lim f(x +h) -
dx h-0 h
h-0 Ll —TXFN)F %)
f(x)
=V

o Pxeri=v 20 _ X

dx = N

f(x)=|x3= x3 if x> . Therefore f is differen-
-x3ifx<0

tiable everywhere except possibly at x = 0, However,

lim f(0+h)-f(0 — lim h2=0
h

h—-0+ h—0+
im FO+h) —FO) _ (o _
Jim FO+ =10 _ jim -2y =0,

Thus f'(0) exists and equals 0. We have
3x2 ifx>0

Fx)= _3e ifx<o.

53. To be proved: &x”’z = Jx0D-1frn=123 .

Proof: It is already known that the case n = 1 is true:
the derivative of x Y2 is (1/2)x ~12

Assume that the formula is valid forn = k for some
positive integer k:

dywz K w)-1
dx 2

Then, by the Product Rule and this hypothesis,

d d
dyexk+)2 172 yki2
= d&—llzxklz + kx1/2x(k/2)—l k+1
2 2 2

Thus the formula is also true for n = k + 1. Therefore it
is true for all positive integers n by induction.

For negative n= -m (where m > 0)we have
d d 1
ax xn/2 = m/2
- ):—rr}émx(m/Z)—l

= - %” x ~2-1 = Dy 2)-1,

55

X (k+1)/2-1 |

54. Tobe proved:

(f1f2-~-fn2' , .
= f f2 n+flf...fn+...+flf2...f
1 2 n

Proof: The case n = 2 is just the Product Rule. Assume
the formula holds for n = k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate
(f - fig foen)
=[(fuf2- - fk) fkea]

= (b Bt (Tl Tdes . ) fs
RGNS ‘
=f for - fificer + fiofl - ficfirr + - -
1 2
+ fifa- - fyfkrr + faf2- - - ffirn
so the formula is also true for n = k + 1. The formula is
therefore for all integers n > 2 by induction.

Section 2.4 TheChain Rule (page 120)

y= @2x *+3%00 y = 6(2x + 3)%2 = 12(2x + 3)°
y= 1-

2} X 98
y=9 13x & 1 =-331-
T3 3
IR G
f(x) = 10(4 - x3)°(-2x) = —=20x (4 — x ?)°
d _
lz ipl_?’*2= \/ 6X =_\/ 3)(
dx  dx 2 1-3x2 1-3x2
-10
F(t) =2+ ?

, 3 "11_.3 30 3-11
F{)=-102 -
(t) 02+ _ = o 2+ 1

z=(1+x23)32
7 3L+ x2B)U2(2x-1U3) = x-13(1 4 23112
3

5~ %5
) 12
y=- (=4) =
(5 - 4x)? (5 - 4x)?2
=2ty
J= 08 @252 (Laty = 6t (1 - 2752
2 3
y = |1-x%, y=-2xsgn(l-x?) = 2 _ox
1-x
f=l2+t]
=12+
3t2(2 +t3)

f(t) =[sgn (2 + t 3)](3t2) =
|2 +13

50



11, y=4x+[4x -1
y =4+ 4(sgn (4x — 1))

8 ifx>1
* 0 ixel
0 ifx<z
12. y=£2+ x3;/32/3 ,
y = g(2+|X|)_ (BIx [9)sgn (x)
_ X _
= X[P@+ xR = x x|+ x [}
x|
1
13. y= v
2+3x+4
y'=— \/1 9 \/3
2+3—x+4 23x+4
= — 3 ,
Z‘éx—+—4—2—+ "5x—4—4—ﬁ
r
1 x—24
14. f(x) = + 1
® =2 1r3 ' 1
f(x)=41
3 2 x=-2 3
p R Fx—2 3
= _ 1+
3 x-2 3
1 -5/3
15. Z= U+
dz 5 u-1, _ &3 - 1
= - +
_ u tg—t 1
du 3 (u - 1)?
5 1 1 -83
:—3 1- 1;2 u _
— u—-1
x%3 + x6
16, y=,."">3
4 + x2)3
- 1) P 3x5

5

Yy = 4—x26 (4+x?)° 5x4 3+ x6+x

p___ | i
—x% 3+x8 30 +x%%2x)

h i
(4 +x2)5x 43 + x6) + 3x20 — x53 + x%)(6x)
N

(4 +x243 +x6
60x* — 3x8 + §/2x10 + 2x12

(4 +x2)4

3+ X6

56

M3+ 6

17.

19.

20.
21.

22.

23.

24,

25.

26.

217.

28.

y=[2+t3]
—
) .
y
slope 8
y=4x+|4x-1|
slope 0
1
bid X‘
q
L
d s d 1 1 1
o e SR Y 2k - g
d d gv 1 v X 3
curX3/4= )p() =B,y 7+ﬁ = _x-14
d
e LA (3x2)=3 112
dx dx Var il 2

d
Lé2t+3)=2f(2t+3) |
f(5x —x2) =(5-2x)f (5x — x?)

ax
d 2 8 2 2 2 -2
f =3 '
JE— — f _ f _ N
dx X X, 2%
X 9 2
==t 2 f
dpi X X .
342f(x)= 2T ) _ ()
X 2—8=F21tx) 3+ ZT(X)
q. Vv oV 5
=f( 3+2t)=f( 3+2t)V
dt
1 Y
=V f( 3+2t)
3+ 2t
d
° v_ =£ v
ax F@+2x) 7Xf(3+2x)
d
f2f3f(x)
dt
=f 2f3f(x) -2f 3f(x) -3f(x)

6fx)f 3f)f 2f3f(x)

50



d . . .
- — Thus, theequation of the tangent ljne at (2, 3) is
29. Wf 2 —3f(4 -5t sy thegeguatign of the tangent lin 23
= f 2-3f(4-5t) 3f@4-5t) (-5) 3 03
37. Slope ofy (1 x?28372
. , - _ ) atx=-14s
=15f (4 - 5t)f 2 - 3f(4 - 5t) 3 o3 122% —13 v
v 1 2(1 X ) X X=— =-2
1
d x2—1 The tangent.Jine at (—1, 23/2) has equation
30. X X2ZFL - y =232 - 2(x + 1). b
(x2+1)Vv X - x2-=1(2x) 38. Theslope ofy = (ax + b)®atx =~ is
(x2+ 1)2 - = 8a(ax + bJ = 1024ab’.
2 V- “Xy=p/a x=bla
G)-v_ - 3(-4 2 The equation of the tangent line at x = ~ and
= 3 = _V a
25 25 3 y = (2b)® = 256b®is b
dVv _ 3 3 y = 256b $1024ab "x — ,ory=20ab’x -3x2 8p8
L A AT T2 e 21
39. Slope? ofy = 1/(x2-x + 3)32atx = -2is 5
32, f(x)= L— (x 2y +3)"52 (2 = - 3(9—5’2)(—5) ="
x 1 ThTxay ) 2 162
1 1 )é:_
f'(4) = - = The tangent line at (-2, ~ ) has equation
(2x 27 27
+1)302, 1.5
= _+ -
33 y=(3 + 9" Y= 162%7 P
, 17, 3 oysz  3X 17 (12) 102 40. Given that f (x) = (x — @)™ (x — b)"then
y -2-(x +9) -
x==2 X=-2

f'x)=mx-2a""tx-b"+nkx-am(x-b"?

34, F(x)=(L+x)2+x)’3+x)%4 +x)*
F'(x)=@2+x)23+x)3(4+x)*+

2(1 + )2 +x)(3 + x)3(4 + x)*+ Ifx = aand x = b, then f (x ) = 0 if and only i

3(1+ x)(2 + x)%(B + x)2(4 + x)*+

41 +x)2 +x)’B+x)%4 +x°

=x-a)" 1 (x - b)""I(mx - mb + nx — na).

mx —mb + nx - na=0,

F'(0) = (29(3%)(¢*) + 2(1)(2)3%4*)+ which is equivalent to
3(1)@H)E%)@Y) + 41)(2%)E*) ) n m
=_ b.
= 4(22- 33 4% = 110, 592 = m T men
vz 6 This point lies lies between a and b.
35. y= X+ (3x )5 -2 41. x (x 4 +p2X 2 _ 2)/(x 24 1)5/2
: 5 BV 4 2 7
y = -6 x+ (Bx)-2 42.4(7x  — 49x + 54)/x
1 5 -3/2 . 43. 857, 592
x1-" (3x)°-2 5(3x )3
2 44. 5/8
15 _
= -1 __ (3w* (3x )5 - 2 32 45, The Chain Rule does not enable you to calculate the
2 derivatives of |x |2and |x 2| at x = 0 directly as a compo-
-2 7 sition of two functions, one of which is |x |, because |x |
xx+(3x)° -2 is not differentiable at x = 0. However, |x | = x 2 and

57 50



36.

The slope of y =

dy

v

1+2x2atx=2is

= v

Xy 21+ 2x2 x=2

58

4

3

[x 2| = x 2, so both functions are differentiable at x = 0
and have derivative 0 there.

46. It may happen that k = g(x + h) — g(x) = 0 for values
of h arbitrarily close to 0 so that the division by k in the
“proof” is not justified.
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s w

N oo

10.
11.

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

Section 2.5 Derivatives of Trigonometric

Functions (page 125)
d d 1 _ _ cosx
—CSCX = : gin2x = — CscXxcotx
K dx sin x .
d —cos? x — sin?x
cotx = CfJSX= — = —CSCX

ax dx sin x sin“Xx
y =cos 3x, Yy = —3sin3x

X , X
Y = sin -, = .

5 y ’ 5 COS &

y=tanmx, Yy =msec® mx

y = sec ax, Yy = a sec ax tanax.
y = cot(4 -3x), y =3csc?(4 - 3x)

dogin® =X o 1 s™
dx 3 3 o3
f(x)=cos(s—rx), f(x)=rsin(s-rx)
y = sin(Ax + B), y = Acos(Ax + B)

X

d 2 2

Sj—sin(n\;() = 2m X CPsS(m X )/
X =—
CVC?'/S( X) ﬂsin(x) _

_ V"7 —sinx
Y= 1+cosx, y=V

2 1+cosx
d

d75in(2 €os X ) = cos(2 cos x )(—2sinx)
= -2 sin x cos(2 cos x )

f(x) = cos(x + sin x)
f'(x)=—(1+ cos x)sin(x + sin x)
96 ) = tan(0 sin 0)
g®)=(sind + ecose)secz(e sinf)

U = Meos(n x 12) sindn x /2)
y = —(1/x?) sec(1/x) tan(1/x)

u = sind(x x/2),
y = sec(1/x),

. 1 .
F(t) =sinatcosat (= _sin 2at)

2
F '(t) = acos at cos at — a sin at sin at
(= acos 2at)
sinab
G(0)= zospy
G'((:)) _ acos bo cos a0 + b sin ad sin bo
] cos2 b0
d_s"‘(zx ) = COS(2X)  _ 5 cos2x) 2 sin(2x
X
da
d (cos®x — sin’x) = cos(2x)
dx dx
59

23.

24.

25.

26.
27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38

39.

d
Glenx cot x) = sec?x — csc? x
X

d
dx (Secx — CSC X ) = sec x tan x + CSC X cotx

d
_ (tanx — x) = sec’x — 1 = tan’x

dgx
d =d(1)=0

dx
d . . .
a(tcost—smt)=cost—tsmt— cost = —tsint

&tan(3x ) cot(3x)

g(tsint+cost)=sint+tcost—sint=tcost
dt
d sinx . .
_ (L + cosx)(cos x) — sin(x )(- sin x)

dx1 cOsX
+ (1 + cos x)?

_cosx+ 1 _ 1
(1+cosx)® 1+cosx

_ (@ +sin x)(—Msin X) —\gos(x)(cos X)

(L T OolTAY)

d cosx

_ —sinx-1_ -1
d (LT +sinx)? 1+sinx
x 2cos(3x)  2x cos(3x)  3x%sin(3x )

MKr)y=p (sinlt Mt

tcost —sint

9()= Z (sinnnt g e

_ tcost_+ sint
2t 2 sin t
v = sec(x?) tan(x?)

v = 2x sec(x ) tan?(x 2) + 2x sec3(x?)
sinX —
= Vv

T+cos _x v VARV,
© (1 +cos ‘/x-)(cos ‘/K/Z‘/x-) — (sin  X)(— sin  x/2Xx)
zZ= v (1 + cos x9?
=vil+cosx T = y 1V
2x(1+cos 2X{1+cosx)~
isin(cos(tan t)) = — (sec?t )(sin(tan t)) cos(cos(tan t ))
dt
f (s) = cos(s + cos(s + cos S))
f'(s) = —[sin(s + cos(s + cos s))]
x [1 = (sin(s + cos s))(1 — sin s)]

Differentiate both sides of sin(2x ) = 2 sin x cos x and
divide by 2 to get cos(2x ) = cos®x — sin®x.

. Differentiate both sides of cos(2x ) = cos?x — sin®x and

divide by -2 to get sin(2x ) = 2 sin x cos X .

Slope of y = sinx at (n, 0) iscos® = —1. Therefore
the tangent and normal lines to y = sin x at (=, 0) have
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= -2sin(2x) = -4 sin x cos X equationsy = —(x — ) and y = x — 1, respectively.



40.

41.

42.

43.

44,

45.

The slope of y = tan(2x ) at (0, 0) is 2 sec?(0) = 2
Therefore the tangent and normal linestoy = tan(2x) at
(0, 0) have equations y 7 2x andy = —X /2, respectively.

Thei/s_lope ofy = 2 cos(x /4) at (x, 1) is

—(2/4) sin(x/4) = _—\:l/,/4. Therefore the tangent and
normal linesto y = 2 cos(x /4) at (w, 1) have equations
y=1-(X-=n)4dandy =1+ 4(x — x), respectively.
The slope of y =gos? x at (x/3,1/4) is

—sin(2n/3) = — 3/2. Therefore the tangent and normal
lines to y = tag(2x) at (0, 0) have equations
y = 1/4) - ( ¥/2)(x — (=/3)) and

= (1/4) + (2/ 3)(x — (n/3)), respecggvely

Slope ofy = sin(x°) = sin
180
T TX
y 180.C0S 180 . At x = 45 the tangentline has
equat \gn T
Vv (x = 45).
~Z 1802
For y =sec(x ") = sec L we have
180
T
dy seC  Xm X7
&1 180 " 1p0
T Vv T 3
Atx =60theslopeis (2 3) = :
180 9090

Thus, the normal line has slope - \/_—ﬂ and has equation

y:2— _—HX_60)
w3

The slope of y = tan xat x = a is sec2 a. The tan- gent
(e S RRLEDR Yordichs th e, 7o o @
are a = *m/4. The corresponding points on the graph
are (n/4, 1) and (-n/4, 1).

46. The slope of y = tan(2x ) at x = a is 2 sec? (2a). The

47.

tangent there is normal to y = —x /8 if 2 sec?(2a) = 8, or
cos(2a) = +1/2. The only solutions in (-n/4, n/4) are
a = m/6. The correspapding points on the graph are

(w/6, 3)and (-w/6, — 3).

d =
aq sinx  cos x = 0 at odd multiples of 7/2.
] . -
cos X = — sin x = 0 at multiples of = .
i

sec X = sec x tan x = 0 at multiples of 7t .

csc x = — csc x cot x = 0 at odd multiples of /2.
X
Thus each of these functions has horizontal tangents at

infinitely many points on its graph.

61

d
48. tan x = sec®x = 0 nowhere.
ax

d
x SOt X csc? x = 0 nowhere.
Thus neither of these functions has a horizontal tangent.

49. 'y =x + sinxhas a horizontal tangent at x = © because

dy/dx = 1 + cos x = 0 there.

50. y = 2x + sin x has no horizontal tangents because
dy/dx = 2 + cos x > 1 everywhere.

51. 'y =x+ 2sinx has horizontal tangents at x = 2z/3 and

X = 4x/3 because dy/dx = 1 + 2 cos x = 0 at those
points.

52. 'y =X+ 2cos x has horizontal tangents at x = 7/6 and
poinXts=, S7/6 because dy/dx =1 — 2sinx = O at those

tan(2x) sin(2x) 2
53. lim = lim =1x2=2
x=0 X x-0 2Xx  cos(2x)

4. lim sec(l + cos x) = sec(1 - ~1)=sec0=1

X—T 2 X 2
55. limx“cscxcotx = lim coOsX = “x =
x=0 x-05sin X 1 11
. 2 ) sinx 2
56. limcos ™ — mCOS™X limcos n =cosm=-1
x—0 x2 x—0 X

~ 1-cosh _ 2sin(h/2) _ 1 sin(hi2) 2
57. lim “lim ——— lim _ =
h-0 "2 h-0 h2 h—0 2 h72 2
58.  f will be differentiable at x = 0 if

2sin0+ 3cos0= b, and
d

(2sinx + 3 cos x) =a.
ax x=0

Thusweneedb = 3anda = 2.

59. There are infinitely many lines through the origin that
are tangent to y = cos x . The two with largest slope are
shown in the figure.

y

y = COS X

Fig. 2.5.59
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The tangent to y = cos x at x = a has equation
y =cos a — (sina)(x — a). This line passes through

the origin ifcosa = —asina. We use acalculator with
a “solve” function to find solutions of this equation near

a = -mand a = 2z as suggested in the figure. The
solutions are a = —2.798386 and a = 6.121250. The

SRR DDSEE0R NG TG B VR RA o0&
60. 1

61. Vv 312

-2n+ 3(2n

—4n + 3)/n

62. a) As suggested by the figure in the problem,

the square of the length of chord AP is
(1 —cosh)? + (0 - sm )2 and the square of the
length of arc AP is 02, Hence

(1 +cos0)?+sin0<02

and, since squares cannot be negative, each termin
the sum on the left is less than 0 2. Therefore

0<|1-cos@|<|6], 0<|sind<]0|

Since limg ~0 |0 | = 0, the squeeze theorem implies

that liml-cos®0=0, limsin0=0.

0 -0
From the flrst of these, limg —ocos 0 = 1.

b) Using the result of (a) and the addition formulas for
cosine and sine we obtain

lim cos(6o + h) = lim (cos 8p cos h — sin Bpsin h) = cos 6o

h—0 h—0
lim sin(6g + h) = lim (sin 6 cos h + cos Bgsin h) = sin Og.
h—0 h—0

This says that cosine and sine are continuous at any

point 6o.
9. =tanxy = secX
10.  y=secx
Section 2.6 Higher-Order Derivatives
(page 130)

1. y= (3 — 2x)’

y = —14(3 - 2x)8
y =168(3 - 2x)°
y = -1680(3 - 2x)*
1 2
2. y=x?-"_ y' =2-_
X x3
=2X + ! w6
y _ y =
x2 x4

62

6

3. = -
y e =8 D) 2
y = -12(x - 1)73
y” = 36(x — 1)‘4
y =-144(x - 1)"5
4 v ‘ a?
y= ax+bh T
y= ya Y = —4(ax +3b)32
3a
2 ax b y' = Stax+hy5-
5. y=x3_x-13
1
y = 3‘X -2/3 %X_4/3

2 53_ 4 -3

y' = - %"
109 9
y = Tx8 28 i
27 27
6. y=x04+28 y =90x &+ 112x 8
y = 10x %+ 16x 7 y  =720x7 + 672x°
7. y=(X2+3)X_=X5/2+3X1/2
y = EINET Sy -2
2
Sewz — 3 —ap
%
Y = 1§x 12 4 9y -5
5. y=""1 .4
X1 y =t
. 2
y = ym : 12
(x + 1)2 X+ D)%
y = 2 secx tan x
y =2sec’x +4
sec? x tan?x
y = sec x tan’
X + secdx
y =secxtanx  y" = secxtan®x + 5 sec3x tan x
11. 'y = cos(x 2) y = —2sin(x?) - 4x 2cos(x 2)
y = -2xsin(x?)  y = -12x cos(x ) + 8x 3sin(x 2)
sin x
2.0 y=—5
_cosX _ sinx
y == X2
_y?2
y' = 2 >)<(3)smx 2cosx
X 2
6 - x)COSX+3(x2— 2) sin x
y= X3 x4



13.

14,

15.

16.

fx) = L =xt
X

f'(x) = x °
fi(x)=2x"3
f(x)=-3x*

f@x) = aix °
Guess: fMW(x )= (-1)"nix-(1+1) ﬁ*)
Proof: (*)(15 valid for n,= 1 (_a(laglg, 3, 4).
Assumef (x) = (-1) kix for some k > 1
Then f&+D (x) = (—1)kkl —(k + 1) x~k+D-1
= (1)K (k + 1)Ix (i)
Thereforel, (*) holds forn = 1, 2, 3, ... by induction.

-2

fx) =X

Co= X0,
f(x)=-2x
f'(x) = -2(-3)x 4=3Ix*
f O(x) = -2(-3)(-4)x 5 = -4Ix
5

Conjecture:

1000 = (1) (n+ ix 7 0*2

Proof: Evidently, the above formula holds forn = 1, 2
and 3. Assume it holds for n = k,+2)
ie, f®x) = (1)K + 1)x «*. Then

f(k+1)(X)=d f(k)(x)
dx

= (DX (k+ DDk + 2] D7
= (_1)k+l (k + 2)!X =[(k+1)+2] |

Thus, the formula is also true for n = k + 1. Hence it is
true forn =1, 2, 3, ... by induction.

1 -1

f(X) - m— (_22_ X)

f(x)=+(2-x)

f'x)=2@2-x)"

f'(x) = +31(2 - x)~*
Guess: TM(x) = nl(2 = x) -(+1) (*)
Proof: (*) holds forn = 1, 2, 3.
Assume f®(x) = k1(2 - x)"®*Di.e., (*) holds for
n =k)
Then f &*D(x) = k! —(k + 1)2 - x)"**D-1(—1)

= (k + )12 - x)” (DD,
Thus (*) holds for n = k + 1 if it holds for k.
Therefore, (*) holds forn = 1, 2, 3, .. . by induction.
f(x)= x=x12
f(x) = Lx -112
(x)) :2£((_21 Jx ~32
x) =L 2x 5
0 =11 D377
2 2 2 2

Conjecture:

)
f()

*1) which is (%) for n = k + 1.

forn=1,2,3,...

Proof: Evidently, the above formula holds forn =2, 3
and 4. Assume that it holds for n = k, i.e.

F0(x) = (- k-1 L7375 (2K = 3) y —ak-yz,
[
Then

d
(k+1) ) (x)
f (x)=ax
1l t350@K=3) ~Gk= 1) oy

2K 2
= (1)) 1-3"5---(2k = 3)[2(k + 1) - 3] T2 1)-112
vt

Thus, the formula is also true for n = k + 1. Hence, itis

true for n > 2 by induction.

1
17. f(X)=a+ X=(a+bx)‘1

f'(x) = -b(a + bx)2
f'(x) = 2b%a + bx)™3

duds) FORIP=" (@ Ty (@ + bx )0+ ()
Proof: (*) holds forn=1,2,3
Assume (*) holds for n = k:

£® (x) = (-1)*kibk (@ + bx )~ *+D
Then

f(k+l)(x ) — (—l)kk!bk (k + 1) (a + bx )—(k+1)—1 (b)
— (_1)k+1 (k + l)!bk+l (a + bx )((k+l)+1)
So (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 1, 2, 3, 4, .. . by induction.
18. f(x)=x23
f'(x ) = 2,-13

£(x) = 5 - _13)x —4/3
(g';r )=

) = DL
3
Conjecture:
_ 11-4-7---(Bn=5) _3n-2)3
fM(x) = 2(-1)n-1 n x ~(3n=2)3 for
n=2.

Proof: Evidently, the above formula holds for n = 2 and
3. Assume that it holds for n = k, i.e.
1-4-7-- 3k - 5)

fO0(x) = 2(-1)k-12 x —(3k=2)/3

Then,

d
f (k+1) (X ) =—dx f (k)(x )

=2(-1) 11-4-7-:(Bk = 5), =Bk =23, —[@k- 2311
3 3

f(”)(x) _ (_1)n—1 1-3-5---(2n — 3)X_(2n_1)/2 (>2). = 2(_1)(k+1)—1 1-4-7-(3k - 5)[3(k + 1) - 5]X_[3(k+1)_2]/3.

2n

63

3k + 1)
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Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

19. f(x) = cos(ax)
f'(x) = -asin(ax)
f'(x) = —a2 cos(ax )
fm(x) =a’ sin(ax )
f@(x) = a*cos(ax ) = a*f (x)
It follows that f M(x ) = a*f ™=4) (x ) for n > 4, and

Ta cos(ax)  ifn = 4k
") -aMsin(ax) if n= 4k+1
f o (X)=  _ancos(ax)ifn=4k+2 (k=012..)
a" sin(ax) ifn=4k +3

Differentiating any of these four formulas produces the
one for the next higher value of n, so induction confirms
the overall formula.

20. f(x) = xcos x

f.(X) =cosx — xsinx
f (x)=-2sinx - xcosx

fz;”(x) = -3¢0s X + X Sinx
f (x)=4sinXx+ xcos X
This suggests the formula (fork =0, 1, 2,...)

ifn =4k
ifn=4k+1

-nsinx—xcosx ifn=4k+ 2
-n cos X + xsinx if n=4k + 3

Tnsinx + x cos x
Tncosx— Xxsinx

f (n)(x )=

Differentiating any of these four formulas produces the
one for the next higher value of n, so induction confirms
the overall formula.

21. f(x) = xsin(ax)
f,,'éxg = sin(ax() + ax cgs(ax )

f (x) =2acos(ax) — a“x sin(ax)
£ (x) = —3a2sin(ax ) — a>x cos(ax)

f49(x) = -4a® cos(ax) + a* x sin(ax)
This suggests the formula

J-na""lcos(ax ) + a"x sin(ax ) if n = 4k
o na" ! sin(ax) + a' cos(ax)  if n=4k+ 1

f (x)= na"?!cos(ax)-a"xsin(ax) if n=4k+ 2

-na"! sin@ax) - a" xcos(ax) if n =4k +3

fork=0,1,2,...... Differentiating any of these four
formulas produces the one for the next higher value of n,
so induction confirms the overall formula.

22. f(x)= _ =|x|. Recall that _ |x|=sgnx, so
|x| dx

f'(x)=—|x|"%sgnx.

60

If x = 0 we have

isgn x Oand(sgnx)®=1.

dx

Thus we can calculate successive derivatives of f using
the product rule where necessary, but will get only one
nonzero term in each case:

f'(x)=2)x|3(sgnx)%=2x |3
fO(x) = -31|x |“gsgn X

f@(x) =41x|>.

The pattern suggests that

-nl|x |~™*Dsgn x  if nisodd
n!|x |—(n+1)

f (n)(X ) =
ifniseven

Differentiating this formula leads to the same formula
with n replaced by n + 1 so the formula is valid for all
n > 1 by induction,

f (X¥ = —

23. 3x = (1 - 3x)¥2
, 1
) =13y - 3xy1?

2

f”(X) = } —_1 (-3) 2(1 — 3x )—3/2

st ot B apa s
2 2 2

f@(x) = L1 8 _5(3@-3x)"
2 2 2 2

_1x3x5x:--x(2n=3) 4y

Guess: f M(x) =
(1 — 3x )—(Zn—21r5/2 (*)

Proof: (*) is valid for n = 2, 3, 4, (but not n = 1)
Assume (*) holds for n = k for some integer k > 2
_1><3><5><...><(2k— S)Sk

(1 - 3x)2kek-1)2
Thenfk+D(x) = - 1 X 38

2k
_g(k__l) (l— 3X)_ (2k -1)/2-1 (_3)
2
1x3x5x---2k+1)-1

- _ 3k+1
2K+l

1 — 3x )~ @k+1)-1)12
Thus (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds for n = 2, 3, 4, ... by induction.

24. Ify = tan(kx ), then y = k sec(kx ) and

ie, f®x)=

x (2k — 3) 3k

y = 2k?sec?(kx )tan(kx)

= 2k? (1 + tan’(kx)) tan(kx ) = 2k?y(1 + y?).

Copyright © 2014 Pearson Canada Inc.
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25.

26.

217.

28.

BETRONTOR' S BAGE TBBNS MANUAL

Ify = sec(kx ), then y = k sec(kx ) tan(kx ) and
y' = k% (sec(kx ) tan?(kx ) + sec3(kx ))
= Kk2y(2 sec? (kx ) — 1) = k2y(2y? - 1).
To be proved: if f(x) =sin(ax + b), then

(-1) a"sin(ax + b)

(— % 1) a cos(ax + b)ifn = X

ifn = 2k
fW(x) =

for k=0, 1, 2, ... Proof: The formula works for k=0
(h=2x0=0andn=2x0 +1=1):

fO(x)=f(x)=(-1)° a’sin(ax + b) = sin(ax + b)
fDx) =f'(x) = (-1)°al cos(ax + b) = a cos(ax + b)
Now assume the formula holds for some k > 0.
Ifn=2(k + 1), then

d
FOX) = g fO-Dx) o@D (x)
d
=— (

dx
= (-1)**1a%*2gin(ax + b)

-1)%a?*1 cos(ax + b)

andifn =2k + 1) + 1 =2k + 3, then

Foo) = 4

(-1)%*1a%*2 sin(ax + b)

= (-1)k+1 aZ+3 cos(ax + b).

Thus the formula also holds for k + 1. Therefore it holds
for all positive integers k by induction.

Ify = tan x, then

2

y = sec?x =1 +tan’x =1+ y?= Pa(y),

where P2 is a polynomial of degree 2. Assume that
y™ = Pn+1(y) where Pn+1 is a polynomial of degree
n + 1. The derivative of any polynomial isa polynomial

of one lower degree, so
d
yor 9 YsPpur=P ),
g "W = PG g "’

+

a polynomial of degree n + 2. By induction,

(d /dx )" tan x = Pn+1 (tan x ), a polynomial of degree
n+lintanx.

(fg) =(fg+fg)=f g+fg+fg+fg

61
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d p
29. (fg¥="(f0)

d. . L
= glf 9*+2F g +fg]
=f@g+f'g+2f'g+2fg+fg +fg®

= fd(3)g +3f g +3fg +fg®.
(fg)@ =—(fg)®

d o .
= [f®g+3f"g+3f'g +fg?]

dx
=t@Wg+f@g+3f@g+3f"g"+3f"g"

+3f g®+ 1 g®+fg@

=f@g+4f@g+6f'g +4f g®+fg.
' | "
(f)™=tPgsnfn-1g + 2_,(”' oy f 02 g

f-3¢g® , ... 'q (-1 )
Wn_ _I) g7 + +nfg) +fg
n

_ P =g 0

+

k=0

Section 2.7 Using Differentials and Deriva-

tives (page 136)

x= 001 _ _
X2 22
Ifx = 2.01, theny ~ 0.5 — 0.0025 = 0.4975.
3d 3
2. 1(x) ~df(x) = /X =7(0.08)=0.06
=rx+1 4

f(1.08) =~ f (1) + 0.06 = 2.06.
T 1 1

ot
3. 1h(t)~dh(t) = — gsin "y dt-"(1) T =-—".
1 = % 10w a0

1
1.ly~dy=— 0.0025.

1
h2+ ~h(2)- =-"_
10n 40 40
1 S 1
4. lu~du= _sec? _ ds=(2)(-004) = -0.04
4 4 4
Ifs 7 06 teu 1 .04 096
= - .0 n = -0 =

5.I1fy = x2 then 1y = dy = 2x dx . If dx = (2/100)x ,
then 1y = (4/100)x 2 = (4/100)y, so y increases by
about 4%.

6. Ify=1/x,then ly = dy = (-1/x?) dx . If
dx = (2/100)x , then 1y ~ (—2/100)/x = (-2/100)y, so

y decreases by about 2%.

7. Ify=1/x2 thenly = dy = (-2/x %) dx . If
dx = (2/100)x , then 1y = (-4/100)/x 2 = (-4/100)y,
so y decreases by about 4%.

8. Ify=x3 thenly = dy = 3x 2dx . If dx = (2/100)x,
=f'g+2fg+fg

60
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then 1y ~ (6/100)x % = (6/100)y, so y increases
by about 6%.

62
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

BETRONTOR' SBAGE TBBNS MANUAL

v
A/ x)ydx. If
X = (1/100)y,

v
Ify = xthendy = dy =
1x = (2/100)x , then 1y = (1/100)
S0y increases by about 1%.
Ify = x 723 then 1y =~ dy = (-2/3)x ~>3dx . If
dx = (2/100)x , then 1y = (-4/300)x ¥3 = (-4/300)y,

so y decreases by about 1.33%.

IfV=4nr3 thenlV~ dV = 4rr2dr.If rincreases
by 2%, then dr = 2r/100 and 1V =~ 8m r 3/100. There-
fore 1V /V = 6/100. The volume increases by about
6%.

If V isthe volume and x isthe edge length of the
cube then V= x3 Thus IV =~ dV = 3x 21x. If
1V = —(6/100)V , then —6x 3/100 = 3x 2dx , so
dx = —(2/100)x . The edge of the cube decreases by
about 2%.

Rate change cg‘ Area A with respect to side s, where

A=s2is = 2s. When s = 4 ft, the area is changing
2ds
at rate 8 ft /ft. v
IfA =¢2 thens = Aandds/d A =1/(2 p),

If A = 16 m?, then the side is changing at rate

ds/d A = 1/8 m/m?.

The diameter D and area A of a circle are related by

D =2 ~ A/The rate of change-ef-diameter with re-
v

spect toareaisd D/dA = 1/(n A) units per square
unit.

Since A = & D?4, the rate of change of area with re-

spect to diameter is d A/d D = = D/2 square units per
unit.

4

Rate of change of V = g7 T 3with respect to radius r is
_ =dxur 2 When r = 2 m, this rate of change is 16n

dr

m3/m.

Aheth f be jts side length and L

£ Bdie ajea gha savares pejts sjde length an
2 12 d A_

A=s =35L, L. Thus, the rate of change of

the area of a square \/9|{'h respect to its diagonal L is L .

If the radius of the circle is r then C = 2n rand

A=mnr2  rp \/ \/

ThusC=2n =~ = A

Rate of\gzhangelmf C W|th respect to A is

ac_ m =
dA~ A 1
Let s be the side length and V be the volume of a cube.

ds
Then V =s*=s=V¥ad — _1,-23

qv 3 . Hence,
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21. Volumein tank is V (t) = 350(20 — t)2 L at t min.

a) Att =5, water volume is changing at rate

av = —700(20 - t)

= -10, 500.
dty=s i

Water is draining out at 10,500 L/min at that time.
At t = 15, water volume is changing at rate

dv
= -3, 500.

ot = -700(20 - t)
=15 t=15

Water is draining out at 3,500 L/min at that time.
b) Average rate of change betweent = 5and t = 15 is
V (15) - V(5) _ 350 x (25 — 225) _

-7, 000.
15-5 10
The average rate of draining is 7,000 L/min over that
interval.
22. Flow rate F = kr %, so 1F =~ 4kr 3 1r . If 1F = F /10,

then iIrs F _kr?_

40kr3  40kr3

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. F = kir 2implies that d F/dr = —2kir

d F/dr = 1 pound/mi when r = 4, 000 mi, we have
2k = 4,000, If r = 8, 000, we have
d F/dr = —(4, 000/8, 000) =3 -1/8. Atr = 8, 000

mi F decreases with respect to r at a rate of 1/8
pounds/mi.
24. If price =$ p, then revenue is$ R =4, 000p — 10p 2

d Sensitivity of R to pisd R/dp = 4,000 — 20 p. If

p = 100, 200, and 300, this sensitivity is 2,000 $/$,
0 $/$, and -2, 000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue. 9

25. Cost is $C (x ) = 8,000 + 400x — 0.5x if x units are

manufactured.
a) Marginal cost if x = 100 is
C (100) = 400 — 100 = $300.

b) C %101) — C (100) = 43, 299.50 - 43, 000 = $299.50
ich is approximately C (100).

0.025r.

3, Since

26. Daily profit if production is x sheets per day is $ P(x )
where

P(x) = 8x — 0.005x 2 — 1, 000.
@ Marginal profit P '(x ) = 8 — 0.01x . This is positive

if x < 800 and negative if x > 800.
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the rate of change of the side length of a cube with re- b Tomaximize daily profit, production should be 800
spect to its volume V is 1 V523, sheets/day.
64 60
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80,000_‘_4 n2
C = n+_}gg
dc_ 80,000 , "
dn _ﬁLdC 56

@ n = 100, 4 = ~2 Thus, the marginal cost of
production is —$2.
©® n =300, de = 8§2§ 9.11. Thus, the marginal cost
dn 9
of production is approximately $9.11.
Daily profit P = 13x — Cx = 13x — 10x — 20—
(2 1000

2

=3x-20-
Graph of P is a parabola opening downward.-lgt{ﬁﬂl be

maximum where the slope is zero:
0=P-3-%5x_150
dx 1000
Should extract 1500 tonnes of ore per day to maximize

profit.

One of the components comprising C (x ) is usually a
fixed cost, $S, for setting up the manufacturing opera-
tion. On a per item basis, this fixed cost $S/x , decreases
as the number x of items produced increases, especially
when x is small. However, for large x other components
of the total cost may increase on a per unit basis, for

instance labour costs when overtime is required or main-
tenance costs for machinery whent §s over used.

Let the average cost be A(x ) = . The minimal av-

-
%arqgocrcl)tsa Ot%%ugresn%t: point where the graph of A(x ) has a

0=dA=xC'(x)—C(x)
5 .
o ¥ e,
Hence, xC'(x)-C(x)=0=C'(x)= ____ =AX).
' X

Thus the marginal cost C (x ) equals the average cost at
the minimizing value of x .
If y=Cp™", then the elasticity of y is

_pdy_ _ P (-r)cpr-t=r.

ydp  CpT

Section 2.8 The Mean-Value Theorem
(page 143)

f(x) =x2, f'(x)=2x

2 _ o2 -
b+as b a f(ub)_df(a)
bh-a
=f(c)=2c =c= b+a

2
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If f(x)= 1, and f'(x)= - . then
X xZ
f(2) 1 11
—f@)_ —1=- __ =f(o)
= = 2 P c2
Vv
wherec = 2 lies between 1 and 2.

f(x)=x3-3x+1,f(x)=3x2-3,a=-2,b=2
f(h)-f(@_ f(2)-f(-2)

b-a 4
_8-6+1-(-8+6+1)
' _4__
f'(c)=3c?-3 )
3c2-3=1=3%=4=c=+V__
3

(Both points will be in (-2, 2).)

Iff(x )= cos x + (x 42),then f'(x )= x - sinx >0
for x > 0. By the MVT, if x > 0, then

f(x)— f@0) = f(c)(x — 0)forsomec > 0,s0
f(x)>f(©0)= 1. Thuscosx + (x2/2) > 1land
cos x> 1 — (x 2/2) for x > 0. Since both sides of

the inequality are even functions, it must hold for x <0
as well.

5. Let FQ6) = by HF QT F Ao LY i eoMal.

Thustanx =xsec ¢ > x, since secc > 1.

6. Letf(x)=(1+x)'-1-rxwherer>1.

Thenf'(x)=r@+x) "*-r. ,
If -1 <x<O0thenf (x)<0;ifx>0,thenf (x)>0.
Thusf(x)>f(0) =0if -1 <x<0orx>0.
Thus (1 + x)'>1+rxif-1<x<0orx>0.

_ r
7. Letff'&) = r(J(1++Xx))rWhE.’r§)9 tﬁerl\ﬁe%hvéﬁje Theorem, for

x> -1,and x = 0,

f(x)-f()
x —( =fI(C)
:%1 =r(l+ c) r-1
X

for some ¢ between 0 and x . Thus,
(L+x)=1+rx(+c) 1,
If -1 <x<0,thenc<0and0<1+ c<1. Hence

@Q@+c)f1>1 (sincer-1<0),

rx(L+c) t<rx  (since x < 0).
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Hence, (1 + x)'<1+rX.

If x> 0, then
c>0
l1+c>1
r-1
1+c) <1

rx(1+c)ft<rx.

Hence, (1 + x)" < 1 + r x in this case also.
Hence, (1 + x)"< 1 + r x for either -1 < x< 0 or x > 0.

8. Iff(x)=x3 —12x+1,thenf(x)=3(x2 _4).
The critical points of f are x = +£2. fis increasing on
(=00, =2) and (2, o) where f '(x ) > 0, and is decreas-
ing on (-2, 2) where f (x ) <0.

9. If f(x)= x2- 4, then f'(x )= 2x . The critical point of
fis x = 0. fis increasing on (0, o) and decreasing on
(—00‘ O)

10. Ify=1-x-x5theny = -1-5x4<0forallx. Thus
y has no critical points and is decreasing on the whole
real line.

11.1fy = x3 + 6x% then y = 3x? + 12x = 3x (x + 4).
The critical pointsof yarex =0and x = -4.y is
increasing on (-0, —4) and (0, o) where y > 0, and is
decreasing on (-4, 0) where y < 0.

12.1Ff(x) = x2+ 2x+ 2thenf'(x) = 2x+ 2= 2(x + 1).
Evidently, f ‘(x ) > 0 if x > -1 and f (x ) < 0 if x < -1.
Therefore, f is increasing on (-1, o) and decreasing on
(_001 _1)

13.f(x)=x3-4x+1
f(x)=3x2-4
f'(x) >0if x| >

, 23
f(x)<0if|x|<\/3
2 2

fisincreasing on (—oo, — v ) and ( vV , 00),
gon( ?)( = ™)

f is decreasing on (— )

3 3 :
14. 1ff(x) = x3 +4x +1,then f(x) = 3x? + 4. Since

f'(x) >0 for all real x , hence f (x ) is increasing on the
whole real line, i.e., on (- oo, o0).
15. f(x)=(x%2- 4)?
f(x)=2x2(x%—4) = 4x (x - 2)(X + 2)
f'(x)>0if x>20r-2 <x<0
f'(x)<O0if x<-2 or0<x<2
fis increasing on (-2, 0) and (2, o).
f is decreasing on (-0, —-2) and (0, 2).

1 : - .
16.1Ff (x) = g2 thenf (x) = -(X—EEX— Evidently,
f'(x)>0if x <0and f'(x) <0 if x >0. Therefore, f
is increasing on (—oo, 0) and decreasing on (0, o).
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f(x)=x35 - x)?

f(x) =3x2(5 - x)2+2x 35 - x)(-1)
=x2(5 - x)(15 - 5x)
=5x%(5-x)(3 -x)

f'(x)>0ifx<0,0<x<3,0rx>5

f'(x)<0if3<x<5

f is increasing on (-0, 3) and (5, ).

f is decreasing on (3, 5).

.Iff(x)=x—25inx,thenf’6x)=1—2cosx=0at
X="+m/3+2nzforn=20,%1+2,....

f is decreasing on (-n/3 + 2nm, © + 2nm ).
f is increasing on (n/3 + 2nm, -w/3 + 2(n + 1)n) for
integers n.
Jff(x) =x+sinx,thenf'(x)=1+cosx=0
f'(x) = 0 only at isolated points X = * m, +3m, ...
Hence f is increasing everywhere.
Iff(x)= x+ 2sinx, then f (x)= 1+ 2 cosx> 0 if
cos x > —=1/2. Thus f is increasing on the intervals
(=(4n/3) + 2nm, (4n/3) + 2nm ) where n is any integer.
f(x) = x3 is increasing on (-0, 0) and (0, ) because
f (x)= 3x2>0there. Butf (x1) <f(0) = 0<f(x2)
whenever x; < 0 < x2, so f is also increasing on inter-
vals containing the origin.

There is no guarantee that the MVT applications for f
and g yield the same c.

CPs x = 0.535898 and x = 7.464102

CPs x = —1.366025 and x = 0.366025
CPs x = -0.518784 and x = 0

CP x = 0.521350
dfxa<xa2<...<xnbelongto |, and f (xi) = 0,
(1 < i < n), thenthereexists y in (x,x ) such that
[ _ . _ ] ] .
f(vi)=0,(L<i<n 1) by MVT. i+1

For x = 0, we have f '(x ) = 2x sin(1/x ) — cos(1/x)
which has nolimitas x — 0. However,
f(0) = limh-o f(h)/h, = limh-ohsin(l/h) = 0
does exist even though f cannot be continuous at 0.

If fexistson [a, b] and f (a) = f (b), let us assume,
without loss of generality, that f'(a) > k > f'(b). If
g(x)="f(x) - kx on [a, b],then g is continuous on
[a, b] because f, having a derivative, must be contin-
uous there. By the Max-Min Theorem, g must have a
maximum value (and a minimum value) on that interval.
Suppose the maximum value occurs at c. Since g'(a) >0

we must have ¢ > a; since g'(b) < 0 we must have
¢ < b. By Theorem 14, we must have g (c) = 0 and so

f'(c) = k. Thus f " takes on the (arbitrary) intermediate
value k.

f(x) = X+2x?sin(lix)ifx =0
0 ifx =0.
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h—0 h
2
= }img h + 2h sw(l/h)
=1lim (1 + 2hsin(1/h) = 1,
h—0
because |2h sin(1/h) | < 2|lh| = Oash — 0.

b) For x =0, we have

f'(x) =1+ 4xsin(1/x) — 2 cos(1/x).

Therg aze numigesseR7biTar b AIBER 90 hER anr),

wheren=1,2,3,.... Since f '(x ) is continuous at
every x = 0, it is negative in a small interval about
every such number. Thus f cannot be increasing on

any interval containing x = 0

31. Let a, b, and ¢ be three points in | where f vanishes;

32.

33.

thatis, f (@) = f(b) = f(c) = 0. Suppose a <b <c.
By the Mean-Value Theorem, there eX|st pomts rin
(@ b)andsin (b, c)suchthat f (r) = f(s) 0. By

the Mean-Value Theorem applied to f on [r, s], there
is some pointt in (r,s) (and therefore in 1) such that

£'(t) = 0.

I f ™ exists on interval | and f vanishes at n + 1 dis-

tinct points of I , then f (" vanishes at at least one point
of I.

Proof: True for n = 2 by Exercise 8.

Assume true for n = k. (Induction hypothesis)

Suppose n = k + 1, i.e., f vanishes at k + 2 points of |

and f k+1) exists.

By Exercise 7, ' vanishes at k + 1 points of .

By the induction hypothesis, f €*1 = () vanishes at
a point of | so the statement is true forn = k + 1.
Therefore the statement is true for all n > 2 by induction.
(case n =1 is just MVT.)

Giventhatf(0) =f(1) =0andf(2) =1:

d By MVT,

fa=f@2 -0 _1-0_1
2-0 2-0 73

for some a in (0, 2).

b) By MVT, for some rin (0, 1),
fa) - f©O 0-0

PO= 1_o =1-070
Also, forsomesinf(%zf),_ f) 1-

- 0

fO= , , T3t
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Then, by MVT applied to f on the interval [r, 5],
for some bin (r, s),

fh) = fe-Ff@r)y_1-

s—T s-r
1
2

ot

>
r

sinces — r <2,

¢ Since f"(x) exists on [O 2], therefore f " (x ) is con-

gllrﬁ%%% Lh@rg 'Hucelnt r%ned?a?en-({/ |ISS )l'heok br&hd
assures us that f (c) = 7 for some ¢ between r and
S. -

Section 2.9 Implicit Differentiation

(page 148)
Wff‘et’éﬁtlgﬁé With respect to x :
y + xy - 1 + 2y 0
Thusy = 1=y
2+X
3 3 _ 1
X +2y 2 , X 2

3 +3y y=0,s0y =—-__.
y2
Bi ff%re)ﬁtlatg Wlth sespect to x :
2X+y+xy =3yy
' 2X + Y
- 3y2 — x
X3y +xy® =2
3x2y + x3y +yP+ 5xy4y = 0
_ 32y — S
Y= %35 Bxy*

xy3—2x—y ,
2xy +3x?2 yy—2—y

y'= Zggxz

X2 +4(y—-1)2=4 x

2x +8(y — 1)y =0, 50y'=4(1_—yr
x—y=x2+1=x2+y

X+y Yo 3 Y 2 32 2

Thusxy Yy =X +X Y+Xy+y,orx +x y+2y =0
qerentlate W&th respect tox:

+2,+x°y +4yy =0
y_— + 2xy

X2+ 4y
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v
X ¥=+y=8-xy

\/x+y+x 25#(1“%’)‘—)/ xy
2(x+y)+x(1+y)_ -2 X +y(y+Xxy)
3x+2y+\)/x_y

y =- AT ZXK X +
%2+32=5 y
4x + Byy =0 3

At(1,1):4+6y =0,y = —
2

Tangent line:y - 1 = - 3(X —1or2x+3y=5

x 2y3 = x3y2 = 12 ’
2xy3 + 3x 2y2y — 3x2y2 - 2x3yy =0
At (-1,2): -16+ 12y — 12 +4y = 0, sothe slope is
, + 28 _ 7
=Bl
Thus, the equati on of the tangent line is
y=2+ L(x +1), or7x — 4y + 15 = 0.
3

X + y =2

x
L4y y* = 2x3y
4x3+ 4y3y = 6x 2y + 2x 3y
at(-1, -1): -4 -4y = -6 -
¥

2y=2,y=1
Tangent line: y+1=1(x +1) or y= Xx.
y2
X+ 2y + 1=x_l, ,
1v2y= gy
At (2,-1) we have 1 +2y = -2y —1soy = -1,
2

s, feeqpation fdpepegtly

2X +y —y/ V2sin(xy) = w/2
2+y - 2cos(xy)(y+xy)=0
At (m/4,1):2 +y — (1 + (n/4)y) = 0, s0
y = —4/(4 — ). Thetangent has equation
4 s
y =1- X .
4 T 4

2
—_ 2 s
B ETY Yy = @y + xy).
At (-x, 1/2): 2((1/4) — ny) = (1/x) — 2y, so
y = (1 — 2)/(4xn(x — 1)). The tangent has equation

1

y=-+ —F—2—
2 4dn(m-1)

x ).
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15. xsin(xy - y?) =x2-1

sin(xy = y?) + X (cos(xy = y))(y + xy = 2yy) = 2x.
At (1, 1): 0+ (1)(1)(1 - y) = 2,50y = —1. The tangent

has equationy =1 - (x — 1),ory=2 — x.
ny  _ §2 17
16. cos r -2 ”
- xmy m(xy-y)_2xy-xy
sin 7 2
51 Yy,
At (3, 1): - 2V g D =6V - 9y,
soy = (108— -
equation 3m)/(162 3n). The tangent has
y= 1+ 108- 3m x—3).
162 — 33n
17. xy =x+y
y+xy_1+y:y_ ¥_]
1-x
y+y+xy = y"z,
Therefore, y" = L 2y-1)
I-x ,(@=x)72 , .
18. x 2+ 4y? = 4, 2x+8yy =0, 2+ 8(y)?+ 8y =0.
TX
Thus,y % and
4y
y -2 - 8(y)? 1_x2_-4y?-x2%2_ _1
8y 4y 1éy 16y3 4y3
19.x3 - y?+y3=x

2_2yy +3y?y =1=y = 312—_3%@

6x — 2(y)* - 2yy +6y(y)*+3y’y =0(1 3x2)2
@y ¢ )

—6x
n(2-6y)(y )? - 6x _ Byr—2y)?
y = 2 _ 7=
_3y _2y 2y2 sy2- 2y
@y2-29°  3P-y
20. X3x73X¥3 —\’3xy1+ 3y2y' =0
6x—3y -3y -3y +6y(y)2+3y2y' =0
Thus
. —x?2
y=Y"X
ye=Xx )
y'= —2X + 2y — 2y(y )
= —
27 . y-x2_ y-x22
Tvox F oo x Yoy
_ -2xy _ A&y
yY-x  g2-xp = y)F
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2x+2yy =0so x+yy =0and y = —%

1l+yy+yy =0s0 X 2
1+
" 1+ \2 :!2
y = — y = = y
y2 +7x 2 a2
STy TR
2 2
Ax +By =C
' AX

2AX+2Byy =0=y - _ —
2A+2B(y)2+2Byy =0. BY

Thus,
 -a-ByR TATE g
y = =
By By
_—ABy*+Ax?) _ _ AC
B2y3 B2y3’

Maple gives 0 for the value.

206
Maple gives the slopeas -5

Maple gives the value —26.

Maple gives the value — 855, OOO.
371,293
Ellipse: x 2+ 2y?2 =2
2x + 4yy = 0 Slope
of ellipse:y = — X -

E 2y
Hyperbola: 2x2 — 2y? =1

Slope of hypér)t)o_laflé//yzz 0 x
H
2y 2
Atintersection points X ,+ 2y,= 2
2X —2y =1
1 y
3x2=3s0x%2=1,y2=

z
L XX x 2
Thusyy =-"" = - =-1

N yy oE
Therefore the curves intersect at right angles.
x2 y2
The slope of the ellipse Py 1 is found from
2
2X . 2y - bex

— —y =0, ie __—
a2 b2y y = a2y’
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X2 y2
Similarly, the slope of the hyperbola ,,=, =tat
x,V) sz)a/tisfies P yP A B2
2x 2y . B2y
- y=0, ory = .
A2 B2 AZy
If the point (x , y) is an intersection of the two curves,
then
2 2
¥ -k B
2 1 _ 1 2 1 1
2 2 =Y 2% -
A a B b
x2_b?+ B2 a2
Thus, BZh2 _ -
Since 92 — b22 =2A9 + B%ftierfore B2 + b2 = a2 — A2,
and * = & . Thus, the product of the slope of the
¥~ Bz
two curves at (x, y) is

b2x B2x h2BZ AZa?

—wy Ry T @A BT

Therefore, the curves intersect at right angles.

29. If z = tan(x/2), then

30.

1dx _1+tan?(x/2) dx _1+2% dx

1 = sec?(x /2 = _
sec”(x )za? 2 dz 2 dz

Thus dx /dz = 2/(1 + z%). Also
2

COS X =20052(x/2) -1= see2(/2)y -1
2 1- 72
= — 1 =
T+22 T+ 22
sinx = 2sin(x /2) cos(x /2) = 2tan(x/2) _ 2z

1+tan“(x/2) 1+7z2°

X=)y_ X +lexy—y=xZ+xy+xy+y?
X+y y e Xx2+2y2+xy =0
Differentiate with respect to x :

2X +y

2x+4yy'+y+xy' =0 = y1=__4y+x'

However, since x 2 + 2y2 + xy = 0 can be written
X + Xy + 112+ 7y_2= 0, 0r(x+y)2+—7y2=_0,
4 4 2 4

the only solution is x = 0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.
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. L . dv
Section 2.10 Antiderivatives and Initial-Value 20. Since  x+I=_ VAN _therefore
Problems (page 154) dx 1
z z 4 v
—dx=8 x+1+C.
5dx =5x +C X+1
Z z
x2dx = 1x3+ C 21. 2x sin(x 2) dx = — cos(x 2) + C
3
zZy 2 dp X
== i _ 2+1 =L
xdx 3x C 22. Since dx xZ T , therefore
Z 2x P
A dx=2x2+1+C
124y =1, 13 X .
X < dx =57+ C X2+ 1
z 1 z z
x3dx = x* C 23. tan’xdx = (sec®?x - 1)dx =tanx-x+ C
z A z z .
2 - : 1
(x + cos x ) dx = X2_+ sinx + C 24, sin X cos xde= 2 sin(2x) dx = - 4 cos(2x) +C
Z 2 _ ;

. cos?xdx = 1+ cos(2x X sin(2x
Ztanxcosxdx:zsmxdx= —cosx+ C 25. ( )dx ( )+c
z Z Z z 2 4

1+ cos®x 26.  sin?xdx= 1-0c0S(2X) dx= X _sin@x) ,
dx =  (sec?x+cos x) dx = tan x+sin x+C — 2 4
7 C0SZX 1 27 (. 1,
2 2 2 3 ’ y=x-2 =2y= 5 -2x+C
(a —x)dx=ax——3x C y(0) = = 3 =8 + Ctherefore C =3
z B Thusy = X2—2x+3forallx.
(A+Bx+Cx)dx=Ax+ x?2 €3 2
z 2 28. Given that
12 13 4 32 2 y=x-2_x-3
Z(2x + 3X de = X ax¥3 C 7 y(- )
6(x 1) ~13 _ g -413) dx then y = (x_z—x_s)dx=—x _1t1x‘2+C
s dx o= (6x and 0 =y(-1) = ~(-)7'+ 1 (-2 cBoc = - °.
= Ox 2/3 -1/3 2
Z 3 .2 9= + 18x 1 * Cl 1 Hence, y(x) = — §2_Wh|ch is valid on the
XT X yx-1ldx= x4— T3+ Tx2-x+C interval (- oo, 0). 2“
3 2 12 6 2 , v_
z 29. y=3 x = y=2x32,¢
105 (1 +t2+t4+1t5dt y4) =1 = 1=16+CsoC=-15
Thusy = 2x 32 - 15 for x > 0.
- 143, 145, 147
=105(t+ 47+ 57+ tT);LC 30. Given that
=105t + 35t 3+ 21t5+ 15t '+ C ylzxus
‘ @x)dx = - z Y=
cos(2x)dx = _sin(2x) + C 1/3 — 3 43
z X 2 X Hencgy(x)— A(g,g M+ Cand5=y(0) =C
X = — 2C0s +C _
b Sindzg : 2 -~ line. , 5 which is valid on the whole real
Since':Ay = AX + Bx + C we have
= - -+ C _nA 3
2 @+ X)? 1+x y=07 %x2 + Cx + D.Sincey(1) = 1, therefore
sec(l - x)tan(l —x)dx=-sec(l —x)+C 1 y(l)=A;+ E+C+D. ThusD=1__A_B_Q
_ 3 2 3 2
7 =
v 1 and 5 B
2x+3dx=3"(2x + 332+ C y= ~(x3-1)+ _(x*~ 1)+ C(x— 1) + Lforall x
3 2
70 60
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32. Given that

y' =X -9/7
y(1) = -4,
4
then y = x_9/7dX=—ZZX_2/7+C.

Also, —4 =y(1) = — "+G,s0C = — 1. Hencg,
y=-7"x"27-1 whichisvalid inthe interval (0, ).

3 3
33. y =cos X , we have
For - See) = 2
YA
y= cosxdx =sinx+C
2=sin™ +C=14C Ho C=°
23 2 2

3
y=sinx+,  (forallx).

34. For Y =sin(2x)
y(@?2) = 1
Z

y=  sin@x)dx = - cos(2x) +C
2

, we have

71

" 1
39. Sincey’ = x > - 1, therefore y ' = xt-x+cC.

ADAMS BQT IEBSEXO0CAPAGEUSH

z
C —44, _ _1,-3
theny = x7"dx = —y"x77 + C.
Since2 =y(1) == 1 _ 7
1+ C, therefore C = 5,
andy' = — 1x =3+ 7 3Thus
z
y = Ix-3 7 gx=1x"24+7x+D,
+
3 3 6 3

and1=y(;)z=l+7+ D, so that D = — 3. Hence,

yx)=1x""+ 3, which is valid in the nterval
6 3% -
0, ).

1
4
Since y'(0) = 0, therefore 0 = 0 — 0 + Cy, and
y' = 174).(4 — X.
1
Thusy = ~x° “ly2+c
. 20 z
Sincey(0) =8, wehave8 =0 —0+Ca.
Hencey = %8 x 2+ 8 forall x.
20 2

60
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1=-"cosn +C = +C H=

72
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B . B "
Lety = AX + Y.Theny—A— _,andy = E.
X 2 X3
Thus, forallx =0,
x2y”+xy'—y= 2_B + Ax—_B —AX—_B =0.
X X X

We will also have y(1) = 2 and y (1) = 4 provided

A+ B=2 and A-B=4

These equations have solution A = 3, B = -1, so the
initial value problem has solution y = 3x — (1/x).

Let r1 and r2 be distinct rational roots of the equation
ar(r—1)+br+c=0
Let y = Ax"1+ Bx"
Theny = Arixt 1+ Br
and y = Ari(ri- 1)x"-
ax y + bxy +cy
= ax ?(Ar1(r1- 1)x
+ bx(Arlx Ly Br érz"l) + c( AX"t + Bx"?)

(x>0)

rzl

22+ Brz(rz - 1)x"2~ =2 Thus

r -2

=Aari(ri-1) + bri+cx"
+B(arz(r2- 1) + bro + ¢ x"
= 0x"1+ 0x2= 0 (x > 0)

%4x2y”+4xy'— y=0 (+) =a=4b=4c=-1

Y@ =2
y4)=-2
Auxilary Equation: 4r (r = 1) + 4r-1=0
4r2-1=0
1
r=+

z
By #31,y = Ax 2 + Bx ~ Y2 5plves () for x > 0.

, B
_ -1 _ -3/2
Nowy = X 2X
Substitute the initial conditions:
B
2=2A+ Sl A+ g
A B
-2 = - =-8=A-
4 16 4

70

+ Bra(rz - 1)x272 1.

ADAMS BQT IEBSEXO0CAPAGEUSH

Since this equation must hold for all x > 0, we must
have

rr-1)-6=0
r2—-r-6=0
r=3)(r+2)=0

There are two roots: r1 = -2, and r2 = 3. Thus the
dlfferentlal equatlon has solutions of the form

¥ %) = A +3B an'c]ef1 yy(]g)2 AX 3 +3§3§ there%ore

A= andB = .Hence,y= X +x
5 5 5 5

Section 2.11 Velocity and Acceleration
(page 160)

X _o_ga=9V=p

dt dt
a) particle is moving: to the right for t > 2

X=t2-4t+3,v=

b) tothe left for t <2

0 particle is always accelerating to the right
d) never accelerating to the left

€ particle is speeding up for t > 2

) slowing down for t <2

g the acceleration is 2 atall times

h) average velocity over 0 <t<4is

x(4)-x0) 16-16+3-3 _
-0 4 -

70
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X =

9
b)
0

h)

X =

- D Qo

9

b)

9

71

4+5t—12,v=5—2t,a= —2.
;I’he point is moving to the rightif v> 0, i.e., when
<
2
;I'hegpoint is moving to the left if v < 0, i.e., when
>,
The %Joint is accelerating to the right if a > 0, but

a = —2atall t; hence, the point never accelerates to
the right.
The point is accelerating to the left if a < 0, i.e., for

all't.
E—'Bﬁ piaétiqsrisé §peeding up if vand a have the same

Jiie shgtticle., |§0§Je\wﬁg down ifv and a have oppo-
Since a = -2 at all t a=-2att =,° whenv=0.
The average velocity over [0, 4] is
Xx(4)-x(@©) _8-4_1
—4—— x4 ' dv
—4t+1v= =3t’-4a= =6t
dt dt y

particle,/ moving: to the right for t < -2/ 3 or
t>2/3,

v v
to the left for —2/3<t<2/3
particle is accelerating: to the right for t >0
to the left for t <0

v

particte is speeding up fort = 2/ 3 or for
-2/ 3<t<O0 v
particle is slowing down for t < —2/ 3 or for
0<t<2/3

velocity is zergzat t = £2/ 3. Acceleration at these
times is £12/ 3.

average velocity on [0, 4] is
43 — 4 X 4 + 1 -1
=12
t vy D@ -mEy . 1-t?
t7+ 1’ t2 + 1)2 tZ+ 1)2’
(2 +1)%(-2t) - (1 -tH)(t2 + )2t) 2t(t?-73)
(t71’1)4 (fz 3)3

The point is moving to the right if v > 0, i.e., when
1-t2>0,0or-1<t<1.

The point is moving to the left if v <0, i.e., when
t<-lort>1.

The point is accelerating to the right if a > 0, i.e.,
wheny 2t (t2 — 8) > 0, that is, when
t> 3or-3<t<O.

ADAMS BQT IEBSEX1CAPAGE US®

d) The pgjnt is acceleratipg to the left if a <0, i.e., for
t<—" 3 or0<t< 3.

e) The particle is speedi if vand aha e the same
)5|gnp|e|\;o| p 'Wgéjpl v%. \6

1<t< 3
f) The particle is slowigg down if v and a have oppo-
site sign, i.e, for — 3<t< -1, 0or0<t<1or
t> 3. -2(-2) 1
gv=0att=+1. Att=-1,a= =
2(—2) 1
@ 2
h) The average velocity over [0, 4] is

x(@4) —x(©0) -4 —0_1
R

()3 2
Att =1, a=

4 17
y =98t - 4.(?t 2 metres (t in seconds)

velocity v = _- 9.8 — 9.8t

acceleration a ‘dAd/t_ = -98

The acceleration is 9.8 m/s? downward at all times.

Ball is at maximum height whenv = 0, i.e.,att = 1.

Thus maximum heightis y{-q; = 9.8 — 4.9 = 4.9 metres.
Ball strikes the ground when y = 0, (t >0), i.e,
0=t(9.8-409t)sot=2

Velocityatt =2is9.8 — 9.8(2) = -9.8 m/s.
Ball strikes the ground travelling at 9.8 m/s (downward).

6. Given thaty = 100 — 2t — 4.9t 2, the time t at which

the ball reaches the ground is the positive root of the
equationy = 0, i.e., 100 — 2t — 4.9t 2= 0, namely,
-2 + 4—&64—%&66)—

t= ~ 4,318 s.
9.8

—100
The average velocity of the ball is : = -23.16 mfs.
Since -23.159 = v = -2 — 9.8t, thent =~ 2.159s.

D=t%Din ry%res, t in seconds

eIOC|

|rcra beconﬁ@'@}@y@jbgg@e |f500m
3600 9 250
Time for aircraft to become airborneis t = s, that
9

is, about 27.8 s.

Distance travelled during takeoff run ist?2 = 771.6 me-
tres.

Let y(t ) be the height of the projectile t seconds after it
is fired upward from ground level with initial speed vo.
Then

y (t) = -9.8,y(0) = vo, y(0) = 0

70
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Two antidifferentiations give

y = —4.9t2 + vot = t (Vo — 4.9t).

Since the projectile returns to the ground att = 10's,
we have y(10) = 0, so vo = 49 m/s. On Mars, the
acceleration of gravity is 3.72 m/s? rather than 9.8 m/s?,
so the height of the projectile would be

y = —1.86t2 + vot = t (49 — 1.86t).

The time taken to fall back to ground level on Mars
would be t = 49/1.86 =~ 26.3s.

The height of the ball after t seconds is
y(t) = —(9/2)t 2 + vot m ifits initial speed was vo

m/s. Maximum height h occurs when dy/dt = 0, that s,
att = vo/g. Hence

2 2

g Vv oV v
h=—_~@+vo~*=£.

2¢? g9 2

An initial speed of 2vp means the maximum height will
be 4v?/2g = 4h. Toget a maximum height of 2h an

initial speed of  2vp is required.

To get to 3h metres above Mars, the ball would have to
be thrown upward withspeed

q

Y — P
= 6gmh=  6gwmv/(29) =vo 39m/O.

Since gm = 3.72 and g = 9.80, we have vm = 1.067vo

m/s. 15.

If the cliff is h ft high, then the height of the rock t sec-
onds after it falls is y = h — 16t ft. The rock hits the

fipiend )= = Mtat tipehi=— 1607 ks Tsgpeed  ahthab,
and the cliff is h = 400 ft high.

If the cliff ish ft high, then the height of the rock t sec-
onds after it is thrown down isy = h — 32t — 16t 2 ft. The

rock hits the groun\d/ (y = 0) at time

732+ 392 4 pan 1V
t= =-1+ _

32 4
Its speed at that time is

16 hs.

v
v=-32-32t=8 16+ h=-160ft/s.

16.

Solving this equation for h gives the height of the cliff as
384 ft.

72

14. x
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13. Let x (t) be the distance travelled by the train in

the t seconds after the brakes are applied. Since

d 2x /dt 2= -1/6 m/s? and since the initial speed is
Vo = 60 km/h = 100/6 m/s, we have
1
vy —_t* 100y
12 6

The speed of

the train at time tis v(t) = —(t/6) + (100/6) m/s, so
it takes the train 100 s to come to a stop. In that time it
travels x (100) = —-100%/12 + 100%/6 = 100%/12 ~ 833
metres.

=At?2+ Bt +C, v=2At+B.
TXT jverQ%f}velocity over [t1, t2] is

t2'2't1
At + Bt1+ C — At —Bt1—C

= 1

to—t1
A? - t?) + B(t2 - tr)
= (- 1)
_Alta+ ta)(t2 ~ t1) + B(t2 — 1)
t—11)
=A(t2+ t1) + B.
The instantaneous velocity at the midpoint of [t, t2] is
b+t o +11
Vle =2A—2 +B=A(t2+ t1) + B.
Hence, the average velocity over the interval is equal to
the instantaneous velocity at the midpoint.

0<t<2
S=_4t -4 2<t <8
1 68+ 20t-128 <t<10
Note: s IS contmuous at 2 and 8 since 22 = 4(2) -
4(8) — 4= —68 + 160 — 64
veIOC|tyv— ds gt

|
at2
4 and

2t |f%<t< 0

Since 2t 4ast 2, therefore, v is continuous at 2
((v(2) = 4).
Since 20 — 2t — 4 ast — 8+, therefore v is continuous

at 8 (v(8) = 4). Hence the velocity is continuous for

0<t<10 G

accelerationa= dv _ ifo<t< 2

@ 0 if2<t<8
o, —2 if8<t<10

is discontinuous at t = andt=8

Maximum velocity is4 and is attained on the interval

2<t<8.

This exercise and the next three refer to the following
figure depicting the velocity of a rocket fired from a
tower as a function of time since firing.

Copyright © 2014 Pearson Canada Inc.
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V1 4, 96)

(14, 224N
Fig. 2.11.16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 96/4 = 24 ft/s.

The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from
its maximum height to the ground is the area between the
velocity graph and the part of the t -axis where v < 0.
The area of this triangle is (1/2)(14 - 7)(224) = 784 ft.
This is the maximum height the rocket achieved.

The distance travelled upward b?/ the rocket while it was
rising is the area between the velocity graph and the part

of the t-axis where v > 0, namely (1/2)(7)(96) = 336 ft.
Thus the height of the tower from which the rocket was

fired is 784 — 336 = 448 ft.

Let s(t ) be the distance the car travels in the t seconds
after the brakes are applied. Thens (t) = -t and the
velocity at time t is given by
. z {2
s(t) = (—t)dt= —t C1,

where C1 = 20 m/s (that is, 72km/h) as determined in

Example 6. Thus
z 2 3

t t
sty = 20— dt=20t- _ 4,
2 6

where Cz = 0 because s(0) = 0. The time tgken to come

to astop is given bys (t) = 0,s0 itis t = 40s. The
distance travelled is
s = 40 - L4025 843 m.
20 6

73

&

5.

READAME X &R EESFSX2 CARPSBEUSH

Review Exercises 2 (page 161)

y=(3x+ 1)

dy i @x+3h+ 1)2 - (3x + 1)?

dx  h-0 h

_Iim9x2+ 18xh + 9h? + 6x + 6h + 1 — (9x 2 + 6x + 1)

h—0 h
=lim(18x + 9h + 6) = 18x + 6
h-0

P v
I Prox2= tim 1 (a2 ~1-x2
- 62— (X

=rl1mmﬂl—m)+1ﬁr

=limp - 2X - h\/ _y X
h—0 mEpEE—T)Z + H’Z T 1-x2
f(x)=4/x2 4
x) .
f'(2) ||m_DL
h-0
=|im4‘(4+4h+h2)=|im‘4‘h=_
h-0 h(2 + h)? h-0 (2 + h)2 1

gt)= =9
T+ 71
4@ = lim 144 h — 3
h—0 h v Vv
h SFMEB +h+y g+ hy
= Htrb(?’: g3+ h+0uh)

—lim 94+ 6h+h- (9+h)
h-0 h(1 +

9+ h)@ + h+ 9+h)
=lim N

5+ h
h-0(1+ 9+h)@+h+
5

=24

+«~

9+h)

The tangent to y = cos(n x ) at x = 1/6 has slope

dy b b

dx x=1/6 6 2

70
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Its equation is

\/3_7[
2 2 )

At x = n the curve y = tan(x /4) has slope
(secX(n/4))/4 = 1/2. The normal to the curve there
has equation y=1-2(x - =n).

gk x - Linx = _(xLs%e

d 1+x+x2+x3 d

.y =_ (x=4+ x84+ x-2+x"1)
dx X dx

= —4x 5 -3x T —2x 73 —x72

4 +3x+2x2+x3
S

5 2
— (4 —X2/§ —1/2 _ x —3/5

d @ — x?5752

ax
=x 354 — x 25)-712
dp__ -2cosxsinx —sin X €os X
2+cos’x = _V =V, o2,

2 Z2+C0S*X

(tan 6 — 0sec?0) = sec?0 — sec’ — 20 sec0 tand

ao = -20sec?0tan 0

gt\/\}_,_ 2+

+1 2+1)\/1 +t2—(PJ_t_
(1 v

Hv1'se2

2 2

74

17.

18.

19.

20.

21.

22.

23.

24.

READAME X &R EESFSX2 CARPSBEUSH

OIf(3—x2)=—2xf'(3—x2)

ax

d v 2=2f(\/ -\/_ 1 f(\/X)f'(\/l)

ax[TC )] OHx)=— —=

2 X X,

d P , f(2x)g (x/2)
f(2 12) 2f( 2

ax @) gx2) (2x) g(x/2) 75072)

d f(x)—a(x

& T(x) +19(x) f(x) +gx))(f(x)-gX)
(f(x)+9(x))y

~ (160 = g () + g (6)
_ 21@)90) = 6)g 0))

(T0) + g(x))?
e (@00 = (@ + 20008 60 T x + (X))
ddx 2 2 2 2
f 92 X g(x)-g(x) g(x )
o —— = > f
X

f (sin x)g(cos x)

o
& _=

(cosx) f '(sin x)g(cos x) — (sinx) f (sin x )g’(cos X)
s
d cosf(x)

=% .s (x

— f'(x) sin f(x)sing(x) — g'(x) cos f(x) cosg(x)

70
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2t (1+t

= Vi4t2
lim (X+h)2

75

§

/
1+1t2+1)2
— x20 d

+1)

20 = 20x19

(sin g(x))?

25. 1f x 3y + 2xy3 = 12, then 3x 2
ﬁ(t:é_,l):%Z + 8y h+ 2+ 1%

Copyright © 2014 Pearson Canada Inc.

+
y

X

3y + 2
0, soth

3 + 6X 2.\,
gslope ¥he¥r

=0.

eis
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14. ;rg& Vax+1-3 _

dx

7/10. The tangent line has equation

y=1-L(x-2)or7x + 10y = 24.

Copyright © 2014 Pearson Canada Inc.
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9+4h -3

10
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=hdfo\/ 4h 4
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79

3v/2%

sin(ny) +

8yLos(m x) = 2
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3 =0, so the slope

. cos(ny)y + 8y cos(n x)
2 32gjn(my) +3m25 o _$zysin(x) =0 ’ ¥
At (1/3,1/4): Y+ my +4y — .  —
x=9
15 fim C0S2X)= (U2) _ i peos(w3) 2h) cos(w/3) fere isy =
X—m/6 X — 1/6 h—0 2h 1+x
d

27C0s X

81
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n+d
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X=m/3 v
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X2+X
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1+ x

lim (1/x2) - (1/a?) =)ipt sin(w3) = -3

88
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(x‘zll2 + x2) dx

2

X+

312
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h-0
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d1
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2 3sinx
88 x tan x ) dx

93

dx

(2 sec?x + 3

c0s%x
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dx x2 y=_a

94
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=2tanx + 3secx +C
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VA VA
30. (2x+ )*dx = (16x*+ 32x 3+ 24x 2+ 8x + 1) dx
16x° _ 4
= + 8X + 3 2

—5— 8x°+4x“+x +C

or, equivalently,

z (2x + 1)°

@ +1)tdx =~ 5 +C

31, If f'(x) = 12x2 + 12x3, then f(x) = 4x3 + 3x4 + C.
If f(1) = O then 4+ 3+ C=0,%50C = -7and
f(x)= 4x3+ 3x4-T.

30, |If g(x ) = sin(x /3) + cos(x /6), then

37. dx

g(x) = -3 cos(x/3) + 6sin(x/6) + C.

If (n, 2) lies on y = g(x ), then -(3/2) + 3+ C =2, so
C=1/2and g(x) = -3 cos(x /3) + 6 sin(x /6) + (1/2).

33, (XSinX* cosx) = sinx + X cos X — sin X = X COS X

(xcosx —sinXx) =cosXx — XSiNX — COS X = —X Sin
X

&

xcosxdx = xsinx +cosx + C

xsinxdx = =xcos X +sinx + C

34.1fFf'(x) = f(x)and g(x) = xf (x), then

gXx)=f(Xx)+xf(x)=@Q+x)f(x)
g)=fxX)+QL+x)f(x)=02+x)f(x)
g (x)=f(x)+@+x)f(x)=@3+x)f(x)
(n)
Conjecture:g (x)=(n+x)f(x)forn=1,2,3,...
Proof: The formula is true for n = 1, 2, and 3 as shown
ahgve. Su ose itis true for n = Kk; that is, suppose
98 kp+x ) f(x). Then PP

gl (x) = GOk + x) F(x)

F) + (k+x)F ) = ((k+ 1)+ x)F(x).
Thus the formula is also true forn = k + 1. Itis therefore
true for all positive integers n by induction.

35. The tangentto y = x 3 + 2 at x = a has equation
y=a+ 2+ 3a%x - a),ory= 3ax- 2a®+ 2. This
line passes through the origin if 0 = -2a® + 2, thatis, if
a = 1. The line then has equation y = 3x.

v

36. The/tangenttoy = 2 + x 2atx = a has slope

a/ 2 + a2 and equation

p_
y= 2+a2+ 2 2+a?

95
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This line passes through (0, 1) provided

The possibilities are a = + 2, and the equatjons of the
corrresponding tangent linesarey = 1 £ (x/ 2).
sin" x
sin(nx ) —
n-1 n
X €0s x sin(nx ) + nsin x cos(nx )
= nsin"1 x[cos x sin(nx) + sin x cos(nx)]
= nsin" tx sin((n + 1)x)
y = sin"x sin(nx ) has a horizontal tangent at
x = mr/(n + 1), for any integer m.

=nsin

38. d sin"x cos(nx )

dx
= nsin"~1x cos x cos(nx ) — n sir'x sin(nx )
— n-1

nsin  x[cos x cos(nx ) — sin x sin(nx )]
=nsin" 1 x cos((n + 1)x )

cos" x sin(nx)
X

= —n cos" L x sin x sin(nx ) + n cos" x cos(nx )
=ncos" 1 x [cos x cos(nx ) — sin x sin(nx )]
= ncos" 1 x cos((n + 1)x)
n
X cos(nx )

g o
(@]
2

=-n cosn 1x sin x cos(nx ) — n cos" x sin(nx )
= —n cos" 1 x [sin x cos(nx ) + cos x sin(nx )]
= -n cos"Lx sin((n + 1)x)

39. = (0, l) If P= £a a2) on the curve y = x 2, then
{‘?gsl q atP 52a andztt}eso%eofPQ is
|s norma
Ya](Za) = —1, tha is, if Oors? = 1/2.
The points P are (0, 0) and (£

1/ 2, 1/2). The distances
from these pointsto Q are 1 and V3/2, respectively.

The distance from Q to the./curve y = x 2 is the shortest
of these distances, namely  3/2 units.

40. The average profit per tonne if x tonnes are exported is
P(x )/x , that is the slope of the line joining (x, P(x)) to
the origin. This slope is maximum if the line is tangent
to the graph of P(x ). In this case the slope of the line is
P'(x), thfz marglnal profit.

ng
41. F(r)= 2 ifr>R
—_
m ifo r<R
kr <
x—a).
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d For continuityof F(r)atr=R
we require
mg = mkR, so k = g/R.

96
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42.

43.

44,

REEV/CERERE E5HSJT | ORAGEANIAL

b Asr increases from R, F changes at rate

d mgR? 2mg R? 2mg
ar 12 r:R=— R~~~ R

As r decreases from R, F changes at rate
d
“(mkr) = -mk=-"9
dr r=R R
Observe that this rate is half the rate at which F
decreases when r increases from R.

PV = KT . Differentiate with respect to P holding T
constant to get

V+P av . 0
dP
Thus the isothermal compressibility of thegas is
1dv_1 _v -_1
VdP V P P

Let the building be h mhigh. The height of the first ball
at time t during its motion is

y1=h + 10t — 4.9t2.

It reaches maximum height when dy1/dt = 10 - 9.8t = 0,

that is, at t = 10/9.8 s. The maximum height of the first
ball is

. .100  49x100 _, . 100
yi=h+"95 “wez-N"*" 1%

The height of the second ball at time t during its motion
is

y2 = 20t — 4.9t 2
It reaches maximum height
when dy/dt = 20 — 9.8t = 0, that is, att = 20/9.8 s.
The maximum height of the second ball is

_ 400 _ 4.9 x 400_
98 O g5

400
y2 '

These two maximum heights are equal, so

100 _ 400
196 196

which gives h = 300/19.6 = 15.3 masthe height of the

BHUSIRG-ball has initial height 60 m and initial velocity
0, so its height at time t is

y1=60 — 4.9t2m.

97
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The second ball has initial height 0 and initial velocity
Vo, SO its height at time t is

y2 = Vot — 49t2m.

The two balls collide at a height of 30 m (at time T,
say). Thus

30 =60 - 4.9T?2
30=voT —49T2
Thus vo T = 60 and T 2 = 30/4.9. The initial upward
speed of the second ball is
r

60 49
vo=_ =60  ~2425mfs.

T 30
At time T, the velocity of the first ball is

dy1

- = -9.8T = -24.25 m/s.
dt o7

At time T, the velocity of the second ball is

dv2 o 9.8T=0ms.
dt -1

45, Let the car’s initial speed be vo. The car decelerates at

46.

20 ft/s? starting at t = 0, and travels distance s in time t,
where d 2s/dt 2= -20. Thus

ds — 20t
gt Vo
X = vot — 10t 2.

The car stops at time t = vo/20. The stopping distance is
s = 160 ft, so

20 40 40
The ca:}’s initial speed cannot exceed

Vo= 160 x 40 = 80 ft/s.
P =2n \/'L—Ig = 2n Ll2g-12,
a) IfL remains constant, then

dpP

1P = g=-nL 1/2 g—3/2 1g

dg-
1P B _nLl/29—3/2 1 1g

P 2n|_1/2g—1/219:_29
If g increases by 1%, then 1g/g = 1/100, and
1 P/P = -1/200. Thus P decreases by 0.5%.
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b) If g remains constant, then dy fim T &) = T4 _ i, T - T(4) x -4
dp x—4 I 1 x—4 X -4 (4 - x)/4x
P~ 1l =mlL~ Y2927 x %
at = f'(4) x (-16) = -48
1P _wlL~ 1/29—1/2 _ 11 f(x)-f(4)
mteg ZE— e) lim f(X)‘f(‘”—llm X—4
. x—4  g(x) - x=4 g(x) - 9(4)
If L increases by 2%, then 1L /L = 2/100, and —x—4—
1 P/P = 1/100. Thus P increases by 1%. f'4) 3
_ S g@ 7
Challenging Problems 2 (page 162) 8 lim f(g(x)) - f (4)
1. The line through (a, a?) with slope m has equation x—4 X —4
y = a2+ m(x — a). It intersects y = x 2at points x =limf((x)) - f(@) , 9gx) - a#@
that satisfy x=4 g(X) -4,  x—4
=f@Q@4)xg@=Ff@)xg@)=3x7=21
X2 =a%2 +mx—-ma, or Ny ifx=1,1/2,1/3, ...
X2-mx+ma-a=0 4 T0= x2  otherwise
g f iscontinuous except at 1/2, 1/3, 1/4, ......... It is
In order that this quadratic have only one solution x = a, continuous at x = 1 and x = 0 (and everywhere
the left side must be (x — a)?, sothat m = 2a. The else). Note that
tangent has slope 2a.
This won’t work for more general curves whose tangents limx2=1=f(1),
can intersect them at more than one point. x—1
, limx2=Ilimx=0=f(0)
2. f(x)=1Ux,f@2) =09. x—0 x—0
a)“mf(x2+5)—f(9) lim (9 + 4h +h2) - £(9)
X2 h—0 h b) Ifa=1/2and b = 1/3, then
_|.m f(9+4h+h2)—f(9) 4h+h2 f(a) + f (b) 11 1 5
h—0 A+ n? IR Ty o=
= 1im 1O +K =), im@ + h) 2 2 2 3 12
k-0
f(9)x4—% If 1/3 <x < 1/2,then f (x) = x 2< 1/4 < 5/12.
Vv RV Thus the statement is FALSE.
f(x)-3 f+h) -3 ¢) By (a) f cannot be differentiable at x = 1/2, 1/2,
b lim = lim .. .. Itis not differentiable at x = O either, since
x=2 X =2 h—0 h
=lim_f(2+h) -9 1 _ _h2 0
b 171 x¥f:€:rhj—-r3 fimh—0h=1=0=4dim h .
F@) > o = 1o f is differentiable elsewhere, including at x = 1
3. f(4)=39@) =709 =4 g(x? = 4ifx = 4. where its derivative is 2.
) limfo) —f@=lim )~ 1@y 5. Ifh = 0, then
4 - x—
X = Fle = 9= (-1 Itk
= > - oo
S h
D lm 101 < lim f6) - @) , 1 )
x—4 —x—4— x4
- ') ’8 _. 3 as h — 0. Therefore f '(0) does not exist.
6. Given that f (0) = k, f (0) = 0, and
m 1) = f4) _ i fo) f@) (x ¥2) f(x +y) =f(x)f(y), we have
X—2 x—4 X —4
=f@4) x4=12 f(0) = f(0+0) = f(0O)f(0) H= f(@O) =0 or f(0)=1.
98 70
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Thus f(0) =1. If a = 0, the x -axis is another tangent to y = x 3 that
passes through (a, 0).
f'(x)=lim f(x+h) —f(x)

oo f—f(ﬁ The number of tangents to y = x 3 that pass through
= im OO =T 6 1) = ko), (0, yo) is
-0 h three, if xo = 0 and yois between O and x 3;
two, if xo = 0 and either yo = 0 or yg = x 3. 0
Given that g'(0) = k and g(x +y) = g(x ) + g(y), then one, otherwise.
a) g(0) = g(0 + 0) = g(0) + g(0). Thus g(0) = 0. This is the number of distinct real solutions b of the cu-
B gx) lim3x*+h —a(x) bic equation 2b® — 3b2 xo + yo = 0, which states that the
h—0 h tangent to y = x 3at (b, b%) passes through (o, o).
= Iim 90¢) + g(h) = 9(x) _ };, 9(h) — 9(0) 10. By symmetry, any line tangent to both curves must pass
h—0 h h-0 h through the origin.
=g(0) =k

Ifh(x)=g9g(x) - kx,thenh(x)=g(x)-k=0
9 for all x . Thus h(x) is constant 20r a?l X . Since

h(0) = g(0) — 0 = 0, we have h(x) = 0 for all x ,

and g(x ) = kx.
a)f (x) = limg CHR=TED etk = )
k-0 k
=I|mf(x—h)—f(x)=Iim f(x f(x h_
hfo -h h-0 h
f(x)="_f(x)+f(x)
2
Liim f(x+h) — f(x)
2 h-0 h
: f(x)—f(x—nh
+ r'}'_rfg %) Thetangenttoy = x 2+ 4x + 1 at x = a has equation
= gim (M - T-D . y=a’+4da+1+2a+4)x-a)
h-0 <h = (2a + 4)x - (a% - 1),
b) The change of variables used in the first part of (a)
shows that which passes through the origin if a = +1. The two

common tangents are y = 6x and y = 2x.

lim f&x+h) -f(x) zng |limf&x)=f(x=h) 11. Theslopeofy = x 2atx = a s 2a.
h-0 h h-0 h The slope of the line from (0, b) to (a, a? is (a2 - b)/a.
This line is normal to y = x 2if either a = 0 or
, 2a((a® — b)/a) = -1, that is, ifa = 0 or 2a = 2b — 1.
0 Iff(x) = |x|, thenf (0) does not exist, but There are three real solutions for a if b > 1/2 and only

one (a=0)ifb < 1/2.
mf_(o +h)-1(0-h) In| __lhl = lim = 0. 12. The point Q = ((a, a?) )on y = x 2that is closest to

are always equal if either exists.

B' =lim =lim
h=0 zh h-0h h-0 h P = (3,0)issuchthat P Qisnormal toy = x 2at Q.
Since P Q has slope a?/(a — 3) and y = x 2 has slope 2a
Thetangent to y = x 3 at x = 3a/2 has equation at Q, we require 1
a2  _
y = 27_813 2, 3a a-3 2a
8 4a? 2 which simplifies to 2a3+ a — 3 = 0. Observe thata = 1
is a solution of this cubic equation. Since the slope of
This line passes through (a, 0) because y=2x3% +x - 3is6x 2 + 1, which is always positive,
3a the cubic equation can have only one real solution. Thus
27a3 L2, =0 Q= (1, 1)isthepointony = x2that is closest to P.
8 4a? 2 Th istance from P tothec e is PQ 5 units.
ed urv Vv
I 1=
99 70
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The curve y = x 2has slope m = 2a at (a, a2). The
tangent there has equation

2

m
y=a+m(x—-a)=mx— .
=z
Thecurvey = Ax2 + Bx + C hasslopem = 2Aa+ B

at (a, Aa? + Ba + C). Thus a = (m — B)/(2 A), and the
tangent has equation

y = Aa’+ Ba + C + m(x — a)
(m - B)2+ B(m B), o _mm-B)

= mx +

4fhm — B)2 th_ By 2A
=mx+C+ ,, - 2A
=mx + f(m),

where f (m) = C — (m - B)%/(4 A).

Parabolay = x 2has tangent y = 2ax — a2 at (a, a).

Parabolay = Ax 2 + Bx + C has tangent

y=(Q2Ab+B)x-Ab%2+C

at (b, Ab? + Bb + C). These two tangents coincide if
2Ab+B=2a (+)
Ab? - C = a%

The two curves have one (or more) common tangents if

(*) has real solutions for a and b. Eliminating a between
the two equations leads to

(2 Ab + B)? =4 Ab%- 4C,
or, on simplification,
4 A(A — 1)b? + 4 ABb + (B + 4C) = 0.
This quadratic equation in b has discriminant
D = 16 A°B?-16 A(A-1)(B2+4C) = 16 A(B 2 -4( A-1)C).
There are five cases to consider:
CASE I. If A= 1,B =0, then (*) gives
B> 4C B2 4C
b="—g— 2 "B

There is a single common tangent in this case.

CASEIl. IfA=1, B=0,then (*) forces C =0, which
is not allowed. There is no common tangent in this case.
CASE lI. If A = 1 but B2 = 4( A - 1)C, then

b= B

2NA-1) °

10
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There is a single common tangent, and since the points
of tangency on the two curves coincide, the two curves
are tangent to each other.

CASE IV.IfA= 1andB? - 4(A - 1)C <0, there are no
real solutions for b, so there can be no common tangents.

CASEV.IfA= 1andB? - 4(A - 1)C > 0, there are
two distinct real solutions for b, and hence two common

tangent lines.
y Yy
0COM  one common
tangents mon tangent
tangent cu Jas
y Y4

no common
tangent

Fig. C-2.14
a) The tangent to y = x 3at (a, a%) has equation
y = 3aZx — 2as.
For intersections of this line with y = x 3we solve

x3-3a2x +2a%=0
(x —a)’(x + 2a) = 0.

The tangent also intersects y = x 3at (b, b%), where
b = -2a.

b) The slope of y = x 3atx = —2a is 3(—2a)? = 12a2,
which is four times the slope at x = a.

0 Ifthetangenttoy = x 3 atx = awere also tangent
at x = b, then the slope at b would be four times

that at a and the slope at a would be four times that
at b. This is clearly impossible.

d) No line can be tangent to the graph of a cubic poly-
nomial P (x) at two distinct points a and b, because
if there was such a double tangenty = L(x ), then
(x — a)?(x — b)>would be a factor of the cubic poly-
nomial P(x) — L (x), and cubic polynomials do not
have factors that are 4th degree polynomials.
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a) y = x* — 2x 2 has horizontal tangents at points x

b

9

satisfying 4x 2 — 4x = 0, that is, at x = Oand
x = =1. The horizontal tangents are y = 0 and

y = —1. Note thaty = -1 is a double tangent; it is
tangent at the two points (£1, —-1).

The tangent to y = x * — 2x 2at x = a has equation

y =a%- 2a% + (4a% - 4a)(x - a)

= 4a(a? - 1)x - 3a%+ 2a2.
Similarly, the tangent at x = b has equation
y = 4b(b% - 1)x — 3b* + 2b%.

These tangents are the same line (and hence a dou-
ble tangent) if

4a(a? - 1) = 4b(b? - 1)
—3a%+ 2a% = -3b* + 2p2

The second equation says that either a? = b® or
3ga2 + b?) = 2; the first equation says that

a’ - b3=a - b, or, equivalently, a* + ab + b2 = 1.
Ifa®= b thena = —b (a = b is not allowed).
Thus a? = b? = 1 and the two points are (+1, -1)
as discovered in part (a).

If a2 + b? = 2/3, then ab = 1/3. This is not possible
since it implies that

0=a’+b?>—2ab=(a-h)?>0.

Thus y = -1 is the only double tangent to
y=x%-2x2

If y = Ax+ Bisadouble tangent to
y=x*-2x%+x,theny=(A-1)x+Bisa
double tangent to

y=x%-2x2 By(b)wemusthave A-1 = 0
and B = —1. Thus the only double tangent to
y=x%—2x2+xisy=x-— 1.

a) The tangent to

y=f(x)=ax*+bx3+cx2+dx +e

atx = phas equation

y = (4ap® + 3bp? + 2cp + d)x — 3ap? - 2bp® - cp? + e.

This line meetsy = f (x ) at x = p (a double root),
and

P
b2 - 4ac - 4abp - 8a2p?

2a

x=—2ap-b=x

€)

18. @)
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These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under
the square root is 0, that is, if

8a%p® + 4abp + 4ac — b?= 0.

This quadratic has two real solutions for p provided
its discriminant is positive, that is, provided
16a%b? - 4(8a?)(4ac - b?) > 0.

This condition simplifies to

3b2 > 8ac.

For example, for y = x 4_2x2+x -1, we have a =1,
b=0andc=-2,503b2 =0>-16 = 8ac, and
the curve has a double tangent.

From the discussion above, the second point of tan-
gency is

q=—2ag—b=_p_b_
2a 2a

The slope of P Q is
f(q) - f(p) b3 - 4abc + 8a%

q-p 8a?

Calculating f '(( p + 9)/2) leads to the same expres-
sion, so the double tangent P Q is parallel to the
tangent at the point horizontally midway between P
and Q.

The inflection points are the real zeros of
f'(x) = 2(6ax? + 3bx + c).

This equation has distinct real roots provided
9b2 > 24ac, that is, 3b2 > 8ac. The roots are
v
-3b - 9b% - 24ac

v1Za
9b2 — 24ac

r =

-3b +
S =

12a
The slope of the line joining these inflection points
1S f(s) - f(r) _b° - 4abc + 8ad
o S—r 8a2 ’
so this line is also parallel to the double tangent.

nm
A" cos(ax) = acos ax +
Claim: gxm

o
Proof: For n = 1 we have
d
__cos(ax) = — asin(ax) = a cos ax +7 .
dx 2
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true for n = k, where k is a positive integer. Then (3,39.2)
4 1
dk+1 d K kit 30 F
20
K —a ci
= g —asinax + > 10F
(k+ 1) ,
= a1 cos ax + T '
2 10 F 2 4 6
Thus the formula holds forn =1, 2,3, ... by -20 1
induction. .30 F
dan o AN nm
b) Claim: aYn_sm(ax) a'sinax + o 40 +
Proof: For n = 1 we have . (12, -49)
Fig. C-2.19

%in(ax) = acos(ax ) = asin ax +

T
2’ @ The fuel lasted for 3 seconds.
so the formula above is true for n = 1. Assume it is b) Maximum height was reached at t = 7s.

true for n = k, where k is a positive integer. Then
c ¢ The parachute was deployed att = 12 s.
k+1 T
d* d ax + d) The upward acceleration in [0, 3] was

gxket sin(ax) = gy @ Sin -
kn 39.2/3 ~ 13.07 m/s2,
= gfacos ax +
2 e) The maximum height achieved by the rocket is the
(k+ Dz distance it fell fromt = 7tot= 15. This isthe
-7 area under the t -axis and above the graph of v on
that interval, that is,

k+1

=a“"sinax +

Thus the formula holds forn =1, 2, 3, .. . by
induction. 12 —

¢) Note that

7 49 + 1
(49) + ——(15-12) =1975m.

d . . -
—(cos*x + sin*x ) = -4 cos®x sin x + 4 sin®x cos x

dx f) During the time interval [0, 7], the rocket rose a
= —4sin X COS X (c052 — sin?x ) distance equal to the area under the velocity graph
= -25sin(2x) cos(2x) and above the t -axis, that is,

— sin(4x) = cos 4x + T

N
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